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UDC 539.3

PLATE PROBLEM OF THE THEORY OF ELASTICITY FOR A
COMPOSITE PLANE WITH CRACKS

P. Alexanyan!, L. Arutunyan?, A. Sedrakyan?®, Yu. Yakusheva*

!National University of Architecture and Construction Armenia

?Institute of Mechanics of the National Academy of Sciences of Armenia

®Yerevan Educational and Scientific Institute of West Ukrainian National University RA Yerevan
*Odessa State Academy of Civil Engineering and Architecture

Abstract: This paper considers plane problem of linear elasticity theory for a composite plane
formed by two half-planes with different elastic characteristics. It is assumed that there are cracks of
finite or half-infinite length at the division line of the materials. To obtain analytical solutions, the
method of integral Fourier transforms in a bipolar coordinate system is used with the application of
Papkovich—Neuber solution, which allows the problems to be reduced to a closed form and their
rigorous mathematical solution to be carried out.

Two characteristic cases of weakening geometry are investigated: in the first case, the composite
plane is weakened by a crack of finite length located along the bimaterial interface; in the second case,
two semi-infinite cracks symmetrically located about the axis which separates the half-planes are
considered. In both cases, ideal (perfect) contact interaction between materials outside the crack region
IS assumed.

A mixed boundary value problem is solved: normal and shear stresses are specified at the crack
edges, while outside the crack, continuity of displacements and stresses is ensured at the material
interface, which corresponds to the condition of complete contact. The specified load functions at the
edges of the crack are assumed to be piecewise smooth and satisfy the conditions of Fourier series
expandability.

The distributions of normal and shear stresses along the contact line and on the crack, faces are
studied under various types of external loading. Particular attention is paid to the analysis of stress
behavior features in the vicinity of crack ends, where singularities of a power-law nature are observed.
The results obtained can be used in the analysis of the strength and fracture of inhomogeneous
materials, as well as in modeling the stress-strain state near defects at the interfaces of media.

Keywords: composite body, crack, bipolar coordinates, Papkovich—Neuber functions, Fourier
transformation.

MJIOCKA 3AJIAUA TEOPII IPYKHOCTI JIJIS1 CKJIAJIEHOI
IJIOLIWHHA 3 TPINHAMMU

Anekcansin P. K., Apyrynsan JI. A.2, Ceapaksin A. M.3, SIkymena 1O. B.*
YHayionnnuii ynisepcumem 6yoisnuymea ma apximexmypu Apmenii

Incmumym mexanixu HAH Apmenii

3Cpesancorutl HABUATLHO-HAYKOGUTI IHCIUMYM 3aXIOHOYKPAIHCHKO20 HAYIOAHATLHO20 YHIGePCUMenty
*O0ecvra deparcasna akademis Gydisuymea ma apximexmypu

AHoTamin: Y w0iffi crarTti posrisAaeThcs IUIOCKA 3agada JIHIHHOI Teopil MpYKHOCTI Uist
CKJIaJICHOI IUIONIMHYU, YTBOPEHOI JBOMA IMIBILIONIMHAMU 3 PI3HUMHU TPYKHUMH XapaKTePUCTHKAMH.
[IpunyckaeTbcst, M0 Ha JIiHII MOAUTY MarepiajliB € TPIIMHM CKIHYEHHOI a00 HaIiBHECKIHYCHHOT
JNOBXHMHU. Jls1 OTpUMaHHS aHAJITHYHHX PO3B'SI3KIB BHKOPHUCTOBYETHCS METOJ IHTErPaIbHUX
nepeTBopeHb Dyp'e B OIMONSAPHIA CHCTEMI KOOPAHMHAT 13 3aCTOCYBaHHsSM pO3B's3Ky [lamkoBuda-
Hoiibepa, mo m03BosIsI€ 3B€CTH 3a/1a4y A0 3aMKHYTOi ()OpPMU Ta BUKOHATH ii MAaTEMaTUIHUN PO3B'A30K.

P. Alexanyan, L. Arutunyan, A. Sedrakyan, Yu. Yakusheva
https://doi.org/10.31650/2618-0650-2025-7-2-6-18 6
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JocnimpKyroThes 1Ba XapakTepHi BUMAIKU TeoMeTpii oclabiIeHHs: Y IepIIOMY BUIAAKY CKJIaJeHa
IJIOIIMHA OcIa0JIeHa TPIIWHOIO CKIHYCHHOI TOBXKHWHH, PO3TAIlIOBAHOIO B3IOBK OiMaTepiabHOI MEXi
MONINy; Yy JHAPYIrOMY BHIAAKY pO3TIIANAIOTHCS [Bl HAIIBHECKIHYEHHI TPINUHA, CHUMETPHYHO
pO3TaIllOBaHi BIIHOCHO OCI, sSIKa PO3JiIsi€ MiBILIONMHA. B 000X BHIIaJKaxX NependadacThCs iflcanbHa
KOHTaKTHA B3a€EMO/IisS MiJK MaTepialaMu 1o3a 00JIacTIO TPIIIHHHA.

PosB's3yeThest 3MmilmaHa kpaiioBa 3ajgada: Ha Kpasx TPIIIMHHA 33aJal0THCS HOPMAaJbHI Ta 3CYBHI
HanpyXeHHS, TOAl SIK M03a TPIIMHOIO 3a0€e3MeUy€EThCsl HENMEPEPBHICTh MEPEMIIIICHb Ta HAPYXEHb HA
MEXI MOy MaTepiaiiB, IO BiJNOBiAa€ YMOBI MOBHOTO KOHTAKTy. 3afaHi (pyHKII] HABaHTa)KEHHS Ha
KpasX TPINIMHU BBAXKAIOTHCS KyCOYHO-TJIAJIKAMH Ta 33J0BOJBHSAIOTH YMOBH PO3KIANAaHHA B PAIH
Dyp'e.

JocnimpKyroTbesi po3NOALUT HOPMAIBHUX Ta 3CYBHHUX HAIpPy>KEHb B3JOBXK JIiHII KOHTaKTy Ta Ha
TPaHUIll TPIIMUHU TIPY PI3HUX THUMAaX 30BHINIHHOTO HaBaHTaKeHHSI. OcobnmuBa yBara MPHIUTSAETHCS
aHamizy OCOOMMBOCTEH TIOBEAIHKH HAIPYXEHb MOONHM3Y KIHIIB TPINIMHHA, A€ CHOCTEPIraroThCS
CHUHTYJISIDHOCTI CTemeHeBoro xapaktepy. OTpuMaHi pe3yiabTaTd MOXYTh OyTH BHKOPHUCTaHi NpHU
aHaJi3i MIHOCTI Ta pyWHYBaHHS HEOAHOPIJHUX MaTepiaiiB, a TAKOX MPH MOJEIIOBAHHI HAIIPYKEHO-
ne(hOpMOBAHOTO CTaHy MOOIN3Y NeeKTiB Ha MEXi TOLITY MaTepialis.

KuarouoBi ciaoBa: ckmajeHe Tino, TpimuHa, OimonsipHi KoopauHatu, ¢yHkuii [lamkoBuua-
Hetibepa, nepetBopenns dyp'e.

P. Alexanyan, L. Arutunyan, A. Sedrakyan, Yu. Yakusheva
https://doi.org/10.31650/2618-0650-2025-7-2-6-18 7
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1 INTRODUCTION

Problems in elasticity theory related to the study of stress-strain states (SSS) in bodies
with cracks are a significant trend in continuum mechanics and have wide application in
engineering practice. Particularly topical are problems involving heterogeneous media
containing defects such as cracks at the materials interface with different physical and
mechanical characteristics. Such models allow adequate description of the behaviour of
composite and laminated materials used in construction, aircraft engineering, mechanical
engineering and other industries.

The analysis of stresses and displacements in the region of cracks at interface boundaries
differs significantly from classical homogeneous problems due to the presence of elastic
modulus jumps and possible peculiarities of contact interaction between material components.
These peculiarities lead to the occurrence of singular stresses, which is particularly important
to consider when assessing the strength and stability of structures.

This paper considers plane problems of static linear elasticity theory for a composite
plane consisting of two half-planes with different elastic properties. Cracks of finite or semi-
infinite length are assumed to exist at the division line between the materials. Such
formulations model the most typical cases of local weakening in laminated media caused by
operational damage or manufacturing defects.

The purpose of the present work is to obtain a rigorous analytical solution of the
indicated problems using Fourier integral transforms in a bipolar coordinate system and the
Papkovich—Neuber functions. Special attention is paid to mixed boundary conditions: stresses
are specified on the crack edges, while outside the crack region ideal contact between the
materials is assumed.

The solutions obtained allow not only to analyse the distribution of stresses and
displacements in the contact area and near the crack ends, but also to identify the nature of
singularities arising in these areas. The results presented can be used to assess the strength
characteristics of multilayer structures and predict their durability.

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

Problems involving cracks are related to problems of determining the stress-strain state in
homogeneous and inhomogeneous elastic bodies, which are of interest in both theoretical and
practical issues of strength of various structures. This has become the subject of research by
many authors, among whom we note [2-8, 13, 14 and the references therein].

In work [2], the concentration of elastic stresses near dies, cuts, thin inclusions is
considered. Fracture of composite materials is examined in the book by Cherepanov G.P. [3].
The distribution of stresses around cracks in plates and shells is studied in the book by
Panasyuk V.V. and others [4]. A mixed problem for a composite plane weakened by a crack,
where stress components are specified on one crack edge and displacement components on
the other, is considered in [5]. Another mixed problem for a composite plane with two semi-
infinite cracks is analyzed in [6]. A contact problem for an infinite plate with a finite crack
reinforced with elastic pads of the same finite length is considered in [7]. In the paper by
Arutunyan L.A. [8], the elastic equilibrium of a composite plane consisting of two half-planes
with semi-infinite cracks having different elastic characteristics, with stresses applied on the
interface line, is studied.

Problems of torsion and bending of rods of lunular profile, bending of lunular form, as
well as some plane problems for such regions were studied in works [9, 10]. In [12]
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(Tarantino A.M.), the problem of plane stress state with a crack in a Mooney-Rivlin material
is considered.

In our works [13, 14], plane problems for a circular segment and a half-plane with a
segmental notch under mixed boundary conditions are analyzed. In a series of papers by Gao
Y.C. (with co-authors) [15-23], stress analysis near the crack tip in rubber-like material was
performed. Cracks in homogeneous and inhomogeneous material were considered. It was
shown that the character of stress singularity depends on the elastic parameters of the
material, and in the case of plate tension its thickness at the crack tip tends to zero. In article
[24], where the case of an interfacial crack on the boundary of two half-planes was examined,
it was established that stresses have no oscillations at the crack tip, unlike in the linear
problem of the interfacial crack.

In the work of Tarantino A.M. [25], the problem of plane stress state with a crack in a
Mooney-Rivlin material was studied. The equilibrium equations were written through the
Airy stress functions, and approximate values were obtained by the asymptotic method. In
articles [28-30], the following problems for homogeneous and two-component planes are
considered: a crack in a homogeneous plane; a crack at the interface of a half-plane with a
rigid element; an interfacial crack. In all cases, the generalized neo-Hookean material model
was used. Comparisons were made with the results of numerical solutions by the finite
element method.

An exact global solution of the nonlinear plane strain problem with an interfacial crack
for a John material was obtained in the work of Malkov V.M. [31], where the Muskhelishvili
complex potential method was applied. Stresses in the nonlinear interfacial crack problem
have root singularity and oscillation at the crack tips, as in the linear case. In [32], an
asymptotic analysis of deformations near the crack tip in a homogeneous plane for the same
material model was given. The aim was to show that there exists a region where the material
loses ellipticity under large deformations.

In the work of Abeyaratne R., Yang J.S. [33], stress and strain fields near the crack tip
under uniaxial tension for a special type of incompressible material model were studied. It
was obtained that for this model the system of nonlinear differential equations may lose
ellipticity under sufficiently large deformations. The asymptotics of stresses at the tip of an
interfacial crack were studied in works of Herrmann J.M. [34, 35] for generalized neo-
Hookean material, with results of a large number of calculations presented.

In the paper by Akopyan V.N. (with co-authors) [36], the plane strain state of a
composite elastic plane with an interfacial crack was considered, on one of the crack edges of
which an absolutely rigid punch, not reaching the crack tips, is indented with adhesion.

In the present paper, two specific plane problems of the theory of elasticity are
considered for a composite plane consisting of two half-planes with different elastic
characteristics. It is weakened along the contact line either by one finite crack or by two semi-
infinite cracks, thus transforming the domain into a doubly connected or singly connected
region.

3 PURPOSE AND TAKS OF THE STADY

In the rectangular Cartesian coordinate system (x, y) the half-plane y >0 has elastic
characteristics, and the other half-plane has elastic characteristics G,,v,, and the half-plane
y <0 has elastic characteristics G,,v, (G,,G,-shear moduli of the materials, v,,v,-

Poisson’s ratio).
To solve the problem, we will use the bipolar coordinate system. The relation between
the rectangular coordinates ( x, y )and the bipolar coordinates «, £ is given by the expressions

P. Alexanyan, L. Arutunyan, A. Sedrakyan, Yu. Yakusheva
https://doi.org/10.31650/2618-0650-2025-7-2-6-18 9




MexaHika Ta MaTeMaTW4Hi MeTomu / e VI11/2/2025
Mechanics and mathematical methods E % = Crop. 6-18 / Page 6-18

[1, 11, 12]: gx=sha, qy=sin B, ag=cha+cosp, where «- is the dimensional
parameter.

The coordinate o varies from —oc to + oc. In the first half-plane, on the left « <0, the
axis oy is the coordinate line o =0, points x=+a, y=0 correspond to the values of
o =+oo. The coordinate S varies from —z to + . In the upper half-plane >0, in the
lower S <0. The segment (—a,a) is the coordinate line f=0. As for the segment ox at
X<-—a and x> a, here the coordinate # undergoes a discontinuity equal to 27, namely on
the upper bank g =z and on the lower bank. g = —r.

The problem is solved using the Papkovich-Neuber function. According to Papkovich-
Neuber, the general solution to a plane elasticity problem can be represented by three
harmonic functions, since one of them is arbitrarily chosen. Taking advantage of this
arbitrariness, we assume that one of the functions is identically zero.

Displacements U,V stresses and through o,, o, 7,, the Papkovich-Neuber functions

are expressed as follows:

26U (x,y) = GCDOa(XX. y)_,o® za(yx. y)
2GY (x,¥)=(3-uv)od ,(x,y)+ acDoa(yx,y) ~ yaq) %(yx’ y),

0’ ,

o (X, y)= %[2@2 (xy)+ 6CD06(;<, Y)} y achaZX(ZX, y)

o,(xy)= %{2(1—1/)(1)2 (x,y)- 861308(;, y)}_ y 0 q)azy(zx’ Y) , (2)

where @, (x,y) and ®,(x,y) the Papkovich—Neuber functions.

Statement of problem:
Let on the boundary line y=0 the composite plane be weakened by a crack on the

interval | <a, and a, on the semi-infinite intervals |x > a there is full contact between the
materials (Fig.1).

IGuy 0| p=0 B=m x
B

II G,v, -a a

Fig. 1. Composite plane with a finite crack
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Let us consider a mixed boundary value problem for the given domain, when on one
crack edge normal displacements and shear stresses are specified, while on the other crack
edge horizontal displacement and normal stresses are specified.

8 (@.0) =7 (), V; (@.0)=V,(a), 0" (a,0) = 0, (), U, (2, 0) =U, (). 3)

It is assumed that the functions z,(a), o,(a), V,(a), U,(«) satisfy the conditions of

expandability into a Fourier integral. . On the contact line, full adhesion of the materials is
assumed, i.e. displacements and stresses are equal:

U, (a,7)=U,(a,—7), V, (a,7) =V, (a,— 7),
(1) v (@, 72')—1' (a -7, 0'(1)(a )= O'()(a — 7).

(4)

By means of expressions (2) and boundary conditions (3) and (4), through the harmonic
functions ®{" (a, ), ®™ (e, B), M =12 they are written in the following form:

%[(1—2”@;) (a,ﬁ)—cbs(a,ﬁ)]ﬂ:o _an(a)

cha +1
(3— )0 (a,0)-@F («,0)=2GV,(a)

[2(1 Vz)q)(Z) (a ﬁ) (a,ﬁ):lﬁzo _ afl(a)

B cha +1
oD (a 5) GUO(a)
B=0 2

Gl 8,3 ﬂ =7 G ﬂ

Gi[(3—4v1>cb§” (a.n)—cbé“(a,n)] =G—[z(l—va@éz’(a,—n)—@é(a,—n)]

%[2(1—@@9 (a,ﬁ)—cpg(a,ﬁ)]‘ﬂ=ﬂ:%[2(1—v2)cp<j>(a,ﬁ)—q>§(a,ﬁ)]‘ﬁ=_

%[(1— 2v)0Y (a, B)- D} («, ﬂ)]‘ﬂ . =%[(1— 2v,) 0P (, f)— D2 ]‘ﬂ _
where

o (x.y) = 2220V (g9 ©)

4 BASIC RESULTS

The harmonic functions for the first problem are sought in the form of Fourier integrals
[12]

exp (—ﬂ,a)

@7 (. f) = I [A™ (2)chAB +B{™ (2)sh25] dA. (7)
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Substituting (7) in (5) we arrive at a system of algebraic equations for determining the
quantities A™ (1) and B™ (1) (m=12; n=12), the right-hand sides of which contain the
Fourier transform of the given functions.

After solving these systems, we obtain the following values for the unknown integration
constants:

AD(2) = 2V, (4) -7 (A)] AP (2) = 2[U,(2) +6,(A)] ’

xn+l ' 2, +1
AL (1) = (-4 —2x7,(4) . B@(1)=U,(1),
1 +1
Wy Mo p2 ITING m,(4) | m,(4)
BP (1) = . AZ(A)cthAz . AP (Q)cth2 Az + chin + shin (8)
@ ml(;t) @ A (/1) @A)
B (2) = —uh3 (A)thaz + ===, AP (1) = 2= AL A (l)——A(/l) :

where

A(A) = a, A ay, D a, A ay (A,
A, (2) =, ()b, (1) —a, ()b, (1),
A, (l) =ay, (ﬂ)bz (l) —ay (ﬂ)bl (1) )

b (1) =2y, my(A)shiz —(x, +DYm,(A)chAz + (x, —1)m,(4)shAr,

b, (1) = 2, m,(A)chAz — (y, —)m, (A)chaz + (y, +1)m (A)shAiz,

m, (A) = uBZ(A)chiz — AP (A)shArz,

m,(A) = -1, A? (A)chiz — AP (1)shix - %B@ (A)shﬂ;r +uy,BP (A)shar,

;(1+1

m, (1) =— A ()shaz+ AP (L)sharx 4 B?(1)chiz —B{ (A)char,

2

m, (1) = A§1> (A)chaz + AP (1)charz - B<2> (A)shiz+BP (1)shir,

2

a, (A) = —px, (6 +Dch® Az + (1, +1)sh* (A7),

a,(A) =—u11, (yy +Dch® Ar + (uy, — 2y, — p)sh’Ar, (9)
an () =lwe, -1 - n(x —1)ch’Ar,

a,,(A) =12y, — u(y, —Dch®An + u(y, +1)sh’*ir,

(@) 2(@)
J‘ C;aoilexp ila)da, o,(4 \/_ I ;ailexp (ita)da,
V(1) = \/_ jv (@)exp(ila)da, o,(4)= Jéu (@) exp(ida)de,

#:%’ y=3-4v, (m=12).

2

2. In the second variant of the considered problem, on the boundary line in the semi-
infinite intervals there is a crack, while on the section full contact between the materials is
assumed (Fig. 2).
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)
I G,uv, 0|B=0_f=n X
oI G;v, -a a p=-—m

Fig. 2. Composite plane with an infinite crack

The boundary and contact conditions in this case have the form:

0 (a,7) =1(), V; (a0, 7) =Vy(a), P (a,—7) = 0,(), U, (a,— 1) =U, (@) , (10)
U, (2,0) =U,(a,0), V, (a,0) =V, (a,0), 7 (r,0) = 71} (e,0), o’ (@, 0) = 617 (1, 0).

In this case, the harmonic functions @™ («, ) (M=12; n=13) are sought in the
following form of Fourier integrals:

o] (o, )= % [ IA™ (D)eha(r + ()" B) + (<D™ B (D)sha(r +

exp (- |/1a) (11)

+H=)" 8] dA.

After satisfying the boundary and contact conditions (10), as in the first problem, for the
unknown integration constant (m=1,2; n=1,2) we obtain exactly the same expressions as in

(8), (9).

In particular,

0-2( )

J'T1()

exp(ila)da, o,(4 78Xp (ila)da (12)

Let us consider a special case of the problems stated above, when on the lower edges of
the cracks normal loads are applied, b = ath% , at the point in the first case and b = acth%

in the second case.

5 DISCUSSION OF THE RESULTS OF THE STUDY

We calculate the normal and shear stresses on the contact line and on the crack edges. In

the first case, we obtain:
a’y/|x++x* —a? 20 20
0§1)(a’7[)=o-3y(a’_7[): Hl[d1k4 +(d1+2d2)k3] | (x+a)” +(x—a)

2\/§|X| (X2 _a2)3/4+0 !
a’\J|x|+Vx* —a® (x+a)¥ + (x—a)*’
fil)y (a, ) = Tfj) (a,— ) =H,[d;ks + (d; —2d,)k:] 2\/§|X| o —a2)7 ,
B a2 (x+a)* +(x—a)*’ 13
o (a,0) = H,[dk, +d,k,] , ) (,0)=0. (13)

\/E\/a+ \/az — XZ (a2 _ X2)3/4+6
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For the second case, we have:

va++va®—x* (x+a)*’ +(x—a)*’

@ (@,0) = 0@ (,0) = —H, [d,k, +(d; +2d,)x,]

2\/5 (aZ _ X2)3/4+6 !
2 2 2 20 20
6N @ _ a yat+va —X ((1+X) +(X—a)
Tx,y (CZ,O) - z-x,y(alo) - Hl[d3k6 + (d3 - 2d4)k5] 2\/5 (a2 . X2)3/4_H9 ’
a’ (x+a)® +(x—a)*’
o (a, ) =Hy[dk, —d,k ] JEW o) ) (a,— ) =0. (14)
where
a+ X a+b
a=In v g =In|——H,
a—Xx a-b
cos4zO=Ky, k, = 2(u =D (ux, -1 H, = 2uP |
(u+ 2)(x, +1) ar(u+ x)(ux, +1)
h =tha8 —tha,0, h, =1-thabtha,0, d, =2uy, + 7.7, +1, (15)

m:m%-m%, h4=1—th%t % d, =2+ 2 = 2407,

\/Echao

4h,sin 4m90th%

h5=1—th%th%, h = Ay =p2-1 di=1 -1,

h,che,60

K = hche,0

= k=
4h; sin 47z&:th%

4h, cos 2z 9cth %

k, =hscosz3(hh, —h,htgz%), Kk, =-h,cos3z9(hh, —h,h,tg379),

ks = h; coszd(hh, —h,htgz9), kg =—h, cos z3(hh, —h,h,tg379).

From here it is seen that the contact stresses at the crack tips have a power-law
singularity of order 3/4+ 8. Moreover, when k, >0 the order of singularity is a real number.

In the case k, <0 when the order of singularity is a complex number, i.e. we obtain a power-

law singularity with oscillation. Note that in the case of a homogeneous plane =0 and the
contact stresses at the crack tips have a singularity of order 3/4.

6 CONCLUSIONS

The results obtained during analytical research of plane problems of elasticity theory for
a composite plane with cracks at the interface between different materials allow us to draw a
number of significant conclusions regarding the nature of the stress-strain state in the contact
area and near the ends of the cracks.

In a particular case, simple forms for determining the contact points of the crack have a
power-law singularity of order 3/4-+6. Moreover, when k, >0 order of singularity real

number. In the case when k, <0 the order of the singularity is a complex number, meaning

we will have a power-law singularity with oscillation. At the crack edges, the shear stress is
zero.
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VJIK 531.381

3BYPEHI PYXU I'TPOCTATA 3 PYXOMOIO MACOIO B
CEPEJOBHIII 3 OITOPOM

Jlemenko JI. 1.}, Kozayenko T. O.!
Y00ecvra oepacasna axademis 6ydisnuymea ma apximexkmypu

AHoTtanisi: Po3BuUTOK nocmipkeHb 3aiad IWHAMIKH TBEPJOTO Tijla, SIKE PyXaeThCS HABKOJO
HEpyXOMOi TOUYKHM TOJIITa€ B TOMY, LIO TiJla HE € aOCOJNIIOTHO TBEPAMMH, a ONMHM3BbKI A0 iJeabHUX
Moenei. BrumB HeineanpHOCTEH MOXKe OyTH BUSBIEHHIM Ha OCHOBI METOJIIB CHHTYJISIPHUX 30ypeHb,
YCepEAHCHHS Ta 1HIIMX aCUMITOTUYHUX METOJIB HEJIHIHOI MexaHiku. BiH 3BOJUTHCS 10 HAsIBHOCTI
JOJATKOBUX JOJaHKIB B TMHAMIYHUX piBHsHHAX Eifnepa nist GikTHBHOTO TBEpPAOTO Tina.

[IpurmyckaeTbest, HaMPUKIAM, [0 JHHAMIYHO CHMETPUYHE TiIO MICTUThH c(heprudHy MOpPOKHUHY,
3aIMOBHEHY PIAUHOIO BEJHKOI B A3KOCTI (MIpH MaluX duciax PeifiHonbaca) 1 B'I3KONPYKHUHN €IEMEHT,
SIKUI MOJICTIOETHCS PYXOMOKO Macoro, 3'€ZJHaHOIO jaeMIiipepoM 3 koprycoM. Lli pyxu MoxyTh OyTH
3YMOBIICHI HAasBHICTIO DiIUHN B TOPOXHWHAX B Tl (HANpPWKIAA, PiAKE TMAaIHBO, OKWUCIIOBAY B
pesepByapax pakeTw). HasBHICTH pyXoMOi MacH MOJEIO€ MPHUCYTHICTh HEKOPCTKO 3aKPIIICHUX
€JIEMEHTIB Ha KOCMIYHOMY araparti, 0 Ipu TPUBAJIOMY IMEPioAi Yacy Ma€e CYTTEBHH BIUIMB Ha HOTO
PYX BiTHOCHO 1leHTpa Mac. Kpim Toro, Ha Ti/o Jii€ MaJluii MOMEHT CHII OTIOpPY CEPEeIOBHILA.

VY craTTi 32 AOMOMOTOI0 METOIy YCEpeTHEHHs 3HaiileHO HaONMKeHW pPO3B'SI30K pPIiBHAHb ¥y
BUTIAJIKY 33/1a4l PO PyX B CEPENOBHIII 3 OMOPOM TUHAMIYHO CHMETPUYHOTO TipocTaTa 3 PyXOMOIO
Mmacoro. [IpoBeneHO umMcenbHE iHTETPYBaHHS yCEpEeIHEHOI CUCTEMH piBHSIHB pyxy Tina. ['padiuni
300pakeHHsI pO3B'sI3KiB MpeacTaBieHi Ta o0roBopeHi. [loOynoBano rpadikv 3MiHN BETHYUH KBAAPaTiB
€KBaTOpiaJbHOI Ta OCKOBOI KOMIIOHEHT KYyTOBOI MIBUAKOCTI. OeprkaHi KiJIbKICHI Ta AKICHI pe3ylbTaTH
JOCHIDKEHb PyXy B CEPEAOBHILI 3 OMOPOM JHHAMIYHO CUMETPUYHOTO TBEPJOTO Tijia 3 HOPOKHUHOIO,
3aIIOBHEHOK0 BS3KOIO PIAMHOIO, Ta 3 PyXOMOI Macor. JlochimkeHo eBomomiio 30ypeHoro pyxy
Eitnepa-Ilyanco mim BIUIMBOM MaluxX BHYTPIIIHIX 1 30BHImHIX MOMeHTIB. llepeBara 1miei poboTu
MOJISITa€ B OTPUMAaHHI OpPUTIHANBHUX ACHMITOTHYHUX PO3B’S3KIB Ta YHCENBHHX PO3PAaxyHKIB, SKi
ONKCYIOTh E€BOJIIOLII0 PYXYy JAaHOI MexaHiuHOI cucTeMH. Po0oTa MOKE PO3IIISIIATHCS SIK PO3BUTOK
MOTIEPE/IHIX 3a/ad Mpo pyX TBEPAOrO Tilla TMiX Jdi€l0 MaJIUX MOMEHTIB OKpeMo (IIOpOKHUHHU
3aII0BHEHOIO PIJMHOIO BEIMKOI B’S3KOCTI, CEPEAOBHILA 3 OMOPOM, pyxomoi Macu). CTaTTs BHOCHTH
BKJIaJl B BUBYCHHS 33/1a4 PyXy IMITyYHHUX CYIMYTHHKIB 1 pyXiB WICHIB €Killa)xy BiJHOCHO IIUX TiJI, pyXiB
00epTOBUX CHAPSIIIB 3 MaCO0.

KurouoBi ciioBa: TBepze TijI0, CEpeiOBHILE 3 OIOPOM, PyXOMa Maca, B’s3Ka PiJHHa.

PERTURBED MOTIONS OF A GYROSTAT WITH A MOVABLE
MASS IN A RESISTIVE MEDIUM

D. Leshchenko?, T. Kozachenko?!
!Odessa State Academy of Civil Engineering and Architecture

Abstract: Investigation of the dynamics of a rigid body moving about a fixed point implies that
the bodies are not absolutely rigid but are close to ideal models. The effect of nonidealities can be
analyzed by singular perturbation methods, averaging, or other asymptotic methods of nonlinear
mechanics. It is reduced to the presence of additional terms in Euler’s dynamics equations for a
fictitious rigid body.

It is assumed that, for example, the dynamically symmetric body contains a spherical cavity filled
with a highly viscous fluid (at small Reynolds numbers) and a viscoelastic element that is modeled by
a moving mass connected to the body by a strong damper. These motions may have various case: for
example, the presence of fluid in the cavities in the body (e.g., liquid fuel or oxidizer in the tanks of
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rocket). The moving mass models loosely attached elements in a space vehicle, which can
significantly affect the vehicle’s motion relative to its center of mass during a long period of time. In
addition, the body affected by a small medium resistance torque.

The paper develops an approximate solution by means of an averaging method for the perturbed
motion of this rigid body. The numerical integration of the averaged system of equations is conducted
for the body motion. The graphical presentations of the solutions are represented and discussed. The
graphs of changes in the squared values of the equatorial and axial components of the angular velocity
are constructed. The quantitative and qualitative results of the study of motion in a medium with
resistance of a dynamically symmetric solid with a cavity filled with a viscous liquid and a moving
mass are obtained. Evolution of perturbed Euler-Poinsot motion under the influence of small internal
and external torques is studied. The advantage of this work is in receiving the original asymptotic and
numerical calculations, as well as solutions that describe the evolution in of a rigid body with cavity,
filled with a viscous fluid and with a moving mass. The paper can be considered as mainstreaming of
previous works for the problem of rigid body motion under the action of small torques (cavity filled
with a fluid of high viscosity, moving mass, resistive medium). Results summed up in this paper make
it possible to analyze motions of artificial satellites, of spinning projectiles with mass and the activities
of crew members about a vehicle.

Keywords: rigid body, resistive medium, movable mass, cavity, viscous fluid.
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1 BCTYII

Kocmiunwmii kopabenb ado CYyIyTHHK B CBOEMY PYCi BIIHOCHO IIEHTpPA Mac 3a3HA€ BIUIHB
MOMEHTIB CHJ pi3HOI ¢i3uuHoi npupoau. lle, Hampukiazg, MOMEHTH, BUKIHMKAHI PyXOM
BHYTpIIIHIX Mac, fKi MOXYTb BUHHKATH 4epe3 Taki (akTOpH, SK HAIBHICTh 00EPTOBHX
KOMITOHEHTIB (POTOpiB, TIPOCKOITIB), @ TaKOXX TIEPEMIIICHHSIMH €KIMaxy B BHUIAIKY
MiJOTOBAHOTO anapary.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

[Ipobnemu AMHAMIKA TiT 3 TMOPOXXKHUHAMH, IO MICTSTh DIIMHY, BIIHOCATHCS [0
KJIaCHYHUX 3a1ad Mmexaniku [1, 2]. B crarti [1] mochimKyeTbes CyMICHUN BIUIMB PiAWMHHA
BEJIMKOI B S3KOCTI B IIOPO>KHUHI TBEPJOTO TiJia 1 pyXoMoi MacH, 3’€IHaHO] 3 TiJIOM MPYXKHUM
3B’A3KOM 3 B’SA3KMM TepTsAM ab0 3 KBaJIpaTUYHOIO JMCUIAII€I0, HAa PyX AUHAMIYHO
CHUMETPUYHOrO Tija. B crarri [2] BUBYaeThCs pyX B CepelOBHINI 3 OHOPOM OJIM3BKOTO 0
JUHAMIYHO C()eprUuHOro TBEPAOro Tijia 3 MOPOKHUHOIO, 3alIOBHEHOIO B’SI3KOI0 PIAMHOIO MPH
Manux unucnax PeiHoibaca.

B crarti [3] pos3risimaeThCsi MOXKIMBICTH JAeMI(YBaHHS HYTAliMHUX KOJMBaHb 3a
JIOTIOMOTOI0 B’SI3KO1 PiIMHM, sIKa 3aIIOBHIOE TOPOKHIHU B pOTOpi a00 B pamMKax ripockoma. B
[4] mokazana MoMBiCcTH CTabLTi3aIlil HECTIMKOrO PIBHOMIPHOTO 0OEpTaHHS B CEPEIOBHIII 3
OTIOPOM «CIUITYOTrO» Tipockomna Jlarpamka 3 ieaIbHOI0 PIJMHOI0 32 JONOMOTOI0 JPYroro
00epTOBOTO T1POCKOIA Ta MPYKHUX CHEPUYHUX HIAPHIPIB.

Benuka KiIBKICTH pPOOIT MPHCBSYEHA OCTI/DKEHHIO OOEpTaHHS TBEPAOTO Tila 3
pyxoMum# BHyTpimiHiMH mMacamu [1, 5-11]. Orssin poOiT 3 1i€l TeMaTHKH MPEACTaBICHUNA B
[5, 8-11]. B kuwu3i [6] BUBuUAETHCS BIUIMB BHYTPILIHBOI MPYXHOCTI Ta AMCHUMALIl HA PyX
CYIlyTHHKa BiJJHOCHO IieHTpa Mac. B crarri [8] 3a momomororw MeToay ycepemaHEeHHs
OTpUMaHO HAOJMKEHE PO3B’SI3aHHA 3a/adl MMPO PyX B CEPEIOBHIII 3 OMOPOM OJIM3BKOIO JI0
JMHAMIYHO C(EPHUYHOro TBEPJAOrO Tijla 3 B’SM3KONMPY)KHUM ejneMeHToM. B pobGoti [9]
JOCIIJKYEThCS 3a]]a9a PO PyX B CEPEAOBHUIII 3 OMTOPOM JUHAMIYHO CHMETPHUYHOTO TBEPIOTO
TiIa 3 PyXOMOIO Macoro, siIKa 3’€JlHaHa 3 TUIOM HPY)KHOIO B 53310 MPH HAsIBHOCTI B’S3KOTO
teptsi. B [10] 3a momomoror Merona ycepemHEHHsI ONCPIKYEThCS HAOIMKEHE PO3B’SI3aHHS
3ajadi Ipo pyx IUHAMIYHO CUMETPHUYHOTO TBEPJOrO TiJia 3 B’SA3KONPYXKHUM €JIEeMEHTOM IMij
JI€I0 MOCTIHHOTO MOMEHTY B 3B’si3aHMX ocsx. B crarri [11] mpoBeneHe acMMOTOTHYHE
PO3B’sI3yBaHHs CUCTeMU piBHSIHb Eiiniepa 3 101aTKOBUMH 30YPIOIOUMMHU MOMEHTaMM CHJI JUIs
OJIM3BKOTO0 /10 AMHAMIYHO C)EPUYHOIO TBEPAOIO TiJIa 3 B A3KOMPYKHUM €JIEMEHTOM I1J] A1€10
CTaJIOTO MOMEHTY B 3B’SI3aHHX 3 TUJIOM OCSX.

BaxxnuBoro 0051acTiO 3aCTOCYBaHHS ITMHAMIKU TBEPJOTO TiJIa € MEXaHIKa TPOCKOMIYHUX
cucteM. Psa BUMAgKiB iHTErpyBaHHS PIBHSAHb PyXy TBEPAOTO TiJla B CEPENOBMILI 3 ONOPOM
posrisinyTo B [12-15]. V crarti [16] po3risiaaerses 30ypeHuid pyX KOCMIYHOTO arapara, 1o
o0epraeTbcs, Ha KpYroBih opOITI MiA JAi€0 MajJoro aepoJWHAMIYHOTO MOMEHTY,
HPOMOPIIIHHOTO KyTOBI# mBuakocti Tia. B [17] ogepskaHi yMOBH aCUHMOTOTHYHOT CTIHKOCTI
PIBHOMIpPHOTO 00€pTaHHS HECUMETPUYHOTO TBEPJIOTO Tija y CEPEOBHUIII 3 OMTOPOM.

PosrnsHemMo mpocTopoBUil pyX AMHAMIYHO CUMETPUYHOTO TiJa, 110 MICTUTH CEpUUHY
MOPOXKHHUHY, 3alIOBHEHY DIJUHOI0 BEJIUKOI B'A3KOCTi. PyX BinOyBaeThCsl BITHOCHO IIEHTpa
iHepiii. Jlo Toukn Ha oci cumetpii Tina (y 11 HemepopMoBaHOMY CTaH1) MPUKPIIIEHA pyXoMa
TOYKOBa Maca, sika 3’€JHaHa B s3KONpPYKHHM aemrdepoM 3 kopmycoM [1]. Okpim Toro, Ha
TIJIO JIi€ MOMEHT CHJI OTIOpPY CEpeOBUINA, SIKUM MPOMOPLIMHUNA KyTOBOMY MOMEHTY Tija 13
«3aMep310t0» piauHomw [2, 8, 13, 15]

B nanomy Bumanky HaOgmKeHa cucTeMa PIBHSHB 30ypeHOro pyxy B IPOEKISX Ha
TOJIOBHI IIEHTpaJIbHI OocCi iHepii Mae Burisn [1, 2] (kpamka mo3Hayae moxijHy 3a 4acom t):
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Ap+(C—A)qr = ’BAF: C(A—-C)pr?® + Fgr + Dpr* — g1 Ap,
|4

2

Ag+(A-C)pr= ﬂ:) C(A-C)qr? — Fpr + Dgr* — eAAq, (1)
|4

Cr= &(C ~A)(p*+9°)- AC'Dr’®(p*+q*)—&iCr.
vA

e P, (, r — OpoeKIii BeKTopa abCOMIOTHOT KyTOBOT MBUIKOCTI @ Ha 3B's3aHi oci, A 1 C
TOJIOBHI LIEHTPAJIbHI MOMEHTH IHEpIIi CUCTEMH, A — AOJATHHIA KOSPIIIEHT IPOMOPIIHHOCTI,
SKUW 3aJeKUTh BiJ (PI3MUHUX XapaKTEPUCTHUK cepefoBuIna Ta (Gopmu Tina, [ — TyCTHHA
pimuau, P >0 ckansgpHa Benn4MHa, sika UTsi chepruyHOi TOPOKHHUHU pajiyca b BU3HAYaeThCs
3a opmynoro P =8zb’ /525 [1, 2]. Ilepwi nomaHku B HpaBMX yacTHHaX piBHAHL (1)
BiZJOOpakatoTb MOMEHT CHJI B’S3KOi PIAMHHU Yy MOPOXKHMHI TiIa B MEXaX aCUMITOTHYHOTO
HaOmmkenus. [Ipu pomy nependadaeTbes, 1mo yucio PeitHonbaca mane: Re<<1 [1], v —
KiHeMaTH4HHMI KoedilieHT B s3kocTi piauan v =1/Re>>1 i v ' <<1. ByaeMo BBakaTH, 10
6e3po3MipHUii TapameTp v ' ~ €.

Koedimientn L, S, mo BXOAsATh y piBHSIHHA (2) 3aJal0ThCS Yepe3 MmapaMeTpu CHCTEMHU
3a (hopmynamu:

F=mp’ Q?A°C(A*(p* +q°)+C*r?),

(2)
D =mp’AQ*C*(A-C)A™

KoedimienTn F, D xapakrepusyioTh BIUIMB 30ypIOIOYMX MOMEHTIB CHII, sIKi OOYMOBIICHI
HasBHICTIO B’SI3KONPYXKHOTO eneMeHTa. [lo3Haunmo, M gk Macy pyXxoMoi TOUKH, a O — BIJIICTaHb BiJ
IeHTpa Mac HeneOpMOBAHOI CHCTEMH 1O MicHs ii KpIIUICHHs, SKe, 3TiAHO 3 TPUITYIISHHSIM,
po3TamoBaHe Ha OcCi AWHaMi4HOiI cumerpii Tina. KoHcranTH 9% =C/ m, A=5/ M BU3HAYAIOThH

4acTOTy KOJIMBaHb Ta IHTEHCUBHICTh 1X 3racaHHs BiNOBIAHO; mapaMeTp C XapakTepHU3ye >KOPCTKICTh
(TOOTO KOEDIIiE€HT MPYKHOCTI), TOII AK O € KOe]Il[ieHTOM B I3KOTO TEPTS B IeMIIEPI.

3 HOUIb TA 3AJAYI AOCTIIKEHHSA

JocmimxyeTrbest BUMAAOK nemndepa, Koiaum koedimieHTH €, A 3a10BOJBHSIOTH
HepiBHOCTSM [1, 8]:
Q°0 Aol o 3)

VYmoBa (3) no3Boisisie BBecTH Manui mapamerp B (3) 1 BBakaTH BKazaHi 30yproroui
MOMEHTH ManuMH. lle CTBOpIO€E MOXIIMBICTH 3aCTOCYBaHHS AaCHMOTOTHYHOTO METOJa
ycepeanenss [18]. Kpim Toro, BukoHaHHS HEpiBHOCTI (3) Ja€ MiJICTaBU HEXTYBATH BUTbHUMHU
KOJINBaHHSIMHM TOYKOBOi MacH, sKi 0OyMOBJIEHI MOYaTKOBUMH BIIXHJIEHHSIMH, BHACTIOK X
MIBUJIKOTO  3racaHHs.  HaToMiCTh  OCHOBHa  yBara  MHPHIUISETHCS ~ BUMYIICHHM
KBa3iCTAIllOHAPHUM pyXaM, AKi CIIpUYUHEH] 00epTaHHIM Tijla.

[Mpunyctumo, 110 Q’le AQ* ~¢.

V Bumaaky, komu £ =0, Q° =0, AQ* =0 v ' =0, cucrema (1) inTerpyerscs, mpu
npomy I =1,.

Slkmo Iy #0, To B bOMY BHUMAaKy 3MiHHI P, ( 3AiMCHIOIOTH FApMOHIMHI KOJIMBAaHHS,
4acTOTa AKUX |(C -A) r0| 3a1eXUTh BiX [, Ta cucteMa piBHsIHb (1) € HeniHilHOO.

3arajgbpHUN MOPODKYBATBHUN po3B 130K cuctemiu (1) mae Burisin [19]:
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https://doi.org/10.31650/2618-0650-2025-7-2-19-27 22




MexaHika Ta MaTeMaTW4yHi meronu / Yspe VI11/2/2025
Mechanics and mathematical methods % - Crop. 19-27/ Page 19-27

p=acose, q=asing, r=r, 4)

3acTocyemo Horo SIK MEePETBOPECHHS 10 3MIHHHX a, r, ne
a>0, a=const, p=r(C-AA't.

B pesynbTari omepkuMo, mo &= PCcose + (sing . IlizctaBumo B mei Bupaz p 1 ¢ 3
nepiux qBox piBHAHB (1). Jlani npoBoauMo Mpoueaypy yCepeaHeHHs OJIepKaHOTO PIBHSIHHS
ans a 3a dasoro ¢ [18] i, BpaxoByroun, mo a° = p* +(° 3anumemo piBHAHHS (1) ams r y
BUTJISAIL:

da _ g%C(A—C)rZaJr emp?C}(A—C)Ar*a—sla,

dt

dr PPr ©)
—=¢Z—(C-Aa’-emp’A°C(A-C)r’a® —gar.

dt AC

3xiiicHIoOuN 3aMmiHy 3MiHHEX X =a’, Y =r’ cuctemy (5) IpUBENEMO [0 HACTYHHOTO
BUTJISY:

j—x = 2x{%C(A—C) y+mp®A°C*(A-C)y? —/1}’
T

d o (6)
9@ _ _zy[—(A—C)x+ emp’ A C(A—-C)xy +/1}-
dr AC

B miii cuctemi X, Y — moBinbHi 3MmiHHI (7 = &t).
4 PE3YJBbBTATHU JOCIIIKEHDb

Cucrema (6) mpoinTerpoBaHa umcenbHO 3a modatkoBux ymoB X(0) =1, y(0)=1 ta
mapametpie. p=1 m=1 ¢£=01 P, =048 f=1260; C=1 A=12, 15 20, 25
A=0.1 0.5. Po3p’s130k cucTeMH OTpUMaHO B MaTeMaTHyHoMmy mnakeri Maple i3

BUKOpHUCTaHHAM MeTony Pynre-Kyrtu-®ensbepra m’aToro nopsaKy TOUHOCTI.
Ha puwc. 1-3 mHaBegeHo rTpadiuyHe TPEACTABICHHS  BEIMYWMH  KBAJpaTiB

eKBAaTOPIaTBHOT X = a° Ta OChOBOT KOMIIOHEHT Y = r KyTOBO1 IIBUIKOCTI TBEPAOrO TiJia y
punagkax: A=12, 1.5 20, 25 i A=01 (puc. 1, 3), Ta A=1.2, 15 20, 25 i
A =0.5(puc. 2), npu HE3MIHHHX IHIIUX [TApaMeTpax.

1.75

1.50 \

x(1) l—\
0.75

0 5 10 15 20 25
Slow Time (1)
—A=12; —A=15; —A=20; —A=25;

Puc. 1. I'padixu 3minnoi X y Bumaaky A =0.1
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.75

1.50-

x(t) 1
0.754

0.50

0 | 2 ) 3
Slow Time (1)
—A=132;, —A-l5 —A=20; —A=25

Puc. 2. I'padixu 3minHoi X y Bunaaky A =0.5

y(1)
0.75
0.50
0.251
0 ¥
1] 0.003 0.010 0015 0.020
Slow Time {t)
—A=12; —A-LS;, —A=20; —A=2S5;

Puc. 3. I'padik 3minHOi Yy B Bumaaky A =0.1

5 OBI'OBOPEHHA PE3VYJIBTATIB JOCJIIKEHHS

SAx Gaummo 3 pmc. 1-3 3mimHi X=a’ Ta Yy=r’ CHOajaloOTh AaCHMITOTHYHO
HAOIMKAIOUUCh 10 Hynms. VY BHIAAKY BHKOHaHHs criBBimHomenHs A/C~1 A>C
CIIOCTEpIraeThCsl CTPIMKE 3pPOCTaHHSA BEIMYMHU X HA JOCTaTHbO MaJOMy YacOBOMY
inTepBani. OHAK TIpH OiNbIINX 3HAUeHHAX A TEMIT 3pOCTaHHS X = a° 3HMIKYEThCS i OIH3BKE
no Bunagky A=C (chepn). 3MiHHA y TparHe A0 HyNs Ha JyKe MaJOMy MPOMIXKKY 4acy
[0; 0.02].

Takox XapakTep craJaHHs BEIUYMH KBaJpaTiB €KBATOPIaNbHOI Ta OCHOBOT KOMIIOHEHT
KYTOBOT IIBHIKOCTI TBEPIOTO Tijla 3aJIEKUTh BiJI BIACTUBOCTEN cepenoBHINa Ta GOpMH TiJa.
Ipu 3pocTanHi BenumduHn A (MpU OJHAKOBUX iHINKX TIApAMeTpPax) CHaJaHHsA 3MiHHAX X = a°

Ta Y = I’ BinOyBaeThCA MIBUIILE.
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6 BUCHOBKHU

B pe3ynbTaTi 1OCHiHKEHHS B CEPEOBHIL 3 OTIOPOM PyXY TBEpAOro Tiia 31 chepuvaHoIO
MIOPOXKHUHOIO, 3aIIOBHEHOIO PIJMHOI0 BHCOKOI B'I3KOCTI, Ta 3 PyXOMOK Macolo, 3B’513aHOIO 3
TIJIOM TPYXHOIO B’SI33[0 MPH HABHOCTI B’SI3KOTO TEPTS OJEP>KAHO CHCTEMY PIBHSIHb PyXY B
crangaptHiii dopmi. Ilicas mepexomy [0 ycepemHEHOI CHCTEMH 3HaWICHO YHCEIbHHN
PO3B’s130K 3a/1a4i. EBOMIONS pyXy TBEPJOTO TiJIa OMUCYETHCS PO3B’SI3KAMH, SIKi MOKYTh OYTH
BUKOPUCTAaHUMHM, TPU JOCTIIHKEHHI OpieHTarli Ta crabumizaiii pyxy CyHmyTHHKa BiJIHOCHO
[IEHTpa Mac 1 pyXiB WICHIB €KiMaXiB BITHOCHO LUX TiJI.

7  ETUYHI JEKJAPALIL

ABTOpPH HE MalTh BIIMOBIAHUX (IHAHCOBHX 4M HE(IHAHCOBUX IHTEpECIB, fAKI CIiA
PO3KPHBATH.
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VIIK 539.3

AHAJIITUYHUH PO3PAXYHOK BAJIOK 3MIHHOT
AKOPCTKOCTI HA HEOAHOPIJIHIA ITPY?KHIN OCHOBI
BIHKJIEPA

Kpyriii 0. C., Ilepnepi A. 0., Bakyaenxo B. B.}, Kosaabosa I. JI.!

Y0oecvra oepacasna akademis 6ydisnuymea ma apximexmypu

Anotamisn: L{iymo mocnimKeHHsT € TOJalbIIni PO3BUTOK aHANITUYHUX METOJIB PO3PaxyHKY Ha
3ruH OaJioK, IO OMUPAIOThCS Ha HEOTHOPIAHY (3MIHHY) CyHUTRHY TPYXHY OCHOBY BiHKiepa.
HeonHopigHICTh OCHOBH XapaKTepH3YEThCS 3MIHHUM IOTOHHUM KoedimieHToM mocteni. Y naHii
POOOTI PO3TIAAAETHCS y3aralbHEeHUH BUIAJO0K, KOJIU 3TMHANBHA JKOPCTKICTh, KOS(IiEHT TOCTeNl Ta
HABaHTaXEHHS 337al0ThCS Oy/Ib-SIKUMH HETlepEepPBHUMH (YHKIISIMH Bii KOOPAMHATH CEPEIUHHO] JIiHiT
Oanmku. Bummcani TouHI QopMynH s (QyHIAMEHTAThHHX (YHKIH Ta YaCTHHHOTO PO3B’ 3Ky
BiJIMOBIZTHOTO TU(EepPEHIIATEHOTO PIBHIHHS YETBEPTOrO MOPSAKY 31 3MiHHHMHU Koedinientamu. JlaHi
¢yHKLIT € 6e3p03MIpHMMHU Ta MPECTABISIIOTHCS a0CONIOTHO 1 PIBHOMIPHO 30DKHHUMHU PSAaMHU IO
CTeTieHsAM 0e3pO3MipHOTO MapaMeTpy 31 3MIHHHMH Koe]illieHTaMu, SKi BU3HAYAIOTHCS 32 IOTIOMOT OO
PEKYpEeHTHHUX IHTETpallbHUX CITIBBiIHOIIEHs. B CBOIO Wepry, depe3 BKazaHi (DYHKIli BHPaKarOTHCS
dopmynu i mapameTpiB HampykeHo-nedopmopanoro crany (HIAC) Oamku — mporuHy, Kyra
MOBOPOTY, 3THHAJIBHOTO MOMEHTY Ta MOIepevHoi cuii. HeBioMi KOHCTaHTH IHTETPYBaHHS B IIHX
(hopMynax BHUpaKeHI dYepe3 MOYATKOBI MapaMeTpH, SKi 3HAXOMAThCS ICIS peawizamii 3alaHux
rpaHYHUX YMOB. Jlns 3pydYHOCTI MPaKTHYHOTO 3acTOCyBaHHS (GyHAaMeHTaldbHI (yHKHii Ta
YaCTUHHUN PO3B’SA30K PIBHSHHS TpPaHC(POPMYIOThCS A0 (opMaTy cTemeHeBHX psiaiB. TUM camuM,
pO3paxyHOK OanKyd Ha 3THH 3BOJWTHECS O TMPOIEAYPH YHCENbHOI peanizamii SBHAX aHAJTITHYHUX
dbopmyn ms mapamerpie HIC. s peamizamii orpuMannx (GOpMysI CTBOPEHO MPOTpaMHUI KOA Ha
Visual Basic B mporpamuoMy cepenosuili Excel. Tum camum, 3a0e3medeH0 MOKIUBICTh PO3PAXyHKY
0aJIOK Y IPOTPaMHOMY PEKUMI.

Ha mpukiami mpoJeMOHCTPOBAHO NMPAaKTHYHE 3aCTOCYBAaHHS OTPUMAHUX pO3B’s3KiB. BukoHaHi
pO3paxyHKH Ui Oalikv 3 BIIbHUMH KiHIIMH y BUIVIAI 3pi3aHol mipaminu, IUpUHA Ta BUCOTA SIKOi
3MIHIOIOTBCS 32 JIIHIMHUMM 3aKOHaMH. Pe3ynbTaTH pO3paxyHKY MPEACTaBICHI B YHUCEILHOMY Ta
rpadiunomy ¢opmarax. OTpruMaHi YMCENbHI 3HAYEHHS € TOYHUMM, OCKUIBKU 3aIIpOIIOHOBAHMM MigXif
IPYHTYETHCSI HA TOYHOMY PO3B’SI3KY BIJIOBIAHOTO TUQeEpeHIianbHOro piBHAHHS. HasBHICTH Takmx
PO3B’SI3KIB  JIO3BOJISIE NUISIXOM TIOPIiBHSIHHS OLIHIOBATH TOYHICTH pO3B’S3KiB, OTPHMaHHX 3a
JIOTIOMOTOI0 PI3HOTO POy HAOIMKEHUX METOIIB.

KarouoBi ciioBa: Ganka, 3MiHHA 3rHHAIBHA )KOPCTKICTh, HEOIHOPIAHA TPY’KHA OCHOBA, TiMOTe3a
Binknepa, 3MiHHE HaBaHTXKEHHS, TOUHUIN PO3B’SI30K, aHATITHYHHIA PO3PaXyHOK.

ANALYTICAL CALCULATION OF A BEAM ON A WINKLER
ELASTIC FOUNDATION WITH POWER-LAW
INHOMOGENEITY

Yu. Krutiit, A. Perperit, V. Vakulenko?, I. Kovalova!
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The aim of the study is to further develop analytical methods for the bending analysis
of beams resting on an inhomogeneous (variable) continuous Winkler elastic foundation. The
inhomogeneity of the foundation is characterized by a spatially varying bedding (subgrade reaction)
modulus. This work considers a generalized case in which the flexural rigidity, foundation modulus,
and external loading are defined as arbitrary continuous functions of the coordinate along the beam’s
centerline. Exact expressions are derived for the fundamental functions and a particular solution of the
corresponding fourth-order differential equation with variable coefficients. These functions are
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dimensionless and are represented as absolutely and uniformly convergent power series in a
dimensionless parameter, with variable coefficients determined using recurrent integral relations. The
stress—strain state (SSS) parameters of the beam-deflection, rotation angle, bending moment, and
shear force—are expressed through the aforementioned functions. The unknown integration constants
in these expressions are determined from the prescribed boundary conditions. For practical
application, both the fundamental functions and the particular solution are transformed into a power
series format. As a result, the bending analysis of the beam reduces to a numerical implementation of
explicit analytical formulas for the SSS parameters. A software implementation of the derived
formulas was developed using Visual Basic within the Excel environment, thus enabling beam
analysis in a computational mode.

A practical example is provided to demonstrate the application of the obtained solutions.
Calculations are performed for a beam with free ends shaped as a truncated pyramid, whose width and
height vary linearly. The results are presented both numerically and graphically. The obtained
numerical values are exact, as the proposed approach is based on an exact solution to the
corresponding differential equation. The availability of such solutions allows for the assessment of the
accuracy of approximate methods by direct comparison.

Keywords: beam, variable flexural rigidity, inhomogeneous elastic foundation, Winkler
foundation hypothesis, variable loading, exact solution, analytical analysis.
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1 BCTYII

Konctpykuisi, mo siBisge coboro OalKy Ha MPYXHIM OCHOBI, 4aCTO 3aCTOCOBYETHCS B
IH)KEHEpHIH MpaKTHIl, B TOMY YHCIi, B OyMIBHHUIITBI, B 3aJi3HMYHIA Ta T1PHUYOI00YBHIM
rairy3sx, TiApoTeXHilli, KopadieOyTyBaHHI, aepOKOCMIYHIM TeXHilli, O10MeXaHilli Ta 1HIIHX.

B3aemoniss MK KOHCTPYKLISIMH Ta OINOPHHUMM TIPYHTOBUMH CEpPEAOBUIIAMU Mae
BUpIIIAJIbHE 3HAYCHHS B TPOEKTYBaHHI (YHIAMEHTIB 1 3aBXKIW IpHUBEpPTala yBary sK
HAYKOBIB, Tak 1 iHkeHepiB. [IpoexTyBaHHs Ta OyaiBHULUTBO Oe3le4yHUX OyJiBeNb 1 CIIOpYyX
BHMAara€ TOYHOTO MOJICITIOBAHHS B3a€MOJIiI KOHCTPYKIIii 3 TPYHTOBOIO OCHOBOIO [1-6]. Tomy
HaWOLIBII TMOIMMPEHI OaJOYHI KOHCTPYKIII Ha TPYXHIA OCHOBI caMe B OYIIBHHMIITBI Ta
UBUIBbHIN 1HKeHepii. J[o Takux KOHCTPYKIIiii MOXKYTh OyTH BiIHECEHI CTPIUKOBI ()yHIAMEHTH
OyniBenb Ta criopyn, GyHIaMEHTH Tpedeib, T0KH, (YHIAMEHTH MiAKPAHOBHUX KOJIIH, MITAIH
3aJII3HUYHOT KOJIi1, pi3HOro poay TpyOOnpoBoAH, YKIIaAeH1 Ha IpyHT Ta iH. [Ipu npoekTyBaHHi
TYHENIB Ta MIJ3eMHUX TPyOONpPOBOJIB MOENb OalKH Ha MPYKHOMY (DYHIAMEHTI IIHUPOKO
BUKOPUCTOBYETHCS ISl aHAMi3y AedopMariii KOHCTPYKIii, 10 3yMOBJIEHa OCiIaHHSAM TPYHTY
[7-10]. B ripauuon00yBHiii ramy3i MoaeiIb KOHCTPYKIIi HA MPYXKHIA OCHOBI 3aCTOCOBYETHCS
JUTsl BA3HAUCHHS TUCKY B KOHTAKTI MK FIPHHYMMH OTOpaMK Ta OMOPHOIO cTiHkowo [11]. Tlpu
MPOEKTYBaHHI 3aJII3HUYHUX KOJIIN Ta MPH BUBYEHHI X MOBEIIHKH MiJ 4ac pyXy MOi3/1a TaKOXK
3a3BHYall 3aCTOCOBYIOTh MOJICIb OaJIKU Ha NIpyx)HOMY (yHIamenTi [12-18].

3 uncna icHyrourx Mojened ocHoBH [5, 6, 19] 3HauHOrO MOIMIMpPeHHs HalOysa Tak 3BaHa
mojens Binknepa (rimote3a koedimieHTa mocTemni). Y mid MOJelni MpyXHa OCHOBA, Ha SIKY
ONUPAETHCS KOHCTPYKLIS, MPEACTaBISIEThCS y BHUIIAAI HAOOpy BEPTHKAIBHUX, OJIM3BKO
pO3TalIOBaHUX, HE TIOB’S3aHUX MK CO0OI0 MpYyXHH. Taky CHTyalil0 3arajioM MOXHa
OMHCATH €JWHUM TapaMeTpoM, SIKUH Ha3uBalOTh KoedilieHTOM (MOIyleM) MpPYy>KHOCTI
OCHOBH 4HM KO€(DILI€HTOM MOCTeNi. Y HAWMpOCTIIIOMY BHUIAIKy, KOJIH OCHOBA BBAXKAETHCS
OJIHOPITHOO, KOS(IIIEHT MOCTEIN € CTATTUM.

BBaxaetncs, mo BiHkiepoBa ocHOBA € HAMOUIBIIT MPUHHATHOIO JIJIS TIPAKTUYHUX 1€
32 YMOBM NPABHJIBHOTO BHOOPY YMCENBHOTO 3HAYEHHS KOEQIIEHTY >KOPCTKOCTI OCHOBU Ta
BpaxyBaHHS B HEOOXiMHMX BHIagKax #oro 3MmiHHOCTI [3]. Pe3ympTatm po3paxyHKY
KOHCTPYKIIIH 3 BUKOPUCTAHHSAM ITi€l MOJeTi OJU3BKO BiAMOBIAAOTH MOCTITHUM maHuM [3].
[Tpo HEoOXiIHICTh BpaxOBYBAaTH 3MIHHICTh (HEOJHOPIIHICTh) OCHOBU TaKOK HAroJIONIYETHCS
B cy4acHiii myOmikarii [20], OCKiUIbKM Ha TOIJIS aBTOPIB MPHUITYLICHHS PO OHOPIIHICTH
OCHOBH JaJIeKe BiJl peajIbHOCTI.

Icuye pan moaudikanii mozeni Binknepa, siki B iHTerpaibpHiil (opmi 103BOJSIOTH
BpaxoByBaTH HEOJHOPIAHI BIACTUBOCTI MpPYKHOI OCHOBU. HalOUIBII PO3MOBCIOIKEHOIO
MoudiKaIi€r0 € MOJenb 3MIHHOrO koedilieHTa mocTeni. 30kpema, Taka MOJAeIb 3HalIuia
HIMPOKE 3aCTOCYBAaHHS MpPHU pO3paxyHKaX HaIpyKeHO-Ie(OpMOBAHOTO CTaHy (PyHIaMEHTIB
KOHCTPYKLIH, 5Kl JIe)KaTh Ha JICCOBUX IPYHTaX, JUId SIKUX XapaKTepHE MPOCITaHHA. Y TakoMy
BUITAJIKy KOE(IIIEHT TOCTEN — 1€ 3MIHHA BEJIMYWHA, SIKa 3aJICKUTh Bl KOOPAMHATH, B SKIM
BU3HAYAETHCS 0CAIKa TTOBEPXHI OCHOBH.

3MIHHOIO TaKoX MOXe OYyTH 1 3rHHalIbHA KOPCTKiCcTh Oanku. Hempusamatuuni 6anku 31
3MIHHUM TIONIEPEUYHUM IMEPepi3oM MaroTh BEIMKE 3HAUYEHHS B IHXKEHepii 3aBISKH CBOIN
3IaTHOCTI BIJMOBIIATH apXITEeKTYpHUM BHMOTaM Ta ONTHMI3YyBaTH Bary Ta MIIHICTb
koHCTpyKii [21]. TloniOHI Oanku TakoX MOKYTh BHKOPHCTOBYBAaTHCH 3 METOK E€KOHOMII
MmatepiamiB. Ille oguH ceHc 3aCTOCYBaHHS TaKUX OAJIOK TOJISATAE B TOMY, IO HAaBAaHTAKECHHS
4acTO HEPIBHOMIPHO PO3MOJUIIEHO Y3JI0BXK JIOBXHHU KOHCTPYKIIii. 3ruHalbHa *KOPCTKICTh
TSl BKa3aHUX O0aslok Oy/ie 3MiHHOIO BETUIHHOIO.

VY OyniBenbHIN ranys3i IIMPOKE 3aCTOCYBaHHS OTpUMAaNM 3aiizo0eToHHi Oanku. Ilicms
YTBOPEHHS TPIIIMH Y Iepepi3ax Mija Ai€l0 HaBaHTaKEHHS, Y TaKuX OajlkaxX YTBOPIOIOTHCS
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TUTSTHKY 31 3HUKEHOIO 3THHAJIBHOIO JKOPCTKICTIO [, 22]. YV 3B’S3KY 3 MM >KOPCTKICTh CTae
3MIHHOIO y3/I0BXK JJOBKHHHU OQJIKH.

OcTtaHHIM YacoM IIHMPOKE 3aCTOCYBAaHHS y PI3HHUX Taly3sX HAyKH 1 TEXHIKA 3HAXOJIAThH
KOHCTPYKIIi 13 (yHKIiOHANIBHO-TpagieHTHUX MatepiamiB [23-28]. Cepen pi3HOMaHITTS
(YHKI[IOHATbHO-TPATIEHTHIX KOHCTPYKIIM, Ba)UJIMBHM KIJIACOM € OaJK¥ 3 BIIACTUBOCTSIMH
marepiainy, ki 3MIHIOIOTBCS y310BK JOBKUHH [29]. TakoMy HOBOMY MOKOJIIHHIO KOMIIO3HTIB
BJIACTUBI 3MiHHI XapaKTEPUCTUKAMH, TaKi K NPYKHICTh, IIIJIBHICT, TETUIONPOBIAHICTH 1 T.1.
3ruHaIbHA KOPCTKICTh TAKUX OAJIOK TaKOXK Oy/1e 3MIHHOIO y30BXK JTOBXKHHHU.

3amaya mpo CTATHYHUN PO3PAaXyHOK OalOK CTaymoi KOPCTKOCTI, IO OMUPAIOTHCS Ha
OJIHOPIZHY MPYKHY OCHOBY BiHKiepa, 3arajgom 100pe BHBYEHA. 3aCTOCYBaHHS BIAMOBIIHUX
PO3B’S3KiB B 1H)KEHEpPHIN MPaKTULI HE BUKIUKae TpyaHouriB. Habarato ckiagnime crpasa,
KOJIM 3THHAJbHA JKOPCTKICTh Oanku Ta/abo koedimieHT mocTesi 3MiHHI. YHIBEpCaTbHUMA
AQHAITUYHUI METONy PO3paxyHKy JUIs TaKOTO BHUMAJKy B HAYKOBiil JliTepaTypi BiACYTHIH.
VIMOBipHOIO NPUUMHOI MoXe OyTH Toil (akT, IO 3 MaTeMaTHYHOI TOUKH 30py 3ajada
3BOJUTHCS 10 HEOOXITHOCTI PO3B’s3aHHS MU(PEPEHIIaIbHOTO PIBHSHHS 3TUHY YETBEPTOTO
MOPSAIKY 31 3MIHHMUMH Koe(]illieHTaMH. 3HaXOJDKEHHS 3arajlbHOTO IHTErpaixy Juisi TaKoro
PIBHSHHS € CKJIQJHOK MaTeMaTHYHOIO mpobiemoro. Bimoma nmme oOMmexeHa KUTbKiCTh
OKpPEMUX BHUIIAJIKIB, KOJIM PO3B’s3KH 3HAXOIUTHCSA B 3aMKHEHi ¢opwmi [2, c. 108-114, 30, c.
203, 204].

OTxe, 3HAXOKEHHA TOYHOTO PpO3B’S3KY AU(EpPEeHIiaTbHOTO PpIBHSIHHS 3TUHY 31
3MIHHUMH KoedillieHTaMH Ta po3po0Ka Ha WOT0 OCHOBI aHAIITUYHOTO METOAY PO3PaXyHKY
Oanok € akTyanbHOI0. OCKUIBKHM B JaHii poOOTi peasli3oBaHO came TaKWil miaxid, To i Tema
aKTyaJbHA.

2 AHAJI3 JITEPATYPHUX JAHUX TA NOCTAHOBKA IMPOBJIEMH

JeranpHuii ornsn myOsikalid Mpo CTaTHUHUN PO3paxyHOK OajioK Ha HEOMHOPIIHIN
(3MiHHIN) TpyXHIH OCHOBI HamaHo B myoOmikamisx [31, 32, 33]. Lllomo Oamok cramoi
KOPCTKOCTI Ha 3MiHHIM mpyxXHiH ocHOBI BiHkiepa HalOLIBII Yy3arajgbHEHY CHUTYaIlilO
PO3TISIHYTO y po6oTi [33], e 3ampOIOHOBaHO AHATITUYHHUNA METOJ PO3PaxXyHKY Ui BHITAIKY
JIOBUJIHOTO HEMEPEepPBHO-3MIHHOTO KoedilieHTy mocteni. TakoX B 3HaAuHIA KUIBKOCTI
nyOmiKamii po3risgaloThCsl BUMAAKU OaJOK 3MIHHOI JKOPCTKOCTI Ha OJHOPLAHIM HpYyKHIH
OCHOBI, cepel skux BuAiTuMo [34-38]. HatoMicTs myOmikariii, B SKMX OJHOYACHO 3THHANbHA
KOPCTKICTh OalKku Ta KOoe(Iill€HT IMOCTeNll BBAXKAIOThCS 3MIHHUMH, B HayKOBIH Mepioauil
3yctpivatroTbes pinko [39-43] . Ilpu 1poMmy y3arajgbHEHa CHUTYyallis, KOJIHM Jifoue Ha Oaiky
HABAHTAKCHHS TaKOXK OyJie 3MIHHUM, TPAKTYEThCS K HAHOUTBII cKiiaaHa [44].

VY po6oti [39] po3pobiaeHO MTPOCTHIl CKIHUYCHHHH €lIeMEHT Oalkd Ha MPYKHOMY
(GbyHIaMEeHTI 3 BUKOPHCTAHHSM IOJIHOMIAIbHOI (YHKIII NMEpeMillleHHs, SKUM Jae 3Mory
BU3HAYaTH 3HAUYEHHS NPOTMHY Ta 3TMHAJIBHOTO MOMEHTY JJs NpPU3MaTHYHUX abo
HENpHU3MaTHYHUX OajoK, L0 OMUPalOThcsd Ha (YyHAAMEHTH 31 3MIHHUMH a00 HETIHIHHUMHU
peakiisMu npykHoi ocHOBU. Y myo6umikarii [40] po3pobiaeHo HOBY Mojieh IPYHTOBOI OCHOBHU
st WmoBipHicHoro aHanizy MCE rayukoi Oanku, HI0 ONUpAaeTbcs Ha MPOCTOPOBO-
BHITQJIKOBUH HEOJAHOPITHUHN TIPYHT, SIKUH MOJCIIOEThCSA MeTogoM MoHnte-Kapio. daktuuHo,
1151 po0OTa CTOCY€EThCS OLIHKM BIUIMBY BHIAJIKOBUX MapaMeTpiB IPYHTY Ha peakiiio Oajkwu,
110 ONUPAEThCS HAa HeonHopiaHUN (yHaameHT Binknepa-Ilacrepnaka. PiBHsHHA pyxy Oymnu
OTpUMaHi 3 BUKOPHUCTAaHHSM cCHiBBiIHOIIEHb ¢oH-Kapmana Ta Oynu po3B’s3aHl 3a
JI0roMorolo itepaniitnoro merony Hetotona-Padcona. HoBusHoro nociimkeHHs € Te, 0 TyT
BPaxoOBY€ETbCS HEOHOPIIHICTh IPYHTY, HEOJHOPIAHICTH Oanku Ta eexT 3cyBy. BecraHoBieHo,
10 3MIHHICTh MMapaMETPiB IPYHTY MAIOTh 3HAYHUN BIUTMB Ha PEAKIi0 KOHCTPYKIli. Y cTaTTi
[41] npencraBieHo HOBHIA ehEKTUBHUN METOJ OI[IHKH TOYHHX MATPHIlb JKOPCTKOCTI Ta MacH
HeoaHopiHOi Oanku bepuysmii-Eitnepa, mo nexxuTh Ha npyxkHoMy (yHmamenti Binkiepa.
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HeonHopinHICTh MOKE BUHUKATH BHACIIOK 3MIHHOTO Tepepizy Ta/abo 3a paXyHOK 3MiHHOTO
MOAYJS MPYKHOCTI Matepiamy Oanku. IlpumyckaeTwbcs, mo pi3ki 3MiHH y Tiepepi3i Oamku
BijicyTHI. KIIFOYOBHM MOMEHTOM METOJY € OIliHKa JIBOX 1JIcaJIbHUX HABaHTa)KEHb, IO B IIii
poOOTI IOCATAETHCS NUIAXOM almpoKCUMaIlii iX JBoMa MmosiiHOMaMHu. A KOHKPETHIIe, OChOBE
HAaBaHTA)KCHHS allpOKCUMOBAHE JIIHIHHUM IOJIIHOMOM, a MOIEPeUYHe — KyOIYHUM II0JIIHOMOM.
UYucenbHa peanizalisi METOJYy € MPOCTOI0, a pPe3ylbTaTh A00pe KOPENIoITh 3 THUMH, IO
OTpUMaHi 3 TOYHHMX PO3B’SI3KiB, AOCTYIHUX y Jiteparypi. Y poboti [42] mpencraBieHo
PO3B’SI30K IPaHUYHOTO IHTETPAIBHOIO PIBHSHHS AJIS 3a[a4i PO 3TUH HEOJHOPITHUX OalloK,
10 OINUPAIOTHCS HA HEOJHOPIAHHWHA TpH-MApaMETPUYHHUA TpYXHHHA (yHIaMeHT. Mojaensb
dbyHnamenTy BKiIo4yae mapamerpu Binkiepa Ta [lactepnaka. OCKUIBKM BIACTHBOCTI
MIOIIEPEUHOI0 Mepepidy Oaaku 3MIHIOIOTHCS B3IOBXK 1i JIOBXKHMHHU, OTpUMaHi JudepeHiiaibHi
PIBHSHHS MarOTh 3MIHHI KOe(DIMIEHTH, IO 3HAYHO YCKJIQJHIOE MAaTeMaTHYHY 3ajady.
P03B’5130K PIBHSAHB JOCATAETHCSA 3a JOIOMOIOI0 METOJY aHaJOTOBHX piBHSHBL Karlikaerica.
Kinbka 0anok aHAMi3yIHOThCS 3a PI3HUX T'PAHUYHUX YMOB Ta PO3IMOIiIIB HaBaHTAXCHHS, 110
UTFOCTPYE METOJ Ta JEMOHCTpYE HOro e(eKTHBHICTh 1 TOUYHICTh. Y mociikeHHi [43]
3apONOHOBAHO HOBHM METOJl CTATUYHOTO aHali3y HECKIHYEHHOI HEOTHOPIAHOI Oanlku, 1110
OTMPAETHCS HA 3MIHHY MPYXKHY OCHOBY Ta 3HAXOAWUTHCS i €0 30BHINIHIX HABAaHTAXKCHb.
Jns 11p0TO BHMBEACHO BIAMOBIJAHE IHTErpajgbHE PIBHAHHS, SKE CKBIBAJICHTHE BHUXIJIHOMY
TudepeHIiaTbHOMY PIBHSHHIO. BUKOPUCTOBYIOUH iHTETpaIbHE PIBHSAHHS, PO3POOICHO HOBHMA
GyHKIIIOHATbHO-ITepAllIfHUI METOJ SIK 3arajJbHUil MiIXiA A0 3MIHHOTO MONEPEYHOro
nepepizy Oajku. 3ampornoHOBaHUN METOJ € JOCUTh MPOCTUM 1 JIETKUM Y 3aCTOCYBaHHI.
HaBegeno imocTpaTHUBHHM TpUKIA] Ui TEPEBIPKA JIOCTOBIPHOCTI 3allpOIIOHOBAHOTO
METOAY. ABTOPH CTBEPIXKYIOTh, IO JUISI TOYHOTO PO3B’SI3KY MOTPIOHO JIUIIIE KibKa iTepamii.

Otxe, aHami3 MyOJiKaliil MiATBEPIXKY€E aKTyalbHICTh PO3POOKH AHATITHYHOTO METOAY
pO3paxyHKy OaJlOK TpH JOBUIBHUX HEMEPEPBHUX 3MIHHUX 3THHAIBHIA YKOPCTKOCTI,
Koe(iIieHTi mocTesni Ta HaBaHTAKECHHS.

3 b TA 3AJAYI JOCJIKEHHS

ine mochimpkeHHsT — MOAAIBIINNA PO3BUTOK aHATITUYHUX METOJIIB PO3PAXYHKY OaloK
3MIHHO] KOPCTKOCTI Ha HEOAHOPIIHIH MPYKHIHA OCHOBI.

3amayl JOCHIIKEHHS:

1. Orpumaru TouHi Gopmynu s napamerpis HJAC Ganku 3 10BUIBHOIO HENIEPEPBHOIO
3MIHHOIO 3TMHAJBHOIO KOPCTKICTIO, 110 OMUPAETHCS HA HETMIEPEPBHO-3MIHHY MPYKHY OCHOBY
Binkiepa;

2. BukoHaTH aHATITHYHHUNA PO3PaxXyHOK peaslbHOI 0aT0uHOi KOHCTPYKIIIi.

4 PE3YJBbBTATHU JOCJITXKEHb

Posrinsgaerscs 3amadya npo CTaTUUHUE PO3paxyHOK OAlIKU 3 JOBUIBHOK HENEPEPBHOIO
3MIHHOIO 3THHAIBHOI kopcTkicTio E(X)I(X), mo omnmpaeThcs Ha CyLiabHY HEOAHOPIIHY

NpYXHY OCHOBY, M sIKOi NpuUiHATO TinoTtedy Binkinepa. Ha puc. 1 mnpeacrasieHo
pO3paxyHKOBY cxeMmy Oanku, Jne ((X) — 3amaHe pO3MOJICHE 3MiHHE IIONEpPEYHe
HaBaHTaXeHHs, Y(X) — mporuH (mpocamka OcHOBH), @(X) — KyT moBopoTy. Ha pumc. 2

MOKa3aHi BHYTPIIIHI 3YCHJUIS, SKI BHHHUKAIOTH Yy IONEPEUHUX IMepepizax Oalku, a came,
sruHaTbHUNA MOMEeHT M (X) Ta momepeuna cuia Q(X) .
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Puc. 1. Po3paxyHkoBa cxema Oanku Puc. 2. Bayrpini 3ycumis

HeonHopinHICTh MPYKHOI OCHOBH XapaKTEPU3Y€ETHCS 3MIHHUM MTOTOHHUM KOE(IIiEHTOM
MOCTe, SIKHI y 3aralbHOMY BUIAAKY MOKE SBJISATH c00010 Oylb-SKy HEeepepBHY (YHKIIIIO.
Jis 3runanpHOi xopcTkocTi E(X)I1(X), koedimienta mocreni k(X) Ta HaBaHTaKeHHS

q(x) mpuitmaemo popmy 3amucy:

EQ)1(X) = Egl,A(X); k(X) =kB(x); a(x) =0g,C(x), (1)

ne Egl,, Ky, §,— 3HaueHHS BIANOBIOHMX BEJWYMH Yy IIE€BHIH XapakTepHIH Toumi Oanku
(manpukman, B toumi X=0), A(X), B(x),C(x)— 06e3po3mipHi HemepepBHi (QYHKIII, 10
BUPAXKAIOTh 3aKOHU 3MIiHH CBOIX BEJIMYHH y3JIOBK JOBXKHHH OAJIKH.

JudepenuianbHe piBHSIHHS 3TUHY Oanku [45] y HaloMy BUNaAKy HaOyBa€e BUTIIALY

By lo (AC)Y" ()" +koB(x) y(X) = 9,C (%) )

[Ticnst 3HAXOMKEHHS 3 ILOTO PiBHAHHA (QYHKIIT TporuHiB Y(X), pemra mapaMeTpiB CTaHy
3HaUIYThCS 3a JJOMIOMOT OO0 IM(epeHLIabHUX 3aJIeKHOCTEH, BIJOMUX 3 TEOPii 3TUHY OaJOK:

P(X) = Yy'(x); M(X) ==E 1, A(X)y"(x); Q(x) =—Eol(AC)y"(x))". 3)

Tounuit po3B’s30K AU(EPEHIIATbHOTO PIiBHSAHHA (2) MOXHA 3HAWTH 3a JOMOMOTOIO
METO/y TPSIMOTO IHTErpyBaHHs, skuil po3BuHyTo B [46]. 30kpema, B [33] moOymoBaHO
TOYHHUN pPO3B’30K (2) Ui BUMAIAKy CTajol >KOpCTKocTi Oanmku. [lpu mpomy, sk 1 B maHii
CTaTTi, HEOJAHOPIJHICTb OCHOBH TaM TaKOXX XapaKTepU3YeThCS JOBUIBHUM HeEMepepBHO-
3MIHHUM KoedimientoM mocrteni. [I[o60 He moBTOprOBaTHM OJHOTHUIIHY MPOIEAYPY METOIY
OpSMOro 1HTETPYBaHHS, 3alMIIEMO TIIbKM KiHIEBI (OpPMyINH, SKUMHU BU3HAYA€THCS TOYHHUN
PO3B’s130K piBHSHHS (2):

y(x) = y(0) X,(X) + (0)l X2(><)—l\/|(0) = X5(x) - Q(O) = X (X)+?E°: Xs(x);  (4)
X, (¥) = B,0() =K, +K?*B,,() K, 5(x) +... (n=12,3,4,5); (5)
Kl ;
EOIO
n-1 . 1 X X 1 n-3 -
pr0=(X) -1 o= Il A—(fj didx (n=3,4); ©)
1 X X 1 X X
By o(X) = = ! ! A ! ! C(x)dxdxdxdx ; @)
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1

B (X)= T B(X) B, 1 (x)dxdxdxdx (n=1,2,3,4,5)(k=123,..). (8)

O Ly <
O ey <
O ey <

5l
A(X) g
BaxumBo 3ayBakutH, mo ¢ynkuii (5) 0e3po3mipui [46]. KoHcTaHTH iHTerpyBaHHS B
3arajJpHOMY po3B’si3Ky (4) BupakeHi depe3 mouartkoi mapamerpu Y(0), ¢(0), M (0), Q(0),
JUTS. BA3BHAYCHHS SIKUX CIIyTYBaTUMYTh 3aJ[aHi PAaHHYHI YMOBH.

[Mincrasnsroun (4) B piBHOCTI (3), OoTprMaeMo (GOpPMyNIM Ui BHU3HAYEHHS 1HIIMX
napametpiB HJIC 6anku:

P = YOT X0 +0O K0 -MO == K, -QO = — X, +L-X(0: (@)
M (3 ==¥(0) =52 X, (0~ 9(0) 2212 X, (9 + M (0) () + QOIK, (M) -l X9 s (10)
Q) = -0 =2 X, ~9(0) =52 Ry () + MO TR, (0 +QOK, (0 - X0, (1)

ne
£,00 =1X1(0; X, () =IPAG)X/(0; X0 =IP(AG)X/(¥) (n=12,3,4,5)
— 6e3po3mipHi pyHkii [46].

Jnis 3pydHOCTI MpakTHYHOI peamizamii HaBegeHHX (opMyn, ampoKCUMYeEMO 3aJaHi
dyuxuii f(x)=1/A(X), B(x), C(x) psaamu Makiopena:

f(x):A)+A1(|5)+A2(|5)2+...+Aj (Izjja..; (12)
B(x)=B,+B (I)+B (Ijz+...+8j(|5)j+...; (13)
C(x)=C,+C (IJ+C (|)2+...+CJ(|5)j+.... (14)

[Ticas nporo, BpaxoBytoun (6)-(8), (12)-(14), bopmynu (5) TpaHchopMyrOThCs 10 CTEMEHEBUX
pAniB

X (X) = ( j ii( K)kcn,k,j(lij (n=12,3.4,5). (15)
e
Cooo =1L Co;=0 (n=12)(j=123,..); (16)
A _ - :
Cooj = i 2)(n+J 1) (n=3,49)(j=0,12,...); (17)
%0 = (j+3)(j+4)z(|+1j)(lulr2) (1=012..); (18)
1 i AJ |ZB| s Chkvs

i TNt dk+ j—2)(n+ 4k + j—1);(n+4k+|—4)(n+4k+l—3) (19)

(N=12,345(Kk=123.)(j=012,.).
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Takum yuaOM, (opmynamu (4), (9)-(19) 3abe3nmeueHa MOMXKIMBICTH aAHATITHYHUX
pO3paxyHKIB OaJOK I y3arajJbHEHOTO BHIMAJKY, KOJM >XOPCTKICTh Oanku, Koe]illieHT
MIOCTEJII Ta HABAHTAKEHHS MOXKYTh 33/1aBaTUCHh OYIb-IKMMH HETIEPEPBHUMH (PYHKIISIMH , 11O
3aJIe)KaTh BiJl KOOPJAMHATH CEPEAMHHOT OC1 OaKHu.

Jns peanizauii orpuMaHux (GopMyst CTBOPEHO BiIMOBIAHUI mporpamuuid ko Ha Visual
Basic B mporpamuomy cepenosuiii Excel. Tum camum, 3a0e31meueHO MOXKIIUBICTh PO3PAXYHKY
0aJIoK y MPOrpaMHOMY PEKUMI.

Ipuxaax po3paxyHky

Posrnsiemo 6anky 3 BUTBHUMH KiHISIMU Y BUTJISIL 3pi3aHOl Mipamiy, IUPUHA Ta BUCOTA
SIKOT 3MIHIOIOTBCSI 32 TAKUMH JITHIMHUMH 3aKOHaMHu (puc. 3):

b(x)=bo—(bo—b.>|5: h(x)=ho—(ho—h.)|5- (20)
q(0)
q(x)
T
X
X
WP —= 1 h(x)
[ ; b(x)
K0) = =k
k(1/2)

Puc. 3. PozpaxyHkoBa cxema Oanku

banka onupaeThcst Ha mapaboIIYHO-3MIHHY MPYKHY OCHOBY
2
k(x):k(l—) 1-41-XO. (5—1) , k('—]v&O (21)
2 k(l/2) )\1 2 2

Ta 3HAXOIUTHCA I JI€I0 JIIHIMHO-3MIHHOTO HABAHTAKEHHS;

q(0)

3anmani rpaanyHi yMoBH 3anuirytees Tak: M (0) =0; Q(0)=0; M (1) =0; Q(l) =0. Otxe,
nBa mouyatkoBi mapamerpu M (0), Q(0) yxe Bimomi. Inmi aa y(0), ¢(0) 3Haiigemo i3
CHCTEMH PiBHSHbB, SIKY OTPUMAEMO MICIIs peatiallil FpaHUYHUX YMOB Ha IpaBoMy KiHii X =1,
ckopucrasmuch (10), (11). B mizcymky omepxumo:

gl X)X ()= X, (0Xs00) | Cgl® X X M- XX, 0)
CElo X, (DX, ()= X, ()X, (1) Eolo X, (1)X, (1) =X, ()X, (1)

q(x) =q(0) (1_(1_ﬂm, q(0) #0. (22)

y(0) 9(0) =
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Monynb npy>KHOCTI MaTepiaixy Oalky BBaKAEMO CTaluM. B Takomy pasi, KOpUCTYIOUHCH
bopMyiIor0 1T MOMEHTY iHEpIii NPAMOKYTHOrO mepepisy Ta BpaxoByroud (20), mis
YKOPCTKOCTI Oaku OyeMo MaTu:

bohg X %\’
E1(x) = ELLAK); 1y ==7%5 AR =|1-0-7)7 || 1-@-9); | .
ne
y:kt))_', b, >b #0; 5::—', h,>h #0.

0 0

Otxe,

f(x)=(1—(1—y)|5)_ (1—(1—5)%} .

3 MeTor0 BU3HA4YCHHS KoeQilieHTiB psay (12), 3amuimemMo criodaTKy BiAMOBIIHI PN s
MHOXHHKIB QyHKuii f(X). CkopucraBmmck ¢popmynoro HeroToHa as OiHOMa 3 JOBITbHUM

JIMCHUM TIOKa3HUKOM CTEICHS « , ika Ma€ BUTIIsi [47]

A+x)* =1+ L x+ da=l) . ala=D@=2); Fo,
1 2! 3!

OyneMo maTu:
-3

o) (i oot B

e

B _J+3,. .
5,=1, & _—j+1(1 8)S, (i=012..).

j+l

[MTepemuoxuBiIH psiau (23), OTpUMaEMO

F(x) = i[zj:(l—y)jk 5kj(|1jj |

=0 \ k=0

BicTaBnsitoun naHuid psaf 3 psaoM (12), BuzHauaemo koedilieHTu:
j 1 -
A=y A= M- (1=123..).
k=0

Sanmummioch Bu3HauuTH Koedirientn psaai (13), (14). CnicraBisoun Gopmymu (21),
(22) 3 (1), 3Haxoxumo:

k(D) B2l 1oa(1- KO Y x 1Y) ¢ Caor: e o1-[1-90 | x
ko_k(z), B(x)_(l 4(1 k(I/2)](I 2) J g, =q(0); C(x) =1 {1 q(O)jI'

3BiJICH JIETKO BU3HAYUTH IITyKaHi KOe]illi€eHTH:

C,=1C, :—(1—ﬂ]; C,=0 (j=234,.).
q(0)
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k@) ., k() ). 5 _ KO) V. o _n/i_
S G ) R G ) U RLUR RS

Buxioui oani:

Marepian 6anku — 6eton, E =1,5-10"«/7a ;

JHopxuna 6anku | =5m;

Iupuna ninomsy ngiBoro KiHog by =0,4 . ;

HIupuna ninomsy npasoro ki b, =0,2.m;

Bucora niBoro kinms h, =0,6.x ; Bucora npasoro kians hy =0,3.x;
k()=k(1)=2-10°xH | m*; k(1/2) =4-10° kH | M*;

q(0) =120 xH / m; q(1) =50 xH [ m.

PesynbraTn po3paxyHkiB HaBeneHO B Ta0u. 1 Ta Ha puc. 4, 5.
Taoanusa 1
3urauenns napametpis HJC Ganku

X y(X), [un] | @(X), [pad] | M(x), [kHm] |  Q(X), [xH]
0 39,029975 -0,005822 0,000000 0,000000
0,25 37,574618 -0,005821 -1,148871 -8,571606
0,5 36,120111 -0,005814 -4,003043 -13,748596
0,75 34,668549 -0,005796 -7,791624 -16,145504
1 33,223231 -0,005763 -11,891618 -16,330698
1,25 31,788468 -0,005711 -15,816193 -14,824897
15 30,369365 -0,005638 -19,202603 -12,099871
1,75 28,971573 -0,005541 -21,799827 -8,577554
2 27,601011 -0,005420 -23,456064 -4,629788
2,25 26,263558 -0,005276 -24,106257 -0,578848
2,5 24,964713 -0,005111 -23,759862 3,301131
2,75 23,709230 -0,004930 -22,489087 6,781785
3 22,500724 -0,004737 -20,417843 9,677233
3,25 21,341269 -0,004539 -17,711622 11,839985
3,5 20,230995 -0,004345 -14,568471 13,156247
3,75 19,167737 -0,004164 -11,211195 13,540951
4 18,146778 -0,004008 -7,880777 12,932938
4,25 17,160815 -0,003886 -4,830946 11,290845
45 16,200318 -0,003805 -2,323600 8,590346
4,75 15,254586 -0,003767 -0,624693 4,823397
5 14,314031 -0,003760 0,000000 0,000000
W(x), [mm] o(x), [pad]
0 1 2 3 1 5 -0.007
‘: 0,006
10 0,005 X
15 -0.004
20 0,003
7; -0.002
25 0001 1 3 : ; 4
40 0

Puc. 4. Enropu KiHeMaTH4HUX MTapaMeTpiB
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M(x), [xHMm] O(x), [kH]

Puc. 5. Entopu cuitoBux napameTpiB

5 OBI'OBOPEHHA PE3VYJIBTATIB JOCJIIXEHHS

HaBenena po3poOka € JIOTIYHMM TPOJOBXKECHHSM JOCITIJKCHb, 3all0YaTKOBAHUX B
nyomikarii [33]. 1o cyri, MOBa ¥ijie po mommpeHHs: OTpUMaHuX B [33] TOYHUX pO3B’SA3KIB Ha
BUIAJI0K 3MIHHOI HETEPEpPBHOI 3TMHAIBHOI KOPCTKOCTI Oanku. OCKUIbKM OTpUMaHi KiHIEBi
PO3paxyHKOBI (OPMYIH IPYHTYEThCS Ha TOYHOMY PO3B’S3KY MU(PEPCHINATBLHOTO PiBHSHHSA,
TO OTPUMaHI Pe3y/IbTaTH PO3PAXyHKY CIiJl TPAKTYBaTH SIK TOUHI. Taki po3B’S3KU € 0COOJIMBO
[IHHAMH, aJK€ BOHH MOXKYTH CIIY’)KUTH KPHTEPisIMH, MO SIKAM MOJKHA OI[IHIOBATH TOYHICTh
PI3HOTO poay HAOIMKEHUX PO3B’S3KIB.

6 BUCHOBKHU

1. Orpumani TouHi (opMyIM Al CTATUYHOTO PO3PAXYHKY OalloK y BHIMAJKY, KOJIH
3THHAJIbHA KOPCTKICTh, KOE(DIIEHT TOCTeNl Ta HABAHTAXCHHS 3aal0ThCS OYIb-SKUMU
HenepepBHUMHU GyHKIisAMU. Taki ¢GopMynu 103BONSIIOTE OTPUMATH OUIBII JOCTOBIPHY
kaptuHy HJIC 6ainky mopiBHSHO 3 HAOJMKCHUMH METOIaMHU.

2. 3anpoIoHOBaHUN MiAXiJ € e(DEKTUBHHM Yy OOYMCIIIOBAILHOMY BiJHOIICHHI Ta Ja€
MOJKJIMBICTh OTPUMYBATH TOYHI PE3yJIbTaTH JJI1 CTATUYHUX PO3PaXyHKIB OaJOK 31 3MIHHUMU
napamerpamu. BiH He nmoTpebye TucKpeTu3alii KOHCTPYKIIT Ta € pealbHOI0 albTepHATUBOIO
3aCTOCYBAHHIO HAOIMKEHUX METO/IIB NP PO3B’A3aHHS JaHOTO KJIacy 3a/ad.

3. BripoBa/iykeHHsI aBTOPCHKOTO MiAXOLY B 1HXKEHEPHY MPAaKTHKY 3a0€3MeYuTh OUIbIIY
TOYHICTh PO3PaXyHKIB.
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DIFFERENTIALLY DRIVEN WHEELED ROBOT
CONSTRUCTED USING LEGO MINDSTORMS COMPONENTS

M. Farhan!
'Baghdad University

Abstract: The design, modeling, and implementation of mobile robotic systems have emerged as
a prominent research direction in the field of automation and intelligent systems. With continuous
advancements in embedded control systems, sensors, and computational platforms, mobile robots have
become increasingly capable of performing complex tasks in dynamic environments. These systems
not only provide a practical foundation for theoretical research in kinematics, control theory, and
artificial intelligence, but also offer real-world applicability in areas such as manufacturing, logistics,
search and rescue operations, and educational robotics.

One of the most commonly used platforms for experimentation and demonstration of autonomous
behavior is the line-following robot (LFR). The LFR serves as a foundational model for studying
feedback control, real-time processing, and sensor integration. In order to ensure efficient line
tracking, the robot must exhibit fast response times, precise path correction capabilities, and consistent
behavior under varying environmental conditions. These requirements impose challenges on both
hardware design and the development of robust software algorithms for motion control and sensor data
processing.

This paper presents a comprehensive study on the design and realization of a line-following robot
utilizing a differential drive mechanism built with Lego Mindstorms EV3 components. The robot is
equipped with a color sensor for real-time line detection and employs a digital feedback control
algorithm to adjust wheel velocities accordingly. A key focus of the work is to demonstrate that high-
quality line-following behavior can be achieved using relatively simple control strategies, provided
that proper system modeling and parameter tuning are carried out.

To validate the performance of the control system, simulation models were developed using
MATLAB Simulink. These models allow for visualization and testing of the robot’s dynamic response
under various track geometries and sensor conditions, enabling refinement of the control parameters
prior to physical implementation. The use of the EV3 software environment for programming ensures
compatibility with the Lego hardware while maintaining flexibility in algorithm development.

The results of both simulation and real-world experiments confirm that even with low-complexity
control logic, the robot is capable of achieving stable, accurate, and responsive tracking of predefined
paths. The simplicity of the system also makes it suitable for educational purposes, allowing students
and researchers to explore core principles of robotics, including sensor fusion, feedback control, and
mechatronic integration. Furthermore, this work lays the groundwork for future research in enhancing
the performance of mobile robots through the integration of machine learning, adaptive control
techniques, and multi-sensor systems.

Keywords: Digital control, line following robot.

JTU®EPEHIIAJILHO-TIPUBOHUI KOJIICHUI POBOT,
CKOHCTPYIMOBAHWI1 3 BAKOPUCTAHHSIM KOMIOHEHTIB
LEGO MINDSTORMS

®apxan M.!

' Bazoaoceruii ynisepcumem

Anoranisi: [IpoekTyBaHHS, MOJEIIOBAHHS Ta peajiizailis MOOUIBHUX POOOTOTEXHIUHUX CHCTEM
CTaJM OAHUM 13 MPOBIAHMX HANPSAMIB JOCHIIPKEHb Yy Taly3i aBTOMaTH3alii Ta iHTEIEKTyaJbHHX

M. Farhan
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CUCTEM. 3aBIsIKH Oe3MepepBHOMY PO3BUTKY BOYIOBAaHMX CUCTEM KEPyBaHHS, CEHCOPHUX TEXHOJIOTH i
00YHCITIOBATBHUX TIaTHOPM, MOOLTBHI POOOTH OTPUMAIH 3AaTHICTH BUKOHYBATH CKJIA/IHI 3aBIaHHS B
TUHAMIYHUX cepenoBuIIax. Taki cucreMn He JuIe 3a0e3MMedyI0Th MPaKTHIHy 0a3y Ui T€OPETUIHNX
JOCTIDKEHb y TaTy3X KIHEeMaTHKH, Teopii KepyBaHHA Ta IMTYYHOTO 1HTEJEKTY, ajle i MaroTh IIHMPOKE
3aCTOCYBaHHS B PealbHOMY XKHUTTi — 30KpeMa, B MPOMHCIOBOCTI, JIOTICTUIIi, TOLIYKOBO-PATYBAIBHUX
oreparlisix Ta OCBITHIX MTPOEKTAX.

OpmHiero 3 HAWUMOMUPEHIMWX IUIATGOPM JIT EKCIEpUMEHTIB 1 JEMOHCTpaIii aBTOHOMHOI
MoBe/iHKK € pobot, mo cuiaye mo ginii (LFR — Line-Following Robot). Takuii tim po6oTiB €
0a30BOI0 MOJIEIUTIO JJIsl BUBUEHHSI CICTEM 3BOPOTHOTO 3B’5I3Ky, 0OpOOKHM JaHMX Y pealbHOMY 4aci Ta
inTerpamii ceHcopiB. [ms 3a0e3nedeHHs eQEeKTUBHOTO CIIITyBaHHS 3a IIHIED POOOT TOBHHEH
JEMOHCTPYBATH MIBUAKE pearyBaHH:, TOUYHY KOPEKIII0 TPaeKTopii Ta cTabilbHy poOOTy 3a pi3HHX
30BHINIHIX YMOB. L]i BUMOTH CTBOPIOIOTH BHKJIMKH SK JJIs ariapaTHOI peaizarlii, Tak i Juis po3poOKu
HaIHUX aNTOPUTMIB KepyBaHHS Ta 00pOOKH JaHUX i3 CEHCOPIB.

VY nmaniif poOOTI MpenCcTaBICHO KOMIDIEKCHE JOCTIHKEHHS MPOIeCy MPOEKTYBAHHS Ta pearizamii
poboTa, 1o ciifye 3a JiHi€l0, 3 BUKOPUCTAHHAM TU(epeHIialbHOr0 MPUBOAY, 310paHOro Ha OCHOBI
kommoHeHTiB Lego Mindstorms EV3. PoGoT ocHaliieHO KOJIbOPOBHM CEHCOPOM JIJIsl BUSIBIICHHS JIiHIT B
pearbHOMY Yaci, a TAKOXK HU(GPOBUM aJrOPUTMOM 3BOPOTHOTO 3B’S3KY JUISI PETYITIOBaHHS IIBHIKOCTI
obepranHs kojic. OCHOBHA yBara 30cepe/KeHa Ha IEMOHCTpAIlii TOTO, [0 BUCOKOSKICHE CITiTyBaHHS
3a JIIHI€I0 MOKHA 3a0€3MEYHUTH 32 JTOMIOMOTOI0 BiIHOCHO MPOCTUX ANTOPUTMIB KEpyBaHHS, 32 YMOBU
KOPEKTHOT'O MOJICITIOBAHHS CHCTEMH Ta HAJIAIITYBaHHS IapaMeTpiB.

Jns Bepudikariii e)eKTUBHOCTI CHCTEMH KepyBaHHA PO3POOJIEHO 1 MpoaHalli3oBaHO MOMAETI Y
cepenoBuii MATLAB Simulink. Lli mozemi mganu 3Mory Bidyani3yBaTu TUHAMIuHY peakiilo podoTa
3a PI3HUX KOH(DIrypaiii TpaekTopii Ta yMOB pOOOTH CEHCOpIB, IO Jajl0 3MOTY ONTHUMI3yBaTH
napaMmeTpu KepyBaHHsS 10 (izudHOl peamizarmii. [IporpamyBaHHs 3xiiicHIOBaIOCh Yy cepemoBuil EV3
Software, mo 3abe3mnedye CyMiCHICTh 3 amapaTHOW miardpopMoro Lego Ta THyYKiCTh y po3pooi
ITOPUTMIB.

Pe3ynpraTi MonemoBaHHS Ta EKCHEPHMEHTIB IMiATBEP/KYIOTh, IO HAaBiTh 32 BHKOPHCTaHHS
ANTOPUTMIB 3 HU3BKOIO OOYHCITIOBAIHHOIO CKJIATHICTIO, POOOT 37aTeH 3a0e3meunTn cTabiabHe, TOUHE
Ta MIBUJKE CIiyBaHHs 3a 3aJaHOI0 TpaekTopiero. IIpocToTa cucTeMH TakoXX poOHUTH il MPUAATHOIO
JUIS BUKOPUCTaHHS B OCBITHBOMY CEPEIOBHILI, JO3BOJIAIOYHM CTYJISHTaM 1 JOCIIIHHKAaM BHBYATH
OCHOBH POOOTOTEXHIKH, BKJIIOYAIOYM CEHCOpPHY IHTErpallilo, 3BOPOTHHH 3B’S30K Ta MEXaTpPOHIKY.
KpiM TOro, 1ms poboTa CTBOPIOE OCHOBY JUIS TOJAIBIIMX JOCHI[HKCHb y HANpPsSMi IiABUINCHHS
MPOJAYKTHUBHOCTI MOOUTFHUX POOOTIB 32 paxyHOK BIPOBAKEHHS METOJIB MAIIMHHOTO HaBYAHHS,
aJIalITUBHOTO KEPYBaHHS Ta MYJIbTUCEHCOPHUX CHCTEM.

Karouosi cioBa: [{udpose kepyBaHHs, poOOT, IO CIAYE 3a JHIETO.
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1 INTRODUCTION

Robotics is a branch of engineering that involves the conception, design, manufacture
and operation of robots. The field overlaps with electronics, computer science, artificial
intelligence, mechatronics, nanotechnology, bioengineering and control engineering. Robots
are mechatronic engineering products, capable of acting autonomously while implementing
assigned behaviors in various physical environments. The developed use of robots in many
areas makes the fundamental understanding of them fundamental [1-3].

In recent years there has been a rapid increase in the use of digital controllers in control
system. It has become routinely practicable to design very complicated digital controllers and
to carry out the extensive calculations required for their design. The current adoption of
digital rather than analog control in robotics is due to the genuine advantages found in
working with digital signals rather than continuous time signals[4-7].

The use of analog controllers in control engineering poses problems such as limited
accuracy, susceptibility to noise and drift of power supply, cost ineffectiveness and less
flexibility. Digital control systems are more suitable for modern control systems because of
reduced cost, noise immunity and speed [8].

Line following robots need to adapt accurately, faster, efficiently and cheaply to
changing operating conditions. The drawbacks prominent in analog controllers reduce their
suitability in robotics. Hence, the necessity for digital controllers which provide better
performance capabilities [9].

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

2.1 Lego Mindstorms line follower robot design

A line follower shown in Fig.1 is a mobile robot which is able to follow a visible line on
a surface consisting of contrasting colours. To build and run the robot, the required hardware
included; Lego EV3 brick, power supply, 2 large servo motors, a set of wheels, colour sensor,
connector cables, beams, axles, bushes and pins. The EV3 brick formed part of the chassis,
equipped with wheels. The servo motors are used to drive the two front wheels. Two rear
small castor wheels supported the robot. The robot had a colour sensor mounted at the front
end to identify the line. It is centered between the two front wheels, which are separated by a
distance of 7.4 cm. It is designed to follow an oval track made of black electrical tape (18 mm
wide) on a white surface.

Fig. 1. Line following robot

2.2 Study of Lego Mindstorms EV3 motor

Lego Mindstorms has not published the EV3 motor's electromechanical characteristics.
Table 1 shows the proposed parameters used in this paper, while, Table 2 shows the
operational specifications.
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Table 1
Lego Mindstorms EV3 large motor characteristics
Motor Parameter Unit Value
Torque constant N.m/A 0.2
Back e.m.f. constant V.s/rad 0.5
Armature resistance Q 5
Armature inductance H 0.005
Viscous damping N.m/rad.s 0.0006
coefficient, B
Rotor inertia coefficient, N.m 0.001
J
Table 2
Operational specifications
Nominal Voltage 7.2V or 9V
Rotation Speed at no load 160 — 170 rpm
Running Torque 0.20 N-m
Stall Torque 0.40 N-m

Fig.2 shows the motor model simulated using MATLAB Simulink.

et Villags Sas.raton
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Fig. 2. Motor implementation on Simulink

2.3 Line following robot algorithms

Line following works by using the colour sensor (in reflected light intensity mode) to
read the changes in the reflected light levels along the edge of a dark and light surface. The
reflected light intensity is measured as a percentage from 0% (very low reflectivity) to 100%
(very high reflectivity). More light is reflected from a white surface compared to the black
surface. Depending on the light sensor value, the motors are directed to vary the speed.

In a program, white and black values are defined using a threshold value. Threshold is
the average of the sensor value with the sensor on the black line and one found on the white
area. Different measurements for black and white depend on factors such as the light level in
the room, the robot’s battery level, and the type of surface used.
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The light sensor will read the light value. Then the robot can be programmed such that if
the sensor sees black, which is when the sensor value is less than the threshold, the robot
should turn right, else it should turn left. The basic line following approach is shown in Fig.3,

and can be summarized as follows: _
1. The robot will be started. It will then be set to move forward. It will be made to steer
right until it detects the line edge.

2. Once the sensor sees black, the robot will continue to go forward while turning left
gradually.

3. Whenever the sensor will see white (i.e. the robot leaving the line), the robot will turn
to the right until the sensor finds black again.

4. The sequence then will be repeated in a loop, unless the robot is stopped.

i

-
- |

=

Fig. 3. Basic line following approach
2.4 Digital controller design

A robot without a controller will oscillate a lot about the line, leading to more
consumption of battery power, less speed and following the line less efficiently.

When designing a line following robot, the transient response specifications are defined
as:

1. Rise time: It is how fast the robot will try to get back to the line after it has drifted

off.

2. Overshoot: The distance past the line edge the robot will tend to go as it is responding

to an error.

3. The amount of overshoot indicates the relative stability of the system.

4. Steady-state error: The offset from the line as the robot follows a long straight line.

5. Settling time: The time the LFR will take to settle down when it encounters a turn.

The performance criteria are stipulated as follows:

1. Constant speed of 0.1m/s to be maintained despite the presence of turns.

2. Steady-state error: Less than 2%

3. Settling time of less than 0.1 seconds

4. Overshoot (%) of less than 1.0

5. Finite phase margin

The robot controller to be designed is to be modified until the transient response met is
satisfactory.

2.4.1 Proposed controller design

The proposed controller is a Proportional-plus-Integral-plus-Derivative (PID) digital
controller.

The PID controller would control the position of the robot with quick response time and
minimize the overshoot. The proportional part would determine the magnitude of turn
required to correct the error sensed. The integral part would improve the steady state error
(proportional offset) which increases while the robot is not on the line. The derivative part
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would measure the deviation from the path and minimize overshoot. It would reduce the
oscillating effect about the line. The derivative control is used to provide anticipative action.

2.5 Implementation of line following control algorithm for Lego Mindstorms EV3
hardware

Fig.4 shows the Simulink line tracking program with PID controller, while Fig.5 shows
EV3 software line following program with PID controller. Sensors and motors contain blocks
that interface with the EV3 hardware. Actual speed values block uses the values from each
motor encoder to calculate the position and velocity of the robot. Desired velocity takes the
user-provided velocity (m/s) and converts it into the desired state values for the velocity
controller. Desired light takes the color sensor's white and black values to choose an
appropriate reference value for the light. Velocity control has the PID controller
implementation to control the forward velocity. Line tracking controller has the PID controller
implementation to control the turning.

However, to download and run a line tracking Simulink model on the Lego Mindstorms
EV3 robot, EV3 Wi-Fi Dongle or USB Ethernet Adaptor, and Wi-Fi Router are required to set
up a network connection between EV3 brick and host computer.

The line following program is then written in EV3 software programming language. The
black and white light intensity values are calibrated accordingly for the robot and the track.
Using the provided USB cable, the program is downloaded and run on the robot. PID
parameters (K , K;and K ) tuning is done experimentally to achieve smoother line tracking.
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Fig. 4. Simulink line tracking program with PID
controller ==l e o
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Fig. 5. EV3 Software line following program
with PID controller
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3 PURPOSE AND TASKS OF STADY
3.1 EV3 large motor characteristics

Table 3 shows the EV3 motor load characteristics, from which the linear relationship
between power level and EV3 large motor speed noticeable as shown in Fig.6. Also, from
table 3, the rotation speed of the EV3 large motor is proportional to the input voltage.

Table 3
EV3 motor load characteristics

Input Torque Rotation | Current | Mechanical | Electrical | Efficiency
Voltage speed power power

45V 17.3N.cm | 24rpm | 0.69 A 0.43 W 3.10wW 14 %
6.0V 173 N.cm | 51rpm | 0.69 A 0.92wW 414 W 22%
75V 17.3N.cm | 78rpm | 0.69 A 1.41W 5.17TW 27 %
9.0V 17.3 N.cm | 105rpm | 0.69 A 1.90 W 6.21W 31%
105V | 17.3N.cm | 132rpm | 0.69 A 239 W 724 W 33 %
120V | 17.3N.cm | 153 rpm | 0.69 A 2.77TW 8.28 W 33%

e
B o @
o O O

Rotation Speed(rpm)
s &8888¢%s

o

0 2 4 [ 8 10 12 14
Input Voltage (V)

Fig. 6. Graph of rotation speed against applied voltage

3.2 PID parameters tuning

Different values of PID parameters (K ,K;,K;) are chosen in order to get the step
response.

1.For K, =1 K;=0, K; =0

Step Response
° L]

T = Syster: T
Sy Final i 0873

™ Settieg e (saconds): 0.02K0

Systerm T

Rise bme (seconds) 00112

Amplitude

Time (seconds)

Fig. 7. Step response: K, =1
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Observations:

Rise time = 0.0112 seconds.
Settling time = 0.0203 seconds.
Final value = 0.875.

2.For K, =5, K; =0, K; =0

Step Response

..........

Systemx T
Rse tme (seconds): 0.0021

Amplitude

Time (seconds)

Fig. 8. Step response: K, =5

Observations:

Rise time = 0.0021 seconds.
Settling time = 0.00686 seconds.
Final value = 0.972.

Overshoot (%) = 10.6.

Peak amplitude = 1.08.

3.For K, =24, K; =0, K; =0
Step Response P

Amplitude

Time (seconds|

Fig. 9. Step response: K, =2.4

Observations:

Rise time = 0.00425 seconds.
Settling time = 0.00657.
Final value = 0.94.
Overshoot (%) = 0.988.

Peak amplitude = 0.953.
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4.For K, =24, K; =0.01, K, =

Step Response —
i

Amplitude

Time (seconds)

Fig. 10. Step response: K, =24, K; =0.01, K, =0

Observations:

Rise time = 0.00425 seconds.
Settling time = 0.00657 seconds.
Final value = 0.944.

Overshoot (%) = 0.988.

Peak amplitude = 0.988.

5.For K, =24, K;=0.01, K, =0.1

Step Response

Amplitude

Time (seconds)

Fig. 11. Step response: K, =24, K; =0.01, K, =0

Observations:

Rise time = 0.00425 seconds.
Settling time = 0.00657 seconds.
Final value = 0.944.

Overshoot (%) = 0.988.

Peak amplitude = 0.953.

3.3 Frequency response
Frequency responses are obtained for different values of PID parameters.

1.For K, =5, K;=0, K, =0
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Fig. 12. Various frequency plots for the compensated system during tuning (K, =5)

Observations:

The root locus exhibited complex closed loop poles.
Both the phase and gain margin are infinite.

The system is stable.

2.For K, =24, K;=0.01, K; =0.1

M e e e e e

Fig. 13. Various frequency plots for the compensated system (K, = 2.4, K; =0.01, K, =0.1)

Observations:

The root locus closed-loop poles changed from complex to real.
The system is still stable.

The infinite gain margin showed inherent stability.

4 BASIC RESULTS

The effects of each of controller parameters, K, K;, and K, on the line following robot
are summarized in the table 4.
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Table 4
Effects of increasing PID parameters
Parameter | Rise Time Overshoot Settling Time | Steady-state Error
K, Decrease Increase Small change Decrease
K, Decrease Increase Increase Eliminate
K, Small Decrease Increase No change
change

The difficulty of tuning increased with the number of parameters that are to be adjusted.
To observe the response that resulted from the tuning adjustments, it is necessary to wait for
several minutes. This made the tuning by trial-and-error a tedious and time-consuming task.

In practice, the stability of a mathematical model is not sufficient to guarantee acceptable
system performance or even to guarantee the stability of the physical system that the model
represented. This is because of the approximate nature of mathematical models.

The main problems associated with the implementation of digital control are related to
the effects of quantization and sampling. The advantages of digital control outweigh its
implementation problems for most of the applications.

5 DISCUSSION OF THE RESULTS OF THE STUDY

The study demonstrates the effectiveness of a simple line-following robot system
combining low-cost hardware with a straightforward digital control algorithm. Both
experimental and simulation results showed reliable line-tracking performance across various
conditions, with calibration of the color sensor and tuning of control parameters proving
critical. Minor variations in lighting or surface reflectivity affected sensor readings, but
adjusting detection thresholds and proportional gains minimized deviations. MATLAB
Simulink simulations provided insight into dynamic behavior, allowing iterative testing of
control strategies and reducing physical debugging time.

Differential drive control with a proportional controller was sufficient for stable tracking
on moderately curved paths, though sharper curves revealed limitations, suggesting the
potential for PID control or sensor fusion improvements. Implementation on the Lego
Mindstorms EV3 platform facilitated rapid development, intuitive debugging, and real-time
testing, making it suitable for education and prototyping. Overall, the results show that
accessible, low-cost systems can achieve robust autonomy and control accuracy, providing a
foundation for future work on adaptive navigation, obstacle avoidance, and machine learning-
based path optimization.

6 CONCLUSIONS

A line following robot was designed and built using Lego Mindstorms EVV3 components.
Digital control algorithms were developed. The advantages and limitations of implementing
the digital control on different software were studied. The effectiveness of using PID
controller for optimum line tracking was demonstrated by inspecting the movement pattern of
the robot while following the track. To obtain the desired control response, K, K;, and

K 4 were successfully determined by tuning.
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MEXAHOXIMIYHA AKTUBAIIA HOPTJIAHALUEMEHTY 3
JTOBABKAMM TA iX BILJIMB HA MIIHICTh HEMEHTHOI'O
KAMEHIO

Kipcanos M. B.}, Crpeasuos K. 0.}, Bapaéam I. B.1

Y0oecvra oepacasna axademis 6ydienuymea ma apximexmypu

AHoTamin: Po3rnsHyTi y CTaTTi eKCIEpUMEHTANIbHI pe3yibTaTH IOB’s3aHi 3 BH3HAYCHHSIM
BIUIMBY  MEXaHOXIMIYHOI  akKTHBamii  3MIMIAHOTO  MNOPTIaHAIEMEHTYy B  I[PHCYTHOCTI
cynepriacTudikyr4doi 1o6aBku SP —5 Ha MiIHICTh IEMEHTHOTO KAMEHIO Ha CTUCK Y Billi 3-X Ta 7-H
ni6. Takuii eMeHT oTpUMyBaiK 3MimyBaHHsIM mopTiaanauementy I1L-1 500 3 meneHnm KBapLOBUM
mickom (S =350 MZ/KZ) B kimpkocTi Big 30 mo 60 %. TlepCrieKTHBHMM METOMOM IOKpAIICHHS
MIIHOCTi Ha CTHCK IIEMEHTHOTO KaMEHIO € IHTeHCHBHA MeXaHOXIMIYHA aKTHBAIlis 3MIIIAHOTO [IEMEHTY
B IIBUKICHOMY aKTHBaTOPY TypOYJIEHTHOTO THUIy B MPHUCYTHOCTI CymepruiacTU(iKyio4doi H0OaBKH,
KUJIBKICTB SIKOT BapiroBajiacs B miana3oHi Big 0 10 1 % Macu 3MIIIaHOTO B SDKYYOTO.

ExcniepuMeHTanbHI  OCHIUKEHHS  OPOBOAMIMCA 3  BHKOPUCTaHHAM  J[-ONTHMaibHOTO
MaTeMaTHYHOTO TUIaHy 3 BapilOBaHHSIM HACTYMHUX (akTopiB: X; — BUTpaTa MEJEHOTO KBaplOBOTO

micky (45+15) % Bix Macu 3MiIIIaHOTO B’sDKy4oro; X, —KUIBKICTh cynepruiacTugikyodoi no0aBKH
SP-5 — (O,SiO,S) % Bix Macu 3MimIaHoro B’spkydoro. OmepikaHi MaTeMaTUYHI MOJICII CBiq4aTh

Mpo Te, M0 MaKCUMaJdbHUHA BIUIMB (i3 mepepaxoBaHuX (PakTOpiB) HA MIIHICTh EMEHTHOTO KaMEHIO
Ha/Jla€ BMICT MEJCHOTO [MIiCKy Yy 3MillaHOMy B’shDKy4oMmy. HacTymHuUM 3a BIUIMBOM Ha MIIHICTh
LEMEHTHOTO KaMeHI0 € BHTpaTa cynepruactudikatopy SP —5. CymicHUE BIUIMB MEXaHOXIMiYHOT
aKTUBAIlil Ta cynepruiacuikaropy J03BOJISE MiJABUIIUTH MIIHICTh IIEMECHTHOTO KaMEHIO B Jliana3oHi
Bix 23 10 42 %, 110 A03BOJISIE B 3HAYHIN Mipi MiJBUIIMTH Jiara30H BUTPATH MEJIICHOTO KBapIIOBOTO
ITICKY, SIK MiHEpaNbHOT T0OABKH 10 IEMEHTY.

KirodoBi cioBa: MexaHOoakTHBalis, NOPTIAHALEMEHT, CylepruiacTudikarop, MiHepaibHa
no0aBKa, MIIHICTh HA CTUCK, (PaKTOpH BapirOBaHHSI.

MECHANOCHEMICAL ACTIVATION OF PORTLAND CEMENT
WITH THE ADDITION AND THEIR INFLUENCE ON THE
STRENGTH OF CEMENT STONE

M. Kirsanov!, K. Streltsov!, I. Barabash?!
'0desa State Academy of Civil Engineering and Architecture

Abstract: The experimental results considered in the article are related to determining the
influence of mechanochemical activation of mixed Portland cement in the presence of a
superplasticizing additive on the compressive strength of cement stone at the age of 3 and 7 days. Such
cement was obtained by mixing Portland cement PC-1 500 with ground quartz sand in an amount of 30
to 60%. A promising method for improving the compressive strength of cement stone is intensive
mechanochemical activation of mixed cement in a high-speed activator of a turbulent type in the
presence of a superplasticizing additive, the amount of which varied in the range from 0 to 1% by
weight of the mixed binder.

Experimental studies were conducted using the D-optimal mathematical plan with variations in
the following factors: X, —consumption of ground quartz sand (45+15) % of the mass of the mixed

binder; X, — amount of superplasticizer additive SP -5 — (O,SiO,S) % from the mass of the mixed

binder. The obtained mathematical models indicate that the maximum influence (of the listed factors)
on the strength of cement stone is exerted by the content of ground sand in the mixed binder. The next

Kipcanos M. B., CtpensiioB K. O., bapabam 1. B.
https://doi.org/10.31650/2618-0650-2025-7-2-58-65 58




MexaHika Ta MaTeMaTW4Hi MeTomu / i VI11/2/2025
Mechanics and mathematical methods ) F— Crop. 58-65/ Page 58-65

in influence on the strength of cement stone is the consumption of superplasticizer SP—-5. The
combined effect of mechanochemical activation and superplasticizer allows to increase the strength of
cement stone in the range from 33 to 42 %, which allows to significantly increase the range of
consumption of ground quartz sand as a mineral additive to cement.

Keywords: mechanical activation, Portland cement, superplasticizer, mineral additive,
compressive strength, variation factors.
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1 BCTYI

BaxmBoro mpo06seMor0 B TEXHOJIOTIi BUTOTOBJIEHHS 3MIIIAHUX LEMEHTIB € CTBOPEHHS
ONTUMAIBHUX KOMOIHAIIA MOPTIAHANCMEHTY 3 MiHEPAIbHUMH J0OaBKaMH, HAsBHICTh SKHX
Ha/Ia€ MOKJIMBICTH MiJBUIIMTH MOTEHUINHI MOXIJIMBOCTI B’sDKydoro. B sikocTi MiHepaibHOT
N00aBKH 10 LIEMEHTIB IIMPOKE PO3MOBCIOHKEHHS OJIEp>Kald KBApIOB1 MICKU, HAABHICTh SKUX
y ix ckumazi 3abe3nedye He TUIBKHA 3HHKEHHS COOIBApTOCTI 3MIIIAHOTO B’ SKYYOro0, ajie 1 Hajae
HOMy psii TTO3UTHBHHUX BIIACTMBOCTEH (3MCHIICHHS BEJIMYMHH EK30TEPMIYHOTO PO3irpiBy,
3HIKCHHSI YCaJKU Ta iH.). B CTaTTi po3risgaroThCsl MUTAHHS, SKi MOB’S3aHI 3 PO3TISIOM
BIUIUBY MEXaHOXIMIYHOI aKTHBallli TOPTIAHALEMEHTY, KUIBKOCTI JO0aBKHM MEJICHOTO
KBapIIOBOTO MICKy Ta cynepruiacTu(dikaropy Ha MIIHICTh Ha CTHCK IEMEHTHOTO KaMEHIO.
CymicHe BHUKOpPHUCTaHHS MEJIGHOTO KBapIOBOrO IicKy, cymepmiactudikaropy SP—-5 Ta
MEXaHOXIMIYHOT aKTHBAIlii 3MIITIAHOTO B’ sHKYYOTO CIIPHUSIE OTPUMAHHIO IEMEHTHOTO KaMEHIO 3
MOKPAIICHOIO MIIIHICTIO Ha CTHCK.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMHU

OmauM 3 HaAWOLIBII  PO3MOBCIOJDKEHHWX  CIIOCOOIB  3HIDKEHHS  COOIBapTOCTI
MNOPTJIAH/ALIEMEHTY € BBEICHHSA 10 HOro CKiIagy TOHKOMENEHHMX IHEpTHUX MIHEpabHUX
n00aBOK, 30KpeMa, MeJeHOTo IicKy [1-5]. TexHOoNoriyHO TakwWil IIEMEHT OTPUMYIOTh SIK
CYMICHMM IIOMEJIOM HOPTJIAHALEMEHTHOIO0 KJIHKepy, IBOBOJHOIO TilCy Ta MiHepaJbHOI
N00aBKM Tak 1 PETeIbHUM 3MIIIyBaHHAM IOPTIAHAIEMEHTY 3 MEJCHOI MiHEepaJbHOIO
no6askoro [6-9].

B poGorax [10-14] nepekoHINBO MOKa3aHO, M0 €(eKT BiJ BBEIACHHS B MOPTIAHAIIEMEHT
MiHEpalbHUX JOOABOK 3HAYHO IMIJCHIIIOIOTHCS B TYpOYJIEHTHHUX MOTOKAX, SIKi OCATaloThCs B
mporeci MEXaHOXIMIYHOI aKTHBalii 3MIMIAHOTO IEMEHTY. 3acTOCYBaHHS IIBHIKICHHX
3MIITYBaviB JUIs akTHBalli [IEMEHTY B MO€JHAHHI 3 BUKOPUCTAHHSIM MEJIEHOTO KBaplOBOTO
MiCKy Ta cynepriacTudikaropy, Ha Hall MO, 3a0€3MeUnTh MPUCKOPEHHS TMPOIECIB
TBEPJIHEHHSI LIEMEHTY, 10 JO3BOJHUTH BIJIMOBUTHUCH SIK BiJl TEPMOBOJIOTOi 0OpOOKH Tak 1 Bif
BUKOPHUCTAHHS Je(QIIUTHUX HIBUAKOTBEPAHYUHX [IEMEHTIB.

3 b TA 3AJAYI JOCJIIKEHHSA

Bumie BukiazeHe 3yMOBHJIO METy JOCIHIJKEHb, sIKa MOJSATa€ y BHU3HAYEHHI BIUIUBY
MEXaHOXIMIYHOI aKTUBalli MNOPTIAHIIEMEHTY 3 J00aBKOIO MEJIEHOr0 KBApILOBOIO IICKY

(30...60 %) Ta cynepmuiactudikatopy SP—-5 (O...l %) Ha MIIHICTh Ha CTUCK LIEMEHTHOI'O

KaMeHI0 y 3-X Ta 7-u 1000BOMY BIIIi.
AXTHUBAIlis NMOPTIAHILEMEHTY 3AiMCHIOBalacsd 3a PaxyHOK IHTEHCHBHOIO BIUIUBY Ha

BOJIHY IIEMEHTY Ta IleMeHTHO-Nimany cymim (S . =350 4° /x2) y mBHAKiCHOMY 3MilryBadi

nicky
TypOyJIEHTHOTO THUIY BIPOJOBX 2-X XBWJIMH. BUKOPUCTaHHS IIBUAKICHOTO 3MillyBaya
ciopuse (I3UKO-XIMIYHIM aKTUBAIll MOBEPXHEBOIO IIApy SAK TOHKOIMCIIEPCHUX 3€peH
MOPTJIAH/ALIEMEHTY TaK 1 MEJICHOT0 KBapIoBOro micky. HasBHicTh Takoi akTuBallii 3abe3neuye
1HTeHCH((]IKaIli0 TPOIIECIB TiIpaTallli IEMEHTY, 0 BIII3EPKATIOETHCSA Ha 3pOCTaHHI MIITHOCTI
[IEMEHTHOT0 KaMEHI0, OCOOJIMBO B paHHI TepMiHM TBepiHHA. TypOyleHTHHH 3MilryBay
XapaKTepU3y€eThCS BUCOKOIO IIBUAKICTIO 00€pTiB poOoyoro oprany, sika ckiagae 1800 06/xB.

ExcniepuMeHTanbHi TOCIIKEHHS] TPOBOIMIINCS 3 BUKOPUCTAHHSAM B SKOCTI B SDKYYOTO
noptinanaueMenty Mapku IIL-I 500 ITAT «Bonunp LlemenT». 3a CBOIMU BIIACTUBOCTSIMH
nmopTiaHaleMenT  BiamoBimae  Bumoram  JICTY B B.2.7-46:2010  «llemeHnTH
3arajJbHOOY/IBHOIO  MpHU3HAaueHHs. TexHiuHi ymoBHM». lleMeHTHo-miIaHe B’sKyde
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OTPUMYBAIU IIUISIXOM PETEIHHOTO 3MINIyBaHHS MOPTIAHAIIEMEHTY Ta MEJICHOTO KBapI[OBOTO
MICKy, BUTpaTa SIKOTo KosmBajiocs B AianazoHi Bix 30 go 60 % macu 3MimaHoro B’spKY4OToO.
[lutoMa TOBepXHS MeJIEHOTO KBapLOBOrO IicKy mpuiimanacs pisHoro 350 m° [ ke.
[TnacTudikaris cymimi 3ailCHIOBaJIacs 3a PaXyHOK BHKOPHUCTAHHS CyIepIiacTU(dIKaTopy
SP -5, Butpara siKoro, SIK BiIMIiYaJIOCs paHille 0 TeKCTY, KOJIMBAETLCS B Jiana3oHi Bix 0 10
1 % Macu 3MilaHOTO B’SKYUOTO.

4  PE3VYJIBTATU JOCJIAKEHHSA

Jlisi BU3HAYEHHS CYMICHOTO BIUTMBY MEXaHOAKTHBAIll, a TAaKOX T00aBKH 10 IIEMEHTY
MEJICHOTO KBaplOBOTO IMICKy Ta BUTpaTu cynepriactudikaropy SP—-5 Ha MinHicTh
IIEMEHTHOT'0 KaMeHI0 Y Billi 3-X Ta 7-u 110, OyB npoBeaeHui 2-X (HakTOpHUN EKCIIEPUMEHT, J1e
B SIKOCTI HE3aJIeKHUX IMEPeMiHHMX Oynu NpUHHATI: X, — BUTpaTa MEJIEHOTO KBapLOBOTO

micky (45+15) % Bix Macu 3MIIIAHOTO B’SKY4oro; X, — KUIBKICTh CyHepIUIacTU(IKYHOUOi
nobasku SP -5 — (0,510,5) % BiJ MacH 3MIIIAHOTO B’sDKy4Ooro. /st KOHTPOII0 yMOBaMu

eKCIIEPUMEHTY Tepedavanocst OJep)KaHHS sl BCIX pSAAKIB MaTeMaTU4HOrO IUIaHY
PIBHOB’SI3KHX CyMimie (miamMeTp po3mmBy ix Ha mpudopi Cyrropaa ckinanas 120 M), siki He
Oynu miJgaHi MeXaHOXIMIYHIHM akTuBaii, Tadsm. 1.
Ta6anns 1
[Inan ekciepuMEHTY Ta BUTPATH KOMIIOHEHTIB

Burpara KOMIIOHEHTIB IEMEHTHOTO TiCTa Ha
. PosmmB 1ieMeHTHOTO
OJUH 3aMicC, T .
- = TicTa, MM
PiBHi e = =
BapilOBaHHs B) g g
Ne E 2 ~ §\ B/T ) LR
=t = s = 5 g5
= 0= 1 = =
= = o = &, g g
< = [9p] < oo [5) =
= o) ) 5 =)
g S s Z = 5
il B - > g
1 2 3 4 5 7 8 9 10
1 -1 -1 1400 600 0 757 0,38 122 139
2 -1 0 1400 600 10 672 0,34 120 145
3 -1 1 1400 600 20 623 0,31 120 156
4 0 -1 1100 900 0 736 0,37 119 137
5 0 0 1100 900 10 640 0,32 120 141
6 0 1 1100 900 20 582 0,29 118 151
7 1 -1 800 1200 0 720 0,36 120 136
8 1 0 800 1200 10 617 0,31 121 140
9 1 1 800 1200 20 579 0,30 122 148

AHamii3 eKCIepuMEHTAIbHUX [aHWX, HaBeJAeHWX y Tabm. 1, cBiAYUTH Tpo Te, IO
MEXaHOXIMIYHA AaKTHBAIliSl TPOTATOM 2-X XBWJIWH I[EMEHTHO-BMIIIYIOYOi KOMIIO3HUINT 3
J00aBKOIO MEJIEHOT0 KBapIOBOro MicKy (45+15 % Big mMacu 3MIIIaHOTO B’SXKYYOro) CIpHsE
3pOCTaHHIO JIlaMeTPy PO3ILIMBY CyMili B cepenaboMy Ha 14...21 %.

MinHicTh [EMEHTHOTO KaMEeHI0 Ha CTHCK y 3-x Ta 7-u 1o00BOMYy Bimi SK Ha
MEXaHOAKTHBOBAHOMY 3MIIIAHOMY B’SDKYYOMY TakK 1 Ha B’SDKY4OMY, sSKE€ HE IiUISATaio
MEXaHOAKTHBALi (KOHTPOJIb), HaBeIeH1 y Ta0. 2.

Kipcanos M. B., CtpensiioB K. O., bapabam 1. B.
https://doi.org/10.31650/2618-0650-2025-7-2-58-65 61




MexaHika Ta MaTeMaTW4Hi MeTomu / v VI11/2/2025
Mechanics and mathematical methods % = Crop. 58-65/ Page 58-65

Tadauus 2
[Tnan excrepuMeHTy Ta MIIHICTh IIEMEHTHOT'O KaMEeHIO Ha CTUCK TPUBATICTIO 3-U Ta 7-M /110
PiBHi Biarykn
No BapirOBaHHSA R:,, MIla R, Mlla
X, X, 3 1061 7 ni6 3 1061 7 ni6
1 2 3 4 5 6 7
1 -1 -1 20,1 32,3 26,4 43,2
2 -1 0 24,2 36,6 335 48,2
3 -1 1 26 40,3 36,2 54,3
4 0 -1 15,8 234 20,3 32,7
5 0 0 18,5 28,5 24,6 36,9
6 0 1 21 32,1 29,7 424
7 1 -1 12,7 21,1 16,4 284
8 1 0 153 23,6 21,1 32,3
9 1 1 171 27,0 239 36,1
Ipumirka: R} — MinHICTD IEMEHTHOTO KaMEHIO Ha 3MIIIAHOMY B’SDKYy4OMy, SKE€ HE MiAIArano
MexaHoakTuBauii, MIlla; R} — MiIHICTP HEMEHTHOTO KAMEHI0 HA MEXaHOAKTHBOBAHOMY 3MilIAHOMY

B soKkydomy, Mlla .

BHaciimok cratucTHYHOI OOpPOOKM eKCHEpUMEHTAIbHHUX JaHUX Oynu oOoTpuMaHi
MatemMaTHaHuMHu Mozeni (1...4), siki 3 BUCOKOIO BiporiaHicTio (=0,95) BimoOpakaioTh BIUIMB
JIOCTIKyeEMHUX (PaKTOpiB Ha MIIHICTh Ha CTUCK IEMEHTHOIO KaMEHIO SIK Ha 3BUYAiiHOMY
(HeMexaHOAKTHBOBAaHOMY) 3MimIaHomy B’spkydomy (1, 2) Tak i Ha MEXaHOAKTHBOBAHOMY
3MimaHomy B spkydomy (3, 4):

R“*(MIla) =18,8-4,2X,+0,8X} -0,4X,X,
+2,6X,-0,6X2

RY"(MIla) = 28,3-6,3X,+2,2X7 -0,5X, X, @
+3,8X,-0,2X2

R"“*(MIla) = 25,7-5,8X, +1,4X? 0,6 X X,

cm , (3)
+4,5X,—0,9X

1)

R (MIa) =37,1-8,2X, +3,1X] —0,9X,X,

2 (4)
+4,8X,+0,4X

ne R*®

cm !

R’ — MillHiCTh Ha CTHUCK H[EMEHTHOTO KAMEHI0 Ha 3MillAHOMY B’SKYyd4OMY, SIKE He
mijsirago MexaHoakTusanii, Mlla

Mm.3 N : : :
R, R — MIIHICTh HAa CTUCK IIEMEHTHOTO KaMEHIO Ha MEXaHOAKTHBOBAHOMY 3MIIIaHOMY

-
B sKydomy, Mlla .

Amnaniz marematnuHux wmonened (1...4) mosBosise 3pOOMTH BHCHOBOK TIPO T€, IO
MakCUMaJbHUI BIUIUB Ha MIIHICTh IEMEHTHOIO KaMEHIO SK Ha MEXaHOaKTUBOBAaHOMY
3MIIIAHOMY B’SOKy4yOoMY Tak 1 Ha 3MIIIaHOMY B’SHKydyoMy, SKE€ HE MiJAaBajiocs
MEXaHOAKTHBAllli, HaJa€ BHUTpPaTa MEJICHOTO KBapLOBOro micky. Sk 1 mepembadanocs,
3pOCTaHHA HOro KUIBKOCTI B 3MIIIAHOMY B’ SDKYYOMY JJIs IEMEHTHOTO KaMEHIO TPUBAJIICTIO B
7-m 116 3 30 o 60 % (MexaHOaKTHUBAILSl BIICYTHS) CIPUSE 3HIKEHHIO MIITHOCTI IIEMEHTHOTO
kamento 3 32,3 MIla go 20,2 MIla, To6To maibke Ha 63 % (cynepracTudikaTop BiACYTHIN).
Jlis 1IeMEHTHOrO0 KaMeHI0 Ha MEXaHOAKTHMBOBAHOMY B’SIKYUYOMY, 3POCTaHHS KUTBKOCTI
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https://doi.org/10.31650/2618-0650-2025-7-2-58-65 62




MexaHika Ta MaremMaTuyHi Meromgu [ V11/2/2025
Mechanics and mathematical methods % Crop. 58-65/ Page 58-65

MeneHoro micky 3 30 1o 60 % TakoXX BUKJIMKA€E 3HWKEHHS MIITHOCTI IEMEHTHOTO KaMEHIO,
ane Bxe 3 43,1 no 26,7 Mlla. Cnixg BU3HauuTH, IO B IIbOMY Pa3i MEXaHOAKTUBAIiS CIIPHIE
MIJIBUIICHHST MIITHOCTI IleMeHTHoro kameHto 3 20,2 MIla (konTpoas) no 26,7 Mlla, To6to
Oimprie  HiK Ha 32 %. CymicHe BHKOpHCTaHHS MexaHoakTuBamii Ta 1 %
cynepriactudikaTopy 3abe3redye OTPUMAHHIO MIITHOCTI Ha CTHCK IIEMEHTHOTO KaMEHIO
TpuBajicTio B 7-M 1i6 cranoButh 38,6 Mlla (mpu nHasBHocTi 60 % MeneHOro micKy y
3MilIaHOMY B’SKy4oMYy), ToOTO Maiixke Ha 20 % O11b111010 y TOPIBHSHHI 3 KOHTPOJIEM.
AHanizyloud BIUIMB BapiiioBaHUX (PAaKTOPIiB Ha MILHICTh HEMEHTHOTO KaMEHIO CIIiJ
BI/[3HAYUTH, IO CYMICHE 3aCTOCYBaHHS MEXaHOAKTHUBAlll 3MIIIAHOTO B SDKYYOro Y
CYKYITHOCTI 3 BHKOPUCTAHHSIM CYIMEPIUIACTUKYIOYOi T00aBKU JO3BOJSIE B IIUPOKOMY
Jiara3oHi KepyBaTH MIIHICTIO IIEMEHTHOTO KAMEHIO Ha CTUCK TPUBATICTIO B 3-1 Ta 7-M 1i0.
AHaniz maremarnyHux wmojenei (1-4) no3Boisie BU3HAYMTH 3HAYCHHS BapiliOBaHHMX
daxtopiB X, Ta X,, IpH BUKOPUCTAHHI SKUX 3a0€3MEUYyIOTbCS MAaKCUMalbHA Ta MiHIMAJIbHA

MIIHICTh IIEMEHTHOTO KaMEHIO B JIOCII)KyBaHOMY IHTEpBaJli yacy, Taoi. 3.
Taoaunsa 3
3HaueHHs (akTopiB X; Ta X,, sIKi 3a0€3MeUyI0Th JOCATHEHHS
MaKCHUMAJILHOI Ta MIHIMAJILHOI MIITHOCTI IIEMEHTHOTO KAMEHIO

a)
B’spxyde MexaHOAKTHBOBaHE
TepMmiH TBepJHEHHS
3 1obu 7 ni6
X X R, Mlla X X R, Mlla
1 2 1 2
min +1 -1 16,5 +1 -1 28,5
max -1 +1 37,1 -1 +1 54,5
0)

MexaHOAKTHBAIIISI B SKYYOTO BiACYTHS (KOHTPOJIb)

TepMiH TBepIHEHHS

3 no6u 7 ni6
R, Mlla R, Mlla
Xl Xz Xl Xz
min +1 -1 12,6 +1 -1 20,7
max -1 +1 26,2 -1 +1 40,9

AHani3yroud BIUIMB BapiioBaHUX ()aKTOPIB Ha MIIHICTh LIEMEHTHOIO KaMEHIO SIK Ha
MEXaHOAKTHBOBAaHOMY 3MIIIAHOMY B’SDKyUYOMY TaK 1 Ha B’SKy4oMy, SIKe He MIJIAraio
MEXaHOAKTHBAallll CIJIJ BIAMITUTH, IO 3a paxyHOK BapllOBaHHA (aKTOpaMu BIUIUBY
(MexaHOXIMIYHAa aKTHBallis, BHUTpaTa MEJIEHOr0 KBapLOBOIO IIICKy Ta KOHIEHTpalis
cymnepriiacTu(dikaTopy) MOKIUBO PEryJIOBAaTH MIIHICTh IIEMEHTHOTO KAMEHIO Ha CTHCK B 3-X
no6osomy Bili 3 12,6 MIla go 37,1 MIla, a B 7-u mo6oBomy Biui — Big 20,7 MIla no 54,5
MIIa.

5 OBI'OBOPEHHA PE3YJBTATIB JOCJIIIKEHHSA

OpepxaHi eKCIepUMEHTANIbHI Pe3yIbTaTH CBIAYATh PO TE€ I0:

a) MEXaHOXIMIYHA aKTHBAIli BOJHOI IEMEHTHO-BMIIIYIOUOT KOMITO3HIII 3 JT0OaBKOIO
MEJIEHOTO KBapIOBOro Micky (45+15 %) 3abe3neuye 3pocTaHHs JiaMeTpy PO3ILIMBY CyMIlli B
cepenaboMy Ha 14...21 %(B MOpiBHSAHHI 3 KOHTPOJIEM);

0) MexaHOXIMiYHAa aKTWBallil MOPTIAHANEMEHTY 3 J00aBKOI MEJIEHOTO KBaplOBOTO
micky (4515 %) Ta cymepruiactudikaropy SP-5 (1%) 3abesrnedye 3pOoCTaHHS MIITHOCTI
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LIEMEHTHOT'0 KaMEeHIO TPHIIICTIO B 3-U Ta 7-M 10 B cepeAHboMY Ha 23...42 % (B MOpiBHSAHHI 3
KOHTPOJIEM).

6 BHUCHOBKH

MexaHoxiMi4Ha aKTHUBALlisl MTOPTIAHIEMEHTY 3 J0OABKOI MEJIEHOT0 KBAaPIIOBOTO MICKY
(30...60 %) B mpucyrHocti Cynepmnactudikaropy SP-5 € edexTuBHUM penenTypHO-
TEXHOJIOTIYHUM BIUJIMBOM, SIKMH 3a0e3rmeuye 3pOCTaHHS MIITHOCTI IIEMEHTHOIO KaMEHIO Ha
CTHCK B paHHbOMY Billi (3...7 110) B cepeaubomy Ha 23...42 % (B MOpiBHIHI 3 KOHTPOJIEM).

7 ETWYHI JEKJIAPALIL

ABTOpHM HE MaloTh Oyab-ikuX (iHaHCOBUX 4YM HE(IHAHCOBHUX IHTEpPECIB MIOAO
MarepiaiiB, IPEICTAaBICHHUX Y I CTATTi, K1 CIiI pO3KPUBATH.
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IMPROVED THERMOMECHANICAL MODEL FOR
PREDICTING THE BEHAVIOUR OF REINFORCED CONCRETE
STRUCTURES UNDER FIRE AND EXPLOSION CONDITIONS

R. Maiboroda?, Y. Otrosh?!
!National University of Civil Protection of Ukraine

Abstract: The article presents the results of a study aimed at improving the thermomechanical
model for predicting the behaviour of monolithic reinforced concrete structures when exposed to
elevated fire temperatures and overpressure from a deflagration explosion. The relevance of the topic
is due to the growing requirements for the reliability of modern buildings, especially critical
infrastructure facilities, where the combination of thermal and dynamic loads creates particularly
dangerous operating conditions. The model is implemented using the finite element method, which
makes it possible to comprehensively take into account transient heat transfer, temperature-dependent
material properties, and impulsive loads from explosions, described in the form of triangular and
exponential functions. The dynamic behaviour of reinforced concrete structures is represented by the
equation of motion, considering temperature-dependent stiffness, Rayleigh damping, and thermal
deformations of both concrete and reinforcement.

A comparative analysis of code-specified material properties and the results of full-scale tests
was carried out. Significant differences were found in the curves describing the reduction in strength
and initial modulus of elasticity when concrete is heated, as well as in the strength values of
reinforcement of different grades. Based on experimental data, analytical and polynomial relationships
were proposed that reproduce the actual behaviour of heavy concrete and lightweight expanded clay
aggregate concrete at elevated temperatures, along with formulas for determining reduction factors for
reinforcement strength. This ensures a significant improvement in the accuracy of predictions of the
load-bearing capacity and deformability of reinforced concrete structures. The model can be used as a
tool in methodologies for assessing the robustness of monolithic reinforced concrete buildings against
progressive collapse caused by fire and explosion. At the same time, the limitations of the model are
outlined: it does not take into account crack formation, creep, or the spatial effects of blast wave
propagation. Directions for further research are identified, aimed at expanding the practical
applicability of the model and improving methods for assessing the structural stability of buildings.

Keywords: monolithic reinforced concrete buildings; fire; deflagration explosion; finite element
method; temperature-dependent properties; reinforcement resistance reduction coefficients,
progressive collapse.

YAOCKOHAJIEHA TEPMOMEXAHIYHA MOJEJIb IJIsA
INPOI'HO3YBAHHA HOBEAIHKHA 3AJII3OBETOHHUX
KOHCTPYKIINA B YMOBAX NOXKEXI TA BUBYXY

Maii6opoaa P. L1, Orpom 1O. A.!

'Hayionanvnuii ynisepcumem yusinonoeo saxucmy Ykpainu

AHoTamis: Y cTaTTi NpeACTaBlIeHO Pe3yNIbTaTh JOCIKEHHS, CIIPSIMOBAHOTO HA YJIOCKOHAJICHHS
TEPMOMEXaHIYHOT MOJENI AJIsl IPOTHO3YBAaHHS MOBEIIHKA MOHONITHUX 3a/1i300€TOHHUX KOHCTPYKILIiK
3a yMOB Jii MiABUIICHUX TEMIIEPATYp MOXKEX1 Ta HAaUIMIIKOBOTO THCKY BiA AedarpaiiHoro BUOyXxy.
AKTyaJIbHICTh TEMH 3yMOBJIEHa 3POCTaHHSIM BHUMOT 10 HAAIMHOCTI Cy4acHHUX OyAiBelb, O0COOIHMBO
00’€KTIB KpUTHYHOI 1HQPACTPYKTYpH, Jie IOETHAHHS TEIJIOBUX 1 JMHAMIYHUX HABAHTAXKEHb CTBOPIOE
oco0iMBO HeOe3neuHi yMOBHM eKcIuTyaTtamii. Mojenb peai3oBaHO 13 3aCTOCYBaHHSIM METOAY
CKIHYEHHHMX eJIEMEHTIB, IO JI03BOJISIE KOMIUIEKCHO BpaxOBYBaTH HECTAIlIOHAPHHUN TETUIOOOMIH,
TEMIIEPATyPHO-3aJICKHI XapaKTEPUCTHKH MaTepiajiB Ta IMITyJIbCHI HaBaHTaXXCHHs BiJ BUOYXIB,
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OMKCaHI Y BHUIISAI TPUKYTHHUX 1 €KCHOHEHIIHHMX (QyHKIINA. J(uHaMiuHA MOBEAIHKA 3a1i300€TOHHUX
KOHCTPYKLIH IMOAA€TbCS PIBHSHHIM PYyXy 3 YypaxyBaHHSIM TEMIIEpaTypHO-3aJIeKHOI >KOPCTKOCTI,
nemndyBaHHs 3a Peneem Ta TepMivHuX Aedopmariii sk 6€TOHY, TaK i apMaTypH.

IIpoBeneHo TOPIBHSUIBHWN aHai3 HOPMAaTHBHUX XapaKTEPUCTHK MaTepiajliiB Ta pe3yNbTaTiB
HaTYpHUX BHIIPOOyBaHb. BHABICHO iCTOTHI PO3OIKHOCTI Yy KPUBHX, IO ONUCYIOTh 3HWKECHHS
MIITHOCTI Ta OYaTKOBOT'O MOAYJISI IPY>KHOCTI O€TOHY MPY HarpiBaHHi, a TAKOX Y 3HAUCHHAX MIIHOCTI
apMarypu pi3HEX KiaciB. Ha OCHOBI eKCIIepUMEHTANbHHUX JAaHWX 3alPONOHOBAHO AHANITHYHI Ta
MTOJIIHOMIaJTbHI 3aJIe)KHOCTI, SKi BIATBOPIOIOTH (DaKTHYHY MOBEAIHKY BaXXKOTOo OETOHY Ta OETOHY Ha
JIETKOMY 3alOBHIOBadi (KepaM3HTOOETOHY) 3a TMiIBUILEHHX TEMIIEPaTyp, a TakoXK (OpMynH Ui
BH3HAUYEHHS KOE(]IIi€HTIB 3HMKEHHS MImHOCTI apMmarypu. lle 3abesmedye CyTTeBe IiABHIECHHS
TOYHOCTI TPOTHO3YBaHHS HECY4oi 3AaTHOCTI Ta AeOPMATHBHOCTI 3ai300€TOHHUX KOHCTPYKIIH.
Po3pobiena Monens MOke BUKOPUCTOBYBATHCA SIK IHCTPYMEHT Y METOJMKAX OLIIHIOBaHHS YKMBYUOCTI
MOHOJIITHHX 3aJ1i300€TOHHUX OYAiBeJb 1010 MPOrPECYIOUOro pyHHYBaHHS, CIPUYHMHEHOTO MOXKEKEIO
Ta BHOyxoM. BomHowac okpecineHO OOMEXEHHS MOJENi: HE BPAaXOBYETHCA YTBOPEHHS TPIIIWH,
MOB3YYiCTh Ta MPOCTOPOBI €(eKTU MOIIUPEHHS BHOYXOBOi XBWIi. BU3HaYeHO HampsiMHU MOAANBLIMX
JIOCTIDKEHb, OPIEHTOBAHUX Ha PO3IIMPESHHS MPAKTHYHOI 3aCTOCOBHOCTI MOJEINI Ta BAOCKOHAJICHHS
METO/IiB OIIHFOBaHHs KOHCTPYKTHUBHOI CTIKOCTi Oy IiBENb.

KarouoBi cioBa: MOHOMITHI 3ami300eTOHHI OyAiBIi; TIOXKexa; aeduarpariiiauii BUOyX; METO]
CKIHYEHHHX €JIEMEHTIB; TEeMIIEPaTypHO-3aJIeKHI XapaKTePUCTUKK; KOS(DIliEHTH 3HMKECHHS MIillHOCTI
apMatypH; Iporpecyode pyiHyBaHHS.
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1 INTRODUCTION

Modern monolithic reinforced concrete buildings are widely used in civil and industrial
construction due to their high operational properties, versatility, and cost-effectiveness.
However, in emergency situations such as fires and explosions, these structures are subjected
to significant thermal and dynamic effects, which reduce their load-bearing capacity and
deformability and may lead to progressive collapse. Ensuring an adequate level of reliability
and robustness of building structures under such conditions is one of the key challenges of
modern construction.

Existing design codes [1, 2] provide relationships for accounting for the influence of
elevated temperatures on the strength and deformability of concrete and reinforcement.
However, the results of full-scale tests show significant discrepancies between the code-
specified curves and the actual behaviour of materials, which may reduce the accuracy of
predicting the performance of structures under high-temperature and explosive loading. As a
result, there is a need to improve analytical models that incorporate the changes in
thermophysical and strength properties of materials obtained from experimental tests, as well
as the dynamic character of explosive loading.

One promising approach is the application of thermomechanical models within the finite
element method framework. Such models enable a comprehensive account of heat transfer
processes, temperature-dependent material properties, thermal expansion effects, and the
dynamic nature of loads. Enhancing these models provides a basis for improving the accuracy
of evaluating the structural stability of reinforced concrete structures and reducing the risk of
progressive collapse.

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

Monolithic reinforced concrete structures are widely used in civil and industrial
construction due to their combination of high strength, durability, constructability, and cost-
effectiveness. They are employed in the construction of buildings and facilities of various
types, ranging from residential complexes to critical infrastructure. However, evidence from
accidents and disasters indicates that even such structures remain vulnerable when exposed to
extreme factors. The most hazardous among these are fires and explosions, which can cause a
significant reduction in load-bearing capacity, loss of stability, and, in critical cases, structural
progressive collapse [1-3].

The effect of high temperatures on concrete and reinforcement has been the subject of
extensive research over many years. Scientific works by Khoury G. A. [1], Lie T. T. [2],
Milovanov A. F. [3], and others present experimental relationships that describe changes in
the strength, modulus of elasticity, and deformability of materials under heating. In most
countries, design practice relies on the provisions of standards EN 1992-1-1, EN 1992-1-2,
and the national standard DBN V.2.6-98, which provide generalized curves for considering
the influence of temperature on the properties of concrete and reinforcement. However,
numerous experimental studies demonstrate that the actual behaviour of materials differs
significantly from these normative relationships. This discrepancy is explained by variations
in concrete composition, type of aggregates, moisture content, curing conditions, and service
environment [1-4]. As a result, calculations based solely on normative curves may not always
ensure sufficient accuracy in predicting the behaviour of structures exposed to fire.

The issue of blast resistance of structures is also actively studied in the international
literature. Numerous works are devoted to modelling the impact of shock waves on building
systems, determining explosion pressure, its duration, and the consequences for load-bearing
elements. However, most of these studies focus on the isolated analysis of explosive loads
without considering the prior heating of structures. At the same time, practical experience
from real accidents indicates that fire and explosion often occur in combination (for example,
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at industrial and energy facilities), creating particularly hazardous operating conditions [4—6].
Special attention in recent research has been paid to the phenomenon of progressive collapse,
in which the local failure of a single element triggers a cascade of failures throughout the
entire structural system. The works of Otrosh Y. and Maiboroda R. [4-6] have demonstrated
that, in order to prevent this phenomenon, there is a need for models capable of adequately
capturing the combined effects of elevated temperatures and dynamic loads.

One promising approach is the use of thermomechanical models within the finite element
method. Such models allow for comprehensive consideration of non-stationary heat transfer,
temperature-dependent material properties, thermal expansion effects, and impulse explosive
loads. However, most existing solutions are simplified and do not fully incorporate
experimental data, which limits the accuracy of the assessment of structural stability. In
addition, integrated models that simultaneously reproduce the combined effects of fire and
explosion remain insufficiently investigated, and the available results require systematization
and verification.

Thus, the analysis of the literature confirms the relevance of improving the accuracy of
predicting the stability of reinforced concrete structures under combined fire and explosion
effects. The research problem consists in developing an improved thermomechanical model
based on the results of field tests and regulatory provisions, which would reduce uncertainty
in predictions and thereby enhance the reliability and safety of modern building structures.

3 PURPOSE AND TASKS OF THE STADY

The aim of the study is to develop and substantiate an improved thermomechanical
model for predicting the behaviour of reinforced concrete structures under fire and explosion
conditions, taking into account experimental data and design code provisions.

To achieve this aim, the following research tasks have been defined:

1. Identify and describe the components of a mathematical model of the fire resistance of
building structures. Compare the characteristics of concrete and reinforcement at elevated
temperatures with code-specified curves and the results of full-scale tests.

2. Propose analytical relationships to describe the reduction in strength and initial
modulus of elasticity of concrete, as well as reduction factors for the strength of reinforcement
of different grades at elevated temperatures.

3. Develop an improved thermomechanical model within the finite element method
framework, taking into account heat transfer, thermal expansion of materials, and the dynamic
nature of explosive loading.

4 BASIC RESULTS

To assess the stability of monolithic reinforced concrete buildings as a result of fire and
deflagration explosion, a mathematical model has been improved, which allows calculations
to be performed for the structural system of the entire building, taking into account contact
heat exchange between structures and dynamic loads from the explosion.

Thermal effects.

Thermal effects are expressed as absorbed heat flux h_, Wt/m?on the surface of the
structure, in accordance with clause 3.1 of EN 1991-1-2. On the heated surface, the absorbed
heat flux h_, must be determined taking into account convective and radiative heat transfer

Pret = Mot + Mg+ 1)

net — ' 'net,c

where: h convective component of absorbed heat flux, Wt/m?; h radiative

net,c net,r

component of absorbed heat flux, Wt/ m?.
The convective component of absorbed heat flux is determined by the formula:

R. Maiboroda, Y. Otrosh
https://doi.org/10.31650/2618-0650-2025-7-2-66-85 69




MexaHika Ta MaTeMaTW4Hi MeTomu / YN VI1/2/2025
Mechanics and mathematical methods % Crop. 66-85/ Page 66-85

hnet,c =0 (®g _®m)’ (2)

where «,— convective heat transfer coefficient, Wt/m?; 0O, — temperature of the gas

environment adjacent to the structure exposed to fires, °C; ®, — of the structure surface, °C.
The absorbed heat flux h,,

using formula (2), where o, =4Wt/m®. The convective heat transfer coefficient

a, =9Wt / m? provided that the effects of radiative heat transfer are taken into account.

The radiation component of the absorbed heat flux per unit of surface area is determined
by the formula

h

on the non-heated surface of structures should be determined

net,r

- ®s,5,0 (0, +213) (0, +273)' |, @3)

where ®—angular coefficient; ¢, — degree of blackness of the structure surface; &, —

emissivity of the flame; o —Stefan-Boltzmann constant (5,67-10°Wt/m’K™); ®, —
effective radiation temperature of the fire environment, °C; the emissivity of fire is usually
takenas &; =1,0.

In cases where structures are exposed to fire on all sides, the radiation temperature
®, can be represented by the temperature of the gas environment ®, around the structure.

The surface temperature ©_ is determined by the thermal calculation of the structure in

accordance with Part 1-2 in the fire resistance calculation of EN 1992, EN 1996 and EN 1999,
respectively. The temperature of the gas environments ®, can be taken as the nominal

temperature conditions in accordance with clause 3.2 of EN 1991-1-2 or in accordance with
the fire models given in clause 3.3 of EN 1991-1-2.

Thermal characteristics of concrete.

When calculating the fire resistance of reinforced concrete structures, a distinction is
made between concretes based on silicate (granite, syenite, diorite) and limestone (limestone
containing at least 80% of the weight of the concrete limestone component) aggregates. The

nature of the change in the specific heat capacity of concrete c, (6).kJ / (kgK) is shown in
Figure 1.

2,5
u=3%
2 u=15%
1,5 /
&
Z 1
=
0,5
u=0%
0
0 200 400 600 200 1000 1200

8, °C

Fig. 1. Dependence of the specific heat capacity c, (0) of concrete on silicate
aggregate with moisture content u = 0;1.5 and 3 % on temperature
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The thermal conductivity of concrete A, is determined within the range between the

lower and upper limit values (Figure 2). The thermal conductivity value can be set within the
range defined by the lower and upper limits.

2,5
2
1
L5
&
g 1
5
0,5 /
2
0
0 200 400 600 800 1000 1200

0, °C

Fig. 2. Dependence of concrete thermal conductivity ﬂc
on temperature: 1 — upper limit; 2 — lower limit

In general, when the model parameters depend on temperature and radiation occurs,
equation (4) is non-stationary and non-linear. It is solved using the finite element method.

Nominal temperature conditions.

The standard temperature regime is the nominal temperature regime defined in Eurocode
1 to represent a fully developed fire in a fire compartment. It is determined by the formula:

©g =20+3451g(8t +1) . (4)

The convective heat transfer coefficient is o, = 25Wt/ m?.

The temperature regime of an external fire is the nominal temperature regime designed
for the external surface of external enclosing walls that may be exposed to fire from different
parts of the facade, i.e. directly from inside the corresponding fire compartment or
compartment located below or adjacent to the corresponding external wall. It is determined by
the formula:

®, =660(1-0,687¢ % —0,313¢** ) +20. (5)

The convective heat transfer coefficient is o, = 25Wt/m?.

The hydrocarbon temperature regime is the nominal temperature regime that shows the
effects of a hydrocarbon fire. It is determined by the formula:

®, =1080(L 0,325 °4™ _0,675¢ ) + 20. (6)

The convective heat transfer coefficient is: , =50Wt/m?.

The calculation of reinforced concrete and steel-reinforced concrete structures consists of
two stages.

The first stage begins with determining the load-bearing capacity at a normal temperature
of 20 °C, i.e. using Eurocode 2 EN 1992-1-1:2010 or DBN V.2.6-98:2009. These standards
propose using equations to describe the relationship between oc i & for short-term axial
loading. Equation (7), which is used in Eurocode 2 EN 1992-1-1:2010
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o, __kn-n’

C

foo 1+(k-2)7’

()

cm

where n=¢ /¢,— ratio of deformations in compressed concrete; ¢ , —deformations at

1,05E_, |5c1|

maximum stresses, according to the table k == — coefficient according to DBN

V.2.6-98:2009; E_, —modulus of elasticity, according to Table 3.1; f, — maximum stresses,
according to the table 3.1.

Equation (7) and equation (8) in the form of a fifth-degree polynomial are based on the
results of numerous experimental studies conducted by the Scientific Research Institute of
Building Structures, the statistical processing of which made it possible to propose a more
complete regulatory framework.

5
o, = f(ck),(cd)zk=lak77k- (8)
Both formulas have defined limits of use

0<é&,|<| g, )

where ¢, —nominal limit deformations of concrete.

Work [7] shows that the upward branches of the graphs according to DBN and EN 1992—
1-1 practically coincide. Both normative documents provide concrete classes, values of
relative concrete compression deformation &, at maximum stresses f_, , nominal concrete

cm!?
deformation limits ¢, (values of relative concrete compression deformation limits) and the
average value of the initial concrete elastic modulus E,,, (GPa). The data given in Tables 3.1
and 3.2 are sufficient for calculating reinforced concrete structures at a temperature of 20 °C.
In this case, the concrete strength classes, concrete compression deformation £, at maximum
stresses f__, nominal concrete deformation limits ¢_,, average value of the initial modulus

cul?

of elasticity of concrete E_, average value of the initial modulus of elasticity of concrete.
The stress-strain relationship takes the form

cm!?

k _ 2
O¢p-20 = fcm,9:20 1_'_(7{(—_772)77: (10)

where:
. FE,9.90= €, +0,002L; Koz =1,05 E.no-20
=105-31000-0,0021+30=2,2785 Mlla;
Oemo-z0 = 30-(2278, 5-¢,/0,0021- (gc =0, 0021)2 ) =1+ (2, 2785— 2) / (gc =0, 0021).

Cl

€e1,6=20 ‘ +f o0 =

When calculating structures under high-temperature influences, it is necessary to take
into account the temperature regime of the fire and its duration. The load-bearing capacity and
deformability of building structures exposed to fire are influenced by the physical and
mechanical properties of the construction material, which change depending on the heating
temperature. In particular, these properties are determined by the strength limit and elastic
modulus of the material from which the structures are made. The dependence of the change in
strength characteristics was obtained using the least squares method for prismatic strength and
has the following mathematical expression [8, 9].

The formulas obtained using the least squares method for the calculated strength value
are 5th degree polynomials [10]:
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— for expanded clay concrete in the range from 60 °C to 700 °C;

f
a,=—22-451910*6° —-1,29910 ®#* +1,65210 % ° — 2,55510° 0 +

Tty (11)
+1,0201036 + 0, 98,
— for heavy concrete in the range from 60 °C to 700 °C;
f
a, =22 =4,30310%6° —7,55510 6" +4,86310 % 6° - 3,60810°-0° + (12)

cd

+2,32010%0+0,6184.

To assess the impact of high temperatures, the relationships given in design codes, in
particular in standard EN 1992-1-2, which are generally accepted in modern structural
design, are widely used in engineering practice. However, the use of code-specified values
alone does not always provide the required level of accuracy, since the actual behaviour of
materials may differ significantly from the standardised relationships due to various
technological and structural factors. In this regard, it becomes particularly important to
compare the theoretical curves obtained according to the standard with the results of full-scale
tests, which makes it possible to identify general patterns of strength reduction, clarify the
nature of changes in material properties, and objectively evaluate the adequacy of the adopted
calculations.

Figure 3 presents comparative plots of the relative strength of lightweight expanded clay
concrete and heavy concrete according to EN 1992-1-2 and the results of experimental
studies.

Table 1 summarises the numerical values of strength changes for the specified materials
in the range from 20 °C to 1200 °C, which makes it possible not only to perform a
guantitative analysis of the differences between the calculated and experimental results but
also to observe the discrepancies at different stages of temperature exposure.

fed,B/fed , %

0 200 400 600 800 1000 1200 1400
°C

Fig. 3. Comparative graph showing the decrease in concrete strength with increasing temperature:
1) expanded clay concrete according to EN 1992-1-2; 2) expanded clay concrete according to the results
of field tests; 3) heavy concrete according to EN 1992-1-2; 4) heavy concrete according to the results of field
tests.
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Table 1
Comparative table showing the decrease in concrete strength with increasing temperature
f
E § cd
e Expanded clay concrete (silicate) | Difference Heavy concrete Difference
£ § (carbonate)
° EN 1992-1-2 Testing EN 1992-1-2 | Testing
20 1,0 1,0 0,0 1,0 0,66 -0,34
100 1,0 1,06 0,06 1,0 0,81 -0,19
200 0,95 1,08 0,13 0,97 0,94 0,03
300 0,85 1,06 0,21 0,91 0,99 -0,08
400 0,75 0,98 0,22 0,85 0,97 -0,12
500 0,60 0,85 0,25 0,74 0,88 -0,14
600 0,45 0,67 0,22 0,60 0,71 -0,11
700 0,30 0,44 0,14 0,43 0,47 0,04
800 0,15 - - 0,27 - -
900 0,08 - - 0,15 - -
1000 0,04 - - 0,06 - -
1100 0,01 - - 0,02 - -
1200 0,00 - - 0,00 - -
140
120
¢ 100
T 80
=
T 60
=
LS}
Y~ 40
20
0
0 100 200 300 400 500 600 700 800
°C

Fig. 4. The effect of high temperatures on the calculated compressive strength of concrete: 1) ordinary
heavy concrete; 2) expanded clay concrete; 3) high-strength concrete; 4) expanded clay-perlite concrete

Table 2

Decrease in concrete compressive strength with increasing temperature

temperature Regular heavy Expanded clay | High-strength Expanded clay
(°C) concrete concrete concrete aggregate concrete

1 2 3 4 5

20 100 100 100 100

100 70 105 82 110

200 92 110 83 120

300 95 100 81 110

1 2 3 4 5

400 92 85 70 85

500 82 70 50 68

600 66 50 33 56

700 50 30 20 45
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Fig. 5. The effect of high temperatures on the calculated tensile strength of concrete:
1) heavy concrete; 2) high-strength concrete; 3) expanded clay-perlite concrete

Table 3
Decrease in concrete tensile strength with increasing temperature

)| gty | PO | penimene

20 100 100 100
100 50 83 78

200 63 79 62

300 62 79 59

400 59 69 57

500 55 42 51

600 47 22 51

700 40 12 30

An increase in the heating temperature of the material contributes to a decrease in its
initial elastic modulus [11]. A general view of the change in the elastic modulus of concrete
with temperature is shown in Figure 6.

1.2
1

=
LS
06
DD
= 2
(%]
=04
0,2
0
0 200 400 600 800 1000

°C

Fig. 6. Dependency graphs " f, ,/ f, —0" for expanded clay concrete: 1) normative; 2) experimental
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Table 4
The significance of the dependence of the initial modulus

of elasticity f ,/ f,, —@ for expanded clay
concrete at elevated temperatures

temperature, °C Normative Experimental
20 1 1
100 1,06 1,06
200 11 1,08
300 1,07 1,06
400 1 0,97
500 0,86 0,85
600 0,68 0,68
700 04 0,44
800 0,2 0,18
1,2
2
1
~ 0,8
L]
hay
< 0,6
=
L]
- 0,4 1
0,2
0
0 200 400 600

°C

Fig. 7. Graphs showing the dependence of the initial modulus of elasticity f, ,/ f,, —& on temperature
for heavy concrete: 1) normative; 2) experimental

Table 5
The significance of the dependence of the initial modulus

of elasticity f,/ f,—6 for heavy concrete

temperature, °C Normative Experimental

20 1 1

80 0,64 0,75
100 0,79 0,8
120 0,85 0,84
200 0,98 0,94
300 1,04 0,98
400 0,99 0,96
500 0,77 0,87
600 0,64 0,7
700 0,48 0,49
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The dependence of the initial modulus of elasticity of concrete on temperature can be
obtained by analogy with the dependencies for concrete strength using the least squares
method.

The formulas obtained using the least squares method for the initial modulus of elasticity
are as follows [8, 9]:

— for expanded clay concrete in the range from 120 °C to 800 °C

E., 0 ’
=—"% —0,00367| — —16,47 | +0,022, 12
ﬂ& Ecm (100 ] ( )
— for heavy concrete in the range from 120 °C to 800 °C
E.., 0 0
=—mf 1 2-—_10,14+0,0012— |. 13
P = 100[ 100} &)

The graphs of the dependence of the initial modulus of elasticity of concrete
E.no/ E, —@ for expanded clay concrete and heavy concrete, which are constructed
according to formulas (12) and (13), are shown in Figures 9 and 10, respectively. Curves 1 are

constructed based on data from [7]; theoretical curves 2 are constructed according to formula
(12) for expanded clay concrete and formula (13) for heavy concrete.

1,2
1 ].

0,8
0,6
0,4

0,2

Ecm,0/Ecm — 6

0
0 200 400 600 800 1000

°C

Fig. 8. Graphs showing the dependence of the initial modulus of elasticity Ecm, 6/Ecm - on temperature
for expanded clay concrete: 1) according to data from A.F. Milovanov; 2) according to formula 12
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Fig. 9. Graphs showing the dependence of the initial modulus of elasticity Ecm, 6/Ecm- on temperature
for heavy concrete: 1) according to data from A.F. Milovanov; 2) according to formula 13
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The reduction in the calculated resistance of reinforcing steel can be taken into account
by introducing a coefficient of reduction in the characteristic value of resistance depending on
temperature k, ,, the function for calculating which can be established in the first
approximation based on the experimental data obtained [9].

For different classes of reinforcement, using the least squares method, the following
analytical dependencies have been established, comparative graphs of which are shown in

Figure 10:
— for reinforcement of class A240C:
ki, =1-0,001340+1,6-107 &7, (14)
— for reinforcement of class A400C:
k(‘;“g‘; =0,91-0,00046—-1,06-10°¢?, (15)

— for reinforcement of class A500C:

kyo° =0,942—-0,000466—-1,15-10°67, (16)
— for reinforcement of class A600C:

ky5° =0,951—-0,000250—-1,15-10°6". 17

In addition, an equation was obtained for determining the average value of the resistance
reduction coefficient:

k'™ =1-0,00060—1,0-10° 6. (18)

Fig. 10. Comparative graph of values of coefficients of reduction in the calculated resistance of
reinforcement depending on temperature ky,0: — according to experimental data [3]: 1) reinforcement class
A240C; 2) reinforcement class A400C; 3) reinforcement class A500C; 4) class A600C reinforcement; 5) average
value of the reduction coefficient; — according to EN 1992-1-1: 6) hot-rolled non-prestressed reinforcement; 7)
cold-formed non-prestressed reinforcement; 8) class A pre-stressed reinforcement; 9) class B pre-stressed
reinforcement

The strength and deformation properties of reinforcement at elevated temperatures are
determined according to the stress-strain diagram EN 1992-1-2.
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The thermal deformation of concrete &, (¢) is defined as the relative change in the length

of a concrete sample when heated to a temperature ¢, compared to its length at a temperature
of 20°C

;. (0)=10) (19)

IO

where: 1(0) — length of the sample at temperature &; |, — length of the sample at 20 °C.
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Fig. 11. Graph showing the dependence of thermal expansion on temperature: 1) silicate aggregate; 2)
carbonate aggregate

The dynamic behaviour of reinforced concrete structures under the influence of high
temperatures and explosive loads can be described by the dynamic equilibrium equation in the
finite element method

MU(t) + CU + K (T)U = I:explosion (t) + I:therm (T), (20)

where u— vector of nodal displacements, m; (i — vector of accelerations, m/s?, i — vector of
velocities, m/s; M —mass matrix, kg; C— damping matrix (Rayleigh model), N-s/m;
K(T) —stiffness matrix taking into account temperature, N/m; F,, ., (t) — impulse load from
explosion, H; F,.,. (T)—Vvector of thermal forces from thermal expansion, N.

Temperature-dependent stiffness matrix.
The temperature-dependent stiffness matrix of an element is determined by integration
over its volume, K, (T)

K,(T)=JQ,B(T)D, . (T)BQ, (21)

where D, (T)—effective elasticity matrix of reinforced concrete at the corresponding
temperature; B — deformation geometry matrix; €2, —integration area

The effective elasticity matrix is defined as the sum of the contributions of concrete and
reinforcement, D, (T).

o compression stretch compression
Ds/ [ (T ) _Vconcrete Dconcrete (T) +Vreinforcement Dreinforcement (T) +Vreinforcement Dreinforcement (T)’ (22)
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\Y

reinf orcement

(T)—concrete matrix under compression at the corresponding temperature;

where: V

concrete ?

modulus of elasticity of concrete depending on temperature;

D compression
concrete

Dstretch
reinforcement

(T) —reinforcement matrix under tension at the corresponding temperature;

Deomeression (T') — reinforcement matrix under compression at the corresponding temperature.
Concrete stiffness matrix.
Concrete works effectively in compression, so its matrix is determined only for the

region where ¢ <0 (i.e., negative deformations) and has the form

0
1 :uconcrete O
Econcrete (T ) 1 O 0
DI (1) = 1= i | I @
0 O concrete
L 2 ] 0
0 ate>0

where E_...(T)— modulus of elasticity of concrete depending on temperature; ;. e —

Poisson's ratio for concrete.

Reinforcement stiffness matrix.

Reinforcement in reinforced concrete structures works effectively in both tension and
compression. To describe its contribution to stiffness characteristics, it is advisable to
distinguish between two cases:

— tensile deformations & > 0;

— compressive deformations ¢ <0.
In the finite element method, these cases are taken into account by introducing separate
reinforcement stiffness matrices: tensile matrices and compressive matrices:

0
1 , 0
Ereinf. (T ) 'uf;-lnf l 0 0
Dite” (1) =1 1=t | " ate>0 24)
1_lureinf.
0 0 0
L 2 te<D
0 ate<
1 0 0
Ereinf. (T ) ’ur;-i”f- O O
D™ (T) =4 1=t | ate<0 @5)
1_:Ureinf.
0 0 0
B 2 - ate>0
0, &2
where E_ (T)— modulus of reinforcement resistance depending on temperature;
Heonerere — POISSON'S ratio for reinforcement; £— deformation (the sign determines the mode:

tension or compression).

Damping matrix.

The damping matrix C(T), is defined as a linear combination of mass and stiffness
matrices according to Rayleigh's model
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C(M)=ayM+ BK(T), (26)

where «,, — mass damping coefficient; g, — stiffness damping coefficient; M — mass
matrix, kg; K(T)— temperature-dependent stiffness matrix of reinforced concrete.

Mass matrix.
The volumetric mass matrix M , which is used in dynamic finite element method
problems, has the general form

M =]Qp N'NdQ, (27)

where p — material density (constant for each element type), kg/m?; Q— element volume;
N — matrix of shape functions (interpolation functions).

Impulse load from an explosion.

In the finite element method, an impulse load F, ., (t), is modelled as a temporary
concentrated force or pressure applied to the surface of a structure (nodes) for a very short

time.
The general expression for the force from an explosion is as follows

(t) = P(1)S, (28)

I:explosion

where: P(t)— time-varying explosion pressure., Pa; S — area vector subjected to pressure, m?,

The explosion pressure function P(t) can be described using simplified and more realistic
models. A triangular impulse is used for approximate calculations, while an exponential
model is used for more accurate reproduction of the time variation of the load.

The triangular impulse (the simplest option) looks as follows:

P(t) =P, (1—%} o<t<t,, (29)
d
where P, — maximum explosion pressure, Pa; t,t, — duration of shock wave action,

attenuation, ms.
A more realistic representation of the temporal change in pressure is provided by the
exponential model

P()=Po €, (30)

where 7 — explosion pressure decay time, ms.

Temperature deformations.

Under high temperatures that occur during a fire, structural materials undergo thermal
expansion, which is accompanied by an increase in internal deformations and stresses. This
additional load is reflected in the form of a vector of thermal forces F, (T).

In the finite element method, it is formed by integrating temperature deformations within
the volume of the element:

Ftemp. (r) = '[QconcreteBT Dconcrete (T) gtz(r)ﬁs.retedg + I Qreinf . BT Dreinf . (T )greiﬂf d 2 (31)

temp.

where: B" — matrix of geometric relationships; D, .. (T), Do (T) — stiffness matrices for
Q

and reinforcement, respectively; 2, " _ temperature deformation of concrete and

emp. temp.
reinforcement.
The temperature deformation of the material & determined by the dependence

temp.

concrete and reinforcement at respective temperatures; Q areas of concrete

concrete ! = “reinfor.
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8concrete — am(T)AT

temp.

, (32)

1
1
1
0
0
0

where ¢, (T)— coefficient of linear thermal expansion of material, m; AT -T-T,—

temperature change, K.

A comparison of the code-specified relationships given in EN 1992-1-2 with the results
of full-scale experimental studies revealed significant discrepancies, particularly in the
reduction of the strength of heavy concrete and lightweight expanded clay aggregate concrete,
as well as in the variation of the initial modulus of elasticity with temperature. This highlights
the need to refine analytical models to ensure that calculations more accurately reflect actual
operating conditions.

The analytical relationships obtained for the strength, modulus of elasticity, and thermal
deformation of concrete, as well as reduction factors for reinforcement strength at elevated
temperatures, provide a comprehensive basis for predicting the behaviour of structures in fire
conditions.

The use of the proposed refined mathematical relationships improves the accuracy of
calculations when assessing the robustness of monolithic reinforced concrete buildings
against progressive collapse caused by fire and deflagration explosions.

The mathematical model, implemented within the finite element method framework,
accounts for temperature effects, impulsive explosive loads, and the behaviour of concrete
and reinforcement at elevated temperatures. This enables an adequate representation of the
dynamic behaviour of reinforced concrete structures under fire and explosion conditions. At
the same time, the model remains simplified and does not account for several important
physical factors, in particular crack formation in concrete, creep of materials at high
temperatures, and the spatial effects of blast wave propagation.

5 DISCUSSION OF THE RESULTS OF THE STUDY

The results of the study demonstrate that the improved mathematical model offers
significant advancements in predicting the fire resistance of reinforced concrete structures. By
incorporating transient heat transfer, thermal expansion, and the effects of impulsive
explosive loads, the model ensures a more realistic assessment of the dynamic behaviour of
structures compared to conventional approaches. This holistic integration of physical
processes contributes to the reliability of performance predictions under extreme conditions.

A key finding is the discrepancy identified between experimental data and the simplified
code-specified curves for both concrete and reinforcement at elevated temperatures. Such
inconsistencies highlight the limitations of existing standards and confirm the necessity of
revising current design practices. The developed polynomial relationships and analytical
expressions for the reduction factors of strength and elasticity provide more precise tools for
engineers, allowing for improved prediction accuracy when assessing structural performance
under fire exposure.

The successful implementation of the refined thermomechanical model within the finite
element method framework further emphasizes its practical relevance. The model not only
enhances the accuracy of evaluating load-bearing capacity and deformability but also creates
opportunities for its application in methodologies aimed at assessing structural robustness and
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preventing progressive collapse. In particular, its capacity to capture the combined effects of
fire and explosion represents a novel contribution to safety analysis, broadening the scope of
available engineering tools.

Overall, the findings underline the importance of moving towards analytical models that
better reflect real material behaviour under high-temperature and dynamic loading scenarios.
The study thus provides both theoretical contributions to the development of advanced models
and practical implications for improving the fire and explosion resilience of monolithic
reinforced concrete structures.

6 CONCLUSIONS

1. The components of an improved mathematical model for the fire resistance of
reinforced concrete structures have been defined. The model takes into account transient heat
transfer, thermal expansion of materials, and the effect of impulsive explosive loads, which
enables an adequate reproduction of the dynamic behaviour of structures. A comparison of the
characteristics of concrete and reinforcement at elevated temperatures with code-specified
curves and the results of full-scale tests confirmed the existence of significant discrepancies
that reduce the accuracy of calculations.

2. Based on the analysis of experimental data, polynomial relationships were developed
to describe the reduction in strength and initial modulus of elasticity of heavy concrete and
lightweight expanded clay aggregate concrete, and analytical expressions were obtained for
reduction factors for the strength of reinforcement of different grades at elevated
temperatures. This allows simplified code-specified curves to be replaced with more accurate
analytical relationships, thereby improving the accuracy of predicting the behaviour of
materials when exposed to high fire temperatures.

An improved thermomechanical model has been implemented within the finite element
method framework for assessing the load-bearing capacity and deformability of structures
under the combined effects of fire and explosion. The model can be used as a tool in
methodologies for evaluating the robustness of monolithic reinforced concrete buildings
against progressive collapse caused by fire and explosion.
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YK 536.75+681.324+539.3+621.3

BIOMEXAHIYHUH IH)KUHIPUHT Y CHOPTI BUIIIUX
NTOCATHEHB: IHOOPMAIIMHO-EHTPOIIIMHWUIA IMIAXIJ B
AHAJII3I ®I3I0JIOTTYHUX CUTHAJIIB 3ACOBAMU
MEXATPOHIKH

Iamua O. M.Y, Xosaogosa O. C.2, Yosniok IO. B.Y, Ocranymenko O. I},

Yepeaniuenxo I1. I1.1

'Kuiscoxuii Hayionanonuii ynisepcumem 6yoienuymea i apximexmypu

2IHcmumym COYianbHUX mexHono2iu, BiOkpumuil MIdCHApOOHUL YHieepcumem pOo36UMK) JHOOUHU
«Vxpainay

AHoTanisi. bimbmricte (i31070TIYHUX CHTHAMIB, AKI (IKCYIOTh 1 aHANMI3YIOTh y OlOMEXaHITHOMY
IHKUHIPUHTY CHOPTY BHUIIMX JOCSTHEHb MPH MOHITOPHHTY (Di3MYHOTO, (YHKIIOHAIBHOTO,
MICUXOJIOTIYHOTO CTaHy CIIOPTCMEHIB 3aco0aMHM MEXaTPOHHUX CHCTEM YIPAaBIIHHSI, MiCTATh
JIETEPMIHOBaHY, CTOXaCTHYHY Ta XaOTHYHY CKJIaMOBi. TpaguiliiiHi CIeKTpaIbHO-KOPEIAIIHHI METOIH
aHaTizy (i310OTIYHUX CUTHAIIB JO3BOJSIFOTH OI[IHUTU TUNBKH JIETEPMIHOBAHI Ta CTOXACTUYHI
mnporuecH. Y poOoTi 3po0JieHHI aKIEHT Ha BUKOPHCTAaHHI y MOAIOHMX BHUAAX aHAIi3y MaTeMaTHUYHOIO
amapary OIlHKHM HEIIHIHHOI JTUHAMIKHM (i3i0J0TiYHMX CHTHATIB, 3aCHOBAaHOMY Ha iH(pOpMaIiitHo-
SHTPOITIHHOMY IMiIXO0Mi. BukopucTaHHS caMe TEpPMOIWHAMIYHUX aHaJOTIH y iH(GOpMaIiiHO-
CHEPreTHYHIN Teopii BUMIPIOBaHb, KUIBKICHOI OI[IHKM CHTPOIi YacOBUX PSIIB SK MipH
HEBM3HAYCHOCTI, SK MIpH XaoCy Yy IOWHAMIYHIA CHCTEeMI [03BOJISE BCTAaHOBHUTH OCHOBHI
XapaKTEePUCTHKH (Di310JIOTIYHUX CHTHATIB TIPO CTAaH CIIOPTCMEHIB BHCOKOI KBaumidikarii, Horo
EBOJIIOIIIO0 Y Yaci, a TaKOX HaJae TpeHepaM MOKIMBICTH mependadyBatd (3 BUCOKOK MMOBIPHICTIO)
3MIiHH (DI3MYHKX, (YHKI[IOHAJIBHHUX Ta ICHXOJIOIIYHHMX KOMIIOHEHTIB BKa3aHOrO CTaHy (OCOOJHBO Y
Iepio mepea3MaraibHoi MiATOTOBKY Ta i Yac BUCTYINB Ha BiAMOBIMATBLHUX 3MaraHHSX BHCOKOTO
piBHS). Y  JOCHipKEHHAX TOAIOHOrO THIY HAWMOIIMPEHIIIMMH BHIAMH  CHTpPOMIH,  sIKi
PO3paxoBYIOThCS JUIsl (i310JIOTIUHUX CUTHANIB, € T.3. €HTPOMIl BKIAJCHHS/BHECKY Ta CIIEKTpaJbHI
entpomnii. CriektpasibHi eHrpomii (Sp E) OLiHIOIOTH 3MiHH aMILTITYAHOI CKIAJ0BOI €HEPreTUYHOTO
CreKTpy (Di310JIOTIYHOTO CHUTHANy, BUKOPHUCTOBYIOUYHM aMILIITYyIHI KOMITOHEHTH Ha KOXHIH 9acTOTi
CHEKTPY MOTY>KHOCTI SIK HMOBIPHOCTI y po3paxyHKax eHTpormii. EHTponii BHECKy/BKIIa/IcHHS HAIal0Th
iHdopMarito po Te, K (Pi3ioNOTiYHUN CUTHAN KOJIHMBAETHCSA 3 TUIMHOM 4Yacy, MOPiBHIOIOYH YacoBi
psaaM 3 caMUMH cOOOK uepe3 IEBHI IHTEpPBAIM YacoBOI 3aTPUMKH, IO W J03BOJISIE BHBYATU
KOHKpETHHI (Di310JIOTIUHUN CUTHAJ 3 MO3UIIIH Teopil HEeNIHIHHOT TuHAMIKHK (JIeTepMIHOBAHOI'O XaoCy).
Maremarrune 3abe3nedenHs nporpam [IEOM, koTpi BXOJSATh 10 KOMIT IOTEPHOI MIICHCTEMHU CUCTEMHU
KOHTPOJIIO, KEepyBaHHS OOUYMCIIEHHSMH 3acOo0aMH MEXaTpOHIKH, BiJHECEHI HaWTOIIUPEHIII BHIU
EHTPOITIi BHECKY, IO PO3PAXOBYIOTHCA IS KOHKPETHOrO (Di3i0JIOTIYHOTO CHTHATY (CHTpOIis
KonmoropoBa-CrHasi, anpoKCHMOBaHa €HTpOMisA, BHOIpKOBa eHTpoIiss Ta OaraTomacuTaOHa
EHTPOTTIs).

VY poboti moBemeHo, MmO came I1H(GOPMAIIMHO-CHTPOIIWHAN MiaXix Hamae OioMeXaHIYHOMY
IHKAHIPUHTY IIUPOKHH CIEKTP I1HCTPYMEHTIB 3a/iisi BHBYCHHS JWHAMIUHMX (HENiHIHHHX 3a
XapaKkTepoM CBO€I MOBE/IIHKN) CHCTEM OpPTaHi3My CIIOPTCMEHIB BHCOKOI KBalTi(iKallii, oJJHaK BUMarae
TO/IAJIBIIIOTO BJIOCKOHAJICHHS Ta YTOYHEHHsI (Pi310JIOTIYHOT iHTepITpeTallii OTpUMYBaHUX Pe3yJIbTATiB, a
BJIaCHE MpoOJieMa MOJIENNIOBAaHHS iH(OPMAIIIHHUX MPOIIECiB CTa€ BCE OUIBII aKTYaILHOIO y 3B SI3KY 3
YCKJIQJIHEHHSIM Ta PO3BHTKOM Cy4YacHHUX BUMIPIOBAJIBHUX CcHUCTeM. JlJisi IIUPOKOTO  KIacy
iH(pOpMaLifHO-BUMIPIOBAJIbHUX CUCTEM, L0 MICTATh LMGPOBI MiCHCTEMH Iepenadi, oOpoOKH Ta
30epiranHs iH(oOpMamii, KiacwuHU iHGQOPMAIIHHO-CHEPTETUYHHUIA TMiAXiJ BaXXKO 3aCTOCYBATH,
OCKUIBKM JIOCHIDKEHHS TAaKUM CIIOCOOOM IIOB’sA3aHE 3 HAATO BEJIMKOI KIUJIBKICTIO OOYMCIIEHH 1
HEOOXIZHICTIO AETANFHOIO aHajli3y CTaTHCTHUYHHX JaHUX HUIIXOM BHKOPUCTAHHS CIIELiaJIbHOTO
MPOTPaMHOr0 3a0e3MeYeHHs.

Y poboTi 3anporoHOBaHE BUPINICHHS MPOOJIIEMH MOJICNIOBaHHs iH(OpMAaINiHHUX TMPOLECIB Y
iH(pOpMAaIiTHO-BUMIPIOBANIbHUX crcTeMax ((i3ioNoriYHMX CHUTHATiB) HA OCHOBI TEPMOJIWHAMIYHOT
aHaJorii, a He TUIPKM Ha OCHOBI HETE€HTPOIHOTrO nmpuHIMIy bpisunoeHa. IcHye rimboka aHaoris

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
https://doi.org/10.31650/2618-0650-2025-7-2-86-100



https://doi.org/10.31650/2618-0650-2025-7-2-86-

MexaHika Ta MaTeMaTW4Hi MeTomu / YA VI11/2/2025
Mechanics and mathematical methods % Crop. 86-100 / Page 86-100

MDK iHQOpMAIIHHUMHA Ta CHEPreTUYHHMH IIPOIECaMH. 30KpeMa, IIOHATTS TIOTOKY OJIHAKOBO
BiAMOBiae sIK iHGOPMAMIMHOMY ITOTOKY, TaK 1 IOTOKY TEIIOBOi eHeprii. ICHyrounii 3B’S30K MiX
TEPMOIMHAMIYHUMHU # iHGOPMALiHHUMH XapaKTEpPUCTHKaMHU JAJsl BUPIIIEHHS 3aaad iH(opMamiiHOi
Teopii BUMipiOBaHb (hi3i0JNIOTIYHUX CUTHAJIB Ha OCHOBI TEPMOJMHAMIYHOI aHAJIOTIi y JaHiii poOoTi
BHKOpHUCTaHUU Brepire. [loOymoBanuii iHGOpPMAMIMHNNA aHAIOT PIBHSHHS TEIUIOBOTO OajaHCy IS
BUMIPIOBAJIbHOI CUCTeMH  (Di3IOJIOTIYHMX CHTHAJIIB 3 KJIACHYHOK  0a30BOI0  CTPYKTYPORO
(cipssMmoBaHOCTI Tiepenayi iHhopMarlrii) 103BOJsS€ BUKOPUCTOBYBATH CaMe TECPMOIUHAMIUHY aHAJIOTIHO
IUTSL TOCTTIDKCHHS BKa3aHWX BHIIE CHTHAIB Ta MPOIIECiB ¥ iHPOpMAaIifHO-BUMIPIOBATLHUX CUCTEMAaX.
Takuit miaxig mependadae OTpUMaHHS BaXKIMBUX PE3YNIBTATIB Y AOCTIDKCHHI KPUTHUYHUX PEKUMIB
PO3IOBCIOIKEHHS 1H(POpMaIli y BeIUKHUX IHGOpMAIIfHUX CHUCTeMax 13 3aBaJaMM, MPU3HAUCHUX IS
O0loMeXaHIYHOTO IHKWHIPHUHTY, NUIIXOM aHAJOTii TaKWX CHCTEM 3 HENHIMHAMH JUCHUIATHBHUMHU
CepeOBHINAMH Ta TSI HU3KX 1HIIUX HANPSMKIB, [0 BHKOPUCTOBYIOTBCS Y PI3HOMaHITHUX HAYKOBUX
JOCTIDKEHHSIX CIIOPTY BUIIUX JTOCSTHEHb, JI€ 3aIiSTHAHN IITYYHUHN 1HTEICKT.

KarouoBi cnoBa: iHpopMamiiftHO-eHTpONIHHMA Tiaxia, ¢iziosoriyHi curHamu, OioMexaHIYHUN
IHKAHIPUHT, CIIOPT BUIITUX TOCATHEHD, HEJIiHIHA TMHAMIKA, IeTEpMIHOBAHUN Xa0C, 9acOBa CBOJIOITIS,
MIPOTHO3YBaHHS, iH(OpPMAaIifHO-BUMIpIOBAIbHA CHCTEMa, TEPMOJUHAMIYHA aHAJOTis, HeNiHiiHe
JUCHUITATUBHE CEPEOBHUIIIC.

BIOMECHANICAL ENGINEERING IN HIGH-PERFORMANCE
SPORTS: THE INFORMATION-ENTROPY APPROACH TO THE
ANALYSIS OF PHYSIOLOGICAL SIGNALS THROUGH
MECHATRONIC SYSTEMS

O. Shamych.!, O. Kholodova?, Yu. Chovnyuk?, O. Ostapushchenko?,

P. Cherednichenko!
Kyiv National University of Construction and Architecture
%Institute of Social Technologies, Open International University of Human Development “Ukraine”

Abstract Most physiological signals that are monitored and analyzed in the biomechanical
engineering of high-performance sports—particularly when assessing the physical, functional, and
psychological states of athletes via mechatronic control systems often exhibit a complex mix of
deterministic, stochastic, and chaotic components. Conventional spectral-correlation methods can
capture only the deterministic and stochastic aspects, leaving the nonlinear and chaotic dynamics
largely unexplored.

This paper advocates for the use of mathematical tools grounded in the information-entropy
framework to evaluate these nonlinear dynamics. By drawing analogies from thermodynamics within
the realms of information and energy measurement theory, it becomes possible to quantify entropy in
physiological time series. Entropy, viewed as a measure of uncertainty or systemic chaos, offers
insights into the evolving states of elite athletes. Such analysis enhances the ability of coaches and
sports scientists to forecast (with high probability) variations in an athlete’s physical, functional, and
psychological condition—particularly in the critical periods leading up to and during major
competitions.

Among the most commonly applied entropy metrics in these studies are spectral entropy and
embedding (or contribution) entropy. Spectral entropy (SpE) quantifies fluctuations in the amplitude
components of the energy spectrum, treating power spectrum amplitudes at each frequency as
probabilistic variables in entropy calculations. Embedding entropy, on the other hand, captures
temporal signal variability by comparing time series against themselves at various lag intervals this
approach rooted in the theory of deterministic chaos and nonlinear dynamics.

The software that supports the computer subsystems of these mechatronic control systems often
incorporates widely used entropy measures such as Kolmogorov-Sinai entropy, approximate entropy,
sample entropy, and multiscale entropy. The results affirm that the information-entropy approach
significantly expands the analytical capabilities available to biomechanical engineers studying
complex, dynamic physiological systems in elite athletes. However, further refinement is necessary

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
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particularly in the physiological interpretation of entropy-based metrics. As modern measurement
systems grow more sophisticated, modeling information processes within them becomes increasingly
relevant and complex.

Applying classical information and energy approaches to digital information-measuring systems-
which include subsystems for data transmission, processing, and storage is often computationally
prohibitive. To address this problem, the paper introduces the novel solution: to model information
processes based on thermodynamic analogies, rather than relying solely on the non-entropic Brillouin
principle.

There is a profound analogy between informational and thermodynamic processes. For instance,
the concept of “flow” applies equally to the flow of information and thermal energy. This study is
among the first to explore the connection between thermodynamic and informational characteristics in
the context of measuring physiological signals. The development of an information-theoretic analogue
to the heat balance equation that is applied to a classical measurement system-enables the study of
physiological signal behavior via thermodynamic principles.

This thermodynamic perspective reveals critical insights into how information propagates
through large, interference-prone systems that is used in biomechanical engineering. These systems
bear striking resemblance to nonlinear dissipative media, a comparison that opens new avenues for
research not only in high-performance sports science but also in interdisciplinary fields where artificial
intelligence is integrated into human physiological monitoring.

Keywords: information-entropy approach, physiological signals, biomechanical engineering,
high-performance sports, nonlinear dynamics, deterministic chaos, temporal evolution, forecasting,
information-measuring systems, thermodynamic analogy, nonlinear dissipative systems.
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1 BCTYII

Bimomo, mo GinbimicTe (i3i0N0TTYHUX CUTHAIIB MICTATH JETEPMiIHOBAaHY, CTOXaCTHYHY
Ta XaOTUYHI CKJIAJOBi. Y TOH XK€ Yac TpaJMIliiiHI CIEKTPAIbHO-KOPEAIIMHI METOAN aHAJI3y
TAKUX CHUTHAIIB JO3BOJSIOTH OI[IHUTH JIUIIE JETEPMIHOBAHI Ta CTOXACTUYHI TporecH. Y
3B’SI3KY 3 IIUM B OCTaHHE ACCATHIIITTS AOCTIHKEHHS (i310JIOTTYHMX CUTHATIB, K1 HAAXOAATH 3
Oprafi3aMy CIIOPTCMEHIB BHCOKOi KBamiikarii (30kpema, y CHOpPTI BHIIUX JIOCSITHEHB) BCE
YacTile 3BEPTAIOTHCA JI0 MATEMATHYHOIO amapary OIlIHKKM HEJIHIMHOI JIWHAMIKH,
BUKOPUCTOBYIOUHM TIPU I[IbOMY CHTPOITIO 3aJUIsl OLIHKH JAWHAMIYHUX CHCTEM y HOpMi Ta
natostorii [1-3].

VYV mepimry depry eHTPOINHHHUEI Mijaxij peami3yioTh a0 aHanizy EEI-cursaiiB Mo3Ky
JIOAMHH, y HEHPOKOTHITHBHHX JOCHIKeHHAX [4], 30Kkpema, 3acobaMu CydacHHX
MEXaTPOHHHUX CHUCTEM YIPaBIiHHS (CEHCOPIB, MATYHKIB, PETYIATOPIB, KOHTPOJLIEPIB TOIIO),
SIK1 KOHTPOJIIOIOTH MOBEJIHKY, CTaH Ta YaCOBY €BOJIIOIII0 HEHPOAUHAMIYHUX CHUCTEM.

€IMHOTO BU3HAYCHHS TIOHATTS «CHTPOIIIS» HE ICHY€E, ajie HalvacTime ii po3risiialoTh sIK
Mipy HEBHU3HAYCHOCTI, MIpy XaoCy y JMHaAMI4HIN cucTteMu. ICHye HU3Ka PI3HHMX, BBEICHHX
HEII[OJaBHO, KUIBKICHUX OI[IHOK EHTPOIi YacoBUX psAiB. 3a3BuUYail I MiIXOIu
kinacudikyroTh (I yMOBHO pPO3AUISIOTH) HA JBI BEIUKI T'PYIHU: CHEKTPadbHI EHTPOIi Ta
SHTPOITIi BKJIQJCHHS/BHECKY. SIKmio crektpaibHi eHrpomii (SPE) omiHO0TE 3MiHH
aMILTITYJTHOI CKJIQJIOBOi C€HEPreTUYHOr0 CHeKTpy curHamny (dizionoriynoi mpupon),
BUKOPUCTOBYIOYHM IPU IIHOMY aMIUTITyJHI KOMIIOHCHTH Ha KOXHIH YacTOTi CHEKTPY
MOTY)KHOCTI SIK IMOBIPHOCTI y pPO3paxyHKax EHTpOIii, TOMI SK EHTPOMii BHECKY HAJal0Th
iH(pOopMaIli0 TIPO Te, K (i310JOTIYHAN CHTHAT KOJHMBAETHCSA 3 TUIMHOM Yacy, MOPiBHIOIOYU
IIPH I[bOMY YacOBI PSIIU 3 CAMHMH COOOI0 Yepe3 IEBHI iHTEpBaIl 4acoBOl 3aTpuMKH [3], 110 i
JI03BOJISIE BUBYATH KOHKpETHUHU (izionoriuyamii curHan (Hampuknan, EEI-curHanm mMo3ky) 3
MO3UIIIH Teopli HeNMHINHOI TMHAMIKH (30KpeMa, Teopii JeTepMIHOBAHOTO Xaocy). Y CydyacHHUX
JOCTIKEHHSX (Di310JIOTIYHUX CHTHATIB BCE YACTIINEC HANTOMIMPEHINTMMHU BHIAMHU €HTPOIIN
BHECKYy cTatoTh: 1) entpomis KommoropoBa-CuHast; 2) ampoKCHMOBaHa €HTpOIis; 3)
BHOipKOBa eHTporis; 4) bararomaciiTadHa EHTPOITis.

Koxna 13 3a3HaueHHUX BHINE EHTPOMi Mae CBOi MepeBard Ta HEIOTIKH MIOJ0
3aCTOCYBaHHS 1X y MPAKTHIll JOCITIIKEHB (1310JIOTTUYHUX CUTHATIB.

CrnektpansHa eHtpormist  (Spectral Entropy, SpE) po3paxoByeTbesi IS CIEKTPY
(1310JI0T1YHOTO CUTHAILY, OTPUMAHOT0 3 BUKOPUCTAHHSM JUCKPETHOTO NepeTBOpeHHs Dyp’e.
Hani 3a monomoroto ¢yHkuii [IleHHOHa BU3HA4YaeThcsi HAOIp BEMMYWH, SKI BiAMOBINAIOTH
OTPUMAHUM YaCTOTHUM KOMIIOHEHTaM CHEKTPY HOTYKHOCTI (i310JI0r14HOr0 curHairy. Uum
Oimpmioro € eHtpomis IlleHHoHa, TUM Jajdi JAUHAMIYHA CHCTEMa 3HAXOJUTHCS  BiJ
BIIOPSIIKOBAHOTO CTaHy, MPUYOMY MaKCHMajibHEe 3HadeHHs eHrporrii [IleHHoHa mocsraeThes
TOMAl, KOJMM BHUPOTIAHICT, TMOSBU BCIX YAaCTOTHUX KOMIIOHEHTIB CTa€ OJHAKOBOKIO 3a
BEJIMYMHOIO, TOOTO CTaHU AMHAMIYHOI CUCTEMHU (SK 1 XapakTep ii MOBEAIHKH Y KOHKPETHOMY
crani) craloTh piBHOBiporimHumMu [1]. SPE BHKOPHUCTOBYETHCS came ISl OILIHKH
(YHKIIIOHAIBHOTO CTaHy (CIOPTCMEHA), BUXOISYM 3 IPUITYILEHHS PO T€, 10, HAPUKIAA, Y
CTaHl CHOKIHHOTO HeCHmaHHS a0o0 CHY CHEKTp TOTYKHOCTI (Di3i0JOTIYHOTO CHUTHATY
3BYXKY€TbCS TOPIBHAHO 3 MOTO PO3KUIOM IiJ] Yyac aKTUBHOI'O HECMaHHS (aKTUBHOI PYXOBOi
TiSUTBbHOCTI). SIK HACHIIOK, MPUITYCKAKOTh, MO0 CTPYKTYpU 3 BUCOKUM PIBHEM AaKTHBHOCTI
XapaKTepu3yloThcsi W BUCOKUM piBHeM eHTponii IllenHona. Ha cborogHi crekrpanbHa
EHTPOIIisl 3HAXOIUTh HANOLIbIIE MOMIUPEHHSI Y aBTOMAaTU30BaHUX MOHITOpax (hi310JOTIYHIX
CUTHAQJIIB JUIsl BU3HAYCHHS PI3HUX CTalid 3acrOKO€HHs (200 3aHEMOKOEHHS) OpraHi3My
criopTcMeHa (0CoOIMBO Tepe]] MOYaTKOM 3MaraHb BHCOKOTO piBHs). Bka3aHi aBToMaTH30BaH1
MOHITOPH (P1310JIOTIYHUX CUTHAJIB BXOJATH /IO CKJIaQy CyYaCHHUX MEXaTPOHHHUX CHCTEM
YIPaBIiHHS, @ Y KOMIT FOTEepPHOMY OJIOII 3aKJIaal0Th BiAMOBIIHE MaTeMaTUYHE 3a0e3MeUCHHS
JUIs BUKOHaHHS cTaHaapTHUX nporpam [IEOM, mo BpaxoByrOTh KOHKPETHHUI BHUJ €HTPOMii

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
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3a011  JOCHIKEHHsT (MOHITOPUHTY) e€BOMIONII y daci mux curHadiB (i3 HAaCTYIHOIO,
MOKITUBOIO y PealIbHOMY Yaci, KOPEKIIIEI0 iX OCHOBHHUX MapaMeTpiB).

Cratuuny entpornito llleHHOHAa MOIIMPEHO HA TUHAMIYHY CHUCTEMY Yy BUIJISII €HTpOMii
Konmoroposa-Cunas (KSE), sika Bu3HauaeThes SIK MIBUAKICTH BTpaTH iHpOpMAaIliil PO CTaH
IUHAMIYHOT CHUCTEMH 3 TIUIMHOM Yacy Ta BBAXKAEThCS OJHICI0 3 HAWBAKIMBIIIMX
XapaKTEPUCTUK JICTCPMIHOBAHOTO Xaocy. 3HaueHHs KSE 3amae OILIHKY IIBHIKOCTI BTPATH
iHdopmartii, Mo MO3BOJIAE IHTEPIPETYBATH 1i K MIpy «IaM sTI» CUCTEMH, abo SK Mipy
IIBUJIKOCTI «3a0yBaHHS» IMOYaTKOBUX yMOB. UuMm MeHIuMHU € 3HaueHHS KSE, Tum Oinbin
JETEPMIHOBAHOIO € CHUCTEMA, 1 HaBMaKW, yuM OutbmuMu € 3HaueHHsS KSE, tum Ounbmioro €
CTOXACTHYHICTh CUCTEMH 1, SIK HACIIJOK, IMOTaHe MPOTHO3YBaHHs ii MallOyTHIX cTaHiB. Ponb
KSE m1st HemHIHHUX CUCTEM CX0Ka Ha TY POJib, AKY BIIIrpae aBTOKOpEIAiMHA QYHKIIIS AJIs
JNiHIHHEX cucTeM. 3okpema, KSE moB’s3ana 3 nmokasnukamu JIsmyHoBa, 10 XapaKTEPU3YIOTh
CTIHKICTh TMHAMIYHOI cucTeMu. Y OCcHOBI opmynu st po3paxyHKy KSE mexuts dhopmyna
entpomii IllenHona, To0to entpomiss Kommoropoa-CuHas 3aJa€ThCsi K aCHMIITOTHYHHI
MPHUPICT HEBU3HAYECHOCTI U PO3OUTTS HECKIHUEHHO Majioro po3mipy. OJHaK Ha MpaKTHUIl
KSE 3a3Bu4aii OIIHIOETBCS 3a JTOTIOMOTOI0 MOKa3HUKIB JISAIyHOBa, a00 pO3paxoOBYETHCS SK
arpokcumytoda 11 BenmunHa K, depes xopemsuiiiHuid inTerpan [5]. Anroput™ po3paxyHKY
KSE nepenbavae HasgBHICTH CTaliOHApHUX JOBrHX 4YacoBux psamiB  (35-45 cexyHn
Oe3apTedakTHUX (PparMeHTiB (i310JOTIUHHUX CHUTHAJIIB 3 YaCTOTOIO JUCKpPETH3allil He MEHIIC
400 I'm), Tomy KSE mae oOMmexeHe 3acToCcyBaHHs Jsl aHalidy (i310JOTIYHHX CUTHATIB B
pEeXHUMI X MOHITOPYBaHHSI.

Came ToMy Yy 0araTbOX CydYaCHHX JOCHI/DKeHHAX [4] OyB 3ampormoHOBaHM
MoaudikoBaHMI anroput™M po3paxyHky KSE, Bimomwuii sk anpokcuMoBaHa (HaOJIMKCHA)
earpomis (Approximate Entropy, ApEn), ska moxke OyTm po3paxoBaHa Ha KOPOTKHX
¢dparmenTtax (izionoriuaux curnamis (1000) BimTiKiB) Ta € CTIHKOIO J0 IIYMOBUX CHUTHAIIB.
ApEN € Mmiporo HeperymspHOCTi/Hemnepe0auyBaHOCTI YaCOBUX PSIiB KiHIIEBOI JOBKUHH [6].
Opnnak, 3HaueHHs ApPEN pi3ko 3MeHHIyroTbCst Tpu 30UIBIICHHI JOBXUHH (parMeHTy
(1310JI0T1YHOTO CUTHAITTY.

Jlns moonaHHS IBOTO HEAOMIKY JOCHIIHUKaMH Oyna po3polbsieHa BHOIpKOBa €HTpOIIis
(eutpomis mrabmonis — Sample Entropy, SampEn), ska takox sBise coboro KSE, ame
MO3HAYAETHCS HA MIJICTaBl SHTPOMil Kopensilii, a He entpoii [llenHona [7]. 3a3Ha4eHi Buiie
BUJM EHTPOIMii KUTPKICHO BH3HAYAIOTh JIMINE PEryJspHICTh (mepeadadyBaHiCTh) 4YaCOBHUX
pAmiB 3a €IuHOK ImKamol. OaHAaK HEMae TMPsSMOTro 3B’SI3KYy MK PErysipHICTIO Ta
ckiaaHicTio. Tak, HE TOBHICTIO mepeadadyBaHi (HANpUKIAJ, MEPIOJWYHI) CUTHAIHU, IO
MalTh  MIHIMAJIBHY  €HTpOII0, abo abcoioTHO  HemepenOadyBaHi  (HAMpPUKIA,
HEKOpeNIbOBaH1 BUIIAJKOBI) CUTHAJM, 110 MAlOTh MAaKCHUMallbHy €HTPOMIiI0, CIpaB/ai CKJIaJHi,
OCKUTBKHU X MO’XKHA OIMHCATH JTy)Ke KOMITAKTHO. He iCHye €MHOr0o BHU3HAYCHHS CKIIAQJTHOCTI
OUHAMIYHOT CHCTeMH. [HTYiTUBHO,CKJIAIHICTHIIOB’S3aHa 31 3HAUYIIUM CTPYKTYpHUM
OaraTcTBOM, L0 BKJIIOYA€E KOpENALii y JEsKUX MPOCTOPOBO-4acoBUX MacmiTabax. KinpkicHO
BHU3HAUUTH TaKy CKIAQJHICTh CHCTEMH J03BoJisse Oararomacmitabua entpomis (Multiscale
Entropy, MSE), ska pospaxoByeTbcs Ha mmigcrtaBi SampEn Tta BpaxoBye Kopensiiii,
MpUTaMaHHi (i310JJOTIYHUM CUTHAJIaM Ha JEeKUIBKOX YacoBHX Macitabax. MSE nosBoise
nudepeHLiIoBaTH IIIyM Ta 3HA4yIlly CKJIAIHICTh CUTHATY, a TaKOXK 37aTHa BUSBJISATH 4acoBl
KOpeJIslii Ha BEIUKUX BiJCTAHAX, JO3BOJSIOYN BU3HAUUTH MPHUCYTHICTh €EKTIB «I1aM’sTi» Yy
JTUHAMII[l OCHOBHOT'O CHTHAy Ta CKJIAJHICTh MPOCTOPOBO-YACOBUX CHUCTEM (Hi310J0TTUHUX
nporiecis (y Tuti cioprcMena) [8].

EnTpomniiinuil miaxia Hajgae COPTHBHIN Hayli (OioMexaHill CHOPTY) HIUPOKUN CIIEKTP
IHCTPYMEHTIB 3a/Jisl BUBYEHHS AWHAMIYHUX (Di310JOTIYHUX CHCTEM OpraHi3My IIOJUHU
(cmopTtcMena BucOkOi kBamidikailli), OJHAK BHUMAara€, Ha Hall TOTJA], MOJAIBIIOTO
MOTINONEHOT0 ¥ PI3HOOIYHOTO JOCHIDKeHHS, po3po0Ku  (i3ionoriyHoi iHTepmpeTarii
OTPUMYBAHUX 3ac00aMHU Cy4yaCHUX MEXaTPOHHMX CHCTEM YIPaBIIiHHS pe3ysbTaTiB.

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
https://doi.org/10.31650/2618-0650-2025-7-2-86-100



https://doi.org/10.31650/2618-0650-2025-7-2-86-

MexaHika Ta MaTeMaTW4Hi MeTomu / YA VI11/2/2025
Mechanics and mathematical methods % Crop. 86-100 / Page 86-100

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMUA

[TpoGaema MozelIrOBaHHS 1H(GOPMAIIHHUX HPOIECIB 3apa3 CTa€ BCE OLIBII aKTYaIbHOK Y
3B’SI3KY 13 YCKJIJHCHHSM Ta PO3BUTKOM BHMIPIOBAIBHUX CHUCTEM, SIKI BHKOPHCTOBYIOTHCS Y
Cy4aCHHUX HAYKOBHX JIOCIIDKCHHSX, 1, 30KpeMa, y OioMexaHili cropry. JJis mupokoro Kiacy
CydacHUX 1H(hOpPMAIIHHO-BUMIPIOBAIBHUX CHUCTEM Y CIIOPTI BHUIIUX JOCSITHEHb, SKI MICTITh
udpoBi migcucTeMu nepenadi, o00pooku ta 30epiranHs iHGopmarii (IMIIIXOM BUKOPUCTAHHS,
HalpuKIaJ, MEXaTPOHHMX  KOMIUIEKCIB  YIpaBJIiHHA) KJIACHYHUK  iH(OpMaIliiiHo-
SHepreTHYHUN TMIOXiT BaXKKO 3aCTOCYBAaTH, OCKILIBKM JOCHIIPKEHHS TaKhM CIOCOO0M
OB’sA3aHe 3 HAATO BEIUKOIO KUIBKICTIO OOYHCIEHh Ta HEOOXITHICTIO IeTaJILHOI'O
(mpuckitumBoro!) anamizy craructuunux Aanux (Big Data Analysis).

Ha pgymky aBTOpiB JaHOTO [OCHIDKCHHS, IEPCIEKTUBHUM MUISXOM BHPIIICHHS
3a3HAYCHUX BHINE MPOOJIEM € MOJETIOBaHHS 1H(OPMALIMHUX MPOIECiB y iHpOpMaIliiiHO-
BUMIPIOBAJILHUX CHCTEMaX Ha OCHOBI TE€PMOJMHAMIYHOI aHAJIOTii, a HE TUIBKM Ha OCHOBI
mpsMOi  BIATOBITHOCTI MK €Heprieo curHany ((hi3ioJoridHOi MPUPOAW/TIOXO/HKCHHS) WU
iHopmariiero, sika TEPEHOCUTHCS CaMe IMM CHTHAJOM (T.3. HETSHTPOIIMHHA TPUHITUI
bpitmoena [9]). Xoua 3B’S30K MK TEpMOJMHAMIYHHUMH W iHGOpMAiHHUME
XapaKTEPUCTUKAMH 1 BiJ3HA4YaBCsA, MPOTE IS BHPIMICHHS 3a1a4d iH(opMamiiHoi Teopii
BUMIPIOBaHb Yy OIlOMEXaHIIli CHOPTY BHINUX JOCATHCHb TEPMOJMHAMIYHA AaHAJIOTiA HE
BHKOPHCTOBYBAJIUCh. Y PE3yNbTaTi TEOpis BUMIPIOBaHb (y CIOPTI BHINHUX JOCATHEHB, Y
CIIOPTUBHIN MeTpoJIorii, y 6ioMexaHiri Ta ¢iziosorii ciopTy) Oyia mo30aBiieHa MOMXJIMBOCTI
KOPUCTYBAaTUCh 3HAYHMMHU pe3yJIbTaTaMH, SIKI JIOCATHYTI Il Yac JOCIIKCHHS
TEPMOJUHAMIYHHX CUCTEM.

VY naHiii poOOTI BHUCBITICHA CIpo0a BHKOPHCTATH TEPMOJIWHAMIUHY aHAJIOTII0 came y
iH(hOpMaLIfHO-CHePTeTUYHIN Teopil BUMIPIOBaHb y Oi0MEXaHilli CIIOPTY BHUINUX JOCATHCHD Ta
y IHIIHMX TaTy35X CIOPTHUBHOI HAYKH.

Entponiitanii miaxig mo axamizy Qisionoriunux curHaiiB (3oxkpema, EEI-curnamis
Mi3Ky) BUKOPHCTaHUH y poOOTax, 3a3HaueHux Buiie [1-8], 1e BkasaHi mepeBaru i HEAOMIKH
poro Mmiaxoay. CTOCOBHO HAWTOMIMPEHINIOTO METOMy MOJICITIOBAHHS BUMIPIOBAIBHUX
cucteM (Oyab-KOro (YHKI[IOHAILHOTO TPH3HAYEHHs) CJIiJ 3a3HAYUTH, M0 HUM €
iHpopMalliiiHo-eHepreTuyHa Teopis BumiproBanb [10, 11], ocHoBH sikoi 3aknaneni y [12]. 3
MEPBICHOTO METOMY OIIHKH SKOCTI BUMIipIOBaIbHHUX MpuiaiB [12] muisxoM BUKOPUCTAHHS
IMOBIpHICHHX Ta CHEKTpaibHHX ormepaTopiB [13] ms Teopis meperBopuiack Ha METO[
JOCII/DKSHHS 1HPOPMAIIfHUX TpOIIECiB Y BUMiproBaIbHUX KaHanax [14]. TIpote mis Oinmbin
HIMPOKOro Kiacy iHpopmaniiiHo-BuMiproBaidbaux cuctem (IBC), sk 3a3HaueHO BHIIE,
BUKOPHUCTAHHS 1H(OPMAIiIifHO-eHEPTeTUYHOTO MiAXOAY € CYMHIBHHM, OCKUIbKHU 1€ BUMAarae
3aCTOCYBaHHs CKJIQJHUX Tporpam mo oopoOili Benukoi kinbkocTi ganux ( Big Data Analysis).

AHaroris Mk iHhOpMallIHHUMU Ta EHEPreTHUYHUMU MPOIIECaMy BU3HAYANIach HE TIIbKU
bpimmtoesom [9], ame # Oaratbma iHmmmu aBTopamu [15, 16]. HaiiHaounime BoHa
BUSIBIIIETHCS Y BU3HAUYEHHI MOHATTS MOTOKY, SIKE OJHAKOBO BIAMOBIa€ sIK iH(MOpMaIliiHOMY
notoky [16], Tak i moToky TeruoBoi exeprii [17]. BiamoBiaHo i iHIII MOHATTS, IO OB’ sI3aHi
3 MOHATTAM IMOTOKY, MAlOTh CIIUILHY npupoay [18].

ABTOpPH JAHOTO JIOCTI/DKEHHS BHKOpUCTamu migxoau podit [4, 18] ta meromn
MaTeMaTHYHOI (Pi3UKH 327151 JOCATHEHHSI METH POOOTH, BUKJIAICHOT HIKYE.

3 b TA 3AJAYI JOCJIKEHHS

Meta [nocnipKeHHsT ToySrae 'y OOrpyHTYBaHHI TEpPMOJMHAMIYHOI aHalorii Ta
EHTPOMIIHOTO MiAX0My AN iHpOpMAaIiitHO-eHEPreTHYHOT Teopii BUMIPIOBaHb y CIOPTHBHIN
METpOoJIorii Ta 610MEXaHIYHOMY aHaji31 MPOOJIEM CIIOPTY BUILUX JTOCSTHEHb.

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
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Ha nymMky aBTOpiB JOCHIJDKEHHS, camMe TaKUi KOMIUIEKCHUW miaxin (Ha OCHOBI
BUKOPHUCTAHHS CHTPOIII, pi3HUX METOMIB OIIHKH ii y KUIBKICHOMY BiJIHOIICHHI MPU aHami3i
YacCOBUX PsIIiB), IO Oa3yeTbCcs W Ha TEepMOAMHAMIYHIA aHaiorii B iH(OpMAaIiiHO-
SHEPreTUYHINM Teopii BUMIPIOBaHb, JI0O3BOJISE SKICHO IHTEPIIPETYBATH y (Di310JI0TIYHOMY CEHCI
OTPUMYBaHI PE3yJIbTaTH JOCIIIKEHb OPTaHi3My CIIOPTCMEHA BUCOKOT KBamidikalii 3acodamu
Cy4aCHMX MEXaTPOHHUX CHUCTEM KEpyBaHHsS, a TaKOX IPOTHO3yBaTH Horo (i3MUHUN Ta
(YHKIIIOHAJILHUMA CTaHM, PIBEHb IICUXOJIOTTYHOI IMITOTOBKK Ha PI3HUX €Tanax TPEHYBaJIbHOTO
mpolecy W y mepea3MaraibHAN/3MaraibHuN mepio, e HEOOXiTHUM € BUCOKHI PiBEHb (UM HE
HaWBUIIHIA!) PyXOBOi aKTUBHOCTI (0OCOOIMBO, Y OCHOBHUX 3MaraHHsaX poKy).

4  PE3YJBTATHU JOCIIAKEHHb

Bigomo [17], mo TepMoarHaMiYHA CHCTEMa OMUCYETHCS PIBHSIHHSAM TEIUIOBOrO OajaHCcy
BUTJISITY

C%:KAT +Q(x,y,2,1), (1)

ne: C — temnoemHicth; A — omneparop Jlamnaca; Q(X, Y, Z,t) — (hyHKIIisI TOTYKHOCTI JKepel

Teruia; (X, Y,Z) — mpocToposi, t — uacosa koopauHaty; T — temmeparypa, T =T (X,y,z,t).

MoskHa moOymyBatd iH(GOpMAIiiHUE aHamor piBHSAHHS TeruioBoro Oamancy (1) s
KOHKPETHOT BUMIPIOBAJILHOI CHCTEMH, SIKa Ma€ HACTYIHY 0a30By cTpyktypy: 1) I, — mxepeno
iHpopmanii ((DizionoriuHuii cUrHaN, SIKWH 3HIMAETHCS 3 Tija CIOPTCMEHA CHEliabHUMHU
naTaukaMu/ceHcopamu); 2) |, — meperBoproBau inopmanii; 3) 1, — npuiimay iH(bopMmarii.
Cnin 3asHayuty, mwo |y, 1}, |, BXOAATh 10 CKIagy MEXaTPOHHOIO KOMIUIEKCY YIIPaBIIiHHA,
MOHITOPHHTY Ta aHaNi3y 0l0MeXaHIYHUX PYXiB CIIOPTCMEHA.

s K -oi migcucreMu BUMIprOBaHHS (i3i0JOTIYHUX CUTHAMIB, 1O aHaorii 3 (1), Maemo

A _yar+1 (,t), ()
ot
ne: kK — HOMep miacucTeMH; I(k,t) — (QyHKIIA TOTYXHOCTI pkepena iHdopmarii K -oi
nigcucteMu BuMiproBaHHs;, | — iHdopmamis, ska € ¢yHKIi€O (X, y,z) — INPOCTOPOBUX
KoopauHaT 1o 4dacy t, Tooto | =1 (X, Y, Z,t) ; Y — cuUTHaJbHA MPOBITHICTH K -01 MmijcucTeMu

BHUMIPIOBaHb (P1310JIOTTUHUX CUTHAMIB. (Y MOAAIBIIOMY BBAaXKAEMO 1[I0 BETMYMHY MOCTIHHOIO 1
HE 3aJIe)KHOIO0 Bl IPOCTOPOBO-YACTOTHUX KOOPAMHAT).

VY npoueci noOy0BH 1HGOpMaIIHHOTO aHanora Oy1eMo KepyBaTHCs HU3KOI0 HACTYITHHUX
IIPUITYLICHb.

1. TlpunyuieHHs BIJHOCHO crpsiMoBaHOCTI mepenaul iHGopmaii y IBC dizionoriunux
CHUTHAJIIB.

VY noOynoBaniii iH(MoOpMaliiiHIi MOAeNi MPUIMAeThCS HACTYIIHA CXEMa CIPSMOBAHOI
nepenadi iHpopmauii: Bix kepena |, mo meperBoproBaua iHdopmamii |, a mam Big |, no
npuiiMada iHpopmanii |,. YV mpocTux niHIMHUX cucTeMax mnepenadl iHpopmamii IIIKOM
MOXIIMBMHA BIUIMB mpuiimada |, Ha kepeno iHpopmanii |,. Ase BHacmigok OypXJIHBOro

PO3BUTKY CYTTEBO HENIHIMHUX HMU(PPOBUX CHCTEM Ta TajdbBaHIYHO PO3B’sI3aHUX IHTEp(eEHCiB
MPUIYIIEHHS PO CHPSAMOBAHICTh Mepeaadl iHpopMalii OTpUMye MepeBaXKHE 3aCTOCYBAHHS
[18]. Came BuKOpWCTaHHS LHOTO MPUIYIIECHHS JIO3BOJISE 3HEXTYBAaTH 3BOPOTHIM BILTHBOM
crio’kuBava iH(opmMarlii Ha ii Jxepeno.

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
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2. [IpunymenHs mpo BiIHOCHICTB OITIHKH K1JIBKOCTI iH(OpMaIii y CTAaTUCTHYHIN Mipi.

3a BU3HAUEHHSAM KUIbKOCTI iH(popMarii (y HaiOLIbII y3aralbHEHOMY CEHC1) mpUiMaeMo
HACTYITHE CIiBBITHOIICHHS

I = H«’:ll'lp4 - Hanc.’ (3)

— amocTtepiopHa

pe: H,. — ampiopHa €HTpOIs CTaHy CHCTEMH, sKa JOCHDKyeThes; H, .
€HTPOITI.

Y CTpyKTypHil MaTpuill KimbKicTh iH(pOpMallii HE 3aJeKUTh Bif crocrepirada i €
a0COJIIOTHOIO XapaKTEPUCTUKOIO iH(hopMaTUBHOTO (di13iomoTiuHOTO 3a
MIPUPO/IOIO/TIOXOPKEHHSIM) CHUTHAITy, IO Hece Mo iH(opMalii. Y CTaTUCTHUYHIA MaTpHIll
KiIpKicTh iHGoOpMamii (1) 3amexuTh Bif eHTpomil 3HAHB CIIOCTEpirada Mmpo MPOLEC, KU
JOCTIIKYETHCS.

Cuctema BIJUTIKY MICTUTh HACTYIHY 1HPOPMAIIIIHY MaTPHUITIO

loy Lo le

011 012 01n

I o I,
1 =[ "= "oz o
o=

, (4)
z z z
IOml |0m2 IOmn

pe: lg;=H, —H

X, 3 yMOBOIO, LIO BIH MOXe OYyTH OLIIHEHHH 3a JONOMOIOK 3HAueHHs napamerpa Z

%/2; 0 H, — anpiopua extpomnis crany X; y IBC; H, j;, ~ CHTpOIIA CTamy
i
crocTepirayva.

[Ting yac mepexoy 10 1HILIOT CUCTEMH BIJIIIKY CTaTUCTUYHI MipHu iH(QOpMaIIHHUX MOTOKIB
MIEPETBOPIOIOTHCS

i@m. = \Vl (tirx.) ! (5)

Jie: ! — omepaTop TepeTBOPEHHs CTATUCTHYHOT MipH BUXiHOTO iH(OPMALiHHOTO TTOTOKY.
3B1JICH MA€EMO:

OCKUTbKM yYMOBHI IMOBIPHICTh 3Ha4eHb 1H(QOPMATUBHUX MapameTpiB ((i310JI0TTYHUX
CUTHAJIIB) 3B’513aHI CITIBBIIHOIICHHSM:

P 'sz :(Pi.Pz/i).PX/Z _

P, =—
P

e P
13

Pé = Tye " Tyze (6)

Toxai ymoBH1 eHTpomii cTaHy HAOyBalOTh BUTJIALY:

HXi/§j:HXi/Zj+HZi/§j’ (7)

c Ty

IOIJ_HX|_HX|/ZJ_HZ|/§J_Iolj_HZ|/§J7 (8)
ne: HHZ/é‘ — EHTPOIIiA CTaHy CUCTEMH BIJUTIKY Z

H

[=[H.]I-

k ©)

3a cuctemy BIIJIIKY MpuiiMaeMo 0a3y JaHWX 30BHINIHBOTO CIIOCTEpirayda, y skoCcTi KOTpoi
Bi3bMeMO 0a3y 3HaHb Mpo (Hi310JOTIYHI CUTHAH, 10 3aKJIa/IeHa Y KOMIUIEKC KOMIT FOTEPHUX
MPOrpaM MEXaTPOHHOI CHCTEMU YIPaBJIIHHS, CIIOCTEPEIKEHHSI/MOHITOPHHTY Ta KOPUTYBAHHS

20t I
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nociipKkyBaHoro mnporecy nanoto IBC. Tlomamo yci maHi pensmiiiHO0 MOAEIUTIO. Y IIbOMY
BUIIAJIKy CYKYITHICTh JJAHUX MPO 00’€KT CIOCTEPEIKEHHS CKIIATae KOPTEX, a KOXKHE OKpeMe
naHe — atpubyT KopTexxy. OmHUM 3 aTpuOyTIB KOPTEXY € Takok i dac (t), ockineku y IBC
OUTBIIICTh JaHWX € (QyHKmisIME Yacy. [1ochmigoBHICTH KOPTEXiB OJHOTO O0’€KTY BimOMBae
3MiHy HOT0 CTaHy y 4aci.

CTpyKTypHi BIIACTUBOCTI JIaHUX Y CHCTEMI BIJUTIKY BiJIOMBaIOTHCS/BiIOOPAKAIOTHCS
JBOMA J0AaTKOBUMHU 00’ ekTaMu: 1) 00’ €KTOM «Iepeitik 00’ €KTiB Ta aTpuOyTiB»; 2) 00’ €KTOM
IOTIYHI 3B’A3KM MDK JaHHMHU», a TaKOX THPOrpaMor0 OOCITyroBYBaHHS —peNsLiiHOL
CTPYKTYpH.

[TpoTe cnoctepiray Mo>ke BUKOPUCTOBYBATH U 1HITY MOJAEIH JaHUX. Y OyIb-sSKiid MOJei
JlaH1 OTIMCYIOTHCS Ha TIEeBHIM (hopMalibHIM MOBI aHOi MOAeIi. 3ajada MepeTBOPEHHS MOl
JaHUX aHAJIOTIYHA 3a7a4i MOOYAOBH TPAHCIATOPa MOBH MPEICTaBICHHS NaHuX. OCKITbKU IS
peabHO HESBHUX CHCTEM TaKa 3ajada MoXke OyTH BUPIIICHA 3aBXKIH, TOMI JUIsl BUKOHAHHS
JnochipkeHb (momo0 aHamizy (i3ioJIOTiYHUX CUTHANIB OpraHi3My CHOPTCMEHa BHCOKOI
kBauti(pikarii, 6i0MeXaHIYHOTO aHaJi3y MOro aKTUBHUX PYXOBHUX [1i) MOXKHA KOPUCTYBAaTUCh
came pesIIiitHOI MOACIUTIO 0e3 BTPaTH 3arajbHOCTI.

baza manux crocrtepiraya He 0OOB’SI3KOBO IOBMHHA MICTHTH IOBHHMHA HaOIp CTPYKTYD,
10 BiAMOBITAIOTh BCIM 00’ €KTaM CUCTEMH, sIKa JOCIIKYEThCS, a0u 1IeH criocTepirad cam Mir
OyTH TpUHHATUN 3a cucTeMy Bimmiky. IlosBa gaHuX, [0 HE BpaxoBaHI y CHCTEMi BIIUTIKY,
MPU3BOJUTH 1O 30UIBIICHHS 4YHCIa KOPTEXKIB 00’€KTIB, fAKI XapaKTepU3YIOTh CTPYKTYPY
nociimkyBaHoi cucteMu  ((Pi3i0JIOTIYHUX CHUTHANIB OpPraHi3My CIOPTCMEHAa BHUCOKOi
KBasiikarii).

Hexait indopmarmis mnpo mapamerp X  TepemaeTbcs JIOCHIDKYBaHIM CHCTEMI
¢bi3i0I0TIYHUX CUTHANIIB (OpraHi3My CHOpPTCMEHa BHCOKOI KBajidikarlii) 3 BUKOPHCTAaHHIM
MOBU HpeAcTaBlICHHA HaHux L,, a y cucremi Bimamiky Z BHKOPHCTOBYETbCS MOBA

npeacraBieHHs gaHux L,. Toami y crpykrypHiii Mipi iHbopMamiiiHuii MOTIK, IO
XapakTepusye napamerp X , BU3HAYa€ThCsl HACTYITHUM CITiBBITHOLIEHHAM

Qx = I~xix ) (10)

ne |, — cepenHs JOBXkKHMHA peueHHs MOBOO L, .

Y cucremi Biuriky Z tpancmsitop L,, mepersoproe pedenns |,y pedeHHs

I, = LX/Z(fX).TOMy

dy = I—x/z (rx)ix (11)

BuwmiproBansus iHQopmauiiHUX TMOTOKIB Yy (ikcoBaHIM cucTeMl BIAJIIKY J03BOJISE
OILIIHUTU 30MTKOBICTh CTATUCTUYHO 3aJICKHUX JTAHUX.

3. IpunymenHs npo 30epekeHHs KUTBKOCTI CTAaTHCTHYHOI iH(opMaIli y 3aMKHEHIH
cuctemi (pi310JIOTIYHUX CUTHAIIIB OpraHi3My CIIOPTCMEHA BUCOKOI KBamidikailii.

e npumnyIieHHs JIKOM JIOTTYHO BUILTUBA€E 3 BU3HAYCHHS CTaTUCTUYHOI iH(opMariii (3)
1 IPUTTYIIEHHS TIPO BITHOCHICTH. J[ifiCHO, SIKIIO BKa3aHa BHUINE CHCTEMa € 3aMKHEHOIO, TOJI1
KUTBKICTB ii MapaMeTpiB CTaHy cTaja, a EHTPOIIisl 30BHIMIHBOIO CIIOCTEpiradya He 3MiHIOEThCS,
i Tomy | =const.

MOXIUBICTh BUKOPHUCTAHHS TPUITYIIEHHS PO 30€pekeHHs] KUTBKOCTI CTaTHCTUYHOL
iH(popMallli aHaJOTTYHO 3aKOHY 30epexeHHs eHeprii i Aae J0IaTKOBI epeBaru CTaTUCTUYHIN
iH(hopMaIiliHId Mipi, OCKITBKUA y CTPYKTYpPHIM Mipi KiTbKIiCTh iH(opMmalii 3pocTae mij dac
BHKOHAHHS OTIEPAIlil KOMIOBaHHS BCEPEINHI CUCTEMHU.

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
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Posrnsmemo nmami mporec HamgxomxkeHHs iHGopmarii y IBC Big mxepena «0» 1o
crnioctepirada «2». Ockinpku kanan 0-2 € miHi€ro 3B’5A3KYy, TOJ1 Yy BIAMOBITHOCTI 0 GopMynn
[llennoHa y nudepeHmianbHii popmi

i, =F,In 1+% , (12)

i

ne: P, — moryxwnicts curnany; F, — mmpuna cnextpy ®yp’e curnainy; P, — moTyxHICTb

n

3aBajl.

3 [19] Bigomo, 1110
P, =(E0—E2)2 Yoo s (13)

ne: E,, E, — enepretnuni noreHuiamu mxepena iHGopManii Ta IpuiiMada CUTHAILY; Yo, —
y3arajbHEHa CUTHAJIbHA MPOBITHICTh KaHATY, TOOTO

E,-E,)
i, =F,In 1+(°P¢ : (14)

s

Busznaunmo nami iHbopMaIiiiHi MOTEHI[aNM SK TPaAaHUYHY BEIMYMHY iHQopMarii mpo
CTaH JOCIIHPKYBaHOI CHCTEMHU:

EO
l,=N In{1+E—}, (15)

9

E2
l,=N In{1+E—}, (16)

g

ne: N — po3psmHICTh JaHWX y TapalielbHOMY INpejacTaBieHHi; E, — eHepreTwuHuii mopir

g
YYTJIMBOCTI, 3B1/IKM 3HAXOAUMO:

E, =E, exp{l,/N}-E,, (17)
E,=E exp{l,/N}-E_. (18)
[Mincrapnstoun (18), (17) y (14), maTumemo
- Eg y02
i, =F,In 1+T-(exp[lo/N]—exp[Iz/N]) . (19)
Poskmagaroun ioz(lo, Iz) y psaa B touri (0; 0) Ta 0OMeXyHOYHChH JHIHHOW YaCTHHOLO,
OTPUMAEMO
. FE%y
'02:%“0_'2)’ (20)
3BIIKH
FE?
Yy =0 g Yoz . (21)
PN

(Came Takwmii Bupa3 ais iHpopMamiitHol mpoBigHOCTI BBeAeHUH y popmyti (2)).
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Axmo xanan 1-2 mopsng 3 mepemadero  iHdopmallli BHKOHYE TEPETBOPECHHS
1H(OpPMAILIIIfHOTO TIOTOKY 3 OMEPaTOpPOM

I, = \V(im)’ (22)
TOJIl OTPUMY€EMO 3arajibHUi BUpa3 iHPopManiiHoi MPOBITHOCTI
FEZy
Y =y 222902 | 23
Y| TN (23)

['pyHTyIOYHCh Ha BKa3aHWX BUIIC MPUHIUMNAX, MPHUIYIICHHAX Ta OTPUMAHHUX
CIIBBIHOIIICHHSX, MOXKHA 3amucaTd iH(OpMAaIliiHUN aHaJor PIBHSHHS TEILIOBOTO OallaHCy
ISl CHCTEMHU OTPHUMAaHHs, IepepoOKu Ta goctaBku iHpopmarii «0-1-2» (3 TUIIOBOK 6a30BOIO

CTPYKTYPOIO)

8I2 :Yoz(lz - Io)

al, Ly
ot

dl, . - . .
ne d_tl — 1H(opmaniiiHa NPOIYKTUBHICT MifcucTemMu 1.

PosrisiHemo naii piBHAHHS (24) y OLIbII CIIPOIIEHOMY BUIJISII, SKIIO BiJICYTHE JHKEPEIO
iHpopmanii |, y kaHan 3B’ 3Ky

iozzzYoé(loz_loz)' (25)

ne Z — cucrema Bimmky. ITopisuioroun piBasuHs (1), (20), (25), 3Bememo aHamoriusi
MOHATTS TEPMOJUHAMIKHY Ta Teopii iHpopmarlii y TabIuIo, HaBeIeHY HIKYE.

Jns BukopucTaHHS 13oMopdizMy iH(OpPMAIIHHMX Ta EHEPreTUYHUX IPOIECIB Yy
iH(popMaLiliHIi Teopii BUMIPIOBaHb y 3rajiaHiil TaOiuill BBEJIEHI MOHATTA 1H(OpMaLIHHOTO
noteHuiany |, po3MipHICTH SIKOTO [I]=6iT, a TaKoX Yy3arajibHeHol iHdopMaliifHol

MPOBIHOCTI Y , PO3MIPHICTH SKOi [Y] =c .

Taoauns 1
[30MOpdi3M MOHATH TEpMOIMHAMIKH Ta Teopii 1HPopMallii (J1iHIiHE HaOINKEHHS)
Teopis ingpopmayii TepmouHaMika
5 HasBa O,?II/IHI/IHSI = Hasga OuHUIST BUMIPIOBaHHS
°§ BUMIPIOBAHHA a:g besnepepBra | /luckperHa
S 2 MOJeNIb MOJeIb
3 3
= =
| | Indopmariitnuii bir T | Temmeparypa K K
MTOTEHITiaI
i Tadopmaniiitamii bit/c q TemnoBuii MOTIK Jlx/(M%-c) JIx/c
TIOTIK
I KinmbkicTs iHGOpMarii bir Q | KinbkicTh TemaoBoi Iox Jox
eHeprii
Y | V3araibHena ct K | Koediuient /('K m?-c) Tox/("K-c)
iHpopmamniiiHa TEIUTOTIPOBITHOCTI
MIPOBITHICTh
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5 OBI'OBOPEHHSA PE3YJBbTATIB JOCJIIKEHHSA

PosrisiHeMo 3ajady IPOEKTYBaHHS BHMIPIOBAJIBHOI CHCTEMH IS OOJIKY KUIBKOCTI
TeIlIa, sKa mocradaeTbes (i MapHO BUTpaydaeThes!) TUTy CIOPTCMEHa, HOro KOHKPETHIM TouIli
MOBEPXHI MPU 3IIHCHEHHI HUM KOHKPETHOI PYXOBOI Jii, SIKa € THIIOBOIO JJIs JAHOTO BUIY
CIOPTY ¥ BCEOIYHO BJIOCKOHATIOETbCS W KOPUTYETbCS Mpu il (MIPUCKIMUIMBOMY)
OloMEeXaHIYHOMY aHaji3i, 3 METOI BU3HAYCHHS Koe(]illieHTa KOPUCHOI il BKa3aHOro pyxy. 3
TOYKH 30py 00Ky y IBC BuTpaT Tema 3 mMOBEpXHi Tija CIOPTCMEHa 3/1€01IBIIOrO CIIija
Bukopuctatu 10 200 Giosoriuno aktuBHUX TO4oK (BDE) Tinma cmoprcmena. Y Takiii IBC
BHUTpATH TeIlJla BUMIPIOIOThCA Y KOHINM BAT mucrtanmiiiHo Ta okpemo, ToOTO iH(OpMmalis
HA/IXOJUTh Pi3HOTO poay (PO IHTEHCUBHICTh TEMIIEPATYPHOTO MOTOKY, PO KOJIMBAHHS MaX
Ta MIN TeMIepaTypd, NpO MEPIOAUYHICTE TEMIEPAaTypHUX 3MiH, PO KOPEJISIIIIO
temmneparypaux 3MiH y BAT 1 T.1.) npubnuzno 3 700 mxepen (BUKOPUCTOBYIOTHCS PI3HOTO
pony maTuanku Ta cencopu). Ctpykrypa takoi IBC 3BoauThCs 10 HACTYMHOI: 1) KOXKHMIA JaBad
(maTuukK, CEHCOp) IMOCTayae «CBOIO» i1H(GOpPMAIli0 JO BIAMOBIIHOTO KOHIEHTpaTopa (iX,
BiamoBigHO, 700 OIMHUIIE), a TTOTIM BCsI 118 iH(OpPMAIIist HAIXOIUTh Y OOUHCITIOBAILHUN OJIOK
MexatpoHHOi cuctemu kepyBanHs IBC. PerymoBanHsa moTokiB iHdopmamii g0
O0YHCITIOBAIEHOTO OJIOKY 3MIIMCHIOE CHUCTEMa KOHTPOJIEPIB, SKi JO TOTO X KOPHUTYIOTH,
00poOJIAIOTh (YACTKOBO) 1110 1H(MOPMAILiI0 1 MPEACTABISIIOTh Y 3pY4YHIN I KOMIT IOTEPHOTO
omoky ¢opmi. KoHTponepu 31aTHI y aBTOMAaTHIHOMY PEKUMI PO3PAaxOBYBATH W MPOIMYCKHY
3/IaTHICTH JIIHIH 3B’s3KY, 3a AKMMU 3/[1HCHIOIOTh IMOCTIHHUN MOHITOPHHT.

Y mpomeci miei 3amadi 3aco0amu  iH(OpMAIiifHOI Teopii BUMIPIOBaHb HEOOXiTHO
BUKOHATHU BEJIHMKY KIIbKICTh PO3PAaXyHKIB, TOB’S3aHMX 3 OILIHKOK CTaTUCTUYHHUX
xapakrepuctuk Bxke termep 1400 indpopmatuBHUX curHamiB. [lpum  BUKOpHCTaHHI
TEPMOJAMHAMIYHOI aHAJIOTii OCTaTHHO OIIHUTU JuIie rapamerpu | Ta Y, sSki BHACIHIJIOK
yHidikamii cxeMd OyqyTh OJHAKOBUMH IS BCIX JDKEpeN 1 KaHaJiB, MO iHPOPMYIOTH PO
temmneparypHe none BAT Tina (mkipu) TOBEpXHI KiHI[IBOK CIIOPTCMEHA, 1 CKOPUCTATHCS BXKE
OTpPUMaHUM y TepMoanHaMmilli pe3yiapratoM [20] — po3s’s3kom 3amaui Kot mpo HarpiBaHHs
CTPUKHSI TOUKOBUMHU JIXKEpETIaMH Teria

) Y, 09 (700—k)

i,=——"— | I (k)exps —~——Zdk, 26

° 2\/nYt'.! (k)exp 4t (26)
ne K — HoOMep KOHIIEHTpaTopa BiJl KIiHIlM JIAHIIOra, IO TMepenae iHpopMallio y

obuncoBanbHUi 610K IBC 3 MeXaTpOHHOIO CHUCTEMOIO YIIPABIIHHS.

6 BUCHOBKHU

1. Onuc iHpopMaliiHUX TpolEeciB y OioMeXaHIYHOMY 1H)XXMHIPUHTY CIOPTY BHILIUX
JIOCSITHEHb 32 JIOTIOMOTO0 PiBHSHHS (2), aHAJOTIYHOTO PIBHSHHIO TeruioBoro Oamancy (1),
JI03BOJIIE BUKOPHCTOBYBATH TEPMOJWHAMIUHY aHAJOTiII0 (Ta EHTPOMIMHUN miaxim) s
JIOCITIDKEHHS TporieciB y BianoBigaux IBC.

2. MoxHa niepe0auuTH OTPUMAaHHS HOBHX (JOBOJI IIKaBUX) HAYKOBUX PE3yIbTATIB Y
JNOCTIPKEHHI KPUTHYHUX PEXKHUMIB pO3MOBCIOKEHHS 1HGopMmanii y Bemukux [BC,
MpPU3HAYCHUX i1 O01OMEXaHIYHOTO aHalli3y pPYXOBOi MisSIBHOCTI CIIOPTCMEHIB BHUCOKOI
kBamiikaiii, npuyoMy BKa3aHi iHpOpMAIliiiHi CHCTEMH MOXKYTh MaTH 3aBaau [21], a ananoris
¢yakmionyBanHs Takux IBC Onm3bka 10 CHUCTEM 3 HENIHIMHUMH JUCHUIIATHBHUMH
cepenosuinamu [20].

3. OtpumaHi y poOOTi pe3yabTaTi MOXYTh Yy HOJAIBLIIOMY CIYTYBaTH JUIsl yTOUHEHHS |
BrockoHaneHHs IBC, siki BUKOPUCTOBYIOTECS y 010MeXaHIYHOMY 1HXXKUHIPUHTY CIIOPTY BUIIMX
JOCSTHEHb TpU 1H(GOpPMAaLIHHO-EHTPOMIHHOMY MiAX0Ai B aHami3i (i310J0T1YHUX CHUTHAIIB

[Tamua O. M., Xonogosa O. C., Hosniok 0. B., Ocranymenko O. I1., Uepeaniuenko I1. IT.
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3aco0aMM  CydaCHMX  MEXaTpOHHMX CHCTEM KEpyBaHHA, SK Ha  CTagiax  ix
MIPOEKTYBAHH/KOHCTPYIOBAHHS, TaK 1 Y pe)KUMax peabHOi eKCIuTyaTartii.
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ABTOpH HE MAalOTh BIAMOBIMHUX (HIHAHCOBUX YU HE(PIHAHCOBHUX IHTEPECIB,SIKI CIIiJ
PO3KpPHUBATH.
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BILIMB KOPCTKOI'O EJIEKTPOJA, PO3STAIIOBAHOI'O HA
MEKI IOALTY ITPYKHOTI'O BIMATEPIAJIY, HA HOTI'O
JAE®OPMYBAHHA

Jlooona K. B.}, Xonanen T.B.!

1,[]Hinpoecbl<uﬁ HayioHanvHut yHigepcumem imeni Onecs I onuapa

AHoTtanisi: Y [fmaHiif craTTi pO3INAHYTO 3amady IUIockoi aedopmamii  ABOX  Pi3HOPITHUX
IT’€30€IEKTPUYHUX TIBIPOCTOPIB 13 KOPCTKUM €JICKTPOJIOM KiHIIEBOI TOBKUHH, PO3TAllTOBAHUM Ha MEXKI 1X
nofiny. BBakaeTbcs, 0 €NEKTPO MOXKE OYTH HEPYXOMHUM, a I’ €30€TEKTPUYHUI KOMITO3HUT MTOBEPTAETHCS
Ha JICSAKHHA KyT, [0 €KBIBAJICHTHO BHIIAJIKy, KOJM BIJJAJCHI NEPEMIIICHHS BIJACYTHI, a 3ala€ThCsl KyT
MOBOPOTY enekTpoaa. Kpim Toro, Ha enekrposi Moxe OyTH 3ajjaHe HOTO BHYTPIIIHE €IEKTPUYHE TI0JE Ta
cymapHuil 3apsa. Takok BpaxoBaHO 3MIIIEHHS E€JNEKTPOLY B TOPH30HTAILHOMY a00 BEpPTHKAIEHOMY
HaIpPSMKY T II€0 BiANaICHOTO HABAHTAXCHHS.

st moOynoBu po3B’si3Ky BUKOPHCTAHO MPEACTABICHHS MEXaHIYHUX Ta eNEKTPHIHUX (PaKTOpiB uepes
(yHKIIO, SKa aHaNITHYHA y BCiii KOMIDIEKCHIM IDIOMIMHI 3a BHUKIIOYEHHSM OOJacTi eleKTpomy. 3a
JIOTIOMOI'OI0 IIMX TPEJCTaBICHb Mpo0iieMa 3BeleHa 10 piBHAHHA Pimana-I'inpOepra, mins BkazaHol
KYCKOBO-aHQJIITUYHOT (DYHKIIII 31 CTpUOKOM 110 00j1acTi enekTpoay. JloaaTkoBi YMOBHU 10 I[LOTO PiBHSHHS
BHTIKAIOTh 13 yMOB Ha HECKIHYEHOCTI 1 yMOB MEXaHIUHOI Ta eNeKTPUYHOI PIBHOBAru eNeKTpory. Bummcano
aHaJIITHYHE MPEACTaBICHHS PO3B’A3KY 3 HEBIJOMUMH KOedillieHTaMu, 1[0 BU3HAYAIOTHCA i3 BKa3aHUX BUIIIEC
yMOB. BHU3Ha4YeHHSI OCTaHHIX MPOBOIUTHCS NUISIXOM PO3KIAJEHHS PO3B’S3KY B sl HA HECKIHUCHHOCTI Ta
3HAXOJ[KCHHS TIEPITUX KOEPIIiEHTIB PO3KIACHHS.

Ha ocHOBi oTpuMaHOTO PO3B’SA3Ky BHIIMCAHO aHATITHYHI BUPA3W Ul MIEPEMIIIEHB 1032 €NEKTPOIOM
Ta CTPUOKIB HANpyXKEHb 1 eJIEKTPUYHHUX 3MillleHb Ha Horo Oeperax. BcraHoBneHo, 110 BKaszaHi (akTopu
MalTh OCHWIALIHHY OCOOJIMBICTE y BEpIIMHAX eleKkTpona. [loJaTKOBWI aHali3 JO3BOJIHMB OTPUMATH
BUpA3M Ul HANPYXXEHb 1 JIEKTPUYHOTO 3MIIIeHHs Ha BEpXHIi IpaHi eNeKTposa Ta BKa3aTH METOAUKY iX
3HaXO/KEHHs Ha HIDKHIN rpaHi. Po3risHyTO 4acTKOBUH BHMAIOK Jedopmallii, CIPUINHEHOT TOBOPOTOM
CJICKTPOJIa HABKOJIO HOTo cepelHbOl TOYKHU. J[JIs 1[bOro BHITAJKy MOOYJI0BaHO Ipadiku MepeMilleHb m03a
EJIEKTPOJIOM 1 HAaINpyXeHb Ha HOTO BEepXHiM 1 HkHIN rpaHsx. (i1 miaTBepIkeHHS JOCTOBIPHOCTI
pe3yJbTaTIB 3a IOMIOMOTOI0 METOY CKIHUEHHUX €JIEMEHTIB PO3IIITHYTO 3ajiauy, sika € OJM3bKOIO0 0 CYTI JI0
BUTIAJIKY [ii Ha €JEeKTPOJ CWIM Y BEPTUKAIBHOMY HANpsMKy. BCTaHOBIEHO XOpolle Y3roKeHHs
AHATITUYHOTO PO3B’S3KY 3 Pe3yJbTaTaMU CKIHYEHHO-EJIEMEHTHOTO aHalli3y, IO MiATBEP/IKYE a1eKBAaTHICTD
METOJIUKH 1 IOCTOBIPHICTH OJIEP)KaHUX PE3YIIbTATIB.

KawuoBi cnoBa: HampykeHHS, Jedopmalisi, eNeKTpoJ], M'€30eIeKTpUIHui Oimarepian, 3amada
JHIAHOTO CIPSDKEHHS, METO/| CKIHYEHHUX EIIEMEHTIB.

THE EFFECT OF A RIGID INTERFACE ELECTRODE ON THE
DEFORMATION OF A BIMATERIAL PLATE

K. Lobodal, T. Khodanen?
Oles Honchar Dnipro National University

Abstract: This article considers the problem of plane deformation of an absolutely rigid electrode
located at the boundary of two dissimilar piezoelectric half-spaces. It is assumed that the electrode can be
motionless, and the piezoelectric composite rotates by a certain angle, which is equivalent to the case when
there are no remote displacements and the angle of rotation of the electrode is given. In addition, the
internal electric field and total charge of the electrode can be given. The displacement of the electrode in the
horizontal or vertical direction under the action of a remote load can also be taken into account.

To construct the solution, the representation of mechanical and electrical factors through a function
that is analytic in the entire complex plane except for the electrode region was used. Applying these
representations, the problem is reduced to the Riemann-Hilbert equation for the specified piecewise-
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analytic function with a jump over the electrode region. Additional conditions to this equation follow from
the conditions at infinity and the conditions of mechanical and electrical equilibrium of the electrode. An
analytical representation of the solution with unknown coefficients determined from the above conditions is
written. The latter is found by expanding the solution in a series at infinity and finding the first coefficients
of the expansion.

Based on the obtained solution, analytical expressions were written for displacements outside the
electrode and stress and electrical displacements jumps on its faces. It was found that the specified factors
have an oscillating singularities at the electrode tips. By means of additional analysis, expressions for
stresses and electrical displacement on the upper face of the electrode were found and the way of their
determination on the lower face was indicated. A partial case of deformation caused by rotation of the
electrode around its midpoint was considered. For this case, the graphs of displacements outside the
electrode and stresses on its upper and lower faces were presented. To confirm the reliability of the results a
problem that is essentially close to the case of a force acting on the electrode in the vertical direction was
considered using the finite element method. Good agreement of the analytical solution with the results of
finite element analysis was established, which confirms the correctness of the methodology and the
obtained results.

Keywords: stress, deformation, electrode, piezoelectric bimaterial, problem of linear relationship,
finite element method.
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1 BCTYID

EnexktponHi mapu, mo po3TamioBaHi Ha TOBEPXHI ab0 HA MEXi MOAUTY KOMIIOHEHT
1’ €30€JIGKTPUYHOTO OiMaTepiany, MMPOKO BUKOPHCTOBYIOTHCS B PI3HUX EICKTPOMEXaHIUHUX
npuctposix. MixkdasHe pyilHyBaHHS MK €JIEKTPOIHMM HIapoM 1 BOYJOBaHUM MarepiajoM
Oyno BusHaueHo Hao et al [1] sk OCHOBHY MPUYKHY HECNIPABHOCTI TaKUX MPHUCTPOIB, i TOMY
JOCHIUKEHHST BHYTPIIIHIX 1 MDK(a3HHX €JEeKTPOJiB € [AyKe BaXJIMBUM JJS PI3HUX
3aCTOCYBaHb. Y HAWINPOCTIIINX BHITAKaX EJICKTPOIU MOXKYTh OYTH 3MOJEIbOBaHI a0o
MEXaHIYHO JKOPCTKHMH, a00 MEXaHIYHO M'SIKUMHU BKIIOYEHHSMHU. OTKe, KOPCTKUU MOXKHA
pO3MIISIIaTH SIK JKOPCTKE BKJIIOUEHHS, TOOTO Take, MO HE 3a3Hae nedopmartid mig Jiero
30BHIIHIX cuil. Lle € imeanizami€ero, ane B iH)KEHEpHiN NMPaKTULI PO3PaXyHKY KOMIIO3HTHUX
MarepiaigiB BKJIIOUYEHHs (HANpUKIaa, OOpHI BOJIOKHA), SIKI € HabaraTto >KOPCTKIIIUMH Bif
MaTpulli, 0e3 BTpaTH TOYHOCTI BBAXAIOTh AaOCOJIOTHO JXOPCTKMMHU. Take NpUIYIICHHS
CYTT€BO CIPOIIYE 3a/1adi, 1 B PSAAl BUNAAKIB T03BOJISIE OTPUMATH HABITh iX TOYHI aHAJITHYHI
PO3B’SA3KH.

2 AHAJIB JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

KinpkicTh HayKOBHX pOOIT, MPUCBSIUEHUX MPoOsieMi MiK(a3HUX €IEKTPOMAIB, € IOCHUTh
oOMexeHO10. 30KpeMa, B po0OoTi [2] pO3MIISIHYTO MKOPCTKE ENEKTPUYHO MPOBiTHE BKIIOYCHHS
Ha MeXI MOJUTY JBOX I €30€NeKTPUYHUX MaTepiaiiB. B poOoti [3] oTpumaHo aHamiTU4Hi
PO3B’SI3KM ISl MEXAHIYHO M SKOTO EJIEKTPOJa, PO3TallOBAHOTO HA MEXi JIBOX 3B’SI3aHUX
1’ €30€NEKTPUYHUX MIBIUIONIMH, 1HIYKOBAaHUX ENEKTPUYHUM 3apsaoM. Kpim Toro, TouHUit
AQHATITUYHUN PO3B’SA30K IS OJHIET TPIIUHU HA MEXI1 MOJAUTY, PO3TAIIOBAHOI 3 OJTHOTO OOKY
€JIEKTPOJIHOTO 1apy, Oyno oTpumaHo B [4]. M akuil enekTpoa, BOyAOBaHUN Ha MEXI1 MOALTY
JBOX IT"€30CJICKTPUYHHUX KepaMiK Il €0 MEXaHIYHOTO HABAHTAXXCHHS Ta CIECKTPHUYHOTO
0JIsA, PO3IIIAHYTO B [5, 6]. Monenb eleKTpUuyHOro mpoOor Ha KIiHIX M’SIKOTO €IEKTPOAY
JOCHTIKEHO B [7], a B3aeMotisi MibK(pa3HUX TPIIIMHH 1 M SKOTO €JIEKTPOAY BUBYEHO B pOOOTI
[8].

Hackinbku BiioMO aBTOpam, >KOPCTKUN €JIEKTPOJ Ha MEXI MOJUTY JIBOX I €30KEpaMiK
MiJ €0 eJIeKTPOMEXaHIYHOTO HaBaHTaXKEHHS JOCHIIKeHHH HemocTaTHho. [laHa pobora
SKpa3 1 MPUCBAICHA [[bOMY TUTAHHIO.

PosrisiHemo — abGcommoTHO  KopeTkmit  enmektponm  as<X <b, X,=0 wmix gBOMa

HAIIBHECKIHUCHHUMH KepaMidHUMH mpoctopamu X, >0 i X, <0. ®isuuni Bmactusocri

MIBIPOCTOPIB BU3HAYAIOTHCS TEH30paMU c ei§|l<)v ;(igl) Ta Ci(ji,), eiﬁﬁ), Zigz)

(m) (m) (m)
ijkl 1 €

> A€ Gy Gy X
— KOMIIOHEHTH MPYXHO1, II’€30€JIEKTPUYHOI Ta AIeIEKTPUUHOI MAaTpHIlb BiAnoBigHO. O6uaBa
HaITiBIPOCTOPY MAIOTh KJIaC CUMETPii 6MM, IMOJIsipU30BaHi y HapsiMKy oci X; [9].
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Puc. 1. bimarepianbHa 1’ €30€NeKTpUYHA TUIOIIHHA 3 a0COTIOTHO
YKOPCTKHM €JIEKTPOIOM Ha MEXi IOAITy MaTepiaiiB
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BBaxkaemo, 110 BCl 30BHILIHI BIUIMBU HE 3aJICKUTH BiJl KOOPIUHATH X,, TOMY MOXHa
po3riIsiIaTH 3a1a4y iockoi gedopmarii B mommai (X, X;) (puc. 1).
Iosnauaemo uepes L'=[-a,a] oOmacts enmekrpona, a wuepes L"=(-o0,00)\L".

[IpunyckaeMo, 110 €JIEKTPOa MOXKe OYyTH €JIEKTPUYHO 3apsKEHHUM, 1 TIOBHUN €JIeKTPUYHUI
3apsiji MOTEPEYHOTO Mepepisy enekrpoa B mwiomuHi (X, X;) nopisaioe D, .

3 LIJb TA 3AJAYI JOCJIUKEHHS

im0 1aHoi poboTH € Mo0ya0Ba aHAITUYHOTO PO3B’SA3KY 3a/avi TUIOCKOT aedopmarii
JIBOX PI3HOPITHUX IT"€30€JEKTPUYHUX IMIBIIPOCTOPIB 13 JKOPCTKUM 3apsIHKCHUM EJIEKTPOIOM
KIHIIEBOI JIOBXXWHH, PO3TAIIIOBAHOTO HA MEXI 1X MOJUTY, SKH MOXKE IMOBEPTATUCS B TUIOMIMHI
Ta/abo 3MINIyBaTUCS B TOPHU3OHTAIBHOMY a00 BEPTUKAIBHOMY HAMNPSIMKY A €0
BiJITAJICHOTO HABAHTAXKEHHSI.

JocaraenHs miei niji noTpedyBasio BUPILIEHHS TaKUX 3a/1a4:

- 3HaxXO/DKCHHS 3PYYHHX IPEACTABICHh KOMIIOHCHT €JICKTPOMEXaHIYHOTO CTaHy
4yepe3 KyCKOBO-aHAITUYHI (PYyHKIIIT,

- ¢opMyIOBaHHS Ha OCHOBI WX NPEICTaBICHb 3aJa4i JIHIHHOTO CHIPSKCHHS
I'inbGepra-PiMaHa 1 oTpuMaHHs ii TOYHOTO PO3B’SA3KY;

- OTpUMaHHA AHANITHYHHX (OPMYJT Ui MEXaHIYHHX MEPEMIlIeHb, EIEKTPUYHOTO
MOTEHIIiaNly, HANpYy>KeHb 1 EJIEeKTPUYHHX 3MilIeHb y Oyab-sKkiid Touli OimMarepialbHOro
IPOCTOPY;

- aHaJi3 IUX BEJIMYUH B OKOJII €JICKTPOY Ta HOTO BEPIIINH;

- moOymoBa rpadikiB 3MIHM MEXaHIYHUX Ta EIEKTPUYHUX (AKTOPIB B3IOBXK
€JIEKTPOY Ta Ha MOTO MPOJIOBKEHHI,

- MiATBEPPKEHHS JOCTOBIPHOCTI Pe3yibTaTiB NUIIXOM PO3IISAY OJNM3BKOI MO CyTi
3a/1a4i METO/IOM CKIHYCHHHX €JIEMEHTIB 1 MOPIBHAHHA aHATITUYHUX 1 YHCETbHUX PE3YJbTaTIB.

4 PE3VYJIBTATHU JOCJIIKEHHSA

3arajbHuii po3B’A30K OCHOBHUX PiBHAHb. 3aMKHEHAa CHCTEMa PIBHSIHb I1"€30CTATHKU
3a BIJICYTHOCTI MacoOBHUX CHX 1 BUIBHMX 3apsiliB Yy 3arajlbHOMY BHUIAAKY OIHCYETHCS
piBHAHHAMU [9]:

0 =Ciuca —&iE D =€néa + XuEi 1)
0;;=0; D;;=0;¢; =O.5(uiyj +uj’i); E =-9¢,, i, j,k,1=13, (2)
e U; — KOMIIOHEHTH BEKTOpA IEPEMIIEHb; O;,&; — KOMIIOHCHTH TEH30PiB HANpPYKEHb Ta

nedopmariiii; E,— xommonenTn BekTopa enextpuuHoro moisi; D, — xommoHeHTH BekTopa
EIeKTPUYHOI IHIYKINT; ¢ — eNEeKTPUYHMIA MOTEHIlIall; KOMa 03Havya€ MOXiIHi MO BiAMOBITHIUM
KOOpJMHATHUM 3MiHHUM. B ymoBax mwiockoi paedpopmauii U, =0, o,=0, 0, =0,
&,=0, €,=0, E,=0, D,=0, aBci iHmi KOMIOHeHTH € QYHKI[IIMHU JIHIIC 3MIHHUX X,
Ta X;.

I3 BuKIIOUEHHSIM HampykeHb 1 nedopmariii cucrema (1), (2) 3BOAUTHCA 10 CHUCTEMH
nudepeHLINHNX PIBHSIHD:

(Cijkluk + enj‘P) i =0;

(EiaU _Zil(/’)ui =0. ©)
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[punyckarouy, 1Mo BCl HOJNS HE 3aJ€KaTh Bl KOOPAMHATH X,, PO3B’S30K PIBHAHL (3)

MOJKHA MpeCTaBuTH y Burisiai [ 10]:
V =af (2), 4)

T . . .
e Z=X+px;,V :[ul,uz,us,go] , a f € moBimpHOI0O (yHKIN€0, Ky HEOOXITHO BHU3HAYNTH,

T . . .
a= [ai, a,,d,, a4] 10 € BJIACHUM BEKTOPOM 1 BJJACHAM 3HAYCHHSM PIBHSHHS:

[Q+p(R+R")+p*T]a=0, (5)

ne Q, R i T Bu3HavaroThes 3 koedimieHTiB piBHAHB (3). Tyt 1 mami BepxHiil iHIeKkc T
O3Haya€ TPAHCIIOHOBAHY MATPHULIO.
Ockinbku BignoBigHo a0 [10] piBHsSHHSA (5) HE Mae MIMCHUX BJIACHUX 3HA4Y€Hb, BJIACHE

3HaueHHsA (5) 3 NOJAaTHUMM YSIBHMUMHU YaCTHMHAMM IIO3HAY€HO SIK [y, a BIANOBIJHI BJIACHI
BeKTOpH (5) K A, (HMXKHINM 1HIAEKC S TYT 1 Aami npuiiMae 3HadeHHs 1, 2, 3, 4). 3aranpHuii
TificHui po3B’s130K piBHAHB (1), (2) MokHa moaaTH 3rigHO 3 [10] y BuTIsAi:

v=3Tat(z)+af(z)]. (6)

s=1

ne Z, =X+ PX;,a f (*) € TOBUIbHUMH aHATITHYHUMU (YHKIIISIMU.
Bsenemo BekTop

T

t=[0,3,0,05,D;] . ()
3a gonomororo piBHSAHB (1), (2) 1eit BEKTOp MOYKHA MMOAATH Y BUIJISIL:
4 p—
t=>"[b,f/(z)+b,(z)]. (8)
s=1

Jie KOMIIOHEHTH BeKTopiB D, BusHaueHi vepe3 koediuientu pisusub (1) i (2), a mrpux

O3HAYae MOXIi/HY M0 apTyMEHTY.
BukopuctoByroun Juist 3pyqHOCTI Taki mo3HaueHHs [11]:

Az[a11a21a3’a4]1 Bz[blszlbg’b4]1 f(Z) = [fl(zl)! f2(22)’ f3(23), f4(z4)]T!

Bupasu (8) 1 (10) MmoxkHa mOJaTH y TAKOMY BUTJISAIL:

V =Af(2)+Af(2), t=Bf'(2)+Bf'(2), 9)
o [dh@) d(z) dhz) dhz)]
Hef(z)_[ dz, ' dz, = dz; ' dz, }

AHaJiTH4HI popMyJIM 1JIs1 JOCTIIKEeHHSl eJIEKTPOAiB HAa MeXi Moy marepiajis.
3acTtocyeMo Terep OoTpuMaHi BHIE (OPMYNIH Ul JOCTIDKeHHs OimarepiajabHOi o0nacTi 3
MiDK(pa3HUM eNeKTpoJoM. ['paHMuYHI YMOBHM Ha MeX1 HOJLIY MarepiajliB MOKHA IMOJATU Y
BUTIISIL:

t®(x,,0) =t?(x,0) ana x, eL”, (10)
VO (x,0) =V (x,0) mns x, € (~o0,0), (11)
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Jie BEpXHI 1HICKCU 03HA4YaloTh BEKTOpH (9), 3amucaHi 11 BEpXHBO1 1 HIDKHBOI 001acTei.
[Hm11 rpannyHi yMOBU OyayTh cOopMyIbOBaHI Mi3HIIIE.

Y npoMy BUIAIKY 3Ti1HO 3 (6), (8) po3B’s30k piBHAHB (1), (2) A1 KOXKHOT 00IaCT1 MicIs
TrQepeHIIiFOBaHHS MOYKHA 3aIIUCaTH TaK:

V™ (x, %) = AMEO (7) + AMFO (7) (12)
t™ (x,, ;) = B™F ™ (2) + BMF™ (7). (13)

®opmynu (12) Ta yMOBU Ha MeXi TIOJILTYy MaTepialiB
V'(l)(Xl,O) = V'(Z)(Xl,O) I —00 < X, <00

Jar0Th

AP FO(x)- AP TP (x) = AP FO(x)—A®FO(x) mm —0<x <. (14)

Orpumane piBHAHHs 3a0e3leuye HENEepepBHICTh IOXITHMX HepeMilleHb Vj,V,,V i

EJIEKTPUYHOTO TOJIA 1O BCid Mexi momimy. JliBa uwactmnHa piBHsSHHA (14) € rpaHUYHUM
3HAYEHHSIM aHANTU4YHOI (QyHKHiI B obmacTi X3>0, a mpaBa yacTMHA LBOTO PIBHSIHHS €
TpPaHUYHUM 3HAYCHHAM 1HINOI aHamiTHYHOI QyHKIIT B obmacti X3<0. PiBusHHs (14) o3Hauae,
mo o6uaBi GYHKIIT MOXHA aHATITUYHO MPOJOBXHUTH HA BCIO IJIOMUHY, TOOTO BOHHU
JOpiBHIOWTH mpu X3>0 i X3<O BignoBigHo, BekTOp-QyHKUiT C(Z) aHamiTHuHiii Ha BCid
IUIOLLIMHI.

BpaxoByroum, 110 BCi €IEKTPOMEXaHIuHI XapaKTePUCTUKH OOMEXEHI Ha HECKIHYeHHOCTI,
OTPUMYEMO, L0

C(2)|z—= =CO=const.

Opnak, 3rimHo 3 Teopemoro JliyBins 1ie O3Hayae, 0 C(z2)=C©@ BUKOHY€EThCSA Ha BCii
IUIOIIMHI.
OTtxe, 3 piBHsHB (14) Maemo:

ADFO (2) _A@§F®@ (2) = CO g x3>0,
AP (2)— AP T (2) =CO s x3<0, (15)

ne CO — nosinbHuMit mocTiitHMIA BEKTOP.
Ockimbku T™(2) € noBinpEEME BekTOp-yHKIisMH, MOxHa Bubpatn C© =0.

[Tpunyckarouu, 110 BIAacHI 3HAUYEHHS € PI3HUMH, Ta Oepydyd O yBard, 110 MaTpulll B
piBHAHHSAX (15) € HeocoOnmuBumH [10], oTpuMyeMoO:

F@(2)= (A?)*AD £'D(z2) s x3>0,

7O (2)= (AD) AP £@(7) 115 x3<0. (16)
Jaii BBeZIeMO BEKTOP

(t(x)) =t2(%,0) ~t®(x,0) . 17)

[Tepii Tpu KOMIIOHEHTH IILOTO BEKTOpA — 1€ CTPUOKHU HaNpyKeHb, a YeTBEPTAa — CTPUOKHU
€JIEKTPUYHOI0 3MILIEHHS Y3J0BXK MEXi Moty MaTepiaiiB. TyT 1 Jai KyTOBI JyXKKH < f (X1)>
neskoi ¢yHkiii f o3HavaroTh cTpuOkM 1iel (yHKIIT Ha MeXi MOmTy MaTepialis.
BukopucroBytoun piBastHHA (13) 1 (16), piBHsHHS (17) MOXHa 3anucaTy y BUIIISAIIL:

(t(x))=DFf"® (%) +DF®(x), (18)
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ne D=BY _B@(A®)1A0.

puiimatoun o ysaru pismsaus (12), Bexkrop VW Ha Mexi moxiny maTepiaiiB MoxHa
3aImcaTy siK

V' (x,0) = AD O (x) + AD FO(x,). (19)

BBonsiun BekTop-¢pyHKiito W(z) 3a nonomororo dhopmynu

Df'®(z) nna x, >0,

_ 20
-Df'®(z) s x, <O, (20)

W(z)= {
supaxatoun T’ (z) ana x, >0 i F'9(z) ana x, <0 yepes W(2), i mizcTapisioun pe3ynbTaTa
B (18), (19), oTpuMyeMo HACTyIHI BUPA3H:

(1)) = W" (%) =W (x), (21)
V' (x,0) = GW" (%)~ G W (x,), (22)

me G=A®PD"' i W*(x)=W(x +i0), W (x)=W(x,—i0) — 3HaueHHs BekTOp-(pyHKIUii
W(z) y BepxHiil i HIKHIM OKOJIaX TIOBEPXHI MOLUTY MaTepiaiiB, BiAMOBITHO.

I3 piBHsHb (21), (22) Ta ymMOB HenepepBHOCTi (14) BuTikae, mo Bekrop-pyukitis W(z) €
AQHATITUYHOIO Y BCIM IUIOIMIMHI 3 po3pizoM 1o Biapizky L'. Cimix 3a3Ha4uTH, MO 3aBISKA
piBusnnio (14), criBsiaHoutenns (22) sagososbHstoTh yMoBam V'®(x,0) = V'@ (x,0) ans
BCBOT'0 iHTEp(elcy X, € (—o0,).

CriBBinHomenHs (21), (22) MoXXHa BHKOPHCTOBYBATH JUIsI aHATITUYHOTO PO3B’SI3aHHS
pI3HHUX 3aJa4 AN OJAHOTO abo0 KIIbKOX JKOPCTKMX €NEKTPOIiB Ha MEXI MOAULY ABOX
1’ €30€JICKTPUIHUX MaTepiajiB.

VY nonansiioMy OCHOBHA yBara Oyjie mpuijieHa BUIIaJAKy IUI0CKOi Aedopmanii. Marpuns
G 06e3 apyrux psijka i CTOBIIS, IO BiAMOBIAAIOTh AHTUIUIOCKIA KOMIIOHEHTI aedopmaitii,
Ma€ TaKy CTPYKTYpY:

c;ll Gl3 Gl4 I gll ng gl4
G=|G; Gy Gy |=|Us 195 104 |, (23)
G4l G43 G44 g4l I g43 I g 44
Ile BCl 9; JIHCHI.
BukopucTtoBytoun MeTONUKY, BUKIAJeHY B poboti [12], 3 piBHsAHHA (23) OoTpuMyeEMO
HACTYIIHI IPE/ICTABICHHS:

U3 (%, 0) —my, E, (%, 0) +imju; (%, 0) = F7 (%) + 7 F (%) (24)
N, <O_13(X170)> +i I:an <O-33(X1’O)> +N;, <D3(X1'O)>] = Fj+ (%) — Fji(xl) (25)

Aac Fj (2)= njlwl(z) + i[nj3W3(Z) + nj4W4(Z)] ) (26)
i i n, (4,1=1,3,4) ¢

S, ,]7, 1O BiANOBINAIOTH BIACHMM 3HAYEHHSM

My =Sj4 My =—1S;, Ny =Yy, Ny =—1Yj5, nj, =Y, npudomy my,
co . . T _
JINCHUMH; BIACHI BekTOpH S; =[S, S,

7; (1=13,4), 3HaX01ATbCS 3 CHCTEMH:
(]/GT + C_;T )ST =0 , (27)

a BEKTOpP Y; BU3HAYAETHCS TaK:
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Yj = [le7Yj3’Yj4] = SjG (4=1,3,4).
I[Ipu 1[bOMY BJIACHI 3HAYCHHS MAFOTh BUTJISI:

_1+0
1-5°

2 _ 9124933 + 9123944 B 2914913934
911(933944 - 9324)

@®opMyJII0BAHHS TAa PO3B’AI30K 3aaadvi JiHiiiHOro cnpsixenHs. [Ipunyctumo, mo Ha
srmoueni  U(X,0)=ul, EP(x,0)=E,, u/(x,0)=U/,. Ille MOXHAa MOACHUTH TaK, LIO

a =7t va =1,

ne o >0, To0TO BOHO AiiicHe.

BKJIFOUCHHSI MTOBEPTAETHCS HA JESKUi KyT [ BIZIHOCHO CBOEI CepelHbOi TOYKH, i HA HbOMY

3a/1aHO BHYTpilIHe exexTpuyne none E . Toxi u, =sin £, a u, =1-cos f. Toxi 3 piBHIHHA

(24) orpumyemo:

F () +y;F (%) =up —m,Ey+imyu, (=1,3,4) nis X e L' (28)

BBoasun HOBY (pyHKIIiIIO

®;(2)=F;(2)+n;-i6;, (29)
e 1, = _uéo +mj4E10 0. = mjlul,o ’ 021’3,4)’

J J

1+ 7 1+ 7

sIKa M€ Ti XK BIACTUBOCTI, o 1 F, (z) , piBHsAHH:A(28 40) HaOyBa€ BUTIISLY:

@ (x)+7,P;(%)=0 (j=134)mm x, eL’. (30)

Sxo BBaxat, mo F, (2)|,5. >0, 10

®;(2)].-,.. > n,-i6;. (31)
BpaxoByroun 3aminy (29), piBHsiHH: (24) i (25) MOXHa MepenucaT y BUTIISII:

(%, 0) =M, Ey (%, 0) +imy,ui(x,,0) = 5 (x,) + ;@ (%) — 1, (7, -6} ), (32)

N (0330%, 0)) +1[ Ny (035 (%, 0)) 41y (D3 (%, 0)) | = @ (%) — D (x,) - (33)
IaTerpytoun (33) mo enexTpory, OTPUMYEMO

[4@] () =@ (x)3dx, =, Q +i[ n;Q +n,,Dy |, (34)

e Q = _[ (o(x))dx , Q= I (055(x))dx, — cymapHi cumM, WO MIOTb Ha €IEKTPOX IO

HampsIMKy oceil x; 1 x;, BiamoBimHo. LIi cuimu MOXyTb OyTM CIpUYMHEHI, HaNpUKIaA,
MarHiTHAUMH TIOJISIMH, SIK1 JIIFOTh Ha €JIEKTPOJI, 1110 Ma€ MAarHiTHI BJIACTUBOCTI.

a

D, = j <D3(X1)> dx, — cymapHuii 3apsi eIeKTpoIa.

—a

Bepemo 1o yBaru, 1o piBHsHHA (34) Moxe OyTu nepenucaHe y BUIIISI
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i+t . ) .
S [ @y (x)dx, =nQ +i[ n5Qs +n;,Dy | (1=13,4). (35)
j -a
Po3B’s30k 3amadi (30), (31) Ta (35) 6yaemo posurykyBatu y ¢opmi [13]
C+C.Z2(z+a)”
@- Z)= o) 1 ( j (1211314)1 (36)
] ( ) ,22 _ a2 Z _ a
. In Vi
ne Cy,C, — MOBUIbHI KOHCTaHTH, & =2—.
V4
Ipu poskinanenni Ha HeckinueHocTi GyHkmii D j (Z), npeacTaBieHoi Gopmynorw (36),
Ma€eMO:
i 1 _
(Dj(z)=clj+{c0j+2|agjc1j};+0(z 2. (37)

I3 mpencrasnens (31) 1 (34) oTprMaeMo HACTYMHI PIBHSIHHS:
c; =7, -10;, ¢, +2iae,c;, = {inle1 ~[n,:Q, + nj4DO]} /(7). (38)
3BijicK OTPUMY€EMO BHUPA3M JUIsl KOHCTAHT

:inlel—[anQ3+nj4D0]

0 7 —2iag; (77,- —iej). (39)
[TincraBnsroun oxeprkani Bupasu (38), (39) B (37), ogepx’yeMo po3B’SI30K y BUTIISAL:
{inlel _I:nj3Q3 + nj4D0:|}/(27[)+ (77] B iej)(z _ZiEJa) Z+a i
D, (2)= : (40)
Jz?-a’ z-a

Cnin Bim3HauntH, 1o y dopmyni (40) mae micue OCHWISIIIHA CHUHTYJISIPHICTH OIS
BEPILHH EIEKTPOA.
Bpaxosytouu pisHocti (30) Ha L' i @j(x)=d;(x)=®;(x) na L", i3 popmyxn (32)

OTPUMYEMO:
u; (%, 0)—m;,E, (x,,0)+im,u;(x,0) =—r, (&, —i7,) na L', (41)
U3(%,0) My, E; (%, 0) +imui(x,0) =1, [ (%)~ (& -i; ) | ma L. (42)

Po3B’s30k piBHsHb (41) nae 3anani snavenns uj(x,,0), EP(x,,0), u/(x,0) na enexrponi,
a 3 (42) orpumyemo:

uilt(xllo)zrlIml:q)l(xi)_(&l_ifl):llmll’ (43)
a Takox HactynHy CJIAP:

U (%, 0) —my, E, (%, 0) =¥, (x),

u;(x,0)—m,E, (%,0)=r¥,(x),
fe Wi(x) =Re[ ®;(4) (&, -i7) |,

13 IKOT OTPUMYEMO:
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U (%, 0) =[my, ¥, (4) —my, ¥, )]/ (my, —my, ),
El(xvo):[r4\P4()9)_'1‘I11()<1)]/(”]14_m44)' (44)

3HaiiIeMo CTPUOKU HampyKeHb 1 eleKkTpuuHoro 3MmimieHHs. Ha ocHoBi (30) piBHSHHS
(33) moke OyTH 3anucaHe y BUTJIAIL:

+1
N, <O'13(X1’O)>+ [ I:an <O-33(X1'O)>+ N, <D3(X110)>} = & + CDT(X1) . (45)
: 7, +1 .
3sincu (oy,(x,0)) e Im[@; (x)]. (46)
Kpim toro, i3 (45) orpumyemo:
s (4% 0)) 1 (D, (%,00) = 2 im0 ) .

N (053X, 0)) + Ny Dy (%,0)) = 2Im[ D (x,) |.

I3 ocranHBOI cucTeMu 3HaxXo0AuMO:

<ass(x1,0>>={n44 71”Im[@:(xi)]—nmzIm[@:(xi)]}/ By

71

<D3(x1,0>>={—n4371—+1Im[cb;(xi)]mmzIm[cbz(xi)]}mo, (47)

1

ne Ay =N,N, —Nygny, .

HanpykeHHsl Ta eJJeKTPHYHI 3MilllCHHS] HA BEPXHIH | HWJKHIN rpaHAX eJeKTPOoay.
BusHaunMo crouaTKy Hampy)KeHHsI Ta €JIEKTPUYHI 3MILIEHHS Ha BEPXHIM TpaHl elIeKTpoay.
Ha ocHoBgi (9) Mmoxemo 3anucartu:

t® =B®'(2)+BYT(2) =2Re (BT (1)},
a 13 (20) maemo:

fO(z)=D*W(z), D =(A) "G,

OTXKe,
t® =2Re{BYD'W(2)}. (48)
PiBusiHHS (26) MOXHa 3amMcaTH y BEKTOPHO-MAaTPUUHIN (OpMi Tak:

F(2) =NW(2),
Fl(z) nll inl3 inl4 Wl(z)
te F@2)=1F,@) . N=|ny, ing ing |, W(@)={W,(2).
F4 (Z) n4l I n43 in44 W4 (Z)

3Biacu

W(z) =N"F(z). (49)

Toni Ha ocHOBI (45), (49) MokeMo 3anucaTu
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t¥ =2Re{QF(2)}, (50)

e @=BYDN" =B (A )’1 GN™.

AHaJIOTIYHO MOKHA OTpUMATH (OPMYIH JUIsl HANPYKEHb Ta €JICKTPUYHUX 3MIIIEHb Ha
HIDKHIM TpaHi enekTpory. Aule iX MOXKHA TaKOXXK 3HAWTH Yepe3 3HA4eHHS Ha BEPXHIH rpaHi
eJIEKTPOAY 1 cTpuOKHM IUX (aKTOpiB, II0 BU3HAUEH] popmynamu (46) Ta (47).

5 OBI'OBOPEHHS PE3VYJIBTATIB JOCJIITKEHHSA

UucenpHa peamizamist oTpuMaHux  (Gopmyn TpoBoAWiach A OiMaTepiany,
CKOMITOHOBAHOTO 13 MartepiaiiB PZT4 (Bepxus miBmuionuHa) 1 PZTS (HwkHs). Beil Benmnunnwy,
SKIIO HE BKa3aHO MPOTWIICKHE, 3a7aroThCsi B cuctemi onuuuis Cl. BBaxkanocs, mo Ha
Biapisky L'=[-0,01;0,01] mexi monimy marepianiB 3HaXoAMThCA aBCOMOTHO XKOPCTKHMit
HepyxoMuil enektpoi. [Ipu npomy OimaTepiaibHa 00JIACTh MOBEPTAETHCS 33 TOJAMHHUKOBOIO
cTpinkoro Ha KyT S =arctg(uy, ). HJIC B oxomi enekTpoaa He 3MiHHTBCS, SKILIO IPUITYCTHTH,
mo OimaTepiagbHa OONAacTh Ha BiJJalIEHHI BiJ €JIEKTpOJIa HEPyXoMa, a caM eJIeKTPOJ
MOBEPTAETHCS Ha TOMW e KyT f, ajie mpOTH TOAUHHUKOBOI CTPUIKU. Pe3ynpTatu po3paxyHKy
B OCTAaHHHOMY BUTIQJIKY MPOUTIOCTPOBAHI HA pUCYHKaX 2-4.

. . 6 ‘o .
Ha puc. 2 HaBeneno posmozii nepeminiernst 10°u,(X;,0) B mpasiii uactuni enekrpoaa ta

Ha Horo mpojoskenni. CymiabHa i NyHKTHpHA JiHii moOymosami mpu B =107 i
B, = 5x107°, BimgnmoBimHo. Bummo, mo mix 0< X, <0,01 nepemimeHHs CHIBIAJAIOTh 3
NEePEMILIICHHSIMH €JIEKTPO/Ia, @ Ha HOTO MPOIOBKEHHI Pi3KO 3racaoTh.

0 0,005 0,01 0.015 0,02

Puc. 2. Tepemimenns 10° U, (%,,0) B mpasiii yacTuHi e1eKTpoa Ta Ha HOTO MPOOBKEHHI

10
05;(x.0) -

-10
0 0,002 0,004 0.006 0.008 0,01

Puc. 3. Bapianis manpyxenns 10° 0, (x,,0) Ha Bepxmiii (inii I) i mikmii (minii IT) rpansx exexrtpoaa

IIPH Pi3HHUX KyTax HOro moBopoTy
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3mina Hanpyxenns 10° o, (x,,0) Ha Bepxwiit (minii 1) i mwokwiit (imii IT) rpassax mpasoi
yacTUHM enekTpoga npu S, =10" i B, =5x10"° mnokasani Ha Puc.3 cyuinbHUMH i
MYHKTUPHUMH JTIiHISIMH, BIiAMOBiTHO. BHUIHO, 110 OCKINBKU €IEKTPOJ MOBEPTAETHCS MPOTH
TOJUHHUKOBOI CTPIJIKM, TO HANpPYKEHHS Yy WOro mpaBiii 4yacTHHI Ha BEpXHIM rpaHi €
CTUCKAJIbHUMH, Ha HIDKHIN — PO3TATYBAIbHUMH.

3miHa enextpuuHoro 3mimeHus D,(x;,0) Ha BepxHiif (Jinii /) 1 HyKHIH (1iHIT /) TpaHAxX
npaBoi yactuuy enektpopa npu B =107 i B, =5x10"° mokasaui Ha puc. 4 CyHUILHUMH i
MIYHKTUPHUMH J1HISIMH, BIAMOBITHO.
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Puc. 4. Bapiauis enexrpuasoro 3mimenns D,(x,,0) Ha Bepxwilt (Jiinii /) i HyokHiil (ninii I7) rpaHsax
€JIEKTPO/Ia IPH PI3HUX KyTaxX HOro moBOpOTY

HinTBepaxenns: 1ocToBipHOCTi pe3yabTartiB. PosrinsHemo 3anmady, sika OnM3bKa 110
CyTl 10 BUIAJKY [Jii Ha €JIeKTPOJ CUJIM y BEPTUKAJbHOMY HANpsIMKY, a came, pO3IsHEMO
00J1acTh, IO CKOMITOHOBAHA 3 JIBOX JKOPCTKO 3UYETUICHUX JOBIMMHU TOPISIMHA NMPSIMOKYTHHUKIB
po3mipamu S0MM*25MM. BBaskaemo, 1110 BepxHiil MPsIMOKYTHHK BUTOTOBJICHUMH 13 MaTepiaiy
PZT4, mwxniii — PZTS. B neHTpanpHiii YacTHHI MeXi TOIUTY MaTepialiB 3HAXOAHUTHCS
abCOJIIOTHO KOPCTKUM eneKkTpo] AoBkHHOK 10mMM. BepxHilf 1 HMKHIH TopIi OiMaTepiany
KOPCTKO 3aKpiIUieHi.

[Ipunyctumo, mo miA Ai€l0 BEepTUKAIbHOI cUiIM enekTpox 3Mimryerbes Ha 0,0001mm
BBepx. [l anamizy HampykeHO-Ae(OpMIBHOTO CTaHy 3aCTOCYEMO METOJ CKiHYEHHHUX
enementiB (MCE) B cepenoBuii makery Abaqus. @parMeHT CITKH CKIHYCHHHX €IIEMEHTIB B
OKOJI1 TPIIIMHY Pa30M i3 OJIeM BEPTUKAJIbHUX MEepeMIllIeHb [TOKa3aHUi Ha puc. 5.

Puc. 5. dparMenT ciTku CKIHUEHHHX €JIEMEHTIB B OKOJII TPIIMHN pa3oM
13 TIOJIEM BEPTHUKAJIbHUX NEPEMIIIECHb
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I'papixu Hanpyxkenns 10°c,,(X,) B3/IOBXK BEPXHBOI i HMKHBOI CTOPIH €NEKTpOja

nokasasi cyuinsHuMH JiHisiMu (I) Ha pucyHKax 6 i 7, BignoBinHo. Ha ocHOBI WX pe3ysbTaTiB
HaOMMKEHO 3HAWJEHO, IO TOJOBHI BEKTOPH BKa3aHUX HANPYXEHb JOPIBHIOIOThH

H .
~1,2256x10* —— mns BepxHbOro TOpusA i 8,3569x10* H_ JUTsT HUOKHBOTO. BpaxoByrouu,
M M

1o TOJIOBHUI BCKTOP HAIIPY>KCHb IAJId HUXKXHBOI'O TOPUS, AK 1 IJi1 BEPpXHBOTO, HaHpaBJICHI/Iﬁ
BCPTUKAJIBHO BHH3, OACPKYEMO, IO CyMapHa CuHJia, sKa TpHUMa€ BKIKOUCHHSA B piBHOBaSi,

. H
JOPIBHIOE 2,0612x10* —.
M

Jani mpoBeZeHO pO3paxyHOK BIANOBIAHO 10 pE3yAbTATIB aHAJITHYHOIO aHANI3y NpHU

Q, =2,0612x10* % Pesynprarn oGuncienns Hanpyxerb 10°oy, (X ) B310BXK BEpXHEOI i

HIDKHBOI CTOPIH €JIEKTPOo/Ia MOKa3aHi Ha PUCYHKaxX 6 1 7 myHKTupHuMHU JiHismu (1).

10%,(x)

=
r T oo T T 1
-5 -3 -1 1 3 5
Puc. 6. Po3moin Hanpy»eHb BIOBXK BEPXHHOTO Puc. 7. Po3moain Hanpy&eHb BJOBXK HAXHBOTO
TOPIIT TOPIIS

I3 pucynkiB 6 1 7 BHIHO Ay)Xe XOpOIIE Y3rOKEHHS aHAJIITUYHOTO PO3B’S3KY 3
pe3ysibTaTaMi CKIHUEHHO-EJIEMEHTHOTO aHali3y: MaKCUMallbHE BIAXWUJICHHS 3HAY€Hb MEHIIE
1%. g oOctaBMHa NIATBEPIKYE aJEKBATHICTb METOAMKH 1 JOCTOBIPHICTH OJIEPKaAHHUX
pe3yJbTaTIB.

6 BUCHOBOK

Po3p’s3aHa  3ajmada  1wiockoi fgedopmanii  JBOX  PI3HOPIAHMX — IT'€30€JEKTPUUHHUX
MIBIPOCTOPIB 13 KOPCTKUM 3apsAHPKEHUM €JIEKTPOJIOM KIHIIEBOI JIOBXKHHH, PO3TAIIOBAaHOTO Ha
MeXI iX mojuTy 3MileHHs. EnekTpoHanpyxeHuil cTaH Moxe OyTH 3HaWJeHUH A BUIAJKiB
€JIEKTPO/ly B TOPU3OHTAIBHOMY ab0 BEPTUKAJIbHOMY HANPSMKY i JAI€0 BIJJAJIEHOTO
HaBaHTAXEHHS, IOro MOBOPOTY BIIHOCHO CEpPEeIHBbOI TOYKH, a TAaKOX IPH HAasBHOCTI
BHYTPILIHBOTO €JIEKTPUYHOTO TOJISI Ta 3apsiy €JIEeKTPoaa.

Jnis po3B’s3Ky 3a7adi MoJaHO MpejacTaBieHHs (24), (25) MexaHIYHUX Ta eNeKTPUYHHX
(akToOpiB yepe3 KyCKOBO-aHAJIITHYHI (PYHKIIIT, 3a JOMOMOIOI0 SKUX MpoOieMa 3BeAeHa 0
BEKTOPHOI 3ajadi JIHIHHOTO CHpSIKEHHS, IO po3B’s3aHa TOyHO. Ha OCHOBI OTpHMaHOro
PO3B’SI3KYy BHUIMCAHI aHATITU4HI BUpa3u (43), (44) nns nepemillieHb €IeKTPUYHOTO MOoJIs Ha
mo3a eJEeKTPOJAOM Ta CTPUOKIB HANpPYXEHb 1 €NeKTpUYHHX 3MmimeHb (46), (47) Ha Horo
Oeperax. BcraHoBieHo, 1110 BKa3zaHi (aKTOpU MarOTh OCHMJISALIAHY OCOOJMBICTD y BEpIIMHAX
eJleKTpoAa. 3HaiieHo Takox Bupa3 (50) A BEKTOpa HANpPYXKEHb 1 €IEKTPUYHOTO 3MILICHHS
Ha BEpXHIM TpaHi eleKTpoa.

B pesynbTari aHanizy BUINAAKY MOBOPOTY €JIEKTPOAa HABKOJIO HOrO CepeHbOi TOUYKU
BCTAHOBJIEHO, 1[0 B IPaBiil Oro yacTHHI HANpPY>KEHHS € CTUCKAJIbHUMU Ha BEpPXHiH rpasi i
PO3TATYBaJbHUMHU Ha HUXKHIM, MPUUOMY BOHM PI3KO 3pOCTAIOTh MPHU MIAXOMAl 10 BEPUIMH

Jlo6ona K. B., Xomanen T. B.
https://doi.org/10.31650/2618-0650-2025-7-2-101-115 113




MexaHika Ta MaTeMaTW4Hi MeTomu / N VI11/2/2025
Mechanics and mathematical methods = % = Crop. 101-115 / Page 101-115

EJIEKTPOIy. 3 METOI0 anpooOarlii pe3ynbTaTiB 3a JOMOMOTOI0 METOJY CKIHUCHHHUX €JIEMEHTIB
pO3B’s13aHO OJMU3BKY IO CYTI 3a/a4y, ane 1 o0JacTi CKIHYCHHHX PO3MIpiB, i BCTAHOBJICHO
XOpOIIe Y3TO/DKEHHSI aHATITUYHOTO PO3B’SI3Ky 3 pPE3y/bTaTaMH CKIHUYCHHO-EIIEMEHTHOTO
aHaizy.

7  ETUYHI JEKJAPAILIL

ABTOpHM HE MaloTh Oyab-ikuX (iHaHCOBUX 4YM HE(]IHAHCOBHUX IHTEpPECIB MIOAO
MarepiaiiB, IPEICTaBICHUX Y I CTATTi, K1 CIiI pO3KPUBATH.
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V]IK 514
TPUBUMIPHI 3BIZIHI IICEB/IOPIMAHOBI ITPOCTOPH

Jleceuko O. B.}, CouoBiioB A. A.?

Y00ecvra depacasna akademis bydienuymea ma apximexnypu
20Q0ecwvkutl nayionanvhuti ynieepcumem imeni 1. I. Meunuxoea

AHoTamisi: Y poOOTI IOCIHIPKEHO CIelliaibHI KJIaCH  TICEBJOPIMAHOBUX IPOCTOPIB Ta
B3a€MO3B’13KH MK HUMH.

PosrnsHyTO Kiac 3BiAHUX MCEBAOPIMAHOBUX MPOCTOPiB. BcTaHOBIEHO XapaKTepHi TOTOKHOCTI
JUTSL IMX TIPOCTOPIB i JOBEACHO, IO TEH30p APYroi BaJICHTHOCTI, IKWH OTPUMaHO 3 TEH30PHOI O3HAKU
3BIAHUX TPOCTOPIB, KOMYTYE 3 TeH30pOoM Piudi mporo mpocTopy. Y BHMIAIKY, SIKIIO 3B1IHUN TPOCTIp €
TPUBUMIPHUM TIOKa3aHO, IO I€f TEH30p MOXKHA BUPA3UTH SK JIHIHHY KOMOIHAI[I0 METPUYHOTO
TeH30pa Ta TeH3opa Piuui, a ioro 3roptka 3 TeH3opoM Piydi Moke OyTH mojaHa yepes caM Lel TeH30p
i3 meBHHM KoedimieaToM. KpiM Toro, s TpUBHMIpHHX 3BiNHUX IICEBIOPIMAHOBHX IIPOCTOPIB
OTPUMAHO sIBHE IPENCTaBICHHS TeH30pa Piudi yepe3 HOTro 3ropTKy i3 camMuM COOOK0 Ta METPUIHHM
TEH30POM, 3 KOEILI€EHTOM, SIKHH MiCTUTh CKAIISIPHY KPUBHHY.

JocnipkeHo BHYTPIIIHIO T€OMETPI0 ABOX MOXKJIMBHX THIIIB TPUBUMIPHHX 3BiTHHX MPOCTOPIB.
[lepmuit TH 1e TICEBAOpPIMaHIB MPOCTIp, V SKOMY MaTpHUIll METPUYHOTO TEH30pa Mae OJIOYHO-
JiaroHanbHy CTPYKTYPY, Yy SIKiil Tepiia KOMIIOHEHTa 3aJIe)KHUTh JIMIIC BiJ MEepLIoi KOOPAWHATH, a iHIIi
KOMITOHEHTH 3 OJIOKY paHTy JiBa 3aJeXath BiJ ApYroi Ta TPeThoi KOOPAWHAT. AHAIOTIYHO JOCIIIKECHO
JPYTHH THI, TaKOX 3 OJOYHO-IIarOHAIBHOIO CTPYKTYPOIO MATPHUIli METPUYHOTO TEH30pa, MPOTE TYT
KO’KHa KOMIIOHEHTA TEPIIOro OJIOKY paHTy JBa 3aileXaTh BiJ MEPIIOi Ta Ipyroi KOOPAWHAT, TOMI 5K
OCTaHHA KOMIIOHEHTa MaTpHIi METPUYHOTO TEH30pa 3aJIeXKHTh JIMIIC BiJ TPeThOi KoopauHaTH. Jis
3arajJbHOi MaTPHII METPHYHOTO TEH30PY IS IMX JBOX THIIB, @ TAKOXK JUIS KOKHOTO 3 IIUX THIIIB
OKpEeMO OTPHUMAHO SIBHI 3HAYCHHS TEH30pa JPYrol BAJIEHTHOCTI, KU OTPUMAHO 3 TEH30PHOI O3HAKH
3BiJTHMX MPOCTOPIB.

LenTpansHUM pe3yNbTaTOM JAOCIIKEHHS € TeopeMa, sKa CTBEpIKY€, IO TPUBUMIPHI 3BiJHI
TICEBAOPIMAHOBI IPOCTOPH 32 HEOOX1THICTIO € PEKYPEHTHUMH 1, IK HACTIIOK, Piudi-pekypeHTHUMH.

OtpumaHi pe3yibTaTH MOXYTh OYTH KOPHCHUMH JUIS TOJAIBIIMX  JOCTIDKEHb Y
JudepeHianbHid  reoMeTpii, 3aranpHi Teopii BiTHOCHOCTI Ta TEOPETHYHIA MeEXaHill mpu
MOJIeTFOBaHHI (Pi3UYHUX MPOIIECIB.

KarouoBi cioBa: TmceBIOpiMAaHOBI IPOCTOPH; TPHUBHMIPHI IPOCTOPH; 3BifHI TPOCTOPH;
PEKYpEHTHI IpocTopH; Piudi-pekypeHTHI IPOCTOPH.

THREE-DIMENSIONAL REDUCIBLE PSEUDO-RIEMANNIAN
SPACES

Lesechko O. V.1, Soloviov A. A.?
!Odesa State Academy of Civil Engineering and Architecture
?Odesa I. I. Mechnikov National University

Abstract: The paper investigates certain classes of pseudo-Riemannian spaces and the
relationships between them.

The class of reducible pseudo-Riemannian spaces is considered. Characteristic identities for these
spaces are established, and it is proven that the tensor of the second valence, derived from the tensor
criterion of reducible spaces, commutes with the Ricci tensor of the space. In the case where the
reducible space is three-dimensional, it is shown that this tensor can be expressed as a linear
combination of the metric tensor and the Ricci tensor, and its contraction with the Ricci tensor can be
represented in terms of itself with a certain coefficient. Furthermore, for three-dimensional reducible
pseudo-Riemannian spaces, an explicit representation of the Ricci tensor is obtained through its
contraction with itself and the metric tensor, with a coefficient that involves the scalar curvature.
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The intrinsic geometry of two possible types of three-dimensional reducible spaces is examined.
The first type is a pseudo-Riemannian space in which the metric tensor matrix has a block-diagonal
structure, where the first component depends only on the first coordinate, while the remaining
components in the rank-two block depend on the second and third coordinates. Similarly, the second
type is studied, also featuring a block-diagonal structure of the metric tensor matrix; however, in this
case, each component of the first rank-two block depends on the first and second coordinates, whereas
the last component of the metric tensor matrix depends only on the third coordinate. Explicit values of
the second-order tensor, derived from the tensor criterion of reducible spaces, are obtained for the
general metric tensor matrix of these two types, as well as for each type separately.

The central result of the study is a theorem stating that three-dimensional reducible pseudo-
Riemannian spaces are necessarily recurrent and, consequently, Ricci-recurrent.

The obtained results may be useful for further research in differential geometry, general
relativity, and theoretical mechanics in the modeling of physical processes.

Keywords: pseudo-Riemannian spaces; three-dimensional spaces; reducible spaces; recurrent
spaces; Ricci-recurrent spaces.
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1 BCTYIl

Hexaii V, — nceBopiMaHoBuUit IPOCTIp 3 METPUYHUM TeH30poM (;;, N> 2. PiMaHoBmi
npoctip V, Ha3uBaeTbes (JIOKAJIbHO) 3BIAHUM, SKIIO B JEIKOMY OKOJl D KOKHOI HOro Touku

M Moxe OyTh BuOpaHa Taka cucreMa KoopiawHat Y', y?, .., y", BiIHOCHO SKOi OCHOBHA
MeTpudHa popma mae Burisia [1-3]:

I:gab(xc)dxadxb+gaﬂ(x7)dx“dxﬂ, a,b,c=1..k, a B r=k+1..,n.

Tyr ¢,, nepeabadaroTbCs 3aJIEKHUMH TUIBKU Bil NG G Xk, a 0,5 — TUIBKA BIJ

k+1 k+2 n

X7, XL, X', TuMm  camuMm  3BigHUH  piMaHOBMH mpocTip V, 3riiHO 03HAYEHHIO

npejacTaBiIsie co00K0 M00YTOK piMaHOBOro mpoctopy V. —(BiZHECEHOro A0 KOOpAMHAT

X', X2, ..., X*) 3 OCHOBHOIO METpHUHOIO (hOpMOIO J,, (Xc)dx""dxb Ha piManoBuit pocTip V,

k+

(BimHecenoro mo koopmmuar X, x*2 .. X") 3 MerpuuHO0O (GOPMOIO 9o p (X7 )dX“dxﬁ .

TakuM YHHOM MATPHIISI MCTPUYHOTO TeH30py Mae Buj [1, 4-6]

0u(X) o gy (X) 0 0
. 0a(X) .. gu(X) 0 0
! O O gk+lk+1(Y) gk+ln(Y) ’
0 0 U (Y) Uon (Y)

me X =x4 %%, ., X6, Y =X XX,
TeHn3opHOIO 03HAKOIO 3BITHOCTI I1CEBIOPIMAHOBOTO MPOCTOPY € ICHYBAaHHS B HHOMY JBI4l
KOBapiaHTHOr0 CHMMETPUYHOTO KOBAPIAHTHO CTAJIOrO IJEMIIOTEHTHOrO TEH30pa &;, SKUA He

HPOTOPIIHHUI MeTprHYHOMY TeH30pY [7, 8]:

&= 0 @
a,af =a; ()
a = a ji

q i* €y, i
Tyt "," — 3HaK KOBapiaHTHOI MOX1JHOI y IpocTopi V,, 06UncIeHo00 3a HopMyII0r0

&k =0, & _aajﬂi _aiarjak '
08
dx"

Oy ;=

n
a _ a
aajrik = § :aajrik )
a=1

Jie 32 JJOTIOMOT'0I0 METPHYHOTO TeH30pa (OpMyITaMu
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Fihj:gharij,a

00.. 0Q. 00,
i.k:l - g'kj+ g‘.k + gk.'
P20 ax ox'  ox!

BHU3HaYaroThes cumBosM Kpictodens npyroro poay, mo € 06’ektamu adinHOi 3B’ s13HOCTI /' Ha
V, (ii Ha3uBalOTh piMaHOBOIO 3B’s3HiCTIO), a (" — eneMeHTH OOEpHEHOI MaTpHLi

MeTpudHOro Tensopy §;;. Lli GpopMynn Takoxk BUKOHYHOThCA y mociiukenHsx [1, 6, 9 - 12]

MIPH BiOOpaXEHHSX CHEI[ialbHUX TUITIB IPOCTOPIB.
YMmoBa iHTerpyBanHs piBHAHHS (1) 3 ypaxyBaHHSIM TOTOKHOCTI Piudi Mae BUTIIST

a'iaRjakl +aajRiT<l =0, (3)

h . o .
ne Rij, — Tensop PimaHa, IKU BU3HAYAETHCSL HACTYIHOO (POPMYJIOH0!

h 8Fihj aﬂi a h a 1h
Rk :_6Xk + oy - I, + I T,
Ta 3aJJ0BOJILHIE YMOBAM:
R +RY; =0
h _
R_(ijk) =0 4)
R’ 0

[k, T

0
Tenszop Tuny [4]

Ruijk = ghaR'aijk

Ha3MBa€Tbcs TeH30poM kpuBuHU V, . Lleit TeHzop Oyno posrisanyto y [4], OKpiM yMOB Ha

TeH3op Pimana, BIH Tak0X 3a10BOJIBHSIE CITIBBITHOIIICHHSIM:

Rhijk +Rihjk =0
Rhijk +Rhikj =0
Rhijk _Rjkhi =0

0 . .
Tenzop tumy [2] R;; = RY;, HasuBaetbest Tensopom Piwui mpocropy V. Bin 3a

HeoOXinHicTIO cumerpuyHmil: R;; =R;;, a #oro cma: R=R 0“ Ha3MBAETHCA CKANSAPHOIO

ji?

KPUBUHOIO TIpocTopy V, . JlocmimKeHHs 3 BUKOPUCTAHHAM I[bOTO 00’ €KTYy Benuch y [13-15].

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

Crerianizaiisi ICeBIOPIMAHOBUX MPOCTOPIB, AK 3acCi0 BBEJCHHS J0JaTKOBHX OOMEKEHbD,
Mae JiBa OCHOBHHUX Jpkepena. Ilepiie, 1ie HakiaJaHHS T€OMETPUYHHUX YMOB Ha 00 €KT, IO
BUBYAETHCS, BUKOPUCTAHHS TEOMETPUYHMX OCOOMMBOCTEH B mociikeHHi. Jlpyre, 11e
TEXHOJIOTIYHI MOXJIUBOCTI, $KI BHHMKAIOTh TIPH BUKOPUCTaHHI pO3POOJIEHUX METO/IB
JOCITDKeHHs. BpaxoByroun o00u/1BI OCOOJMBOCTI, 3ampolOHOBAaHI METOAM CIeliaizarii
NICEB/IOPIMAHOBUX MPOCTOPIB MO THUITy BHYTPILIHIX 00’€KTiB. 30KpemMa, Oe3rmocepeHbo Mo
BUY METPHYHOTO TEH30DA.
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Cepen mceBIOpIMaHOBHUX MPOCTOPIB, IO JOMYCKAIOTh CHEIIaJbHUNA BHJ METPUKHU B
JesKid CHUCTeM1 KOOpJIWHAT, BUIIJICHI 3BIAHI Ta HAaIIB3BiAHI MpocTOpu. BHBYAKOTBCA iX
TEH30PHI 03HAKH Ta, CIIUPAIOYKCH HA IIe, IESK] IX TeOMETPUYHI BIIACTUBOCTI.

ITpocTtopu Manoi po3MipHOCTI MalOTh CBOI OCOOJIMBOCTI SIK B METOAAX JTOCIIKCHHSI, TaK 1
B OTPUMaHUX pe3yibTaTax. TexHiuHi TPYAHOII, 110 BHHUKAIOTH B MPOIECI BUBYECHHS TaKHX
NPOCTOPIB, MarOTh CHEHU(IUHUI XapakTep, a METOIAM iX IOJOJIaHHS JISKaTh B OCHOBI
JIOCITIJIKEHb IPOCTOPIB O1IIBIIOT PO3MipPHOCTI.

B ocTanHi poku came TpUBUMIPHI TPOCTOPH CTAIH 00’ €KTOM 3aCHYBaHHS HOBUX METO/IIB.
ToMy BUBYEHHS TPUBUMIPHUX 3BITHHX IPOCTOPIB € aKTyaJIbHOI TEMOIO JOCIIJKCHHS.
PoGota BeeThCs TIOKAIbHO, TCH30PHUMH METOIAMH.

3  LLJIb TA 3AJAYI JOCJLKEHHS

Crienianizaniss 1CEBJOPIMAHOBUX IPOCTOPIB € OJHUM 13 e(QEeKTHBHHX METOIIB
JIocHipkKeHHs B naudepeHIianbHid reomeTpii. B HamoMmy BHUManKy, 1€ MOKIHBICTh
MPHUBEICHHS METPUYHOTO TEH30pa ICEBIOPIMAHOBOIO MPOCTOPY MO CHEIIaIbHOTO BHJIY B
JesiKii cucteMi KoopauHat. Taki MmceBIopiMaHOBI MPOCTOPH HA3MBAIOTHCS MailkKe 3BILIHHUMH
npocTtopaMu. Maiike 3BiIHIMHU IPOCTOPAMH € IUPOKi KJIACH TICEBIOPIMAHOBHUX MTPOCTOPIB 13
3arajpbHO1 TEOpil BIIIHOCHOCTI, TEOpii T€0e3UUHUX BiIOOpa)KeHb, TeOpii KBa3il BiIOOPaKEeHb
Ta Teopii KOHPOPMHHUX BiTOOPAKEHD, @ TAKOXK IHIIMX PO3AUIIB AU(EepeHIiaTbHOI reoMeTpii Ta
TOTIOJIOTII.

4 PE3YJIBTATHU JOCIIAKEHb

3 ypaxyBaHHsM (4) mpouukitoBaBiny piBHsaHHA (3) mo ingekcax I, K, | orpumaemo

a,R%, +a, R +a,RY, =0. (5)

jli
JlomHOXHMMO piBHsAHHS (5) Ha g’ Ta 3ropremo no ingekcax j,K
a a _
aiaR'I _a‘aIR'i =0.

JIBidi KOBapiaHTHI TEH30pH, K1 3aJ0BOJIBHSIOTH CIiBBIAHOIIEHHIO

aky..k aky ..k
B A =2, AT

ol [

HAa3UWBAOTb KOMYTYIOUYMMHU 3 TCH30pPOM

kkl-l--kn_ Takoro THIy CHIBBIIHOIICHHS OYJI0O

oy

posrisiayTo y [16]. Takum uyrHOM, Mae Miciie
Teopema 1. B 3BifHUX NCEBIOPIMAHOBUX MPOCTOPAX TEH30p &;; KOMYTYE 3 TEH30pPOM

Pivui R;; .
Y [17] Oyno noBeaeHo, IO y TPUBUMIPHUX IICEBJOPIMAHOBHUX IPOCTOpPAX TEH30P
KPUBHUHHU 3aITUCYETHCS Y BUTIISAIL

Rijkl =Pilgjk_Pikgj|+ijgi|_PjIgik' (6)

JIOMHOXHUMO 11€ PIBHSHHS Ha ( ¥ ra 3ropHEMO 10 iHaeKcax j, K :

Ry =R +Pgy, (7)
yr P=P,, g“’.
Jani, piBastaAS (7) JOMHOXHMO Ha (' Ta 3ropHeMo 1o inekcax i, - P :§
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1 miIcTaBUMO OTpUMaHe 3HaueHHs Py criBBigHOIICHHS (7)

R
—0j-

PiI:RiI_4

Otpumanmii Bupa3 s P, nmincraBumo y (6)
R
Rijw = Rigi —Ridj + Ry 9 — Ry 95 _E(gilgjk _gikgjl) (8)

a 1eH, i, miICTaBUMO B YMOBY 1HTETpyBaHHS TEH30pPY &;: , BijoOpaxene y (3)

]2

(24 [24 o a R a a
a,i [R'Igjk —RL9, +6 R —&'R;, _E(é] 9k —%9; )j"‘
)
o o o o R o o
+a,; (R'Igik —R%0y +6 Ry —6'R;, _E(CX O — % 93 )j =0.
[IpoansTepHyeMO OTpUMaHY PIBHICTB 10 iHACKCaxX |, | :
» » R R
a,;R19; —a,R50, +a;Ry —a;R, _Ealigjk +Eajiglk -
u » R R
-a,;R% 0y +a,R59; —a,;Ry +a,R; +Eakjgil _Eaklgij =0
Iepeno3HaynumMo ingekcu i ta |
» u R R
a, R%0; —a,R% 0 +ay Ry —a; Ry _Eailgjk +Eajlgik -
. . R R
-a,;R%0; +3,R%09;; —a,R; +a,R;; +Eakjgli _Eakiglj =0
Ta qo1amo 10 (9)
ZaalR-O;gjk _zaajR(?kgli +2aiIRjk _zaijIi - Railgjk + Rakjgli =0.
OTpuMaHy piBHICTH JOMHOKHMMO Ha ¢'* Ta sropuemo 1o ingekcax j, K
2na,, R —2a,,R”g, +2a,R-2aR, -3Ra, +Rag, =0 (10)

1 gami, TOMHOXXHUMO Ha aL 3 ypaxyBaHHSM ieMIIOTEHTHOCTI (2), 3ropHemMo 1o iHmekcy | ta
migcraBuMo iHgeke K Ha l :

6a,R% —2aaﬂR"’ﬂa,.I +2Ra, —2aa’R,, —3Ra, +Raa, =0
a0o

a,R%=a, ;(2aaﬁR“ﬁ +R-Ra).

2(3-a)
ToOTo 3ropTka a R’ Bupaxaerscs uepes @, 3 koedinieHToM. Bpaxyemo nie y (10):

2a,,R” -Ra a(3-a)
7 +R, 7 )
2(3a,R”-Ra) "3a,R”-Ra

a, =0 (3_3)
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Taxkum uymHOM, JOBEJCHA
Teopema 2. TeHzop a,, OTpUMaHUil i3 TEH30pHOI O3HAKW 3BIIHOCTI TPUBHUMIPHHUX

IICEBIOPIMAHOBUX IIPOCTOPIB, Ma€ BUIJISL:
&, =ug; +VRy, (11)
e

2a,,R” -Ra
2(3a,,R” -Ra)’

u=(3-a)

a

3-a)——.
V=l a)3a0(ﬂR°‘ﬁ—Ra

3ayBaxumo, 10 AKkmo V=0, To @, =UQ;, [0 CylepeYuTh O3HAUCHHIO @;,. Takum

yuHoM, V = 0.
VY totoxHicTh (3) migcraBumo (11)

V(R,;R% +R,R%, ) =0.
3 oty Ha Te, o V # 0, oTpuMyemMo
Raijkl :_RaiR'ajkl (12)

Bupas3 (8) noMHO)MMO Ha §'™, 3rOpPHEMO IO iHAEKCY | Ta MiICTABHMO 3aMicTh iHIEKCY
m iHaeKcC |

i i i i i R i
Rjkl =R Ok _ngjl + Rjké‘l _le 5k _E(é] Ok _ggkgjl)-
OTtpumanuii Bupa3 ans TeHzopa Pimana migcraBumo y (12)

R
R.; (Rlagik —R 9 +Ryd” =Ry 6 _E(é]agik ~99/9y )j -

~ R R0, ~REQ, + R0 Ry -5 (070,907,
abo

R,;R{'0i —R,;R{0, +R,R{'g; —~R,R{9,, :%(Ri,gjk ~Ri0j + Ry Gy — Ry Gy )-
Iro piBHiCTH TOMHOXMMO Ha ¢'*, 3ropHeMo o iHgekcax i, K

3R,,R* ~R,R7g, :%(—Raﬁg“ﬁgj, +3Ry),

abo

Raij’:%(3R1,R+gj,(ZRaﬂR""B—Rz)). (13)

Takum 4YMHOM, JOBEJICHO
Hacaigok 1. Tenzop Piyui y 3BIZHUX TPHUBUMIPHHUX IICEBJAOPIMAHOBUX MPOCTOPAX
3aJ10BOJIbHsIE yMOBaM (13).
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ITpu posrinsgansi (11) Bpaxyemo 11€MIOTEHTHICTD @;,
(ug;, +VR, )(ud +VR)=ug, +VRy,

TOOTO
gy (u?-u)=Ryv(1-2u)-v’RR".

VY orpumMaHy piBHICTH IijicTaBUMO BHpa3 (13)

g,u(u-1)=R,v(1-2u)-Vv? (%(SRHR +0, (2R,,R” - RZ))j,
a00, 3BOI94M TO10HI,

Ri,v(l—Zu —%) =g, [uz ~u +§(2Raﬁ RY Rz)j.

Otpumyemo, mo TeH30p Piuui BupaxaeTbcs depe3 METPUYHUN TEH30p 13 ACSIKHM
Koe(illieHTOM, 110 € XapaKTepHUM s mpocTopiB EifHmITeliHa, y SKMX KPUBUHA € CTaJOIO.
OpHak y mpocTopax, po3risHYTUX Yy Iii poOOTI, I1e 3arajioM He BUKOHYETHCS. TaKUM YHHOM,
OTpPHUMaHa TOTOXKHICTH CIIPaBEIJIMBA JIMIIEC y BHUIAAKY, KOJIU KOSQIIIEHT MPU METPUYHOMY
TEH30pi Ta Koe]ilieHT mpHu TeH30pi Piuui ogHOYAaCHO AOPIBHIOIOTH HYJIO. BpaxoByrouu, mo
v =0, oTpuMyeMo

VR

1-2u——=0
2

(14)

‘ 15
u2—u+%(2RaﬁR”‘/’—R2)=0 (19)

PiBricte (11) mpoaudepeHiiroeMO KOBapiaHTHO 3a HAMPSIMKOM X' 3 ypaxyBaHHIM
KOBap1aHTHOI CTAJIOCTI TEH30py @,

U, +v,R,+WR, =0 (16)
Ta JJOMHOKHMO Ha §'', 3rOpHEMO TI0 iHaeKcax i, |

-3u, =V R+VR | (17)

3 iHmoro 60Ky, NpoaudepeHIIiF0EMO KOBapiaHTHO 3a HaPAMKOM X" piBHicTh (15)

—4u =V R+VR (18)
Binnimemo (18) Big (17) 1 orpumaemo

u,=0. (19)
PiBnicts (17) y 3B°s13Ky 3 (19) HaOyBae BUrisagy

V,R+VR =0 (20)

3 ornmsay Ha Te, mo V Ta R — iHBapiaHTH, iX KoOBapiaHTHa MOXiJHa € 3BUYAWHOIO
MOXI/HOI0, 1 TOMY MM OTpUMaJli 3BHYaiiHe AudepeHiiaabHe PIBHAHHS MEPUIOro MOPSAKY 31
3MIHHUMH, IO BIIOKPEMITIOIOTECS. [HTerpyroun yactuam piBHOCTI (20) oTpuMyemMO
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[ =—[2, In|v|=-In|R|+InC,
\Y; R
abo
CO
vV=—, 21
s (21)
Bpaxyemo (19) y (16)
v
Ril m :_’_mRiI (22)
: v
tay (17)
R __Vnp (23)
: Y

[TincraBnsarouu (23) y (22), orpumyemo, 110

Rym=—"R, . (24)

VY [18] Oyno BusHaueHo Piqui-pexypenTHi mpocropu. IlceBmopimanoBuii mpoctip V,
Ha3UBA€TbCA Piludi-peKypeHTHHM, SIKIIO B HbOMY ICHY€ HEHYJIBbOBHUH BEKTOp p,, Ul SIKOIO
BUKOHY€TBCS yMoOBa R;; \ =, R;;.

Taxum uymHOM, JOBECHA

Teopema 3. TpuBuMipHiI 3BiJHI TICEBJOPIMAHOBI IPOCTOPH 3a HEOOXIMHICTIO Piudi-

PEKYpEHTHI.
[IceBnopiMaHOBH TpOCTip V. Ha3MBAETbCS PEKYPEHTHUM, SKIIO B HbOMY ICHYE

HCHYJILOBHUU BEKTOD L, , AJId AKOTO BUKOHYETBLCA YyMOBa Rhijk,m = Pn Rhijk .

PigHicTs (8) mpoaudepeHiitneMo KOBapiaHTHO 3a HAMIPSIMKOM X'

Rijkl,m = Ril,m gjk _Rik,m gjl + Rjk,m Qi _le,m Ok __ém(gil gjk — ik gjl )
BpaxoByroun (23) ta (24) mociiI0BHO OTPUMYEMO
R,m R,m R,m R,m R,m R
Rijki,m Z?Ril 9« _FRikgu +?Rjkgil _?le Qi _FE(QH Ok — Yik gjl)'

R, R
Rijki,m :? Ri 9 —Ri9ji + R 9y —R;, Oy _E(gilgjk —Oix gjl)

,m
Rijkl,m = R Rijkl .

Takum 4YMHOM, JOBEJIEHO

Hacainok 2. TpuBumipHi 3BimHI TICEBIOPIMAHOBI MPOCTOPH 32 HEOOXiTHICTIO
PEKYpEHTHI.

PiBnicth (19) roBOpUTH PO Te, 1110 1HBApiaHT U — L€ Jesika KOHCTaHTa, BpaxoByrouu (21)
y (14) oTuMyeMo BHUI BUpa3 Li€] KOHCTAHTU

2-C,

u= R (25)

JIeceuko O. B., Conosiios A. A.
https://doi.org/10.31650/2618-0650-2025-7-2-116-132 124




MexaHika Ta MaTeMaTW4yHi meronu / Yspe VI11/2/2025
Mechanics and mathematical methods % Crop. 116-132/ Page 116-132

[Mincramsroun (25) Ta (21) y (15) orpumyemo, 1o apyra 3roptka TeHzopy Piudi 3 camum
coboro R, R* BupaxaeThcs yepe3 KBaJpar CKaIsIpHOi KPUBUHM 3 JICIKUM KoedillicHTOM

ar 2C5 +3(1-Cf)
v 2C2 '

R, R¥ =R? &,
aff 2
Taxum ynHOM, piBHICTH (13) HaOyBae BUTISAAY

a)

. R
R, R ZE(SR“+gj|R(Cl—1)).

4 OBI'OBOPEHHS PE3YJBTATIB JOCJIIKEHHSA

TpuBuMipHi 3BifHI NCEBAOPIMAHOBI MPOCTOPH ICHYIOTH JIBOX THUIIB B 3aJI€KHOCTI BiA
CTPYKTYpH METpUYHOro TeH3opy. HazBemo V, TpHBUMIpHMM 3BiIHMM IICEBIOPIMaHOBUM

npocTopoM I THITY, SIKIO HOro METPHIHHI TeH30p Ma€ HACTYTHHUT BUL:
gs(¥) 0 0
gi=| 0 92(X ) gx(XX)
0 gu(X.X°) gy(X,X°)
i 11 THITy, AKIO METPHHHIMI TeH30p V, HACTYIHOTO BHY
0. (%) () 0
0y =| 92 (X X) 9 (XX°) 0
0 0 03 (X°)

BIJIIOBI/IHO.
Posrisinemo Bupas (6) sk cucTeMy JIiHiHHNX anreOpaivHuX piBHAHB 3 HeBitoMuMH B
ofpa3y Ui IBOX BKa3aHUX THIMIB, TOOTO BpPaXOBYIOUHM, L0 JIMIIE KOMIIOHEHTH U;, Uy

MaTpHIll METPUIHOTO TEH30PY JIOPIBHIOIOTH HYIIIO:

911(X1’X21X3) 01 (Xl,Xz) 0
g; = 921()(1’ Xz) gzz(Xl,Xz,XS) 923(X2,X3)
0 Q3Z(X2,X3) 933()(1’)(2’)(3)

3 ypaxyBaHHSIM BJacTUBOCTEH TeH30pa PimaHa, oTpuMyeMoO cuctemy 3 6 piBHSIHb:
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R1212 - 2P12912 + Pllg22 + P22g11 =0
R1213 - P13glz + Pngzs + P23911 =0
Rips = P30, + F200s + Ps0y, = 0

R1313 + Pllgss + Pssgll =0

R2323 - 2P23923 + Pzzgas + P33922 =0

R1323 - Plsgzs + P12933 =0

Po3B’s13x0M wi€i cucteMu OyyTh HACTYIHI 3HaYeHHA B

Pll =M (_(Ag - 9119223) R1323912 +(2Ag + 9122933) R1213923 - R1212Ag 033~

- R1223 011912923933 — R1313Ag 0yt stzsAg 911);
R, =M (((Ag + 01105, ) 9., —2AQ gzz) Risss + (912 —20, ) Ri21391,923045 —

_(912933 o 2922933 + 29223) R1223911923 + R12129129223 O3 + R1313912g229223 o R2323g119129223);
PlS =M ((912 - 2922) R12139129323 _(912933 - 2922933 + 29223) R1223911933 -

(249 - 9191295 + 95955 ) RisnsGas + Rizi 01 209% +

+ R1313912922923933 - R2323911912923933);

M
Pzz = g_(_(2912933 _3922933 + 29223) R1223911912923 + (29119129223 - g119222933 +
1

+ 9122922933) Ris2s 912 — ( 91192229323 - 39119229223933 + 2911933 - 91229229323 ) Rio12 =
~(~20119195 955 + 201191502 + 20,102,035 — 20110003 + 05,050055 ) Rigasos —

_((Ag + 9119223) O, — 9119129223 - 9119222933 + 9119229223 + 9122922933 - 9122953) R1313 0, +

+((Ag+ 04102 92 — 91191005 — 9110505 + 01102002 + 0507,05 — 95,03 ngn);

Pro = M (022955 ~20% ) Ruotz G255 + (92202 — U35 ) RusssU22 02 (90050 — 9% ) Rosps Gr10s +
+ (12— 920 ) Riss 012025055 — (91955 — 2020055 + 025 ) Rizzs 01, O +
(912922955 — 9120% — 205,025 + 202,02 ) RiziaGs )

Py = gMn((Ag — 01102 ) Risps 812035 — (240 + 05,055 ) Rir13953055 —(AG 1055 + 01105, 03 —

~301102,025953 + 201192 — 91502,05 + 01> 9223933) Rias +

+ R1212Ag g§3 + RlZZSQllng 923953 - R2323Ag 911933 )’
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ne Ag — 1e BU3HAYHUK BIJMOBIAHOT MaTPHIll METPUYHOTO TEH30DY;

1

M = 2 2 2 :
Ag 01,035 + ZAg 02,033 — ZAg 023 = 012923933

. . R . . o
[TincraBumo oTpumani 3HaueHHs y (7) 3 ypaxyBaHHsIM P = " 1 OTpUMaEMO BiAMOBIIHI

3HAuUEHHS JJIs TeH30py Piuyi:
Rg
Ry = Tll"' M (_(Ag - 9119223) Ris2s 012 + (ZAg + 9122933) Ri213925 = Ri21,A0 935 —

- Rlzzzgllglzgzsgzs - R1313Ag 0yt R2323Ag 911);
R
R, = % +M (((Ag + 01105 ) 91, —2A9 gzz) Riz2s +(912 —20, ) Ri213912955935 —
- ( 012033 — 2922 O3 + 29223) R1223911923 + R1212 9129223 O+ R13139129229223 - R23239119129223);
R13 =M ((912 - 2922 ) R12139129§3 _(912933 - 2922933 + 29223) R1223911933 -

—(2A9 — 01912955+ 9505 ) RigzsBas + RiznoOrr 9003 +

+ R1313912922923933 - R2323911912923933);
_ RY,, _,_M

22 4 g (_(2912933 _3922933 + 29223) Rlzzagllglzgza + (29119129223 - 9119222933 +
11

+ 9122922933) Riz2s 012 — ( 911922293%3 - 39119229223933 + 2911933 - 91229229323 ) Rio12 =

_(_2911912922933 + 29119129223 + 29119222933 - 29119229223 + 9122922933) Rlzlsgzs -

_((Ag + 9119223) O, — 9119129223 - 9119222933 + 9119229223 + 9122922933 - 91229223) R1313 9, +

+((Ag+012%) 92 — 91191005 — 911050z + 01102002 + 0507,05 — 95,03 stzsgn);

Rg
Ry = 7234‘ M ((922933 _29223) Ri212923033 +(922933 - 9223) Ri31392292; —

_(922933 - 9223) stzagllgzs + (912 - gzz ) Rlszsglzgzagss -
_<912933 - 2922933 + 9223) R1223gl2933 + (912922933 - 9129223 - 29222933 + 29229223)R1213933);

Rg M
Ry = T% i g_((Ag - 9119223) Ri32391,953 _(ZAg + 9122933) Riz1502593 ~
11

_(Ag 012933 + 91195293?3 - 3911922953933 + 29119 33 - 91229 229:33 + 9122933933) R1313 +

+ R1212Ag g§3 + R12239119129239§3 - R2323Ag 911933)'

Jaini, oTpuMani 3HaueHHs 1Jig TeH30py Pivui migcraBumo y (11) 1 oTpuMaemMo BiAMOBIIHI
3HA4YCHHA 71 TEH30pa &;; .

JIeceuko O. B., Conosiios A. A.
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1 C,M
& = E O + OT(_(AQ - 9119223) Riz2s012 + (ZAg + 9122933) Ri215925 = Ri21,A0 935 —
- R1223911912923933 ~ Ri315A0 92, + RyppsAQ 911);
C,M
8, =7 ng (((Ag + 911923) 01, —2A90, ) Rz +(912 —20, ) R1213912023955 —

_(ng U3 = 205,935 + 29223) Ri223911925 + R12129129223 Oas + R13139129229223 - R23239119129§3 );
C,M

&3 = ((912 o 2922) R1213912 9323 _(912 O35 — 2922 O3+ 29223 ) R1223911g33 -

~(2A0 = 0,191,053 + 0595 ) Riags U5 + Rizi U1 02005 +

+ R1313912922923933 - R2323911912923933);

1

CM
2 = E Oz + Rog (_(2912933 _3922933 + 29223) Rl223g11912923 + (29119129223 o 9119222933 +
11

QD

+ 050205 ) RiaOi —(9019%0% — 301,005 05: + 201,05 — 05,02,0% ) Rizsz —
~(~291101292093 + 20110150 + 201105 05 — 201102003 + 95,95, 955 ) Rip1s U —
~((Ag+0:102) 012 — 91101, 0% — 905 Uss + 0110220% + 955020055 — 95:0% ) Rugs Uz +
+ ( Ag+ gngzg 012~ 9191205 — 9195050 + 0110205 + 0020050 — 9505 ) Rases 0 ):
3 —5923 ( 022055 —20% ) Rip1o 020023 + (92002 — 052 ) Riaia 02002 —
~(92293 — 92 ) Roszs911 05 + (912 — U2 ) Risps G100260s —
(0192 — 2020955 + 928 ) Ruzzs U003 + ( 912920055 — 0103 —~ 205,855 + 202,05 ) RipssUss ):

1

M
Ay = E O3+ ° ((Ag - 9119223) R1323912933 _(ZAg + 9122933) Rlzlsgzsgas -

R9y,

(A 1,955 + 0119795 — 301102002035 + 20,105 — 9550503 + 9502055 ) Russs +

+ R1212Ag 93?3 + R122391191zgzsg§3 - stzsAg 911933)-

TakuM 4MHOM, 10BEECHA

Teopema 4. V TpuBMMIPHMX 3BIIHHMX TICE€BJOPIMAHOBUX MPOCTOPAX TEH30pD  &;;
BUPAXKAETHCS UYepe3 KOMIIOHEHTH TeH30opa PimaHa, KOMIIOHEHTH METPUYHOIO TEH30pa,
CKaJIIPHY KPUBUHY Ta apaMETPUYHO 3aJI€XKUTh B OfHI€T KOHCTaHTU C,.

PosrnsHemMo TpuBHMMIpHHUI 3BITHUI 1ceBropiMaHoBUiM mpocTip | Tumy. AHanoriuHo
OTPUMYEMO
Hacainok 3. V TpuBHMIpHUX 3BIJIHMX IICEBIOPIMAHOBMX NpOCTOpax I Ty TeH3op &;;

BUPAXAECTBCA YCPE3 KOMIIOHCHTU TCH30pa PiMaHa, KOMIIOHCHTH MCTPUYHOTO TCEH30PAa,

JIeceuko O. B., Conosiios A. A.
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CKaJLIPHY KPUBUHY Ta IIapaMETPUYHO 3aJekKHUTh BiX onHiei koHcrantu C;, a cami

KOMITIOHCHTHU MAaKOTh BUTJIA .

1 + & 2R1213923 — R1212 O35 — R1313 Op + R2323 O .

a,=-9 :
27 R 2(9,,9: ~ 9)
_ & R1223923 — R1323 92 .
a12 - 2 ’
R 922933 = Yas
.= C_ R1223gs3 — R1323 92 .
R 922933 — 9223
1 (2923 922933) R1212 - 2R1213922923 + R1313 9222 - R2323 91192 .
A =70n*t > )
2 R 2(922933_923)911
a.= l Uy & R1212923933 — 2R1213922933 + R1313 92292 — R2323 01192 .
270 R 2 —g? ’
(922933 923)911
1 Co (2953 - 922933) R1313 + R1212g§3 B 2R1213923933 - R2323 911933
33 = E O3 +E 2 :
2(922933 - gza) O9u

Posrnsinemo TpuBMMipHHMN 3BimHUE TiceBmopimMaHoBui mpocTip II Tumy. AHanoridHo
OTPUMYEMO

Hacainok 4. Y TpuBUMIpHUX 3BiIHMX IICEBIOPIMAHOBHMX mpocTopax Il Ty TeHsop &;;
BUPAXKAETHCS UYepe3 KOMIIOHEHTH TeH30pa PimaHa, KOMIIOHEHTH METPHYHOIO TEH30pa,
CKaJSIPHY KPUBHHY Ta IIapaMETPUYHO 3aleKUTh Bix oxHiel koHcrantu C;, a cami
KOMIIOHEHTH MalOTh BUTIIA;

_ 1 & R1212 Ot R1313 9, + R1323 O — R2323 Ou .
a, =-0,+ )
2 R (glz _2922)933
1 Co R1323 .
= — + —_— =
a, 2 O, R Oas
_ & R1223911 — R1213 O, .
a13 - R A2 ’
01192 — 0,
a. = 1 g —l—& (912 — 0y ) R1313922 _(912 -0z ) Rzazsgn + R1212922g33 + R1323 01292 .
22 22 )
2 R (912 _2922)911933
_ & R1223912 — R1213922 .
a23 - 2 ’
R glngZ - ng
1 C, (9,9 - O3 — Oy, +Rosns 0
8y, == Qg+ ~o0 ( 22 12 ) R1313 R1212 33 R1323 12 2323 J11 _

2 R (912_2922)911

5 BHUCHOBKH

VY po6oTi Baanocs AOCHITUTH IMEBHI THIH ICEBAOPIMAHOBUX MpOCTOpiB. s 3BiTHHX
NICEBJAOPIMAHOBUX MPOCTOPIB OYJAM OTPUMaHI TOTOXHOCTI, $IKI OMNHCYIOTh BHYTPIIIHIO

TEOMETPI0 IUX MPOCTOPIB, a TAKOXK JOBEJEHO, 10 TeH30p Piuul Ta TeH30p TUIY (g), AKUN

OTPUMAHO 3 TEH30PHO1 03HAKH 3BIIHUX MPOCTOPIB, KOMYTYIOTb.

JIeceuko O. B., Conosiios A. A.
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Takoxx moBeAeHO, MO TSI TPUBUMIPHUX 3BIJHHX TICEBJOPIMAHOBUX MPOCTOPIB IIei

TEH30p THUITY [gj BUPAXAETHCS K JiHIHHA KOMOIHAIlIS METPUYHOTO TEH30pa Ta TeH3opa Piuui

i, K HACIIJIOK, 3rOpTKa LFOTO TEH30pa 3 TEH30pOM Piudi BupaxkaeTbcs uyepe3 med TEeH30p
BKJIIOYAIOUM CKAJSIpHY KPHBHHY. PO3IISIHYTO JBa THOM IIMX MPOCTOpiB — 0OuaBa
XapaKTEepU3YIOThCS OJIOYHO-/IIarOHANBHOI0 CTPYKTYPOIO MATPHUIli METPHUYHOTO TEH30DY,
OpoTe TMEepUIMA  eJIEeMEHT MATpUIli METPUYHOI0 TEH30pY TPHUBHUMIPHOTO  3BiHOTO
IICEBJIOPIMAHOBOTO MPOCTOPY HEPIIOro THILY € (DYHKIIEIO JIMIIE BijJ MEpHIoi KOOPAMHATH, a
1HIIII eTTeMeHTH 3 OJIOKY paHTy JiBa 1€l MaTpHUIll 3aJIeKaTh BiJl APYroi Ta TPEThOi KOOPIUHAT.
VY npyroMy THUII OCTaHHIM €JIEMEHT MAaTpUIli METPUYHOTO TEH30PY 3aJCKUTh JIMIIE BiJ
TPEThOI KOOPJMHATH, a 1HII eIEMEHTH 3 OJIOKY paHTy JBa Ili€1 MaTpUIli 3aj1eKaTh B MepIoi
Ta Apyroi koopauHar. [y IUX TUMIB y 3aralbHOMY BHUIIAJKY Ta JUIS KOXKHOTO THITY OKPEMO

0
2

BUIAJKy TPUBUMIPHI 3BiIHI MCEBIOPIMAHOBI MPOCTOPU 32 HEOOXIJIHICTIO € PEKYPEHTHUMH,
10 aBTOMATUYHO O3HAYa€ IXHIO Piqdi-peKypeHTHICTb.

3100yTi pe3yibTaTH MOXYTh MaTH 3aCTOCYBaHHS Yy MOAAJBIINX JOCIIIKEHHAX y chepi
mudepeHIabHOT TeOMETPIi, 3arajabHOI Teopii BIJHOCHOCTI Ta MATEMAaTUIHOTO MOJICITFOBAaHHS
(GI3UYHMX SBUIIL.

OTpUMAaHO 3HAYCHHA OJId TCH30pa THUITY ( j Takox 6YJ'IO AOBEACHO, 11O Yy 3arajlbHOMY
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YK 004.85:519.876.5+681.3

HECTAHIOHAPHI IPOLECH HA BA3I METOAIB
CUHI'YJISAPHOI'O PO3KJIAJAHHA I HITYYHUX HEUPOHHHUX
MEPEXK

I'yoaas I'. ML, T'yna O. B.L, Ognosou JI. I'.2
Lyyokuii nayionansnuti mexniunuil ynisepcumem
°T, aBpIticLKUll 0epIrcasHull aepomexnonoiunull yHisepcumemi imeri JImumpa Momoproeo

Anotamin: CTaTTd OpUCBSIYEHA OCHTIIPKEHHIO HECTAlliOHAPHUX MPOLECIB 13 BUKOPHUCTAHHSAM
METO/IIB CHHTYJISIPHOTO PO3KIIaJaHHA Ta MTYYHUX HEHPOHHUX MEPEX K IHCTPYMEHTIB IS aHAJi3y
CKJIQIHUX AWHAMIYHHUX CHCTEM i3 MIiHJIMBOIO CTPYKTYPOIO Ta BUCOKHM PIBHEM CTOXAaCTHYHOCTI. Y Hii
PO3IJISAAAOTECS MIIXOAM JIO MOJCITIOBAaHHS TaKUX IPOLECIB Yepe3 alanTHBHI I1HTEJIEKTyalbHI
CUCTEMH, 3[aTHI JIO aBTOMAaTHYHOTO BHUSBIEHHS 3aKOHOMIPDHOCTEW 1 MPOTHO3YBaHHS IOBEHIHKH B
YMOBAaxX HEBH3HAYEHOCTi. PO3BUTOK iHTENIEKTYyaIbHUX TEXHOJIOTIH, 30KpeMa IOE€AHAHHS CHHTYJISIPHOTO
pO3KJIalaHHsl Ta HEHPOHHMX MEpPEeX, BIJIKPUBAE HOBI MOMJIMBOCTI JJIi aBTOMATH3allil aHai3y Ta
yOpaBiiHHS TakKAMH TpolecaMd. MeTOl JOCHIPKEHHS € po3poOKa THYYKOi MoOJeni s
inenTudikamii, kracudikamii Ta MPOTHO3YBaHHS CTaHIB HECTAIllIOHAPHUX CHCTEM IIIITXOM iHTerpamii
METOIB CHHTYJISIPHOTO CIEKTPAIbHOTO PO3KIAAaHHS Ta IITYYHUX HEHPOHHUX MEPEXK 13 TBOCTAITHUM
CTOXaCTHYHHM TpOrpaMyBaHH;IM. Y PoOOTI BUKOPHUCTAHO METOAU CHHTYIISIPHOTO PO3KIANAHHS ISt
JEKOMIIO3HUIIIT YaCOBHUX DSJIB Ha CTPYKTYPHO 3HAYYII KOMIIOHEHTH, TaKi SIK TPEHIH, KOIUBAHHS Ta
IIyM, a TakoX OararomapoBi MTy4HI HEWPOHHI Mepexi, 30KpeMa MOJelb MepcenTpoHa 3
aJaNTUBHUMHU Koe(ilieHTaMu 3B’S3KiB 1 3BOPOTHUM 3B’SI3KOM, ISl HABYAHHS Ha JCKOMIIOHOBaHUX
JaHWX 1 TMPOTHO3YBAaHHA TIOBEAIHKA cucTeMu. OTpuMaHi pe3yibTaTH JAEMOHCTPYIOTh, WIO
3alporiOHOBaHA MOJAENs 3ale3redye BHCOKY TOYHICTh pO3IMI3HABAHHSA IWHAMIYHHAX 3MiH 1
MPOTHO3YBaHHS PO3BHTKY HECTAI[IOHAPHUX TPOIIECIB 3aBIIKA KOMOIHAI JEKOMIO3MINI JAaHUX 1
MAIIMHHOTO HAaBYaHHS, MEPEeBEPIIYIOYN TPAJUIIAHI MiIX0AM B YMOBaX BHCOKOi HEBHU3HAYEHOCTI.
Po3pobiieHa cxeMa JBOETAIHOTO YIIPABIiHHSA, SKa BKJIIOYA€ CTPATETiyHI Ta TaKTHUYHI pilllEeHHS,
T03BOJIsIE €(PEKTUBHO AJANTyBaTH CUCTEMY 1O MIHJIMBHX YMOB, ()OPMYIOYHM ONTHUMAJIbHI peakiii Ha
OCHOBI pealbHUX JaHuX. llepcreKTHBU TOJaNbIIUX JOCTIIPKEHb IOB’S3aHI 3 YJOCKOHAJCHHSM
AJITOPUTMIB HaBYaHHS HEHPOHHUX MEPEXK /ISl pOOOTH 3 BETMKHMHU 00CATaMi 0araTOBUMIpHHX JTaHHX,
IHTeTpaIi€l0 TIMOOKOTO HAaBYAHHS JJIS aHAJ3y CKIIAIHIIINX HECTAaIllOHAPHHUX IPOIECIB, a TaKOX
PO3IIMPEHHSIM MOJIENi Ha HENiHIHHI CHCTEMH 3 ypaxyBaHHsSM JIOJIATKOBUX CTOXAaCTHYHHX (PaKTOPiB,
[0 CIPUATUME ITiIBUIICHHIO ii YHIBEPCAIBHOCTI Ta MPAKTUYHOT 3aCTOCOBHOCTI B PEAJIbHUX YMOBaX.

KarouoBi cjioBa: HecraiioHapHi MpOIECH, CHHTYJISPHUAN PO3KIaJ, IITY4YHI HEHPOHHI Mepexi,
CTOXaCTHYHE MPOTrpaMyBaHHS, aJIallTHBHE YIIPABIIHHS, MOJICITIOBAHHS YaCOBUX PSIIB.

NON-STATIONARY PROCESSES BASED ON SINGULAR
DECOMPOSITION METHODS AND ARTIFICIAL NEURAL
NETWORKS

G. Hubal*, O. Huda?, D. Odnovol?
Lutsk National Technical University
“Tavria State Agrotechnological University named after Dmitry Motorny

Abstract: The article is devoted to the study of non-stationary processes using singular
decomposition methods and artificial neural networks as tools for the analysis of complex dynamic
systems with a variable structure and a high level of stochasticity. It considers approaches to modeling
such processes through adaptive intelligent systems capable of automatically detecting patterns and
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predicting behavior under conditions of uncertainty. The development of intelligent technologies, in
particular the combination of singular decomposition and neural networks, opens up new opportunities
for automating the analysis and control of such processes. The aim of the research is to develop a
flexible model for identifying, classifying and predicting the states of non-stationary systems by
integrating singular spectral decomposition methods and artificial neural networks with two-stage
stochastic programming. The work uses singular decomposition methods to decompose time series
into structurally significant components, such as trends, fluctuations, and noise, as well as multilayer
artificial neural networks, in particular a perceptron model with adaptive coupling coefficients and
feedback, to train on decomposed data and predict system behavior. The results obtained demonstrate
that the proposed model provides high accuracy in recognizing dynamic changes and predicting the
development of non-stationary processes due to the combination of data decomposition and machine
learning, outperforming traditional approaches in conditions of high uncertainty. The developed two-
stage control scheme, which includes strategic and tactical decisions, allows the system to effectively
adapt to changing conditions, forming optimal responses based on real data. Prospects for further
research are related to the improvement of neural network training algorithms for working with large
volumes of multidimensional data, the integration of deep learning for the analysis of more complex
non-stationary processes, as well as the expansion of the model to nonlinear systems taking into
account additional stochastic factors, which will contribute to increasing its versatility and practical
applicability in real conditions.

Keywords: non-stationary processes, singular decomposition, artificial neural networks,
stochastic programming, adaptive control, time series modeling.

I'y6ams I'. M., I'yna O. B., OgnoBon 1. T'.
https://doi.org/10.31650/2618-0650-2025-7-2-133-146 134



MexaHika Ta MaTeMaTW4yHi meronu / Yspe VI11/2/2025
Mechanics and mathematical methods % Crop. 147-159 / Page 147-159

1 BCTYI

B koopamnHaTax cy4acHOCTI, Jie TEXHOJIOTIYHUNA POTPeC JUKTYE HOBI BUMOTH 10 aHAJI3Y
CKJIJTHUX JTUHAMIYHUX CHCTEM, AaKTyaJbHICTh JOCIHIDKEHHS HECTAI[lOHAPHHUX TIPOIIECIB
HaOyBa€ 0COOIMBOI 3HAYYIIOCTI, OCKUIBKH TaKi MPOIECH XapaKTePU3yIOThCSA 3MIHHUMH Y 4Yaci
napamMeTpamH, 10 YCKJIATHIOE iX MaTeMaTWYHE MOJICIIIOBAHHS Ta NMPOTHO3YBaHHS, a OTKE,
noTpedye 3aCTOCYBaHHS I1HHOBAIlIMHUX TIAXOJIB, SIKI MOEIHYIOTh KIACHYHI MaTeMaTU4H1
METOJIH 3 CY4aCHUMH OOYHUCIIIOBAJIHbHHUMHU TEXHOJIOTISIMH, 30KpEMa METOJIaMH CHUHTYJISIPHOTO
PO3KIJIaZIaHHA Ta MTYYHUX HEHPOHHHUX MEPEXK, sIKi B CYKYIHOCTI 3a0€3Meuyl0Th MOKIMBICTh
e(DEeKTUBHO BUIIATH KJIIOYOBI 3aKOHOMIPHOCTI Ta KOpeJsllii B JIaHWX, HABITh y BHUMAJKaX,
KOJIH 111 J]aH1 € XaOTUYHHUMU, 3alTyMJICHIMH 200 MalOTh HEJIIHIHHY IPUPOTY.

AKTYyalIbHICTh TOCHTIDKCHHS TUTaHb BUKOPHUCTAHHS HECTAI[IOHAPHUX ITPOIIECIB HO OCHOBI
CUHTYJIIPHOTO PO3KJIQJaHHS 1 BIPOBAKEHHS MITYYHUX HEHPOHHHUX MEPEX IMOJSITae B TOMY,
1I0 Cy4YacHI HAayKOBO-TE€XHIUHI 3aBJIaHHA, TOB’fA3aHI 3 aHANi30M BEIHMKHX OOCATIB JaHUX,
NPOTHO3YBaHHSM CKJIAJHUX CHCTEM Ta OINTHUMI3aIli€l0 TPOLECiB y peaJbHOMY 4aci,
BUMAararmTh PO3pOOKM HOBHUX METOIOJIOTIYHMX MmiaxomiB. Lli ckiamoBi MarOTh MOXKIMBICTH
NPUKRHATH TUHAMIYHY PUPOY TaKUX INPOLECIB, OCKIIBKU TPAAMILIHHI CTATUCTHYHI METOIU
YacTO BUSBJSIFOTHCS HEJIOCTATHHO €(EKTUBHUMH ISl aHATI3y HECTAI[IOHAPHHUX CUTHAJIB, IO
XapaKTepU3YIOTbCS ~ 3MIHHUMH  CHEKTPAJbHUMH  XapaKTEPUCTUKAMH,  HEJIIHIHHUMH
3aJIOKHOCTSIMM Ta BHCOKOI YYTJIMBICTIO JO 30BHIIIHIX 30ypeHb. B Toli cammii wdac,
KOMOIHAIlISl CHHTYJIIPHOTO PO3KJIAJTaHHS, SKE TO3BOJIE BHIUISATH JOMIHYIOYI KOMIIOHEHTH
JaHUX Ta 3HUXKYBATH 1X PpO3MIPHICTh, 1 INTYYHUX HEHPOHHUX Mepex, SKi 3aaTHI
anPOKCUMYBATH CKJIAJIHI HEJTIHINHI 3aJIC)KHOCTI Ta aJanTyBaTUCS J0 3MIiH Y BXIJIHHUX JTaHHX,
CTBOPIOE TOTY)KHMI IHCTpYMEHTapiil Ui JOCHIIPKEHHS Ta YIpPaBJIiHHS HECTal[iOHAPHUMHU
IpOIECaMU B TAITY3€BOMY PO3pi3i.

2 AHAJII3 JIITEPATYPHUX JAHUX TA ITIOCTAHOBKA INTPOBJIEMH

YV HaykoBHX JOCIIKEHHSIX [ 1, 2] mAKpeCcTI0oeThCs, 110 TPOrpaMHO-anapaTHi KOMIUIEKCH
JIOCATAI0Th MAaKCHMAallbHOI €(eKTHUBHOCTI JIMIIE 3a YMOBH MOBHOI peaiizalii anreOpaiuyHoi
CTPYKTYpH, Ha fAKiii 0a3yeTbcs IXHS MaTeMaTHYHAa MOJEb, IO OCOOJMBO AaKTyallbHO B
KOHTEKCTI aHalli3y HeCcTalllOHapHUX TMPOIECiB 3a JIOMOMOTOI0 METOJIB CHHTYIISIPHOTO
PO3KIIaaHHS Ta IITYYHUX HEHPOHHUX Mepex. Anredpa 0araToOBUMIPHMX MAaTpHIlb, SK
JIEMOHCTPYIOTh UYHUCIIEHHI POOOTH, MOXeE CIYTyBaTH YHIBEpCAJIBHOIO MOJCIUII0 JaHWUX IS
pO3B'sI3aHHS 3a7a4 13 PI3HUX MNPEIMETHHUX OoOJacTel, 30KpemMa it OOpOOKM TUHAMIYHUX
CUTHAJIB 1 YaCOBHMX pAMiB, IO € KIOYOBUMHU B JOCHIIKEHHI HECTalllOHAPHUX CHCTEM.
BaxnuBuii BHECOK y pPO3BUTOK IIi€i Teopii 3miiicHWwimM aBTopu [3, 4], sIKi BCTAaHOBWIHA
roMoMopizM MK anredporo 0OaraTOBUMIPHHX MaTpHIlb 1 pessLiiiHo anredporo, Mo
BIJIKpPMJIO HOBI MOKJIMBOCTI Ul MapayiebHOi 0OpOoOKHM 3amuTiB y 0a3zax JaHUX, 110 MOXKE
OyTu ajanToBaHe JUIsl aHAJI3y BEIMKUX 00CATIB HECTAIIOHAPHUX JTaHUX.

3HayHUN Mporpec y rajiysl aJropuTMidHOT O0OpOOKHM JaHUX OYB JOCSATHYTHH 3aBISKU
poboTtam [5], e 3ampONOHOBAHO IMOJIIHOMIAJIbHI AITOPUTMHU JJIsi BUBEICHHS acOIlaTMBHUX
MpaBWJI Ta MApIIPyTU3aIllii, IKI MOXKYTb OyTH IHTETPOBaHI B METOJU aHaNi3y HECTalllOHAPHUX
nporeciB. KpiMm Toro, y aocmikeHHSAX [6] MpOJEMOHCTPOBAHO YCIHIIIHE Y3arajJbHEHHs
MaTpUYHUX AJITOPUTMIB mUdpyBaHHS. Y poOoTi [7] 3anmponoHOBaHO MaTeMAaTUYHY MOJIEIb
oreparliii 3ropTKH Ha OCHOBI anreOpu 0araTOBUMIPHUX MATPHIlh, III0 MOXKE CTaTH B HArojii
npu po3poOlll HOBUX METOAIB aHamizy dvacoBux psaiB. [lomatkoBo, y [8] anreGpa
0araTOBUMIpHUX MAaTPHIb 3aCTOCOBYETHCS JUIsI JOCTIIKEHHs Tineprpadis, IO PO3MIUPIOE
MO>KJIMBOCTI MOJIETIOBAHHS CKIIAAHUX CUCTEM 13 HENIHIHHUMH B3a€MO3B'I3KaMHU.
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Hagenenuii ornsiz iMoCcTpye, K y3araJbHEHHS KJIACUYHHUX aJITOPUTMIB Y paMKax ajareopu
0araToBUMipHUX MaTpPUIb JO3BOJISIE MOKPALIUTH iXHI XapaKTEPUCTUKU a00 CTBOPUTHU THYYKI
IHCTpPYMEHTH JUIsl BUPILICHHS IIUPUIOrO KOJa 3aBAaHb, 10 OCOOIUBO aKTYAJIBHO JJIS aHAII3Y
HeCTallloOHAPHUX MPOIIECIB.

3 LIJIb TA 3AJAYI JOCIIKEHHS

Merta crarTi — OOTpYHTYBAaTH BHPOBADKEHHS MOJEINI ieHTHdIKaIil Ta KOperyBaHHS
HECTal[lOHApHUX MPOLIECIB HA 3acajax MOE€IHAHHS CUHTYJISIPHOIO PO3KJIAJAHHA Ta IITYYHHX
HEHPOHHUX MEPEXK.

3agadi JOCHIKEHHS:

—  JIOCHUTH XapaKTepHI pPUCH (YHKIIOHYBAaHHS HECTALIOHAPHHUX IPOLECIB Y
CKJIaJHUX IMHAMIYHUX CHUCTEMax Ta OOIPYHTYBaTH aKTYaJIbHICTh 3aCTOCYBAHHS CyYacCHHMX
IHTETeKTyaJIbHUX METOIB JUIA iX aHami3y;

—  PO3pOOUTH METOAOJIOTIYHY OCHOBY JBOETAIIHOTO CTOXAaCTMYHOI'O HPOrpaMyBaHHS,
BPAaxOBYIOUH CTPATETiyHi Ta TAKTUYHI ACTIEKTH MPUHHSATTS PillleHh Y KOHTEKCTI YIPaBIiHHS
HECTalllOHAPHUMHU NPOLIECAMU;

—  CTBOPUTH  KOTHITHBHO-HEHPOHHY  MOJENb  QJaNTHBHOTO  YIPAaBIIHHA  Ta
dopmanizyBatu i MaTeMaTUYHUN ONHUC 3a JONOMOIOI BIAMOBIIHUX OIEpPaTopiB Ta
0OMEKEHB.

4 PE3YJbBTATHU JOCJITXKEHb

VY KOHTEKCTI Cy4aCHUX JOCIIPKEHb HECTAalllOHApHUX IPOLECIB, 10 XapaKTePU3YKOThCs
CKJIaTHOIO JIMHAMIKOIO, 3MIHHICTIO CTPYKTYPH Y 4aci Ta HasBHICTIO JaTEHTHUX KOMIIOHEHT,
Bce OUIbIIOT aKTyaJlbHOCTI HaOyBalOThb MOJeNi, SKi JIO3BOJISIIOTH ABTOMATH30BAaHO
3IIHCHIOBATH ieHTH(IKAI0 Ta KjJacu(ikalito CTaHIB CHCTEMH HAa OCHOBI 1HTEJIEKTYaJIbHOTO
aHalizy JaHUX 3 BUKOPUCTAHHSAM METOJIB CHUHTYISIPHOTO pPO3KJIAJaHHAd Ta INTYyYHHX
HEHPOHHUX MepexX. 3aMiCTh TPAAMLIMHOrO MiaXoay, L0 Oa3yeTbCsi Ha (PIKCOBAHOMY
3iCTAaBJICHHI HEYITKUX CHUTYyallill, BHM3HAYEHMX eKCIepTaMHu, 13 pealbHUMH YMOBAaMHU
(GyHKIIOHYBaHHSI 00’€KTa, 1 B KOpJOHaxX MapaJurM{ IPONOHYEThCS THYYKa aJanTHBHA
cucremMa, J€ aHali3 YacoBUX PsAiB 3JIHCHIOETbCA uepe3 iX 0araTOKOMIIOHEHTHY
JICKOMITO3UINI0 Ta aBTOMAaTHYHE HAaBUaHHS MOJEIEH, 3JaTHUX CaMOCTIHHO BHUSBIISTH
NOJIOHOCTI MDK CIOCTEPE)KYBaHMMHU IaT€pHAMU Ta Y3arajJbHEHHMH penpe3eHTalisIMu
€TaJIOHHUX CTaHiB.

30KpeMa, 3aCTOCYBaHHS CHHIYISIPHOTO CIEKTPAJIbHOTO PO3KJIAJaHHS  JI03BOJISIE
BUOKPEMHUTH CTPYKTYpHO 3HAuylli KOMIIOHEHTH 3 HECTAI[iOHapHOTO YacoBOTO psy,
BKJIIOYAIOUU TPEHIM, KOJIMBAJIbHI €JIEMEHTH, C€30HHI BIUIUBU Ta IIIYMOBI JOMILIKH, TOAl SIK
HEHUpPOHHI MEepexi, HaBYEHI Ha TaKUX JEKOMIIOHOBAaHMUX JIaHUX, 3a0€3MeUyI0Th BUCOKOTOYHE
PO3Mi3HABAHHS JUHAMIYHMX 3MiH 1 IPOTHO3YBaHHS iX MOAAILIIOrO po3BUTKY (puc. 1.) [9]. ¥V
MIJCYMKOBIM KOHIIEMIT PIMIEHHS WIOA0 1AeHTH(}IKAMII TOTOYHOTO CTaHy CHCTEMHU
NpURMAEThCS HE uepe3 TMOPIBHAHHA 3 MOINEpPEIHbO 33JaHHMHU HEUITKHMMHU CLIEHapisiMH, a Ha
OCHOBI aJaNTUBHOTO HAaBYaHHS MOJENEH Ha pEaTbHHUX IaHWX, IO JO03BOJIIE BHSIBUTH
HaOLIbIl MOMIOHY 1O TOTOYHOI CHUTyalil0 Yy OaraToBUMIpHOMY IpOCTOpiI O3HaK Ta
chopMyBaTH ONTUMANIbHY PEAKIIIF0 CUCTEMHU y BUIJISIII KOMOIHAIIT TapaMeTpiB pO3BUTKY.

I'y6amns I'. M., T'yna O. B., OgnoBoxn /1. T.
https://doi.org/10.31650/2618-0650-2025-7-2-133-146 136



MexaHika Ta MaTeMaTW4yHi meronu / N VI11/2/2025
Mechanics and mathematical methods % - Crop. 147-159 / Page 147-159

S3”

PeanbHi mapamMeTpu pO3BUTKY

Puc 1. CtpykTypHa cxema NpUHHATTS PillieHb Ha OCHOBI HEHPOHHOT Mepexi st ineHTHdiKamil peanbHUX
rapaMeTpiB PO3BHUTKY y HECTalliOHAPHUX Mpoliecax

@akT HasSIBHOCTI 3BOPOTHOTO 3B’SI3KY MIXK pe3yJIbTaTaMi MOJAETIOBAHHS HECTaIllOHAPHUX
IPOIIECIB 1 ISIMU CUCTEMHU YIPABIIHHS CTBOPIOE MEPEAYMOBHU JUIsl TOOYJOBH aaiTHBHOTO
KOHTYPY, B SIKOMY YIpPaBIIHCHKI PIIICHHS MOCTIHHO KOPUTYIOTHCS Ha OCHOBI aKTyallbHUX
3HaYeHb BHXIJHUX TMapaMeTpiB, OTPUMAHUX 3a JONOMOTOK METOJIB CHHTYJISIPHOTO
pO3KJIaaHHA y TO€IHAHHI 3 HEHPOHHMMH MeEpeXaMH, IO 34aTHI J0 HaBYaHHSA Ta
CaMOOHOBJICHHS Ha OCHOBI HOBUX JaHuX [10].

Bxoan W T

CrtpykTypa i

(YHKIIOHYBaHHS CUCTEMHU T
o T

3BOPOTHIl 3B’S130K

»
»

Puc 2. Y3aranpHeHa cxeMa KOTHITUBHO-HEMPOHHOT CHCTEMH aJIalITUBHOTO YIIPABIIIHHS HeCTallioOHAPHUMH
HpoLecaMy 3 BAKOPHCTAHHAM CHHIYJSIPHOTO PO3KJIaJaHHS Ta IITYYHOTO iHTeNeKTy (Z — BUNAIKOBI
(croxacTuyHi) 30ypeHHs], 1110 BIUIMBAIOTH HA JIMHAMIKY HECTAllIOHAPHUX IPOIECiB; A — LICHTPAIbHUI MOAYITb
KepyBaHHSI, 10 peali3ye alaliTUBHY CTpaTerito ynpasiinus; Dy, ..., D, — IeleHTpali3oBaHi MmijacucTeMu
KepyBaHHs a0o JIOKaNbHI peryisaropu npotecis; W — Barosi koediuieHTH a0 1kana npiopuTeTiB roJIOBHOTO
Mopyist KepyBaHHs; U, ..., U, — HIKanu npiopuTeTiB, 110 BiJOOpaKarOTh JIOKAIBHI 1111 a00 KpUTepii onTumizaii
B MEXax OKPEMHX MIICUCTEM)

3amponoHOBaHa MOJIENIbHA CXE€Ma € YHIBepCaJIbHUM 1HCTPYMEHTOM JUIsl B1IOOpaKeHHS
NPUHLNIIB (QYHKIIOHYBaHHS O0’€KTa MOJENIOBAHHS, OCKIJIbKM BOHAa JIO3BOJISIE YITKO
PO3MEXYBaTH CUCTEMY Ha KEpyIouy MiJICUCTEMY, 1110 BiJNOBIJIA€ 32 MPUUHATTS CTpATETIUHUX
pillieHb, Ta ONepaliifHy MIJCUCTEMY, fKa peanidye Oe3nmocepenHi Aii y BIANOBIIb Ha 3MiHHI
30BHIIIHI Ta BHYTpilmHI ymoBu. Came JBoeTamHa CTPYKTYpa YIpaBliHHS, fKa IMOEIHYE
MaTeMaTUYHy 0OpOOKY CTOXaCTHYHHUX CUTHATIB 1 IHTEJIEKTyalbHy 00pOOKY JaHUX, 3aKJIajeHa
B OCHOBY (Qopmaiizalii 3aJadi CTOXaCTMYHOI'O MPOrpaMyBaHHS, /€ aJrOPUTMH IITYYHOTO
IHTEJIEKTY 3a0e3MeuyloTh aJamnTalliio J0 HEeBH3HAYCHOCTi, 0araToBapiaHTHOCTI Ta BHCOKOL
MIHJIMBOCTI BXIIHUX MapaMeTpiB, 0 MpUTaMaHHI HECTALlIOHAPHUM MpOIecaM y CKJIaJIHUX
cucremax [11].

I'y6amns I'. M., T'yna O. B., OgnoBoxn /1. T.
https://doi.org/10.31650/2618-0650-2025-7-2-133-146 137



MexaHika Ta MaTeMaTW4yHi meronu / Yspe VI11/2/2025
Mechanics and mathematical methods % Crop. 147-159 / Page 147-159

\

/ [epmmit etam (t=1) \ /

Hpyruit etan (t=2)
YXBasieHHs anpiopHOTO PillIeHHS YXBalleHHS armocTepiopHUX
HA OCHOBI IIOYaTKOBOL pilIeHb i MOKIIFIBE YTOYHEHHS
JIETepMIHOBAHOI 1 IMOBIpHICHOT anpiopHOTro pillIeHHsI Ha OCHOBI
iH(pOopMarTii: iH(opMaIlii mpo peasrizoBaHy
xe X T(Q,G,P) CHTYaLio:
y()=Y, (X),weQ

o / - /

Puc. 3. [TocnioBHa CTPYKTypa ABOETAITHOTO NPUUHATTS PillIeHb Y MOJIEINI YIPaBIiHHS HeCTalliOHApHUMHA
IpoLIeCaMy Ha OCHOBI anpiopHoi Ta aroctepiopHoi iHpopMartii

VY 3aranpHOMY (OpPMaTi30BaHOMY BHIVIAAL 337ada CTOXAaCTUYHOTO NPOrPaMyBaHHS, IO
peari3yeThCs y JiBa MOCHTIIOBHI eTanu Ta 0a3yeThCsl Ha 3aCTOCYBAaHHI aITOPUTMIB HITYYHOTO
IHTEJIEeKTy, MOKe OyTH HpeACTaBlICHA SIK MaTeMaTHYHa MOJENb ONTHMIi3allii, sika BPaxoBYye
IMOBIPHICHY NpHUpPOAY BXiIHUX MapaMeTpiB, MPUTAMaHHY HECTAI[lOHAPHUM Iporecam, i
BKJIIOYA€ iHTErpoBaHy oOpoOKy iH(opMallii Ha OCHOBI METOMAIB CHHTYJISPHOTO PO3KJIaJaHHs
Ta HABYAHHA IITYYHUX HEHPOHHUX MEPEXK.

max f,() =max| p() M max_g,(x.y(@) | @
xeX xeX o y(w)eY, (x)

VY KOHTEKCTi MOJICITIOBAaHHS HECTAIlIOHAPHHUX MPOLECIB i3 BUKOPUCTAHHSIM CHHTYJISIPHOTO
PO3KJIaJaHHA Ta INTYYHHX HEHPOHHUX MEpEeX, MaTeMaTH4HA ITOCTAaHOBKA JBOETAITHOTO
CTOXaCTUYHOTO MPOrpaMyBaHHs HaOyBa€e 0COOJIMBOI THYYKOCTI i alallTUBHOCTI, IO TO3BOJISE
e(eKTUBHO BPaxOBYBATH YaCOBY BapiaTHBHICTH JaHUX 1 BUCOKUH piBEHb HEBU3HAYEHOCTI. Y
TaKiil MOCTaHOBII 3MiHHA X IHTEPHPETYEThCA SIK OMYKJIA, 3aMKHYTa W OOMe)keHa MHOXKHHA,
sIKa BU3HAYAE MIPOCTIpP CTpATETIYHKUX (ANpPiOPHUX) PillIeHb, TOOTO TaKUX, MO POPMYIOTHCS IO
MOMEHTY pealti3allii KOHKPETHOI CHTYaIlil, 1 3a7]a€ J0MycTUMY 00JacTb BUOOPY MPOrpaMHOTO
BEKTOPY X, IKUW BU3HAUa€ 0a30BY apXiTeKTypy abo mapaMeTp CUCTeMH yrpaBiinHs [12].

VY cBoro uepry, X, (@) =y, (®),y,(®)...y,(®), sx K—BuMipHHI BEKTOp anoCTEPiOPHUX

pileHb, TOOTO OmMepaTHBHUX a00 TAKTMYHHMX KEPYHOUMX JiH, sKi NpUIIMalOThCs Ha OCHOBI
(akTUYHO peani3oBaHOro CleHapilo @ € (); pilleHHS OPMYIOThCS 3 YpaxXyBaHHSIM BIUIUBY
CTOXaCTHUYHUX YMHHUKIB, SIKI OCOOJMBO aKTyaJlbHI JUIsl HECTAIllOHAPHUX CUCTEM. MHOXUHU
Y (X) BU3HAYAIOTH OMYKIN, 3aMKHYTi i o6MeskeHi obmacTi y mpoctopi RY, B Mexkax sKux
3IIHCHIOETBCS BUOIp THYUYKHUX pilleHb Y(@) Ui KOHKPETHOTO 3HAYEHHS X, 1, TAKUM YHHOM,
BOHH BPAaXOBYIOTh SIK CTPYKTYPY alpiOpHOTo PillIEeHHS, TaK 1 IMOBIPHICHY PUPOAY PO3BUTKY
HOJIIH.

OyHKIis @(X) BUKOHYE POJIb KPUTEPit0 e(hEKTHBHOCTI CTPATETIYHOTO PIIIEHHS, TOJI SIK
byrkmis ¢, (X, y(@)) BinoOpaxkae OmiHKY SIKOCTI IPUIHATOTO PIlICHHS X, IO JOIOBHIOETHCS
TaKTHYHUMHU OisMu  Y(®) B yMoOBax peami3oBaHOi cUTyanii @. Y LbOMY KOHTEKCTI,

CTpaTeriuHi pillieHHS X MalOTh JOBTOCTPOKOBHI BIUIMB 1 BU3ZHAYAIOTh MEX1 (PYHKII1IOHYBaHHS
CHCTEMHM 3arajoM, TOHI SK TaKkTH4HI pimeHHS Y(w) 3a0e3neuyloTh THyYyKe pearyBaHHS B

yMOBax HemependavyBaHUX 3MiH, IO XapaKTEPHI JIJIs HECTaIlloHApHUX Mporecis [13].

3 mo3uuii i€papXi4YHOTO YIpPAaBIiHHS, PI3HULSA MK anpiOpHUMHU Ta aroCTEPIOPHUMH
pIIIEHHSAMU TOJSATrae, HacamImepel, y CTyNeHl IXHbOI I'HY4YKOCTI Ta 4acOBOMY TOpPHU3OHTI
peaizarii: mepuri 3aal0Th 0OMEXEHHS Ha apXITEKTypy YIPaBIiHHS, a APYTi — aJanTyrOThCs
0 KOHKPETHUX peanizanii auHaMmiku cuctemu. [Ipum mpomy, B ymMoBax 0araTokpoKOBHUX
Mojieniell, 0coOJIMBO KOJIM HAEThCS MpO MAalIMHHE HaBYaHHS Ta NPOTHO3YBaHHS Ha 0Oasi
CUHTYJIIPHOTO CHEKTPaJIbHOTO aHali3y, aloCTEPIOpHI PillIEHHS MOXYTh BUKOHYBAaTH (pyHKIIIT
ONEpPAaTUBHOIO pearyBaHHS Ha JaHi, sKI HAOXOAATh y pEalbHOMY dYaci, 1 IpU I[bOMY He
CYTIepEUNTH 3arajibHii cTparerii, 3aKiaeHii y X.
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VY rtakiii cTpykTypi BBoaMThCs omeparop H(w), sxuit dopmanizye BimoOpaxxeHHS Bix
MHOXKUHH JOMYCTUMHX TaKTHUHHX pimeHb Y @(X) 10 MpOCTOPY CTpaTEeTiYHUX IapaMeTpiB
X, TOOTO BHKOHYe (YHKI[IIO MEPETBOPEHHS pE3YNbTaTiB TAaKTHYHOTO pPiBHA Ha MOBY

CTpaTeriyHoi ajamraimii, MO0 € HaJ3BUYaiHO BAKJIMBUM Y 3a/a4aX IHTEICKTYaJIbHOTO
YIIpaBIIiHHS CKJIAJHUMHU, 3MIHHUMH Yy Yaci npouecami [ 14].

H(w)y(o) =X, y(®) €Y, (X),w Q. 2

Omneparop H(w) iHTepnpeTyeThcs SIK MATPHIA CIEIiali30BaHOI PSAIKOBO-IiarOHAIBHOI
CTPYKTYpH, SIKa BUKOHYE TpaHC(HOpPMAIlIF0 MHOXXMHU THYYKUX TAaKTUYHUX PIIIEHb Y TPOCTip
CTpaTeTiuHUX BapiaHTIB, [0 BU3HAYAIOTh MapaMeTpu (YHKIIOHYBAaHHS CHCTEMHU B ILILJIOMY.
@opmanbHE CIIBBIIHOMIEHHS, IO OMUCYEThCS Gopmynoo (2), BKadye Ha ICHYBaHHS
JKOPCTKOTO (PYHKIIOHAIBHOTO 3B 53Ky MK aroCTEpPiOpHUM pilieHHIM Y(@), NPUAHATHM B

YMOBaxX KOHKPETHOI peaji3almii CTOXaCTUYHOTO CEPElOBHINA, Ta CTPATETiYHUM BEKTOPOM
napaMeTpiB XXX, SIKUH 3a7a€ TOMYCTUMI MeXi A BapiaTUBHOCTI TAKTUYHOI MOBEHIHKU
CHCTEMH.

BBenenwuii BapiaHT iHTEpHpETYye CTpAaTEriuHe pIlICHHS XXX K IHEpUiiHY, MAJIOYyTIHBY
710 KOPOTKOCTPOKOBHX KOJIMBaHb KOMIIOHEHTY YIPaBIIiHHA, 10 HE 3aJICKUTh BiJl KOHKPETHUX
IMOBIpHICHHX OOMEXEHb y MOMEHT ITOYaTKOBOI IIOCTAHOBKH 33/1a4i, ajieé BOJHOYAC BU3HAYAE
apxiTeKTypy CHCTEMHM pearyBaHHs Ha JWHAMIKy 3MIH cepeloBHILA. 3 1HIIOrO OOKY,
dopmanizaitis yepe3 omeparop H(w) BimoOpaxkae KIOYOBY OCOOJIMBICTH aalTHBHOTO

VIOpaBIiHHA: CTpaTeriuHi MapaMeTpH 3aJUIIAIOTHCS 1HBApiaHTHUMHU BIJHOCHO peai3aliiit
curyariii Y(®), T00TO 30epiratoTh CBOIO CTANICTh Y MEKaxX BH3HAYCHOI MOJITHKH, TOMI SIK
TAKTUYHI PIIICHHS MOXXYTh THYYKO 3MIHIOBATHCS, pEaryro4d Ha KOJWBAHHS Yy 30BHIIIHBOMY
CepeoBHINI a00 CTPYKTYpl BXiTHHX JaHuX [15]. ¥ 0araTokpoKoBUX CIIEHAPISIX yIPaBIIHHS,
10 XapaKTEePHi JUIsl HeCTalllOHAPHUX IPOIIECIB, SKi MOJICTIOIOTHCS 3a JIOMOMOTOI0 T10pUIHUX
MOJICJICH CHHTYJISIPHOTO CIEKTPAIBLHOTO aHAI3y Ta MTYYHUX HEHPOHHUX MEPEX, MPUPOITHO
BUHHUKA€E PO3PI3HEHHS MIXK alPIOPHUMU Ta arloCTEPIOPHUMHU TAaKTUYHUMU PIILICHHSIMHU: MepIi

3aNlexaTh Bil peaNi3oBaHMX CHTyaliii Ha TomepeiHiX eTamax, To6To Bin Y(@''), Tomi sk
Apyri — Bim moTo4HOi KoHQirypamii cramy cuctemu Y(@'), BKIIOYarouum ii Heraiii
CTOXACTUYHI XapaKTEPUCTUKH.

max f () =max| () + M max - g,(x,y(@)) | (3)
Hy(w)fwx,weQ

3da BUKOHAaHHI YMOB!
1) A’x <b’;
2) A(@)x + B(w)y() <b(w);
3) Hy(w) =X
4)x>0;y(w) > 0,0 € Q.

(4)

VY oMy KOHTEKCTI (DYHKIISI METH YNpaBIiHHS, Mo3HaueHa sk f,, ciayrye ocHOBHUM
OpIEHTHpPOM ISl ONTHUMI3aIlli, TOJl SIK BUMAJAKOBA CHCTEeMHa cCHUTyalis we(), Mo
PO3BHBAETHCS y OE3MEPEPBHOMY MPOCTOPI CTaHIB, JI0/A€ €IEMEHT HEBU3HAYEHOCTI, 3 SKUM
HE06XinHO mparoBaTh. I IIbOTO BBOIUTHCA BEKTOp CTpaTeriynux koedimientis C°, axmii
BiJJOOpaXkae JIOBIOCTPOKOBI TPIOPUTETH, a TaKOX BHIAJAKOBUH BEKTOp TaKTHYHHUX
koedimientiB C(w), 110 aAanTyeThes 10 MIHIMBUX YMOB Y peaiibHOMY 4aci [16].
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OOGMeXeHHs TIepIIOTo eTary 3ajaloThesl depe3 jaerepMinoBany marpuiio A’ b° Ta
BINIOBITHUIT BekTOp Db,, SKi pa3oM yCTaHOBIIOIOTH 0a30Bi paMKH Ui CTPATETiYHOIO
IUIAaHYBaHHs, TOJII SIK Ha JAPYroMy eTari 3’ sBIS0Thcs BunankoBi marputli A(w)) i B(w), mo
BU3HAYalOTh HOPMATHBH BHUTPAT 1 ONEPATHBHI TEXHOJOTIYHI MiJXOIH, a TAKOXX BHITQJKOBHI
BekTop b(w), sxuii dopmye m07aTKOBI OOMEKEHHS, 3aJ€KHI BiJl KOHKPETHOI peaizalrii

BUITAJIKOBOI cuTyaii. BaxxnmuBy poinb Bimirpae matpuns H, sika BCTaHOBIIOE CTpaTerivHi
3B’SI3KH MK PI3HUMH KOMIIOHEHTaMHU CUCTEMH, 3a0€3MeUyI0UH IXHIO y3TOKEHICTh. YMOBHU
3a/1aul BKIJIFOYAIOTh JICTEPMIHOBaHI OOMEXKEHHS I CTPATETIYHOTO BEKTOpa, IMOBIPHICHI
OOMEKEHHS, 110 HAKJIAJaloThcs SIK HAa TAaKTHYHI, TaK 1 HAa CTpATEriuHi BEKTOPH, a TaKOX
BUMOTY BpaxyBaHHsSI CTpaTeriyHUX 3B’A3KiB, IO poOUTH 3ajady OaraTolIapoBOKO Ta
KoMIUIeKCcHOO [17].

CdopmoBana 3amaua, Ky Ha3UBAIOTh 3aBJAaHHSIM CTOXAaCTHYHOIO IPOTpaMyBaHHS 13
CTpaTEeTiYHUMHU 3B’s3KaMu, HaOyBae€ BHIIALY JIHIHHOIO JBOETAIIHOTO CTOXACTHYHOTO
3aBJAaHHSA 3 KIHIICBOO MHOXHHOK MOXJIHMBUX creHapiiB Q. Jlug 11 po3B’s3aHHSA 3a
JIOTIOMOTOI0 METO/IiB CHHTYJISIPHOTO PO3KJIalaHHs Ta HEMPOHHUX MEpPEeX He0OX1THO BUKOHATH
HU3Ky yMOB: MHOXHMHH X T1a Y (X) MaoTh OyTH OImyKIuMU OaraTorpaHHUKaMH,

BU3HAYECHUMH CHCTEMaMH JIiHIMHUX HepiBHocTed, (yHKUIl ¢(X),0,(X,Y(®)), mnoBuHHI
30epiraTu JHIHHICTh, a MHOXHHA BHUIIAJKOBUX CHTYallil Q:{l,Z,...N}— Mae OyTH
CKIHYEHHOIO 3 3aJaHUMH HMOBIpHOCTAMHU peaiizamii p,,P,,..,P". Y Takomy pasi nosna

iHTepIpeTalis 3aaavi, o0 BPaxoBYE BCi TMepelideHi OOMEXEHHs, J03BOJIIE€ €(PEKTUBHO
3aCTOCOBYBAaTH CydyacHI OOYMCIIOBaJIbHI METOAM IJIsl aHaNi3y HeCTallloHApHUX MPOILECIB,
3a0€3Meuyr0ur TOYHICTh 1 aJaTUBHICTh 10 CTOXaCTUYHOI IPUPOAH JOCHTIHKYBAHUX CHCTEM

N
max fO(X)ZmaX (CO(X)+Z pv maX(Cv'yv) ; (5)
X X v=1 w
IpY BUKOHAHHI YMOB:
1) A’ <b’;
2)AX+B,y, <b,;v=1..N;
3)Hy, =x;v=1..N;
4)x=0;y, 20,v=1..N.

(6)

Y upoMy MiaXonal INITy4Ha HEWMPOHHA MepeXka I[I0CTaE SK CKJIajHa, JIETalbHO
Bi3yasi3oBaHa MOJelb, TOOy/I0BaHA Ha OCHOBI YHCIEHHUX OJHOTHITHHX €IEMEHTIB, BIIOMUX
K KIOepHETUYH1 HEUPOHH ab0 BY3JIH, SKI pa30M YTBOPIOIOTH 0araTomapoBy apXiTEKTypy, 110
BimoOpakae AMHAMIYHI 3B’S3KM Ta B3aEMOJii B cucTeMi. Taka Mmepexka, Mpu3HAuYeHa IS
aHaJi3y HECTAI[lOHAPHUX MPOIIECIB, 3a3BUYai BKJIIOYAE€ OAWH BXIIHWUM IIap, KWW TpuiiMae
MOYaTKOBI JJaHi, OJIMH BUXITHHUH mIap, mo (GopMmye pe3yiabTaTu 0OpOOKH, a TAKOXK YUCIEHHI
INPOMDKHI IIapH, SIKI BUKOHYIOTH (DYHKIII TpaHchopMalli Ta OOYUCIEHHS, 3a0e3medyroyun
rJIMOOKE OIpallOBaHHs BX1IHOI iHpopMartii.

OcoOnuBy yBary MpUAUIEHO MOJEIl TMEpCenTpoHa, sSKa B JAHOMY BHIIAJKY
IHTepIPETYEThCS SIK HEHPOHHA Mepeka, CIELialbHO a/alToBaHa il pOOOTH 3 CUCTEMaMH,
10 PO3BUBAIOTHCS, 1 BKIIOYAE TaK 3BaHUM «OJIOK yMpaBliHHSA 3MIHAMMY, 3JaTHUN pearyBaTu
Ha HecralioHapHicTh mnpoueciB. IlpencraBieHa cTpykTypa, ska MOXe TaKoX MaTH 1
TPUIIAPOBHIA BUTIIS, €PEKTHBHO 3aCTOCOBYETHCS TSI MOJICIIOBAHHS CKIAHUX JTUHAMIYHUX
CHCTEM, JIé METOAU CHHTYISPHOTO PO3KIAJaHHS [OMOBHIOIOTh MOXKJIMBOCTI HEWPOHHUX
MEpEX, JI03BOJISIIOUM PO3KJIANaTH OaraTOBHMIpHI JaHI Ha KOMIIOHEHTH Ta BUSBIATH
NpUXOBaHi 3akoHOMipHOCTI [17].
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Puc. 4. bararomapoBa cTpyKTypa IITY4HOI HEHPOHHOT MepexKi st
MO/ICTIFOBaHH;I HECTAIlIOHAPHUX TIPOLECIB

VYBary npuaiiMMo MOJeNi TMepCenTpoHa, sSKa BUPI3HAETHCSA creuu(iuHUM CIOCOOOM
opranizaiii 3B’s3KiB MiX ii IIapaMu, J1e 3B I3KH MIXK eJIEMEHTaMH TIEPILIOro Ta APYroro Iapis
(bOpMYyIOThCSI BUMAIKOBUM YHMHOM, TOMAlI K KOE(IIEHTH 3B’SI3KYy MDK JAPYTUM 1 TPETiM
[IapaMy, TO3HAYEHI SIK «e», 3aTUIIAlThCs (PiKCOBaHUMH, 3a0€3Meuyroud CTabiIbHICTh
CTPYKTYpU Ha MEBHUX eTanax OoOpoOKM naHMX. BHXoIu KOXHOro ejnemMeHTra ILi€i Mojeni
HaOyBalOTh JIMIIE JABOX MOXJIMBHUX 3HaueHb — 1 abo 0, mo BigoOpakae OiHapHY TPHPOIY
peakiiif, a THYYKICTh YCI€l CHUCTEMH JIOCATAETHhCS 3aBASKU JAMHAMIYHINA 3MiHI 3raJlaHuX
KOC(IIIEHTIB «e», AKI PEryIIOI0Th B3a€MOII0 MK JPYTUM 1 TPETIM IIapaMu, J03BOJSIFOUN
a/1alTyBaTH MOJENb IO MIHJIMBHX YMOB HecTalioHapHUX mpoueciB [3]. i HanmamTyBaHHS
NEepCenTPOHA Ha PO3II3HABAHHS NMEBHUX 3aKOHOMIPHOCTEH MEpUIOMY Iapy AeMOHCTPYIOTHCS
BUXI1JIHI 00pa3u, MiClid 4Oro JJs KOXHOTO LIapy 3a/a€ThCsl OUYIKyBaHA peakiiisi, a CUCTEMa,
KEpPYIOUHCh YCTAaHOBJIEHUMH MpPaBUJIaMH, IOCTYIIOBO MOAU(IKYe KOe(ILIEHTH 3B’ SI3KIB, JTOKH
He OyJie TOCATHYTO 0a)KaHOTO pe3yJbTaTy, 0 BIAMOBIJA€ UM aHaJli3y.

Opranxizaiiisi HEUPOHIB y Mepexky BIIOYBA€TbCA TaKUM UYHWHOM, IO BUXIA OIHOTO
HEWpOHa, TMO3HAYEHOTO SIK i-i, 3’€JHYEThCS 3 OJHHM 13 BXOJIB iHIIOrO, j-T0 HEHpOHA, MpU
[[bOMY BHXIJIHA 3MIHHA HEPUIOT0 OTOTOXHIOETHCS 3 BXIJHOIO 3MIHHOIO JPYroro, a BaroBHUil
KOE(]IIIEHT, IKUI XapaKTepu3ye CHIIy Ta HAMPSIMOK 1IbOTO 3B’S3KY, BIIIIpae KIIOUOBY POib Yy
(dbopMyBaHH1 MOBEIIHKU cucTeMH. HelipoHu opraHizoBylOThCS B MEPEKY 3@ PaXyHOK TOTO, L0
BUXil i-To HedpoHa (Y;)3'elHyeThes 3 OMHUM 3 BXOAiB (X;) inmioro j-ro meiipona. Ilpu

IIbOMY BHXI1/IHA 3MIHHA Y; OTOTOXHIOETHCS 3 BXIJHOI 3MIHHOIO X i Barosuii koedirieHT o
XapaKkTepU3ye 3HAK 1 CHIY 3B'A3KY MK 3MIHHUMH X, 1 X;. MOXKIUBHUH | 3BOPOTHUH 3B'A30K,

KOJIM BUXiJ I-T0 HEfipoHa 3'€IHYETHCSA 3 J-M BXOJIOM |-TO HelpoHa. Sk mpaBuiio, koedimieHTH
Cji # G -

VY nmeskux BUMAgKax MOXKJIMBE BUKOPHCTAaHHS 3BOPOTHOTO 3B’SI3KYy, KOJHM BHXIiJ I-TO
HeWpoHa CIPSIMOBYETHCSI Ha3aj 0 BXOAY J-T0 HEHpOHA, IO J0Aa€ JOJATKOBY CKIATHICTh 1
THYYKICTb MOJENI, npudoMy Koe(illieHTH 3B’S3KIiB 3a3BHuail 30epiraioTb CBOi CTaHAAPTHI
3HAYCHHs, ajeé MOXYTh aJanTyBaTHCS 3ajeXHO Bl moTped 3amadi. Baxkmuoro
XapaKTEePUCTUKOI0 HEHPOHIB Yy KOHTEKCTI HECTAlllOHAPHUX IPOLECIB € iXHS IIACTUYHICTH,
TOOTO 3JATHICTH 3MIHIOBaTH CBOi MapaMeTpu B Ipoleci poOOTH, siKa MOAUISETHCS Ha
CHUHANTUYHY IUJIACTUYHICTh, IOB’s3aHYy 31 3MIHOIO BaroBUX KOe(]ili€HTIB, 1 HEHPOHHY
IUTACTUYHICTb, IO CTOCYETHCS PETYJIIOBAaHHS MOPOrOBUX 3HaYEHb HEUPOHIB [6].

Jns crporieHHss poOOTH 3 MOPOTOBOIO TUIACTMYHICTIO 11 3BOAATH 10 CHHAINTHYHOI 3a
JIOTIOMOTOI0 ~ CTICHIaIbHOTO MPHIOMY, KOJHM [0 HAasSBHUX BXOJIIB HEHpOHAa OJAETHCS
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JMONATKOBUN (DIKTHBHHUI BXiJ, Ha SKHA MOJAETHCS MOCTIMHUI CUTHAN 31 3HaYeHHsSM +1, a
BaroBuil KOE(QIIIEHT I[HOTO0 BXOaYy MOAMQIKYETbCS B MpOIECi OOpOOKM JaHMX, IO
€KBIBAJICHTHO 3MiHI IOPOTYy aKTHBallii HelipoHa (puc. 5.).

Puc. 5. I'padoBa Monens 3B’ SI3KiB Mk HEHPOHAMU B CTPYKTYPi IITYYIHOI HEHPOHHOT
Mepexi U aHalli3y HeCTallOHAPHUX MPOLECIB

QOyHaMeHTaIbHE 3HAYCHHS Ma€ MPABHJIO aJamnTallii BaroBUX KOEQIII€HTIB y CTPYKTYpi
HelipoMmepexi, sike Brepme Oyno chopmynboBaHo nociigHukoMm J[. Xe66om. Haenene
MIPAaBHUIIO 3a0e3Iedye 3MaTHICTh HEMPOMEpEeXK JI0 HaBYaHHS Ha OCHOBI HAKOITUYECHOTO JIOCBiY,
[I0 € KPUTUYHO BAXKJIMBHM Y CHTYallisX, KOJU JHUHAMIKa BXIJIHUX IapaMeTpiB CHCTEMH €
3MIHHOKO B Yaci, a OTXKe HecTalioHapHOW. DOpMabHO, SKIIO BBAXKATH, IO YIPABIIHCHKAN
polec Ha MIiAMPUEMCTBI, sike (YHKI[IOHYE B yMOBaX HEBHU3HAYCHOCTI, PO3MUICHUN Ha
JTUCKPETHI 4acoBi iHTepBaiIM a00 TaKTHU, TO B MOMEHT 4Yacy, L0 BiAnoBigae k-my TakTy, 1Ba

HEHPOHH MepeXi aKTHBYIOTHCS 3HAUCHHAMH X\ i X‘j‘ VY takomy pasi Bara 3B’sI3Ky MiX LUMH

JIBOMa HEHpOHAMH, 10 MOJIEIOIOTh B3a€MO3aJIKHI MapaMeTpy YIPaBIIHCHKOI'O BILIUBY 200
peakuii cucTeMH Ha 30BHILIHI 30ypeHHs, miaisirae Moaugikamii nuisixoM ii 30UIbIIEHHS Ha
BEJIMYMHY, sIKa MPSAMO MPOIopIiiiHa 100yTKY aKTUBHOCTEH 000X HEHPOHIB y BiIMOBIIHOMY
takTi. Lle BioOpaxkae 11€10 MOCUIIEHHS! CHHAIITUYHOIO 3B A3KY M1 THMHU BYy3JIaMU CHUCTEMHU,
AKi OJAHOYACHO JIEMOHCTPYIOTh BHUCOKMN pIBEHb aKTHBAllii, 110 B MOJENI MiJMPHEMCTBA
BIJINOBI/Ia€ TMIABUIIEHHIO BIUIUBY B3a€MO3aNeKHUX (DAKTOPIB Yy CHUCTEMI aJalTUBHOTO
yIpaBJIiHHS HECTAI[IOHAPHUMHU MPOLIECAMHU.

Aci = XX @)

ij i
. .o . . . . . K + Kk
Y pasi IBiHKOBHX 3MiHHMX NMPHUPICT HOpiBHIOE a0o +1 (mpu 30iry 3HakiB X; i X;), abo - 1

(koM 3HaKM pi3Hi). SIKIIO MoYaTKOBa Bara 3B's3Ky JopiBHIOBaja 0, To Bara 3B'i3Ky A0 P-TO
TaKTy ToAl Oyze JOpIBHIOBaTUME:

6Py = 2%, )

me X i X'J.‘f CTaHU JIBOX HEHPOHIB B K-My TakTi; P - YHCIIO TakKTiB (OPMYBaHHS HEHPOHHOI

MEpPEKI.

Otxe, y pe3ynbTari moOyI0BU BIANOBIIHOT apXITEKTypH IITYYHOI HEMPOHHOI MeEpexi,
30KpeMa y (hopMi nepcenTpoHa, Mu (opMyeMo alanTUBHY MaTEMAaTUYHY MOJIEJNb, L0 3/1aTHA
ONMKMCYBaTH CKJIaJHI JWHAMIYHI AacleKTH TMpolecy YIpaBlIiHHS Ha MIANPHUEMCTBI, 3
ypaxyBaHHSIM BJIACTHUBOI IIUM IIPOI[ECaM HECTAI[IOHAPHOCTI, CTPYKTYPHOT MIHJIMBOCTI BX1THUX
nmapamMeTpiB, a TaKOoX MOTpedbn y Oe3mnmepepBHOMY HABUaHHI CHUCTEMHU IS JOCSATHEHHS
CTiMKOrO i epeKTUBHOrO (QYHKIIIOHYBAHHS B YMOBAX 3MiHHOT'O CEpEIOBHILA.
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5 OBI'OBOPEHHS PE3YJIBTATIB JOCJIIKEHHSA

CuHryIsipHE CIEKTpajbHE pO3KIaJaHHS BIJIrpae KIIOYOBY pOJIb Yy JIEKOMITO3HUIIIT
YacOBUX PSIiB, PO3AUISIOUM iX HAa 3HAYYIII CKJIAJIOBI: TPEH/M, KOJMBAaHHS Ta IIyM, IO A€
3MOTY BHJIUIMTH CYTT€BI MaTEepHU HABITh y YMOBaX BHCOKOI HEBHM3HAYEHOCTi, TOMl SIK
HEHPOHHI MEpeXi, BHUKOPHUCTOBYIOYM IIi PO3KJIAACHI JaHi, 3a0e3MeuyloTh TOYHE
PO3Mi3HABAHHS 3MiH 1 MPOTHO3YBaHHS MOJANBIIOTO PO3BUTKY MPOIECIB, CTBOPIOIOYH OCHOBY
JUTSL THTEJIeKTyalIbHOTO aHauizy (puc. 1). [Iponosuiis 3aMiHIOE TpaauIiifHI METOIN, 3aCHOBaHI1
Ha (DIKCOBAaHMX EKCIIEPTHHUX OIIHKAX, THYYKOI0 CHCTEMOIO, J€ pilieHHS (OPMYIOThCS 4Yepes
HaBYaHHS MOJIeJIe Ha OaraTOBUMIpHUX MPOCTOpaxX O3HAK, IO BiIOOPaXKAFOTh MOTOYHUIN CTaH
CUCTEMH Ta 1i MOKJIMBI PeaKIii.

[HTerpartisi 3BOPOTHOTO 3B’SI3KY MK pe3yJIbTaTaMHU MOJICIIOBaHHS Ta YIMPaBIiHCHKUMH
JiSIMH CTBOPIOE AJANTUBHUI KOHTYp, Y SKOMY MapaMeTpu MOCTIHHO KOPUTYIOTHCS 3aJI€KHO
BiJl aKTyaJbHUX JIaHUX, OTPHUMAHUX 3aBISIKH KOMOIHAIi CHHIYJISPHOTO PO3KJIAJaHHS Ta
HEHPOHHUX MEPEX, IO 3/JaTHI JO0 CAMOOHOBIEHHS (puc. 2). 3amporoHOBaHA MOJECIh
JIBOCTAITHOTO CTOXAaCTHYHOTO TPOTPaMyBaHHs, pealli3oBaHa 4Yepe3 INTYYHHH I1HTEICKT,
BpPaxoBYy€ IMOBIPHICHY MpPHPOAY HECTAI[IOHAPHUX TIPOIECIB, TO3BOJISIOUH ONTHMI3yBaTH
CTpaTeriuHi Ta TAKTUYHI PIlICHHS B yMOBaxX HEBU3HAYEHOCTI (puc. 3) BCs cxema, Ka MOEIHYE
MaTeMaTH4Hy OOpOOKY CHUTHAJIB i3 KOTHITHBHUMH MOXJIMBOCTSIMH HEHPOHHHX MEpEX, CTa€e
YHIBEpCAJIbHUM ITHCTPYMEHTOM JUIsl YIIPABIIHHS CKJIQJIHUMH CHCTEMaMH, JI¢ aJalTUBHICTH 1
TOYHICTh € KPUTUIHO BAXKIIMBUMHU KOMITOHEHTaMH.

6 BUCHOBKHU

JlocmiKeHHsT apXITEeKTYpH JBOETAIHOTO CTOXAaCTHYHOTO IMPOrpamMyBaHHS BHUSBWIO il
e(eKTUBHICTh Y KOHTEKCTI HECTAIllOHAPHUX MPOILIECIB, OCKLUIbKU BOHA Mepeadayae NpuiHATTS
CTpATETiYHUX DIlIEHh HA OCHOBI MOYATKOBHUX JAaHUX 3 TMOAAJIBIIOI AIANTAI[i€l0 TAaKTHYHUX
Il 3aJIe)KHO BiJ peasli3oBaHMX CIEHapiiB, 110 JO3BOJISE BPAaXOBYBATH JAMHAMi4HI 3MiHU B
cuctemi. AHai3 aJanTaliiiHMX MeEXaHi3MIB VIPaBIiHHSA I[I0Ka3aB, IO BUKOPUCTAHHS
IITYYHUX HEHPOHHUX MEPEeX Yy MOEJHAHHI 3 CUHTYJISIPHUM CIIEKTPAJIbHUM PO3KJIAJaHHAM Ja€e
3MOry €(QEeKTUBHO BHUJIUISTH KIIOYOBI KOMIIOHEHTH YacOBUX psiB (TpeHAH, KOJMBAHHI,
IIyM), [0 € KPUTHYHO BAKJIMBUM JIi OOpOOKM HECTAl[iOHApHUX JaHUX Ta IMOJAJIbIIOrO
HaBYaHHS Mojenedl. BrumB croxacTUYHHUX (aKkTOpiB Ha MPOLECH MPHUIHATTS pilleHb Oyio
OLIIHEHO Yepe3 MPU3MY BIIKPUTHUX aJalTUBHUX CUCTEM, SKI 37aTHI MOAM]IKYBATH CBOIO
MOBENIHKY Y BIJANOBIAb Ha 30BHIIIHI 30ypeHHS 3aBISKU HEHpOMEPEKEBUM MeEXaHi3Mam
HaBYaHHS Ta 3BOPOTHOTO 3B’SI3KY, LIO OCOOJMBO aKTyallbHO JUIS aHali3y HECTallloHapHHUX
JIUHAMIYHHAX CUCTEM.

Po3pobneHo mareMaTHYHY MOJIeNIb CTOXaCTUYHOIO NPOTpaMyBaHHs, $Ka BpaxoBYeE
1€EpapXiuHl 3B’A3KM MDK CTpATErYHUMHU Ta TAKTUUYHHUMHU PIIIEHHSAMH, a TaKOX IHTErpye
oIepaTopy NEPEeTBOPEHHS MK MHOXKMHAMH pIllleHb, 10 A03BOJIsA€ (opMalli3yBaTH aJalTHBHI
BJIACTUBOCTI ~ HEHPOMEPEXKEBUX CHCTEM Yy KOHTEKCTI HECTalllOHapHOI JAMHAMIKH.
3amponoHOBaHO MEPCENTPOHHY apXITEKTYypy HEHPOHHOI MepexXi, ONTHUMI3OBaHy s
MOJIEJTIOBaHHSl JUHAMIYHUX MPOLECIB y YMOBaX HEBH3HAUYEHOCTI, sIKa BKIIIOYAE MEXaHI3MHU
ajanTailii, OHOBIIEHHS BaroBUX KOE(QIIi€HTIB 1 HABYaHHSI HAa OCHOBI JAaHUX, TOIMEPEIHBO
00p0OJIEHUX METOJaMU CHHTYJISIPHOTO PO3KJIaJaHHs, 10 3a0e3mnedye CTIUKICTh CHCTEMH J0
3MiH Yy Yaci.

7 ETHWYHI JEKJAPAI{

ABTOpH HE MalOTh BIAMNOBIAHMX (PIHAHCOBUX YM HEPIHAHCOBUX IHTEPECIB, SIKI CIIA
PO3KpHUBATH.
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SECOND ORDER GUIDED WAVE PROPAGATION IN
LAYERED PLATES

A. Pysarenko!
!0dessa State Academy of Civil Engineering and Architecture

Abstract: This paper presents a comprehensive theoretical study of the mechanism of
generation of combined harmonics of the second and third orders, which arise as a result of collinear
cross-interaction of two primary directional Lamb waves in thin layered plates. The developed and
implemented procedure for measuring combined harmonics at certain mixing frequencies allowed us
to verify and confirm previously formulated theoretical predictions. In particular, it was established
that for effective generation of combined harmonics, simultaneous fulfillment of two key conditions
is necessary: the synchronism condition, which ensures phase coincidence of the interacting waves,
and the symmetry condition, which determines the nature of the spatial properties of the formed
harmonics. The results of numerical analysis showed that the frequency mixing response in the
sample is due exclusively to the collinear cross-interaction between two primary Lamb waves
propagating in the same direction. A cumulative effect of the increase in the amplitude of combined
harmonics with the propagation distance in the mixing zone was revealed, which indicates the
strengthening of nonlinear effects with an increase in the length of wave interaction. This effect is
fully consistent with theoretical predictions and confirms the physical nature of the process of
generating combined harmonics. Particular attention is paid to a detailed analysis of the symmetrical
properties of second-order harmonics. It was found that the combined harmonic mode of the second
order, which is generated at the total frequency, should have an antisymmetric character. This is due
to the specificity of the cross-interaction between the Al and SO modes, which have different
symmetrical properties. The lack of the appearance of a symmetrical mode of the combined
harmonic of the second order is explained by the impossibility of simultaneously fulfilling the
conditions of synchronism and symmetry, which imposes strict restrictions on the possible
generation modes. The proposed theoretical model allows us to describe the frequency response of
mixing, the conditions of internal resonance, as well as the features of symmetry that determine the
appearance of combined harmonics at certain mixing frequencies. The model takes into account the
physical process of generation of combined second- and third-order harmonics caused by the
collinear cross-interaction of two primary Lamb waves propagating in the sample. This approach
allows us to gain an understanding of the mechanism of nonlinear wave interaction in layered plates
and contributes to the development of nonlinear acoustics methods. The results obtained are of great
importance for practical application in the field of materials diagnostics, as they allow us to more
accurately determine the properties of materials and detect defects by analyzing nonlinear effects in
Lamb waves.

Keywords: combined harmonics, Lamb waves, collinear cross-interaction, synchronism
condition, internal resonance.

HOHMMUPEHHA KEPOBAHUX XBWJIb IPYT'OI'O IOPAAKY VY
ITAPYBATHUX IINTACTHUHAX

Iucapenko O. M. 1

Y00ecvra depocasna axademis 6ydienuymea ma apximexmypu

AHortaumisi: Y poOOTi mpeAcTaBieHO KOMIUIEKCHE TEOPETUYHE JOCIHIDKEHHS MeXaHi3My
re’epauii KOMOIHOBaHHMX T'apMOHIK JPYroro Ta TPEThOrO MOPSIKIB, 0 BUHHUKAIOTH Y Pe3yJbTati
KOJIIHEapHOi MMEPEeKPEeCTHOI B3a€MOJIi JBOX IEPBHMHHUX KepoBaHMX XBHJIb JleM0a B TOHKHX
ImapyBaTHX IUlacTHHaX. Po3poOiieHa Ta pealizoBaHa TNpoleAypa BHUMIPIOBaHHS KOMOIHOBaHHX

A. Pysarenko
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rapMOHIK Ha BH3HAYCHUX YacTOTaX 3MiLIyBaHHS JO3BOJIMJIA MEPEBIPUTH Ta MiATBEPIUTH paHille
chopMyJIbOBaHI TEOPETUYHI NepeadaueHHs. 30KpeMa, BCTaHOBIICHO, 110 I €(PEKTUBHOI I'eHeparlil
KOMOIHOBaHMX TapMOHIK HEOOXigHe OJHOYACHE BUKOHAHHS [BOX KIFOYOBUX YMOB: YMOBH
CHUHXPOHHU3MY, siKa 3a0e3neuye (azoBe CHiBOAAIHHS B3a€EMOIIIOUYMX XBHJIb, TA YMOBH CHUMETpIi, IO
BU3HAYAE XapaKTep MPOCTOPOBHX BIACTUBOCTEH YTBOPEHUX TapMOHIK. Pe3yiapTaTH 4YMCenbHOro
aHaITi3y MOKa3ajy, IO BIATYK 3MIITyBaHHS YacTOT Y 3pa3Ky OOYMOBJICHHH BHKIIIOYHO KONIHEAPHUM
MEPEeKPECTHIM B3a€EMOJIIEI0 MIXK IBOMA MIEPBUHHIUMHU XBHIISIMH JleMOa, SKi MOIUPIOIOTECS B OJHOMY
HanpsIMKy. BHSABICHO KyMyIsATHBHHH e(eKT HApOCTAaHHS aMIUNTyId KOMOIHOBaHMX TapMOHIK i3
BiJICTAaHHIO TIOIIMPEHHS Y 30HI 3MIITyBaHHS, IO CBIAYUTH MPO TMOCWICHHS HENIHIHHUX eeKTiB mpu
30iTbIIEHH] JOBXXWHU B3aeMomii XBwib. llefi edekT MOBHICTIO Y3rODKYETbCS 3 TEOPETHIHUMHU
mporHo3aMu 1 miATBepAXye (ismuHy npupoay Npolecy TeHepalii KOMOIHOBaHHX TapMOHIK.
Oco0nuBYy yBary MpUAIIEHO AETAIbHOMY aHalli3y CHMETPHYHUX BIACTUBOCTEH TapMOHIK APYTOro
mopsAnKy. 3’sicoBaHO, M0 KOMOIHOBaHAa TapMOHIYHA MOJa JAPYTOro TMOPAIKY, SKa TeHepyeThCS Ha
CyMapHili 4acToTi, NMOBHHHa MaTW aHTUCHUMETpUYHHH Xapaktep. Lle oOymoBieHo crneungikoro
nepekpecTHoro Biaemomii Mix Momamu Al ta SO, siki MalOTh pi3HI CUMETPHUYHI BIACTHUBOCTI.
BincyTHicTh TOSIBM CHMETPHYHOTO pEXHMY KOMOIHOBAaHOI TapMOHIKM JAPYrOro TOPSIKY
MOSICHIOETBECS. HEMOXKIIUBICTIO OJHOYACHOTO BHKOHAHHS YMOB CHHXPOHH3MY Ta CHMETpii, IO
HaKJIaJa€e CyBopi oOMeXeHHs Ha MOXJIMBI PeXHMHU reHeparii. 3arpornoHoBaHa TEOPETHYHA MOJIETh
J03BOJISIE OMHMCATH YaCTOTHUH BIATYK 3MIIyBaHHS, YMOBH BHYTPILIIHBOTO PE30HAHCY, a TaKOXK
0COOIMBOCTI CHUMETpii, AKi BU3HAYAIOThH IMOSBY KOMOIHOBAaHMX TapMOHIK Ha BH3HAYEHMX YaCTOTaX
3MilTyBaHHA. Mozenb BpaxoBye (izmuHHiI mpolec TreHepalii KOMOIHOBaHMX TapMOHIK APYroro i
TPETHOTO MOPSAKIB, BUKJIMKAHUX KOJIHEAPHUM MEPEKPECTHUM B3a€MOJIEI0 TBOX IIEPBUHHUX XBUIIb
Jlemba, Mo MOMUPIOIOTECA B 3pa3Ky. Takwid MiAXig JAa€ 3MOTY OTPHUMATHA PO3YMIHHS MeXaHi3My
HEJIHIAHOT B3aeMOAii XBWJIb y IIapyBaTHX IUIACTHHAX 1 CIPHSE PO3BUTKY METOJMIB HENiHIHHOI
akyctukd. OTpUMaHi pe3ynbTaTH MalOTh BaXKIMBE 3HAUYEHHS Ui MPAKTHYHOTO 3aCTOCYBaHHS Yy
cdepi IiarHOCTHKH MaTepianiB, OCKUIBKH [O3BOJSIOTH OINBII TOYHO BW3HAYATH BIIACTHBOCTI
MaTepiajiB Ta BUABIATH Ne(eKTH IIITXOM aHaJi3y HelmiHIMHNX edexTiB y xpmisax JlemOa.

Karouosi ciioBa: koMGiHOBaHI rapMoHiky, XBuii Jlemba, KoniHeapHa epeKpecTHa B3aeMOJIis,
YMOBa CHHXPOHH3MY, BHYTPIIITHII pe30HaHC.
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1 INTRODUCTION

The linear feature of ultrasonic wave propagation, while widely utilized in
nondestructive evaluation (NDE), is not sufficiently sensitive to detect microscopic
degradation or micro-damage within materials. This limitation arises because linear
ultrasonic techniques primarily respond to changes in bulk material properties, such as
velocity and attenuation, which often do not exhibit significant variation until damage has
progressed to a more advanced stage. In contrast, even very small imperfections or
microstructural changes—such as dislocations, micro-cracks, or voids—can induce
pronounced nonlinear elastic behavior in materials. These nonlinearities can manifest as
higher-order harmonic generation or modulation effects, which are orders of magnitude
larger than the intrinsic nonlinearity observed in intact, undamaged materials. Consequently,
the nonlinear ultrasonic response has emerged as a highly promising and sensitive approach
for the early detection and characterization of material degradation and micro-damage.

Over the past two decades, extensive research has demonstrated that nonlinear
ultrasonic methods can reveal subtle changes in material microstructure that remain
undetectable by conventional linear ultrasonic techniques. The sensitivity of nonlinear
ultrasonic measurements to microstructural defects stems from their ability to probe the
material’s nonlinear elastic constants, which are directly influenced by damage mechanisms
at the microscopic scale. This enhanced sensitivity enables the detection of incipient
damage, fatigue, and other forms of degradation well before macroscopic failure occurs,
thereby providing critical information for predictive maintenance and structural health
monitoring.

Among the various nonlinear ultrasonic techniques, the use of Lamb waves has gained
significant attention due to their unique propagation characteristics in plate-like structures.
Lamb waves are guided elastic waves that travel along thin plates and exhibit multiple
modes with dispersive behavior, making them highly versatile for interrogating complex
geometries and layered materials. The nonlinear ultrasonic Lamb wave approach combines
the inherent advantages of Lamb wave inspection—such as long-range propagation and mode
selectivity—with the high sensitivity of nonlinear acoustic measurements. This synergy offers
a powerful tool for evaluating material nonlinearity and detecting micro-damage in
engineering components like aircraft skins, pipelines, and composite laminates.

To date, theoretical investigations into the nonlinear behavior of ultrasonic Lamb waves
in isotropic plates have employed perturbation approximations and modal expansion
analyses to model higher-harmonic generation phenomena. These studies provide
fundamental insights into the mechanisms by which nonlinear Lamb waves interact with
material imperfections and how higher harmonics evolve during wave propagation.
Understanding these nonlinear interactions is essential for optimizing experimental setups,
interpreting measurement data, and developing robust diagnostic criteria for damage
assessment. As research progresses, the nonlinear ultrasonic Lamb wave approach is poised
to become an integral part of advanced NDE methodologies, offering unprecedented
sensitivity and reliability in the evaluation of material integrity.

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

The generation of higher harmonics and the possibility of symmetric or antisymmetric
Lamb waves at higher harmonics have in layered structures been described in numerous
studies [1, 2]. This problem was addressed using displacement gradient shaping in modal
decomposition [3, 4]. As shown in these studies, the second harmonic of the propagation of
the primary (fundamental) Lamb wave exhibits a cumulative effect under conditions of
phase velocity matching and non-zero power transfer from the primary to the second
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harmonic. Experimental studies were carried out to confirm the theoretical predictions, and
the results showed that Lamb waves can grow with propagation distance [5, 6].

However, most of the previous studies focused on the generation of higher harmonics
of primary Lamb waves with a single frequency. In contrast, there are few studies that
discuss the frequency mixing response caused by the collinear interaction of two primary
Lamb waves with different frequencies [7, 8]. The interaction of two primary waves with
fixed frequencies in nonlinear materials can generate combined harmonics with different
frequencies [9, 10]. The possibility of using collinear mixing of body waves to measure
acoustic nonlinearity has been considered as a model approach to solving the problem [11,
12]. In addition, the identification of local plastic damage using the nonlinear response of
scanning collinear mixing of body waves has been investigated [13, 14]. It has been shown
that non collinear mixing of body waves can be used to assess ductility and fatigue,
respectively [15, 16]. Nonlinear mixing of ultrasonic waves can be used to assess the
physical aging of thermoplastics and the curing of epoxy resins [17, 18]. Necessary and
sufficient conditions for the generation of resonant harmonic modes by mixing two
propagating waves in solids with quadratic elastic nonlinearity were also discussed [19, 20].
The frequency response of mixing offers some unique advantages over nonlinear ultrasonic
technology based on higher harmonic generation, such as frequency selectivity, which
allows one to intentionally avoid receiving unexpected harmonic components induced by
instrumentation systems. Furthermore, the spatial selectivity of scanning wave mixing can
be easily exploited to locate the damage region in a material.

In this paper, a theoretical model is presented to describe the frequency mixing
response caused by the collinear cross-talk of two primary Lamb waves, as well as the
physical process of generating the second- and third-order combined harmonics. Based on
this theoretical framework, the internal resonance conditions, including the synchronism and
symmetry features for the generation of the second- and third-order combined harmonics by
two primary Lamb waves, will be analyzed. In addition, the possibility of predicting the
existence of the second- and third-order combined harmonics at certain mixing frequencies
needs to be separately considered. The possibility of generating the second- and third-order
combined harmonics caused by the collinear cross-talk of two primary Lamb waves also
needs to be substantiated.

3 PURPOSE AND TASKS OF THE STADY
The equation of motion for elastic wave propagation in an isotropic, homogeneous,
nonlinear elastic material is given by

2

po%+ ¥ (W)~ (A +24)V (VW) =Y (v),

where Vv is the mechanical displacement; 4 and u are the second-order elastic constants;
P, Is the initial mass density of material.

Functional dependency Y =Y (v) nonlinear term with respect to v. The perturbation
approximation can be used to solve nonlinear wave equations. The solution for v can be
approximated as the sum of the primary (fundamental or first-order) wave v**| the second-
order wave v® | and the third-order wave v, i.e.

v=v+vZ+V3,

These equations can be decomposed into the following three second order guided wave
equations:
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y® 2,,(1) ()

P +uVev —(/1+y)V(V-v ):O,
2.(2)

JoX aﬁ\tlz + VP —(/”L+,u)V(V-V(2) ) =Y®,
2,,(3)

X 86\:2 +uvv©® —(A+,u)V(V-v‘3)):Y(3’,

where Y@ =Y[v®] and Y©® =Y [v®,v® ] are the second and third-order nonlinear terms,

respectively, which can be obtained from Y =Y (v) just using v® =v® +v® instead of v.

In this paper, the calculation method has as a working object a reference configuration
for the analysis of guided Lamb wave propagation in a single elastic plate, where the
material is assumed to be homogeneous, without dispersion and attenuation of waves, with
weak elastic nonlinearity. Before performing the calculations, it was assumed that in the
plate material Lamb waves propagate along the axis of a fixed p-axis of symmetry oz, and
the corresponding mechanical displacements are considered only in the perpendicular plane

yz.
Based on this consideration, the formal solutions of two primary Lamb waves with

different frequencies propagating along the oz axis are given by v, =v,(y) exp (j(k,z-o,t))
and v, =Vv, (y)exp(j(k,z—a,t)), respectively, which satisfy the stress-free boundary
conditions. Here, v,(y) and v, (y) are the field functions of the two primary Lamb waves
with angular frequencies w, and @, and wave numbers k, and k, , respectively.

Clearly, v, +v, corresponds the primary wave v®. The second order self- and cross-
nteractions of the two primary waves v, and v, can generate the second-order wave v,
while the third-order self- and cross-interactions of v, and v, generate the third-order wave
v®. Considering that the two primary Lamb waves v, and v, propagate in the same
direction, all the self- and cross-interactions associated with v, and v, are collinear.

Considering all possible self- and cross-interactions of the two primary Lamb waves v,
and v, propagating in the plate, the nonlinear terms Y® and Y® can be formally
decomposed as

Y@ = y@®expl 2j(k,z—am,t) ]+ y®exp[ 2j(k,z-mpt) ]+
+y(a*b)exp{ [(k, 2k,) 2~ (o, t @) t}}

and
Y® = yCexp[3j(k,z—a,t) |+ y*exp[ 3] (k,z - mpt) ]+
+y(zaib)exp{j[(2kaikb)z—(Za)aia)b)t}}Jr

+y @ Pexp { il (k, £2k,) 2~ (@, + 20, )tJ}

(2a) (2b)

Here, y©@, y@) yG and y© are the second- and third order driving forces induced
by the self-interactions of primary waves v, and v,, respectively, while y@®® y®® and
y@? are induced by the second- and third-order cross-interactions of v, and v, .
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For v, and v, propagating in the plate, in addition to the existence of Y :Y[v(l)]
and Y? =Y [v‘”,v(z)] inside the solid plate, second-and third-order traction stress tensors

$@.n, and S®.n exist at the two surfaces of the plate (+h), which can be formally
expressed as

$®.n =% .nexp[ 2j(k,z-a,t)]+s® -nexp| 2j(k,z-ayt) |+
NG .nxexp{ j [(ka +k,)z— (o, J_rcab)t]},

and
$@.n, =5 .nexp[3j(k,z—a,t)|+5 -nexp[3j(k,z-ayt) |+
+s#0) . exp { i[(2k, £k, )2~ (20, £ o, )t]} +
+s @2 nexp{ j[ (k, £2k,) 2= (e, £ 20, )t ]}.

In these equations n, and n are the unit vector along the oy and oz axes, respectively,
and S®and S® correspond to the quadric and cubic terms, respectively, in the expression
of the first Piola—Kirchhoff stress tensor. Specifically, s®.n_, s®.n_, s®.n , and
s® .n_are the second- and third order traction stress tensors at the surfaces induced by the
self-interactions of primary wave v,and v,, respectively, while s .n_, s®**.n  and
+s@*? .n are induced by the second- and third- order cross-interactions of v_and v,.The
expressions for s, s?*** and s**” are extremely lengthy for any modes v, and v, .

According to the modal-expansion approach for wave guide excitation, the bulk driving
forces Y@, Y® and the surface stress tensors S®-n_and S®.n_ can be thought of as a

bulk source and a surface source, respectively, and their function is to generate a series of
second and third-order Lamb waves propagating in the stress-free plate. In the present
investigation, we focus on the combined harmonic modes generated at the mixing

frequency. Thus, only the nonlinear terms y®® and s®*.n_ are taken into account for

generating second-order combined harmonics at the mixing frequency »® = w, + @, , where

as the self-interaction terms of the two primary waves are neglected for the analysis of the
second-order nonlinear wave problem. Based on this consideration, we focus on analyzing

the combined harmonic wave v® at »® =, +@,, which is generated by y®*” and
5@ . |

We construct the solution of the second-order combined harmonic v =v\**®) via a
modal-expansion analysis. The field caused by mixing the two primary Lamb waves (i.e.,
v,and v,) can be written as a linear combination of a series of Lamb waves at the mixing

frequency 0®® = o, + o,
v =3 (v ()en[ (@, £ )],

where v\*®) is the field function of the mth Lamb wave at the mixing frequency ®®
with wave number k{® , and A (z) is the corresponding expansion coefficient. Similar to
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the analysis of second-harmonic generation by the primary Lamb wave, the equation
governin A _(z) is given by

d . .
a1 | A ()= (35 #3600 JoroL (k2K 2],

where

h . @, *a a+
Yot :I,hl(a’ai%)[Vﬁf %)(X)}y( dy
Y = i@, @)V (001 y* -, [

are the excitation functions due to the bulk driving force y®*.

The quantity Y is the average power flow per unit width along the ox axis for the m™"
Lamb wave at the mixing frequency »® = @, + @, . The formal expression of Y, is

n V(“)aia)b) (X)T(m)xz (X)

X°m
(

n,v ) (X)T(m)zz (X)

zZ'm

Yoo =Re%fhh[—i(waiwb)]

where T (x) =nT n,, T, .. (xX)=nT.n,, T isthe stress tensor related to vr(n“’ai“’“)(x).

x'm''z? "(m)zz z'm''z?

Fixed coefficient A, (z) can be formally expressed as

(2) (2) .
A (2) = |:y5(m4).;_ yb(m)i| SIn(AAmZ) exp[j(krf, +Am)2],

mm m

where

k, £k )—k?
Am _ I:( a b) m } .
2
Next, we analyzed the effect of synchronism (also called phase matching between the
primary wave and the m" combined harmonic mode at the frequency ®'” =@, +@,. The
magnitude of the m™ combined harmonic mode is closely related to A . Thus, the effect of

synchronism on the generation of the m™ combined harmonic mode can be revealed directly
by the dependence of A, (z) on the factor sin(A,z)/A,,. For the synchronism condition

li.e, k2 =k, tk,]at ©” =w, +,, the factor sin(A,z)/ A, =z, and the magnitude of the
m™ combined harmonic mode increases linearly with z provided y& +yi) #0. For
k2 =k, +k, and y{ +yi, =0, the magnitude of |A, (z)|-[sin(A,z)| remains bounded
and oscillates with a spatial periodicity A, where A is generally expressed as 7 /A, .

We now focus on the analysis of third-order combined harmonics at the mixing

frequencies ©® = 2w, + @, and @, + 2@,. Thus, we neglect the third-order terms of the self

interactions of two primary waves. To analyze the generation of the third-order combined
harmonics, the expression for nonlinear terms can, respectively, be simplified as

v y(Zaib)eXp{ j [(Zka + kb)z —(2a)a ia)b)t:l} +
+y @ exp{ [ (k, £ 2k, ) 2= (e, £ 20, )t ]},

and
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S®.n, =s®* .n expj[(2k, +k, )z - (20, + o, )t]+

+s(20).. nxexp{ i (k, £ 2k,) 2~ (o, £ 209, )t]} .

Referring to the process of analyzing second-order combined harmonics, the total fields
of third-order combined harmonics generated by y©@*® s . y@2) gand @2 .n  can
also be written as a linear combination of a series of Lamb waves at the mixing frequencies
o =20, t o, and o, + 20,

V@ = @eta) |\ (@at20,)

y(2oatan) _ Zap (Z)VEJZwaiwD)(X)exp [—j(Za)a + a)b)t] ,
p

VIR () VRN = 3 (V) ()exp[ - (e, £ 2,)t]
9q
where vi***)(x) and v{****) are the field functions of the p™ and g™ Lamb wave at the
mixing frequencies 2w, * @, and w, +2a,, respectively, and «, (z) and g, (z) the

corresponding expansion coefficients.
The analysis of the second-order combined harmonics leads to the equations governing
a,(z) and g, (z) can be given by

d . ]
4y, [E — jk&® } a,(z)= [yf()p) +Y, ] exp [ j(2k, k) z] ,
and
d . )
o {E_ Jk;(f)}“p (2)= [ys(,g()p) + yé?gp)}exp [ i(k, £2k,) Z] ;

where k& and k!’ are, respectively, the wavenumbers of the Lamb waves at the mixing

frequencies 2w, + @, and @, 2w, and Y, and Y, , are the corresponding average power

flow per unit width along the ox axis, whose formal expressions are, respectively,

[ y(2eata)
1¢h . nxvp (X)T(p)xz(x)
= ReL " iz, )]

20y )
nv,

1 .
Yoas = Reaj‘ih[_J(wa i260b)]

where T,,(X)=nTn,, T,,(X)=nTn,, (r=p,q); T is the stress tensor related to

(2w, tay,) (03 +2a,)
vV, (x) or v, (x).
It is important to note that the third-order combined harmonic modes at the mixing
frequencies 2w, + @, and o, + 2, are induced by the third order cross-interaction between
the two primary Lamb waves v, and v,. Only symmetric second harmonics can be

generated by the self-interaction of primary Lamb waves with either asymmetry or
antisymmetry feature.
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Numerical analysis showed that, the third-order combined harmonic v2eta) ot the
frequency 2w, £ @, has the same symmetry feature as the primary Lamb wave v, , while the

symmetry feature of vi*2%) at the frequency w, £ 2w, depends only on that of the primary

Lamb wave v,. Similarly, both the synchronism and symmetry feature should be

simultaneously considered for predicting the existence of cumulative third-order combined
harmonics generated by the collinear mixing of two primary Lamb waves. The discovered
dependencies, both synchronism and symmetry, must be taken into account simultaneously
to predict the existence of so-called cumulative combined harmonics of the third order. Such
harmonics are generated by collinear mixing of two primary Lamb waves.

4 BASIC RESULTS

Verification of the theoretically discovered dependencies was performed using known
experimental studies of the frequency mixing responses of two primary Lamb waves in an
aluminum plate with a thickness of h=0,97mm, a length of L =1200 mm along the

propagation direction and a width of h =480mm perpendicular to the propagation
direction.

f, MHz
A~
WTH

D E I I I i 1 i i i i 1 i I I I 1 i i i i 1 I I I 1
0 1 2 3 a 5

k, mm?

Fig.1. Lamb wave dispersion curves for second-order harmonic mode

At longitudinal and transverse velocities of the plate material (aluminum) set to 6.395
km/s and 3.240 km/s. The dispersion curves of Lamb wave propagation for determining the
combined harmonic modes of the second and third order satisfying the synchronism
condition are demonstrated in Fig. 1 and 2. In particular, two primary Lamb waves,
including the A1 mode at a frequency of f, = 2.6 MHz and the SO mode at f, = 1.35 MHz,
are determined for collinear mixing of wave propagation.

T
§ 6 [
s [

k, mm
Fig.2. Lamb wave dispersion curves for third-order harmonic mode
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The frequencies and phase velocities of the two selected primary Lamb waves, as well as
the combined harmonic modes of the second and third orders that satisfy the synchronism
condition, can be determined using the dispersion curves of Lamb wave propagation shown
in Fig. 3.

[y
LS}

v,, km/s
=
=

Fig.3. Phase velocity (vp) dispersion curves of Lamb waves

5 DISCUSSION OF THE RESULTS OF THE STUDY

The dispersion curves shown in Fig. 1 indicate that the combined second-order
harmonic mode (i.e., S1 mode) at the sum frequency of 4.0 MHz satisfies the phase-

matching condition (i.e., k' =k, +k, at v®? =v, +v,). On the other hand, it can be argued
that there is a clear difference between the wave number of the Lamb wave at v\ =v, —v,

and the value (k, —k;), which means that the second-order difference frequency mode does

not satisfy the phase-matching condition.
The third-order combined harmonic modes satisfying the synchronism condition are

shown in Fig. 2. It should be noted that the wave numbers k_ ,k,k® and k® at
V,,V,,V, +v,and 2v, v, or (v,*2v,) depend on the values of the longitudinal and

transverse velocities of the plate material.

The results of the calculation methods indicate that the relative error of the calculated
values may depend on the longitudinal and transverse velocities of propagation of the Lamb
wave modes in the plate material. The reaction of mixing the Lamb waves' frequencies at
frequencies 2v, tv, and v, £2v, was detected. It can be considered that it approximately

satisfies the synchronism criterion for generating third-order combined harmonic modes.
Obviously, the third-order combined harmonic modes at the frequency 2v, +v, satisfy the

synchronism condition better than at the frequency v, £2v, .

It can be concluded that for the two selected primary Lamb waves, the synchronism of
the generation of combined harmonic modes of the second and third order is considered
simultaneously, which means that possible frequency mixing reactions of the second and
third orders can be observed simultaneously. The frequency mixing reaction of Lamb waves
is indeed manifested for the selected pair of modes.

However, it should be noted that although the combined second-order harmonic mode
(i.e.,, the S1 mode) at the sum frequency satisfies the synchronism condition, the
corresponding amplitude is not displayed on the amplitude-frequency curve. The analysis
showed that in addition to the synchronism condition, the required symmetry condition must
be simultaneously satisfied for the combined second-order harmonic mode to be generated.
In particular, the combined second-order harmonic mode generated at the sum frequency
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must be antisymmetric rather than symmetric due to the cross-talk between the Al and SO
modes. Thus, the absence of the appearance of the combined second-order harmonic mode
should be explained by the fact that the synchronism and symmetry conditions cannot be
simultaneously achieved.

6 CONCLUSIONS

In this paper, the frequency mixing response caused by the collinear cross-talk of two
primary Lamb waves with different frequencies is theoretically analyzed and compared with
known experimental results. A theoretical basis for the frequency mixing response caused by
the collinear mixing of two primary Lamb waves is established using the perturbation
approximation and the normal mode decomposition method for waveguide excitation. Based
on the theoretical basis, we discuss the internal resonance conditions for the generation of
second- and third-order combined harmonics by two primary Lamb waves, and predict the
existence of second- and third-order combined harmonics at different mixing frequencies.

To verify the theoretical prediction, the results of the combined harmonics
measurements of two primary Lamb waves at certain mixing frequencies are used. The
experimental results show that two conditions must be simultaneously satisfied for the
combined harmonics to be generated. The first condition is synchronization, and the second
condition is the symmetry property. In addition, it can be stated that the frequency mixing
response is due only to the collinear cross-talk between the two primary Lamb waves.

In addition, the previously predicted cumulative effect of combined harmonics
generated with the propagation distance in the mixing zone of two primary Lamb waves
propagating in the sample was found. This effect is consistent with the effect of the
appearance of combined harmonics at certain mixing frequencies. Thus, this work provides
a physical understanding of the generation of combined harmonic modes by the collinear
cross-talk of two primary Lamb waves.
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VJIK 004.9

IHOOPMAILINHA TEXHOJIOTIS BI3YAJIBALIT IMHAMIKHA
PO3BUTKY HNOXKEXKI

Pauuncnka A. J1.., HeneBa O. A.%, Imenko O. B.}
Y0o0ecvruii nayionanvnuii ynieepcumem imeni 1.1 Meunukosa

AHoTanisi: B yMOBax chOTOIeHHSI TUTaHHS TOXKEXKHOT Oe3MeKn 0COOINBO TOCTPO CTOITh HA TIi
BCce OUTBIT MacmTaOHMX TEXHOTEHHUX, MPHPOMHUX 1 COIIabHUX KaTacTpod, 3 SKHUMH CTHKAETHCS
moactBo. OcoOIMBO TPUBOXKHO, LIO KiNBKICTh TMOXKEXK uepe3 BIHCHKOBI KOH(IIIKTH, 0OCTpinmu Ta
BUOYyXHU Ha 00'ekTax iH(pacTpyKTypu 3pocTae. Llg nuHaMika CTBOPIOE MOJATKOBE HABaHTa)KCHHS Ha
CUCTEMH [MBIUTFHOTO 3aXHCTY 1 BUMara€ ONepaTUBHUX IHCTPYMEHTIB ISl IPOTHO3YBAaHHS Ta OILIHKH
pusukiB. [loxkexi € BeNMWKMMH pPYHHIBHHKAMH HAaBKOJHIITHBOTO CEPEIOBHINA, MPOMHUCIOBUX 30H 1
KHUTJIOBUX paiiOHIB, BOHM CTAHOBJIATH BEJHMKY HeOe3NeKy IUIsl JKUTTA 1 3A0poB'st moaei. OCHOBHI
HaIpsIMH, CIIPsIMOBaHI Ha 3a0€3MEYEeHHS MOXKEXKHOI OE3IeKH, € IMIEPaTUBHUMH, SIKIIIO MU 3MOXKEMO
3BECTH J0 HYJIsl 0OCTaBHHY BUHUKHEHHS ITOXKEX 1 3SMEHIITUTH 1X HACIIIKH.

Posyminas ¢QyHIaMeHTaNpHUX TPUHIMINB TOpPIHHS Ta TaciHHA BaKIMBE JUIS  YCIIIIHOL
npoiIakTUKH Ta TaciHHA TOXKeX. ToMy cydacHi iHQopMamiiiHi TeXHOJ]Orii, NpUIaTHI s
MOJICTIIOBAaHHS WHAMIKA TIOBEQIHKM TIOXKEXKI 3 ypaxyBaHHIM (Pi3UKO-XIMIYHHX BIIaCTUBOCTEH
rOpIOYMX MaTepiayliB i s IIBUIKOTO BHSBICHHS KPUTHYHHMX CTaHIB, CXWIBHHUX [0 3aliMaHHS,
noBHHHI OyTH peanizoBaHi. [HHOBamiiiHA iH(pOpMAaLiiiHa TEXHOJOTis, 3aCHOBaHA HAa MaTeMaTHYHHX
MOJIETISIX TPOIIECIB TOPIHHS Ta MOUIMPEHHS MOJYM's, J03BOJISIE TIPOTHO3YBATH TTOIIMPEHHS MOXKEXK] B
MIPOCTOPI.

B pobori mpezacrapieHo iH(pOpMAIliiiHY TEXHOJOTII0, M0 PEai3yeThCs 3a JOMOMOrOK) MOBHU
nporpamyBanas C# Tta rpadigamx Oi0miorek. Po3pobnena IT moegrye B cobi pi3HI Momymi
TEXHOJIOTI{, SKi JTO3BOJIAIOTH KOPHCTYBadeBi CTBOPIOBATH IHIWBIAyalbHI PO3PaXyHKH, Bi3yai3alliro
JaHUX Ta IHCTPYMEHT aHaiizy pe3ynbraTiB. Llg cxema moegHye mimxin 3BepXy BHH3 10 IpoOJIeM
MPOTHO3YBaHHSA TOXKEX. AHali3 OTPUMaHHX PE3yNbTaTiB CBIAYUTH MPO Te, 110, BUKOPHCTOBYIOUH
TaKA{d 1HCTPYMEHT Bi3yaJi3allii, MOKHa IOCIIPKYBaTH AWHAMIKY TIOMIMPEHHS IOXKEXi, 10, B CBOIO
4epry, CIPOIIy€e MOJANBIINI aHaTI3 1 ToroMarae npuiMaTi KOMIICTCHTHI PIllICHHS.

KarouoBi cioBa: indopmariifiHa TEXHOJIOTIs, Bi3yaii3allis MPOIECy, YUCENbHE JOCIHIIHKESHHS,
MO/ICJTFOBAHHSI, IPOTPAMyBaHHSI.

INFORMATION TECHNOLOGY FOR VISUALIZATION OF FIRE
DEVELOPMENT DYNAMICS

A. Rachinskal, O. Nedieva?, O. Ishchenko?
'0desa I.1. Mechnikov National University

Abstract: In today's conditions, fire safety is a particularly pressing issue given the increasingly
large-scale man-made, natural, and social disasters facing humanity. It is especially alarming that the
number of fires caused by military conflicts, shelling, and explosions at infrastructure facilities is on
the rise. This dynamic creates an additional burden on civil protection systems and requires
operational tools for risk prediction and assessment. Fires are major destroyers of the environment,
industrial areas, and residential areas, posing a great danger to human life and health. The main areas
aimed at ensuring fire safety are imperative if we are to reduce the circumstances of fires to zero and
mitigate their consequences.

Understanding the fundamental principles of combustion and extinguishing is important for
successful fire prevention and extinguishing. Therefore, modern information technologies suitable for
modeling the dynamics of fire behavior, taking into account the physical and chemical properties of
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combustible materials, and for the rapid detection of critical conditions prone to ignition, must be
implemented. Innovative information technology based on mathematical models of combustion and
flame propagation processes allows predicting the spread of fire in space. IT is implemented using the
C# programming language and graphics libraries.

It combines various technology modules that allow the user to create individual calculations, data
visualization, and a tool for analyzing results. This scheme combines a top-down approach to fire
prediction problems. Analysis of the results obtained shows that using such a visualization tool, it is
possible to study the dynamics of fire spread, which, in turn, simplifies further analysis and helps to
make competent decisions. There are many organizations that need help, and this technology can be
customized to the exact requirements of a particular organization. It can be easily adapted to any needs
— emergency response services, the environment, civil protection, or other structures involved in the
analysis and prediction of emergencies.

Keywords: information technology, process visualization, numerical research, modeling,
programming.
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1 BCTYI

VY cydacHUX yMOBax, 30KpeMa Ha TJIi BOEHHUX KOH(QUIIKTIB Ta BHOYXiB Ha 00’€KTax
KPUTUYHOI 1H(GPACTPYKTYpH, MpodiieMa Moxex HaOyBae mie OinbInoi roctpotd. Taki momil
3HAYHO YCKJIAJIHIOITHh POOOTY PATYBAIBHHUX CIYKO Ta MiABUIIYIOTh PU3UKH JUISI HACEIICHHS.
Boronp, mo BHUHIIOB 3 13-MiJi KOHTPOJIO, 3JaTHUM BHKJIMKATH 3HAYHI PYWHIBHI Ta
CMEPTOHOCHI HACIIIJTKH.

[Toxexxi ToyYayM PO3MIAJATH K KOMIUIEKC B3a€MOIIOB’SI3aHMX MPOIECIB 1 SIBHII.
Posmouanucss po3poOKM HOBUX BOTHETAaCHHUX PEUOBHH Ta 3aCTOCYBaHHS BXKE HASBHUX
pedyoBHH iHIIMMH criocobamu. IcHye Oe3mocepeiHs 3aIliKaBJICHICTh Y 3HWKEHHI BIpOT1IHOCTI
BHHUKHCHHS ITOKE)K 1 3MEHIICHHI INKOJAW BiJ HHMX. JOCATHCHHS IIi€l METH € JOCHTH
aKTyaJIbHUM 1 CKJIQJIHUM COLIaJIbHO-€KOHOMIYHUM 3aBJaHHSIM, BHUPIINIEHHIO SIKOTO ITOBHUHHI
CIPUATH CHUCTEMU TMOKEXKHOI Oe3meku. bopoTh0a 3 mokexkamMu, a OTKE 1 PO3BUTOK HAYKH PO
MOKEX1 B IIJIOMY, BKJIIOYHO 3 JTOCJIIPKEHHSM TPOIECIB TOPIHHS ITiJT Yac MOXKEXK, Y OETHAHH]
3 BUKOPUCTAHHSM CYYacHHX I1H(QOPMALIHUX TEXHOJIOTiH, CTa€ HAA3BHYANHO BAKIMBHUM
3aBJIJaHHSIM CY4acHOTO CYCITIILCTBA.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMTPOBJIEMH

BaximBa 0coONMBICTD SBHINA TOPIHHS — 3IATHICTH 10 MPOCTOPOBOTO TOMIMPEHHS.
binburicte po3paxyHKOBUX METOMIB € HAOMMKEHUMH, MAlOTh XapakKTep eMITIPUYHUX
3anexxHocTeil. TakuMm mpukiIanoM € GopMyiH Ui BUSHAYCHHS TEMIIEpaTypy caMO3aiMaHHS
32 CEpEeIHBOI0 JIOBKMHOK BYIJVICLIEBOTO JIAHIIOra, KOHIICHTPALIWHUX MEX IOIIUPECHHS
MOJTyM’ sl T 1HIIII.

o6 BU3HAYUTH TEOPETUYHY KUIBKICTh MOBITPS, HEOOXIAHY AJIs TOPIHHSA TOCI1HKYBaHOT
PEUOBHHU BHKOPUCTOBYETHCSI OPYTTO-PIBHSIHHS MaTEPiajbHOTO 1 TEIJIOBOTO OallaHCy peakiiii
ropinns [1-3]

n,[o]+n,[o]=n,;[or]+Q, (1)
ne n o], n [0] , N_.[nr] — crexiomerpuyHi KoedilieHTH IPH BiANOBITHUX PEUOBHHAX, ([H]
— MaJbHE , [o] — OKMHCIIIOBaY, [HF] — MPOAYKTH ropiHHsd); Q — TemoBui edeKT XiMIYHOI
peaxiiii.

Teopetnunuii 06’ em nositps V.) M>/Kr HEOOXiAHOTO /IS FOPiHHS TATBHOTO

VH°=22’4(n°2+n“2), @
nHMH

ne Ny 1 Ny — MOJIbHI YaCTKH KHCHIO Ta a30Ty Yy CTEXiOMETPHYHIN peakiii, N, — KUIbKICTh

PEYOBUHU ITAJIBHOTO, Mn — MOJISIpHA Maca MaJIbHOIO.

Jlis mpakTUYHUX PO3paxyHKIB MPHUIIMarOTh, 10 MOBITPs cKiafgaeTbes 3 21% KHUCHIO 1
79% azoty. Takum 4rHOM, 00’ €MHE CIIBBIIHOILIEHHS a30TY 1 KUCHIO B MTOBITPi CTAHOBUTUME:

P _ 19 _376, 3)
Po, 21

1€ Py, Po, — BIANOBIAHO (% 00.) BMICT a30Ty Ta KHCHIO B OKHCIIFOBAIBHOMY CEPESAOBHIL,

[Tin 4Yac TropiHHA Ha TMOXKEXax BUTpaTa MOBITPS BIAPIZHAETHCS BiJ] TEOPETUUHO
HeoOxiaHoi. JlificHa BUTpaTa NOBITPS HA OJUHUIIIO AJIbHOTO 3aIIUCYETHCS SIK
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V. =aV® (4)

MHOXHHMK ¢ Ha3MBa€ThCA KOE(DILI€EHTOM HAIUIIKY MOBITPs. Pi3HUIM MiX AilicHOIO 1
TEOPETHUYHO HEOOX1THOI KUIBKICTIO IMOBITPSI HA3UBAETHCS HAUIMIIIKOM ITOBITPSL.

AV =V, -V°
abo
AV, =V!(a-1). (5)

[ToBHuMiA, milicHUK 00’€M MPOAYKTIB TOPIHHS 3HAXOIUTHCS 3 YpPaxyBaHHSAM HAJUJTUIIKY
noBiTps (o >1)

V, =V? +(a-1)V?, (6)

ne V. — Teopernunuii 06’eM mpomykTis npu o =1.

AniabaTryHa TeMmepaTypa TOpIHHS — TeMIleparypa, 0 SKOi HarpiBarOTbCs MPOIAYKTH
TOpiHHS, KOJU BCE TEIUIO, 1[0 BUAUIMIOCS B PE3YNbTaTi 3rOpsHHS, i€ Ha IX HarpiBaHHS.
JlilficHa TeMIiepaTypa ropiHHs 3aBKIM HUK4a 3a aaiadaTHuHy depe3 TerioBrparu [1-3].

Jns po3paxyHKy TEMIIEpaTypH TOpIHHS CKJIaJeMO piBHSHHS TEIJIOBOrO OajiaHcy,
BBXAIOUH, IO TEIUIO, SIKE BUIUIAIIOCS B PE3yJIbTaTi 3TOPSHHS, HAarpiBa€ MPOIYKTU TOPIHHS
(COZ, H,0, Nz) BiJI TOYATKOBOI TeMnepaTrypu [, 1o temmeparypu T .

Q, (1_77) = chmvm (Tr _To) ’ (7)

ne Q, — HIDKYa TEmyIoTa 3TOPsIHHSA, 77 — KOe(illieHT TEerIoBTpaT (JacTka BTpaT Tella Ha
BUIIPOMiHIOBAHHS, @ TAaKOX YHACJIiJIOK HEMOBHOTH 3rOpsAHHA); C, |1 V . — TENIOEMHICTH i

00’€M i-T0 MPOAYKTY TOPiHHS.

VY noxexHii 1HXeHepii s MBUIKUX OI[IHOK YacTO 3aCTOCOBYIOTH CIIPOLIEHE PIBHSHHS
€HEepreTUYHOro OajaHcy, /ie TEeIUIoBa €Hepris BiJl TOPIHHSA IMiJIBUIILYE TEMIIEpaTypy MOBITPs B
MPUMIILIEHHI:

T = TO + Qtotal Qtotal = mr Hc ! (8)

avg !
c,V

ne T,, — cepemHboob’emMHa Temrepatypa, I, — MOYaTKOBA TEMIEpAaTypa MOBITPs (3a3BU4ai

o . . .
20°C), Qg — CyMapHa TemioBa €Hepris, C, — THMTOMAa TEMJIOEMHICTh MOBITPS

(= 1000 Hx/(xr-°C)), p —ryctuHa nositps (mpubinsHo 1.2 Kr/M* mpu HOpMAJIBHUX YMOBaXx),
V — 06’eMm mpuMileHHs, M — Maca 3ropiioi pedyoBHMHH 3a JaHui yac, H, — temora

3TOPSTHHSL.

JuHaMikoio Oyab-sIKOTO MPOIIECy, B TOMY YHUCII MOXKEXKi, HA3UBAEThCA 3AJIEKHICTh HOT0
rmapameTpiB BiJ yacy. 3HaAHHS 3aKOHOMIPHOCTEH 3MIHU MapaMeTpiB MOXKEX1 HEOOXITHE IS
rapaHTyBaHHs O€3MeKH JtoJIei, po3po0IeHHs 3aX0dIB /Ul 3aN00iraHHs MOLIMPEHHIO MOXKEXK,
JUTSI IPOEKTYBAHHS CUCTEM aBTOMATHYHOTO BHSIBJICHHS 1 TaClHHSI, TIJIAHYBaHHS CHJI 1 3aCO01B,
HEOOXIJHUX MiJ Yyac JIKBIAAil mMOXex.

VYV Oaratbox BUINAJAKaxX TMOXKeKa IMOYMHAETHCA 3 MPOTrPIBaHHS JIOKAJIBHOI JUISHKU
MOBEPXHI TOPIOYOro Marepialy Il YTBOPEHHs HaJ HEI TOpIYoi CyMilli, fKa MOTIM
3aMaoeThCsl. 3pOCTaHHS TEMIIEpaTypy MaTepiaiiB CYPOBOKYETHCS 30UTBIIEHHSIM JIIHIMHOT
IIBUJIKOCTI MOIIUPEHHS (PPOHTY MOTyM 5.
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[Tpu po3paxyHKy IUIOLI TMOXKEXKI HMPUITYCKAETHCS, IO (POHT MOIYM’sl MOLIHPIOETHCS
PIBHOMIPHO B yCIX HampsiMKax 31 HIBHAKICTIO U, M/XB. JIo MOMEHTY TOpPKaHHS CTiH Mae
dhopmy Koma

F(t)=z(ut). )

Konu ¢ppoHT nmonym’s gocsirae oropopkyBaibHOI KOHCTPYKIIi, oro ¢opMa BiJipasy crae
MPSIMOKYTHOIO.

3 LI TA 3ABJAAHHS JOCJIUKEHHS

[TpoBeneMo moCIiKEHHS sl TPSIMOKYTHUX MPUMIIIEHB 3 BHYTPIIIHIM PO3TalTyBaHHSIM
ocepenky TopiaHs. 3rigHo ¢opmynaMm (2-8) MPOBOIUTHCS aHATITHYHA OIlIHKA MapaMeTpiB
BHOYXOHEOE3MEUYHOCTI PI3HUX PEUYOBHH: PO3PAXYHKH KUIBKOCTI TOBITPS, HEOOXITHOTO IS
TOPiHHA JOCIHIHKYBAaHOT pEYOBUHH, TEMIIEPATypU TOPIHHS Ta IUIOIII TOMXKEXKI.

B po6oti ctaBuThes 1k moOyayBaTH 1H(pOpPMAIIHHY TEXHOJOTIIO I MOJICITIOBAHHS
YHCENbHUX JOCITI/DKeHb Ta Bi3yamizamii JUHAMIKH PO3BUTKY IOKEXKI y NPUMIMICHHIX Ha
OCHOBI MaTEMAaTUYHOT MOJIEII MOMIMPEHHS TOJIYM s Ta TEIUIOBUX MPOIIECIB TOPIHHS.

JIyist mocsSITHEHHS TIOCTaBJICHOI 111 HEOOX1THO PO3TIISTHYTH HACTYITHI 3a]1a4i:

- 3ajaya MoOyAOBH MOAYJSl KOPUCTYBalbKOro iHTepdeiicy iHpopMmariitHoi TexHOoIorii
BiJITIOBITHO J0 MPUHIIMITIB 00’ €KTHO-OPi€EHTOBAHOTO IPOTPAMyBaHHS;
3a/aya Bizyamizamii AMHAMIKH PO3BUTKY MOexi y 2D-mpocTopi 3 BUKOPUCTaHHSIM 3ac00iB
KOMIT t0TepHOT rpadikw;

- 3a71a4a PO3pOOKU MOJIYIIF0 MAaTEMaTHYHOTO MOJICIIIOBAHHS Ta YHCEIBHUX PO3PaxXyHKIB
MOYKEKHUX TPOIIECIB;

-3aJja4a CTBOPEHHS CHCTEMH 30epiraHHsi BXiJIHUX JAHUX Ta OTPUMAaHUX PE3yJIbTaTiB.

4  PE3YJBTATHU JOCJIIKEHHSA

B poGoTi mobynoBano iHpopMalliiiHy TeXHOJOTII0 [4-5] Isi MOAETIOBAaHHS YHUCETBbHUX
JOCHIJUKeHb Ta Bidyami3alii JUHAMIKM PO3BUTKY MOXEXI Yy NPUMIMIEHHIX NPSMOKYTHOT
dbopmu. Apxitekrypa I'T Mae BUrisiz, mo npeacTaBieHo Ha puc. 1.

|HTEpPDEHCHIIA
moayne IT

/ Mogyne

Bi3yanizauil
Po3paxyHKoBui 003'1030'0,3%'9-159
Moy IT hpOHTY Noxexi

Puc. 1. Apxirekrypa indopmaniitHol TeXHOIOTIi

[Hdopmariiitna TexHoONOTISI CTBOpeHa Yy cepefoBuIll po3podku Visual Studio Ha MOBI
nporpamyBaHHs C# 13 BUKOPUCTaHHSIM MPUHIMIIB 00’ €KTHO-OPIEHTOBAHOTO MPOTrpaMyBaHHS
[6-8]. bibmioreka KiaciB peanizye OOYMCIIIOBAIbHY YaCTHHY Ta 3a0e3redye BHUKOHAHHS
YHCEIbHUX PO3PaXyHKIB AMHAMIKU PO3BUTKY MOXKEX y MPUMILIeHH]. Bizyani3zaiis oTpuManux
PE3yNIbTATIB 3IHCHIOETHCS 3a JOMIOMOT0K0 KOMIT 0TepHOI rpadiku y 2D-npoctopi [9-11].
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Jns  BU3HAYEHHS TEOPETUYHOI KUIBKOCTI MOBITPS, HEOOXIAHOTO ISl TOPIHHS
JOCTIKYBAaHOI PEUOBMHU CTBOPEHO MOMYJb JAHUX 3 XapaKTEPUCTUKAMU PI3HUX MajbHUX,
JUIst IKUX KopucTyBad [T Moske mpoBOIUTH pO3paxyHOK.

Iarepdeiicauit  momyne IT € 1eHTpaJIbHUM BY3JIOM  apXiTEKTypHOTO PpillIEHHS
noOyJoBaHOTO TpPOeKTy. Bin 3a0e3neuye Hapiramiro MK IHIIMMHA (QYHKIIOHAIbHUMU
MOJYJISIMUA Ta BUKOHAHHS OCHOBHHX PO3paxyHKiB. MicTHTh iHTep(DEHCHY MaHeNb 13 3pyYHUM
JOCTYIIOM JI0 PO3PaxyHKOBUX BIKOH Ta OCHOBHOTO (DYHKI[IOHATY IPOEKTY.

B po6oTi BHKOHaHO YMCENbHE MOCTIIKEHHS Uil JBOX MOJENCH PO3BUTKY IOXKEXKI.
OOuaBi Mofeni po3paxoBaHi Ul IBOX OJHAKOBHX 33 PO3MipaMH MPHMIILIEHb, ajie 3 PI3HUM
po3TamryBaHHSIM oOcepenkiB ropiHHs. [lepma momens Mae ocepeloK TOpiHHS Ounst aBepi
OpUMILICHHA. A JIpyra — 3 OCEpeIKOM Y IeHTpi mpumimeHHs. [[is KOXKHOTo cleHapito
BHU3HAUEHO IIOIY MOXEX1, CepeIHb000’ EMHY TEMIIEpaTypy, TEMIIEpaTypy HaJ OCEpPeIKOM Ta
TeMIieparypy Ha piBHi 1,7 M Ounst aBepeit y dacoBi MomeHTH 5, 15 Ta 20 XB 3 MOMEHTY
BUHUKHEHHS 3arOpsSHHS.

PesynbraTi 4MceNnbHOTO JOCHIIKEHHS Bi3yalli3yIOThCSI 3a JIOTIOMOTOIO BiAIOBIIHOTO
rpadiuyHoro mozayss. B poboTi mpencTaBieHo Moielb MpUMILIEHHS — 010/110TeKa 3 po3MipaMu
i 06’emom BinmoBigHO 48x24x4.2 (M), V =4838.4 (M°). [IpumimenHs Mae 8 BiKOH Y3[0BK
KO>KHOT JIOBrOi CTiHM 3 po3mipamu po3mipu 3x1.8 (m). [IBepi mpuMILIEHHsT PO3TAlIOBaHi Ha
MeHIIH cTopoHi no ueHtpy. IloyarkoBa temneparypa mpumimenns T,=20 C. IlosiTps B
Oi0moremi mae rTyctmHy o =1.2kr/mM3, Ta THTOMY TEIUIOEMHICTH  TOBITpS

¢, =1000 [ix/(xkrK). Yactka BTpar/akymynsuii Temna B oropomkennsx:  77=0.995.

OGMeXeHHs TeIIOBULICH s BeHTHsieo (ominka MQH): Q__ ~192 MBT (w1s cepeansoi

max
BUCOTH ~2-2.2 M) [12]. V po3paxyHKax HaJ OCEpPEeIKOM TEIJIOBHILICHHSI OOMEXYeMO ITUM
3HAYEHHSIM.

Ha pucynky 2 mpenctaBieHO TpoIec IMHAMIKA (PPOHTY TMOXEKI B TPHUMIMIECHHI 3
OCepeIKoM TOpiHHs OuIs ABEpi 31 MIBUAKICTIO MOMIMpeHHS QpoHTY moxexi v=1.2 m/xB. B
poboTi Ha puc. 2a-2r MpeacTaBIeHO Bi3yali3alilo y MoMeHTH wyacy t=5,10,15,20 xB
BiamoBinHo. Takoxk Ha prucyHKax 2a-2r BKa3aHAa pO3paxoBaHa Iuioma moxexi S_fire (M%) y
nepepaxoBaHi MOMEHTH Yacy.

fre = Sm e = 10m

S_tews 5655 S_frws 226.19

2)

tiosw = 15m tme = 20m

5_fres 508 84 8_fows 576

E) | r)

Puc. 2. /luramika po3BUTKY HOXEXKi B IPUMIIIICHH] 3 OCEPEIKOM TOpiHHSA 01 1Bepi
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time = 5m time = 10m

S_fire= 113,10 S_fire= 452,39

time = 15m

S_fire= 1017,8¢

B) r)

Puc. 3. /luHamika po3BUTKY MOXKEXKI 3 OCEPEAKOM I'OPIiHHS B LIEHTPI MPUMIILIEHHS

Ha pucynky 3 poO3mIsiHyTO MOJENb PO3MOBCIOKEHHS TIOXKEXKI y NPIMOKYTHOMY
npuMilleHHl Tieli camoi Oi0MOTEeKH 3 OCepelIKOM TOPIHHS B LEHTPl MPHUMIIIECHHS.
MopenoBaHHsI TPOBEACHO 3 Ti€I0 XK MBHIKICTIO (poHTy moxkexi ©=1.2 m/xB. IloBiTps
MPUMILICHHS Ta TEXHIYHI XapaKTePUCTUKHU CITIBIIAJAI0Th 3 IMapaMeTpaMu mepinoi moneni. Ha
puc. 3a-3r npeacTaBIeHO Bi3yali3alliio JMHAMIKH MTOXKEXI1 Ta IUIOILY MOKeX1 Y MOMEHTHU 4acy
t=5, 10, 15, 20 XB BiAMOBIAHO.

Bisyani3aiist mpoBOAUTHCS 3TiHO pe3ysibTaTaM OTPUMAHUM PO3PAXYHKOBHM MOJYJIEM
po3pobiteHol iHopMarliitHoi TexHonorii. MyHKITIOHAT pPO3PaxXyHKOBOTO MOJYJIS J03BOJISE
[poaHai3yBaTl TEMIIEpaTypy HaJ OCEPEIKOM, CEepeHbO00’€MHOI TeMmIeparypud Ta
TeMIIepaTypy Ha 3aJJaHOMY PiBHI OIS [BEpel MPUMIIIEHHS.

Ha puc. 4 npencraBneno rpadik TemrepaTypud HaJl OCEpPEeIKOM il JBOX MoJeleit
pO3TalTyBaHHS OCEPEIKY TOKEKI.

Cepennbo00’eMHa TeMIlepaTypa (4ac B CeKyHAaxX) pO3paxoBYeThCS 3T1AHO POpMYIIn

,(L-n)d'F (t)t |

T, (t)=T, oV
p

o
Han ocepenkom (mig crenero): xopensuis tumy Heskestad, koHcranTy minibpaHo Tak,
mo6 mpu Q=192 MBT orpumysat ~1260 C, nani yce MacmradyeTbcs Ta 00pi3a€Thes UM

MaKCHUMYMOM.
Pesynbrar oOuuciIeHHS CEpEeIHBbOOO €EMHOI TEMIEPAaTypH Il JBOX PO3PaXyHKOBUX
MoJIesIel pOo3TalllyBaHHs OCEpe/IKa IMOKeX1 MPeICTaBIeHO Ha puc. 5.
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Ocepeaox ropitmn Gina nsepi . Ocepenok ropikms & uewTpi
Ocepenox ropinwa Sina asepi Ocepenck ropiHs B LeHTpI ooyt
MPUMILIEHHR

Temneparypa nag ocepeakon, “C
Cepeanboo' cuna Temneparypa,

txs
Puc.4. I'padix Temneparypu Puc.5. I'padik cepenupr000’eMHOT
HaJl 0CePEIKOM TEMIIEPaTypu

B poGoti mpexacraBieno rpadik 3miHM Temreparypu Ha piBHi 1.7 M Ouis nBepei
0i6mioTeku Ha puc. 7.

Ocepenox ropinka 6ina asepi Ocepenok ropinHa & LeHTPI
npUMiLLeHHA

301,04
201.0

101.0 o

Temneparypa Ha pisni 1.7 m Gina asepedt, “C

Puc. 6. I'padix Temmeparypu Ha piBHi 1.7 M Oi1st 1BEpeit

5 OBI'OBOPEHHA PE3YJBTATIB JOCJIIKEHHSA

Pe3ynbpTatu yuceNnbHOrO AOCHIIKEHHS Ta MOJIEIIOBAaHHS AMHAMIKU TOXEX1 MOKa3allu,
110 /IS TIepIoi MOl 3 ocepeaKoM Ol ABepel pOo3MOBCIOKEHHS MOIyM s BIIOYBA€ThCs
MEepeBaKHO B INIMO MpUMILIEHHS, 1 Bke yepe3 20 XB Moxexa 3aiimMae NMpuOIU3HO MOJOBUHY
fioro riomi. [Tpu oMy ceperHb000’eMHa Temiiepatypa 3poctae 10 198,6°C, a remnepatypa
HaJ ocepenkoM — 10 1075°C.

Jns npyroi Mozeni, KOJIM Ocepe/loK TOPiHHSA Y LEHTPl NPUMIILEHHs, PPOHT MOXKEX1 Mae
OUIbII PIBHOMIPHUN KPYTOBHM XapakTep, TUM CaMHUM IOJYM’sl IIBHJLIE OXOIUTIOE OUIbLIY
wiomy. Temmeparypu  3pocTaioTh  3HA4HO  IHTEHCHBHImle, jgocsratoun  377,7°C
cepeHb000’eMHoi Ta 1260°C Hax ocepeaxom uepe3 20 XB MICHs MOYATKy 3arOpsSHHS.

3riiHo pe3yibTaTaM pO3paxyHKiB, IO MPEJICTaBIEHO Ha pHUC. 5, Temmeparypa Haj
OCepe/IKOM BHIIA y cueHapii 2, ajne miciisg ~15 XB y 000X BUIaJKax i 3pOCTaHHS 0OMEXKYEThCS
BeHTHIIALIETO (Oepemo nimiT ~1260 °C).

[IpoBenene uwmcenbHE OCHIKEHHS (IUB. pHC. 6) MOKa3ano, MO0 CepeaHbo0O’ €MHa
Temreparypa y cueHapii 1 Huk4a, 60 ruIola najardoi 30HM Ha paHHIX eTanax — IiBKOJIO, a
HE KOJI0; 1 HaBiTh Ha 20-i XB BOrOHb OOMEKEHUI MOJIOBUHOIO 3aJIH.

Po3ramryBanHsl ocepeiKy 3MIHIOE pO3MO/IiUT TeMIEpaTyp 1 TEMIT OXOIUICHHS IO — 1€
KpUTHUYHO JJIsl TUIaHyBaHHS eBakyauii (Touka 1.7 M y JABepsAX) 1 pO3CTaHOBKM AATYHUKIB.
3rigHo puc. 7 BUAHO, IO TeMmepaTypa Ha BHCOTI 1.7 M Ouns nBepel ans mepuioi Mojeni
po3ranryBaHHs ocepenka 10 12-1 xB 30umbnryeThest Ha +15 °C, a micns 12-1 xB va +30 °C. Ta
K cama TemmepaTypa i APYroi MOJeINi po3TallyBaHHs OcepeaKy 10 12-i XB 30UIbLIyEThCS
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Ha 5°C, a micns 12-1 xB - HalO °C. Touka 1.7 M Oing aBepeit uyTiuBima A0 OIM3BKOCTI
Jukepena: y cuenapii 1 gomarok T, Ginbummii (60 ocepenok mopyy).

[lopiBHsUIBHUIT aHATI3 CBIAYUTH, [0 PO3TAIIyBAaHHS OCEPEAKY TOPiHHS Ta YMOBH
BEHTHJIALII CYTTE€BO BIUIMBAIOTh HA IIBHJKICTH PO3MOBCIO/DKEHHS BOTHIO 1 TeMIEepaTypHi
PEXKUMH y IPUMIIIICHHI.

6 BHUCHOBKHU

Po3pobneno  iHdopmaliiiHy TEXHOJIOTiII0  JOCHI/DKEHHS JUHAMIKM TIOXKEXI B
MPSIMOKYTHUX MPUMILICHHSX 3 BHYTPIIIHIM PO3TaIlyBaHHSAM OCEPEKY TOPIHHSL.

Otpumani IT-mMozeni 103BOJISAIOTH IMIBUAKO OTPUMYBATH 1H)KEHEPHO KOPHCHI OIIIHKH
CepeIHb000’ €MHOI TeMIIEpaTypy Ta TEMIIEPATYP IIiJl CTEICHO, SKIIO 9iTKo 3adikcoBani 4", 1
1 mpaBmia reomeTpii GpoHTy.

Jiist TouHOCTI y MailOyTHROMY BapTO JOJATH JBOIIAPOBY MOAEH (Tapsunii/XOJOoaHUI
1apH), sIBHE BUIPOMIHIOBAHHS, TEIUIOOOMIH 31 CTIHAMHU Ta 4Yac-A0-pyHHYBaHHS OTBOPIB SK
PO3paxyHKOBI MapaMeTpH.

7 ETWYHI JEKJAPALII

ABTOpHM HE MarTh BIAMOBIMHUX (iHAHCOBUX YW HE(IHAHCOBUX IHTEPECIB, SKI CIiJ
PO3KpUBATH.
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