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Abstract: This paper considers plane problem of linear elasticity theory for a composite plane
formed by two half-planes with different elastic characteristics. It is assumed that there are cracks of
finite or half-infinite length at the division line of the materials. To obtain analytical solutions, the
method of integral Fourier transforms in a bipolar coordinate system is used with the application of
Papkovich—Neuber solution, which allows the problems to be reduced to a closed form and their
rigorous mathematical solution to be carried out.

Two characteristic cases of weakening geometry are investigated: in the first case, the composite
plane is weakened by a crack of finite length located along the bimaterial interface; in the second case,
two semi-infinite cracks symmetrically located about the axis which separates the half-planes are
considered. In both cases, ideal (perfect) contact interaction between materials outside the crack region
IS assumed.

A mixed boundary value problem is solved: normal and shear stresses are specified at the crack
edges, while outside the crack, continuity of displacements and stresses is ensured at the material
interface, which corresponds to the condition of complete contact. The specified load functions at the
edges of the crack are assumed to be piecewise smooth and satisfy the conditions of Fourier series
expandability.

The distributions of normal and shear stresses along the contact line and on the crack, faces are
studied under various types of external loading. Particular attention is paid to the analysis of stress
behavior features in the vicinity of crack ends, where singularities of a power-law nature are observed.
The results obtained can be used in the analysis of the strength and fracture of inhomogeneous
materials, as well as in modeling the stress-strain state near defects at the interfaces of media.

Keywords: composite body, crack, bipolar coordinates, Papkovich—Neuber functions, Fourier
transformation.

MJIOCKA 3AJIAUA TEOPII IPYKHOCTI JIJIS1 CKJIAJIEHOI
IJIOLIWHHA 3 TPINHAMMU

Anekcansin P. K., Apyrynsan JI. A.2, Ceapaksin A. M.3, SIkymena 1O. B.*
YHayionnnuii ynisepcumem 6yoisnuymea ma apximexmypu Apmenii

Incmumym mexanixu HAH Apmenii

3Cpesancorutl HABUATLHO-HAYKOGUTI IHCIUMYM 3aXIOHOYKPAIHCHKO20 HAYIOAHATLHO20 YHIGePCUMenty
*O0ecvra deparcasna akademis Gydisuymea ma apximexmypu

AHoTamin: Y w0iffi crarTti posrisAaeThcs IUIOCKA 3agada JIHIHHOI Teopil MpYKHOCTI Uist
CKJIaJICHOI IUIONIMHYU, YTBOPEHOI JBOMA IMIBILIONIMHAMU 3 PI3HUMHU TPYKHUMH XapaKTePUCTHKAMH.
[IpunyckaeTbcst, M0 Ha JIiHII MOAUTY MarepiajliB € TPIIMHM CKIHYEHHOI a00 HaIiBHECKIHYCHHOT
JNOBXHMHU. Jls1 OTpUMaHHS aHAJITHYHHX PO3B'SI3KIB BHKOPHUCTOBYETHCS METOJ IHTErPaIbHUX
nepeTBopeHb Dyp'e B OIMONSAPHIA CHCTEMI KOOPAHMHAT 13 3aCTOCYBaHHsSM pO3B's3Ky [lamkoBuda-
Hoiibepa, mo m03BosIsI€ 3B€CTH 3a/1a4y A0 3aMKHYTOi ()OpPMU Ta BUKOHATH ii MAaTEMaTUIHUN PO3B'A30K.
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JocnimpKyroThes 1Ba XapakTepHi BUMAIKU TeoMeTpii oclabiIeHHs: Y IepIIOMY BUIAAKY CKJIaJeHa
IJIOIIMHA OcIa0JIeHa TPIIWHOIO CKIHYCHHOI TOBXKHWHH, PO3TAIlIOBAHOIO B3IOBK OiMaTepiabHOI MEXi
MONINy; Yy JHAPYIrOMY BHIAAKY pO3TIIANAIOTHCS [Bl HAIIBHECKIHYEHHI TPINUHA, CHUMETPHYHO
pO3TaIllOBaHi BIIHOCHO OCI, sSIKa PO3JiIsi€ MiBILIONMHA. B 000X BHIIaJKaxX NependadacThCs iflcanbHa
KOHTaKTHA B3a€EMO/IisS MiJK MaTepialaMu 1o3a 00JIacTIO TPIIIHHHA.

PosB's3yeThest 3MmilmaHa kpaiioBa 3ajgada: Ha Kpasx TPIIIMHHA 33aJal0THCS HOPMAaJbHI Ta 3CYBHI
HanpyXeHHS, TOAl SIK M03a TPIIMHOIO 3a0€e3MeUy€EThCsl HENMEPEPBHICTh MEPEMIIIICHb Ta HAPYXEHb HA
MEXI MOy MaTepiaiiB, IO BiJNOBiAa€ YMOBI MOBHOTO KOHTAKTy. 3afaHi (pyHKII] HABaHTa)KEHHS Ha
KpasX TPINIMHU BBAXKAIOTHCS KyCOYHO-TJIAJIKAMH Ta 33J0BOJBHSAIOTH YMOBH PO3KIANAaHHA B PAIH
Dyp'e.

JocnimpKyroTbesi po3NOALUT HOPMAIBHUX Ta 3CYBHHUX HAIpPy>KEHb B3JOBXK JIiHII KOHTaKTy Ta Ha
TPaHUIll TPIIMUHU TIPY PI3HUX THUMAaX 30BHINIHHOTO HaBaHTaKeHHSI. OcobnmuBa yBara MPHIUTSAETHCS
aHamizy OCOOMMBOCTEH TIOBEAIHKH HAIPYXEHb MOONHM3Y KIHIIB TPINIMHHA, A€ CHOCTEPIraroThCS
CHUHTYJISIDHOCTI CTemeHeBoro xapaktepy. OTpuMaHi pe3yiabTaTd MOXYTh OyTH BHKOPHUCTaHi NpHU
aHaJi3i MIHOCTI Ta pyWHYBaHHS HEOAHOPIJHUX MaTepiaiiB, a TAKOX MPH MOJEIIOBAHHI HAIIPYKEHO-
ne(hOpMOBAHOTO CTaHy MOOIN3Y NeeKTiB Ha MEXi TOLITY MaTepialis.

KuarouoBi ciaoBa: ckmajeHe Tino, TpimuHa, OimonsipHi KoopauHatu, ¢yHkuii [lamkoBuua-
Hetibepa, nepetBopenns dyp'e.
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1 INTRODUCTION

Problems in elasticity theory related to the study of stress-strain states (SSS) in bodies
with cracks are a significant trend in continuum mechanics and have wide application in
engineering practice. Particularly topical are problems involving heterogeneous media
containing defects such as cracks at the materials interface with different physical and
mechanical characteristics. Such models allow adequate description of the behaviour of
composite and laminated materials used in construction, aircraft engineering, mechanical
engineering and other industries.

The analysis of stresses and displacements in the region of cracks at interface boundaries
differs significantly from classical homogeneous problems due to the presence of elastic
modulus jumps and possible peculiarities of contact interaction between material components.
These peculiarities lead to the occurrence of singular stresses, which is particularly important
to consider when assessing the strength and stability of structures.

This paper considers plane problems of static linear elasticity theory for a composite
plane consisting of two half-planes with different elastic properties. Cracks of finite or semi-
infinite length are assumed to exist at the division line between the materials. Such
formulations model the most typical cases of local weakening in laminated media caused by
operational damage or manufacturing defects.

The purpose of the present work is to obtain a rigorous analytical solution of the
indicated problems using Fourier integral transforms in a bipolar coordinate system and the
Papkovich—Neuber functions. Special attention is paid to mixed boundary conditions: stresses
are specified on the crack edges, while outside the crack region ideal contact between the
materials is assumed.

The solutions obtained allow not only to analyse the distribution of stresses and
displacements in the contact area and near the crack ends, but also to identify the nature of
singularities arising in these areas. The results presented can be used to assess the strength
characteristics of multilayer structures and predict their durability.

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

Problems involving cracks are related to problems of determining the stress-strain state in
homogeneous and inhomogeneous elastic bodies, which are of interest in both theoretical and
practical issues of strength of various structures. This has become the subject of research by
many authors, among whom we note [2-8, 13, 14 and the references therein].

In work [2], the concentration of elastic stresses near dies, cuts, thin inclusions is
considered. Fracture of composite materials is examined in the book by Cherepanov G.P. [3].
The distribution of stresses around cracks in plates and shells is studied in the book by
Panasyuk V.V. and others [4]. A mixed problem for a composite plane weakened by a crack,
where stress components are specified on one crack edge and displacement components on
the other, is considered in [5]. Another mixed problem for a composite plane with two semi-
infinite cracks is analyzed in [6]. A contact problem for an infinite plate with a finite crack
reinforced with elastic pads of the same finite length is considered in [7]. In the paper by
Arutunyan L.A. [8], the elastic equilibrium of a composite plane consisting of two half-planes
with semi-infinite cracks having different elastic characteristics, with stresses applied on the
interface line, is studied.

Problems of torsion and bending of rods of lunular profile, bending of lunular form, as
well as some plane problems for such regions were studied in works [9, 10]. In [12]
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(Tarantino A.M.), the problem of plane stress state with a crack in a Mooney-Rivlin material
is considered.

In our works [13, 14], plane problems for a circular segment and a half-plane with a
segmental notch under mixed boundary conditions are analyzed. In a series of papers by Gao
Y.C. (with co-authors) [15-23], stress analysis near the crack tip in rubber-like material was
performed. Cracks in homogeneous and inhomogeneous material were considered. It was
shown that the character of stress singularity depends on the elastic parameters of the
material, and in the case of plate tension its thickness at the crack tip tends to zero. In article
[24], where the case of an interfacial crack on the boundary of two half-planes was examined,
it was established that stresses have no oscillations at the crack tip, unlike in the linear
problem of the interfacial crack.

In the work of Tarantino A.M. [25], the problem of plane stress state with a crack in a
Mooney-Rivlin material was studied. The equilibrium equations were written through the
Airy stress functions, and approximate values were obtained by the asymptotic method. In
articles [28-30], the following problems for homogeneous and two-component planes are
considered: a crack in a homogeneous plane; a crack at the interface of a half-plane with a
rigid element; an interfacial crack. In all cases, the generalized neo-Hookean material model
was used. Comparisons were made with the results of numerical solutions by the finite
element method.

An exact global solution of the nonlinear plane strain problem with an interfacial crack
for a John material was obtained in the work of Malkov V.M. [31], where the Muskhelishvili
complex potential method was applied. Stresses in the nonlinear interfacial crack problem
have root singularity and oscillation at the crack tips, as in the linear case. In [32], an
asymptotic analysis of deformations near the crack tip in a homogeneous plane for the same
material model was given. The aim was to show that there exists a region where the material
loses ellipticity under large deformations.

In the work of Abeyaratne R., Yang J.S. [33], stress and strain fields near the crack tip
under uniaxial tension for a special type of incompressible material model were studied. It
was obtained that for this model the system of nonlinear differential equations may lose
ellipticity under sufficiently large deformations. The asymptotics of stresses at the tip of an
interfacial crack were studied in works of Herrmann J.M. [34, 35] for generalized neo-
Hookean material, with results of a large number of calculations presented.

In the paper by Akopyan V.N. (with co-authors) [36], the plane strain state of a
composite elastic plane with an interfacial crack was considered, on one of the crack edges of
which an absolutely rigid punch, not reaching the crack tips, is indented with adhesion.

In the present paper, two specific plane problems of the theory of elasticity are
considered for a composite plane consisting of two half-planes with different elastic
characteristics. It is weakened along the contact line either by one finite crack or by two semi-
infinite cracks, thus transforming the domain into a doubly connected or singly connected
region.

3 PURPOSE AND TAKS OF THE STADY

In the rectangular Cartesian coordinate system (x, y) the half-plane y >0 has elastic
characteristics, and the other half-plane has elastic characteristics G,,v,, and the half-plane
y <0 has elastic characteristics G,,v, (G,,G,-shear moduli of the materials, v,,v,-

Poisson’s ratio).
To solve the problem, we will use the bipolar coordinate system. The relation between
the rectangular coordinates ( x, y )and the bipolar coordinates «, £ is given by the expressions
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[1, 11, 12]: gx=sha, qy=sin B, ag=cha+cosp, where «- is the dimensional
parameter.

The coordinate o varies from —oc to + oc. In the first half-plane, on the left « <0, the
axis oy is the coordinate line o =0, points x=+a, y=0 correspond to the values of
o =+oo. The coordinate S varies from —z to + . In the upper half-plane >0, in the
lower S <0. The segment (—a,a) is the coordinate line f=0. As for the segment ox at
X<-—a and x> a, here the coordinate # undergoes a discontinuity equal to 27, namely on
the upper bank g =z and on the lower bank. g = —r.

The problem is solved using the Papkovich-Neuber function. According to Papkovich-
Neuber, the general solution to a plane elasticity problem can be represented by three
harmonic functions, since one of them is arbitrarily chosen. Taking advantage of this
arbitrariness, we assume that one of the functions is identically zero.

Displacements U,V stresses and through o,, o, 7,, the Papkovich-Neuber functions

are expressed as follows:

26U (x,y) = GCDOa(XX. y)_,o® za(yx. y)
2GY (x,¥)=(3-uv)od ,(x,y)+ acDoa(yx,y) ~ yaq) %(yx’ y),

0’ ,

o (X, y)= %[2@2 (xy)+ 6CD06(;<, Y)} y achaZX(ZX, y)

o,(xy)= %{2(1—1/)(1)2 (x,y)- 861308(;, y)}_ y 0 q)azy(zx’ Y) , (2)

where @, (x,y) and ®,(x,y) the Papkovich—Neuber functions.

Statement of problem:
Let on the boundary line y=0 the composite plane be weakened by a crack on the

interval | <a, and a, on the semi-infinite intervals |x > a there is full contact between the
materials (Fig.1).

IGuy 0| p=0 B=m x
B

II G,v, -a a

Fig. 1. Composite plane with a finite crack
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Let us consider a mixed boundary value problem for the given domain, when on one
crack edge normal displacements and shear stresses are specified, while on the other crack
edge horizontal displacement and normal stresses are specified.

8 (@.0) =7 (), V; (@.0)=V,(a), 0" (a,0) = 0, (), U, (2, 0) =U, (). 3)

It is assumed that the functions z,(a), o,(a), V,(a), U,(«) satisfy the conditions of

expandability into a Fourier integral. . On the contact line, full adhesion of the materials is
assumed, i.e. displacements and stresses are equal:

U, (a,7)=U,(a,—7), V, (a,7) =V, (a,— 7),
(1) v (@, 72')—1' (a -7, 0'(1)(a )= O'()(a — 7).

(4)

By means of expressions (2) and boundary conditions (3) and (4), through the harmonic
functions ®{" (a, ), ®™ (e, B), M =12 they are written in the following form:

%[(1—2”@;) (a,ﬁ)—cbs(a,ﬁ)]ﬂ:o _an(a)

cha +1
(3— )0 (a,0)-@F («,0)=2GV,(a)

[2(1 Vz)q)(Z) (a ﬁ) (a,ﬁ):lﬁzo _ afl(a)

B cha +1
oD (a 5) GUO(a)
B=0 2

Gl 8,3 ﬂ =7 G ﬂ

Gi[(3—4v1>cb§” (a.n)—cbé“(a,n)] =G—[z(l—va@éz’(a,—n)—@é(a,—n)]

%[2(1—@@9 (a,ﬁ)—cpg(a,ﬁ)]‘ﬂ=ﬂ:%[2(1—v2)cp<j>(a,ﬁ)—q>§(a,ﬁ)]‘ﬁ=_

%[(1— 2v)0Y (a, B)- D} («, ﬂ)]‘ﬂ . =%[(1— 2v,) 0P (, f)— D2 ]‘ﬂ _
where

o (x.y) = 2220V (g9 ©)

4 BASIC RESULTS

The harmonic functions for the first problem are sought in the form of Fourier integrals
[12]

exp (—ﬂ,a)

@7 (. f) = I [A™ (2)chAB +B{™ (2)sh25] dA. (7)
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Substituting (7) in (5) we arrive at a system of algebraic equations for determining the
quantities A™ (1) and B™ (1) (m=12; n=12), the right-hand sides of which contain the
Fourier transform of the given functions.

After solving these systems, we obtain the following values for the unknown integration
constants:

AD(2) = 2V, (4) -7 (A)] AP (2) = 2[U,(2) +6,(A)] ’

xn+l ' 2, +1
AL (1) = (-4 —2x7,(4) . B@(1)=U,(1),
1 +1
Wy Mo p2 ITING m,(4) | m,(4)
BP (1) = . AZ(A)cthAz . AP (Q)cth2 Az + chin + shin (8)
@ ml(;t) @ A (/1) @A)
B (2) = —uh3 (A)thaz + ===, AP (1) = 2= AL A (l)——A(/l) :

where

A(A) = a, A ay, D a, A ay (A,
A, (2) =, ()b, (1) —a, ()b, (1),
A, (l) =ay, (ﬂ)bz (l) —ay (ﬂ)bl (1) )

b (1) =2y, my(A)shiz —(x, +DYm,(A)chAz + (x, —1)m,(4)shAr,

b, (1) = 2, m,(A)chAz — (y, —)m, (A)chaz + (y, +1)m (A)shAiz,

m, (A) = uBZ(A)chiz — AP (A)shArz,

m,(A) = -1, A? (A)chiz — AP (1)shix - %B@ (A)shﬂ;r +uy,BP (A)shar,

;(1+1

m, (1) =— A ()shaz+ AP (L)sharx 4 B?(1)chiz —B{ (A)char,

2

m, (1) = A§1> (A)chaz + AP (1)charz - B<2> (A)shiz+BP (1)shir,

2

a, (A) = —px, (6 +Dch® Az + (1, +1)sh* (A7),

a,(A) =—u11, (yy +Dch® Ar + (uy, — 2y, — p)sh’Ar, (9)
an () =lwe, -1 - n(x —1)ch’Ar,

a,,(A) =12y, — u(y, —Dch®An + u(y, +1)sh’*ir,

(@) 2(@)
J‘ C;aoilexp ila)da, o,(4 \/_ I ;ailexp (ita)da,
V(1) = \/_ jv (@)exp(ila)da, o,(4)= Jéu (@) exp(ida)de,

#:%’ y=3-4v, (m=12).

2

2. In the second variant of the considered problem, on the boundary line in the semi-
infinite intervals there is a crack, while on the section full contact between the materials is
assumed (Fig. 2).
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)
I G,uv, 0|B=0_f=n X
oI G;v, -a a p=-—m

Fig. 2. Composite plane with an infinite crack

The boundary and contact conditions in this case have the form:

0 (a,7) =1(), V; (a0, 7) =Vy(a), P (a,—7) = 0,(), U, (a,— 1) =U, (@) , (10)
U, (2,0) =U,(a,0), V, (a,0) =V, (a,0), 7 (r,0) = 71} (e,0), o’ (@, 0) = 617 (1, 0).

In this case, the harmonic functions @™ («, ) (M=12; n=13) are sought in the
following form of Fourier integrals:

o] (o, )= % [ IA™ (D)eha(r + ()" B) + (<D™ B (D)sha(r +

exp (- |/1a) (11)

+H=)" 8] dA.

After satisfying the boundary and contact conditions (10), as in the first problem, for the
unknown integration constant (m=1,2; n=1,2) we obtain exactly the same expressions as in

(8), (9).

In particular,

0-2( )

J'T1()

exp(ila)da, o,(4 78Xp (ila)da (12)

Let us consider a special case of the problems stated above, when on the lower edges of
the cracks normal loads are applied, b = ath% , at the point in the first case and b = acth%

in the second case.

5 DISCUSSION OF THE RESULTS OF THE STUDY

We calculate the normal and shear stresses on the contact line and on the crack edges. In

the first case, we obtain:
a’y/|x++x* —a? 20 20
0§1)(a’7[)=o-3y(a’_7[): Hl[d1k4 +(d1+2d2)k3] | (x+a)” +(x—a)

2\/§|X| (X2 _a2)3/4+0 !
a’\J|x|+Vx* —a® (x+a)¥ + (x—a)*’
fil)y (a, ) = Tfj) (a,— ) =H,[d;ks + (d; —2d,)k:] 2\/§|X| o —a2)7 ,
B a2 (x+a)* +(x—a)*’ 13
o (a,0) = H,[dk, +d,k,] , ) (,0)=0. (13)

\/E\/a+ \/az — XZ (a2 _ X2)3/4+6
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For the second case, we have:

va++va®—x* (x+a)*’ +(x—a)*’

@ (@,0) = 0@ (,0) = —H, [d,k, +(d; +2d,)x,]

2\/5 (aZ _ X2)3/4+6 !
2 2 2 20 20
6N @ _ a yat+va —X ((1+X) +(X—a)
Tx,y (CZ,O) - z-x,y(alo) - Hl[d3k6 + (d3 - 2d4)k5] 2\/5 (a2 . X2)3/4_H9 ’
a’ (x+a)® +(x—a)*’
o (a, ) =Hy[dk, —d,k ] JEW o) ) (a,— ) =0. (14)
where
a+ X a+b
a=In v g =In|——H,
a—Xx a-b
cos4zO=Ky, k, = 2(u =D (ux, -1 H, = 2uP |
(u+ 2)(x, +1) ar(u+ x)(ux, +1)
h =tha8 —tha,0, h, =1-thabtha,0, d, =2uy, + 7.7, +1, (15)

m:m%-m%, h4=1—th%t % d, =2+ 2 = 2407,

\/Echao

4h,sin 4m90th%

h5=1—th%th%, h = Ay =p2-1 di=1 -1,

h,che,60

K = hche,0

= k=
4h; sin 47z&:th%

4h, cos 2z 9cth %

k, =hscosz3(hh, —h,htgz%), Kk, =-h,cos3z9(hh, —h,h,tg379),

ks = h; coszd(hh, —h,htgz9), kg =—h, cos z3(hh, —h,h,tg379).

From here it is seen that the contact stresses at the crack tips have a power-law
singularity of order 3/4+ 8. Moreover, when k, >0 the order of singularity is a real number.

In the case k, <0 when the order of singularity is a complex number, i.e. we obtain a power-

law singularity with oscillation. Note that in the case of a homogeneous plane =0 and the
contact stresses at the crack tips have a singularity of order 3/4.

6 CONCLUSIONS

The results obtained during analytical research of plane problems of elasticity theory for
a composite plane with cracks at the interface between different materials allow us to draw a
number of significant conclusions regarding the nature of the stress-strain state in the contact
area and near the ends of the cracks.

In a particular case, simple forms for determining the contact points of the crack have a
power-law singularity of order 3/4-+6. Moreover, when k, >0 order of singularity real

number. In the case when k, <0 the order of the singularity is a complex number, meaning

we will have a power-law singularity with oscillation. At the crack edges, the shear stress is
zero.
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