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OB YCTOMYUBOCTHU KOJEBAHUU MIPSIMOYT'OJIbHOM
IVIACTUHBI B UJIEAJTBHOH )KUJAKOCTHU

Kononos 0. H.!, Illepuenko B. I1.%, Jlumaps A. Al

" Uncmumym npuxnaowoii mamemamuxu u mexanuxu Hayuonansnoii akademuu nayk Yxpaunvl
2 oneyxuii nayuonanshblii yuusepcumem umenu Bacviia Cmyca

Hukonaesckuti HayuoHanbHblii azpapHulti yHUGepcumenm

AnHOoTamusi: B 1nuHEHHON TOCTaHOBKE pacCMOTpEHA IUIOCKas TUAPOYNpyras 3ajada o
KOJICOaHUH 3aIeMJICHHOW TOHKOW W30TPOITHOM MPSIMOYTOJIBHOM TIACTHHBI, Pa3elsonell nieanbHble
HEC)KMMAaeMble JKUAKOCTH B IPSAMOYTOJbHOM KaHaJle C KECTKMMU OOKOBBIMH CTEHKAMHU U YKECTKUM
BepxoM M 1HOM. [InmacThHa moaBep)keHa pacTATMBAIOLIUM WIH CXKUMAIOIUM YCWIMSIM B CPEAMHHOM
MOBEPXHOCTH. 3ajaya O MJIOCKUX COBMECTHBIX KOJNEOAHWSIX IUIACTHHBI M KUAKOCTH MpPEICTaBIeHa
cucTeMOl HUHTerpo-iup¢epeHIuanbHbIX YpPaBHEHUH € TPaHUYHBIMH YCJIOBHUSMH 3aKpEIUICHUS
IUTACTHHBI U yCJIOBUEM COXPaHEHMsI 00beMa HeC)KMMaeMoil unkoctu. [Ipu pemennn kpaeBoi 3agauu
Ha cOOCTBEHHBbIC 3HaueHHs (opMa Mporuda IIIACTHHBI MPENOCTaBlIeHa CyMMOW (yHAaMEHTaIbHBIX
peleHni OJHOPOAHOIO YPaBHEHUS VIS IUTACTHHBI M YACTHOT'O PELICHHUS HEOAHOPOIHOTO YPAaBHEHHS B
BUJIEC PA3JIOKEHUS IO COOCTBEHHBIM (YHKLUSIM KOJICOaHUH MAEanbHON KUIKOCTH B IPAMOYTOJIBHOM
kaHane. [lomydeHo B BHJE OIpeeNUTeNsl YeTBEPTOrO MOPSIKAa YaCTOTHOE ypaBHEHHE CBOOOIHBIX
COBMECTHBIX KOJICOaHUI MJIaCTHHBI W KUIKOCTH U NPOBEJCHO ero ympoiieHue. [lokasano, 4To oHO
pacmagaercsi Ha [Ba YPaBHEHUs, ONMCBHIBAIOLINX HECHMMETPHYHBIE M CHMMETPHUYHBIC YaCTOTHI
CBOOOJIHBIX KoJieOaHMi (HeUeTHBIE ¥ YETHBIC YACTOTHI) U MOXKET OBITh TPEICTABICHO B €AUHOM (hopme
JUISL 9THX YacTOT B Buje OeckoHeuHoro paga. C y4eToM JBYX YJICHOB PAJa BBIIHCAHO MPHOIMKEHHOE
YacTOTHOE YypaBHeHHE (y4eT OJHOrO 4WiIeHa psaa He coiepkan ypaBHeHus). M3  ycioBus
MOJIOKHUTEIBHOCTH KBaZpaTa 4YacTOThI IOIy4EHBI IPUOIMKEHHBIC YCIOBUS yCTOWYMBOCTH KOJIEOaHUU
IUTACTUHBI U JKUIKOCTH. DTH YCIOBUS HE 3aBUCAT OT TIYOMH 3alOJHEHUS JKUAKOCTEH U Macchl
miacTuHbel. [lpu AeWCTBUM pacTATWBAIONINX YCWIMHA YCIOBHS YCTOMYMBOCTH Bcerma OyayT
BBINOJIHEHB], & B CIy4ae CKUMAOLINX YCHINH OLIEHEHO BIMSIHNE MEXaHUYECKHUX NTapaMeTPOB CHCTEMBbI
Ha YCTOWYMBOCTh KOJEOaHUI IIACTUHBI W JKUAKOCTH. YAaloCh TMOJYYUTb TOYHBIE YCIOBHUS
ycroiunBocTd. [1okazaHo, 4To MpUOIHKEHHBIC YCIOBUS YCTOHYMBOCTH C JIOCTATOYHOM ISl TPAKTUKU
TOYHOCTBIO COBIIQAAIOT C TOYHBIMH.

KaloueBble ciaoBa: TUAPOYNpPYyroctb, YIpyras H30TpONHAs MNPSAMOYTOibHas IUIACTHHA,
uaeanbHasi HEC)KUMaeMasi >KUAKOCTb, IPSMOYTOJIbHBIM KaHall, INIOCKUE KoleOaHusl, yCTOMYMBOCTb.

ON THE STABILITY OF OSCILLATIONS OF A RECTANGULAR
PLATE IN AN IDEAL LIQUID

Yu. Kononov?, V. Schevchenko?, A. Lymar?

! Institute of Applied Mathematics and Mechanics of the National Academy of Sciences of Ukraine
2 Vasyl’ Stus Donetsk National University

¥ Mykolayiv National Agrarian University

Abstract: A linear hydroelastic problem of oscillating a clamped thin isotropic rectangular plate
separating ideal incompressible fluids in a rectangular channel with rigid side walls and a rigid top and
bottom is considered in the linear formulation. The plate is subject to tensile or compressive forces in
the middle surface. The problem of plane joint oscillations of a plate and a fluid is represented by a
system of integro-differential equations with boundary conditions for fixing the plate and the condition
for maintaining the volume of an incompressible fluid. When solving the eigenvalue boundary value
problem, the plate deflection form is provided by the sum of the fundamental solutions of the
homogeneous equation for the plate and the particular solution of the inhomogeneous equation in the

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
6 https://doi.org/10.31650/2618-0650-2019-1-2-6-17
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form of expansion in eigenfunctions of oscillations of an ideal fluid in a rectangular channel. The
frequency equation of free joint oscillations of a plate and a liquid was obtained in the form of a
fourth-order determinant and was simplified. It is shown that it splits into two equations describing
asymmetric and symmetric frequencies of free oscillations (odd and even frequencies) and can be
represented in a single form for these frequencies in the form of an infinite series. Taking into account
the two terms of the series, an approximate frequency equation was written out (accounting for one
term of the series did not contain an equation). From the condition of the positivity of the frequency
square, approximate conditions for the stability of the plate and fluid oscillations are obtained. These
conditions do not depend on the depth of filling of liquids and the mass of the plate. Under the action
of tensile forces, the stability conditions will always be fulfilled, and in the case of compressive forces,
the influence of the mechanical parameters of the system on the stability of the plate and fluid
oscillations is estimated. It was possible to obtain exact conditions of stability. It is shown that the
approximate stability conditions with accuracy sufficient for practice coincide with the exact ones.

Keywords: hydroelasticity, elastic isotropic rectangular plate, ideal incompressible fluid,
rectangular channel, flat oscillations, stability.

Kononos HO. H., lllesuyenxo B. I1., Jlumaps A. A.
https://doi.org/10.31650/2618-0650-2019-1-2-6-17 7
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1 BBEJAEHHE

Jliis 6€3011aCHOCTH TPAHCHOPTUPOBKU U XPAHEHUS KUJKUX I'PY30B O0JIbIINE pe3epByaphl
pa3lensaoT Ha OTCEKU. B 3TOM CBSA3M BO3HUKAET 3ajaya O BIUSHUM YIPYTHX U MacCOBBIX
XapaKTepUCTUK IUIACTHH, Pa3AessIOIINX >KUIKOCTH, HA YaCTOTHBINA CHEKTp U YCTOHYMBOCTh
KonebaHuii MexaHudeckoil cucrembl. Hambonee akryanpHa 3Ta mpoOieMa BO3HUKACT HpHU
paloTe U OXJIaXKIEHUH AJEPHBIX peakTopoB. B cTatbe paccMoTpeHa MojenbHas 3a/1a4a, Korjaa
OTCEK B BUJIE JKECTKOI'O IPSIMOYTOJIBHOTO KaHajla C MI€albHOW HEC)KMMAEMOM JKUIKOCTHIO
TOPU30HTAIIBHO PA3JENIeTCsl U30TPOIIHOM NPSAMOYTOJbHON IUIACTHHOM Ha JIBa OTCEKa.

2 AHAJIM3 JIMTEPATYPHBIX JAHHBIX U IIOCTAHOBKA IMPOBJIEMbI

Ha ocHOBaHMM eIMHOTO JarpaH;keBOro Moaxoja 3ajgada O KoJieOaHUM MPSAMOYTOJIbHOM
IUTACTHUHBI, DPA3ACIAIOLICH HcalbHblE HEC)KMMaeMble >KMJIKOCTHM pa3HON IUIOTHOCTH B
KECTKOM MPSIMOYTOJIbBHOM KaHajle ¢ Y4eTOM CBOOOJHOM MOBEPXHOCTH Y BEpXHEH KUAKOCTH,
Mo-BUAMMOMY, BIIEepBBIe Obuta paccMorpera B [1-2]. B paGore [3] ara 3amaua Oblia
paccMOTpeHa Ha OCHOBaHWUHM »JijepoBa moaxona. Haumbonee monHOe ucCcleAOBaHUE
CBOOOHBIX KOJIeOaHM MeMOpaHbl Ha CBOOOIHOM MOBEPXHOCTH JKUAKOCTH B MPSMOYTOILHOM
KaHajne ObuIo mpoBeaeHo B cTathe [4]. B pabote [5] aTa 3amaua Obuta 00001IeHa Ha ciay4ait
YIPYroro gHa W JBYXCIOHHOM >KHIKOCTH C MeMOpaHaMH Ha CBOOOJHOW M BHYTpPEHHEH
MOBepXHOCTAX. [IpubnukeHHbIE YCIOBUSA YCTOMYMBOCTH KOJCOAHHWM MPSIMOYTOJIBHON
IUIACTHUHBI, pa3Jeisaoulel HuaeaabHble JKUIAKOCTH Pa3HOM IUIOTHOCTH B HPSIMOYTOJBHOM
KaHaJie ¢ OJTHUM U C JIBYMsI YIIPYTHMMH OCHOBaHHUSMU BbiBeeHbI B [7-8]. B cratbe [8] ynamoch
MOJIYYHUTh TOYHBIE YCIOBUSl YCTOMYMBOCTH KOJEOAHUI IUIACTUHBI, Pa3AEISIONIe UleanbHbIe
KHUJKOCTH Pa3HOI IUIOTHOCTH B JKECTKOM MpsiMOyrojibHOM kaHane. KoneOanus 1ByXciaoiHOM
KHUJKOCTU B YIIPYrOM IPSIMOYTOJIbHOM KaHajie pacCMOTPEHBI B [9].

YcioBus ycTOMYMBOCTH KOJI€OaHUI YIPYrHX IUIACTHH, Pa3AelsSIONIUX MHOTOCIONHYIO
UJCAIbHYIO JKUJKOCTb B JKECTKOM IWJIMHIPUYECKOM pe3epByape IPOU3BOJILHOTO
MOIEPEYHOr0 CEYCHUS C )KECTKMM IUTOCKAM THOM roJiydensl B [10].

Bonbuioil nuka paboT MOCBAILIEH THAPOYIPYTHUM KOJeOaHUSM HAEaTbHOW KMIKOCTH B
KPYTOBBIX U KOAKCHAJBHBIX IIUIMHIPAX C KECTKUMH U YIIPYTUMHU OCHOBAaHUSMHU. JTO pabOThHI
[11-15] u mu. ap. B crathe [11] BBIBEIEHO YACTOTHOE YpPaBHEHHE OCECUMMETPUYHBIX
KoJeOaHUi TSKENOoM JBYXCIOMHOW WIEalbHOM JKUIKOCTH B KECTKOM  KOIBIIEBOM
IAJTUHIPUYECKOM pe3epByape ¢ YIPYrMMH BEpPXHHM W HIDKHUM OCHOBAHHUSIMH B BHJIE
3all[eMJICHHBIX KOJBIEBbIX MIacTUH. Paborta [12] mocBsiieHa HCCIETOBAaHHIO YacTOTHBIX
YpaBHEHUNW HECUMMETPUYHBIX U CHUMMETPHUYHBIX COOCTBEHHBIX KOJICOAHUM TSIKEION
UJCAIBHON JBYXCIOWHOM HUAKOCTU B JKECTKOM KPYTOBOM LIMJIMHIPHUYECKOM pe3epByape C
YOPYTMMH OCHOBAaHHUSMHU BUJE KPYTrOBBIX 3allleMJIEHHBIX macTuH. Ha npumepe onHopoaHON
KHUJKOCTU CO CBOOOJIHOM MOBEPXHOCTHIO U YIIPYTHMM JTHOM B BUEC MEMOpPaHbl aHATUTUYECKU
Y YMCIIEHHO UCCIIEI0OBAH YaCTOTHBIN criekTp. CHMMETpUYHbIE U HECUMMETPUYHbIE KOJIeOaHUs
TJTACTUHBI UM MEeMOpaHbl Ha CBOOOIHOW MOBEPXHOCTH HAEATHHOU KHIKOCTH B KPYTOBOM
pesepByape ¢ abCOTIOTHO KECTKUM JTHOM MOApoOHO paccMoTpens! B [13]. HecummeTrpuunbie
KojeOaHus KPYroBOW IUIACTHHBI HAa CBOOOJAHOW TMOBEPXHOCTH WJCATbHOW JKUIKOCTH B
KpyroBoM IIWNIMHIpe wuccienoBansl B [14]. B cratbe [15] paccMmoTpenbl KkosneOaHus
UJIeaTbHOM KUIKOCTH B KPYTOBOM IMJIMHAPUUYECKOM PE3EpBYyape C OAMHAKOBBIMU YIIPYTUMHU
OCHOBaMHM B BHJI€ KpPYIOBBIX IUIACTMH. B HEH NpemIokKeHO AaHAIMTUYECKHA METOJ,
OCHOBaHHBII Ha po3naxeHuu B pan Oypwe-beccens u merone Panes-Purua.

B nanHOW cTaThe MpOAOIKEHBI MCCIEIOBaHMS, HadaThle B pabotax [1-8]. BreiBeneno
YacTOTHOE YPaBHEHHME COBMECTHBIX KOJICOAHW MPSMOYTOJbHOW TIIACTHHBI M HJICaTbHOU
KHUJKOCTH, TIOKa3aHa BO3MOXXHOCTh  VYIPOILEHUS  OSTOTO  ypaBHEHHS, IOJy4YEHbI

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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NpUOIMKEHHbIE M TOYHBIC YCJIOBHUS YCTOWYMBOCTH CBOOOJTHBIX KOJICOAHWN IIACTUHBI H
KUIKOCTH.

3 LEJb U 3AJJAYU UCCJIETOBAHUS

B nuHEWHON NMOCTaHOBKE PacCMOTPETh MOJEIBHYIO THAPOYNPYTYHO 3aJada O IUIOCKHUX
KOJ1e0aHUsAX 3aleMJIEHHOW U30TPOITHOM IIaCTUHBI, PA3AEIAIOIEH HIeaTbHbIe HECKUMAEMbIE
KUJIKOCTHU B JKECTKOM IIPSIMOYTOJIBHOM KaHaje. Inactuna noasep:keHa pacTsATUBAIOIINAM WU
CKMMAIOIIUM yCUJIMSIM B CPEIUHHOW ITOBEPXHOCTU. BpIBECTH ypaBHEHHS COBMECTHBIX
Kose0aHUH IUIACTUHBI U KUAKOCTH. [lomyunTh M HccienoBaTh 4YacTOTHOIO YypaBHEHHE
CBOOOJHBIX KoOJIeOaHUH. BeimucaTh NpuOIMKEHHBIE YCIOBHS YCTOWYMBOCTH KOJIEOaHUU
IUTACTUHBI U )KUAKOCTU U YTOYHUTH HX.

4 PE3YJBTATHI HCCJIEJJOBAHUM

PaCCMOTpI/IM IUIOCKHE KOJeOaHus ynpyroﬁ HpHMOYFOHBHOﬁ IJIACTUHBI TOPHU30HTAJIBHO
pa3nen51}0mel71 nacaJlbHBIC HCCKHMMACMBIC JKHUJIKOCTH  IINIOTHOCTHU Y2 B JXKCCTKOM

npsIMOYTroJIbHOM Kanaie mmpuaoit b (b =2a). [lnactuna obmagaeT mocTOSHHON M3THOHOM
xecTkocThio D u monBepikena pactsaruBatomuM (T > 0) win cxumaronmm (T <0) ycunusam
MHTEHCHBHOCTH T B CpPEJMHHOW MOBEPXHOCTHU. KOHTYpBI MmIacTUHBI 3amieMiIeHbl. BepxHss
YKUJKOCTD 3aMOJIHSAET COCY 10 TIIyOrH h1 , @ HIDKHSSI )KUJIKOCTD JIO TITyOUHBI h2 .

Cucremy xoopauHat OXyZ pacIoJIOKUM Tak, 9T0ObI MIIOCKOCTh OXY HaxoamiIach Ha
HEBO3MYIIEHHON CPEeAMHHON MOBEPXHOCTH IIaCTHHBI, 0ch Oy OblLiIa HampaBiieHa BIOJb OCH
kaHana, a ocb OZ — MPOTHBOIOJIOXKHO BEKTOPY YCKOpEeHHUsi cuiibl TshkecTn § . KoneOanwus

TUTACTUHBI U KUIKOCTH OyJIeM pacCMaTpUBATh B JIMHEWHOW MOCTAHOBKE, CYMTAsi COBMECTHBIC
KoneOaHusl IUIACTHHBI W JKUIKOCTH  OC30TPBIBHBIMH, a  [BIDKCHHUS  JKHUJIKOCTEH
MOTCHIUATLHBIMH.

VpaBHEHUS] IUIOCKUX KOJICOAHMH yIpyrod IUIACTUHBI M IKUAKOCTH HMEIOT BHI,
aHaJIOTUYHBIN [6-8]

AW | nOW W oD, 0D
ko ot2 +D o -T ox2 :p(ﬁl_ atzj_'_Q HpH z=0, (1)
0*D. 0D, .
I Y B {1 :1’ 2 , 2
e oz ( ) @
C TPaHUYHBIMH YCIOBUSIMHU:
oW oD, 0D, -
- g M z=0; 3
= M = i = "
Wl},j - 01 8X . 01 (J 11 2) 1] (4)
j Wdx =0 ©)
Wil _0 (,j=12):; (6)
Vi
oD, _ _n 9%, _ __
= =0 mpu z=h,, P =0 mpu z=-h,. (7)

Kononos HO. H., lllesuyenxo B. I1., Jlumaps A. A.
https://doi.org/10.31650/2618-0650-2019-1-2-6-17 9




Ne2, 2019
Crop. 6-17 / Page 6-17

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

Bmecs K, = phy; W(X,t), oy, Ny — cooTBeTcTBEeHHO HOpMABHBIN MPOrUO, ITIOTHOCTD K
tonmuHa 1wiactunbl, @, (X,z,t) — morenmman ckopocteit i -oi xuakoctu (i=1,2); Q —
npou3BosibHAs (QyHKIUS BpeMeHu. st ymoOcTBa 3ammcu BBelIeHO 0003HAuCHHE KOHTYPOB
IUIACTHHBI Yepe3 )j (MHAEKC j =1 COOTBETCTBYET KOHTYpY X=-a,a j=2 — X=a).

[pencraBum Qyukiuu D, (X,z,t) B Buge psgoB dypbe Mo COOCTBEHHBIM (YHKIHAM
v, (X)

(62,0 = Y[ A, M) +B, ™ Jy,(x) (=12, (©)

n=1

e pynkmun ¥, (X) =cosk, (X+a), cootBercTBYIOMME MM cOOCTBEHHbIE uncia K, =7z n/2a.

[pencrasnenne Gpynkumii D,(X,z,t) B Buae (9) MO3BOISIET YAOBICTBOPHTH YPABHCHHIO
(2) u rpannYHBIM yCI0BHIM (6).
[Toncrasus psnsl (9) B (3) u (7) 1, BOCIOIB30BaBILINCh OPTOIOHAIBHOCTBIO PYHKIUHT ¥/, |

HoJiydaeM JIMHEHHYIO CHCTEMYy YpaBHEHHil OTHOcuTenbHO HemsBecTHoix A, B, u W ,
KOTOPOW UMEET PEIICHUE:
W e_’(ln W e_’(ln
= _n_— B = _n_— ,
Ar 2k sinhk,’ ™ 2k sinhk, ’
W, e W, e
AZn Tl i ! BZn = oL aink " (10)
2k, sinh k., 2k, sinh x,,
3nmecs K, =hk,
1 a a
2 2
Wn:WjWy/ndx, N? = [ydx=a. (11)
C yuerom cootHomenuii (9)-(11) ypaBuenue (1) npumer Bua:
W o'W _oW  &aW
K +D—-T-—=-> "y, +Q, 12
0 8t2 ax4 axz Zzll kn l//n Q ( )

e @, = p(cothx;, +cothk,, ) = psinhk,, /sinh x;, sinh k., &, =K, (h +h,).

Taxum 06pa3zom, COBMECTHbIE KOJe0aHHsl YIPYTroi MIaCTUHBI U KUAKOCTH HaXOJATCS U3
CUCTeMbl MHTerpo-nuddepenuuanbubix ypaBHeHud (11)-(12), rpanuusbix yciosuil (4),
YCJIOBUN COXpaHEHHs 00beMa HECKUMAEMOM KHUIAKOCTH (5) M 3aJaHHBIX HAYaJIbHBIX YCIIOBHIA.

CoOcTBEeHHBbIE YaCTOThI COBMECTHBIX KO0J1€0aHMIl YIPYIroil NMJIACTHUHBI U KUAKOCTH.
Jlis HaxoKIEeHUs COOCTBEHHBIX YaCTOT COBMECTHBIX KoOJe€OaHWH YNpyroil miacTUHBI U
AKHUJKOCTHU TIOJIOKUM

W (x,t) =w(x)e™, Q=C,e™. (13)
[ToncraBus (13) B (11) - (12), B rpanuyHbIe ycnoBus (4) U ycnoBus (5), MOITyIUM:
d'w _d’w o & aWw,
- -gw=—)> "y +C; 14
o Tae MTHL Y a4
w =1 _T Wy dX ; (15)
n a A n ’

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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T wdx =0; (16)

wl, =0, ow

X =0, (j=12). @17

i

3mecs P=T/D, q=k,°/D, C=C,/D.
Pemenue ypaBuenusi (14) OymeM wuckath B BHJAE OOIIErO PEHICHHS OJIHOPOIHOTO
YpaBHEHHSI ¥ YaCTHOTO PEIICHUS] HEOJHOPOIHOTO

4 w
W= AW, +> Cw, +W,, (18)
k=1 n=1

0 — .
rae W, (k=14) dbynmameHTanbHas cucTeMa peleHui 0JHOPOIHOTO YPaBHEHHS

d*w, d
dx4 dx

=0. (19)

3nech Af u C, u W, HensBeCTHbIE KOHCTAHTBHI.
[TogcraBuB (18) B ypaBHenue (14) U, BOCIOJB30BABIINCH COOTHOIICHUSIMU

d%y, /dx* =Ky, d'w,/dx" =—Kw, , naiinem xoucranty C,

<~ waw,
Co = (20)

rae d, = (Dk? +T)k> —k 0’ .

IToncrasus (18) B (15) u, npunnmas Bo BHUManue (20), moayduM BbIpaxkeHue aias W,

kd
Wo=—nmn E
“ kd_wa;’* - (21)
3mech
o _1 t oo
Ep, = ajawkwndx. (22)

C yuetom (16), (20) u (21) oxoHUaTeNbHOE BBIpaskeHUE IS POPMBI MPOTHOA MIACTUHBI
W TmpUMeT BUJ

wewe -0 By @)

1
a ~
rae W, =1/2a [ wdx, & =a,+kk, d,=(DkI+T)k’.
—a
Bocrnonb3oBaBmmchk pasznokeHueM (QyHKITAN Wf B s MO MOJHOM M OPTOrOHAJIBLHOM
a
cucremMe (GyHKIUH Y, ycioBHEM JWndX:O U npencrasieHueM (22), Belpaxenue (23)

—-a

MOKHO IIEPEINUCATh TaK

Kononos HO. H., lllesuyenxo B. I1., Jlumaps A. A.
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4

W=—;(Zﬂn%jﬂ°- (24)

— 25 t
3necs B, =k d /(w4 -k d,) .
0 .
B dopmyiy (24) BXOOUT YeThIpe HEU3BECTHBIE KOHCTaHThI A, . VI3 rpaHMYHBIX YCIIOBUiA
3akperuieHus: miaactuHel  (17) wuMeeM 4YeThIpe JIMHEWHBIX OJHOPOJHBIX  YPaBHEHHI

0 o
OTHOCHUTCJIIBHO Ak . U3 paBE€HCTBA HYJIIO OIPCACIUTEIIA 3TOU CUCTEMBI CICAYECT YaCTOTHOC
YpaBHCHHUEC COOCTBEHHBIX COBMECTHBIX KOJIeOaHMI ynpyroﬁ IIJIaCTUHBI U X KUJAKOCTHU

4
[
a q,k=1

=0, (25)

rae
Cuo= 3 AEf Co=Ch, C = 2 Gy =R AELCY Cu=Ch k=18 (@9
Takum 00pa3om, paccmaTpuBaemasi 3ajgada MUMEET OCCKOHEUYHBIM TUCKPETHBIN CIIEKTP
COOCTBEHHBIX 3HAYEHUH ) , SABISIONIMXCS KOPHAMH XapaKTEPUCTHUECKOTO ypaBHeHus (25),
a COOTBETCTBYIOIME UM cOOCTBEHHbIE QyHKIMH W, (X) 06pa3yroT MONHYK0 U OPTOrOHATBHYIO

cucteMy QyHKUMH Ha otpeske [—a,a] (M :1,_oo) [8].

Crnenyer OTMETUTD, YTO NPU ONPEIECIICHHBIX COOTHOIICHUAX IapaMETPOB MEXAHUYECKOU
CUCTEMBI YaCTOTHOE YpaBHEHHE (25) MOXKET HE UMETh MOJIOKUTEIbHBIX KOPHEH, T.€. II0CcKas
(dopma paBHOBeCHs YIPYTOM IIIACTUHBI MOXKET ObITh HEYCTOWYMBOM.

Yupouenue 4acToTHOro ypasHenms. [IpoBesneM ymnpouieHre 4acTOTHOIO ypaBHEHUS

0
(25). Jast sroro Beraucium kodbduuuentsr E,,. Tak kak >0, 10 (yHmameHTanbHAs

“ 0
cucreMa pemieHuid ypasuenus (19) u xoapounmentsr E,, npumyt Bua:

= {sinh p,x, cosh p,x, sinh p,x, cosh p,x};

Elon I51 cosh r)l [(_1)n _1] Egn — ﬁlsi”h f)l I:(_l)n +1];

a(k, + py) a(k, + py)
o _ P,coshp, _ P,sinh p,
0 = o ~2)[( )" -1], Ep= - ~2)[( )" +1], 27)

rae pl, =+P/2+,P’/4+q, B =af, (1=12).

Koappummenter C,, cornacuo (26) u (27) 3anuiyres Tax:

o0
0 .
C11 = Z:BZm—lELzm-v ZﬂZm 2,2m? 13 ZﬂZm—l 3,2m-1" 14 ZﬂZm 4,2m

m=1
C,=pcoshp;, C,=—psinhp;, C,,=p,coshp,, C,=—p,sinhp,;
C31 =_C:ll’ C32 ClZ’ C33 C13’ C34 Cl4;
Cu=Cy Cp=-C,, Cpy=-Cyp, Cyy=—C,,.
[IpoBons mpeoOpazoBaHus CO CTPOKAMHU M CTOJOIAMH OINpeAeIuTeNss ypaBHeHUsS (25),

NPUBOAMM €ro K OJOYHOMY BHIY C HYJEBBIMH IBYMsi Ojokamu. B pesynbraTe moiaydum
ypaBHEHUE

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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( f’z cos ﬁ;Z;ﬂZm—lEme—l - F~)1 COSh r)l*Z;IBZmlE??,Zmlj X
X( F~)1 Sinh E)l*ZﬁZm Ez(l),Zm - f’z Sin ﬁ;ZﬂZmEg,ij = 0 : (28)
m=1 m=1

VYpaBuenue (28) pacnagaercs Ha JBa ypaBHEHHS, ONUCHIBAIOIIMX HECHUMMETPUYHBIE U
CUMMETPUYHBIC YACTOTHI.

C yueroM cootHorreHui (27) u paBeHCTBa (k2 + p2)(k* - p?) = (1/D)d, BBIpaskeHus
p, cos r);EEZm—l — P, cosh r)l*Ee?,zm—l u —pysinh B E 42m — P, sin r)ZEg,z IIPUMYT BH:

=2 =2

P, cos p,EL,.., — P, cosh P EJ,. , = —g P, P, cosh p, cos p, pé P D:
2m-1
=2

2 - P
_ﬁlsin bl*Ez?Zm - ijz Sin ﬁ;ESZm :5 plp Slnh p1 Sln p* 1d 2 D

2m
[TozncTaBuB BhIUKCIEHHBIE BhIpaXKeHUs B (28) Oy1eM UMETh

o) kn
-0. (29)
n=1 a) k d
Takum 06pa30M, YacTOTHOE ypaBHEHME (25) pacmajgaercs Ha HEYETHble M 4YETHBIE
YaCcTOTBl MU MOXXET OBITh 3alUCcaHO B €QMHOW Qopme it 3Tux 4actor. [Ipm n=2m-1
ypaBHeHue (29) ONKMCHIBACT HEYETHBIC YaCTOTHI, & PH N = 2M — YETHBIC YaCTOTHI.
JleBas wyacth ypaBHeHMs (29) sBIsieTcs MOHOTOHHO BoO3pacTarolied ¢QyHKuuen

napaverpa o’ na mnrepsane (kd /&, k .d /4 ) (n=12,..), upunumaomas Ha Hem
3HaueHus oT —oo 10 oo. CrenoBaTesbHO, MEXIY ABYMs IOCIEI0BATEIBHBIMU 3HAYECHUSAMU
kndn /én JEKUT TOJBKO OJMH KOpeHb ypaBHeHUs (29). DTum 3apaHee OINpenessroTcs
UHTEPBaJIbl, B KOTOPBIX HAXOATCSA COOCTBEHHBIE YaCTOTHI.

YcroiunuBocTh KOJIC0AHUN YIIPYIOM IJIACTHHBI U KMAKOCTH. Eciiu B psiie ypaBHEHHS
(29) ynepxkath nBa uleHa, TO M3 HepaBeHCTBA @ >0 CleayeT YCIOBHE yCTONYMBOCTH
II0CKOH (hOpMBI paBHOBECHUS IIIACTUHBIL: dl + &2 >0.

Jlns HedeTHBIX M YETHBIX (opM KoleOaHWW OHO COOTBETCTBEHHO MPUMET BH/,
aAHAJIOTUIHBIH [8]:

2,057°D/a’+T >0 (n=13), (30)
3,407’ D/a’+T >0 (n=2,4). (31)

N3 nepasencts (30)-(31) cneayer, yTo Npu ASWCTBUM PACTATUBAIOLINX YCUIIUM WK MPH
ux orcyrctBuu (T >0) oHu Bcerna OyayT BbloyiHEHbl. HeycTONYMBOCTh MOXKET BOSHUKHYTh
TOJIBKO Tipu jerictBun cxxuMaronux yewnuii (T <0). Yenosus yeroitumoctu (30)-(31) =He
3aBUCST OT TJyOMH 3arlOJHEHHs XKUAKOCTEH M Macchl MIAcTHHBL. M3 3THX yClnoBUH BUAHO,
4YTO JUIS YCTOWYMBOCTH HECUMMETPUYHBIX KOJIEOAHUH HYXHO 3HAYUTEIbHO OOJbIas
n3rubHast KeCTKOCTh, YyeM g cuMMmeTpuuHbiX. HepaBencta (30)-(31) MOXHO YTOUHHUTH C
y4eToM Tpex U OoJiee WIEHOB psAa, HO MPU 3TOM MPHUIETCS BOCIOJIB30BAaThCS YCIOBUAMU
MOJIOKUTEITBHOCTH KOpPHEH MOJMHOMOB N-Off CTemeHed, 4YTO 3HAYUTENbHO YCIOXKHHT
aHAJIMTUYECKHE UCCIICTOBAHMS.

Jniss HaXOXIECHUST KPUTUYECKUX 3HAUCHWH MEXaHWYECKHX ITapaMeTpOB TPHU KOTOPBIX
MPOUCXOJUT MOTEPs] YCTOMUUBOCTH, MO AaHAJIOTUHM ¢ paboTo [8], B 4aCTOTHOM ypaBHEHHH
(29) nonosxum @” =0

Kononos HO. H., lllesuyenxo B. I1., Jlumaps A. A.
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N 1
————=0. 32
2 DK s TR (32)
VYpaBuenue (32) MOKHO MepEnucaTh Tak
N 1
———=0. 33
; nt _ ﬂ2n2 (33)

3necy B2 =4Ta’/Dz* >0, T=-T >0.

o0
YuciioBbie psIbI Z]/[nz(nz— ﬁz)] JUIS. HEYETHBIX M YETHBIX 3HA4YeHWH N HMEIOT
n=1

npeaACTaBJICHUC!
N stan X—X.
;(Zm —1)? [(2m ~1*-p ] 32x¢ (34)
__ax*+3xcothx—3
Z_;(Zm) [(Zm) -] " 96x* ’ (35)
rae X=7nf/2.

[lepBsiii kopeHb ypaBHeHus (33) npu N=2m-1 ¢ yuerom (34) umeer Bun X =4,49341
U3 KOTOpOE CIEAYyeT CIEAYIOIee YTOUHEHHOE YCIOBHE YCTONUYMBOCTH

D > 0,04953Ta?. (36)

[TpubnnxeHHoe 3HauYe€HUE YCIOBUS YCTOHYMBOCTH, BblIMCaHHOe H3 yciosus (30),
3aMuIIeTCs TaK:

D > 0,04943Ta?. (37)

Crnemyer OTMETHTBH XOPOIIYIO OJIM30CTh MPHOIMKEHHOTO 3HAYSHHS U TOYHOTO.
[TepBsiii kopenb ypaBHeHus (33) nmpu N=2m c yderoMm (35) umeer BuUa X =5,76346 u3

KOTOpOE CIEAYET CIENYIOIIEE YTOUHEHHOE YCIOBHE YCTOMYMBOCTH
D > 0,03011Ta?. (38)

[TpubnnxeHHoe 3Ha4YeHHWE YCJIOBUS YCTOMYMBOCTH, BBIMMCaHHOE W3 ycioBus (31)
3aMuIIeTCs TaK:

D > 0,02980Ta?. (39)

Taxxe cnenyeT OTMETUTh XOPOIIYIO OIU30CTh MPUOIMKEHHOTO 3HAYEHUSI M TOYHOTO.
N3 TouHBIX W TpUOIMKEHHBIX ycinoBui ycroitunBocT (36)-(37) u (38)-(39) cunenyer,
YTO y4eT JIBYX WICHOB psijia JaeT JOCTATOYHO XOPOIIYIO AJISl IPAKTUKU TOYHOCTb.

5 OBCYXJIEHHWE PE3YJbTATOB UCCJIEJOBAHUNI

CoBmecTHBIE KOJI€OaHMS YNPYroW IJIACTUHBI U KUJAKOCTH HAXOAATCS U3 CUCTEMBI
unTerpo-auddepeHuranbHeix ypaBHeHuil (11) - (12), rpanuunbix ycnoBuit (4), ycioBuit
COXpaHEeHHs 00beMa HEC)KUMAEMOCTH KHUJIKOCTH (5) U 33aHHBIX HAYAJIbHBIX YCIIOBHA.

YacTtoTHOE ypaBHEHHE COOCTBEHHBIX COBMECTHBIX KOJ€OaHWN yNpyrod MIacTHHBI U
XKUAKOCcTH (25) mpencTtaBieHO B BUAE ONpENEIUTENs dYeTBeproro mnopsaka. IIposeaeno
yInpoueHue 3Toro ypaBHeHMs. [lokazaHo, 4TO OHO pacmajgaercs Ha JBa YpaBHEHUS,
OIMCHIBAIOLINE HECUMMETPHUYHBIE W CHMMETpPHUYHBIE KojeOaHHs (HEYEeTHblE U YETHBIE
Y4acTOThI) U MOXKET OBITh MIPE/ICTAaBICHO B €IMHOM GopMe (29) At ITUX 4acToT.

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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C yderoMm JByX 4IECHOB psifia B ypaBHEHUH (29) moiydeHO NMpHOIMKEHHOE YacTOTHOE

ypaBHenue. M3 HepaBeHCTBA @ >0 BBIMMCAHO NPUONMKEHHBIE YCIOBHS YCTOMYMBOCTH
KojiebaHuu 1iacTuHbl U KuAKOCTH (30)-(31). DOTm ycimoBHs He 3aBUCAT OT TJIyOWH
3aMOJTHEHHUS JKUAKOCTEH M Macchl IIacTUHBL. M3 HHUX BUAHO, YTO JUIS YCTOHYHMBOCTHU
HECUMMETPUYHBIX KOJIEOaHUH HY)KHO 3HaYUTENIbHO OOJblasi U3rMOHAs KECTKOCTb, YeM IS
CUMMETPUYHBIX. B cilydyae neiicTBUS pacTArMBarOUIMX yCUIUHM yciioBus ycroitunoctH (30)-
(31) Oymyr Bcerma BBIMOJHEHBI, a B Cllydae CKUMAIOIIUX YCHJIMH — OLIEHEHO BIIUSHUE
MEXaHUYECKUX I1apaMeTpOB CHUCTEMbl Ha YCTOWYMBOCTH KOJ€OaHWM IUIACTHHBI. Y JaJloCh
MOJTyYeHbl TOYHBIC YCJIOBHUS YCTOHYMBOCTU. M3 CpaBHEHHsS TOYHBIX M HPUOIMKEHHBIX
YCIIOBUH CIIEAyeT, YTO y4YeT JIBYX WIEHOB psla JAeT JOCTaTOYHO XOPOILYIO ISl MPAKTUKH
TOYHOCTb.

6 BbIBOJbI

B nuHeliHOW NOCTaHOBKE pacCMOTpEHa TMApPOYIpyras 3ajada O IUIOCKUX KOJIeOaHMSIX
3aIEMJICHHON U30TPOIHOM IIJIACTUHBI, Pa3JIEIsIOIIeH HIealbHbIE HEC)KUMAEMBbIE JKUJKOCTH B
KECTKOM IpsAMOYroJIbHOM KaHaie. [lmactmHa monBepKeHa pacTATHBAKOUM WU
C)KUMAIOIIKMM YCHINSM B CPEIUHHOI MMOBEpXHOCTU. BhiBesieHO nHTErpo-auddepeHuaibsHoe
YpaBHEHHE COBMECTHBIX KOJ€OaHMN IUTAaCTUHBI W KUJAKOCTU. [lonmydeHO M mpoBeneHo
YIPOUIEHHE YaCTOTHOIO YpaBHEHHs CBOOOAHBIX KOJE€OaHMH IJACTUHBI W KMJIKOCTH.
[IokazaHo, 4YTO OHO pacmajaeTcs Ha JABa YPaBHEHHs, ONMUCHIBAIOIINE HECUMMETPHYHBIE W
CUMMETPUYHbIC KOJIeOaHUsl (HEUETHbIE M YETHBIC YAaCTOThI) U MOKET ObITh MPEACTaBICHO B
enuHO ¢opMe IS STHX YacTOT. BeimucaHbl NPHOIMIKEHHBIE YCIOBUS YCTOHYHMBOCTH
KoJIe0aHUM IUIACTMHBI U >KUAKOCTH. [lokazaHo, 4TO B cilydae JEHCTBHS pacTATMBAIOLIUX
yCWINH OHM Bcerja OyIyT BBINOJIHEHBI, B CIydae CKUMAIOLIUX YCHJIMH OLIEHEHO BIIMSHUE
MEXaHUYECKUX MapaMeTpPOB CUCTEMbI Ha YCTOMYMBOCTb KOJEOAHUM IJIACTUHBI U JKUAKOCTH.
VYnanoch NOMYyYUTh TOYHBIE YCIOBHA YCTOWYMBOCTH. [lokasaHo xopoluee coBmageHue
NPUOIMKEHHBIX ¥ TOYHBIX YCIOBHIA YCTOWYHBOCTH.

HccnenoBaHus BBINOJIHEHBl B paMKaX MPOrpaMMbl (yHIAMEHTAJIbHBIX HCCIIEIOBAaHUI
MunuctepctBa oOpa3oBanus U HaykH, mpoekT Ne 0119U100042.
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V]IK 531.383

EBOJIIOLIA OBEPTAJIBHUX PYXIB TBEPJOT'O TLJIA,
BJIMN3bKUX 10 BUITAJIKY JAT'PAHXA, ITIJ1 AI€IO0
HECTAIIOHAPHOI'O MOMEHTY

AkyJienko JI. I[.l, Jemenko /. I[.z, Kosauenxo T. O.
Unemumym npo6nem mexanixu im. O. FO. Iunincokoeo PAH
200ecbra Oeporcasna axademis GyOi6HUYMEA MA APXiMeKmypu

AHoTanisi: B xocMoHaBTHII, TipOoCKomii, Mg 9Yac BXOXy ITATbHHX amapaTiB B aTtMmocdepy
BUHUKAIOTH PAJ 3a7ad, AKi TOB’s3aHi 3 00epTaIbHUMH PyXaMH Tila BiTHOCHO HEPYXOMOI TOYKH. Y
0araTb0X BHIIQJIKaX B SIKOCTI pyXy TBEpAOTO Tijia, 10 BPaXOBYe OCHOBHI MOMEHTH CHJI, SIKi JIIFOTh Ha
TiJO, MOXeE po3rjsimaTucs pyx y Bumanky Jlarpamka. B poOOTI po3risgaeTbes pyx AMHAMIYHO
CUMETPUYHOTO TBEPIOTO Tila HABKOJIO HEPYXOMOI TOYKH MiJ JI€I0 BiJHOBIIOIOYOTO i 30ypIOI0YOro
MOMEHTIB, sIK1 [TOBIJIbHO 3MIHIOKOTHCSI 3 YaCOM. Y BHITQJIKy, KOJIH BiIHOBJIFOFOUUN MOMEHT, HE 3aJICKUTh
BiJl yacy, OTPHUMYEMO MOJENb BaKKOro BoBuka. CTaBUTHCS 3ajada AOCHIIKEHHS aCHMITOTHYHOL
MOBENIHKHN PO3B’S3KiB CUCTEMHU PIBHSHB PyXy TBEpJOTO TiJla IPHU 3HAYEHHIX MAJoOro mapaMmerpa &,
BIIMIHHUX BiJl HYJIsI, HA JIOCUTh BEJIMKOMY IMPOMIXKKY 4acy. [ aHanizy HeniHiiHOI cuCTeMHU PiBHSHB
pyXy 3acTOCOBYeTbCs MeTox yceperaHeHHs. [Ipomenypa ycepenneHHs y Bumanky Jlarpamka, Ha
BIZIMIHHY BiJl IpOLIelypH ycepenHeHHs y Bunanaky Einepa-Ilyanco, mo3Boise HaM po3IisiaaTH pyx 3
o0epTaIbHUMH MOMEHTAMH 30BHIIIHIX CHJI, SKi € BCJIIMKMMU 332 a0COJIOTHOI BEIMYHMHOIO, SIK
MOPOJKYBaNbHUN pyX. JII MOKIMBOCTI BUKOPHCTAHHS METOJla YCEPEOHEHHS y CHCTEMi DPiBHSHB
30ypeHoro pyxy, 3a JOMOMOTOIO PSAY IEepEeTBOPEHb, 3MIHHI PO3MAINSEMO HA TIOBIIBHI Ta IIBUIKI.
HaBeneni ymMOBM MOXJIMBOCTI yCepeAHEHHs pIBHSHb pyxy 3a (azoro kyra Hyramii. Onmepxana
ycepeaHeHa CHCTEMA PiBHSAHB TEPIIOro HAOIMKESHHS TSl MOBUTBHUX 3MiHHUX. 3@ JIOTIOMOTOI0 METOJY
YCepeIHEHHs TOPSI0K CUCTEMH PIiBHSIHD 3MEHIIMBCS 3 MIECTH J0 TPHOX, IIO IMOJETIIYE PO3B’SI3aHHS
3ajadi.

S mpuKIaa 3apONOHOBAHOT METOAMKH PO3TIIHYTO 30ypeHni pyX Tina, OMM3bKUH O BUMAAKY
Jlarpamka, i Ti€r0 30BHIMTHBOTO CEPEJIOBHINA. Y CEPEIHEHA CHCTEMA MPOIHTETPOBaHA YUCEIFHO TIPH
PI3HHX TTOYATKOBHMX YMOBaX i mapamerpax 3ajaauyi. [loBHa eHepris Tina, KyToBa MIBUIKICTh 00€PTaHHS
BITHOCHO OCi JWHAMIYHOI cUMeTpii crhanaroTh. [Ipoexmiss BEKTOpy KIHETHYHOTO MOMEHTY Ha
BEepPTHKAJIb HAOIMKAETHCA 0 HyJs. [liJ Ai€f0 TUCUIATUBHOTO MOMEHTY TiJIO NparHe /10 piBHOBAru.
JocnimkeHo HOBUH Kilac 00epTalbHUX PYXiB JMHAMIYHO CHMETPHUYHOTO TBEPJOTO Tilla BiJHOCHO
HEPYXOMOI TOUKH 3 YpaxyBaHHSAM HECTaI[IOHAPHUX BIJHOBJIIOIOYOIO 1 30yPHOI0YOr0 MOMEHTIB.

KarwouoBi ciaoBa: Bumagok Jlarpamka, BiZHOBIIOOYHI 1 30yprOrOYMii MOMEHTH, JIiHIWHA
JUCHUIIALLiS.

EVOLUTION OF ROTATIONAL MOTIONS OF ARIGID BODY
CLOSE TO THE LAGRANGE CASE UNDER THE ACTION OF AN
UNSTEADY TORQUE OF FORCES

L. Akulenko’, D. Leshchenko?, T. Kozachenko®
YIshlinsky Institute for Problems in Mechanics RAS
®Odessa State Academy of Civil Engineering and Architecture

Abstract: We investigate a new problem of the motion of a rigid body about a fixed point under
the action of perturbation torque of forces of different physical nature. The problem of evolution of the
rigid body rotations about a fixed point attract the attention of researches. The perturbed motions of a
rigid body, close to the Lagrange case under the action of restoring torque and perturbation torque that
are slowly varying in time are investigated, conditions for the possibility of averaging the system of

Axynenko JI. [1., Jlemenxko [I. /., Kozauenko T. O.
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equations is obtained. In contrast to the procedure of averaging with respect to the Euler-Poinsot
motion, averaging with respect to Lagrange motion permits us to examine the motion with external
force torques, large in absolute value, as the generating motion.

The paper develops an approximate solution to a specific set of dynamic equations. These
equations are the basic Euler equations with the symmetric heavy mass assumption and an additional
eM, (i=1,2,3) perturbation term (where ¢ is a small quantity). We describe an averaging procedure

for slow variables of a perturbed motion of a rigid body, where the motion is close to Lagrange case in
the first approximation. Conditions for the possibility of averaging the equations of motion with
respect to the nutation phase angle are presented. The averaged system of equations is obtained and
qualitative analysis of motion is conducted. At is further assumed that the problem can be decomposed
into slowly and quickly changing variable, that one quickly changing variable (&, the nutation angle)

has 27 periodicity, and thus that averaging with respect to phase angle @ can be accomplished with a
small resulting error in the results. The averaging technique reduces the system order from 6 to 3,
making the system autonomous, and contains only slowly changing variables, thus facilitating
numerical solution. An example using linearly dissipative torques is worked out to demonstrate the use
of the general equations. We shall assume that the drag force generated by the motion of the body is
equivalent to a small dissipative torque vector. The classic Lagrange top can be considered as an
integrable limit of the problem.

Keywords: Lagrange case, restoring and perturbation torques, linear dissipation.

Axynenko JI. /1., Jlemenxo /. ., Kozauenko T. O.
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1. BCTVYII

[IpobGnema eBodtorii 0OepTaHb TBEPAOro Tija BIIHOCHO HEPYXOMOi TOUYKH IPUBEPTAE
yBary JOCHITHUKIB. B KOCMOHaBTHIN, TipOCKOINi, MiJi 4ac BXOAY JIITAJbHUX aIrapaTiB B
aTMoc(epy BHHHKAIOTH PsII 3a/1ad, sIKi MOB’si3aHi 3 0O0EpPTAIIbHUMHU PyXamH Tijia BiTHOCHO
HEPYXOMOT TOUKH. ¥ 0araThbOX BHUITaJKaX B SKOCTI pyXy TBEPIOTO Tijia, [0 BPaXOBYE OCHOBHI
MOMEHTH CHJI, sIK1 JIFOTh Ha TiJI0, MOXKE pO3risiaaTucs pyx y Bumanky Jlarpamxka. To6to Tino
3HAXOAMTHCS B IOJII CHJIM Bard, a TaKOX IIEHTP Mac TiIa i HepyxoMa TOYKa 3HaXOASThCs Ha
oci TUHAMIYHOI cuMeTpii Tia. BigHOBIIOMOYMN MOMEHT CHJI, aHAJOTIYHHA MOMEHTY CHIIU
Baru, CTBOPIOETHCS A€POJAMHAMIYHUMU CHJIAMH, IO JIF0Th Ha TUIO y moToii razy. ToMmy pyxu,
sKi ONMu3bKi 10 BUNaAKy Jlarpamka, HOCHIDKYyBAIUCA y PsAl poOIT 3 TUHAMIKH JTITATBHUX
amaparis, Jie BpaxOBYBAIHMCS BiTHOBJIIOKOYHIA 1 30ypIO0OYl MOMEHTH.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMHU

30ypeHi pyXx®w TBEpAOIrO Tiia, sKi O’M3bKi M0 BHUMAnKy Jlarpamxka, JOCTIIKEHI y psii
pobir, Hanpukian [1-11]. V [1, 2, 5-8] HaBeaeHI YMOBU MOXKJIMBOCTI YCEpPEIHCHHS PiBHSIHD
pyxy Tina, 6im3pKoro g0 Bunajaky Jlarpamka, mo ¢asi kyra Hyramii. OTpuMana ycepeaHeHa
CUCTEeMa PIBHSHB 1 PO3TISHYTO PYyX TLIa B CEPENOBUIII 3 JNiHIHHOIO AucHmanieto. JJocmimkeni
30ypeHi pyXu TBEpAOTO Tiia, Onm3bKi 10 Bumaaky Jlarpanxka, miz Ji€0 MOMEHTY CHII, IO
MOBUIHHO 3MIHIOETHCS 3a 4yacoM. Po3risiHyTi oOepTaHHS TBEpAOro Tija, siKi OJIM3bKI 10
peryispHoi nipeniecii y Bumanky Jlarpamka, KoM IMPOEKIii BEKTOPY 30ypIOI0YOTO MOMEHTY
CIJI PI3HOTO TOPSAIKY TMOPIBHSHO 3 BiJHOBIIOIOYHM MOMEHTOM. JlocmikeHa eBOJIOLIS
o0epTaHp Tina, ONM3BKHX A0 PETYJSPHOI Mperecii, M €0 CTaJoro BiJHOBIIOKYOTO i1
30ypIOI0Y0r0 MOMEHTY CHJI, 1110 MOBIJILHO 3MIHIOIOTHCS 32 4YacoM. BuBuanacs acHMOTOTUYHA
MOBEiHKa pyXiB BoBUKa Jlarpamka, OJIM3BKHUX 10 PEryJSIpHUX TpENecid, M €0 Majoro
30yproroyoro momenty [9, 10]. BB AuCHIIATHBHOTO Ta CTAJIOrO MOMEHTIB Ha CTIHKICTh
piBHOMIpHOTO 00epTaHHsi BOBYKa Jlarpamka 3 OCECHMETPHYHOIO TIOPOKHHHOIO, IO
3aIlOBHEHA 1/1€aIbHOIO PiAMHOIO, ormiHeHo B [11].

JocmiKyroThesa 30ypeHi pyXxu BiIHOCHO HEPYXOMOI TOYKH JUHAMIYHO CHMETPUYHOTO
TBEPAOTrO Tifla TMiJ Ji€I0 BIAHOBIIOIOYOTO 1 30ypIOIOYOTO MOMEHTIB, fKI 3ajekaTh BiJl
nmoBiTbHOTO Yacy 7=¢&t, me t — wac, a & — Manmii mapaMmeTp, MO XapaKTEePU3y€e BEIUIHHY
30ypeHb (& <« 1) . PiBHAHHS pyXy MarOTh BUTJIS;

Ap+(C—A)ar = u(r)sindcosp+eM,;

Ag+(A-C)pr=—u(zr)sindsinp+cM,;

Cr=¢eM,;, M. =M.(p,q,1,v,0,9,7), 1=1,2,3; 1)

v =(psing+qcose)cosecd, r=ct;

f=pcosp—qsing, ¢=r—(psing+qcose)ctgl .

Tyr p,q,r — mpoekuii BeKTOpa KyTOBOI HIBHJIKOCTI Ha TOJIOBHI OcCi iHepIii Tina,
eM.(1=1,2,3) — mpoexuii BekTopa 30ypIOIOYOr0 MOMEHTY Ha Ii X OCi; w,0,¢ — KyTn
Eitnepa; A — exBaropianbuuii, a C — ocboBHI MOMEHT iHepilii Tina. [lepenbayaeTses, 1o
Ha TIJIO i€ BIHOBJIIOIOYHI MOMEHT g = (7), SKUH TOBUIBHO 3MIHIOETHCS 32 YacOM 1 €
mudepenuiioBanoo (yHkuiero. PiBHAHHS (1) ONUCYIOTH pyX TBEpPAOIo Tijla y BHIAJKY
Jlarpamxa, ko € =0 Ta BiAHOBIIOIOYHNN MOMEHT CTaJHiA.

CraBuThCs 33/1a4a TOCITIPKEHHS] aCUMITOTUYHOI MOBEAIHKH pO3B’s3KiB cuctemu (1) mpu

3HAYEHHSX MaJoro ImapaMeTpa &, BIIMIHHUX BiJ HyJIs, HA JJOCUTh BEIMKOMY IPOMIXKY 4acy,
3a JIOMIOMOTOK0 METOy ycepeaHeHHs [12].

Axynenko JI. [1., Jlemenxko [I. /., Kozauenko T. O.
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Jis po3B’si3aHHA 3a/1a4i BUKOPUCTOBYEThCS METOAMKA YCEpPEIHEHHsI, Ka po3polieHa B
[1, 2]. Jana meromuka BHKOPUCTOBYEThCS sl ycepenHeHHs cuctemu (1) 3a dazoro kyra
HyTanii 6 y310Bxk TpaekTopii 3MiHu H(t) mig yac mpu pyxy Tijia Mif Ai€0 BiIHOBIIOIOYOTO i
30ypIOI0YOr0 MOMEHTIB, SIK1 3aJIe)KaTh BiJl HOBUILHOTO Yacy.

3 LLJIb TA 3AJAYI JOCJLTKEHHS

Jnst He30ypeHoi cuctemu (1) ko & =0 neprmmu inTerpanamu € Benudunu [1,13]:

G, =Asing(psinp+qcosg)+Crcosd =c,;

2
H=%[A(p2+q2)+Cr2]+ycos¢9=cz, r=c,, @)

ne G, — mpoekuisi BeKTopa KiHETHYHOIO MOMEHTY Ha BepTukaib Oz, H — moBHa eHepris
TiJa, I' — IPOEKIIis BEKTOpa KYTOBOI MIBUAKOCTI Ha BiCh TMHAMiuHOI cumerpii, C;, 1=12,3 —
JOBLIBHI cTaii, C, = —L.

Takox Bijomuii BUpa3 Juist KyTta HyTaiii 6 npu He30ypeHomy pyci Jlarpamka sik ¢yHKIii
gacy [1, 13], uepe3 U;,U,,U; — MO3HAYEHO iiiCHI KOpeHi KyOiyHOro GararouneHa

Q(u) = A[(2H —Cr? —2,u)(1-u?)A—(G, -Cru)? ],
u=cosf=u,+(U,—u)sn*(at+p), a=[u(u,-u)/ (2A)]1/2,

3
sn(at+ B) =sinam(at + B,k), k*=(u,-u)(u,—u)™", 0<k*<1, ®

ne U —nepioguuna ¢yHkis 3a yacom t 3 mepiomom K(K)/«; sn i am — exintuunuii cuHyC 1
amrutityza [13], k— Momyss eminTuaHux QyHKIGiH.

BukopuctoBytoun criBBiiHOImIEHHS (2) sK (QOpMyJIM MEpeTBOPEHHS BiJ 3MIHHUX
(p,q,1r,y,0,9) no 3minnux (G, ,H,r,y,0,9) npusenemo nepuii tpu piBsuas (1) 10

BUTJIANY:

G, =¢F, F=(M;sinp+M, cosp)sind+M,cosé;
H=¢F, F2=(M1p+M2q+M3r)+%cose; (4)
r=¢F, F,=C'M,, M,=M,(G,, H,r,v,0,p,7), 1=12,3.

[IpaBi yactuuu (4) mictsate moBiabHI 3MminHi G,,H,r Tta mBugki 3Miuui w,0,¢, [xi

nepiouyHi 1Mo 1, Mo MoXe CIpUATH TOsIBI pe30oHaHCy. JIJIs TOI0IaHHS IIBOTO Ta MOMJIUBOCTI
ycepeHeHHs OyieMO BBa)kKaTl BUKOHAHMMHU HEOOXIJHI 1 IOCTaTHI YMOBH, 110 HAKIAAAIOTHCS
Ha MOMEHTH TIPHUKJIAJICHUX CHIL:

M,sinp+M,cosp=M,, M;p+M,q=M;, M, =M;;

e e . : (5)
M =M(G, H,r,z,0), =123

Toni nmpaBi yacTUHU PiBHAHB (4) MOXKYTh OyTH TIpeJcTaBieHl K QYHKIIT Bl MOBUIBHUX
sminaux G,,H,r,7 i onmiei mBuakoi 3minHoi — kyrta myrauwii 6: F =F(G, H,r,7,0)
i =1,2,3 nepioauuni 3a dazoro kyta 6 3 nepiogom 27 .

[TepenOavaeTbcst MPOBOJUTH JOCHIIKEHHS 30ypeHOro pyXy y TMOBUIBHMX 3MIHHUX

U, 1=12,3, sxi MO’KHA BUPA3UTH Yepe3 MepIli iHTErpaid, TAKAM YHHOM:

Axynenko JI. /1., Jlemenxo /. ., Kozauenko T. O.
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H Cr* Cr? G,Cr
U +U, +Uy =———+ , U,U, +UUs +U,U, = -1;
u 2u 2Au Au
Cr* G’
UUUy = ——+——+ , —-1<u, <u, <1<y, <+oo.
u o 24 2Au
[Ticnst psity TIepeTBOPEHb IIyKaHa CHCTeMa PiBHSHB JUIsl MOBIIbHKX 3MiHHUX U, 1=123
Ma€e BUIIISL;
%—gV(u u,u,7,6), u@=u’, i=123;
dt_ilazaglaii My P e, (6)
Vi =V, R +V,F +V R +V,, Vij :Vij (U,u,,U5,7) j=12,3;
G,-Cru u? -1 . du(r) .
V11:T11 Vi, :lTi u=u(z), u :%7

Vip == Ar(-u?)-u,(G, ~Cru,) ];

[ Au? -1)(Cr®—2H) (G, —Cru)’ |
B 2ALA

ne oynkuii V,;,V,;, 1=12,3 oxepxyemo 3 BianoBigaux Bupasis (6) Iisk TOro %k 3HAYCHHS

V14

A= p(u—uy)(u, —u,)

j UUISIXOM [UMKJIIYHOI IIepECTAHOBKM IHIEKCIB | y Bemuunnu U,. @Dyskuii F5 e

nincraHoBkoro B 3 (4) Bupasis

G, = 70U, +U, + Uy +UUU, + R)Y?, 1= C(u, +Uu, +Uu, +uu,u, —R)"?,

H= %,UI:(Ul +Uu, + us)(l+ AC_l) + (R - U1U2U3)(1— AC_l)]’ (7)
R =sign(G2 —Cr?)[ @-u2)a-u)uz -1 ",

7 =(Au)?signr, &=sign(l+uu, +uu, +u,u,),
A€ BCIIMYWHU Q¥ 1 R B moyatkoBHMI MOMEHT BH3HAYAIOTHCS 32 IMOYATKOBUMU YMOBaMHU JJId

G, i r. SIxmo B mpomeci pyxy oaHa a6o o6uaBi Bemmuman G- —C°r? i r mpoxonsaTs yepes

z
HyIb, TO MOXIIMBa 3MiHa 3HaKiB y 1 R, Ans BHU3HAuUeHHS SKUX MOKHAa CKOPHCTATUCS
MMOYaTKOBOIO CUCTEMOIO (4).
IIpouenypa ycepetHEeHHs PiBHSAHB (6) AJs MOBUIBHUX 3MIHHHX U; HEPIIOrO HAOIMKEHHS

nojisirae B HacTynHoMy. IlizcraBumo B mpaBi yacTUHM cucteMu (6) mBHAKY 3MiHHY 6 3 (3)
U1 He30ypeHoro pyxy. B nboMy Bunaaky npasi yacTUHU cucteMu (6) OyayTh NepioAUYHUMU
bynkuismu t 3 mepiogom 2K (K)/ «r, ne k i @ BU3HAYArOTHCS 3a IOMTOMOTOIO CITIBBiIHOIIEHE
(3). Ilicns ycepenHeHHS NpaBUX YacTMH OTPUMaHOI cHCTeMH 3a (a3or0 KyTa HyTaril
OJIEpXKYEMO y OBUTLHOMY 4aci 7 =&t ycepeHeHy CHCTeMY NEepIIOro HaOIMKEeHHS !

%:Ui(ulyupusﬂ-)a ui(O) :uio’ i :1’2’3;
T

(8)

2K/

, e
IR ! V, (U, Uy, Uy, 7, O(t))dlt.

U, (u,u,,u,,7) =
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[Micns mocmimkeHHss 1 po3s’si3anHs cuctemu (8) mis U, moBineHi 3minai G,,H,r

BifHOBIIOIOTECsL 32 (hopmynamu (7). Tlosimeni 3mimmi U, i G,,H,r BusHawarotecs 3

MOXUOKOIO MOPAIKY & .

4 PE3YJbTATHU JOCJIITKEHb

Po3riisiHeMO BUIIA/I0K, KOJIM 30ypEeHi MOMEHTH MalOTh BUTJISL
M, =pf, M,=qf, M,=M,, f=1(G,,H,r67).

L{i yMOBH € mocTaTHIMHU J1s 3a0€3MeUeHHS MPAaBHWJILHOCTI CITIBBITHOIICHSH (5).

Hocnigumo 30ypeHuii pyx, OMu3bkuil g0 Bumanaky Jlarpanxa, Mia Ji€l0 30BHIIIHBOTO
cepeioBUINA. SIK MPUKIIA] MOXKHA PO3TISIHYTH 30BHIIIHE CEPEIOBHIIE, IO MOBLIBHO 3MIHIOE
BIIACTHBOCTI B’S3KOCTI BHACHIJOK 3MIHM WIUIBHOCTI, TEMIIEpaTypH, CKIAAy CEpeOBHIIA.

306yproroui Mmomentu M, 1=1,2,3 marors Burisi [14]:
M, =-a(r)p, M, =-a(r)q, M, =-b(7)r, a(zr), b(r)>0, r=¢t, 9)

ne a(r), b(r) — dynkmii, sKi iHTETpYIOTHCS Ta 3aliekaTh BiJl BIACTUBOCTCH CEpeIOBHUINA 1
¢dopmu Tina. Cucrema (4) 3anUCy€eThCS TAKUM YHHOM:

G, =—¢[(a(r) psinp+a(r)qcosp)sin@+b(r)rcosd |;

; J—

H= —g[a(r)(p2 +0°) +b(r)r* +%0089}; (10)
T

I =—sC'b(o)r.

Inrerpyroun tpere piBHsAHHA (3.2), omepkyemo (I, — IOBUIbHE MOYATKOBE 3HAUEHHS
OCBHOBOI IIBHJIKOCTI OOEPTaHHS)

r=r exp(—gc-ljb(gt)dt) . (11)

Po3srnsHemo Bunanok, konu a(z), b(z), w(r) marots Burmsaa:

a(r) =8 +ayz, b(r) =b, +b7, wu(7) =1+ 14 EXp(7); 12)
a,, a, by, b, x,—const, a,>0, b,>0, 14,>0 & =0, b >0,z >0.

[TepeiineMo 10 HOBHMX MOBUIBHUX 3MIHHMX 1 OTpUMAaeMO ycepenHeHy cucremy (8) 3
ypaxyBaHHAM 30yprolouux MOMEHTIB (9) y moBijIbHOMY Yaci 7 =&t

% - —Xl{a(r) A AY(G, —Cru,)(G, —Crv) + (uf —1)(2H —Cr? —24,V) |+ (123)

T

+b(z)rA™*(G, -Cru)(v-u,) —y’{(uf -1 [V+L(CI’2 —2H )j——l (G, —Crul)2:|};
2u 2Au

V=t~ (U, ) ER)/K(K). (13)

CumBon (123) o3Hauae, mo piBHAHHSA 118 U,, U, orpumaemMo 3 (13) HUKIIUHOIO
MepecTaHOBKOIO iHJeKCiB 1, 2, 3. Aue mpwu 1iit nepecranosii Bupas s V, ne K(k), E(k) —
MOBHI EJINTUYHI IHTErpajy MEPIIOro 1 APYroro pojy, CliJ 3aJUIIMTA HE3MIHHHMHU B YCIX
TpboX piBHAHHsAX. 3amicte G,, H, r, K mixcrasmsemo ix Bupasu 3 (1.3), (2.5).

Axynenko JI. /1., Jlemenxo /. ., Kozauenko T. O.
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VYcepennena cucrema (13) mpoinTerpoBaHa yucenbHO Ui 7 > 0 Mpu pi3HUX MOYATKOBUX
yMOBax Ta mapamerpax 3azaadi. [lepembauaerncs, mo B moyatkoBuii MOMeHT t =0 BOBYOK
Jlarpana OTpUMaB KYTOBY IIBHJAKICTb OOEPTaHHS HABKOJO OCI JMHAMIYHOI CHMETpIi, 10

=173, i Kyr 6, Bix
A=15 C=1 u4 =05, a,=0125 b, =01, 14 =0,0L a = b =1 u’=cos6’. B mpomy

BHUIIQJIKY iHIII I0YaTKOBI AaHi MaroTh BUrIsL (Tabmums 1.):

TOPIBHIOE BIIXWJICHHS  Ha BEpPTUKATl, a TaKoX

Taoanus 1
[TowaTkoBi 3HayenHs 3minanX Up,U,,U; Ta xyTa Hatyamii &
Bunanok Ul0 Ug Ug 6°
1 -0,4 0,866 3,25 30°
2 0,992 0,105 4,15 96°

BukopucroByroun 3Ha4eHHs U, 10 OEpXKaJIM B PE3YJIbTaTi YUCEIBHOIO IHTETPYBaHHH,
snaxomumo G,, H, r 3a dpopmynoro (7). Ha puc. 1-2 306paxeni rpadiku byukuiit G,, H, r
u (i=123).

X2

Puc. 1. Bumagox 1 Puc. 2. Bunagox 2

[ToBHa eHepris Tijla 1 KyTOBa MIBUIKICTh 00€PTaHHS BIAHOCHO OCI TUHAMIYHOI CUMETpii
cnamaroTh. [Ipoexitiss BEeKTOpY KIHETUYHOTO MOMEHTY Ha BEPTHKAIb HAOIMKAETHCS 10 HYIISA.

BennunHa U; acMMOTOTHYHO IIpar#e A0 oAuHMLI. Benuuunu U, 1 U, MOHOTOHHO CHaJar0Th

i mparayte go —1. 3rigro mepmoi piBHocti (3), mpu € — 7 maemo €0SE — —1. TMosua
enepris H MoHOTOHHO cnazae, aCHMOTOTHYHO HAOIMXKAIOYKCH 10 3Hauenns H =-0,5.

5 BHCHOBKH

[Ipy TOpIBHSAHHI OfEpKaHUX pe3ynbTaTiB 3 pesympratamu [1, 2], ne u# i M, He
3a5ekarth BiJ MOBUILHOTO 4Yacy 7 Ta 3 [8], me Tineku M, 3amexarp BiJ MOBINBHOrO Yacy,

MOXHa BIJIMITHTH I1X MEXaHIYHMA 3MICT. 3aJ€KHICTh BIJHOBIIOIYOTO 1 30yprOIYOro
MOMEHTIB BiJ] HOBUIBHOIO 4Yacy MNPHU3BOJUTH JO TOSBU B YyCEepenHEHill cucremi piBHSHB
NepuIoro HabIMKEeHHs 1T MOBUIbHUX 3MiHHMX ¢yHKUIA a(z), b(z) 1 (7)), mo 3anexarsb

Axynenko JI. [1., Jlemenxko [I. /., Kozauenko T. O.
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BiJl TMOBUIBHOTO 4Yacy, SKIi TIpH YHCEIBHOMY IHTETPYBaHHI 3TJaPKYIOTh TOBEHIHKY
u, (1=123), G,, H. Tix miero mucunmatuBHOro MOMeHTy (9) TijiO mMparHe 10 CTIHKOro

HIDKHBOTO TOJIOKEHHSI PIBHOBAaru HIBHJIIE, HK Y PO3MNIAHYTHMX Bumazakax [1, 2, 8], mo €
HacJiKoM 3aBaaHHs KoedimieHTiB (12).

KOpekTHICTh po3paxyHKY MiATBEPIKYETHCS THUM, IO OTPUMaHI 332 YUCETHbHUMH JaHUMHU
Ta popmynamu (7) 3HAYCHHS ' TPAKTUYHO CITIBIAJAIOTh 3 TOYHUM po3B’si3koM (11).

TakuMm 4YMHOM, TOCTIIXKEHO HOBUH Kjac 00epTalbHUX PYXiB AWHAMIYHO CUMETPHUYHOTO
TBEPAOro TiJIa BIAHOCHO HEPYXOMOI TOUKH 3 ypaXyBaHHSIM HECTAI[IOHAPHUX B1THOBIIIOIOYOIO
1 30ypIOI0Y0ro MOMEHTIB.
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CTPYKTYPHASA IMHAMUKA CTPOUTEJIBHBIX
KOMIIO3UTOB

Beiposoii B. H.!, Cyxanos B. I'.!

1
Ooeccxasn 20cyoapcmeentas akaoemus CmpoumenrbCcmsed i apxXumexmypol

Annorauusi: CTpouTeNbHbIE W3ACNUS W KOHCTPYKUWH TPEICTABISIOT COOOW OTKPBHITHIE
CIIO)KHOOPTaHW30BaHHBIE TWHAMHYECKHE CAMOOPTaHU3YIOIIMECS CHCTEMBL. JTO MPEAroiaraeT, 4To
CTPYKTypa MaTepuaia sBIsSIeTCS HEOTbEMIIEMOMN YacThblO CTPYKTYPhl KOHCTPYKLIHMU. AHAINU3 MO3BOJIUII
MPEUIOKUTh KIacCU(HUKALMIO DIIEMEHTOB CTPYKTYphl IO CKOPOCTH pEaKkIMW Ha BHYTPEHHHE U
BHEIIHKE BO3AcCcTBUA. Ha Kak1oM ypOBHE CTPYKTYpPHBIX HEOJHOPOAHOCTEH Marepuana U B CaMOH
«KOHCTPYKIIMU-CHCTEME» BBIJEICHB KOHCEPBAaTHUBHBIE, METAaCTaOWIbHBIC, AKTHBHBIE DJIEMEHTHI
CTPYKTYpBI, a TaKKe paclpelesieHHble B MaTepuaje KOHCTPYKIMM JIOKalIbHbIE W HHTErpasbHbIC
ocratounsle nedopmarun. OcoOeHHOE BHUMAaHHE YJENAETCS aKTHBHBIM JIIEMEHTaM, K KOTOPBIM
OTHECEHBI TEXHOIIOTUYECKHIE TPEIIUHBI U BHYTPEHHNE TTOBEPXHOCTH paszzenia. ITO OOBSICHIETCS TEM,
9ro caM (aKT TNPHUCYTCTBHUS TPEIIWH IMPEAroNaraeT HEpPaBHOBECHOE COCTOSIHUE OTICNbHON
MOJICUCTEMBI M BCEH CHCTEMBbI. YCTaHOBJIEHO, YTO IIEPeXOj] B COCTOSHHUE JIOKAJIW30BAaHHOIO BO
BpeMeHH (BPEMEHHOT0) JHHAMUYECKOTO PAaBHOBECHS OCYIIECTBISIETCS ITyTeM M3MEHEHHsI ITapaMeTPOB
TPCIIHUH U ILI/ICCHH&HI/IGﬁ OHEPruM Ha BHYTPCHHUX HOBEPXHOCTAX pasaciia. HpOI/ICXOI[I/IT CIIOHTaHHas1
CTPYKTYpHasl MEpecTpoiika, NMpU KOTOPOH CBOWCTBA OCTAIOTCS Ha TpeOyeMOM ypoBHE. TpeIIvHEI,
KOTOpBIE CIIOCOOCTBYIOT COXPaHEHHIO (PYHKIIMOHAIBHBIX CBOMCTB MAaTEpPHANIOB M W3JENHN 3a CUET
M3MEHEHUI COOCTBEHHBIX MapaMEeTPOB, OTHECEHBI K «TpeIlnHaM-co3uaatensm». 1Ipu mocTmwkeHnn
KPUTHYECKHX CHUTYallud «TPEIIUHBI-CO3UIATENN» MOTYT TpaHC(HOPMHUPOBATHCS B  «TPEHIMHBI-
pa3pylIUTENn», KOTOpPhIE  pacCMATPUBAIOTCS B BHUAE  CAMOCTOATEIBHOM  AMHAMHYECKOU
caMopa3BUBAIOIIEICS CCTEMBI, BOSHUKAOIIEH BHYTPH 0a30Bo# cucTembl. LleneBas ycTaHOBKa HOBOWA
CHCTEMBl 3aKIIOYacTCs B MPOXOXKICHHH COOCTBEHHOTO >KM3HEHHOro Iwkina. HoBas cucrema
MEepEOPUCHTUPYET 1eleBble (QyHKIUM 0a30BOM CHUCTeMBI Ha cedsS W HCHOJb3yeT BeCh IMOTECHIUAI
0a30BOM CHCTEMBI [UIsi COOCTBEHHOTO pa3BUTHS. 3aBepIICHHE >KW3HEHHOTO MHKIA TPEIIHHEI
pa3pylIeHns KaK «CUCTEMbI-TIapa3nTay aBTOMATHYECKH MPUBOAUT K BBIXOAY M3 (DYHKIIMOHUPOBAHUS
(KOHCTPYKHOHUU-CUCTEMBD». PaCCMOTpeHBI TEXHOJIOINMYECKHE u KOHCTPYKTHBHBIC CIIOCOOBI
MUHUMH3AIMA PUCKOB, CBS3aHHBIX C TpaHc(popMmanuel «TpeluH-co3uaaTeNiel» B «TPEIIUHBI-
pa3pyIIHATEN («CUCTEMBI Tapa3uThD»).

KaloueBble cioBa: KOHCTPYKIMS, CHCTEMa, D3JEMEHTHl CTPYKTYphl, CaMOOpTraHM3alHs,
TPEIIVHBL.

STRUCTURAL DYNAMIC OF BUILDING COMPOSITES

V. Vyrovoy?, V. Sukhanov*
'Odessa State Academy of Civil Engineering and Architecture

Abstract: Building products and constructions are open complexly organised dynamic self-
organizing systems. This suggests that the structure of the material is an integral part of the structure
of the constructure. The analysis allowed us to propose a classification of the elements of the structure
according to the speed of reaction to internal and external influences. At each level of structural
inhomogeneities of the material and in the “construction-system” itself, conservative, metastable,
active elements of the structure are identified, as well as local and integral residual deformations
distributed in the construction material. Particular attention is paid to active elements, which include
technological cracks and internal interfaces. This is explained by the fact that the very presence of
cracks implies a nonequilibrium state of a separate subsystem and the entire system. It is established
that the transition to a state of localized (temporal) dynamic equilibrium in time is carried out by
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changing the parameters of cracks and energy dissipation at internal interfaces. A spontaneous
structural adjustment occurs, in which the properties remain at the required level. Cracks that
contribute to the preservation of the functional properties of materials and products due to changes in
their own parameters are referred to as “creator cracks”. When critical situations are reached, “crack-
builders” can be transformed into “crack-destroyers”, which are considered as an independent dynamic
self-developing system arising within the base system. The target installation of the new system is to
go through its own life cycle. The new system reorients the target functions of the base system towards
itself and uses the full potential of the base system for its own development. The completion of the life
cycle of a fracture crack as a “parasite system” automatically leads to the exit from the functioning of
the “structure-system”. Technological and constructive ways to minimize the risks associated with the
transformation of “crack-builders” into “crack-destroyers” (“parasite systems”) are considered.

Keywords: construction, system, structure elements, self-organization, cracks.
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1 BBEJAEHHE

WunuBuayanbHOE (PYHKIMOHAIBHOE TOBEAEHUE CTPOUTENBHBIX U3/IEIUI M KOHCTPYKIHMHA
JOJDKHO OBITH MPEICKa3yeMbIM B TEUEHHUE HOPMHUPYEMOT'O MEPHOAa SKCIUTyaTalluy 3/1aHuil 1
COOpYKEHHH, B cOCTaB KOTOpPbIX OHHM BXxoJaT. Ilpeackasanus (mporHos), Jake €ClIM OHHU
JOCTaTOYHO JIOTMYHBIE M TOYHBIE, HE MOTYT M HE CIIOCOOHBI 3aMEHUTh OOBSCHEHHE
IIPOLIECCOB U SIBJICHUH, NMPOTEKAIOIIMUX IPU NEPMAHEHTHOM W3MECHEHHWH BHEIIHMX YCJIOBHH,
YTO XapaKTEePHO JIsi CTPOUTENBHBIX O0OBEKTOB PA3IMYHBIX BUAOB U HazHaueHHUs. OObsCHEHHE
U ITOHMMAHHE PACIIUPSIOT TPAaHULBI BO3MOXKHOCTEH YIPABICHUS MEXaHU3MaMH pealu3aluu
TeX WJIW MHBIX mpoueccoB. OCOOEHHO 3TO aKTyalbHO MPH W3MEHEHUH CBOWCTB Marepuaia
1oJ1 JIeliCTBMEM KOMIUIEKCAa BO3HMKAIOLIMX IPH HKCIUIyaTallMM Harpy3ok, 4TO HEU30eKHO
CKa3bIBACTCS HA W3MEHEHUM CBOWMCTB KOHCTPYKLHMH. YPOBEHb JOIYCKAaeMOIO H3MEHEHUs
CBOMCTB MAaTE€pUaJIOB PErIAMEHTUPYETCSI HOPMATHUBHBIMHU JIOKYMEHTAMH, YTO I103BOJISET
KOJIMYECTBEHHO OLIEHUTH TEKYIIEE COCTOSHUE KOHCTPYKIMHM. HakOIUIEHHBIN ONBIT MOKa3all,
YTO IpPHU YJOBJIETBOPUTENBHBIX CPEIHUX 3HAUYEHUSX TPeOyeMbIX CBOMCTB MaTepHallOB B
KOHCTPYKIIMM MOXXET BO3HUKHYTh  KpHUTHYecKass curyanus. Kak mpaBwmio, coObITHSA,
COIIPOBOKIAIOIIME TAKHE CUTYAIMH, JIOKAJIM30BaHbl U CBsI3aHbl C 00pa30BaHUEM HOBOW JUIs
Marepuanga M KOHCTPYKIMM COCTAaBIAIOIIEH — TpemuHsl. [Iponecc pas3BuTus TpelmuH
UHULMUPYETCS BHEIIHMMU M BHYTPEHHHMMM (DakTopaMd M IPOBOLMPYET CTPYKTYpHBIE
MEPeCTPOMKN B Marepuaie, IepepacnpeiciicHne HamnpsHKeHHH U JnedopMmanuii B
KOHCTPYKLIUHU, YTO MOXKET CTUMYJIMPOBATh JajbHEHIIEE Pa3BUTUE TPEIIUH JO KPUTHUECKUX
napameTpoB. Jro0oi mporuecc, BKIIIOYas IPOLECC POCTa TPEIUUH, HE IMOAJACTCA AHAIU3Y
IyTeM ero ocTaHoBKU. IloaTomMy aisi ycraHoBiIeHUS (DAKTOPOB YHPABJICHUS MPOLIECCOM
HE00XO0MMO M3YYUTh MCTOPUIO €T0 BO3HMKHOBEHUS M Pa3BUTHSA, YTO MO3BOJHT BhIPAOOTAThH
IIPEJCTAaBICHUE O MEXaHU3MaX TEUEHHs MpoLecca ¢ y4eToM (pakTopa BpEMEHH.

2 AHAJIM3 JIMTEPATYPHBIX JAHHBIX U IOCTAHOBKA IMTPOBJIEMbI

OO0s3arenbHOe NPUCYTCTBUE MCTOPUM PA3BUTHUS MO3BOJSET NMPOCICIUTh CTPYKTYPHYIO
TpaHcQopMaIMI0 MaTepuana U U3JEIHs C yUeTOM U MOHUMaHHEM, YTO HET «XOPOLIMX» WU
«IIJIOXUX» DJIEMEHTOB, BCE OHU HEOThEMIIEMBIE — YacTH Lesoro. IIpencraBnenue marepuana u
KOHCTPYKLMU B BHJI€ HEPA3pbIBHOW LEIOCTHOCTU IMO3BOJSET pacCMAaTPUBATh KOHCTPYKIIHIO
KaK OTKPBITYIO CIOXHYIO camoopranusyroomytocs cucremy [1,2,3]. Cucrema He cymiecTByeT
BHE ee cTpyKkTypHoro odopmienus. Ilpodeccop B. U. ConomatoB u ero mnocienoBaTenu
MOJYEPKUBAIM  MOJUCTPYKTYPHOCTh KOMIIO3UIMOHHBIX CTPOMTENIBHBIX MaTepuajlioB |
n3zenuii. B3auMocBs3b U B3aMMOBIIUSHUE PAa3IMYHBIX YPOBHEHW CTPYKTYPHBIX COCTABIISIFOIIMX
ormeuyaercs B paborax  II.I'. Komoxosa, II. B. Kpusenko, B. H. bonsiiakoBa,
B. H. JlepeBsnko, A.H. u A.IL [lnyrunsix, P.®.Pynosoii, A.I'. Bannanosckoro,
B. U. bparuyna, W. tapka, M. l11. ®aitnepa, E. C. llunkeBuy, A. B. MuiryruHa 1 MHOTHX
JPYTUX OTEYECTBEHHBIX U 3apyO0EeKHBIX HCCIIEI0BATENIEH.

[Tporieccam camoopraHuzanuu B Mepruosl (GOPMUPOBAHUS CTPYKTYPBl U HKCIUTyaTaI[H
CTPOMTENbHBIX ~ KOMIIO3UTOB mocBsmieHbl pabdorel M. JI. Kopuaka, JI. A. lleiinuua,
E. K. ITymxkapesoii, 1. B. bapa6ama, A. H. bo6psimesa, B. M. Xpynesa, B. JI. UepHsiBckoro,
C.®una u np. Ponp TpemmH B (QOpMHUPOBAHUU CBOMCTB MaTepHaioOB U KOHCTPYKIUI
nokazaHa B ucciaenoBanusix  H. WM. Kapnenko, K. U. Ilupagosa, 1O. B. 3aiirena,
B. C. lopodeera, B. B. bonoruna, W. M. I'pymiko, HW. U. JIyuko, C. 1. Conoakoro,
C. H. JleonoBuua, P.Jlepmura. BnusHMe penenTypHO-TEXHOJIOIMYECKHX (AKTOPOB Ha
(¢hopMUpOBaHHE CBOMCTB CTPOMTENBbHBIX MAaTEpHAIOB U M3JENIUNA M3y4EHO B MCCIIEIOBAaHUAX
B. A. Bo3necenckoro, T.B.JIsmenko, JI.W. wu O.JL [ABopkunbix, C. B. Kosanus,
A. E. llenikuna, U. H. AxBepnoa, M. A. Canunkoro, T. . 'opuakoBa ¥ MHOTHX JApPYTHX
HCCIIEN0BATEIIEH.
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Bce nepeuncnennsie (1 MHOTME ApYyrue) MCCIEIOBAHMS BBIIIOJIHEHBI, KaK MpaBWO, B
pamKax JeHCTBYIOIIEeH MapaJurMbl, B KOTOPOIl MOAYEPKUBAETCS, YTO YPOBEHb KOHEUYHBIX
CBOMCTB MaTepHalIOB U HU3JEIMA ONpENeNsieTcsd HadalbHbIM COCTAaBOM, TEXHOJOTMYECKUMH
YCIIOBUSIMU TOJIYYEHUSI MaTepuajoB M HX MepepaboTKh B KOHCTPYKIHIO. B roTtoBoit
KOHCTPYKLMHM MaTepHall pacCMaTpUBAeTCsl KaK HEKas JaHHOCTb BHE HCTOPUU €ro
oOpa3oBaHMsi U BHE OCOOEHHOCTEH ero CcTpykrypHoro odopmienus. HecoBmanenue
TEPMHUHOJIOTMM TEXHOJIOTOB-MAaTEpUAIIOBEJOB U KOHCTPYKTOPOB IPENSTCTBYET BBIPAOOTKE
COBMECTHBIX KOH(uUrypamuii BzaumoneicTBus. Ilpu 3TOM OueBHUIHO, YTO HE CYILIECTBYET
U3 M KOHCTPYKIMM BHE UX MATE€PUAJIbHOTO HAIOJHEHWS, KaK U HE CYIIECTBYET
MaTepuasa 0e3 ero KOHCTPYKTUBHOTO OhopmiieHus!.

CuCTeMHBII MOAX0]] MO3BOJIIET OPraHUYHO OOBEAMHUTH MaTepHal MU KOHCTPYKIMIO B
HEpa3phIBHOE 1I€JI0O€ - CHUCTEMY C 3aJlaHHOW 1iesieBoi (QyHKIMe. B Takoit cucreme
peanu3yercss NPUHIUI COYYacTUS BCEX CTPYKTYPHBIX 3JIEMEHTOB B (DYHKIIMOHAIBHO
OPUEHTHUPOBAHHOM TIOBEJICHUU «KOHCTPYKIMHU-cHUCcTeMbl». [lpu aHamm3e CTPYKTYpHO
0(hopMIIEHHON «KOHCTPYKLMU-CUCTEMBD» BO3MOXKHO M JIa)kKe HEOOXOAUMO CO37aHue OOIIEro
TEPMHUHOJIOTHYECKOTO CJIOBaps, YTO PACIIMPHUT MOHATHIHBIA amnmapar MaTepualoBelIOB U
KOHCTPYKTOPOB M CO3JaCT TMPEINOCBUIKA MHBIX 0a30BbIX Mojenei, (HopMUpPYIOINX
npodeccuoHanbHO-HAYYHbIE B3TJISABI U YOSKIEHUS Ha OOIled, B3aMMHO COTJIACOBAaHHOMN
TEPMHUHOJIOTUYECKON OCHOBE.

3 IEJb 1 3AJJAYH UCCJETOBAHUM

Jns peanuzauuu JeKiIapupyeMoro Inojaxojaa Oblaa IOCTaBlIeHA I€Jib — OOOCHOBATh
BbIOOp JAMHAMHUYECKUX MOJIENEH, MO3BOJIAIONIUX OINpPENeNUTh HAa0Op 3JIEMEHTOB CTPYKTYpHI
KOHCTPYKLUU-CUCTEMbI, HAJIMYKME, B3aUMOJCICTBHE U pa3BUTHE KOTOPBIX OOEcCreunBaeT €&
paGouee (yHKIMOHAIBHOE coOCTOsIHME. [l JOCTHMKEHHUS IIOCTaBJIEHHOW Lenu ObLIM
ONPEIEIICHBI U PELICHBI CIEAYIOINE OCHOBHBIE 3a1a4H UCCIICIOBAHUSA:

- NpOaHAJIN3UPOBaTb OCHOBHBIE MEXaHU3Mbl CTPYKTYPHBIX HM3MEHEHMH MaTepuaia
(OeroHa) M KOHCTPYKLMH Ha pPa3jIMYHBIX YPOBHAX CTPYKTYPHBIX HEOJHOPOJHOCTEH IpH
BHEIIHUX U BHYTPEHHUX BO3JIEHUCTBUSIX;

- IPOAHAIU3UPOBATH POJIb AIEMEHTOB CTPYKTYPHI B CTPYKTYPHOM pa3BUTUU MaTepHala,
paccMaTpuBas UX KOJBOJIIOLHUIO, KaK IEPBOOCHOBY YCTOMYUBOCTU «KOHCTPYKLIMU-CUCTEMBI;

- OLICHUTh BIIMSIHUE TPEIIMH, KAK AKTUBHBIX JJIEMEHTOB CTPYKTYpbI, B PAa3BUTHH M
pa3pyllIeHU MaTepuaia U KOHCTPYKIUU;

- IPEUIOKUTH KJIACCU(PHUKAIUIO TPEIIUH B 3aBUCUMOCTH OT UX BJIMSIHUSI HA CIOHTAHHYIO
CTPYKTYPHYIO IIEPECTPOHKY;

- JaTh PpPEKOMEHJAIlMM 110 TEXHOJOTMYECKUM M KOHCTPYKTHBHBIM CIOCOOaM
MUHHMMH3aLHUA PUCKOB, CBA3aHHBIX C IEPEXOAOM TPELIUH B KATErOPUIO CAMOCTOSTEIIBHBIX
«CHUCTEM-TIapa3UTOB», aBTOMATUYECKH TMPUBOASIIUX K BBIXOAY W3 (DYHKIHMOHUPOBAHUS
«KOHCTPYKLIMI-CUCTEM.

4 MATEPHUAJIBI U METO/bI

DKCIepUMEHTaIbHBIC HCCIICIOBAHUS MPOBOIAMWIN Ha OCTOHHBIX MOJENSAX W 00pasiax
HOPMAaTUBHBIX (OPM U PpPa3MEpOB B COOTBETCTBUU C TOCYJAPCTBEHHBIMH CTaHAApTaMHU
YKpauHbl U CHeNUaibHO pa3pabOTaHHBIMU METOAMKAMH C MCIOJIB30BAaHUEM aTTECTOBAHHOMN
M3MEPUTENBHON TEXHUKU U UCTBITATEIbHOTO 000PYIOBAHMSL.

[Ipy HauanbHOM ONMUCAHUU U AHAIMU3E «KOHCTPYKIIMH-CHUCTEMBD» YMECTHBIM SIBIISETCS
BepOanbHblii MeTon [4]. OH MO3BOJISET Ha KAa4eCTBEHHOM YPOBHE PACKPBITH CTPYKTYPY
CUCTEMBI, YCTaHOBUTb 0a30BbIE TMPOIECCHl €€ pPa3BUTHUS, ONUCaTh MEXaHU3MBbI
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B3aUMOJICHCTBHS MEXIY pa3HOMACIITAaOHBIMHM CTPYKTypaMu. B cBoro ouepenp BepOasbHBIN
METOJ ABJsieTCA 0A30BBIM IIPU Pealu3allii KOTHUTHUBHBIX MOAXO0J0B, KOTOPbIE CTABST CBOEH
LENIbI0 MCCIIEI0BATh IMPOIECChl BOCTIPHUATHS, KAaTETOPU3ALUU, OCMBICICHUS U OOBIACHEHHS
00BEKTOB, a TaKKE pENpe3eHTAlUd M XpaHeHWs 3HaHuW [5,6]. KorHUTHBHBIA mMOAXO0X
YMECTEH B CIIydasiX: - €CJIM B3aWMOCBSI3HOCTh IIPOLIECCOB BEIET K HEOOXOIMMOCTH
paccMaTpuBaTh OTHEJIbHBIC SIBICHUS B UX COBOKYIIHOCTH; - IIPH OTCYTCTBHU JOCTAaTOYHOM
KOJIMYECTBEHHONW HWH(pOpMAIMM O JUHAMUKE CTPYKTYPHOTO pPa3BUTHS, - IpPH Pa3BUTHH
IIPOLIECCOB CaMOOPraHU3ALlMM, YTO 3aTPYAHSET IIOCTPOCHHUE KOJWYECTBEHHBIX MOJEIIECH.
Hcnonb30BaHne METOJOB KOTHUTHBHOI'O MOJIEIMPOBAHUS, OCHOBAaHHOTO Ha IPOBEJIECHUU
MBICJIEHHBIX 3KCIIEPUMEHTOB, [T03BOJISET, IPU HAKOIUICHMHM COOTBETCTBYIOLIEH MH(pOpMaLuy,
NEepedTH Ha CIEeNyIoIeM »JTale K KOJIMYeCTBEHHBIM MozensM. B nanHoit pabote
HCIIOJIb30BaHbl METOJIbl KAaYECTBEHHOI'O ONMCAaHUs «KOHCTPYKLIHHU-cUCTEMBD». IIpoBeneHHbIe
panee wuccienoBaHus [3,7] TMO3BONMIM TPEAJIOKUTh KIACCU(DUKALMIO CTPYKTYPHBIX
JJIEMEHTOB, OCHOBaHHYI0O Ha HX Pa3JIMYHOH «UyBCTBUTEIBHOCTH» IIPH BO3JEHCTBUM Ha
«KOHCTPYKIIMIO-CUCTEMY» BHEIIHMX W BHYTPEHHUX (akTopoB. B obmem cimydae MOXKHO
BBIJICJIUTh KOHCEPBATUBHBIE, METACTA0MIIbHBIE U AKTUBHbIE CTPYKTYPHBIE 3JIEMEHTHI.

K koncepBaTuBHBIM (OT JIaT. CONServation - coxpaHeHHE) CTPYKTYPHBIM 3JIEMEHTaM
OTHOCAT 3JIEMEHTBI, KOTOpbIE NPAKTUYECKM HE H3MEHSIOT JIMOO JOCTaTOYHO MEJIEHHO
M3MEHSIOT CBOM MapaMeTPhl B MIEPUOJT BHITIOIHEHUS 00BEKTOM 3JI0’KEHHBIX B HETO ()YHKITHIA.
Kak mnpaBuio, KOHCEpBAaTUBHBIE 3JEMEHThl MPHUHAJIEKAT MACHITAOHOMY YpPOBHIO, Ha
KOTOPOM JOMHUHUPYIOLIUMH SBJIIOTCS CHJIBI TSDKECTU M Ha KOTOPOM pEaIU3yHTCS
(eHOMEHOIOrMYeCKHe MOIX0AbI OLIEHKH CBOICTB.

DJIEMEHTBI CTPYKTYpPBI, KOTOpbIE B JaHHBIX YCIOBUAX OOJAAAIOT OTHOCUTEIHHOU
YCTOMYMBOCTBIO U KOTOpBIE CHOCOOHBI CaMOIIPOM3BOJBHO HEpEedTH B YCTOWYMBOE WIIH
HEYCTOWYHMBOE COCTOSTHHE MPH ACWCTBUU BHEUTHUX WM BHYTPEHHHX (DAKTOPOB, OTHECEHBI K
MeTacTabUIIbHBIM (0T Iped. Meta — Mex 1y, Mociie, Yepe3) 3JeMEHTaM CTPYKTYpBHI.

OTIMYUTENBHBIM MPU3HAKOM aKTHBHBIX (OT JiaT. activuS - nesiTeNbHBINA) 3JIEMEHTOB
CTPYKTYpbl SBJISETCS HUX CIIOCOOHOCTb aJeKBAaTHO pEarupoBaTh HA HUCIBITHIBAEMbIE
BO3JICHCTBUS B COPa3MEPHOM BPEMEHHOM MHTEpBaje (0JIHOM TEMIIOPUTME).

5 PE3YJBbTATHI HCCJEIOBAHUM

Bechb HaboOp CTPYKTYpPHBIX JJIEMEHTOB CHCTEMa B BHJIE CTPOHMTENBHBIX H3JCITHA U
KOHCTPYKIIMH TpUOOpeTaeT B TEXHOJOTMYECKUH NEpUOJ TONydeHHsT OETOHa U  €ro
nepepabOTKu B m3aenusi (KOHCTpyKiuu). Ha 3ToM 3Tame Bce MCXOIHBIC JIEMEHThI aKTUBHO
y4acTBYIOT B TIpOLEcCaX Pa3HOMACIITAOHOTO CTPYKTYPHOTO O(OpMIICHHS C 0Opa3oBaHHEM
HOBBIX JJIEMEHTOB CTPYKTYpbI (hopMupYIoleiics cucTteMbl. He MCKITIOUEHBI CUTYalluu, pU
KOTOPBIX BO3HMKAaIOIIME MPOMEXKYTOUHBIE CTPYKTYpHBIE OOpa30BaHUS WHHLIUHPYIOT
3apOXKJCHUE M Pa3BUTHUE MPHHIMIHAIBGHO HWHBIX 3JIEMEHTOB, BXOJSIIUX B CTPYKTYPY
KOHEYHOT'O MPOJyKTa. XapaKTepHO MposBIeHUE dPPEKTOB SKBU(DUHATIHLHOCTH (OT JIaT. aequus
— paBHBIH, copa3mepHblif; finaliS — KoHeuHbI), — MO KOTOPHIMH B HAllleM Clly4ae
MOHUMACTCS peaNn3alysi Pa3IUYHBIX MEXaHH3MOB CTPYKTYPHOW OpraHHM3aliH, KOTOpBIE
NPUBOJAT K TOSIBICHUIO KAaYeCTBEHHO OJIMHAKOBBIX 3JEMEHTOB CTPYKTYphl. B KauyecTBe
NPUMEPOB PACCMOTPEHO 3apO’KACHUE TEXHOJOTMYECKUX TPELIMH: - TP 00pa3oBaHHU
JMCKPETHBIX ~CTPYKTYp Ha YpOBHE TPOJYKTOB HOBOOOpa3oBaHHMII ¥ Ha YpPOBHE
B3aUMOJICHCTBHSI MCXOJIHBIX 3€PEH MHHEPAIBHBIX BSDKYLIMX; - MPU Pa3BUTUH TPaIMCHTOB
COOCTBEeHHBIX AedopMaluii Ha TpaHHIAX pasJieia TBEPACIOIIEr0 MAaTPHYHOTO MaTepHaia U
3alOJHUTENEH; - TOJ JCHCTBHEM BO3HHKAMOIIMX TPAJUCHTOB JaedOpMalyii Ha YpOBHE
W3/1eNINN NI KOHCTPYKIIUH.

Takum oOpazom, B mepuox (pyHKIMOHUPOBAHUS «KOHCTPYKIHS-CHCTEMa» BCTYIAET C
OIpE/ICTICHHBIM HA0OPOM CTPYKTYPHBIX 3JIEMEHTOB, BKJIIOYAs HAIUYHE TEXHOJIOTHUYCCKUX
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(OCTaTOUHBIX, HAYAIbHBIX, HACIEJACTBEHHBIX) JIOKATBHBIX M WHTETPATBHBIX JAehOopMariyii.
IlosToMy  (yHKUIMOHUpOBaHME ClEQyeT paccMaTpuBaTh KakK  HEMpeKpallarouuics
«CTPYKTYpHBIH npeiid» B HampaBlIeHHUH, MPU KOTOPOM HPOSBIAIOTCA PPEKTH aJanTanuu
CHCTEMBl B YCIOBHAX MEPMAHEHTHOI'O BO3ICHCTBUS 3KCILTyaTallUOHHOHM cpenbl. B cBs3u ¢
STHM >KU3HEHHBIH LUKJI KOHCTPYKLHMHU IMpPEIaraeTcsi OMHCHIBATH HCTOPUEH KOAIBOIIOLUU
CTPYKTYPHBIX COCTABIISIOLINX, pUC. 1.

KoosBomonus pa3nuyHbIX 110 BUAY U HA3HAYCHHIO JIEMEHTOB CTPYKTYPHI MPEAIoaraet
UX B3aUMOJICHCTBHE, YTO SIBJISAETCS [IEPBOOCHOBON YCTOHYMBOCTH — CIHOCOOHOCTH CHUCTEMBI
COXpaHATh JWHAMHYECKOE DPABHOBECHE 3a CYET MPOSBICHHUS BHYTPEHHEH M BHENIHEH
0€30I1aCHOCTH.

OcobeHHOE BHMMaHHUE CIEAYeT YACTUTb TPEeIMHAM. TepMHH «TpelIMHa OOLIMH JUIs
MaTepHalOBEIOB U KOHCTPYKTOPOB, H3HAYaJIbHO HECET HEraTuBHBIA cMmbIci. TpemuHa
NPEJCTaBIseT COOOH JIOKAJTU30BAaHHBIM JJIEMEHT CTPYKTYyphl. DEHOMEH JOKaIu3aluu
IPUBOAMT K paclaay HENpepbhlBHOM cpenbl Ha OTIENbHbIE JIOKAIbHbIE CTPYKTYpbl. [losToMy
KOTJla B KOHCTPYKLMH MOSIBISICTCS TPELIMHA, MapagurMa HENpPEepHIBHOCTH aBTOMATHYECKH
Tepser cMblca. Hamm nccienoBanus JaroT OCHOBAHUS YTBEPXK/1aTh, YTO TPELIUHBI SBISIOTCS
HEN30Ee)KHONW W HEOOXOAUMOW CTPYKTYPHOH COCTABIJIAIONIEH HAa BCEX YPOBHSX CTPYKTYPHBIX
HEOJHOPOAHOCTEN. «TpemuHbI-co3uaTenny cnocoOCTBYIOT penakcauuu aedopMariuii, B Tom
qHciae KPUTUYECKHX, COXPAHSIOT CBOWCTBA IIEJIOTO IIyTEM M3MEHEHHs COOCTBEHHBIX
apaMeTpoB, MOTYT TPAaHC(OPMHUPOBATHCS BO BHYTPEHHUE MOBEPXHOCTH pa3zesia, BKIYATh
B paboTy MeTacTaOUIIbHBIE U KOHCEPBATHBHBIE CTPYKTYPHBIE SJIEMEHTHI.

B3aumoseiicTBue U B3aMMOBJIMSIHUE CTPYKTYPHBIX 3JIEMEHTOB IMOBBILIAET pa3HOOOpasue
CTPYKTYPBI, CLIOCOOCTBYET BBIPAOOTKE MEXKCTPYKTYPHBIX CBsI3€H, 0OECIeUnBas TEM CaMbIM
IPOSIBJICHUE SIBJICHUH IOMeocTas3a, YTO 00ecHeunBaeT >KU3HECHOCOOHOCTh cucTteMbl. [lis
peanu3ay ABWKEHHUSI CTPYKTYPhl B CTOPOHY CaMOCOXPAHEHUSl «KOHCTPYKIWU-CHCTEMBI»
ClIeyeT OIpPENeNUTh NPUOPUTETHBIA Psi 3JIEMEHTOB, CHOCOOHBIX BIMATH HA HEPUOJIBI
HACTYIUICHHUSI HEOJArOMPUSATHBIX CUTyallMid. B TakoM NPHOPUTETHOM psJe IMEpPBOE MECTO
3aHUMAaeT TPEIIMHA, KOTOpasi B CHJIy ONPE/EIeHHBIX NMPUYUH MEpelula U3 paHra «TPeIiuHbl-
CO3HMIATENS» B «TPEIIMHY-Pa3pyLIMTENs»,  pealn30BaB  TeM  CaMbIM  HJICIO
CaMOOPTaHM30BaHHOM KPUTMYHOCTU [8] M ompenennB Havyaao0 MHOM HMCTOPUH >KU3HEHHOTO
MepUoJIa CUCTEMBI.

C wmomeHTa 00pa3oBaHUSl «TpEIIMHBI-pa3pymuTens» (Touka M, puc.2) HYXHO
paccMaTpuBaTh MCTOPHM Pa3BUTHS JBYX CHCTEM — 0a30BOH «KOHCTPYKIIUH-CHCTEMBD» H
BHOBb 00pa30BaHHOI «TPELIMHBI-CUCTEMbI». «TpelIrHa-ciucTemMa» B CUILy CBOEH aKTUBHOCTH,
(koTopasi MposBISETCA Yepe3 IepepacrpesneicHne aedopManuii ¢ UX KOHIEHTpAIHen I
(GpPOHTY TpEIIMHBI, BbIJICIEHUE MOBEPXHOCTHOM SHEPrUU MO Mepe YBEIMUYEHHs IIOMAAN
OeperoB TpEHIMHBI, BOBJICUCHHE B MPOIECC CBOETO PAa3BUTHS PAa3HOMACIITAOHBIX TPEIIUH U
MOBEPXHOCTEN pazjena), HepeoprueHTupyeT GyHKIMHU 6a30BOM cUCTEMbI Ha cesl.

Briposoii B. H., Cyxanos B. I'.
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JKH3HEHHBIH LK KOHCTPYKUHH-CUCTEMbI

Puc. 1. KosBomomnus 3;1€MEHTOB CTPYKTYpPBI B IEPHOA (DYHKIIMOHUPOBAHUS «KOHCTPYKIIHH-CHCTEMBD»

| — sran craHoBJIEHUS «KOHCTPYKIMK-cucTeMbl» (7;) ; Il — mepuoa GyHKIMOHUPOBaHMS
«KOHCTpYKIMU-cHCTeMb»  (7,..7,); Il — oTam BbIXOHA KOHCTPYKIIMH-CUCTEMBI W3

6e30macHOro QyHKIHOHUPOBAHUS (T,...75) ;

S5, Sk, S 7 — CTPYKTYPHbIE COCTaBIIAIOIINE (3TEMEHTBI) «KOHCTPYKIIHH-CUCTEMBI»;

S 135,11 Sk g1 — HadaneHeli HaGop aktuBHMX (A, Meractabuienbix (M),
xoncepsarnsaux (K,) smementos u Texnomornueckux nedopmariii (S ;) ;

S S, — U3MeHeHHe TapaMETPOB aKTHBHBIX 2JIEMEHTOB;

Syi1+Oy 2 — M3MEHEHHE TAPAMETPOB METACTAOUIIBHBIX HIEMCHTOB;

Syq--Sy,— N3MEHEHHE MapaMeTPOB KOHCEPBATHBHBIX 3JIEMEHTOB,;
S ﬂl"'s 2 — UBMEHEHHE JIOKAIbHBIX U MHTErPAIbHBIX OCTATOYHBIX Je(OpMAaIIHii;
Shs

— U3MEHEHUE CTPYKTYPHBIX IApaMETPOB CaMOPa3BUBAIOILENCS «CUCTEMBI-TIAPAZUTY.

[Ipn yBenmuyeHMM CTENEHU CTPYKTYPHOIO pa3zHOOOpa3usi KOHCTPYKLUUU YpPOBEHb €€
6e3omacHOro ()YHKIIMOHMPOBAHUS CHUXKAeTCs. B 3TOT mepuoja moBeieHue «KOHCTPYKIMH-
CUCTEMBI» OINPENEIACTCS AUHAMUKONW DPA3BUTHsS HOBOM CHCTEMBI, KOTOpas IO CBOEH CYTH
ABIISIETCS «CUCTEMOMN-TIapasuToOM», puc. 2.

A

CrpyKTypHOE pasHoodpasue

|
0y

>

Yposenb G6e30nacHoro GyHKIHOHUPOBAHHUS

Puc. 2. Jlunamudeckasi MOJiesIb H3MEHEHHS CTPYKTYPHOI'O pa3HOOOpa3usi B TEUEHHE )KUZHEHHOTO IIMKJIa
CKOHCTPYKLMH-CUCTEMBI»
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O — MUHMMANBHO JOIMYCTUMBIH YPOBEHB 0€30MacHOr0 (h)yHKIIMOHUPOBAHUS,

A — HeoOXOoauMBbI HA0Op AJIEMEHTOB CTPYKTYpBI, OOECIeUHMBAIOMUN Oe30macHoe
(YHKIIMOHMPOBAHNE KOHCTPYKIIMH-CUCTEMBI,

(A—B) — cTpykTypHBIE TpaHC(POPMALIUH B IEPHOA (HYHKIIMOHUPOBAHHUS;

B — camo3apok/ieHre B KOHCTPYKLIUU-CHCTEME «CHCTEMBI-TIApa3nuTay;

(B—C) — uHTETpanbHBIC CTPYKTYPHBIC U3MCHEHHS 0a30BOU CUCTEMBI,

M — mepeopueHTHpOBAaHUE IEJCBOM (YHKIUU «KOHCTPYKIIMU-CHUCTEMB» Ha IeNb
(GYHKIIMOHHPOBAHUS CaMO3apOIUBIICHCS CHCTEMBIL;

(C—-D) — cumwxkeHue YypoBHS 0€30MacHOrO (QPYHKIMOHUPOBAHUSA «KOHCTPYKIIHUHU-
CHCTEMBI»,

(M —N) — akTuBHOE PYHKIIMOHUPOBAHUE «CUCTEMbI-TIApPA3UTA;

N — 3aBepiieHHE )KU3HEHHOTO IIUKJIA «CUCTEMBI-TIAPA3UTa;

D — 3aBepuieHue )KM3HEHHOTO IUKJIA «KOHCTPYKLUU-CUCTEMBI.

Takoe onpezneneHue Ha Hall B3TJIsJ IPABOMEPHO, ITOCKOJIBKY TPEIIMHA CAMO3apOINIach
B 0a30BOI CTPYKType M UepIiaeT SHEPTHUI0 Al COOCTBEHHOTO Pa3BUTHSI U3 CBOETO OKPYKECHUS
— MaTepualla KOHCTPYKLIUN CUCTEMBI.

Ilenp CymecTBOBaHMS M Pa3BUTHS «CUCTEMBI-IIAPA3UTa» 3aKIIOYACTCSs B IIOJIHOM
IIPOXOKJICHUH COOCTBEHHBIX 3TAllOB CBOETO KU3HEHHOI'O IIUKJIA — OT CAMO3apOKICHUS uepes
pa3BUTHE JO 3aBEpLICHHUS CBOEr0 CYLIECTBOBAHMS. 3aBEPUICHUEM CYIIECTBOBAHUS
«TPELIMHBI-CUCTEMbI) SBJISIETCS BBIXOJ €€ ()pOHTa Ha MOBEPXHOCTh 0a30BOMl cuctembl. Ha
9TOM 3aBEpIIAECTCS JKU3HEHHBIM IMKJI «CHCTEMbI-TIapa3uTa», YTO BBI3bIBAET HEU30EKHOE
3aBepIleHHE HCTOPUU CYLIECTBOBAHUS «KOHCTPYKLIUU-CUCTEMbD». TakuM 00pa3oM, HHMIALMS
CTPYKTYpPbl «KOHCTPYKLHUU-CUCTEMbI» YEPE3 BBIPOKIECHUE BCETO MHOI000pa3Hs CTPYKTYPHBIX
COCTAaBJISAIOUIMX JO BO3HHUKHOBEHHS HOBOW CPAaBHUTEIBHO IPOCTOM «CUCTEMBI-TIApa3UTa»
NPUBOJUT K HApYIIEHUIO €€ BHEIIHEHl 0e30IIacHOCTH U IIOJHOMY BBIXOAY U3
(YHKLIMOHAIBHOI'O COCTOSTHHUSL.

6 BBIBOJAbI

[IpencraBineHre CTPOUTENBHBIX W3JIENMM W KOHCTPYKUMH B BHAE CTPYKTYPHO
OpPraHM30BaHHBIX CHUCTEM Ha JIaHHOM OJTalle HCCIEIOBAHMN CIEIyeT paccMaTpuUBaTh Kak
cBOe0oOpa3HOe Hayano OOBSCHEHHS MEXaHW3MOB (DYHKIIMOHHPOBAHUS CTPYKTYPHPOBAHHBIX
00bekTOB. CTPYKTYpHBIH MOIX0J Oa3zupyercss Ha YKOPEHSIOUIEHCS HAaydHOM MJIe0JIOTHH,
OCHOBAaHHOM Ha HJESIX M METOJaX CUCTEMHOIO MBIIUIEHUS W CUHEPIETHKE, Ul KOTOPBIX
MIOHSTHE «CTPYKTYpa» ABISETCSA JOMUHUPYIOLIUM.

Heus30exHbllt CABUT MapagurM B HANpPaBICHUH CTPYKTYPUPOBAHHBIX OOBEKTOB
3HAYUTENIBHO YCKOPHUTCS IIPH CO3JaHUM COBMECTHOTO TEPMHHOJIOTHYECKOIO CJIOBaps
MaTepHaioBeIOB U KOHCTPYKTOPOB U BBIpaOOTKE OOIIEro CTPaTerHuyecKOoro HampaBieHUs
MOJIyYE€HUSI «KOHCTPYKLUUH-CUCTEM» C TpeOyeMbIM HAa0OpOM HEOOXOJUMBIX 3JIEMEHTOB
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TEMIIEPATYPHI HAIPYKEHHSA Y KJIEHOBOMY
3’€EJHAHHI. CITPOIIEHA IBOBUMIPHA MOJIEJIb

Kypennos C. c.tl bapaxos K. .t

1 . o . o . .
Hayionanenuii aepoxocmiunuii ynisepcumem im. M. €. JKyxoscorozo « XAy

AHoTamisn: B neskux BUmMazkax NpU PO3paxyHKy HAIPYKEHOTO CTaHy KIIEHOBOTO 3'€HaHHS
HeoOXiZJHO BpaxoByBaTH AedopMalii B IIOMKHI 3'€eqHaHHs, o0yMoBieHi koedimieHtamu [lyaccona
JeTalnel, mo 3'€MHYIOThC. 3HAXOMKEHHSI HANPY)KEHOTO CTaHy 3'€JHAHHS B 3aralibHiN JBOBHMIipHUI
TTIOCTAHOBITI € HAA3BHUYAWHO CKJIATHOIO TPOOJIEMOI0 1 aHAMTHYHHNA pO3B 30K AAHOI 3amadi JIOCi
HeBimomuii. P. Anmamc 3ampornoHyBaB BBECTH B MOJENb JEsIKi CIPOIICHHS, HAaNPWKIIa] BBaKaTH
JOTWYHI HANpyKEHHS y IHapaxX, MmO 3 €IHYIOThCS, PIBHUMH HYIIO, TOOTO BBa)XKaTH IUIACTUHHU
a0CONFOTHO MiAAATIMBUME A0 3CyBY. Llg rimoTe3a m03BOIS€ 3HEXTYBATH MOXIIHUMH BiJ JOTHIHUX
HaNpy>XeHb B PIBHSAHHSIX PIBHOBAard i 3BECTH 3a7adyy A0 CHCTEMH JBOX OU(EpEeHLiaNbHUX PiBHAHB B
YaCTUHHUX TOXIJHUX BiTHOCHO HOPMAaJbHUX HANpYXXEHb B OJHOMY IIapi, ajie K He JIa€ 3arajbHOro
po3B’sa3ky 3amaui. IlizHime Oyno OTpUMaHO pPO3B’SI30K 3a3HAUEHOI CHUCTeMH Iu(epeHIiaTbHIX
piBHSHB y BursAi moaBidHMX psniB Dyp'e. Llg merommka Takoxk Oynna 3acTOCOBaHA B JESKHX
MOAJIBIINX POOOTAX IS PO3B’SI3aHHS aHAJIOTIYHMX 331a4. B maHil poOoTi MOOyA0BaHO aHATITHYHUH
PO3B'I30K 3a7adi 3 BH3HAYEHHS HANPYKEHOTO CTaHy KIEHOBOro 3'€MHAHHS B HaONWKEHIH
JMBOBUMIpHIA TIOCTAaHOBII B MPSIMOKYTHiM o0nacTi. BHKOPUCTOBY€EThCS ABOBHMIipHE Yy3aralbHEHHS
kiacuuHoi Moxeni DonbkepceHa. s moOya0BH PO3B’SI3KY 3aCTOCOBAHO TINOTE3y PO MAJiCTh
MOXITHUX BiJl JOTUYHUX HAMIPYXEHb Y IIapax, o 3’ e¢aHytoThcs. Lle Hakmagae oOMexeHHs Ha KpalioBi
YMOBH Ha OIYHMX CTOpPOHAX IUIACTHHKH — HOPMAJbHI HANPYXCHHS BBAXKAIOTHCA PIBHOMIPHO
PO3MOIIICHUMH y3/I0BXK CTOPIiH, & JOTUYHI — JOPIBHIOIOThH HYJII0. PO3B'SI30K OyAy€ThCS 3a JOMOMOTOO
METOAY BiJIOKpEeMIICHHS 3MiHHUX 1 Mae BUIISLI psiny Dyp'e 3a opHi€eI0 3 KoopaAuHAT. 301KHICT MeTOIa
oOrpyHTOBaHO. P03B’s3aHO0 MomenpHI 3amadi, SKi UTIOCTPYIOTh BIUIMB MPYKHUX XapaKTEPUCTHK Ha
MOTIEpeYHi Hampy>KeHHA B Kiero. JocmipkeHo TemrepaTypHi HalpyKeHHs y KieloBoMy mapi i
BCTAHOBJICHO IIO KJIACHYHA OJJHOBUMIpHA MOJIEIb /A€ JIEII0 3aHWKEHI 3HAYCHHS HANPYy>KEHb.

KirouoBi cioBa: kieiioBe 3’eiHaHHS, IBOBUMIpHA MOJENb, TEMIIEPATYpHI HAaIpPyKEHHS,
BiJJOKpEMJICHHS] 3MiHHHX.

THE TEMPERATURE STRESSES IN THE ADVERSIVE JOINT.
A SIMPLIFIED TWO-DIMENSIONAL MODEL

S. Kurennov', K. Barakhov'
'National Aerospace University H.E. Zhukovsky «Kharkiv Aviation Institute

Abstract: In some cases, when calculating the stress state of the adhesive joint, it is necessary to
take into account deformations in the joint plane caused by the Poisson's coefficients of the connecting
parts. Finding a tense connection state in a two-dimensional overall formulation is an extremely
difficult problem and the analytical solution to this problem is still unknown. R. Adams suggested
introducing some simplifications into the model, for example, to consider the tangent stresses in the
connecting layers to be equal to zero, that is, to consider the plates absolutely susceptible to shear.
This hypothesis allows one to neglect derivatives of tangent stresses in equilibrium equations and
reduce the problem to a system of two differential equations in partial derivatives relative to normal
stresses in one layer, but does not give a general solution to the problem. Later, the solution of the
specified system of differential equations in the form of double Fourier series was obtained. This
technique has also been applied in some further work to solve similar problems. In this work, an
analytical solution to the problem of determining the stress state of the adhesive joint in the
approximate two-dimensional formulation in a rectangular region is constructed. A two-dimensional

Kypennos C. C., bapaxos K. I1.
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generalization of the classic Volkersen model is used. The hypothesis of the smallness of the
derivatives of tangent stresses in the connecting layers was applied to construct the solution. This
places a boundary on the boundary conditions on the sides of the plate - normal stresses are considered
to be uniformly distributed along the sides, and tangents are zero. The solution is constructed using
separation of variables method and has the form of the Fourier series in one of the coordinates. The
convergence of the method is substantiated. It solves model problems, which illustrate the influence of
elastic characteristics of the transversed stresses in glue. The fact of temperature strain in adhesive
joint is analyzed and it was found that classical one-dimensional model gives somewhat lower values
of stresses.

Key words: adhesive joint, two-dimensional model, temperature strain, separation of variables.

Kypennos C. C., bapaxos K. II.
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1 BCTYI

PosrisimaeTsest 3amada 3HAXOPKEHHS HANPYXEHO-Ie(OPMOBAHOTO CTaHy 3 €IHAHHS
BHAITYCK JIBOX NPSIMOKYTHHX IUIACTHH. 3TMH IUIACTHH HEXTYEThCs. JlOCHiIKYEThCS B3aEMHUN
BIUIMB IO3J0BXHIX Ta TONEpeYHUX Jedopmaliii Ha HaUpyKeHHS y kieidoBomy miapi. s
noOY/IOBH aHATITUYHOTO PO3B’S3KY IUIACTUHH BBAXKAIOTHCS A0CONIOTHO MiAMATIMBUMH 0
3CYyBYy Y IUIOIIMHHU, a JIOJIaHI HOpMaJibHI HABAaHTAXXCHHS — PIBHOMIPHUMH B3JIOBXK OIYHHX
CTOpIH MJIACTHHOK.

2 AHAJUII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA ITPOBJIEMHU

[Tepmioro 1 HaOLIBII MPOCTO MOJEIUIIO KJICHOBOTO 3’€THaHHS € Mojelb DosIbKepceHa
[1]. Tlopmanplie yTOYHEHHS OJHOBHMIPHHUX MOJENeH 3’€IHAHHS OYJIO HAampaBICHO Ha
BpaxyBaHHs B3a€MHOTO BIUIMBY BUTHMHY HECYYHX IIApiB i JOTUYHHX HANpPYKeHb B Kiei [2],
MOJICJIIOBAHHSI HECY4YMX mIapiB OankaMu THMOIIEHKO, BUBYEHHS BIUIMBY HEJIHIHHOTO
MOBOJKEHHS KJIEHOBOTO Tporiapky [3], y3araibHeHHs Mojenei Ha Oiiblie yrcio mapis [4].
CyuacHMii PO3BUTOK LIOTO HANPSIMKY OPIEHTOBAaHMW Ha PO3B’S3aHHS 337ad 31 3HAXOKCHHS
HaNpy>KEeHOro CTaHy 3’€JHaHb MpH Jii AUHAMIYHUX HABAaHTAXXEHb, 3HAXOJKEHHS HaNpyXEeHb
y 3’€JHaHHAX, [0 MAIOTh TPIIIMHU YH BiJIIIApDYBaHHS B KJIe1, yTOYHEHHS HANPYKXEHOTO CTaHy
KJeioBoro mporiirapky [5], BBy dGopmu i po3Mipy Gacok Ha HampyKEeHHs MOOIM3Yy Kparo
KJIEHOBOro 1mBa, TOmO. Bci mepemiyeni Mopeni € OJHOBUMIPHHMH, TOOTO JOCIHIIKYIOTH
PO3MOALT HANpyKEHOro CTaHy B3JOBXK 3’€qHaHHA. IIpu oMy po3monin HampyXeHb 3a
TOBIIMHOIO BBAKAETHCA 3aJaHUM (MOJENb CTPWXKHS YW OankuM) a 3a IIHPHHOK —
piBHOMIpHUM. TOOTO y MOJEINSAX HEXTYEThCS BIMB HAIIPY)KEHb Y MO3/I0B)KHBOMY HalpsiMy Ha
norepeyHi nedopmarii Ta B3a€MHUN BIUIMB MO3JOBXKHIX Ta MONEPEYHUX JedopMamniid mpu
CKJIaJHOMY Hampy>K€HOMY CTaHi.

OpHak B JESIKMX BUNAAKAX TMPH PO3PaXyHKy HANPYKEHOrO CTaHy HEOOXiIHO
BpaxoByBaTH Jedopmaliii B MIOIIMHI 3’€IHaHHS, 0OyMoBieHiI Kkoediuientamu [lyaccona
netanei, 1o 3’ €JHYIOTbCS. 3HAXO/DKEHHsI HANpy>KEHOro CTaHy 3’€HAHHS B 3arajbHId
JIBOBUMIPHHMH TTOCTAHOBIIl € HaJ3BHYAHO CKJIaJHOIO MPOOJIEMOI0 1 aHATITUYHUNA PO3B’SI30K
naHoi 3amaui joci HeBiomuid [6]. B 3B’s3Ky 3 1uM Oyii0 3amporOHOBAHO BBECTH B MOJICITh
JiesiKi CIIPOLIEHHS, HaNpHKIaJ BBaXKaTH JOTUYHI HAaNpPYKEHHS Y Iapax, 0 3’ €THYIThCS,
PIBHHMH HYJIO, TOOTO TUIACTUHH BBAXKAFOTHCS aOCOJFOTHO MiJIaTIUBUMHU 10 3cyBy [7]. Lls
rinoTesa J03BOJISIE€ 3HEXTYBATH MOXITHUMH Bl TOTUYHUX HANPYKEHb B PIBHAHHIX PIBHOBAru
1 3BECTM 3a7auyy [0 CHUCTEMHU JBOX JAu(depeHIiabHUX pIBHAHb B YAaCTMHHMX MOXIAHHUX
BITHOCHO HOpPMAaJIbHUX HAaNpyXeHb B OJHOMY Ilapi. AJje 3arajJibHUM poO3B’SI30K 3a/1adi B
poboti [7] He ortpumanHo. B poGori [8] oTpumaHO poO3B’S30K 3a3HAYEHOI CHCTEMHU
nudepeHIiaTbHUX PIBHAHB Y BUIJIAAI NOABIHHUX psniB DPyp’e. g metonauka takox Oyna
3aCTOCOBaHa B MoJaibIIUX poboTax [9-11] nmst po3B’s3aHHS aHAJIOTIYHUX 3a7a4.

VYV naHiii poOOTI OTpUMaHO AaHAIITUYHUN pO3B’A30K 3agadl (B paMKax OINUCAHOL
HaOmKeHol Teopii), sIKUil OyIyeThCs 32 JOIMOMOTOK METOJIy BiIOKPEMJIEHHS 3MIHHHMX 1 Mae
Burisin  psagy @Dyp’e 3a oxaHiero koopauHaTor. Bmepmie BkazaHuit  miaxin  Oyno
3aIpOIIOHOBAHO OJHHMM 3 aBTOpiB y poboti [12], ane aBTOpOM MOCTIDKYBAJIHCS JIMIIIE
HampyXeHHsI, SKI BUKJIMKaHI HaBaHTaXeHHsAM. B naHiii poOoTi Monenb pPO3BHHYTO Ha
JOCHIJKEHHSI TeMIepaTypHux naedopmariii, ski MOXYTh CYTT€BO BIUIMBATH Ha MIIHICTb
KOMITO3UTHUX KOHCTPYKITIH.

Kypennos C. C., bapaxos K. I1.
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3 b TA 3AJAYI JOCJIKEHHS

MeToro poOOTH € TOCTIKEHHS TeMIEepaTypHUX HAIpPYXEeHb y KJICHOBOMY 3’€JHAHHI.
JInst TOCSATHEHHS METH 3aCTOCOBAHO CIIPOIIEHY IBOBUMIPHY MOJIEINb KJICHOBOTO 3’ €THAHHS.

4 PE3YJBbBTATHU JOCJIIKXEHb

PO3riIsiHEMO CKIIE€HI MPSAMOKYTHI IacTHHKH (puc. 1) Dz{(x, y) €[0, Il]x[O,IZ]}, sKi

MaloTh TOBLIMHY O, Ta 0, BiAmoBiaAHO. JIo GiYHKMX CTOPIH IUIACTUHOK MPUKIIaCH] piBHOMIpHI
HOpMaJIbH1 3yCHILIS.

0 2 L
Puc. 1. Cxema 3’eqHanHs

Po3B’si3anHs 3a7aui Oa3yeTbhcs HAa HACTYNMHHMX rinote3ax [6-8]: kieioBuil mpormmapok
MpalLioe TUIBKH Ha 3CyB; HANpyXEHHS PIBHOMIPHO PpO3MOJiIIEHI 3a TOBIIMHOIO IIApiB;
HaIpsIMKH OPTOTPOITii IIapiB 30IraroThCsl 3 HANpPSIMKaMH KOOPJIWHATHUX OCEH; e(eKTH,
MOB’sI3aHl 3 BHUTMHOM, HE BPaxOBYIOThCS; IOTHYHI HANpPYKCHHS B HECYYHX [Iapax
BBAKAIOTHCA BIACYTHIMH a00 MOCTIMHUMH Yy IUIONIMHI 3 €JHAHHS, TOOTO MOXiJHI BiJ HHUX
JIOPIBHIOIOTH HYJIIO.

PiBHsIHHS piBHOBaru qu)epeHIlialbHUX SIEMEHTIB BEPCTB MalOTh BUTIIS [7]:

N oW GNS’ oq® N oq® aNf) oq®
Tt +W_0, T, + By o =0, -7, + T Y =0, —ry+7+ x =0,
ae  T,T, - JOTUYHI HampyXeHHs B KiIeoBOoMy Iapi B HampsAMKax X,Y;

N®), Nik) - HOpMalTbHi 3ycuiutsi B Hecydomy mapi kK (k=1,2) y BiAMOBiIHOMY HANpPSIMKY

(N =500

X 1 N§k) =5k0$)); q™ - gormuni sycumns B k-m mapi (q% :5krfy<)).

BinnoBigHO 10 mpuHATOI BHILE TIMOTE3H MPO PIBHICTh HYJIIO MOXIAHHUX BiJ JOTUYHHUX
3yCHJIb B HECYUMX IIapax, piBHAHHS PIBHOBArM MOKHA 3alMCATH Y BUIJISIL:

ON® oN NP ONy?
TX+ aXX :O, Ty+ ay :0, T, — a; :O, TY_FW:O. (1)
['pannuHi ymoBH
N)Ek) | x:0:n>(<',<3 ! N)Ek) x=l; = n>((l,(l) ' N)(/k) y:O: n§/k3 ! N)(/k) ‘ y=l, = ni/kl) ! (2)

MTOBUHHI 33JI0BOJIbHSITH YMOBAM 3arajibHOi pIBHOBAru 3’ €IHAHHSA

Kypennos C. C., bapaxos K. II.
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® 2 _ ~® (2 _ a® , @ _
N~ +N;~ = Mo +Ng=Nng+n7 = F

X!

©)
@ 2 _ O (2 _ @ (2) _
N, + N7 =njo+n/=n7+n75 =F,.
Hanpy>xeHns B ki1eiioBHil pomapKy MpoIOpIiiiHi pi3HULI TepeMIlIeHb MIapiB
G, G
- 2 ® o _yo
Tx_?(ux U7, Ty_;(uy -U,"), (4)
0 0

ne Uik) ,US() - TIepeMillieHHs y BiANOBiAHOMY HanpsMKy K -ro mapy; G;, &, - Moaynb 3CyBYy i
TOBIIMHA KJIEHOBOTO LIApy.
3akon ['yka it neranei, o 3’€IHYIOTbCS, Ma€ BUTJIS
k (k) \J (k) (k) (k) N\ (K)
8(k) _ Ni ) _'qu Ny Ny _/uyx Nx
x o () Q) (k) )
o E, ok, o E, oE,

+a{T,, & = +alT,,

(k)

X

ne Ex(k), E§k), yf(:), ,uf,';), a af,k) - Moxmyni mpyxkHOCTi, koedimientn Ilyaccona i

KOCQIIIEHTH JTHIHHOTO TEMIEPaTypHOrO pPO3IIMPEHHS Yy BIAMOBIIHUX HANpsMKaXx;
T, - pi3HHII CepeHBOI 3a TOBLIMHOK TeMIeparypu (GOpMyBaHHs 3 €IHAHHSI 1 TEMIEPaTypu
eKCIUTyaTarlii.
Hudepenuiroroun nepiri nBa piBHsSHHSA (1) 1 3amexxHocTi (4), MOTIM 3aCTOCOBYIOUU
ol R (.9 [ (k)/ (k) — (k) ; ;
criBBinHomenns Komi & =0U,” /OX ta ¢;” =0U, /ay , 3aKoH ['yka 1 yMOBM piBHOBaru

3’e¢nHaHHsA  (3) JUId  BHUKIIOYEHHS 3YyCHIb Yy JpyroMy Iapi, OTPHUMAEMO CHCTEMY
mrQepeHIiaTbHIX PIBHSAHB 010 3YCHIIb B OJHOMY (HAIIPHUKIIA, B IEPIIOMY) HECY4OMY HIapi

aZNil) () ()
pw —c, N7 +¢,Ny7 +¢, =0,
22N® (5)
—+C,uN® —c,,N{’ +¢,, =0,
1 2 1 2
C, = po(l) +L(2), c, = /’I)((y) E;) N ﬂf(y)g()) . u)(/x) 2;) +,U§X) 2()) o, = po(l) _l_i(z),
oE;”  0,E, ok o,E, oE  O,E, oE;”  O,E,
QF F QF
Cs3 =P 5;;22) B ,;I:VE)(IZS)/ +0£)((2)T2 _ail)Tl » C3 =Py 5, |Ey§2) N gzwl(fi;; +0!3(/2)T2 —Olil)Tl ,
_G
Po = 5,

Hampyxenuil cran nepiioro mapy B TOYI[l B JaHId IOCTaHOBLI 3aJadl OMHCYETHCS
JIBOMa HOpPMaJIbHUMHU HamnpyxXeHHsSMH. Ha rpanuimi 3agaHuil juimie oJuH 3 KOMIIOHEHTIB
TEH30pa HaIpPYXEHb, a JPYIMi 3HAXOAUTHCS 3 PiBHAHb piBHOBaru (5). Ilpum npomy oxne 3
PIBHSIHb Ha TpaHUIll HA0yBa€ BUTIISIY 3BUYAHOTO AU(EPEHL1aIbHOTO PIBHAHHS:

7B, 6B, +Gy oy —0; Sou ¢ W =0 6
8X2 TPy 131G, y,j Y ayz —Cy y,j+C23+C21nx,j_ | ( )
ne j=0,1; uns 3ycuib B3J0BXK IPaHUIb BBE/IEHI IT03HaueHHs B, ;= Nil) o’ B, = NS) o,
B, = NS) , B,y = N§1) - Po3B’s13ku piBHSHB (6) MalOTh BUTJIS:
' y=l ! X=l

Kypennos C. C., bapaxos K. I1.
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nw
12 Y. C13

. ™

n®w
21 Xj+C

B, ; (y)= SSJ. sinh(a,,y) + 34,1 cosh(a,,y) + e

22
e a11:\E’ azz:\/;-

Cranmi 3HaxomAThcs 3 KpailoBux ymoB (2). Bupasu (7) sBasioTh co00r0 KIIacH4HI
OJHOMIpHI PO3B’A3KM 3ajaui Mmpo HampyxeHuid cran 3’emaHanHs [1, 3]. 3ycumia (7) €
KpalOBUMH yMOBaMH Ha OIYHMX CTOpOHAX IUIACTHHKM Yy CYKYMHOCTI 3 ymoBamu (2).
BianoBinHO HampyXeHHS y KJICHOBOMY IMIapi 3a OZHOMIPHOIO MOJEJUII0 BHU3HAYAIOTHCS
HACTYITHHM YHHOM:

T.(x)= (1)J B (¥, T, ()= (1)J By

B, ;(X) =S, ;sinh(a;,x)+ S, ; cosh(a,x) +

BuxirounBIg 0HY 3 HEB1IOMHUX B cucTeMi (5), OTpUMAEMO PIBHSHHS:

o*N® O*N® *N®

i A R TAND A ®

54 (l) aZN(l) aZN(l)

axay 7B 52y -B, ay2y +BSN§l):B4’ 9)
X

ne A1 = C22’ Az = C11’ A% = C22(:11 _C21CIZ' A4 = C22C13 +C12C23;
Bl = C221 Bz = C111 Bs = C22C11 —C12C21, B4 = C:11023 +C21C13-
PiBHSIHHS € HE3aJIeKHUMH 1 JO3BOJISAIOTH 3HAUTH 3yCHUIUIS N)((l), Nf,l) . BriM, MoxHa

3HAWTH 3yCWUIA B OJHOMY HampsMKY, a 3yCUJUIS B 1HIIOMY 3HalTH 3 piBHAHB (5). OOuaBa
IIISIXU PU3BOJSATH 10 OJJHAKOBHX pe3yibraTis [12].

PosrnsiHemo moOynoBy po3B’si3ky piBHsHHSA (8). KpaiioBi ymoBu (2) Ha rpanunsx X =0
ta X=| Ta piBusHHEA (8) € HeomHopimHuMHU. [l BUKIIOYEHHS IMX HEOIHOPIAHOCTEH

MO3/I0BKHI 3YCHIIJISI IPECTAaBUMO Y BUTJISAIL
N® =R()+N(x, ), (10)

ne ¢ynkiis R(X) 3a70BOJbHSIE BiAMOBIIHI HEOAHOPIAHI KpaiioBi yMOBH (2), TOOTO (yHKIIis
N(X,y) ua rpanaunsx X =0 Ta X=I, Mae ogHOpinHi KpaiioBi yMOBH.
[TincraBuBim Bupas (10) B piBHAHHA (8), OTpUMAEMO PIBHSIHHS

Al +A3R A (11)
84N o°N o°N _
axzayz_A.L x> _Az ayz +A3N_O' (12)

Po3B’s130k piBHsHHS (11) Mae BUTIISIT

R(x) =V, sinh (\/%X}LVZ cosh {\/%X]+% (13)

Koucrantn V), i V, BH3HauawThcs 3 BiAmoBimHMX KpaiioBux ymoB (2). ITorpiGHO

Bi3HAUMTH, 10 QyHKUisA (13) Oyna 3ampornoHoBaHa B poOoTi [7] sik HAOIMKEHUH PO3B’SI30K
cucremu (5). Cnig 3ayBakuTH, 110 MO3J0BXKHI 3ycwiuis (13) mMaroTh BUIIIAN, aHATOTIYHUI

Kypennos C. C., bapaxos K. II.
https://doi.org/10.31650/2618-0650-2019-1-2-36-45 41




Ne2, 2019
Crop. 36-45 / Page 36-45

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

sycwiuriM  (7), ane Bigpi3HSETHCS B KIACHYHOTO pO3B’s3Ky (7) THM, IO BpPaxoBYe
KOPCTKICTB IIApiB TAKOX 1 Y MOMEPEYHOMY /10 HAaBaHTa)KCHHS HAIIPSIMKY.

Ockinbku HeomHOpiaHi KpaioBi ymosu (2) mpu X =0 i X =1, BpaxoBano 3a 10MOMOro0
¢byukuii (13), To BianoBigHi kpaiioi ymoBu st N(X,Yy) Oynyrs ogHopianumu. Lle no3Bomsie
3aCTOCYBaTH METOJ| BiJIOKpeMJIeHHs 3MiHHHMX. P0o3B’s130K piBHsAHHS (12) mIykaemo y BUTJIISII
n00ytky N =Y (y)X(x).Po3ainuBuiu 3MiHHI, OTPUMAEMO CUCTEMY PIBHSIHb

dX

) —(A+A"A)Y =0.

P03B’s130K 1epiioro piBHSIHHS Ma€ BUTJIS

X (x) =C,sinAx+C, cos AX.

Ockinbku kpaitoBi ymou st N(X,y) Ha croporax X=0 i X=I|, ogHopiaHi, To BoHH
onuopinHi i g X (X) . @ynkuis X (X) 3a10BOJIbHSIE KPaiiOBl YMOBH 1 TOTOKHO HE JIOPIBHIOE

Hymo, Tinbku skmo A, =7zn/l; i C, =0. Po3B 30K Apyroro piBHAHHA CHCTEMH Ma€ BUTJISLL:

. 12+ 7%n?
Y (y) = C,sinh(,y) + C, cosh(z, y), 4, =«/w -

[TizcymyBaBmm 1o N i migcTaBUBIIM OTpUMaHi pe3yibTatu B (10), oTpumaemo

N® = R(x) +Zsm X[ C,, sinh(u,Y) +C, , cosh(s,Y) | (14)
3a10BOIBHUBINY KpaiioBi ymoBu (7) Ha croponax y=01i Yy =1,, orpumaemo piBasHus

Z%Sln =B, (x)=R(x),

Y sinZX[C, sinh(ul,)+C, , cosh(z),) | = B,, (x) - R(X).
n=1

Il
BHKOPHCTOBYIOUM TIOBHOTY Ta OPTOTOHAIBHICTH cucTemu ¢ynkmii Sinznx/l, wa

Bipisky [0; I1] , OTPUMAEMO

2 j(BX1 ~R)sin 2 dx—C, , cosh(z,,)

2 _ T y _ lo Il
I(on R)sin—= ) dx, C;, = Sh(a )

. . 1
O6I/I,Z[Ba 1IHTCTpajia OOYHCITIOIOTHCS aHATITHYIHO. 3YCI/IJ'IJ'I}I N§,) MAarOTh BHUTI'JIA]

o _ - . 7zhy .
N =T(y) +nZ:1:sm T-[Csvn sinh(v,X) +C, , cosh(v,X) |, (15)

e T(Yy) =V3Sinh(‘/(B3/Bz)y)+V4COSh(ﬂ/(B3/BZ)y)+ B,/B,, crami V, i V, 3maxonarecs i3

BIJIMIOBITHUX KpaioBUX yMOB (2). B cBoro uepry

Kypennos C. C., bapaxos K. I1.
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I,
2 .y
=1 (B,,—T)sin=—=dy-C, , cosh(v,|
[, ] @e D el
"\ BlZ+zn? T " Sinh(v, 1) ’

Can = 2[ (B,o(y) ~T(y)sin
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dy.

|2
QopMmynu Uil Hampy)KeHb B KIEHOBOMY IIapi MOXHA OTpuMatd 3 piBHIHB (1),

mudepentirorouu (13) 1 (14). 3ycusuist B ApyroMy mapi 3HaX0IAThCA 13 CIIBBIIHOIIEHB (3).
ABTOpaMH TaKOX JOBEACHO, Mo KoedimieHtu psaaie Dyp’e B Bupazax (14) 1 (15)

3MEHIIYIOTHCS TIPonopIiiino N~°, i ockineku lim g, =const i limy, = const, o Bupasu (14)

1 (15) nomyckaroTh qBOpa3OBE ,III/I(bepeHL[iIOBa:{:IO:I ie pO3B’513KarI1VZ/;OpiBH5IHB (5), (8), 9).
Posriisinemo  Hampyxkenuit cran  3’emmands: | =1, =20mMm, O, =1mmM, 5, =0,5MmMm,
0, =0,15mm, G, =4,2ITla. Tlepinii miap BUrOTOBJICHHUII 3 BYIJICIUIACTHKA 3 HAMPSIMKOM
apMyBaHHSI B3JIOBX OCi X (Eil) =181IT]a, E§l) =101ITIa, ,u&) =0,28, ail) =-0,5-10°K™,
ail) =34.10°K™), npyruii map BurotoBmenmii i3 amominito (E? = Ef) =T721Tla,

uij’ =0,32, o’ = af/l) =23,8-10° K™) . HaBaHTaKeHHs BifCyTH:

N &)

X

_N®
x=k NX

Xﬂ:o,Nymﬂ:Nymwzo,ksz

BBaxxaemo 110 3’€THaHHS Ma€ PIBHOMIPHHMN HArpiB J0 JESKOi TeMiiepatypu. BHacigok
pi3HUI Koe(imieHTIB JHIHHOTO TEMIIEPATypHOTO pPO3IIUPEHHS IapiB y 3’ €IHaHHI
BUHUKHYTh HanpyxXeHHi. ['padiku JOTHYHMX HANpPYXEHb y KICHOBOMY IIapi HABEJICHO Ha
puc. 2. [l Toro, mo0 BUKIIOUUTH 3 JOCIIKCHHS BIUITMB TEMIIEPaTypH, rpadiki HaABEJCHO B
6e3po3mMipHii hopMi, K BITHOIICHHS JII0YMX HANPY>KEHb JI0 HAMIPYKEHb, SIKI PO3paX0OBaHO 3a

onHoBuMipHOIO Mozemmio T, (X) i T, (Y), (7) Ha kpato 3’eHAHHSA, y 30Hi Jie HANPYXKEHHS
JOCSATAl0Th MaKCUMAJbHUX 3HA4YEHb. Take MOJaHHS PE3yJIbTATiB Ja€ MOKIUBICTH OIIHHTH
BILTUB BPaxyBaHHs HEPIBHOMIPHOCTI HAMPYXEHOT'O CTaHy 3a MIUPUHOIO 3’ €THAHHSL.

Hpyruii  po3paxyHKOBMM BHMAaIOK — 3’€IHaHI [JBI MNPSAMOKYTHI IUJIaCTUHU
(I, =20mm, |, =30"Mmm, 6, =1MmM, 6, =0,5MM, &, =0,15mm, G, =4,21Tla) 3 amominiro
(EP = Ef) =721Tla, ,u)(;) =0,32, o = af/l) =23,8-10°K™), sxi MaoTh pi3Hy Temmeparypy

Ta BUIbHI BiJI HaBaHTa)XEHHs Tpanwuil. HampyxeHHs HaBeaeHO B Oe3po3MipHiN ¢opmi Ha
puc. 3.

Kypennos C. C., bapaxos K. II.
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Puc. 2. [lotnyHi Hanpy>xeHHsI B Kiei y mionmHi 3’ eqHanns (a), (D), 1 Ha rpanuui (¢), (d) y 3’eaHanHi
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Puc. 3. Jlotruni HanpyxeHHs B K€l y mionuHi 3°eanannst (a), (b), i va rpanui (¢), (d) y 3’enHanni 18ox
AIIOMIHIEBUX IJIACTHH.

5 OBI'OBOPEHHA PE3VYJIBTATIB JOC/IIIXEHHS

AHa3yI04H pe3yabTaTi 00YMCIEeHb MOKHA 3pPOOUTH HACTYITHI BUCHOBKH:

1) OnHoBUMIpHA MOZIETH Ja€ JIEII0 3aHUKEeH] 3HAaU€HHS MaKCUMaJIbHUX TeMIepaTypHUX
HampyXeHb y 3’e€qHaHHl. HanpykeHHs y kieiloBoMy Iapi, po3paxoBaHi 3a JBOBUMIPHOIO
MOJIEJIITI0 MOKYTh IEPEBUILYBATH BiAMOBIIHI HANPYKEHHS, K1 PO3paxoBaHi 3a OJIHOMIPHOIO
MozesIro Outeir Hisk Ha 30%.

2) Po3mip 3’e€qHaHHSA Maibbke HE BIUIMBA€ Ha MAaKCHMAallbHI 3HAYEHHS HaIPY)KEHb,
OCKUIbKU HEPIBHOMIPHICTh HAIMIPYKEHOT'0 CTaHy Ma€ Miclie JIHIle TOoO0IU3y Kparo 3’ €THaHHS.

3) TemmepaTypHi HaIpy>KEHHS y KJIEHOBOMY IIapi JOCATalOTh MaKCUMaJIbHUX 3HAYCHb
Ha Kparo 001acTi CKJIICIOBaHHS, a B CEpeInHI 00J1acTi — OJIM3BKI 10 HYJIS.

6 BUCHOBKH

OTpuMaHO aHAMITHYHUN PO3B’S30K 3a3Jadyl MPO TEPMOHAINPYXKEHHI cTaH KJIeHOBOTo
3’¢HaHHS B HaOJWKEHIN NBOBUMIpHIN mocTaHoOBIi. P03B 30K OTpUMaHO 3a JIOTIOMOTOIO
METOAY BIJIOKPEMJICHHS 3MIHHHX M JIOBEJEHO Horo 301kHICTE. OTpuMaHi pe3yinbTaTH

Kypennos C. C., bapaxos K. I1.
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MOKa3aJiv, M0 TEMIIepaTypHi HANpPYKEHHs, pO3paxoBaHi 3a OJHOMIPHOIO MOJIEIIIO CYTTEBO
HIDKYE, HDXK 3Hal/IeH] 3a 3aIpOITOHOBAHOIO BOBUMIPHOIO MOJIEILIIO.
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THE EXACT SOLUTION OF THE DIFFERENTIAL EQUATION
OF THE COMPELLED CROSS VIBRATIONS OF THE CORE
WITH ANY CONTINUOUS PARAMETERS

Yu. Krutii !, M. Surianinov?, V. Osadchiy *
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The compelled cross vibrations of a core with any continuous variable parameters,
loaded with evenly distributed harmonious loading are considered. The exact solution of the
corresponding differential equation of vibrations in partial derivatives is constructed for the first time.
As a result, in an analytical look formulas for dynamic movements and internal efforts in any section
of a core are received. A practically important case is considered when the external dynamic load
acting on the core is harmonic. For the external friction, the hypothesis is accepted according to which
the resistance force is proportional to the mass and speed of the core, and the internal friction is taken
into account according to the Kelvin-Voigt hypothesis, where the internal resistance force is
proportional to the first degree of the strain rate.

As is known, the Kelvin-Voigt hypothesis in its pure form has several disadvantages. The main
one is that it leads to a contradictory experimental data conclusion about the frequency-dependent
internal friction in the material. This drawback can be eliminated if we accept the adjusted Kelvin-
Voigt hypothesis, according to which the coefficient of internal friction is chosen inversely
proportional to the frequency with which the structure oscillates.

The dynamic parameters of the core are fully defined. The obtained formulas contain unknown
constants in the form of initial values of real and imaginary components (initial parameters).
Additionally, the formulas which are equivalent to them are proposed. They are recommended for
practical use during the study of the oscillations, which are different, the amplitude functions of
dynamic parameters are clearly distinguished in them.

The solution of this problem opens up the prospect of creating a new method for studying the
transverse vibrations of the cores with arbitrary continuous parameters taking into account the
resistances. For this purpose, it is sufficiently to indicate an effective method for the numerical
implementation of the exact solutions.

The integration of fourth-order linear ordinary differential equations with variable coefficients
leads to problems associated with calculating the parameters of various systems; therefore, the method
for solving the problem proposed in the article has a value that goes far beyond the limits of the

considered problem.

Keywords: cross vibrations of a core, variable parameters, harmonic load, equation of
oscillations, Kelvin-Voigt hypothesis, exact solution.

TOYHUM PO3B’SI30K JUPEPEHIIAJBHOI'O PIBHSIHHSI
BUMYHIEHUX ITOITEPEYHUX KOJIUBAHb CTPUKHA 3
JOBIVIbHUMH HEIIEPEPBHUMU ITAPAMETPAMU

Kpyriii 0. C., Cyp’sininos M. I'.}, Ocaxunii B. C.!

1 ; . .
Oodecbvka Oeporcasra akademis 6y0ieHUYMBA Ma apXimexmypu

AnnoTanis: Po3risgaroTbcs BUMYIICHI TOTIEPEYHI KOJMBAHHS CTPHXKHS 3 JOBUIBHHUMH
HEMEepepBHUMHU 3MIHHUMHU TapaMeTpaMy, HaBaHTAKEHOTO PIBHOMIPHO pO3MOALIEHUM
rapMOHIITHMM HaBaHTaXeHHsSM. Bmeprmie noOynoBaHO TOYHMH pO3B’SA30K BIAMNOBIIHOTO
TuEepeHIianbHOTO PIBHSAHHS KOJIMBaHb B YaCTUHHUX TMOXIOHUX. SIK HaCHiOK, B

Krutii Yu., Surianinov M., Osadchiy V.
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AQHATITHYHOMY BHIJIAII OJepKaHO (OpMyNn A JWHAMIYHUX MEpeMilleHb 1 BHYTPILIHIX
3yCWIb B JOBUIBHOMY Iepepi3i cTep)kHS. PO3rIsSHYTO MpakTHYHO BaXKJIMBUM BHUIAJIOK, KOJIU
Jif04e Ha CTPIIKEHb 30BHIIIHS TUHAMIYHE HABAHTAXXCHHS € TapMOHIHHUM. {7151 30BHIIIHBOTO
TEPTS MPUHAMAETHCS TINOTE3a, 3TiAHO 3 SKOK CHJIa OMOpPYy IPOMOpIiHHA Maci CTPHXKHS 1
IIBUJIKOCTI, a BHYTPIIIHE TEPTs BPaXOBYEThCS 3a rinoTe30t0 Kenbpina-PoxTa, 3riHO 3 SIKOIO
CUJIa BHYTPIITHBOTO OTIOPY MPOMNOPIIIiHA MEPIIOMY CTEIICHIO MBUAKOCTI Aedopmarrii.

Sx Bimomo, rimore3a KenpBina-Doxrta B 1i 4HCTOMY BUTIJSAI Ma€ Ppsl HEHOMIKIB.
I'onoBHUI 3 HUX MOJATA€E B TOMY, 10 BOHA MTPU3BOAUTH IO CYIEPEWINBOTO JOCIITHUM JaHUM
BHCHOBKY IIPO 4aCTOTHO-3aJIeKHE BHYTPIIIHE TEPTs B Marepiaii. 3a3HAYCHUNA HEOIIK MOXKe
OyTu yCcyHyTHi, SKIIO NPUHHATH CKOpuroBaHy rinmoredy KenbBina-doxTa, 3rifHO 3 SKOIO
KOC(QIIIEHT BHYTPIIIHBOTO TEPTSI BUOUPAETHCS OOEPHEHO MPOMOPLIHHMM YacTOTi, 3 SKOIO
KOJIMBA€ETHCSI KOHCTPYKIILiSL.

[ToBHiCTIO BHM3HA4YeHI AWHAMIUHI mapaMeTpu cTprwxHi. OTpuMani QOpPMYIH MICTATH
HEBIJIOMI CTaJli y BUIJISAAI MOYATKOBUX 3HAYEHb JIMCHHUX 1 YSIBHUX CKJIQJOBUX (TIOYATKOBI
napameTpH). J101aTKOBO 3alIpONIOHOBaHI PIBHOCHIIBHI iM (hOpMYIH, SIKi PEKOMEHTYIOTbCS IS
NPaKTHYHOTO 3aCTOCYBAaHHS IMPU JOCIIKEHHI KOJIMBaHb, SIKi BIAPI3HSIOTHCS THUM, IO B HUX
SIBHO BHJIUJICHI aMIUTITYAHI QYHKIIT IMHAMIYHUX TTapaMeTpiB.

Po3B’s30K mocTaBieHOi MPOOJIEMH BiAKPUBAE€ MEPCIEKTHBY JUIS CTBOPEHHS HOBOTO
METOAY JAOCIHI/DKEHHS TONEPEeYHHUX KOJHMBAHb CTPH)KHIB 3 JIOBUIBHUMH HENEPEPBHUMHU
napameTpamMH 3 ypaxyBaHHsAM omopiB. s 1poro moctaTHbO BKa3aTh €(PEKTUBHHN METO.
YHCEeNBbHOI pealtizanii 3HaiiIeHuX B poOOTI TOUHUX PO3B’SI3KIB.

Jo inTerpyBaHHs JiHIMHUX 3BUYAiHUX AU(epeHIlialbHUX PIBHSIHb YETBEPTOTO MOPSAIKY
31 3MIHHMMHU KOeQillieHTaMH TPU3BOAATH 3aBJAHHS, ITOB’s3aHI 3 PO3paxyHKaMHU MapaMeTpiB
PI3HOMaHITHHX CHCTEM, TOMY 3allpOIIOHOBAaHMW B CTaTTi METOJ pO3B’S3aHHS 3a/1adi Mae
3HAUYEHHSI, [0 BUXOUTH JAJIEKO 32 MEXI PO3TISTHYTOT MPoOIeMHu.

Kiawuosi ciaoa: BumyineHi KoOJMBaHHS CTPHXKHS, 3MiHHI IapaMmeTpu, rapMOHiiHE
HAaBaHTA)XCHHS, PIBHAHHS KOJIMBaHb, Timote3a KenbBiHa-DoxTa, TOYHUH pPO3B’S30K.
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1 INTRODUCTION

It is commonly known, the estimation of bearing ability of any design typically involves
issues of strength, stability and dynamics. Historically, the most structural elements in various
branches of technology were carried out with the constant geometric parameters in terms of
cross section. From the mathematical point of view, in the calculations it leads to differential
equations (or their systems) with the constant coefficients. The exact solutions of such
equations are made in many cases. If it is impossible to do the approximate or numerical
methods are used.

However, the development of technology, the construction of large buildings, the success
of aviation, aerospace, shipbuilding have highlighted the issue of reduction in consumption of
materials. One of the most effective ways to achieve this goal is the design of systems with
variable parameters, in particular, variable stiffness. In the calculations of such systems the
differential equations (or systems of equations) with variable coefficients have to be dealt
with. The success of mathematics in the solution of these equations looks rather modestly.
Only certain special cases of the construction of exact solutions are known. This work is
devoted to the actual problem, namely, the formation of exact solution of the differential
equation of core’s forced transverse vibrations with arbitrary continuous parameters.

2 LITERATURE DATA ANALYSIS AND TARGET SETTING

The integration of linear ordinary fourth-order differential equations with variable
coefficients is led by the problems associated with calculating the parameters of various core
systems, which are of great practical importance for various fields of technology. We note the
work of I. Babakov [1], T. Danilevich [2], O. Galas [3], G. Maslov [4], V. Svetlitskii [5-6],
E. Kharchenko [7-9], F. Shevchenko [10]. Asymptotic or numerical methods of solution are
used in these works.

This article is devoted to the compelled cross vibrations of direct, generally speaking,
non-uniform core of variable cross section of length 1, taking into account resistances.

We will combine an axis x with the line of the centers of gravity of cross sections of a
core and we will consider that its ends lie in points x=0 and x =1. Downward deflections of
the core are considered to be positive deflections.

The general scheme of vibrations is submitted in fig. 1. in fig. 2 the scheme of operating
efforts to a core element is represented at fluctuations.

Fig. 1. Forced cross vibrations of the core

Krutii Yu., Surianinov M., Osadchiy V.
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Fig. 2. Scheme of operating efforts to a core element

Here are the following notations:

g(x,t) —intensity of dynamic transversal loading reaction operating on a core;

m(x) — intensity of the distributed core weight (weight per unit weight);

y(x,t) —transversal movement of a point of the core axle with coordinate x in an instant
T (a dynamic deflection);

@(x,t) —dynamic angle of rotation;

M (x,t) —dynamic moment of deflection;

Q(x,t) —dynamic cross force;

r(x,t) —intensity of forces of internal resistance;

p(x,t) —intensity of external forces of resistance to move;
2

f(x,t)=—m(x)%—intensity of the inertial forces arising in the course of fluctuations
(strength of D'Alembert).

The corresponding differential equation of the cross vibrations, taking into consideration
resistance, is [1-3]:

;XZ (E(x)l(x)—}+m(x) + p(x,t) +r(x,t) =q(xt), Q)

where E(x)I(x) variable cross rigidity of a core;
E (x) —module of material elasticity of a core;
I (x) — moment of inertia of cross section of a core.

The equation (1) is true for model in which it is accepted to neglect longitudinal
movements of sections, their turns and shifts.

We will consider practically important case when external dynamic loading operating on
a core is harmonious

q(x,t) = q(x)sin 6t (2

where g(x) — continuous amplitude function of cross loading;

6 — frequency of the disturbing force.
For external, friction we accept a hypothesis according to which force of resistance is
proportional to the mass of a core and speed [11], and we will consider internal friction on
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Kelvin-Voigt hypothesis [12] according to which force of internal resistance is proportional to
the first degree of speed of deformation. In that case for intensity of forces of resistance we
will have:

p(x.) = am(x)ay, r(xt) =52 {a (E()l(x)—ﬂ @3)

where «, —constant coefficients of external and internal friction respectively.
Equation (1) taking into account (2), (3) assumes following form

(1 A jaz (E(x)l(x) j+m(x)§y+am(x)ay_q(x)sm6t (4)

Let cross rigidity E(x)1(x), running mass of the core m(x) and amplitude function of
loading g(x) represent any continuous functions of coordinate X .

However, as we know, it is not possible to find exact solutions of differential equations
with variable coefficients in the most cases. This circumstance was one of the main reasons
for rapid development of approximate methods.

Above mentioned is also fully applicable to the equation (4). For example, in widely
known monograph [13], in regard to the special case of the equation (4) when «=4=0 and
g(x) =0, they say that it is possible to receive the exact solution only in some special cases.
Therefore the performance task, even in that specific case «=£=0 and q(x) =0, represents
a difficult and actual scientific problem. It is quite clear that the existence of transversal
loading and resisting forces in the equation (4) only complicate this problem.

Kelvin — Voigt hypothesis in its pure form is reported to have several disadvantages
[15, 16]. The main one is that it leads to a contradictory experimental data conclusion about
the frequency-dependent internal friction in the material. This disadvantage can be avoided if
we accept the adjusted Kelvin — Voigt hypothesis [15], according to which the coefficient g
is chosen inversely proportional to the frequency with which the structure oscillates.
Accepting the version of frequency-independent friction for external forces [15], for the
coefficients of external and internal friction we assume:
where v —is the coefficient of inelastic resistance of the circumscription, y —is the coefficient
of inelastic resistance of the material of the rod.

3 PURPOSE AND OBJECTIVES OF RESEARCH

The purpose of this article is to construct an accurate solution of forced transverse
vibrations of the core with arbitrary continuous variable parameters, loaded with a uniformly
distributed harmonic load. Using the predicted solution, it is required to obtain the formulas in
an analytical form for dynamic displacements and dynamic internal forces in an arbitrary
section of the core.

4 RESEARCH RESULTS

The solution of the equation (4) will be found out with the generalized separation of the
variables

y(x,t) =y,(x)sin&t +y,(x)cosét (5)

where Y, (X), Y,(x) - are unknown functions depending only on a variable X.
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Having accepted the formula for a dynamic deflection in the form of (5), for other
dynamic parameters of core’s state, namely, for the angle of rotation, deflection moment and
transversal force, there will be:

o(X,t) = ¢ (X)sin &t + ¢, (X) cos bt ; (6)

M (x,t) =M, (x)sin&t + M, (x)cosét ; @)

Q(x,t) =Q,(x)sin &t +Q,(x)cos bt , (8)
where

@, () =Y;(x); M;(x)=-E)1(X)¢;(x); Q;(x)=Mi(x) (i=12). ©)

Therefore, the dynamic parameters will be defined completely by the functions
Y;(X), @;(%), M;(x), Q;(x), (j=12), which we will call components for the dynamic

parameters.
Substituting in the equation (4) its representation (5) instead of unknown function
y(x,t), after apparent transformations, there will be

LEOTO)YL)" =82 m(x)(y,(X) +vY, (X)) = 7 (ECOT () Y5 (X)) ~ () [sin 6t +
+ECOT()Y5(x)" =" m(x)(¥, () = V¥, (x)) + 7 (EC)1 (x){(x))" |cos &t =0.

This equality is obliged to be for any value t, that can be achieved, only having equated
to zero multipliers at the functions sin6t and cosét. After that we will have the system of
two differential equations which we will write down in a matrix form

1 =7 (EC)H(X) Y, (x))" 1 v)(v(x) X
( i’ ]( T =0'm(x) g 1) . 9)
y LUEEIT(X)Y;(X) - 1\ Y,(¥) 0
The constant matrixes, appearing in the record of system, are given by the uniform
homothetic transformation to a diagonal look:

1 - 1+i 0 1 v 1-iv 0
gt v S- v s S = _’
y 1 0 1-iy -v 1 0 1+iv

where S =(

1. Ilj— is transforming matrix (i— imaginary unit). Thereof, carrying out the
substitution (9)
[yl(X)J:S(Z(X)J
Y,(0) (z(x))
where

209 = 200000 75y HOO—v ) w0

— new unknown functions, we come to two self-contained equations

LHAEM (020" -0 L= inm(0z00 =12 (11)
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(1—iy)(E(x)|(x)ﬂ"j" — O (L+ivIm(x)z(X) = @ (12)

It is important to notice that each of the equations (11), (12) is derived from another one
by the method of complex conjugation. Therefore, if z(x)—is the solution of the first

equation, the solution of the second will be m and vice versa. Therefore it makes sense to

consider only one of these equations.
Let's choose for further consideration the equation (11), which we will copy as follow

(E)N(X)2"(x))" — A2m(x)z(x) = 2(2‘;)” , (13)

where A2 =92ﬂ.
1+iy
Let's put in compliance to the equation (13) The system of differential equations
equivalent to it. Thus as a vector of indeterminate we will accept the following vector

z(X)
z'(x)
Z(X) =
)= ¢ (01 (X)2"(x) (14)
—(E()1(x)z"(x))’
Then
4z() _ P(X)Z(x)— f(x), (15)
dx
where
0 1 01 0 0
0 0 ————— 0
P(x) = EQI0) |, f09=-30 0]
~22m(x) 0 0 0 1
At the beginning we will find the fundamental solutions of the homogeneous equation
(EC)1(¥)Z"(x))" —2°’m(x)z(x) =0, (16)
to which the homogeneous system will be corresponded
920) _ pyz(x). (7
dx

For this purpose we will insert into consideration four infinite systems of unknowns for
four times continuously differentiable functions b, ,(x), b, (x) (n=12,3,4) (k=123,...).
By means of these functions and their derivatives we form the following ranks on parameter
degrees A°:

Un (X) = bn,o (X) + ﬂ’zbn,l(x) + l4bn,2 (X) + /Iebn,S(X) AR (18)
Ur: (X) = br:,O (X) + ﬂ“zbr;,l(x) + /IAbr:,z (X) + /Iebr;,s(x) AR (19)
Ur:'(x) = br:fo (X) + ﬂzbr:fl(x) + l4br,1f2 (X) + /Ieb,:f3(x) AR (20)
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(EQ)TOU, ()" = (E(x)1(X)byo (X)) + A*(E() 1 ()b, (X)) +
+AHE) (b, (X)) +++;

(ECOT QU ()" = (EC) ()b, (X)) "+ A*(E() 1 ()b, (X)) +
+AHEM) ()b, (x))"+++-

(21)

(22)

So we assume that all the ranks evenly converge on the segment x €[0,1].
Unknown functions b, ,(x), b, (x) (n=1,2,3,4) (k=12,3,...) Will be found from the

statement that U A (x) Satisfies the equation (16), that is
(E(X)TOQU(X)" = A’m(X)U . (x) =0 (n=1,2,3,4). (23)
Then, taking into account the formulas (18), (22), we come to solve the equality
(EC) ()b (X)) + gﬂtzk ((EGOTOOBY, ()" =m(x)b,, 4 (X)) =0

Thus, equating to zero all the coefficients at degrees A%, including zero degree, we will
have:

(ECAT (00,0 (x))" =0; (24)
(EC1 )by, (x))" =m(x)b, 4 (x) (k=1,23,..). (25)

It is easy to write out fundamental system of solutions (24). Before integrating the
equation (25), for all n=1,2,3,4 we will set boundary conditions

b, (0) =1}, (0) = E(O)1 (O)b{ (0) = (E(O)I (O)b4 (O)) =0 (k=1,2,3,..). (26)
As a result we will have:

b,o(X) = X" (N =1,2), b, ,(x)= ! ! 00100 dxdx (n=3,4) ; (27)
b, (X) = ﬁmﬁm(x)bm(x) dxdxdxdx (k =1,2,3,...) . (28)

Thus, accordingly to the recursion formula (28), each initial function b, ,(x) has its own
multiplicity of functions b, (x) (k=12,3,...) which will be called generating. For such

functions the equalities (23) are identically kept under the formation.
For descriptive reasons we will write down the formula (28) also in expanded form

b, (X) = ”m” m(x)”m” m(x)b, , (X)dxdxdxdx...dxdxdxdx . (29)

The number of integrals in this formula, without considering the integrals which may
contain initial functions, is equal to 4k.

We investigate now a row (18) as for convergence. To construct majorant row, the
positive constants will be used.

1
X 10,17 m’ h, =max, 4o 1y

bn,o(x)| '

9, = MaX, o, M(X), g, =m

Then for forming functions (30) from the formula there are some estimates
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-

Hence, for the row, made from the modules we receive

4k

b, (9] < h, (9,9,)" ,(0,9) Gy (K =123

O Sy <
o'—.x
o'-—-.x
O Gy <
O T <

I dxdx ... dxdx| =
0

0,0 00|+ 47,00 +[ 2", (9] +- <h(1+glgzﬂ” +(9192)2/148| ')Z

- h_zn(ch 9,0,4°x + cos:‘fglgzﬂzx).

The majorant one within the multiplier is apparently the sum of the elementary functions.
Each of them is defined by the row which evenly meets. Therefore, the row made of modules
also meets evenly. The ranks (18) are proved to meet absolutely and evenly.

Similarly it is possible to prove absolute and uniform convergence of the ranks (19) -
(21). Convergence of the row (22) does not demand the separate proof as it, according to the
identity (23), differs from the row (18) only by a multiplier. As a result, ranks (18) - (21) can

be differentiated termwise, so, the designations, U/ (x),U;(x), (E(x)I(X)U/ (X)),
(E()1(x)U/(x))" for ranks (19) - (22) are true.
Therefore, four solutions U, (x) (n=1,2,3,4) of the equation (16) are defined by

formulas (18), (27) - (29). According to formula (14) we receive four vectors — system
solutions (17)

U, (x)

U, (x)
—E()1(x)U(x)
—(EC10QU (X))
Then the matrix, made of these vectors,
Q(x) =[Z,(x) Z,(x) Z5(x) Z,()|,

Z (X) = (n=1,2,3,4). (30)

also satisfies the system.
Let's calculate the value ©(0). For this purpose at the beginning the formula for

calculation Z_(0) (n=1,2,3,4) has to be worked out. Having x=0 in formulas (18) - (21)
and considering boundary conditions (26), we receive

U, 0 o)
) U, (0 _ Pho©)
207 eonouyo |7 -E@10p,©0 | -

—(E@HOU©0)) (~(E()1(0)b;,(0))

Hence

0 0 0

1 0 0
Zl(o) = 1 Zz(o) = O 1 Z3 (0) = _1 1 Z4 (O) = O '
0 0 1

O OOk

Therefore,
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Q(0) =

00
0 0

2
0

O O ok
o o - O
|_\

For Wronskian W (x) =|Q(x)|, considering equality (32), we receive W (0) =1+ 0. So
the vectors (30) are independent linearly. The matrix Q(x) is a fundamental matrix of
system (17).

Multiplying on the right Q(x) by a constant matrix Q*(0), we will receive a new
fundamental matrix

U, (x) U, (x) —U,(x) -U,(x)

AG) = Ui(x) U;(x) -U3(x) ~U;(%) |
—EQ)IOQUL (%) —ECYIUZ(x)  ECQTOUS(X)  EC)T()UL(X)
—(EQ)TOQUL ()" —(ECYT)UZ (X)) (ECQTOQUL (X)) (EQ)TO)US (X))

for which
1000
AO=0 01 g @
0001

The fundamental matrix, meeting the condition (33), is unambiguously and is called as a
matrizant [17]. Considering that, SpP(x) =0 for the determinant of the matrizant by formula
of Jacobi [17] we have

W (x) =|A(X)| = |A(O)|exp( j SpP(x)de =1. (34)

Using the properties of the determinants, it is possible to establish the dependence
between Wronskian W (x) of vector system (30) and Wronskian w(x) of function system

U.(x) (n=12,34)

U,() Uy(0 U400 U0
UI0) U300 U300 U5()
UI( UZ60 U300 Uj ()
U109 U300 U3"() U;" ()

w(x) =

This dependence will be expressed by the equality W (xX) = (E(x)1(X))*W(x). Then
taking into account (34) We receive W(X) :],/ (E(x)1(x))* #0.

As the linear independence of the relevant system of functions [17] follows from an
inequality to zero of Wronskian, functions U, (X) (n=1,2,3,4) are independent linearly, so,
they form fundamental system of solutions of the equation (16).

For the specific solution of the nonuniform equation (13) there is

1
2(1+1y)

U.(x)= Ug(x). (35)
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Thus U, (x) by analogy to the formula (18) we will search as follows

US(X) = bs,o(x) +ﬂ“2b5,1(x)+/14b5,2(x) + /16b5,3(x) +eeey (36)

where the functions b, (x) (k =0,1,2,...) can be defined.
Substituting the value U, (x) in the equation (13), we will receive

(ECT(X)bs (x))" —a(x) + 2/1” ((EGO10OBL, ()" =m()bg, 4 (x)) =0.

For satisfaction of this equality, it is necessary to equate to zero all the coefficients at
degrees A%, starting from zero degree. The coefficient at zero degree is apparently equal to
(E() ()0 (x))” —q(x) . Therefore, we will have:

(EGOTObS, ()" =a(x) ; 37)
(EGO1(9b5) (X)) =m(x)bg) () (k=1,2,3,...). (38)
The quality (38) is similar to the equality (25) by its form, and the equality (37) differs

from the equality (24) by existence of a right part. For required forming functions
b, (x) (k=123,...) the formulas (28), (29) will be fair but taking into account n=5. We

will choose the following partial solution of the equation (37) as an initial function
B X X 1 X X
byo(X) = ! ! 0100 ! ! q(x)dxdxdxdx .

But the property of an initial function is
b, (0) = b5, (0) = E(0)1(0)bs, (0) = (E(0)1 (0)5', (0))" = 0. (39)

Thereby, the partial solution of the equation (13) is found. According to the known
partial solution (35) we form a vector
Us(x)
_ 1 Us(x)
2(1+ip0) | —E(x) 1 (x)U:'(x)
—(E()1 (U (X))’
which will be the partial solution of the system (15), what can be easily proved by the
substitution. Besides, taking into account (31), (39), there is
U, (0) 0
3 1 U:(0) |0
2(1+ipo)| —E(0)I1(0)U.(0) 0|
-(E(0)1(0)U5(0))') \0

s (x)

¥5(0)

Finally, the general solution of the system (15) looks like [17]
Z(x)=A(X)Z(0)+¥;(x) . (40)

On the other hand, differentiating the first formulas (10) and considering thus for the
vector Z(x) we will receive
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2(x) y; (X) +iy, (X)
z'(x) _ 1| a(X) +ig,(x)
—E)I(X)Z2"(X) | 2] M) +iM,(x) |
—(E()1(x)2"(x))’ Q. (%) +1Q,(X)
Having regard to (41), the matrix equality (40) Has to be rewritten in extended form. As
a result we will come to the formulas:
A ';iyz (X) _ ¥.(0) ';iyz (0) U,(x) + ¢(0) ';i(pz (0) U, (x) -
~ M, (0)+iM,(0) U,(x) - Q,(0) +iQ,(0) U,(x) + U, (%);
2 2 2(1+1y)
@ (X) ';I(D?_(X) _ ¥,(0) ';Wz (0) U/(x) + ¢ (0) ‘;I(/’z (0) UL(x) -
_Ml(o)+IMZ(O)Ué(X)_Ql(O)+IQ2(0)U:1(X)+ 1 USI(X)’
2 2 2(1+1iy)
Ml(x) _;”VIZ(X) — _E(X)I (X)( yl(o) ';'yz (O) UlH(X) + Q’l(O) ;I(DZ (O) U;(X) _
_ Ml(o)+IMz(O)U?:!(X)_Q1(0)+|Q2(0)U£r(x)+ 1 Uér(x)] ,
2 2 2(L+iy)

Z(x) = (41)

(42)

(43)

(44)

- 20210 e 1 09uz o0y -+ M € 091 0900y + (45)

1
2(1+iy)

+ Q1(0) +2in (0) (E(X)! (X)UZ(X))' _ (E()1 (X)Ué’(X))’ .

So, the complex functions, which real part is the components
Y, (%), ¢,(X), M, (X), Q(X), are found, and the imaginary part are the components
Y,(X), @,(X), M,(x), Q,(x). Adapted to circumstances, we will distinguish the real and
imaginary components of dynamic parameters (5) - (8).

U,(X)=ReU, (x)+ilmU_(x) (n=12,3,4,5) are used and the right members of the

formulas (42) - (45) are transformed, having allocated there the real and imaginary parts. As a
result, for the real components of dynamic parameters we will receive:

yl(X) = yl(o) ReUl(X) +¢1(0) REUZ(X) - Ml(o) ReUs(X) _Ql(o) ReUA(X) -
—Y,(0) ImU, (x) = ¢,(0) ImU, (x) + M, (0) ImU(x) +Q,(0) ImU, (x) + (46)
1 (ReU,(x)+7 MU, (x));
1+y
@ (x) = ¥, (0) ReU(x) + ¢, (0) ReU; (x) — M, (0) ReU; (x) —Q,(0) ReU 4 (x) —
—Y,(0) ImU{(X) —,(0) ImU;(x) + M, (0) ImU(x) + Q,(0) ImU ;(x) + (47)

+%(Reug(x)+7lmus’(x));
1+y
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M, (x) =—E(X)1 (x)[y,(0) ReU,(x) + ¢,(0) ReU(x) — M, (0) ReU(x) -
-Q,(0) ReU,(x) — y,(0) ImU,(x) — ¢,(0) ImU j(x) + M, (0) ImU ;(x) + (48)
+Q,(0) ImU /(x) +i2 (ReU/(X)+y ImUs”(x))];
1+y
Q () ==y, (O)(EC) 1 (x) ReU(x))" — ¢, (0)(E(x) 1 (x) ReU (X))’ +
+M, (0)(E(x)1(x) ReU (X)) + Q (0)(E(x)1 (x) ReU,(x))" +
+¥,(O)(EC)1(X) ImU(x))" + ¢, (0O)(EC) 1 (x) ImU (X)) — (49)
—M, (0)(E(x)1(x) ImU (X))’ = Q, (0O)(E(x) 1 (x) ImU (X))’ -

1 : 7 (ECT () ReU (X)) + 7 (EC) 1 (x) ImU;(x))).
+

For imaginary components of dynamic parameters we will have:
¥,(X) = ¥,(0) ReU,(x) + ¢,(0) ReU, (x) - M, (0) ReU,(x) - Q,(0) ReU ,(x) +

+9,(0) IMU, (%) + 9,(0) IMU () ~ M, (0) ImU_,(x) - Q, (0) ImU, (x) + (50)
+—L(ImU, (%)~ ReU, (x);
1+y
2,(X) = ¥, (0)ReU.(X) + 9,(0) ReU () — M,,(0) ReU(x) — Q, (0) ReU(x) +
+9,(0) IMU(x) + ,(0) IMU3 () — M, (0) ImU5(x) — Qu(0) ImUS (%) + (51)

1 1 ’ .
+m(|mus(x) —y ReU{(X));

M, (X) =—E()1()[y,(0)ReU,(x) + ¢,(0) ReU;(X) - M, (0) ReU;(x) -

—Q,(0)ReU,(x) + y,(0) IMU(x) + ¢ (0) ImU;(x) — M, (0) ImU ;(x) — (52)
1
1+ 7/2

Q. (%) ==Y, (0)(E() 1 (x) ReU (X)) -, (0)(E(x) I (x) ReU(x)) +
+M,, (0)(E(x) 1 (x) ReU;(x))"+Q, (0)(E(x) 1 (x) ReU, (X)) -
=Y (Q)(EC)1(x) ImU/(x))" =, (O)(E(x) 1 (x) ImU(x))" + (53)
+M, (0)(E(x) 1 (x) ImU;(x))" + Q,(0)(E(x)1 (x) ImU,(x))" -
+172 (EGOT) ImU(x)) = 7 (E(X) 1 (x) ReU¢/(x))).
For the sake of clarity it was necessary to indicate the real and imaginary parts at

functions U, (x) (n=1,2,3,4,5) in an explicit form. As a result we will present number A° in

a trigonometrical form.
On the basis of trigonometrical form of numbers’ designation 1—iv and 1+iy, for

number A2 we will have

—Q,(0) ImU/(x) + (ImUZ(x) — yReU/(x)];

H 2
A :921_!‘/ =6 1“/2 (cosS—isind),
+iy +y
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where & =arctgv +arctgy. Thus any natural degree k of number A% can be calculated,
having used Moivre formula

2 \2

A% = g2 1V 1% ok —isinks) . (54)
1 2
+y

As a result, for the fundamental solutions (18) and function (36), taking into account
(54) , we receive

U,()=b,,(x)+> 1%, , () =b, () + 3 0% cosks b,  (x) ~i > ©* sinks b, , (¥)
k=1 k=1 k=1

(n=12,3/4,5),

2
Where @ =@ o[V
1+7/2

Thus, the dynamic parameters of the core are completely determined by formulas (5) -
(8), (46) - (53). Be it noted that these formulas contain unknown constants in the form of
initial values of the real and imaginary components (initial parameters). For instance, the
exact solution of differential equation of the forced transverse harmonic vibrations of the core
taking into account the resistance (4), which is given by formulas (5), (46), (50), is found.

At last we will notice that in practice for the research of vibrations instead of formulas
(5) - (8) it is effectually to use formulas equivalent to them:

YO) = YOSIn(@t-+ 7,000, YOO =IO+ VAR, 7, (0 =arctg Y20 (55)
P(x) = p(8in(@ + 7,09), 900 = () + 0200, 7,09 =arctg 20 (56)
M () =M OOSIn(@t-+ 7, 09), MO0 = M0+ MZ00, 4,09 =aretg g i (57)
Q) = QUISIN(Et+ 74(X). Q) = RI)+QI0), 7o =arcta i (59)

Advantage of formulas (55) - (58) is that amplitude functions of the dynamic parameters
are obviously distinguished in them.

5 CONCLUSIONS

In this work the differential equation of the forced transverse vibrations of the core with
any continuous variable parameters, loaded evenly by the distributed harmonic load is
integrated for the first time. As a result, in an analytic form the formulas are received which
allow to define the forced dynamic vibrations y(x,t), ¢(x,t) and dynamic internal forces

M (x,1), Q(x,t) from harmonic loading q(x,t) =q(x)sinét, where the task at any fixing of

the core is to search unknown initial parameters.

The solution of this problem opens a prospect for creation of a new research technique of
transverse vibrations of the cores with any continuous parameters taking into account
resistances. For this purpose it is enough to indicate an efficient method of numerical
implementation of the exact solutions.
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VJIK 514.07

YMOBU CEH-BEHAHA JIUIAA IICEBAOPIMAHOBHUX
IHPOCTOPIB

1 2 2
Bammnanosa H. B.”, Ilogoycosa T. 10.°, IlleBuenko T. 1.
Y00ecvra nayionanvna akademis xapuosux mexnono2ii
200ecbra Oeparcasna axademis GyOi6HUYMEA MA APXiMeKmypu

AnoTtanisi:. PobOoTa mpucBsIYeHa BHBYCHHIO JAchopMaIiii IICEBAOPIMAHOBHX IPOCTOPIB.
[onepenni dopmynu mis aedopmaniii merpuk 3amucaHi CeH-BeHaHOM B YaCTUHHHX MOXITHUX
3BEJICHI 10 PIBHSHb B KOBapiaHTHUX NOXimHuX. YMoBu CeH-BeHana — 1ie¢ yMOBH HakiajJeHi Ha
TeH30p nedopmariii, mo 3abe3meuytoTh 30epekeHHsT €BKIIIIOBOCTI mpocTopy. OTpuMaHi y3araibHeH]
ymoBu CeH-Benana — ne ymoBu 30epexeHHS TeH3zopa PimaHa mpu aedopmarisx METPUK
MICEBIOPIMAaHOBUX TPOCTOPIB.

Po3pobnennii MeTox q03BOJSE 3aMMCYBAaTH YMOBU 30€peXEHHs i IHIIMX BHYTPIMIHIX 00’ €KTiB
TICeBJOPIMAaHOBUX mpocTopiB. Hampuknax, teHzop Beins, TeHzop KoH(MOPMHOI KpWBHHH, TEH30D
Pigui,

Uepez 3Ha4yHI TEXHIYHI TPYIHOIII JOKATbHUX PO3B’SA3KIB 3aJa4 TaKOTO THITy BHHUKAE
HeoOXiTHICTh cremiai3alii mpocTopiB ado AeopMarii.

PosristiayTi crienianeHi nedopmarii, ki Ha3UBaIOTh KaHOHIYHUMH. TeH30p Aedopmarii B HbOMY
BUMAJKY € JIHIAHOIO KOMOIHAIlIEl0 METPUYHOTO TEH30py Ta TeHzopy Piyui. B Bumaaky
TPHOXBUMIPHOTO TIICEBJOPIMAHOBOTO TIPOCTOPY [0 KAaHOHIYHHUX MedopMariiii, 3a HeoOXiIHICTIO,
BITHOCSTBCS Teofe3nyHi Aedopmalii, mpu sgKkux 30epiratoThcsi reoae3nyHi JiHil. Hakmagaroum
JIOJTATKOBI YMOBH Ha TeH30p Piudi BUBUCHHS KaHOHIYHMX Je(opMaliiii 3BOJAUTHCS JI0 COTITOHOB Pivui,

Comitonn Piudi, Mo MpHPOJHO BUHHUKAOTH 13 Teopii MoTokiB Piudi, HarOTh me OAWH THI
CHeIiaTbHUX TICEBIOPIMaHOBHX MPOCTOPIB. 30KpeMa JOBEACHO, IO B IICEBIOPIMAaHOBOMY IPOCTODI 3
IPaJieHTHUM 3aJ[al0YMM BEKTOPOM CTajOi JOBXKMHH, CKaJIIpHA KPUBMHA CTajla TOAI 1 TUIBKU TO/I,
KOJIU COMiTOH Piuyi crifikuil.

SIkmo B €KBiAMCTAaHTHOMY IICEBIOPIMAHOBOMY MPOCTOPI iICHYE Tpali€eHTHHN 33aJar04Hii COJITOH
BEKTOp, TO abo BiH KOJiHEApPHUIH KOHIMPKYISAPHOMY, a00 KOHIHMPKYJSpHE BEKTOpHE TMOJE €
KOBapiaHTHO CTaJIMM.

OOrpyHTOBaHO, 110, SKIIO B IICEBJOPIMAHOBOMY NPOCTOPi iCHye Oinble HiX OIHE CYTTEBE
rpajJlieHTHE BEKTOPHE II0JIe, 10 3a1a€ COJITOH Piudi, TO el mpocTip eKBiTUCTaHTHHUIM.

3acTocyBaHHS OTpPHMaHUX pe3yJbTaTiB IMPOJAEMOHCTPOBAHO 32 JIOMOMOTOK MPUKIAJIB.
JlocTiDkeHHS BelyThCs JIOKAJIbHO, TEH30PHUMHU METO/IaMH, 0€3 OOMEKSHHS Ha 3HAK METPHUKH.

Karouosi ciioBa: kaHoHiuHI Aedopmariii, iceBaopiMaHoBi mpoctopy, ymMmoBu CeH-BeHaHa.

SAINT-VENANT’S CONDITIONS FOR PSEUDO-REIMANNIAN
SPACES

N. Vashpanova', T. Podousova?®, T. Shevchenko?
'Odessa National Academy of Food Technologies
®Odessa State Academy of Civil Engineering and Architecture

Abstract: The article is devoted to the study of the deformations of pseudo-Reimannian spaces.
The preceding formulas for metrics’ deformations recorded by Saint-Venan in partial derivatives are
reduced to the equations in covariant derivatives. Saint-Venan's conditions are the conditions imposed
on the strain tensor, which preserve the Euclidean space. The generalized conditions of Saint-Venan
are the conditions of Riemann tensor’s preservation under the deformations of the metrics of pseudo-
Reimannian spaces.
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The developed method allows to record the preservation conditions of other internal objects of
pseudo-Reimannian spaces, for example, Weyl tensor, the tensor of conformal curvature, Ricci tensor.

Due to the considerable technical difficulties of local solutions to such problems, it is necessary
to specialize the spaces or the deformations.

Special deformations called canonical are considered. The deformation tensor in this case is a
linear combination of the metric tensor and Ricci tensor. In the case of a three-dimensional pseudo-
Reimannian space, if it is necessary, the canonical deformations include the geodetic deformations at
which the geodetic lines are preserved. Imposing additional conditions on Ricci tensor the studying of
canonical deformations is reduced to Ricci solitons.

The Ricci solitons, naturally arising from the Ricci flow theory, provide another type of special
pseudo-Reimannian spaces. In particular, it is proved that in the pseudo-Reimannian space with a
gradient set vector of constant length, the scalar curvature is constant if the Ricci soliton is stable.

If there is a gradient set soliton vector in the equidistant pseudo-Reimannian space, so either it is
collinear to the circular or the circular vector field is constant covariantly.

It is substantiated if there is more than one significant gradient vector field in the pseudo-
Reimannian space defining the Ricci soliton, this space is equidistant.

The application of the obtained results is demonstrated by the examples. The studies are
conducted locally by tensor methods without any limitation.

Keywords: canonical deformations, pseudo-Reimannian spaces, Saint-Venan conditions.

Bammanosa H B., [Tlonoycosa T. FO., llleBuenko T. L.
https://doi.org/10.31650/2618-0650-2019-1-2-62-74 63




Ne2, 2019
Crop. 62-74 / Page 62-74

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

1 BCTYI

Hedopmartii y3araabHEeHUX T€OMETPUYHHUX MPOCTOPIB YTBOPIOIOTH OAMH 13 aKTyalbHHUX
HaIpsIMKiB cy4acHoi audepeHmianpHoi reomeTpii. B Teopii aedopmariiii mpairoBaia Belruka
KUTBKICTh BYCHHUX SIK MATEMAaTHKIB Ta MEXaHIKiB, TaK 1 (i3UKiB, 3aI[iKaBJICHUX B 3aCTOCYBaHHI
pe3yabTATIB JJIsi MOJICITIOBAHHS IMHAMIYHUX TIPOIIECIB.

3 uaciB CeH-Benana BuBueHHS Aedopmariiii 3BOJUTHCSA 10 CUCTEMH JAudepeHLiaTbHuX
piBHsSHB. Cuctema nudepeHIiabHUX PIBHIHb NMPUBOAUTH JO ainreOpaiyHoi CHUCTEMH, IO
MpescTaBisie coOOK yMOBU iHTerpyBaHHS. YacTimie 3a BCe, IIi CUCTEMHU IEpeBH3HAYCHI,
BBOJISIYM JI0JIATKOBI OOMEKEHHS, iX CIIPOLTYIOTh 00 IHTETPYIOTh.

3ayBa)kMMO, 110 TPUHIUIIOBA MOXIIUBICTH JIOKAJBHOTO PO3B'A3KYy LUX 3a/1ad
MOETHYIOTBCSI 3 CEPHO3HMMH TPYAHOIIAMH TEXHIYHOTO XapakTtepy. Tomy 30epirae
aKTyaJbHICTh 3a/laya BHBUYCHHS BHYTPIIIHIX TEH30PHUX XapaKTEPUCTHK Yy3araJlbHEHUX
MPOCTOPIB, IO JO3BOJIAIOTH YW HE JO3BOJISIOTH BKaszaHi nedopmarii. Ile, B cBowo uepry,
MIPUBOJIUTH JIO CTICIialIi3alii MpocTopiB ado 10 crieriami3anii gedopmariii.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA ITPOBJIEMHU

B cBoiit mepmiit po6oTi, Bunaniii 180 pokis Tomy, B 1839 pomi, Cen-Benan posmouan
PO3pOOKY METO[IB, SIKi 3HAWIIUIM IIMPOKE 3acTOCyBaHHS B Teopii gedopmariiii. CroroaHi
npuniun Cen-Benana BUBUEHMI 10CTaTHRO IPYHTOBHO. OTJIsI OCHOBHHX POOIT 32 Mepioj 10
1955 poky mosxHa 3HaiiTu B poboTi I'. Ixxaneniaze [1]. Ilicnsa Toro cnifg BiAMITUTH poOOTH
H.I1. AzanoBa [2, 3], B akux ymoBu CeH-BeHaHna 3acTOCOBYIOTBHCSI JJISI TICEBIOPIMAHOBUX
MIPOCTOPIB.

[Tix ymoBamu CeH-BeHana po3ymilOTh yMOBH, SIKHM 33J0BOJIbHSIE TEH30p nedopmarii
JUTs TOTO, 100 TMpH AedopMalrii 30epiraiack eBKI0BICTh IPOCTOPIB.

V3aranpHeni ymoBu CeH-Benama — me ymoBH chiBnamiHHs TeH3opa Pimana
MICEB/IOPIMAHOBOTO MPOCTOPY, IO JePOPMYEThCS Ta TIICEBAO PIMAaHOBOTO TPOCTOPY
pe3yabTary aedopmartii.

[1s poboTta mpucBsiueHa 3actocyBaHHIO yMoB CeH-Benana no BBenenux I. Iloranenkom
[4] kaHOHIYHHX AedopMarliil.

ToOto Takux paedopmamii, A SKUX TeH30p JAeopmalii € JiHIHHA KOMOIHAIisA
METPUYHOT0 T€H30pa Ta TeH3opa Piyui.

3 HIWIb TA 3AJAYI JOCJIIKEHHSA

Metoro poOOTH € BUSBIEHHS HOBHUX XapaKTEPUCTUK IICEBJOPIMAHOBUX IPOCTOPIB,
OB’ sI3aHUX 3 1X HECKIHYEHHO MAJIUMH JiepopMaIiisiM.

O0’€eKTOM JOCHTIJKEHHS € CHeliajbHI MCEeBIOPIMAHOBI MIPOCTOPU, TOOTO MPOCTOPH, SKi
BUJIUIAIOTHCS. BUKOHAHHSM B HHMX TI€BHHX YMOB, HAaKJIaJICHUX Ha BHYTPIIIHI 00’€KTH Ta
crieniaibHi Jedopmartii.

[IpenmMeToM  AOCHIIKEHHS  SABISAIOTHCS — AU(epeHlianbHl  PIBHAHHSA, I1X YMOBHU
iHTerpeBaHoCTI Ta AMdepeHLianbHi MPOJOBXKEHHS, IKI XapaKTepU3YyIOTh T€ JONYCKA€E YU HE
JIOTIyCKa€e 3aJaHui y3araJlbHeHUM HpocTip BKazaHui Tun nedopmaniid. [lnsxom BBeneHHsS
JOJATKOBUX OOMEXKEeHb, CIelianizamii MNpocTOpiB PO3B’SA3YIOThCA  3a/adi  ONMHMCAHHS
TE€OMETPUYHUX XaPAKTEPUCTHUK TICEBJOPIMAHOBHX TIPOCTOPIB, MO JIOMYCKAlOTh YU HE
JIOTYCKAIOTh MIEBHI TUIH JehopMallii.

Mertonu AOCTiKEHHST — 1€ KJIACHYHI METOIW JOCTIDKEHHS PIMaHOBOI TE€OMETii.
JlocmipKeHHsT BEyThCs JIOKAJIbHO, B KJAcl JIOCTaTHBO INIAJKUX (YHKILINA 3 BUKOPHUCTAHHSIM
TEH30pPHHUX METO/iB, 6€3 0OMeKeHb Ha 3HAKOBU3HAYEHICTh Ta CUTHATYPY METPHUKHU.
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4 PE3YJIBTATHU JOCJITKXEHb

VY3araabHeHi yMoBH ceH-BeHaHa. Hexaii V. — mceBnopiMaHiB mpocTip 3 METPUYHHM
Ten3opoM §;, a V| — 1ceBnopiManiB NpocTip 3 METPUYHKUM TeH30opoM ;. Bynemo BBaxarw,

10 METPUYHI TEH30PH BIAPI3HAIOTHCS HA HECKIHYEHHO My BEIMYUHY ; , TOOTO

gij =07 (1)

HeckiHdeHHO Mani BEJIMYMHM BHIIE IEPLIOrO MOPSIKY A0 yBarn He Oepemo. Jlis
TEH30piB O0EPHEHHX 10 METPUYHUX OyJIeMO MaTh

0"=9"-9"9"7,,. )

KomIoHeHT! TeH30pa j; Ha3MBAalOTh KOMIIOHEHTAMH TEH30PHOTO IOJIS LIBHAKOCTEH

HECKIHYEHHO MaJIoi Aedopmalrii.
B cmoinpHilE 3a ngedopmariiero  CUCTeMi KOOpIWHAT Ui CUMBOIIB Xpuctohdens
BUKOHYETHCS

Fh00 =500+ PP(%). (3)

CroieHOIO 32 Jedopmaiiero  CHCTEMOI0 KOOPJHMHAT HA3WBAaOTh TaKy CHCTEMY
KPUBOJIIHIMHMX KOOPJIUHAT, B SKil KOOPJIWHATH BiJIMOBITHUX TOYOK CITiBIAIAFOTh.

Temsop P j"(X) masusaiots Tenzopom medopMartii 38°s3H0CTi pu naHiit nedopmarii. 3
(1), (2) orpumaemo

h ha
2R =9 " (Vir,i * V7. —Va7i) s
V - 3HaK KOBapiaHTHOI MOXiqHOI 3a 3B’s13HicTIO V, .

Skio F’ijh (x) #0, To nedpopmaliiro HA3MBAIOTH HETPUBIAILHOIO.

3ayBa)kuMo, 110 TeH30p Jedopmarlii 3B’A3HOCTI CHUMETPUYHUN 3a KOBApIaHTHUMHU
1HeKcaMu, TOOTO F’ijh = Pj?.

Taxk sk, TeH30p AedopMallii 3a10BOJIbHSIE YMOBI

Yij :%(Vjui +Viuj)’

TO 1715 TeH30pa Aedopmailii 3B’ I3HOCTI BUKOHYEThCS PIBHSIHHS

2R' =V Vu"-u"R}

ijo *
Tyt U, — Bextop Aedopmarii, U' = uago‘i .
Ten30p HECKIHYUEHHO MAJIOrO OOEPTaHHS M€ BUIIIAL @ =1/2(V,u i~ V).

B pa3i BizcyTHOCTI 00epTaHHs BekTop U; Oyne rpamientHum [2, 3, 5, 6, 7].
B Bumazsky TEH30pHOTO MOJS S THITY (pj KOBapiaHTHA MOXi/JHA MO 3B’s3HOCTI V,, B

.y . 1,2
KOXXHIM CUCTEM1 KoopauHaTr X X7,..., X" BU3HAYACTHCA HACTYITHUM YHHOM:

Vi Sin () =0, S35 () +TE, (S () +...+ T, (S5 (x) -

40085 i 4)
TG (0S5 () —...=Tg (0S5 (%),

Iz igaB
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(bpseeesdys iy Jgr K=1,2,..,0).

Jnst mpocropy V, Ta KoBapiaHTHi moximHOi B HbOMY V OygeMo MaTH B CIHUIBHIN
CHCTEMi KOOpIUHAT:

k2

—T4 00827 () —...—T5 (0STE " (%).

- qulﬁ

VS 00 =081 00+ Th (0 4+ T (98 57 () -

Binnimaroun Bijx octaHHBOTO (9), 3 ypaxyBaHHsM (3), OTpUMaEMO

VSt () =V, Szt (%) =R (0)S;E " (X)+...+PE (0S5 (x) -

hz---Jq bz bz

—RI (S () —...—RL (OS2 (),

jljZ"’ q-!

(5)

(ipsevosi) Juseoes Jos K=1.2,.0,).

OcranHe cnpaBeyiuBe Ui Oy/b-sIKOTO TEH30pa, a i TeH3o0pa Jedopmalii 3B’ I3HOCTI
(5) npuiime Burnsag

VP (0 =V, R () =R, ()R (%) = B¢ ()P () = R ()P5 (x).
CuMeTpyrouu OCTaHHE, OTPUMAEMO

VR'+V P -V,P -V Rl =-2RP.

k Tij i ik K Ticr -

A, allbTepHYIOUH —

Vi Pijh _VJ' Pn? _vkpijh +VJ—F?|? :_Z(Ph P’ _Pk(iZP;j)' (6)

ka ' ij
3aKoH 3MIHH TCH30pa KPUBUHH, IO BUSHAYAETHCA, SIK

Rnk :ajrihk +ri()l[<rrj']a _akrir} —F;’F‘Qa,
npu gedopmailii mpoctopy V, B V, 3anumiersbes B BUIIIsI [8]
R, =R +V, Pl -V Rl +P, P —P}Ry.

ak® ji

A6o, 3 ypaxyBaHHsM (6),

K,.ir}k:R.:}k+%(Vkpjri1_vjpkri]-i_?kp'h_ﬁjpk?)' (7)

n

PiBusinast cymicHocTi CeH-Benana, sKmio mepedTH 10 KOBapiaHTHOI MOXiAHOI Ta
BUMarat, o0 mnpocrip, mo aehopMyeTbes Ta pe3ynbTar aedopMallii Oyiu MIaCKUMU Mae
BUTIISI;

ViViti +ViVin =ViVir = ViV, =0. (8)

[Tepexoasun 10 pO3MIISAY MCEBIOpiMaHOBUX mpoctopiB V, Ta V, He oOMexyroun
3HAUEHHS TEH30pa KPUBUHH, OTPUMAEMO

D ]. o
Ri?k = Ri?k +§ gh (Vkvﬂ’ja +Vjva7ki _vkvayij _vjvﬂ’ak _7aﬂRijﬂk —7si Rfjk) . 9)

I3 ocraHHbOro oTpHMaeMo y3araibHeHy yMoBy CeH-BeHana i mceBaIOpiMaHOBHMX
MPOCTOPIB, a caMe: ISl TOTO, 00 HECKIHYEHHO Maja jJedopMallis 3ajauiiaia iHBapiaHTHUM
TEH30p KPUBHUHU, HEOOX1THO 1 JOCTaTHBO, 11100
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Vivj}/kl +Vkv|7/ij _vivﬂ/jk _vkvj7i| = Rﬁa?’m + thlfi)/ja'

Takum yMHOM, Ma€ MicLe Teopema:
Teopema 1. Bukonanus y3araabHeHux ymMoB CeH-Benana HeoOxinHa i JocTaTHS yMOBa
JIJIA TOTO, 1100

VP -V R =V,R-VPi

k* ji k" i
YmoBu Cen-Benana niasi kaHoHiYHHUX aedopmamiid. YMOBH CCH-BeHaHa ISt
KaHOHIYHHX JIedopmalliil mepeidieMo 10 po3risay YMOB Ha TeH30pH pivdi. 3 (7) oTpuMaemo,
1o Tensop pivui R; = R, 3MiHI0€TbCA 32 3aKOHOM

D 1 a o, T pD?_ v D2
R =R, +5(V, Py ~V,Pi+V, P -V,P0). (10)

a’ Ji j a a’ ji j'ai
3ropratouu (9) oTpumaemo, aHaior piBHsHb (10):
ﬁij =R, +%(gaﬂ(vﬁvi7/ja AV V75 =VVori =ViVire _7(1;/Ri}/ﬁ)+7/ai R,a) -

Heckinuenno wmana gedopmanis sumry (1) mncesmopimanosoro mpoctopy (V)
Ha3MBAETBCS KAHOHIYHOIO, SKIIO TEH30p AepopMallii 6g; MOXKHA MOJATH y BUIJISI

1 2

Vi =705 +TRij' (11)
l 2 . . .
ne 7,7 — JesKi iHBapiaHTH.

Binomo, 110 kiac KaHOHIYHMX HECKIHYEHHO Manux nedopMariiii He myctuil. B Bunmaaky
TPUMIPHHUX TICEBJJOPIMAHOBUX NPOCTOPIB 1O IIbOIO KJIAacy Halexarb iH(QIHITE3UMAIbHI
reoae3nuHi nedopmarii [3].

HeckindeHHo wmaina pedopmaltis IceBIOpiMaHOBOro mnpocropy V., mpu sikiii ioro

reo/Ie3uyHi JIiHii TepexousTh B Teojae3uuHi JiHii V, HasuBaeTbes iH(]IHITE3MMATBHOIO
reoJIe3nIHOI0 edopmariero [6].
1 2
3ropratoun (11), orpumaemo A,u=nz+Rz, Ttyr AUu=V_U" — npyruii cumBom
benpTpami. Bpaxoytoun 1ie, (11) MokHa 3anucaTi B BUTTISIL
AU

2
Yij =Tgij +TEij’

ne E; — tensop Eitnmreiina, E; =R, —% g; -

3rigHo 3akoHy I'yka U1 OJJHOPIHOTO i30TPOITHOTO CepeIOBHIIA
1
Yii :E((1+ X)H; —xHg;),

ne H; — rensop nanpyxenns, H = 9”H_,, E — monyns FOnra, X — koedimient ITyacona.

aff?
[TizcraBnsiroun BiANOBIAHI yMOBU B piBHsAHHS (8) abo (9), mu OynemMo OTpUMYyBaTH
bopmyH Ui KOHKpeTHUX nedopmariiii [9, 10, 11, 12, 13].
Hanpuknan, 1t kaHOHIUHUX, Oy/ieMo MaTH KoBapiaHTHO audepenuitoroun (11):

1 2 2 2 2
VVivy =ViV, 709, +V\V, 7 Rij +V, TV,RU- +V, rVkRij +rV,VkRij .
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[TincraBnsroun ocTaHHE B y3aranbHeHi ymoBu CeH-BeHana, oTpuMaemMo
1 1 1 1 2 2
ViVj 79, +V.V, 70; -VV, 70 —Vij 70, +ViVj tR,+V, V7 Rij —
2 2 2
-V.V,r Rjk —Vij TR, +T(ViVij| +VkV|Rij —Vilejk —VijR“)—

(12)
2 2 2
-V, (ViR ViR +V, T(ijkl _lejk)+vk z'(VlRij _ijn)_

2 2
-V, T(ViRjk _kaij) = T(Ral Rjolld + Ralei!i)'

Takum YMHOM, Ma€ MicIIe:
Teopema 2. Ilpu kaHOHIYHMX JedopMalisxX IICEBIOPIMAHOBUX IPOCTOPIB i3
30epexeHHsIM TeH30pa PiMana 3a HE0OX1HICTIO BUKOHY€ETbCsS yMoBa (12).

1 2
CnenianbHi kaHoHiuHi 1eopmaii. ko B piBusHHI (11), 7=A=const,a 7 =-1, T0
PIBHSHHS ITPUIMaE BUTIIA

Viu+Viu, =49, - R,

ij

O3unavenns 1. [lepopmamii mceBIOpiMaHOBUX MPOCTOPIB, BEKTOp aedopmariii sSKuX
3aJI0BOJIbHSIE YMOBaM (24), OyzeMo Ha3WBaTH CHEliaIbHUMU KaHOHIYHUMU AeopMarllisiMu.

Buninenns takux nedopmariiii 3yMOBIIEHE TICHHM 3B’S3KOM X BHBYEHHS € TEOPIEIO
MOTOKIB Piyui.

[Toroxom Pivui Ha3uBarOTH ciMeiicTBO MeTpHK Ha MHOroBuai M Take, mio

%gt =—2Ric(g,), (13)

ne Ric(g) — renszop Piuui meTpuku g .

B pobGorax, nmoB’s3anux 3 moBeneHHsM rinore3u Ilyankape, motoku Piuui pimanoBHX
MPOCTOPIB BUKOPHUCTOBYBAIUCH SIK BAXKJIMBUI TEXHIYHUIM 3aci0 [ochikeHHs, 1 Oylo
OTpPHMaHO 0araTo pe3yJIbTaTiB MPO ICHYBAaHHS Ta BIACTHBOCTI TaKHUX MOTOKIB [ 14].

3 iHmoro OOKy, iHTEpec /A0 TeOMETPUYHMX BIACTUBOCTEH TAaKMX METPHUK IPHBIB JI0
comitoHiB Piuui [14], a Takox 10 @(Ric) — BekTopuux nomis [15, 16, 17, 18].

3 camomnoniOHUM po3B’si3KOM piBHAHHA (13), ske Mae Ha3By piBHSHHS [aminbToHa,
OB’ sI3aHE MOHATTS COJIITOHA Piydil K METPUKH, 1110 3370BOJIbHSIE PIBHAHHAM

—2Ric, =L, g, +219,, (14)

a1 Aesikoro BektopHoro nonst X, Ha M |, moxignoi JIi Lx0 10 BifHOIIEHHIO 10 X, i cTanoi

A.

Skmo A =0 comniton Piyui Ha3uBaroTh cTilikuM, pu A <0 — cTHCKaw4nM, a pH
A>0 - posrarytounM. Mwu OyzneMo KOpPHUCTYBaTHUCh IIMMH BHU3HAYEHHSIMH, XOua
3aCTOCOBYIOTHCS M 1HIIII.

TakuM YMHOM, MiJ COJITOHOM PO3YMIIOTh TPIMKY: METpUKY J , BeKTOpHE mosie X, Ta
crany A . Bekropre none X, Ha3WBalOTh 3aJaF0YMM COJITOH-BEKTOPOM. SIKIIO 3aat0unii
BEKTOp TPaJliEHTHUH, TO IPaJIEHTHUM HAa3UBAIOTh 1 COJIITOH.

Hexait V| mcejopimManiB npocTip 3 METpU4HUM TeH30poM U, Toai piBHAHHA (14) ans
IpaJlieHTHUX COJIITOHIB B 1HJEKCHIN (hopMi 3anumeTbes [14]

Vg =19;-R;, (15)

ﬂ“yi = 0 1 (16)

Bammanosa H B., [lonoycosa T. 1O., lllepuenko T. 1.
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1€ ¢, — NeIKUi HEHYIbOBHH IpalieHTHUIA BEKTOP.

YMOBH IHTETPOBAHOCTI, 3 YPaxXyBaHHIM TOTOKHOCTI Pivdi mpuiiMmyTh BU
?, Riﬁ( =—(V, Rij -V, Ri) (17)

TYT Ri';k — ten3op Pimana V, .

BpaxoByroun TotoxHicTh bianki (17), 3anumemMo tak

(Da Riﬁ( = V R'a (18)

a ik "

3ropratoun ocranne 3 9", ne §" — enementu obepHeHOI 10 ||gij || MaTpHLi, OyJeMo MaTh

o, R =-V,R/2,1yr R= Raﬂg“ﬂ — cKaJsipHa KpuBHHA V.

ah

SKImo BeKTOp @ Mae cTaly JOBXHHY, ToOTO @ ¢ =const, ne ¢"=¢, g™, To
KOBapiaHTHO qudepeHIlioryu Ta BpaxoByrouH (15) ta (18), orpumaemo

V.R
1 —
Ap + — = 0.
OcTaHHE Ja€ MOXKIIUBICTh C(HOPMYITFOBATH TEOPEMY:
Teopema 3. B ncepnopiMmanoBoMy mpoctopi V, 3 3a[al04uM COJITOH-BEKTOPOM CTajol
JIOBKMHU CKaJIsipHA KPUBHHA CTaJa TOAI 1 TUTBKU TOJIi, KOJIA COJIITOH CTIHKHU.
BekropHe moJie Ha3UBarOTh KOHIIMPKYJISPHUM, SIKIIIO BOHO 33/I0BOJIBHSIE YMOBI

V& =p9;, (19)

Tyt &, #0, p — neskuii iHBapiaHT.
SIkimo p =CONSt, TO BEKTOpHE IOJe HAa3MBalOTh — 30DKHUM, a B BHMaaky p=0 -

KOBapiaHTHO CTaJIuM. HpOCTOpI/I, B AKHX iCHy€ KOHIOUPKYJISIPHE BCKTOPHE I10JIC, HA3NBAIOTH

€KBIIICTAaHTHUMH.
PosrnsiHeMo riceBnopiManiB mpocTip V,, B sIKOMy BHKOHYIOThCs piBHsHHS (15), (16) Ta
(19). Mae micue Teopema:
Teopema 4. SKmo B eKBIIMCTAaHTHOMY IMCEBIOPIMaHOBOMY mpoctopi V,

, IcHye

TPaJieHTHUI 3aJal0YUil CONITOH BEKTOp, TO a00 BiH KOJIHEAPHUH KOHIMPKYISIPHOMY, a0
KOHIIMPKYJISIPHE BEKTOPHE ITOJIE € KOBAPIaHTHO CTAJIHM.

JloBeeHHs.

YMoBu iHTErpyBanHs (19) MaroTh BUTIISI

gaRiﬁ( :C(g)(gkgij _gjgik) )

ne ¢(¢) — meskui iHBapiaHT, M0 3aeKuTh Big ¢ , Takuii mo V0 =C({)S, .
I3 ocrannworo, BpaxoBytouu (40) orpuMaeMo

PRy + 6. ViR = (6)(95¢Sh — 9igi6n) +¢(£) (9596 — G Ign) »
TyT Rhijk = ganRi;('
3ropTatouu 3 9™ ta npuitmaroun 1o yBaru (18), (19) 6ynemo matu

pRij +C(§)(§j¢’. _¢a§agij) :C,(é/aé/agij _441)+C(§)p(n _1)gij :

I3 0CTaHHBOTO, BPAaXOBYIOUH CUMETPHYHICTh TeH3opiB §; Ta R;, BuTikae

ij»

Bammanosa H B., [Tlonoycosa T. FO., llleBuenko T. L.
https://doi.org/10.31650/2618-0650-2019-1-2-62-74 69




Ne2, 2019
Crop. 62-74 / Page 62-74

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

) ~C0y) =0.

Skmo ¢(£)=0, 10 V,p=0, 1 KOHIHMPKYIsSIpHE TIONC KOBAapiaHTHO cTaje, B

npoTuiexHoMy Bunanky & =Ke., ne K - nmeskwii inBapiant. Takum 4HHOM, Teopemy

noBejieHo. Bei nceBopiManoBi npoctopu V, 3a10BONIBHSIOTH YMOBI

Ci;‘k =0. (20)

Posrasinemo mpocropu N >3, B AKUX BUKOHYIOThCs Li yMoBH. 3 (18) mepekoHaeMocs,
110

»“V,R5, =0, (21)

. . . h . C.
U1l BCIX IPOCTOPIB, SIKI JO3BOJIAIOTH BEKTOPH ¢ IO 33Jal0Th COIITOHH Piyui.
3 (21) ans mpoctopiB n > 3, B IKUX BUKOHYIOThCS (20), oTpuMaeMo

V.Rp, —V,Rp, =0. (22)

Takum 4rHOM, TOBEACHO TEOpEMY:
Teopema 5. Jlns KOHMDOPMHO-IUIACKHX —ICEBIOpiMaHoBUX mpocropis V(N> 3)
TpaJieHTHE BEKTOPHE I0JIe, 110 3aa€ COJITOH Piudi 3a10BONTBHSIE YMOBI

V.o=f(RWVR, (23)

ne f(R) — nmesika QyHKIs, 110 3aJIOKHUTH BiJl CKAISIPHOT KpUBHHE TIpocTopy V, .
Piasans  (16), (17) mnpencraBnsitoTe cucTeMy AuQEpeHIiadbHUX PpIBHAHb B
KOBapiaHTHUX NOXigHMX Tumy Komr BiTHOCHO HEBITOMHUX BEKTOpiB ¢, Ta cramoi A .

Hocnimkenuss i ta ymoB iHTerpyBanHs (19) meTomamu, aHAJIOTiUHUMHU PO3POOJICHUM B
pobotax [19, 20, 21], mar0Th MOXJIHMBICTh JOBECTH, [0 MAKCUMAIIbHY KUIBKICTh PO3B’SI3KiB
cucremMu (N+1) DO3BONSIOTH IUIAcKi mpocTopH. He icHye mceBrnopiMaHOBUX MPOCTOPIB, SIKi

J03BOJISIFOTH N Ta N—1 po3B’s30K BKa3aHO! CHCTEMH. SIKIIO KiJIBKICTh PO3B’SI3KiB OLIbIIE
OJTHOT0, TOOTO KpiM piBHAHHA (16), BUKOHYETHCS

V, @, =Ag; —R;,
IpuHaAWMHI 1Ie A7 oHoro fesikoro BekTopa @, ta cramoi A, T0
vj((oi _q)i):(ﬂ_A)gij' (24)

Takum YMHOM, CIIPABIKYETHCA:

Teopema 6. SIkmio B riceBIOpiMaHOBOMY IpocTopi V, icHye Oinbliie HiX OJHE CYTTEBE
IpajiieHTHE BEKTOPHE I0JIe, 1110 3aJJa€ COJITOH Piudi, To 1eil mpocTip eKBiAUCTaHTHUM.

PiBHsHHA (24) 3amaroTh 301KHE KOHUUMPKYJISIPHE BEKTOpHE IoJie, sike a00 KoJiHeapHe
BEKTOPHOMY II0JIIO, 1110 3aJ1a€ IPaJieHTHUM comiToH Piuui, a0 KoBapiaHTHO cTale.

[lepmuii BUMAgOK MPOBOAUTH A0 TapMOHIMHUX IICEBIOPIMAHOBUX MPOCTOPIB, TOOTO

npocTopis, 1is axkux V Ry =0, a npyruii — 1o38osse chopMyoBaTH HACIIIOK.
Hacainok 1. Crana A 0ZHO3HAa4YHO BH3HAYAETHCS IS TICEBIOPIMAHOBHX HPOCTOpIB V, ,
BIZIMIHHUX B1JI TApMOHIWHUX, IO JO3BOJSIOTH coiToHU piudi.discussion of the results of the

study.
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5 OBI'OBOPEHHS PE3YJBTATIB JOCJIKEHHSA

B sxocti npuknaay posriasiHeMo Top. TOpoM Ha3MBa€ThCS MOBEPXHS, SIKA YTBOPIOETHCS
o0epTaHHSIM KoJjla HAaBKOJIO OCi, IO JISKHUTH B 11 IUIOIIMHI Ta ii He mepernHae. Skmo 3a X
B3STH IIUPOTY TOPA, a 32 ¥ HOro JOBroTy, TO METPUKA TOPA 3aMUIICTHCSI B BUTIISII:

_(a? 0
%= o b?(1+ ecos(x))? )’

TyT a — pamiyc koma, b — Bimmame Bim IeHTpa Koja A0 OcCi oOepTaHHS, &= a/ b —
excueHTpucuret Topy. CumBosiom Xpuctoddens o0uucianmo 3a GopMyIioro
. k k
2l =00, +0;0; —0,0;; I =9"Ty,.
OTpumaemMo TpY BIIMIHHUX BiJ HYJISI KOS(IIEHTH 3B’ I3HOCTI
_sinx(l+&cosx) .

Fl — : FZ :FZ — —SSIHX .
2 £ 1272 (1+£cosx)

Jns ren3opa Pimana orpuMaeMo

R _ cosX(1l+e&cosx) . RL __ £COSX
221 ) 221 —

£ (A+e&cosx)’

s Tensopa Pigui:

R, = - £COSX__. _ Ccosx(1+&cosx)
1" (@+e&cosx)’ % P '

3 BU3HAYCHHS KOBAPIaHTHOI MOXITHOI Ta 3HAYCHb CUMBOITIB XpUcTO(dess st Topa
gsinx-u, 1
Yu =0y, i, = (1+ £ COS X) +§(62u1 +0,U,),
sin x(1+ & cos x)u,
2 .

V2 = 05U,
BpaxoByroun BU3HAYCHHS CIICIialbHIX KaHOHIYHUX AedopMarliii, Oynemo matu [ 3]

alul — /IaZ _ & COS X

(I+&cosx)’
ou, = sin x(1+&cos x)u, + Ab?(L+ £60s X)? Cos x(lJ;g COS X) |
__—2&sinX
Ol + O, = (L+ecosx)

Hagenemo mpukian niceBgopimanoBoro mpocropy V, (N> 2), sikuii 103BoIISIE TpaTieHTHI

BEKTOPHI TOJISI, IO 3aJal0Th COJITOHU Pivdi, TOOTO JOMYyCKarOTh CHEIialbHI KaHOHIYHI
nedopmarii [16].
PosrisiHemo riceBaopiManis mpoctip V, 3 MeTpukoro

dSZ — _(dXI)Z + (XI)ZCOS(G)) (dXZ)Z + (Xr)Zsin(G)) (dXB)Z .

IToGyayeMo BEKTOPHE T0JIe ¢, 1110 3a1a€ mapabouiunmii coriton Piudi ¢ = (¢'(x"),0,0).

O6uuncnrmo Ten3op Piuyi nceBpopimanoBoro mpocropy V,:
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_1-cos(®) —sin(®) R cos(®)(1—cos(®) —sin(®)) .
- (Xl)2 ' 22 T (Xr)z(l—cos(®)) ’

_ (1—cos(®) —sin(®) —1-cos(®))
33 T (Xr)Z(l—cos((a)) '

R,

CkansipHa KpHUBHHA
_ —2(1—cos(0))(1-sin(®))
(x)* '
B npoMy nipocTopi icHye nmapabosidyHui cosiToH Piudi, 110 3aa€ThCSI BEKTOPHUM IOJIEM:

o = (1—cos(®x)1—sin(®)) st

R

Skmo O=7, TO KOMIOHEHTH METPUYHOrO TeH3opa U, =1, i B mpocTopi icHye

KoBapianTHa crane BekTopue nojie v = (0,0,1), oproronanabHe TineprnoBepxHi

ds? = —(dx')? + (X})Z (dx?)?.

6 BUCHOBKHU

PobGotra HocuTh xapakrep (GyHIAMEHTAJIbHO-TEOPETUYHOIO JOCHIKeHHA. OTpuMaHi
pe3yabTaTh — 1€  NPUPOJHUI  PO3BHTOK BIIOMHX pe3yibTaTiB Teopii aedopmariiii
NICEBJOPIMAHOBUX TIPOCTOpPiB. | TOMYy MarTh TEOPETUYHY MIHHICTH 3 TOYKY 30pYy
mudepeHiiaabHoi reoMeTpii. B Toil ke yac, BOHM MOXKYTh OyTH BUKOPHCTaHI B TEOPETHYHHIMA
MEXaHilll Ta B 3arajibHIA TeOopil BIIHOCHOCTI IMPU MOJICIIOBAHHI JUHAMIYHUX TPOIIECIB.
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OCOBEHHOCTU ®OPMUPOBAHUSA IUOPPOBOU
KOMIIETEHIIUU B PAMKAX JUCHUIIJIMH MEXAHUKA U
MATEMATHKA

KonaparseBa H. Al I'ynauna M. Al

1 .« 9 .
Befzopyccmm HAYUOHAJIbHbIU MEXHUYECKUU YHUBEpCUMENI

Annoramus: CoBpeMeHHBIN TIporiecc OOyYeHHsS B BBICHICH IIKOJIE HEpPa3phIBHO CBS3aH C
HCIIOJIb30BaHUEM MH(OPMALMOHHBIX TEXHOJOIMH IPU U3yYEHUH MAaTEMaTHKHU U MEXAHUKU.

Bocnpusitue  comepkanus 0o0pa3oBaHHS C TMOMOLIbI0 HMHGOOPMALMOHHBIX  TEXHOJIOTHH
CTUMYJIHMpYET TO3HAaBaTEeIbHBIH WHTEPEC CTYACHTOB; IIOBBIIIAET 3MOLMOHAIBHOE OTHOIIEHHUE
CTYAEHTOB K Y4eOHOH JAeATeNbHOCTH; IO3BOJSIET IIPOBOJUTH OPraHU30BAaHHO KOHTPOJIb U
CaMOKOHTPOJIb 3HAHUM U IIOJyYEHHBIX YMEHUH B CKATHIE CPOKH.

B nannoit pabote ommchiBaeTcs pa3paOOTaHHBIA KOMILIEKC MEPONpHUSTHI, HampaBlieHHBIX Ha
¢dopmupoBanue MUPPOBON KOMIETECHIIMK B paMKaxX AWCHHIUINH «Marematnkay n «MexaHukay. B
CTaTh€ IMPOAHATIM3HPOBAHO KOJMUYECTBEHHOE 3HAYCHHE YaCTOTHl YHNOTPEOJCHMS NpHIaraTelbHOro
«undpoBoi» B pecypcax OTKphITOro jgoctyma. OHO 4YacTO acCOUMHpYETCs C MpuiiararelbHBIMU
«BUPTYaJIbHBIN», «MOOWIBbHBIN». ONpeneneHsl YacTOThl UCIOIb30BaHUs B OLM(PPOBAHHBIX pecypcax,
NPEACTAaBICHHBIX B OTKPbITOM JocTtyme. Jlias 3TOro HCHojb3yeM KOMIBIOTEPHYIO CUCTEMY
Mathematica, MO3BOJSIONIYI0O MPOBECTH IAHHOE HCCICAOBAHHE WM BH3YAIM3UPOBATh MOTy4YEHHEBIE
pe3yabTaThl.

B pabote onmcanbl ocobenHocTH nudpoBu3anuu oopazoBanus. LludpoBuzarus BeIcIei TIKOIHI
npeycMaTpuBaeT He TOJNBKO HCIOJNBb30BaHHE MH(OPMALMOHHBIX TEXHOJOTUH B 0Opa3oBaHUM, HO U
KPUTUYECKUH TOAXO]] K BBIOOPY HHCTPYMEHTOB HccieoBanus. TpedyeTcs YeTkoe Oco3HaHKe BhIOopa
IpenojaBaTeneM: Ha KakuxX 3aHATHSIX 3((EKTHBHO HCIONB30BaTh MHGOPMALMOHHBIC TEXHOIOTUU U
COOTBETCTBYIOIIKE UM IPUEMBI, HAa KAKMX 3T HOBOBBEACHUS CHU3AT CTEIIEHb YCBOCHHS MaTepHaa.

OCHOBHBIE TTOHSITHS un(bposmaunn BBICIIEH IIIKOJIBI CBS3aHBI C KCIIOJIb30BaHUEM OTKPBITBIX
o0pa3oBaTelbHBIX  pecypcoB, OOMEHOM  MEXIy  yHUBEpCHUTETaMH  y4eOHBIMH  IIIaHaM,
OCYILECTBIICHHEM O0OMEHa 00pa30BaTENIbHBIMU PECYypCcaMH, OpraHu3alueil NPOEKTHON JesITeNbHOCTH
CTYJICHTOB, MyOJUKAIlMeil B OTKPBHITOM JOCTyIlE CTaTel, y4eOHO-METOMWYECKHX IMOoCcoOmuii u
yueOHUKOB, UCTIOJIb30BAaHHEM HHTETPUPOBAHHBIX (OPM 00yUECHHSI.

B crarbe BblAEICHBI OCHOBHBIE KAauecTBa, KOTOpbIE (GOPMHUPYIOTCS B pamkax LH(poBoi
KOMIICTCHIIMU B ITPOLICCCC U3YUYCHUA KYPCOB HpHKHaI[HOﬁ MEXaHUKHN U MaTEMAaTHUKU.

KiroueBblie cjioBa: I_II/I(i)pOBI/BaLII/ISI, MOZICIIMPOBAHUC, MCXaHHUKa, KOMIICTCHIIMA,
I/IH(I)OpMaLIPIOHHBIe TCXHOJOI'H.

FEATURES OF FORMATION OF DIGITAL COMPETENCE
WHEN READING DISCIPLINES MECHANICS AND
MATHEMATICS

N. Kandratsyeva®, M. Hundzina®
! Belarusian National Technical University

Abstract: The modern studying process in higher education is inextricably linked with the use of
information technology in the study of mathematics and mechanics.

The perception of educational content with the help of information technology stimulates the
cognitive interest of students; increases students’ emotional attitude towards learning activities; allows
you to conduct an organized control and self-control of knowledge and acquired skills in a short time.

Kounparsesa H. A., ['yaguaa M. A.
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This paper describes the developed set of activities aimed at the formation of digital competence
in the disciplines of "Mathematics" and "Mechanics". The article analyzes the quantitative value of the
adjective “digital” use frequency in open access resources. It is often associated with the adjectives
"virtual”, "mobile". The frequencies of use in digitized resources presented in the public domain are
determined. To do this, we use the Mathematica computer system, which allows us to carry out this
study and visualize the results.

The paper describes the features of digitalization of education. Higher school digitization
involves not only the use of information technology in education, but also a critical approach to the
choice of research tools. It requires a clear awareness of the choice of the teacher: in what classes to
effectively use information technology and the corresponding methods, in which these innovations
will reduce the degree of assimilation of the material.

The basic concepts of digitalization of higher education are associated with the use of open
educational resources, the exchange between universities of curricula, the exchange of educational
resources, the organization of students’ project activities, the publication of articles, teaching aids and
textbooks, the use of integrated forms of education.

The article highlights the main qualities that are formed within the framework of digital
competence in the process of studying applied mechanics and mathematics coursesKeywords:
digitalization, modeling, mechanics, competence, information technology.

Konmpatsesa H. A., I'yaauaa M. A.
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1 BBEJIEHHE

Pa3Butne podoTH3anuu, COBPEeMEHHOTO MOJICIMPOBAHUS U MIPOTHO3UPOBAHMUS, ITOIX0/I0B
K aHanu3y OOJIbIUX JIaHHBIX, OOJIAYHBIX BHIUYMCICHHWNA W XpaHEHUs IaHHBIX, pa3paboTka
«lHTepHET Bemiel», COBEPIICHCTBOBAHHME TEXHOJIOTMHA KHOepOe30macHOCTH, pa3BUTHE
JOTIOJTHUTEIBHON PeaTbHOCTH, HEMPEPhIBHOW 3D-meuaTu co3qaeT OMarompusTHBIC YCIOBHUS
JUTSL BBIXOJIa HA PHIHOK TPYJa MOJIOJIBIX CIIEIUAIMCTOB, Y KOTOPHIX chopMupoBaHa mudpoas
KOMIIETEHTHOCTh. Takoi CHeUaIuCT WMMEEeT OTIWYHBIE HAaBBIKH MAaTEeMATHYECKOTO
MOJICIMPOBaHUS U 0COOBII HAOOp JIMYHOCTHBIX KadecTB. Bce ommcaHHbIe 0COOCHHOCTH HE
MOTJIM HE MOBJIHSITH HA MPOIECC MOATOTOBKH CIICIIUATICTOB.

CoBpeMeHHBIN mpoliecc O0OydeHHS B BBICIICH IIKOJIE HEPa3pbIBHO CBSI3aH C
WCIOJIb30BaHUEM HH(OPMAIIMOHHBIX TEXHOJIOTWN MPU U3YUYEHUU MATEMAaTUKH U MEXaHUKU.
HoBelinre TeXHHYECKUE CPEACTBA 3HAYUTEIBHO PACIIMPSIOT BO3MOXKHOCTH IPEIIO/IaBaTels
M0 M3JI0XKEHUIO MaTepuaja, Mo OpraHU3aluu J1a0opaTOPHBIX pabOT B y4eOHBIX Kiaccax C
MPUMEHEHHEM MAaTEeMaTUYeCKOro MOJCIMPOBaHUs TpoieccoB. CTYICHTY MHpeICTaBIsSeTCs
BO3MOXXHOCTh CO3JIaHHS CJIOKHEUIINX KOHCTPYKIIMH M WX TECTUPOBAHWE HA JIAOOPATOPHBIX
paborax.

Bocnpusarue coxepxanusi o0pa3oBaHUs C MOMOIIbIO HMHGOPMAIIMOHHBIX TEXHOJOTHMA
CTHUMYJIUPYET TIO3HABATEIIBHBIN HHTEPEC CTYJACHTOB; MOBBIIIAECT IMOIMOHAILHOE OTHOIICHHUE
CTYJICHTOB K YYEOHOW IESTCIbHOCTH, IMO3BOJISICT NMPOBOJHWTH OPTaHW30BAHHO KOHTPOJb U
CaMOKOHTPOJIb 3HAHUH ¥ MOJYYCHHBIX YMEHHH B C)KAThIC CPOKH.

2 AHAJIU3 JJUTEPATYPHBIX HICTOUHUKOB 1 HIOCTAHOBKA
3AIAUM

Ha cerogusmamnii neHp WH)OpPMAMOHHBIE TEXHOJOTUH AKTUBHO HCIOJNB3YIOTCS B
pasnuuHbIX cdepax COBpeMEHHOW >KM3HMU. Tak Has3bpiBaeMas, UU(pOBU3ALUS HAYKU
CIOCOOCTBYET  YCTAHOBIICGHHIO  TPOYHBIX  MEKIUCHMUIUIMHAPHBIX  CBSI3€H  MEXay
IYMaHUTapHbIMU JUCLHUIUIMHAMH U ecTecTBO3HaHUEeM. [losiBisieTcss BO3MOXKHOCTh yXe Ha
MEPBBIX Kypcax 00y4eHHUs CTYyJeHTOB 0011e00pa3oBaTeIbHbIe UCIUILTHHBI YUTATh B pa3pese
TeX CIEUUATBHOCTeH, KOTOphle OHM TMOJy4yaroT. Vcrmonp3oBaHHE KOMIIBIOTEPHOTO
MaTeMaTHYECKOTO MOJICITMPOBAHUS TIO3BOJISIET PEAIN30BaTh STH UICH Ha MPAKTHKE.

«H(popMalIMOHHO-KOMMYHHMKAIIUOHHBIE ~ TEXHOJOTMM  —  3TO  COBOKYIHOCTb
MH(OPMALIMOHHBIX TEXHOJIOTMA M TEXHOJOTUH 3JIEKTPOCBSA3M, obecrneuuBarommx coop,
00paboTKy, XpaHEHHEe, paclpOoCTpaHEeHHE, OTOOpaKEHHE W HCHOJb30BaHWE MHPOpPMALUU B
HWHTEpecax ee mojbp3oBarenein» [1].

Jokrop mnemarormueckux Hayk, mnpodeccop O.JI. XKyk oTmeuaer, uYTO «IIHPOKOE
UCMOJb30BaHWE MH(POPMALMOHHBIX TEXHOJOTHH  CHOCOOCTBYET  YBEIMUYEHHMIO JOJHU
CaMOCTOATENIbHOW pabOThl  CTYAEHTOB, dYTO TpeOyeT pa3pabOTKM HOBOTO y4ueOHO-
METOAMYECKOT0 U MH(OpMaIIMOHHOTO obecniedeHus» [2, 3].

JIOKTOp  TICHUXOJNOTHYECKHX HAyK, JUPEKTOp mporpamMmbl  «CHTH-MEHEIKMEHT)
[Tukynesa O. A. noHumaeT nM(POBU3ALNIO KAaK 3aMEHY aHAJIOTOBBIX ((PU3MUECKUX) CHCTEM
coopa M 00pabOTKH J@HHBIX TEXHOJOTMUYECKUMU CHCTEMaMH, KOTOpPbIE TE€HEPHUPYIOT,
nepenalT U o0pabaThIBalOT UGPOBOW CUTHAT O CBOEM COCTOSIHUM. B HIMpOKOM cMBbICiE
nudpoBuU3aIus — Mpolece nepeHoca B MUGPoBy cpeny GyHKIHN U ASITEIBHOCTEH, paHee
BBITTOJIHSIBIIUXCS JIFOJABMHU M OpraHu3auusMu [4].

Konmpatrsena H. A., 'yaauaa M. A.
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3 HEJIA U 3AJJAYU UCCJIEJOBAHUA

B  nanHoit pabGoTe omuchiBaeTCs  pa3pabOTaHHBIA  KOMIUIEKC  MEPOIPHUATHH,
HampaBJICHHBIX Ha QopMHUpoBaHUE IU(POBOH KOMIIETEHIIMM B paMKax JUCIHILIAH
«MaremaTtuka» u «MexaHUKa».

4 PE3YJIBTATBI UCCJIIEAOBAHUSA

Wutepec x uudpoBusanuu Haykd B XXI B. Bo3poc B JBa pasa, MO CPAaBHEHHIO C
nociaeqHuMH JecsatuiaetuasMu XX B. llpuBesaeM KoM4ecTBEHHOE 3HAYEHUE YaCTOTHI
ynoTpeOieHHusl JAHHOTO IOHATHSL B pecypcax OTKpeIToro jocrtyna. IlpunarareinsHoe
«uupOBOI» YACTO ACCOLUUPYETCA C NpUIAraTeIbHbIMU «BUPTYaIbHbIN», «MOOUIBHBIN.
OmnpeznenyM 4acTOThl MCIOJNB30BAHUS 3THX INPWIAraTelbHbIX B OLM(POBAaHHBIX pecypcax,
IIPEJICTABICHHBIX B OTKPBITOM JAOCTyIE. JlJIi 3TOro MCHOJB3YEM KOMIIBIOTEPHYIO CHCTEMY
Mathematica, MO03BOJIAIOLIYI0O NPOBECTH JAHHOE HCCIEAOBAaHME U  BHU3yalIM3HpPOBATH
IIOJIyYE€HHBIE PE3YJIbTATHI.

Pacuer MBI ocymllecTBIIsIIM € Nomolibio BeTpoeHHoW ¢yHkiuu WordFrequencyData.
Jannas (yHKOMS TpenHa3HadeHa s MOJy4YeHHs WHPOpMAIMKA O YacTOTe ymoTpeOieHus
CJIOBa B IEYATHBIX TEKCTaX HA MHOTOYMCIEHHBIX f3blkaX. Ee MOXXHO MCHONb30BaTh Ui
OTCJIC)KUBAHUSI TEHICHIIMN UCIIOJIb30BAHUS CJIOB CO BPEMEHEM:

1) onpenenuiy CMCOK CIIOB, KOTOpbIE OyeM aHAIU3UPOBATH:
t={"Digital","Virtual","Mobile"};

2) BbIOpaIM BPEMEHHOM JHMaIa3oH, B KOTOPOM 3apOIMIINCh U UCIOJIb30BATIMCH JAHHBIE CII0BA!
f=WordFrequencyData[t,"TimeSeries",{1971,2019},IgnoreCase->True];

3) mpeacTaBWIN pe3ysbTaT B rpaduuecKoOM BUJE:

DateL.istPlot[f, Filling->Axis].

[Tony4yeHHble pe3yabTaThl MpeAcTaBieHbl HAa puc. 1. MOXHO caenaTh BBIBOJ, YTO BOIIPOC
K MOHATHUIO «u(poBU3anus» Bo3poc. Ha Hamn B3IIIsA, 3TO CBsA3aHO ¢ TeM, uro Hadano XXI
BEKAa XapakTepus3yeTcs IOBBILIEHHEM HHTEepeca K HCIOJIb30BAaHUIO KOMIIBIOTEPHBIX
TEXHOJIOTUI B 00pa30BaHUHU, YKOHOMUKE, Ha MPOU3BOJICTBE. DTOT HHTEPEC BO3pOC Oojiee ueM
B 2 pa3a, 10 CpaBHEHUIO ¢ nepuoaoM 90-x rogos XX B.

0.000020 -

0.000015 -

—— Digital
Virtual
0.000010
Mobile
5.x1075+ /\-//

0.000000 t

1980 1990 2000

Puc. 1. Yactora ucnonp30BaHUs MPUIIATATENBHBIX «IIH(DPOBOIY, «BUPTYaIBHBII, «MOOMILHBIN B
nepron ¢ 1971 roma mo 2019

TeXHOJOTHYECKUW TIPOIeCC Ha ITOM JdTarle CTUMYJIUPYET Pa3BUTHE COOTBETCTBYOIIUX
obOnacteld 3HaHWSA. A 3HAYUT M TOATOTOBKA CHEIHAIMCTOB, OYAyHmMX MpodhecCHOHANOB,
JOOJIDKHA y‘-II/ITI)IBaTI) Hpe)IHO‘ITeHI/IH COBpeMeHHOFO pI)IHKa pr,[[a, aICKBAaTHO peaerOBaTL Ha
HOBOBBEJICHUS B TEXHOTEHHOW cdepe, MPUMEHSATh HOBEWIUE MOAXOABl K OpraHU3alluu
y4eOHOT0 mpoIiecca.

KonmpatseBa H. A., 'yaauna M. A.
78 https://doi.org/10.31650/2618-0650-2019-1-2-75-83




Nel, 2019
Crop. 75-83 / Page 75-83

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

OcHOBHBIE TOHATHS UGPOBHU3AIMK BBICHICH MIKOJBI CBSI3aHBI C HCIOJIb30BAHUEM
OTKPBITBIX 00pa30BaTEIFHBIX PECYpCcOB, OOMEHOM MEXIY YHHBEPCHUTETAMH YYeOHBIMHU
IUTaHAM, OCYIIECTBIEHHEM oOOMeHa 00pa30BaTeNbHBIMH pecypcamMH, OpraHu3alueH
MIPOEKTHON JESTEIBbHOCTH CTYACHTOB, IMyOJHMKAaIMeld B OTKPBITOM JIOCTYIIE CTaTei, ydeOHO-
METOJIMYCCKUX MOCOOUI 1 YIeOHNKOB, HCIIOIH30BAHHEM WHTETPUPOBAHHBIX (HOpM 0OyUEHUSI.

[udppoBuzanmsi BBICIICH IIKOJBI MPEIyCMATPUBACT HE TOJBKO HCIIOJIb30BaHHUE
MH()OPMAIIMOHHBIX TEXHOJOTHH B O0Opa30BaHWM, HO W KPUTHYECKHUW MOIXOJ K BHIOOpPY
WHCTPYMEHTOB HCCIeIoBaHMs. Tpedyercs 4eTKoe OCO3HAaHWE BBIOOpA MperojaBaTesieM: Ha
KakuxX 3aHATUSAX  OA(GQPEKTUBHO  HCIOJIB30BaTh  WH(POPMAIMOHHBIE  TEXHOJOTHH U
COOTBETCTBYIOIIIE WM TIPUEMbI, Ha KaKHX 3TH HOBOBBEJICHUS CHU3ST CTCICHb YCBOCHUS
MaTepuarna.

B Bompocax mnudposuzanyu 00pa30oBaHUs BaKHBIM SIBIISICTCS HAaXOXJICHUE OaiaHca
MEXIy pealu3anueid JAUIAKTUYECKUX TPHHIUIOB, KOTOPHIM JOJDKHO COOTBETCTBOBATH
KayecTBy 00pa3oBaHUsi (CUCTEMHOCTh, JOCTYIHOCTb, IIOCIEJIOBATEIBHOCTE H JIp.) H
MPUMEHEHHEM B TIpoIlecce OO0pa30BaTEIbHBIX WHHOBAIMA. DTOMY BOMPOCY MOCBSIICHBI
pabotsl [5-T7].

JlocronHcTBaMH BHEIPECHHSI WH()OPMAIIMOHHBIX TEXHOJOTHI B YIPaBICHUH KAa4eCTBOM
MOJITOTOBKH CTYJCHTOB TEXHUYECKHX YHUBEPCUTETOB MOXKHO BBIZCIUTH CIICTYIOIIHE:
¢ BO3HUKHOBEHHE BO3MOXXHOCTH pabOTHI C BU3yalbHOUM HH(OpMaIei 60abIoro oobemMa Ha
KOMITAaKTHBIX HOCHUTENSAX (3a7add, CBS3aHHBIC C O0pa0OTKOW H300paKEHUH, MONYyUESHHBIX
MPOMBIIIJICHHBIM 000PYIOBAaHUEM U JIP.);
® HCIIOJIb30BAHKME TIPOSKIIMOHHBIX TEXHOJIOTHHA (IIMPOKO MPUMEHSIOTCS TIPH YTSHUH JICKITHHA
M0 JUCIUIUIMHE MEXaHUKA);
® [PUMEHEHHE OJJIEKTPOHHOTO pa3IaTOYHOTO MaTepuana, 4YTO IO3BOJSIET KaKJIOMY
ydamieMycs BEISIBUTh OCHOBHOE COZIep)KaHue Y4eOHOro MaTepuaa,
® [IPOBE/ICHUE HHTEPAKTUBHOTO TECTUPOBAHUS;
® OpraHu3alusi MOHUTOPUHTA B KOMITIBIOTEPHBIX ayJHUTOPHUSX.

CoBpeMeHHas y4ueOHasi IporpaMMa o MPUKIaJHOW MEXaHUKE U MaTeMaTHUKE MOCTPOeHa
TaKuM 00pa3oM, YTO MOXKHO OTIEPATHUBHO IEPECTPANBATh €€ B COOTBETCTBHH C TPEOOBAHUSIMU
BpeMeHH. [Ipu 3TOW MOATOTOBKE CTYACHTOB BaXKHEHIIMM BOIPOCOM SIBISIETCS peanu3alius
NPUHIAIA JAJAKTAKA — HAMBSIHOCTH, KOTOPBIA YacTO peaju3yercs C  IMOMOIIBIO
MH(POPMAIMOHHBIX TEXHOJIOTHH [8].

Takas xoHIenmus NTU(POBHU3AIMK JAeT CTYICHTAM BO3MOXKHOCTH PEaTU30BLIBATH
MPOEKTHI C MOMOIIBI0 KOMIBIOTEPHOTO, MaTeMaTHYECKOro MojenupoBanus. OHO MO3BOJISIET
YCHIINTh TPAKTHKOOPHEHTUPOBAHHOCTh H3y4aeMbIX JIUCIIUATUIHH.

[TpoBeneM 00pabOTKY HMHTEPHET-CTPAHUIIBI, MOCBSIICHHONW MHU(PPOBON MEAaroruke u
BBIJIEIMM Hamboliee ynorpeOisieMble CYIIECTBUTEIbHBIE W TIIarojbl. J{JIsl 3TOro HCIoib3yeM
Bcrpoennbie ¢ynkimu WordCounts, TextCases, Count, WordCloud.

1) ITocunTtaem odriee KomyecTBO ciI0B: association=WordCounts[text].

2) Boeibepem u3 HUX cymiecTBUTeabHBIE: NOUNS=TextCases[Normal@text,"Noun"].

3) [Mocunraem 4acTOTy YyHOTPEOICHUS KAKIAOTO CYIIECTBUTEILHOTO:
fregnouns=Counts[nouns]

4) Busyanusupyem pesyastar: WordCloud[fregnouns].

PesynpTar BBIMONHEHHON 00pabOTKM TEKCTa MpPEACTaBIeH Ha pwuc. 2. Bumum, uto
WCTIOJB30BAaHUE TAKOTO TIOHATUS «H(pOBas TeENarornka» HEPa3pblBHO CBA3aHO C
MPUMEHEHHEM CYIIECTBUTENBHBIX: [IEHHOCTH, HHCTPYMEHTHI, MPOEKT, TEXHOJIOTUHU, JOCTYII,
MO/JISIIMPOBaHNE, TOCTPOCHHE, BO3/ICHCTBHE.

Konmpatrsena H. A., 'yaauaa M. A.
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Puc. 2. Haubonee ymotpebisieMble CYyIIECTBUTEIBHBIC U TIIar0JIbl HA CTPAHHLIE

https://en.wikipedia.org/wiki/Digital_pedagogy

Hcnonp3oBanue MUQPPOBU3AIMH TPEAYCMAaTPUBACT HAIWYKME HAINPABICHHBIX JICHCTBHMA
Ha oOydaromierocs, BKJIIOUYEHHE €ro B 00pa3oBaTeNbHBIN MPOLECC, OPraHU3aIMIo Mpolecca
MOJICJIMPOBAHUS U CUTYAIH TBOPUECKOTO MOMCKA PEIICHHUS IPOOIISMBI.

Tak, B TEXHUYECKUX AMCUUIUIMHAX, HCIIONB3YS] KOMIBIOTEPHBIE BO3MOXXHOCTH, MOKHO
MOCTPOUTh 00pa30BaTENbHBIA MPOIECC TaKUM O0pa3oM, YTOOBI CTYIEHT HArJISTHO
MIPECTABIISUT OTYYCHHYIO HH()OPMAIIHIO C UCTIONb30BaHUEM HH(POPMAIIMOHHBIX TEXHOJIOTHHA.

B ycimoBmsax uumdpoBuzamuu  00pa3oBaHHS IPEIyCMOTPEHO (OPMHpPOBAHUE Y
oOydaromuxcsi TUPPOBOH KOMIETCHIIMA — HAaBBIKOB A()()EKTHBHOrO  TMOJIH30BAHUS
TEXHOJIOTUSIMU. Takasi KOMIIETCHIIUS BKJIFOYAET B CEO:

MOUCK WH(pOpPMAIINH,

WCTOJIb30BaHNE U(POBBIX YCTPOICTB,
WCTIOJIb30BaHNE (PYHKIIMOHAA COLUAIBHBIX CETEH,
KPUTHYECKOE BOCHIPUATHE UH(OPMAITHH,
MIPOU3BOJICTBO MYJIbTHMEIMIHHOTO KOHTCHTA,
CHHXPOHH3AIIHS YCTPONCTB U T.1I.

Kpome 53TOro, cpenum OCHOBHBIX KayecTB, KOTOpbIE (OPMHUPYIOTCS B paMmKax 3TOH
KOMIIETEHIIH B IPOIECCe U3YyUEHHsI KYPCOB NMPUKIIAJHON MEXaHUKHA U MAaTEMAaTHUKH, MOYKHO
BBIJICJIUTH CIIEAYIOIINE:

1) oBmageHWe 3HAHUSMH O BO3MOXXKHOCTSX M  OTPAaHUYEHHOCTH  BO3MOXKHOCTEU
HKCHEPUMEHTAIbHBIX METO/I0B U CPEJICTB;

2) crocOOHOCTh CTaBUTh M MPOBOJIUTH MAaTEMaTHUYECKUE HKCIEPUMEHTHI C MCIIOIBb30BaHUEM
MH(POPMAIIMOHHBIX TEXHOJIOTHA;

3) crnocoOHOCTh pallMOHAIBHO COYeTaTh MPUMEHEHNE SKCIIEPUMEHTANIBHBIX U TEOPETUUECKUX
METOIOB B MPOIIECCe PEIIEHUs MPUKIAIHBIX 3a7au MEXaHUKH;

4) cnocoOHOCTh aHANM3WPOBATH M JelaTh aJCKBAaTHBbIC BBIBOJBI HAa OCHOBE JaHHBIX,
MOJTyYEHHBIX SKCIIEPUMEHTAIIBHO.

MaremaTrueckasi KOMIIETEHTHOCTb BKITFOYAET COCTABIISIOIINE:

1) TOTOBHOCTh MPHUMEHATH TMONyYEHHBbIC 3HAHUSA MPH PEIICHUH aKTyadbHBIX MPUKIATHBIX
HAYYHBIX TPOOIIEM, CAMOCTOSTEIIEHO OPUEHTHPOBATHLCS B 3a/1a4€;

2) yMeHUE TPUMEHATH 3HAHHS MATeMAaTUYECKUX AUCLIUIUIMH TPU U3YYCHHH CIEIHATbHBIX
MPOGUIBHBIX TUCIHITIINH, COOTBETCTBYIONINX CIIEIUAIBHOCTH;

3) BHYTpPEHHSISI MOTUBAIMS, YOKAEHHOCTh U YBEPEHHOCTh B CBOUX BO3MOXHOCTSIX YCIIEHIHO
WCTIOJIH30BATh MaTEeMaTHYECKHE METO/IbI M MOJEIH TIPH PEIICHUU HAyYHBIX 3a/1a4 B Oymymien
npoecCHOHATLHOMN 1eATENbHOCTH;

4) TOTOBHOCTH MPHOOPETATh CAMOCTOATEIBHO HEOOXOIUMBbIE HOBBIC 3HAHMUS, BHIXOJSIINE 32
paMKU IPUBBIYHON AESITETLHOCTH;

5) yMeHHE CTaBHUTD IENb ICHCTBHIA B COOTBETCTBUH C OOBEKTHBHBIMH YCIOBHSIMU;

KonmpatseBa H. A., 'yaauna M. A.
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6) yMeHHe OmpeneNnsaTh KOHKPETHBIC CPEICTBA M METOABI JUISl 33a4d B COOTBETCTBHH C
CUTYyallUe, 1IeJIbI0 U HATMYHBIMH BO3MOKHOCTSIMU [9].

Hanpumep, cryaeHTam mnepBbIX KypCcOB B paMKaX KYPCOBBIX MPOEKTOB PEKOMEHAYETCS
npeaiaraTh TPUKIAAHBIC 3a/auyd, HalpaBJICHHbIE HAa YCBOCHHE OCHOB MaTEeMaTHYECKOTO
MOJIETMPOBAHUS B paMKax I10JlydaeMoi uMu crienuaibHocTH [10].

B ycrnoBusx mudpoBu3anuM K OKOHYAHHUIO y4eObl B By3€ Yy CTYJECHTAa MIPOUCXOJIHT
KOTHUTHBHAsI, MOBEJACHUYECKAS U OMOIMOHAIIbHAS TpaHC(hOpMAIIH.

C TOYKM 3peHUS KOTHUTUBHOTO KOMITOHEHTA, IPOUCXOJAUT KOHIENTYaIH3aIus
BO3MOXXHOCTEH B BUpTyalnbHOM Mupe. K KkoHIly 0oO0ydeHwsi y cTyneHTa c(HOPMHUPOBAHO
JTUBEPIEeHTHOE MBIIIUICHHE O HOBBIX CITOCO0ax paboThl. BBIMYCKHUK TOTOB OBICTPO MPUHUMATh
pEIICHUS B YCIOBUSX HEJOCTATOYHOCTH WH(OPMALIUH.

C TOYKHM 3peHUsSI TOBEJACHUYECKOr0 KOMIIOHEHTA, MPOM3OILIA aJanTaius K IMOCTOSHHO
W3MEHSIOIUMCS YCIOBUSIMU B3aUMOJCHCTBUSA. BBITYCKHUK TOTOB K COTPYJIHUYECTBY.

C TOYKM 3pEHHsI HMOIMOHAIBHOTO KOMIIOHEHTa, y BBINYCKHHUKA C(HOpMUPOBAHO
TOJICPAHTHOE OTHOLIEHHWE K PHUCKY W HEONPEACNIEHHOCTH, CTPECCOYCTOMYUBOCTh K
W3MEHEHUSM, CMEJIOCTh B IPUHATHHU PEIICHUMN.

Hamu pa3paboTaH KOMIUIEKC MEPOIPHUSTHH, MO3BOJISIONINA pEan30BaTh OMUCAHHBIC
3a/1a4d B paMKax JUCIUIUIMH MPUKIAJTHON MEXaHUKH U MaTEMaTHKH .

Taoauma 1

MeponpusiTus 1o pa3padoTke 4 MOHUTOPUHIY Ka4yecTBAa H 3(PPeKTUBHOCTH Peau3alun
00pa30oBaTeJILHbIX NPOrPamMM
MOHUTOPUHT YHUBEPCUTETCKOTO CaiTa, 3JEKTPOHHBIX MaTepHaJIOB IperojaBaTesel TUCIMITINH
«Marematuka» u «MexaHukKay.
[IpoBenenne mMoHWTOpHHTa OS()(PEKTHBHOCTH  pealn3yeMbIX MporpaMM  (DaKyIbTaTHBHOM
JESITEIbHOCTH M IOTIOJTHATEBHOTO 00pa30BaHusl.
MOHUTOPHUHT peaan3allii OCHOBHEIX IIeJiei mporpaMMbl Y HuBepcutet 3.0.
IIpuBenenune 6a30B0i HHPPACTPYKTYPHI (PaKyIbTETOB B COOTBETCTBHE € COBPEMEHHBIMH
TpeOOBAHUSIMU
Opranmzanusi MOHUTOPHHTa OOecliedeHHOCTH (akyiapTeTa  0OOpYyNOBaHWEM U COJEHCTBHE
CO3JIaHHI0 MAaTepPHAJIbHO-TEXHUUECKUX YCIOBUM, HEOOXOJUMBIX s 00ecreueHHs MOJTHOM
peanmu3anmy 00pa3oBaTeNbHBIX MPOTPAMM I10 MPHUKIIAJTHOW MAaTEeMaTHKE U MEXaHHUKE.
ObecnieueHne TEXHUYECKUX PECYpPCOB Uil  BHEAPEHHS M MOBBILECHHUA  JOCTYIHOCTH
JTMCTAHIIMOHHOTO M WHKIIFO3UBHOTO 00pa3oBaHUsl.
ConeiictBue  obecrniedeHWIo  (akyabTeTa COBPEMEHHBIM  O0OpYIOBaHHEM, KOHTPOIb  3a
3 QEeKTUBHBIM HCIIOIH30BAHUEM B 00pa30BaTeIbHON AEATEILHOCTH HH(OPMAITUOHHBIX U HHTEPHET-
TEXHOJIOTUH.
Pa3BuTHe KaAPOBOro MOTEHI[HAIA PYKOBOAAIIUX U MeIArOrM4eCKUX Pa0OTHHKOB BBICIIETr0
Y4eOHOro 3aBe/leHusl
[ToBbimienre mpoeccnoHAIPHON KOMIETEHTHOCTH IEaroroB B YCIOBHUSIX peaM3allMd MPOrpaMMBI
Yuuepcuter 3.0, B TOM umciae MmO MpobieMaM YOpaBlieHHs KayecTBOM OO0pa3oBaHHUS TIO
MaTEeMATHYECKUM JUCIUILTHHAM.
IloBrIICHHE KBaJ’II/I(I)I/IKaIII/II/I neaarort4yeCKux pa6OTHI/IKOB Ha OCHOBE pE3YJbTATOB JUATHOCTUKHU
podeCcCHOHATBHBIX 3aTPYJHEHUI U UTOTOBOI aTTeCTallMy 0 MAaTEMAaTHKE M MEXaHHMKE dYepe3 pa3Hble
(hOpMBbI TTOBBIIICHHUS KBATH(HKAIIHH.
dopMupoBaHUE MEPCIIEKTUBHBIX IIAHOB 0OECHECUCHHOCTH (PaKyJIbTeTa BHICOKOKBATH(PHUIIMPOBAHHBIMHU
neJarorniCCKMMHU KaJpaMunu
Opranmzanys Ha GakyapTeTe MPoGOPUEHTAINOHHONW pabOoTHI 110 MTPUBJICUCHNIO MOJIO/IBIX CIEI[HAINCTOB
Ha nnegarorudyeCKue CriciuaJibHOCTH.
OoOecrieueHne  KOHCYJIBTAl[HOHHO-METOJNYECKOTO  COINPOBOXKICHUS ~ MOJIOJBIX  CIELHAIHCTOB,
paboTalomuX B Tpymmax C YCTOHYMBO HHU3KMMH pe3ylbTaTaMd. 3akKpeIUIeHHe HacTaBHHKOB K
NpenoiaBaresiM-CTaKepaM.
HpOBe}IeHI/IC METOAUYCCKHUX CEMHUHAPOB TII0 TEXHOJIOTUAM MNOAACPKKUA W pPa3BUTHUA O)IapeHHOﬁ
MOJIOJICHKH.
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Yuactue B KOHKYpPCE HpO(beCCI/IOHaJ'IBHOFO MaCTEPCTBA 110 BBIABJICHUIO U PACIIPOCTPAHCHHUIO TEPEIOBBIX
MPaKTHUK 110 O6y‘-IeHI/IIO MATECMAaTHUKC U MCXAaHUKE.

VYuyactie B paboTe COBEIaHUs KypaTopoB, HAYYHO-TIPAKTHYECKUX KOH(EPEHIMH, CEeMHHAPOB, KPYTIIBIX
CTOJIOB, HAIIPaBJICHHBIX Ha NOBBILICHNE MPO()ECCHOHATBHOT0 MacTepCTBa.

Opranmzamuss  paboOTBl 1O  CTUMYJIHPOBAHWIO  IIEOArOTHYECKHX  PAOOTHHKOB 32  KAadecTBO
npo(eCcCHOHATBFHON NesITeNFHOCTH, TO3UTHBHYIO IMHAMHKY PE3YJIBTATOB O0YUAIOIIUXCS.

Coxkpanienue pa3pbiBa B pe3yJ1bTaTax 00y4YeHHOCTH CTYI€HTOB MEKIYy OPraHu3alUusIMHM C
HauOoJiee BBICOKUMH M Hau0oJs1ee HU3KMMHU 00pa30BaTeJbHBIMH pPe3yJbTATAMHU

VYuacTie B perHOHAIBHOM Ipolieype ITPOBEIeHNs OLIEHKN KayecTBa 00pa3oBaHMUsL.

Opranu3zaiys 1 MPOBEJCHUE HA MEPBOM M BTOPOM Kypce 00ydeHHs B YHHBEPCHUTETE AMATHOCTUYECKHX
paboT B (popMate TECTOB MO0 MATEMATHKE U MEXaHHKE.

Ananms PE3YIbTATOB 10 U'TOTAaM MOHUTOPHWHIA, BBISABJICHUEC 06yqa}0mnxcsi C HU3KUMU pE3yJIbTaTaMH, C
HEJIbI0O UHAUBUAYAJIBHOT'O TINIAHWMPOBAHUA ITOATOTOBKH K OK3aMCHY.

AHamm3 pe3yiapTaTOB OKOHYAHHS y4eOHOTO ceMecTpa, y4eOHOrO Toxa, C IENbl0 IPUHATHSL
YNPABJICHUECKUX PELICHUI.

HpOBC,Z[eHI/IC NEJAarorn4eCKuxX COBCTOB II0 BOIIpOCaM IIOBBINICHHSA Ka4dye€CTBa O6pa30BaT€HLHBIX
PEIYIHTATOB 110 MATEMATHICCKUM OUCHUITIMHAM.

Opranuzanus JesTeIbHOCTH (DaKylIbTeTa 1Mo BOIPOcaMm:
- IOBBILIEHUE KaYeCcTBa yCIEBAEMOCTH;
- OCYIIECTBJIEHHE KOHTPOJIS 32 YPOBHEM NPENOAABAHNS MAaTEMAaTUKU U MEXaHUKH.
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JlaHHBIT ~ KOMIUIEKC MEpONpPHATHA HampaBIeH Ha  YIy4dIICHHE OpraHu3aluu
Opa3oBaTeIbHOTO  Mpolecca TAaKUM  O0pa3oM, YTOObI  BO3HHMKala  BO3MOXKHOCTD
(bopmMHIpoOBaTh HEOOXOAUMBIE KOMIIETEHIIMN y OYAYIIEro CIenraIncTa.
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