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O KOJIEBAHUU MMPSIMOYT' OJIbHOM INIJIACTUHBI B
WJAEAJBHON KUJKOCTHU C YYETOM PA3JIMUYHBIX
CIIOCOBOB 3AKPEIIVIEHUSA EE KOHTYPOB

Kononos 10. H.!, IlleBuenko B. I1.%, Jlumaps A. Al

Y Uncmumym npuknadnoii mamemamuxu u mexanuxy Hayuonanonoi akademuu nayk Ykpaumu
2 Toneykuii nayuonanbhblil yuusepcumem umenu Bacviis Cmyca

3Hukonaesckui azpapuulli yHugepcumem

AnHoTanmus: B nuHelHONW MOCTAaHOBKE pacCMOTpeHa IUIOCKas THAPOYIpyras 3aaada o
KoJIeOaHUM  TOHKOM  HW30TPONHON  MPSMOYTOJILHOW  IJIACTWHBI, pa3eislolied  UaealbHble
HEC)KUMAEMBbI€ KUIKOCTU B MPSMOYTOJIbHOM KaHalle C KECTKMMH OOKOBBIMH CTEHKAMHU U KECTKUM
BEpXOM M JHOM. IInacThHa nmojBep:keHa pacTArUBAIOIIUM WU CXKUMAKOLIUM YCWINSAM B CPEIUHHON
MIOBEPXHOCTH, & €€ KOHTYpPhl MOTYT HMMETh IPOU3BOJBHOE 3aKPEIUICHUE. YPaBHEHUS CBSA3AHHBIX
IUIOCKMX KOJe0aHWH IUIACTUHBI W JKUAKOCTH MPEJICTAaBICHbBI B BHUAE CUCTEMBl HHTEIPO-
I QepeHInanbHbIX YPaBHEHHH C YCJIOBUEM COXPaHEHHUS O00beMa HECKHMMAeMOW JKHIKOCTH H
IPAHUYHBIMHM YCJIOBUSIMM 3aKpEIUICHUS KOHTYPOB IUIACTUHBI. IIpu pelneHnn KpaeBoM 3agauu Ha
cOOCTBEHHBIE 3HAa4YeHHs1 (opMa mporuda IIACTUHBI MPEICTABISIETCS B BUAEC CYMMBbl IPOU3BEICHUIN
YeThIpeX HEU3BECTHBIX KOHCTAaHT Ha (PyHIaMEHTaJbHBIE PELICHUS OJHOPOAHOTO YPAaBHEHHS s
TUTACTHHBI 0€3 YCIOBUI 3aKpeIyieHHs] €€ KOHTYPOB M YaCTHOTO PELICHHUS! UCXOIHOTO HEOJHOPOIAHOTO
ypaBHeHUsI. YacTHOE pelleHHe MPEICTaBIseTCs B BHIE Pa3IOKEHHS MO COOCTBEHHBIM (DYHKIHSM
KoJsieOaHuil naeanbHOM KUIKOCTH B IPSIMOYTOJIBHOM KaHasle. Bce Hen3BecTHbIE BETMUMHBI, BXOSIIUE
B UCKOMYIO (popMy mporuda IJIaCTHHBI, BHIPAKAIOTCA 4Yepe3 YeThIpe HEH3BECTHBIE KOHCTAHTHL M3
YCJIIOBMM 3aKpEIUIEHHs] KOHTYpPOB IUIACTHHBI CIEAYET OJHOPOJHAs CUCTEMA JIMHEHHBIX YpaBHEHHH
OTHOCUTENIBHO YETBIPEX HEU3BECTHBIX KOHCTAaHT. IlomydeHO B BHAE ONpEAENHUTENS YETBEPTOrO
MOpsIIKa YaCTOTHOE YpaBHEHHE CBOOOIHBIX CBS3aHHBIX KOJNICOAHUMH IUIACTHHBI M OKUAKOCTH U
MPOBENICHO €ro YMPOIICHUE Ul ONEPTHIX U CBOOOAHBIX KOHTYpoB. [lokazaHo, 4To, Kak U paHee st
3alEMJICHHBIX KOHTYpPOB, YaCTOTHOE YpaBHEHME paclajacTcs Ha JBa ypPaBHEHHMs, ONHCBHIBAIOIINAX
HECHUMMETPHYHBIE U CHMMETPHUYHBIE YaCTOTHI CBOOOJHBIX KOJIeOaHUH (HEUeTHbIE M YETHbIC YacTOThI),
HO B OTJIMYMH OT 3aIEMJICHHBIX KOHTYPOB YK€ HE MOXKET OBITh MPEJCTAaBICHO B eUHON (hopme st
9THX YacToT. JJs CMEmaHHBIX CHOCOOOB 3aKpEIUIEHUH KOHTYPOB IUIACTHHBI (3alleMIICHHBIH —
OTIEPTHIH, 3alEeMJIEHHBIH — CBOOOAHBIM M OMEPTHI — CBOOOIHBIN) YACTOTHOE YpaBHEHHME YK€ HE
pacrazgaeTcsl Ha HEUYETHBIE U YETHBIE YACTOTHI.

KuaroueBble ciaoBa: THIPOYNPYrocTh, YyIOpyras H30TPOIMHAS MPSMOYTOJbHAs IUIACTHHA,
ujeanbHasi HeC)KUMaeMasi >KUAKOCTb, IPSMOYTOJIbHBIM KaHall, IFIOCKUE KoleOaHusl.

ON THE VIBRATIONS OF A RECTANGULAR PLATE IN AN
IDEAL FLUID WITH REFERENCE TO VARIOUS METHODS OF
ATTACHMENT OF ITS CONTOURS

Yu. Kononov!,V. Schevchenko?, A. Lymar®

! Institute of Applied Mathematics and Mechanics of the National Academy of Sciences of Ukraine
2 Vasyl” Stus Donetsk National University

¥ Mykolayiv National Agrarian University

Abstract: A linear hydroelastic problem of oscillating a thin isotropic rectangular plate
separating ideal incompressible fluids in a rectangular channel with rigid side walls and a rigid top and
bottom is considered in the linear formulation. The plate is subject to tensile or compressive forces in

Kononos HO. H., llleruenxo B. I1., Jlumaps A. A.
6 https://doi.org/10.31650/2618-0650-2020-2-1-6-19
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the middle surface, and its contours may have arbitrary fixing. The equations of plane coupled
oscillations of a plate and a liquid are presented in the form of a system of integro-differential
equations with boundary conditions for fixing the contours of the plate and the condition for
maintaining the volume of an incompressible liquid. When solving the boundary value eigenvalue
problem, the shape of the plate deflection is represented as the sum of the products of the four
unknown constants by the fundamental solutions of the homogeneous equation for the plate without
the conditions for fixing its contours and the particular solution of the original inhomogeneous
equation. A particular solution is represented as an expansion in eigenfunctions of the oscillations of
an ideal fluid in a rectangular channel. All unknown quantities included in the sought form of plate
deflection are expressed through four unknown constants. From the conditions for fixing the contours
of the plate, a homogeneous system of linear equations with respect to four unknown constants
follows. The frequency equation of free coupled oscillations of a plate and a liquid is obtained in the
form of a fourth-order determinant and its simplification is carried out for supported and free contours.
It is shown that, as before for a clamped countours, the frequency equation splits into two equations
describing asymmetric and symmetric frequencies of free vibrations (odd and even frequencies), but
unlike a clamped countours it can no longer be presented in a single form for these frequencies. For
mixed methods of fixing the contours of the plate (clamped - supported, clamped - free and supported
- free), the frequency equation no longer splits into odd and even frequencies.

Keywords: hydroelasticity, elastic isotropic rectangular plate, ideal incompressible fluid,
rectangular channel, flat oscillations.

Kononog 10. H., lllesuenxo B. I1., Jlumaps A. A.
https://doi.org/10.31650/2618-0650-2020-2-1-6-19 7
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1 BBEJIEHHE

Jiis 6€3011aCHOCTH TPAHCIOPTUPOBKU U XPAHEHUS JKUIKUX I'Py30B OOJIbIINE pe3epBYyaphl
pa3lensaoT Ha OTCEKU. B 3TOM CBSA3M BO3HUKAET 3ajadya O BIMSAHUM YIPYTHX U MacCOBBIX
XapaKTePUCTHK IIJIACTHH, Pa3JeJIAIOIINX KUIAKOCTH, Ha YAaCTOTHBIM CIEKTP M yCTOMYHMBOCTH
KojeOaHuii MeXaHW4YecKou cucreMbl. Hambomnee akTyanpHa 3Ta mpolOiiemMa mpu pabore u
OXJIAKJCHUM ALIEPHBIX PEAKTOPOB. B cTarbe paccMOTpeHa MOJeNbHas 3aa4a, Korja OTCeK B
BUJE JKECTKOTO IpPSIMOYTOJIbHOIO KaHajla C WJACAIbHOM HECKUMAEMON JKUIKOCTHIO
TOPU30HTAIBHO Pa3leisaeTCs H30TPONHOM IMPSMOYIOJIBHOM IUIACTMHOM Ha JBa OTceka. B
paHee pacCMOTPEHHBIX pabOTaX pPacCMOTPEH U MCCIIENOBAH CIy4ai 3allleMJICHHBIX KOHTYPOB
miacTuHbl. OfHAKO B pe3ysbTaTe CEHCMHUYECKUX BO3JCHCTBUI WIM BO3HUKHOBEHUU
ABapuMHOM WJIM HEWTAaTHOW CHUTyalluu Kpas 3allEeMJICHHOM IUIACTUHBI MOTYT IIPHUHSATh
IIPOU3BOJILHOE 3aKpEIUIEHUE, HAllpUMEp, CTaTh CBOOOJHBIMHU, ONEPTHIMM, WU OJUH KOHTYP
MOXET OBITh 3allleMJIeH, a JpYroil omepT WiM CBOOOJeH. B 3TOi CBsI3M BO3HHMKAET
HE00XO/AUMOCTh B MCCIIEOBAaHUM HOBOTO YAaCTOTHOI'O CHEKTpa M €ro BIMSHUU Ha paboTy
HACOCHBIX arperatoB. B naHHOW craThe Ha NpUMEpE JBYX 3alEMIICHHBIX, ONEPTHIX U
CBOOOJHBIX KOHTYPOB, a TaKXe€ MX PAa3JIM4YHOM KOMOMHAIMM BbIBEIEHbl M aHAIUTUYECKU
HCCIIEIOBaHbI IOJyYEHHBIE YACTOTHBIE YPAaBHEHUSI.

2 AHAJIM3 JIMTEPATYPHBIX JAHHBIX U IIOCTAHOBKA ITPOBJIEMbI

B nmanHoii paboTte 0000maroOTCs pe3ysibraThl craThe [1] Ha ciydail HpOM3BOJIBHOTIO
3aKpeIIeHUs] KOHTYpOB IUIacTUHBL. B cratbe [1] B JMHEWHON MOCTaHOBKE pacCMOTpPEHA
IUIOCKasl THIAPOYNpyTas 3agada o KoJeOaHWHM 3alleMJICHHOM TOHKOW HM30TPOITHOM
NPSIMOYTOJIBHOM  TUIACTHHBI, pa3/CisAiolield WACaIbHbIC HEC)KMMAacMble JKHIKOCTH B
MPSMOYTOJIBHOM KaHajle C JKCCTKMMH OOKOBBIMH CTCHKAMHU M JKECTKUM BEPXOM U JTHOM.
[InactiHa TOABEp)KEHA PACTATUBAIONIMM WM CKAMAIONIMM YCHWIHSAM B CPEIWHHOU
noBepxHOCTH. [loaydeHo B BUE ONMPENEIUTENS YETBEPTOrO MOPSAAKA YaCTOTHOE ypaBHEHHE
CBOOO/IHBIX COBMECTHBIX KOJICOaHM TUIACTUHBI M KMJIKOCTH U MPOBEJIEHO €0 YMPOIICHHUE.
[TokazaHo, 9TO OHO pacrnajaeTcs Ha JBa YPaBHEHHs, ONMHCHIBAIONINX HECUMMETPHUYHBIC U
CUMMETPUYHBIE YaCTOTHl CBOOOAHBIX KONEOaHWH (HEUYETHhIE M YETHBIE YACTOTHI) U MOXKET
OBITh TIPEJICTABIICHO B €IWHOW (opMe sl STHX YacToT. [lodydeHs Takke MpuOIKeHHBIE 1
TOYHBIE YCIIOBHUSI YCTOMYMBOCTH COBMECTHBIX KOJeOaHW IMIACTHHBI U KUAKOCTH. B 3Toi
CTaThe MPUBEJCH JIOCTATOYHO TMOJHBIA 0030p JTUTEPATYPHBIX AAHHBIX MO paccMaTpUBAaEMON
npo6ieme. J[OMOTHUM €ro TOIbKO HEKOTOPHIMH OCHOBHBIMH H MOCIETHUMH paboTaMHu.

B pabGore [2] paccmorpena 3agaya O KoOJI€OAHWH TPSIMOYTOJIbHOW IJIACTHHBI,
paznensoneld uaeanbHble HEC)KMMAeMbIE JKUIKOCTH Pa3HOHM IIOTHOCTH B MPSMOYTOJIHHOM
KaHalle ¢ OJHHM JKECTKHM, a JPyTMM YIPYI'MM OCHOBaHMMH, a B [3] 3Ta 3amaua Obia
o0o0mmieHa Ha ciydail OBYX YOPYTMX OCHOBaHMU. B 3Tux pabotax ans 3amieMIeHHON
TUTACTUHBI TIOJIY4EHBl TPUOIMKEHHBIE YCIOBHSI COBMECTHBIX KOJIGOAHWH TIUIACTUHBI |
KHUIKOCTH, a B paboTe [4] yaanoch MOTyYdTh TOYHBIE YCIOBHS YCTOWYMBOCTH, KOJICOAHHIA
TUTACTUHBI, pa3felsionell HMACaNbHbIE JKHIKOCTH PAa3HOM IUIOTHOCTH B YKECTKOM
npssMOyroiibHOM KkaHane. Crtathsi [5] mocBsmieHa W3y4eHUIO CBOOOJHBIX KOJCOAHHI
JBYXCIIOMHOW HJACAIbHON KHUIKOCTH B TMPSMOYTOJHHOM KOHTEHHEpE C YIpyroil OOKOBOM
creHkoi. C HCIOJIb30BaHMEM HOPMAIbHBIX (OPM MPOBENEHO HCCIEIOBAHUE JIBYMEPHOMH
TUAPOYNIPYTON CUCTEMBI.

Bonpiioit nukin paboT MOCBSIEH THAPOYNPYTUM KOJIECOAHUSIM HICATbHON KUAKOCTU B
KPYTOBBIX U KOAKCHATBHBIX IIMIHHPAX C KECTKUMH M YIIPYTUMHU OCHOBAaHUSAMHU. JTO pabOTHI
[6-10] u mH. np. B pabore [6] mcciemoBaHbl CBSI3aHHBIE YACTOT KOJeOaHW HCaTbHOM
KHUJIKOCTH B KPYrOBOM IIWJIMHIpPE W YIPYrod IUIACTHHBI Ha CBOOOTHOW ITOBEPXHOCTH

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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KHUIKOCTH. PaccMOTpeHbI pa3inyHbIe Cly4au 3aKperuieHus KpyroBoil ruractunbl. Ctaths [7]
MOCBAIIECHA KOJICOAHUSIM 3alleMJICHHOW KPYroBOW IUIACTHHBI B CXKUMAEMOM HeaTbHON
KHUJKOCTU, HAaXOZSAIIEHCS B JKECTKOM IPSIMOM KPYTOBOM IIWUIMHJPHUYECKOM pe3epByape. B
9TOW CTaTb€ IPOBOJUTCS CPAaBHEHUE AHAJIUTHYECKHX PpE3YyJIbTaTOB C peE3yJbTaTaMH,
noiaydeHubiMu B cucteme ANSYS. B paGore [8] mnpoBomsaTcs mcciienoBaHuUs
HECUMMETPUYHBIX CBOOOJHBIX CBA3AHHBIX KOJICOAHUH 3allleMJIEHHOM KPYTJIol MIaCTUHBI IPU
KOHTaKT€ C HEC)KMMAaeMOM HAealbHOU >XHUIKOCThIO. C wHcnosnb3oBaHueM psiioB Dypbe —
beccenss u BapualMOHHOIO IPUHIMIA BBIBEJEHA IPHUCOCAMHEHHAs Macca >KMIKOCTH U
II0JIyYE€HO YaCTOTHOE YPAaBHEHUE CBSI3aHHBIX KOJIEOAHWH IUIACTUHBI U KUAKOCTH. [IpoBeneHo
CpaBHEHHUE TIOJIyYEHHBIX PE3yJIbTaTOB C pe3ysibTatamMu padotel [7]. B cratee [9] BbIBeneHO
YaCTOTHOE YPAaBHEHHE OCECUMMETPUYHBIX KOJCOAHUU TSDKEION IBYXCIIOWHOW WIeanbHON
KHUJKOCTU B JKECTKOM KOJIBLICBOM LWIMHIPUYECKOM pE3epByape € YNPYTMMHU BEPXHUM U
HIDKHHM OCHOBaHHSIMU B BUJIC 3allEMJICHHBIX KOJIBIEBBIX IiacTuH. Pabora [10] nmocesinena
HCCIIE/IOBAaHUIO YACTOTHBIX YPAaBHEHMM HECHMMMETPUYHBIX MU CHUMMETPUYHBIX COOCTBEHHBIX
KojeOaHUM TSOKENIOM MJeanbHOM  JABYXCIOMHOW JKUAKOCTU B  JKECTKOM KPYIOBOM
LWIMHIPUYECKOM pPE3EpByape C YNPYTMMU OCHOBAHMSIMM BHJIE KPYIOBBIX 3alEMIIEHHBIX
mwiacTuH. Ha mpumepe oaHOPOJHON >KMIKOCTH CO CBOOOJHON MOBEPXHOCTHIO U YIPYTUM
JTHOM B BHJIE MEMOpaHbl aHATMTUYECKH U YHCIIEHHO UCCIIEI0BAH YaCTOTHBIM CIIEKTP.

B nmanHO# cTathe MpoOAOHKEHBI UCCIIENOBaHMs HaudaTble B pabotax [1-4]. [lomyueno B
BUJIE OIpENEeNUTENs YETBEPTOro MOpsijAKa YacTOTHOE YpaBHEHHE CBOOOIHBIX CBSI3aHHBIX
KOJ1e0aHui MIACTUHBI U KHUAKOCTU U MPOBEIECHO €0 YINPOILEHUE ISl OTIEPTHIX U CBOOOIHBIX
KOHTYpOB. Iloka3aHno, 4yTo /Ui JBYX ONEPTHIX WM CBOOOIHBIX KOHTYPOB OHO pacrajgaercs Ha
JIBA ypaBHEHUS, ONMCHIBAIOIIUX HECHUMMETPUUYHbIE M CHMMETPUYHBIE YaCTOTHI, a JJif
CMELIaHHBIX  CIIOCOOOB  3aKpeIUIeHHWHl  JBYX  KOHTYpPOB  (3allleMJIEHHBIH — ONepThIi,
3alleMJICHHbIN — CBOOO/IHBIN, ONEpPThI — CBOOOJHBIN) YAaCTOTHOE YpaBHEHHE YXKE He
pacrnazaercsi Ha HeUETHBIE U YETHBIE YaCTOTBHI.

3 HEJb U 3AJAYU UCCIIEAOBAHUS

B 5nMHENHON NOCTAaHOBKE PacCMOTPETh MOJEIBHYIO THAPOYIPYTYIO 3a1ady O IUIOCKUX
KOJICOAHUSAX  M30TPONMHOW  MPSAMOYTOJIBHOM  TUIACTHHBI,  pa3JeNsoNied  HjaealibHbIe
HEC)KMMAEMbIE€ JKUJKOCTH B YECTKOM NpPsAMOYrojbHOM KaHaie. [lmactuHa mnoasepkeHa
paCTSATHBAOIIMM WJIM CKUMAIOIIUM YCWIHSIM B CpPEIMHHOM ITOBEpXHOCTU. BriBecTn
yYpaBHEHHS COBMECTHBIX KOJI€OaHMH TUIACTUHBI W JKUAKOCTH IS TPOU3BOJIBHOTO
3aKpEIUICHUS KOHTYPOB IUTacTHHBI. [IpoBECTM aHAIMTHYECKUE HCCIIENOBaHUA YacCTOTHOIO
ypaBHEHHUs IJs JABYX OMEPTHIX U JIBYX CBOOOJHBIX KOHTYPOB, a TaKXkKe A pa3IudHON
KOMOMHAaIMM  COCcOOOB  3aKperjeHus JBYX KOHTYpPOB:  3allleMJIEHHBIH — OMEPTHIi,
3aIleMJICHHBIN — CBOOOIHBIN, ONEPTHIil — CBOOOIHBIH.

4 PE3YJbTATHI UCCJIEJOBAHUN

PaccMoTpuM mutockue kosiebaHusl yOpyrod MpsMOYTOJbHOM IMIACTHHBI TOPU30HTAIBHO
paszensoLen UJeaIbHBIC HEC)KUMaeMbIe KUIKOCTU IJIOTHOCTU O B KECTKOM
MPsIMOYTOJIBHOM KaHaie mupuHoil b (b=2a). Ilnactuna obnagaer mMOCTOSHHOM HM3rMOHOMN
XKeCcTKOCThI0 D u moasepxkena pacraruaromuM (T > 0) wm cxxumaromumM (T < 0) ycunusaMm
WHTEHCUBHOCTU T B CPEIMHHOM MOBEpPXHOCTH. KOHTypHl IIaCTMHBI MOIYT HMETh
IPOU3BOJIBHOE 3aKpeIlieHne. BepxHsis xKUAKOCTb 3al0NHSAET COCy 10 MIyOuH h , a HUXKHA

KHUJKOCTh JI0 TIyOuHBI ,.

Kononog HO. H., lllesuenxo B. I1., Jlumaps A. A.
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Cucremy koopauHaT OXyz PpacHoOJOXKHM Tak, YTOObI MJIOCKOCTh OXy HaxoAujach Ha
HEBO3MYIIEHHOW CPEAMHHOW MOBEPXHOCTH IUIACTUHBI, OCh Oy ObLIa HampaBlieHa BJOJb OCH

KaHalla, a OChb Oz - IIPOTHUBOIIOJIOKHO BEKTOPY YCKOPCHHA CHUJIIBI TAXKCCTH ( . Konebanus

IUIACTHHBI U XHUIKOCTU OyJeM paccMaTpHBaTh B JIMHEHHOH IOCTAHOBKE, CUUTAsi COBMECTHBIC
KOJeOaHMs IUTACTUHBI W OKUJIKOCTH  OC30TPHIBHBIMH, @  JBIDKCHUS  SKHIKOCTEH
HOTEHIMAIbHBIMH.

VpaBHEHHs IUIOCKMX KOJEOaHWH YNpyroil IUIACTHHBI M JKHIKOCTH HMMEIOT BHJI,
aHAIOTMYHBIH [ 1-4]

OW o'W _ oW oD, oD

kO atz +D 6X4 -T axz :p(?—#jﬁ‘Q npu ZZO, (1)
0*D. OO, )

=2 21-0 (i=12 2
aXZ 622 ( ) ( )

C I‘paHI/I‘IHHMI/I yCJIOBI/ISIMI/IZ

oW 0D, 0D, o
a oz o P 2=0; 3)
(€D, =0 (j.p=12); (4)
[wdx=0; (5)
Dl ~0 Gi,j=12); (6)
OX

Vi
oD oD
5_21:0 npu Z:—hl,a—zzzo upu Z=-h,. (7)

3mecs K, = p,hy; W(X,t), p,, N, — cooTBercTBEeHHO HOpMaNbBHBI MPOrUb, MIOTHOCTH H
tomuuHa wiactuabl; O, (X, z,t) — moteHuman ckopocreit i -oit xun koctu (i=12); Q —
Npou3BOJIbHAS GYHKUMs BpeMeHU. £, u £, — nuddepeHInanbHbpe Onepartophbl TPAHUYHbIX
YCJIOBHI 3aKperuIeHHs IUIACTHHBI Ha KOoHType y,;(]=12). Tak, nanpumep, s Haubosee
MHTEPECHOTO CIy4ast KECTKOrO 3alIEMIICHHS TUIACTHHBI oneparop £, OyleT eIMHUYHBIM, &
£,,=0d/dx. Jina ynoGcrBa 3amucu BBEIEHO 0003HAYCHHE KOHTYPOB IUIACTHHBI YEPe3 7,
(uHIAEKC | =1 COOTBETCTBYET KOHTYPY X=—-a,a j=2—X=a).

IpencraBum ¢ynkimu D, (X,z,t) B Bume psgoB Dypbe 1m0 COOCTBEHHBIM (GYHKIMAM
¥, (%)

D, (x,2,1) = i[An (e +B, 0 e Ty, (x) (i=12), (9)

rie  ¢yakmun Y, (X) =cosk (X+a), a coorBeTcTByoIHE WM COOCTBEHHBIE YHCIIA
k, =7n/2a.

Ipencrasnenne ¢yukumii D,(X,z,t) B Buge (9) MO3BOISIET yAOBICTBOPUTH YPABHEHHUIO
(2) u rparrYHBIM yCITOBHSIM ().

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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[ToncraBus psaasl (9) B (3) u (7) 1, BOCIOIB30BaBIINCh OPTOrOHAIIBHOCTBIO (PYHKIIHN ¥/, ,

HOJTy4yaeM JIMHEHHYI0 CHCTEeMy YypaBHEHHH OTHOCUTEIbHO HEW3BeCTHbIX A, B, u V\'/n ,
KOTOpPOH UMEET pPEIlICHHE:
W, e W, e
A ~ 2k sinhz, By ~ 2k sinhz,
W, e W, e
o =3 sinh,. " O = 2k sinhwe, (10)
3nmech k;, =hk,,
W, = IWWndX N2 = jy/ﬁdx a. (11)
C yuerom cootHoreHwuii (9)-(11) ypaBuenue (1) npumer Buj
OW o'W 82\N
k@t Da4 -T zk v, +Q, (12)

rac
sinh
P - )
sinhk;, +sinh ,,

a, = p(cohtx;, +coht x,, ) = K, =k, (h +h,).

Takum 00pazoM, COBMECTHBIE KOJIEOAHHsI YIPYTO# IJIACTUHBI U KUAKOCTH HAXOJATCS U3
cucteMbl HHTerpo-nuddepenmanbupix ypaBHeHuit (11)-(12), rpanuunbix ycioBuii (4),
YCIJIOBUH COXpaHEHHUs1 00beMa HECKUMAEMON KUAKOCTH (5) U 3a/laHHbIX HauyaJIbHBIX YCIOBUU.

CoOcTBEeHHBIC YaCTOTHI COBMECTHBIX KO0JI€0aHHI yNIPYroM IJIACTHHBI M KUIKOCTH.
Jlnisi HaxOKACHUsT COOCTBEHHBIX YaCTOT COBMECTHBIX KOJICOAHWH YNPYrodl IUIaCTUHBI U
KHJIKOCTH HOJIOKHUM

W (x,t) =w(x)e'*, Q=C,e'". (13)
[Toncrasus (13) B (11)-(12), B rpanuunbie ycnoBus (4) u ycnosus (5), TOTyduM:

= %j;wwndx X (15)
jl wdx =0; (16)
is ,.pw)\yj =0, (j,p=12). (17)

3necs P=T/D, q=k,0’/D>0, C=C,/D.

Pemenune ypaBuenusi (14) OymeM wuckath B BHJAE OOIIETO pEIICHHS OJHOPOIHOTO
YpaBHEHUS U YACTHOTO PEIIEHUs HEOTHOPOTHOTO

4 ©
W=D AW+ 3 C o, +w, (19)
k=1 n=1

rae W (k =1,4) dyHoaMeHTanbHAS CHCTEMA PEIIEHHH OTHOPOIHOTO yPAaBHEHHUS

Kononog HO. H., lllesuenxo B. I1., Jlumaps A. A.
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d*w d
dx4 d

kw0, (19)

3neck A) u C, M W, HEU3BECTHBIE KOHCTAHTHL.
[Toacrasus (18) B ypaBHeHue (14) 1, BOCIOIb30BaBIINCH COOTHOIICHUSIMU

dzl//n __k2 d l/jn

B -V g = kv
HalJIeM KOHCTaHTY én
- owaWw
C,= W , (20)

rae d. = (Dk? +T)k? -k,

[Toncrasus (18) B (15) u, npuHumas Bo BHUMaHue (20), DOoIy4uM BbIpakeHue it W,

kndn . 00
n:kd _a)za ;'AkEkn' (21)
3naech
o 17,0
Ep =5 | Wowdx. (22)

C yuetom (16), (20) u (21) oxoHuUaTenbHOE BhIpakeHUE 17151 GOpMBI TPOruda MmiIacTUHBI
MIPUMET BH/T

Wzi(w — W a)Za Ekn'//nj (23)

e W =2—1angdx, 4 =a +kk, d,=(Dk?+T)k2,

a A,

n

a,=— =— -
oa,-kd o3& -kd,

dyHaMeHTaNbHAsA CHCTEMA pEIleHHi W, (k =1 4) ogHOpoaHOrO ypaBHeHus (19) u

kodddunuentsl E 3amumryres Tak:

w. ={sinh p,x, cosh p,x, sin p,x, cos p,x};

o _ Pycosh ~ _ pysinh p;
- BBy g, - RS R ey e,
o _ P,cosp, _ _ _P,sinp,
E3n (k2 ~2)[( 1) 1] E - (k2 ~2)[( 1) +1] (24)

3meck 7, =+tP/2+.P’/4+q, P =ap,.
B dopmyny (23) BXOAUT YeThipe HEM3BECTHBIC KOHCTAHTHI Af . VI3 rpaHn4HBIX yCIOBUH

3akperyieHus: IuiactuHbel  (17) uMeeM yeThlpe JIMHEMHBIX OJHOPOJIHBIX YpaBHEHUN
OTHOCHTENBHO A

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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i( jpk _wzianEI?nSjanA? -0, (pa J =1, 2) ) (25)

1 n=1

rac
S = (Sl — D], . L4 = (510D, - (26)

W3 paBeHCTBa HYJIO ONpPENEIUTENs OJHOPOJHOW CUCTEMbI (25) ciexyeT 4acTOTHOE
ypaBHEHHE COOCTBEHHBIX COBMECTHBIX KOJIEOAHUI ypyrol MIacCTUHBI M KUIKOCTH [1]

4
o =0. @7)
g,k=1
31aech
Cp=Ln - > aEnL. (i=1 p=12k=14),
n=1
Cp+2,k ka Zza Ekngjpn (J = 21 p :112; k :ﬁ) : (28)

CobctBennbie (hopMbl Konebanuii OyayT HaiieHsl U3 Qopmyisl (23) U OIHOPOIHOMH
cucteMsl (25).
Jns mpoBeseHust AaNbHEUIINX aHATUTHYECKHX HCCIEIOBAaHHWN YacCTOTHOTO YPaBHEHUS

(27) pasnokuM GYHKIMH W, B PAJ 10 MOJHON M OPTOrOHAJIBHOM CHCTEME COOCTBEHHBIX

GyHKUMH Y/, , BOCIOJb3yeMCSl YCIOBUEM jl//ndX:O u obo3zHaueHnem (22). B sTom
-a

ypaBHeH#ue (27) u kodpdpuments (28) npuMyT BUA:

4
|4 =0, (29)

g,k=1
rae

Zﬂ EknE‘Jln’ C 'SJZk Zza EanJZn (J—l k 14)

n=1

ZﬂE jin? 4 :gojzk_wzzanEI?nSjZn (j:2, k:l,_4)-

n=1 n=1
31ech

kndn

B cnyuae 3ameMieHHBIX KOHTYpPOB KO3((HIMEHTHl YacTOTHOro ypaBHEHHUs (29)
3aMuIIyTCs Tak

Cy = ZIBEkn' 2k = gizk' Ca ZﬂE (-1, Cu = £0]2k(k 14) (30)

Tak Kak BEIUYUHbI £, W g jox AMCIOT BHA [1]

Kononog HO. H., lllesuenxo B. I1., Jlumaps A. A.
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Wk

N d
£1,=1 £5,=(-1)", L0, SOZk[ k]_
7i

B pabote [1] moka3aHo, 4T0O B 3TOM ciiyyae ypaBHEHHE (29) ympoIaercss U MOXXeT OBbITh
3aIMCcaHo B €AMHOM (hopMe JUIsl YETHBIX M HEYETHBIX YacTOT

< k
———=0. 31
nz;‘a)zén—k (31)

[IpoBenemM ympolleHHUs YaCTOTHOrO YypaBHeHMs (29) A 3alieMIIeHHBIX, OMNEpThIX,
CBOOOJHBIX M PA3MUYHBIX KOMOMHALMN S3TUX TpeX CJIy4aeB 3aKpEeIUIeHWH KOHTYpOB
IJIACTHUHBI.

Jns omeproro kpas nporu0® U M3ruOaOMUi MOMEHT JOJDKHBI OOpamiaThCs B HYJIb.

£ 1S OHepTOro Kpas OyIyT

CrienoBarenbHo, oneparopbl £, ¥ 3HaueHus pyukuuid £, £,

HMETh BUJ.
d2
,le =1 sz =d?’ Lin =L £, = (_1)n’
- d2 WO
Lion = k2 Lo = (-1 lknzf Sonk[WlS] = d—sz (32)

I[J'I}I CBO60,I[HOFO Kpasd HCOGXOI[I/IMO, yTOOBl MOMEHT H nepepe3piBaroas Cujia
O6paHIaJII/ICI) B HYJIb. B sTom cirydac GYILGM HMCTh.
d? d®
_ _ _ 2 n+ly, 2 _ _
£j1_dxz’ £j2_dX3' Slln__kn 21n_( 1) k 12n_0’ £22n_o’
3,50

d’w,
Sojzk[wlg]: d

2.,,0
d” w,
dx?

0 0
Sj1|< [Wk] = (33)
7i

TakuM o0pa3oM, paccmaTpuBaeMasi 3aJadya MUMeeT OeCKOHEUYHBIH NHUCKPETHBIA CIIEKTP
COOCTBEHHBIX 3HAYEHHH @ , ABISIOMIMXCSA KOPHSAMH YaCTOTHOTO ypaBHeHus (27) umu (29) ¢

€IMHCTBEHHOM MpeesIbHONW TOYKOW Ha OECKOHEYHOCTH.
YnpouieHue 4acToTHOro ypapHenusi (29) B ciyuyae oneprbix KOHTYpoOB. [Iposenem

YIIPOLIEHHE YACTOTHOTO ypaBHEHHs (29) B ciyuae oneprbix KoHTYpoB. Kospduumentsr C,

3TOTrO ypaBHEHHs coriacHo Gopmyn (32) 3amuuryTes Tak:

11 ZﬂZml 1,2m-1" 12 ZIBZm 2,2m

13 ZﬂZml 3,2m-1? 14 ZﬁZm 4.2m

C,, =—p2sinh p; +Zy2m,1Ef2m,1, Cp = By cOSh By + D 750 Eg o s (34)

el m=1
C p25|n pz+z72m1 3,2m-1? ——pzcosp2+27/2m 42m;

Cou=—Cp Cyp= 0121 Cos =—Cpas Cyy =Cyy;
¢,=-C, C,=-C,, C,=-C,, C,=-C,,

e y, = oo k.

Kononog 0. H., lllesuenxo B. I1., Jlumaps A. A.
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[TpoBoas mpeoOpa3oBaHMs CO CTPOKAMHU M CTOJIOLAMU omnpenenuTens ypaBHeHus (29) c
kod(urmentamu (34), MpUBOAUM €ro K OJOYHOMY BHIY C HYJICBBIMH JBYMs Oyiokamu. B
pe3yJbTare MoIy4YuM ypaBHEHUE

(Cnczs - C13C21)(C12C24 - C14C22) =0. (35)

N3 Buma koaddummentamu (34) ciaeayer, uro ypaBHeHHE (29) pacmamaroTcs Ha J1Ba
ypaBHeHus (35), ONUCHIBAIOIINX HECUMMETPUYHBIE U CHMMETPUYHBIE YaCTOTHI.

YupoiueHue 4acTOTHOr0 ypaBHeHus (29) B ciiyuae cBOOOAHBIX KOHTYPOB. [IpoBenem
YIIPOIIEHNE YaCTOTHOTO ypaBHeHUs (29) B ciydae cBOOOAHBIX KOHTYpOB. KoadduimeHTs

Cy OTOro ypaBHeHusl, cOrnacHo Gpopmyi (33), 3anuuryres Tax:

:_pl sinh pl 262m 1E102m -1 12 pl cosh 1*_25 Egzm;

m=1

C13 = ﬁzz sin pz 252m—1E3 2m-17 14 pz Cos pz 25 Eme;

m=1
C,, = PP cosh p;, C,, =—psinh f;; (36)

C23 =—f)3 cos f)Z’ C24 =—f)§8in f);
C31 = _Cll’ Csz = C121 Cas = _0131 C34 = C14;
C41 = CZl’ C42 = _C221 C43 = 0231 C44 = _Cz4-

_ 2
3nece o, = Bk -
IIpoBoxs, kak U paHee, IpeoOpa3oBaHHs CO CTPOKAMU M CTONOLAMH OIpEIeIUTENs

ypaBHeHusa (29) ¢ xkoadpdunuentamu (36), MpuUBOIUM €ro K OJOYHOMY BUIY C HYJIEBBIMHU
nByMst O1okamu. B pe3ynbraTe moayduM ypaBHCHHE

(Cnczs - C13C21)(C12C24 - C14C22) =0. (37)

VYpaBuenue (37) mo BuAy coBmagaer ¢ ypaBHeHHeM (35) M U3 HEro cienyer, 4To
ypaBHeHue (29) B ciydae IByX CBOOOJHBIX KOHTYPOB TaKKe paciaiatoTcs Ha JBa YpaBHEHUS,
OIUCHIBAIOUINX HECUMMETPUUHBIE 1 CHMMETPUYHBIE YaCTOTHI.

Taxum 006pa3oM, Kak 1 B ClTydae ONEePTHIX KOHTYPOB, TaK M CIy4ae CBOOOTHBIX KOHTYPOB
YaCTOTHOE YpaBHEHHE paclajaeTcs Ha JBa YPaBHEHUS, OMHUCHIBAIOIIMX HECUMMETPUYHBIE U
CHMMETPUYHBIE YACTOTHI COBMECTHBIX KOJICOAHUH TNTACTUHBI U )KUKOCTH.

YacTroTHOe ypaBHeHHe (29) B ciiyyae OJHOI0 3alEeMJIEHHOI0, a JPYroro oneproro
KoHTypa. [IpoBeneMm ympolneHne 4acTOTHOrO ypaBHeHHsS (29) B ciydae, Korga OAMH U3
KOHTYpOB OyneT 3amiemiieH, Hampumep, KOHTyp X=-a (j=1), a BTOpOil KOHTYp

x=a (j=2) — onepr. Koappummentsr C,, cornacno dpopmyin (30) u (32) 3anunryres rak:

Cll Zﬂ2m1E12m17 12 = ZﬂZm 22m;

o0

13 Zﬂzm 1 32m -1 Z 42m 10

C,, = p,cosh f;, C,, =—p,sinh p;;
= ﬁz Cos r);’ Cz4 = pz sin f);,
C C11’ C32 :C12’ C33 :_C13’ C34 C

147
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plSInhpl Z72m1 1om1r Cap = p1COShp1+Z7/2m 2,2m 7

m=1 m=1
~2 .= ok > 0
=—p;sinp, +27/2m—1E3,2m—1’ pz cos p, +Z7/2m 4.2m *
m=1

B srom ciiydae onpenenutens 4acTOTHOTO ypaBHEHHs (29) HE3HAUUTENBHO YIPOIIAETCs,
HO HE pacnajaercsd Ha JiBa YpaBHEHMs], ONMCHIBAIOIINE HECUMMETPUUHbBIE U CUMMETPUYHbIE
YacTOThl, T.€ YACTOTHBIM CHEKTP CTAHOBUTCS Ooyiee CIOXHBIM U TpeOyeT AambHEHIINX
YUCJICHHBIX UCCIICIOBAHUM.

YacroTHoe ypaBHeHHe (29) B cjiyyae 0JJHOTO 3a1lEMJIEHHOI0, a JIPYyroro cBo0OOJHOr0
KoHTypa. [IpoBeneMm ympolieHne 4acTOTHOrO ypaBHEHHMs (29) B ciydae, Korga OAMH U3
KOHTYpOB Oyj;eT 3aiiemyieH, Hampumep, KOoHTYp X=-a (j=1), a BTOpOil KOHTYp

x=a (j=2) — cobonen. Koappuumentor C, cormacuo dopmyn (30) u (33) zanmmyrest
TaK:

0

0

. 0o .

Z 2m—1 12m—1’ C12 _ZﬁZmEZ,Zm’
m=1

m=1

13 ZIBZml 3,2m-11 Zﬂzm 42m;
C21 = fh cosh ﬁl*’ C22 :_ﬁlsinh ﬁl*’ Cza = ﬁz Cos ﬁ;v Cz4 = ﬁz sin f’;’

C31 = r)lz sinh ﬁl* +252m—1El?2m—1’ Csz = ﬁlz cosh ﬁl* _25 E§2m;
m=1 m=

C33 = _pzz sin f); _252m—1E302m—1’ C34 :_pzz Ccos p; _25 E:1)2m;

m=1 m=1
= r’lZCZZL' C42 pl C22 ' C43 p2 C23’ C44 p2 C24

B sTom ciiydae onpenenutens 4acTOTHOTO ypaBHEHH (29) HE3HAUNUTENBHO YIPOIaeTcs,
HO HE pacrmajacTcsl Ha JIBa YpPaBHEHUS, OMUCHIBAIONINE HECUMMETPUYHbBIE U CUMMETPUYHBIE
94acTOTHI, T.€ YACTOTHBIM CHEKTP CTAHOBUTCS Ooyiee CIOXHBIM U TpeOyeT AambHEHIIMX
YHMCJICHHBIX MCCIIEIOBAHMH.

YacToTHOE YpaBHEHHE B CJIy4ae OTHOTO OMEPTOro, a IPyroro cBOOOIHOro KOHTYpa.
[IpoBenem ympoleHne 4acToTHOTO ypaBHeHUs (29) B ciiydae, KOTrJa OJIMH U3 KOHTYpPOB OynieT
OmepT, Hampumep, KOHTyp X=-a (j=1), a Btopoii koHTyp X=a (j=2) — cB0OOCH.
Kosppummenter C,, cornacuo popmyi (32) u (33) sanmuryrcs Tak:

11 ZﬂZm -1 lZm 1 ZﬂZm 2,2m ’
ZﬁZm—l 3,2m-1! Zﬁzm 42m;
21:_p1 sinh p1+z72m1 1,2m-1" Cy,= p1 cosh p1+z72m 2.2m 1

p25|n p2+z7/2m1 3,2m-11 pZCOSp2+27/2m 42m;
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C31 = ijlz sinh p; +Z52m—lE1(?2m—1' Csz = F~312 cosh rjf _252m E§,2m;
m=1 m=1

Cyy =P SiN B; = D SonsEaamss Co == P; COS By = 5y By

m=1 m=1
C41 = ﬁf cosh f’f, C42 = ﬁfsmh le*, C43 2—53 Cos f);, C44 = |5§ sin f)Z

B sTom cnyuae ompeaenuTeNnb 4YacTOTHOTO ypaBHeHHMs (29) He ympomaercs U He
pacmajaeTcss Ha JiBa YpaBHEHHUS, OMNMCHIBAIOUIME HECUMMETPUYHBIE U CUMMETPUYHbIC
YacTOThI, T.€ YAaCTOTHBIA CIEKTP CTAaHOBUTCS elle Oosee CIOXKHBIM, YeM B MPEAbIIyLIEM
cily4ae.

5 OBCYXJIEHME PE3YJbTATOB UCCJEIOBAHUI

CoBmecTHBIE KOJIE€OaHMS YNPYrol IJIACTUHBI W KHJIKOCTH HAXOAATCS U3 CUCTEMBI
unTerpo-muddepennnanbupix  ypaHeHuit (11)-(12), rpanuusbix ycnoBuit (4), ycrnoBuit
cOoXpaHeHHsS 00beMa HEC)KUMAEMOCTH KHUIKOCTH (5) U 3aJaHHBIX HAYAJILHBIX YCIIOBHIA.

YacToTHOE ypaBHEHHME COOCTBEHHBIX COBMECTHBIX KOJICOAHUH YIpPYrod IUIACTHHBI U
Kuakocth  (27) mpencTaBiIeHO B BUAE  ONPENENIUTENs]  YETBEPTOro  IOpsIKa.
Bocnonb3oBaBuivch pasinokeHUEeM (PyHAaMEHTAJIbHOM CHCTEMBl B psi MO IOJHOW H
OPTOTOHAJILHOW CHUCTeMe COOCTBEHHBIX (YHKIMI KOJICOAaHUH WACANBHON JKUIKOCTH B
IPSIMOYTOJIbHOM KaHalle, YAaJoCh YINPOCTUTh YAaCTOTHOE YPABHEHUE M IPEJICTaBUTh €ro B
Buzie (29) ¥ IpOBECTH €ro YIPOILICHHUE I ONEPTHIX U CBOOOIHBIX KOHTYpOB. [lokazaHo, 4To
JUI JBYX ONEPTBIX MJIM CBOOOJHBIX KOHTYpOB YaCTOTHOE YpPaBHEHHUE paclajaercs Ha JiBa
YpaBHEHUSI, OIUCHIBAIOIINX HECUMMETPUYHbBIE U CUMMETPUYHBIEC YACTOTHI, a JUIsl CMEILIAHHBIX
CIOCOOOB  3aKpeIUIeHUH JBYX KOHTYPOB (3alleMJICHHBIN — ONEpThIi, 3alleMJIEHHBIA —
CBOOOIHBIN, OINEPTHI — CBOOOAHBIN) YACTOTHOE YpaBHEHUE YK€ HE pacnajaercs Ha
HEYeTHbIE M YeTHbIe YacToThl. Hanbonee croxHbIi BUJ 7Sl aHAIUTUYECKUX HCCIeIOBaHUN
4aCTOTHOE ypaBHEHHUE MMEET B Cilydae, KOIJla OJUH KOHTYp OIEPThIi, a Ipyroi CBOOOAHBIN.
Bo Bcex cmemaHHbIX CcHOCOOOB 3aKpemjeHH KOHTYPOB HEOO0XOAMMO HCIOIb30BaTh
YHCJIEHHBIE UCCIIEIOBAHUS MOTYYEHHbBIX YaCTOTHBIX YPaBHEHUH.

6 BBIBO/JbI

B nuHeliHON MOCTaHOBKE pacCMOTpeHa THApPOYIpyras 3ajada O IUIOCKUX KOJIeOaHMSIX
U30TPOIHON IUTACTHHBI, PA3ACIAIONICH HICalbHBIE HECKUMAEMBIE JKHUIKOCTH B JKECTKOM
MIpSIMOYTOJIBHOM KaHase. [lmacThHa wMeeT NPOM3BOJIBHOE 3aKpEIUIEHUE KOHTYPOB H
[IOABEPKEHA PACTATUBAIOIIUM WIM CXKUMAKOIIUM YCHIUAM B CPEAWHHOW IOBEPXHOCTHU.
BeiBenieHo uHTErpo-audGepeHIInaIbHOe YpaBHEHUE CBS3aHHBIX KOJEOAaHWUN IUIAaCTUHBI U
xugkoctu. IlomydeHo B BUAE ONpeNEnuTeNss YE€TBEPTOrO IMOPsAKAa YaCTOTHOE YpaBHEHHUE
CBOOO/IHBIX CBSI3aHHBIX KOJIE€OAHUN MJIACTUHBI U KUAKOCTU U NMPOBEIECHO €0 YIPOIEHUE IS
ONEepThIX M CBOOOJHBIX KOHTYpoB. IlokazaHo, YTO AN JOBYX ONEPTHIX WM CBOOOIHBIX
KOHTYpPOB OHO pacHajaceTcsi Ha JBa YPaBHEHHs, ONMUCHIBAIOIIMX HECUMMETPHUYHBIE U
CUMMETPUYHBIE YacTOThI, a JJIs CMEIIAHHBIX CHOCOOOB 3aKpeIuIeHUil JBYX KOHTYpOB:
3aIeMJICHHBIN — OTMEPTHINA, 3aIIeMJICHHBIA — CBOOOIHBIHN, OMEPTHI — CBOOOAHBIA YaCTOTHOE
YPaBHEHUE YK€ HE PACIafacTCs Ha HEUETHBIE U YETHBIE YaCTOTHI.

HccnenoBanusi BBIOJHEHBI B paMKaxX IporpamMmbl (pyHAaMEHTaJIbHBIX MCCIEIOBAaHUMN
MunucrepcTBa 00pa3zoBaHus U HaykH, mpoekT Ne 0119U100042.
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VJIK 62-50

KBA3IOIITUMAJIBHE I'AJIBMYBAHHS B CEPE/IOBAIII 3
OIIOPOM OBEPTAHD I'POCTATA 3 PYXOMOIO MACOIO,
3’€JHAHOIO 3 TIVIOM AEMII®EPOM 3 KBA/IPATUYHUM
TEPTAM

Jlemenko 1. I[.l, €pmikos C. B.Z, Haiii K. C.!
Y00ecvra deporcasna axademis Gydisnuymea ma apximexmypu
ZﬂepofcaeHuﬁ acmponomiunuii incmumym im. M.J[. lImepnbepea MY

AHoTamin: AHaniz 00’€KTiB, fKi BMIIIYIOTh €JIEMEHTH 3 PO3MOAIJICHUMH Ta 30CEPEIKCHUMHU
napameTpaMy, HpEeACTaBIsIE iHTEpeC y TEOPEeTHYHOMY Ta IPUKIATHOMY acmekrax. llpuponauit
PO3BHUTOK JOCHIPKEHb 3a7a4 JUHAMIKM Ta KEPYBaHHS PyXOM TBEPIUX TiJl HABKOJO HEPYXOMOi TOUKU
MOJISITa€ B ypaxyBaHHI Ti€i 0OcTaBHHH, IO TiJIa HE € aOCOIOTHO TBEPIMMU, a B ACIKOMY PO3YMiHHI €
ONMM3BKUMHY 70 BKa3aHUX ifeanbHUX Mozenel. HeoOXimHICTh aHaNi3y BIUNIMBY Pi3HUX HeilealbHOCTeH
00yMOBIICHAa 3pOCTaHHAM BHMOI A0 TOYHOCTI PO3B’S3yBaHHS MPAaKTUYHUX 3aJad KOCMOHABTHKH,
ripockomnii Ta iH. BB HeineanbHOCTeH MOke OyTH BUSIBICHUI HAa OCHOBI aCUMIITOTHYHHX METOJIB
HENiHIHHOT MeXaHIKM (CHHTYJSpHUX 30ypeHb, ycepemHeHHS Ta iH.). BiH 3BOOUTHCS A0 HASBHOCTI
TOJaHKIB y piBHAHHAX Eitnepa mis neskoro iKTHBHOTO TBEPOTO Tija.

Panime 3amavi ontumansHO1 crabimizanii (a00 TaxbMyBaHHS) TBEPJOTO TiJla PO3TISLIAINCS TIPH
PI3HUX MPUITYHICHHSAX BiIHOCHO AWHAMIYHHMX XapaKTEPUCTHK IUX TiJl, CHCTEM KepyBaHHS (0OMeXeHb
Ha KepYIOUHil MOMEHT) 1 IS pi3HUX KPUTEPIiB AKOCTI (IIBUAKO i1, BATPATH poOOUOTO Tijia Ta iH.)

HocnipkyeTbest 3ajaua KBa3ioNTHUMAIBHOTO 32 IIBUAKOMIEI0 TAIbMYyBaHHS 00epTaHb TBEPIOTO
Tiza 31 CQEepHUYHOI0 MOPOKHHHOIO, 3alIOBHEHOIO PIAWHOI0 BEJIHMKOI B’S3KOCTI (AT MajluX dYHCel
Petinonpaca). Benukuii iHTEpec 10 3a7ad Mpo pyX TBEPAHX Ti 3 MOPOKHUHAMHU, SIKi MICTSITH PiTUHY,
BUHUK y 3B’SI3Ky 3 PO3BUTKOM PaKETHOI Ta KOCMIYHOI TEeXHIKH. 3ajadi AWHAMIKHA TBEPIOrO Tila 3
MOPOXXHUHAMH, SKi BMIIIYIOTh B’SI3KY PiAUHY, MPEICTABISIOTH OLTBIII TPYAHONI, HDX Y BUIAIKY
ineanpHOi piguaM. KpiM Toro, Tiio 3’€qHaHO B TOYII HAa OCi CHMETpii 3 MacO BiTHOCHO MaJluX
PO3MIpiB 3a JOMOMOIOI0 MpYXHOI B’s131 3 KBaApaTH4YHOIO aucumainieto. HasBHicTe pyxomoi macu
MOJICJIIOE TPUCYTHICTh HEKOPCTKO 3aKPIIUIEHUX €JIEMEHTIB Ha KOCMIYHOMY amapari, 10 YHHUTh
CYTTEBMI BIUIMB Ha HMOro pyX BIJIHOCHO IeHTpa Mac. Ha TBepae TUIO Ji€ TaKOX JAUCHUMIATUBHHIMA
MOMEHT CHJI JIIHIHHOT'O OIOPY CEpEeOBUIIIA.

3agada CHHTE3y KBa3lONTHMAIBHOTO 3a IIBHIKOMAIEI0 TajJbMyBaHHS OOEpTaHb JUHAMIYHO
CUMETPUYHOTO TiJIa B CEPEIOBHII 3 OMMOPOM JIOCHIKEHA aHAIITUYHO Ta YuceNbHO. byno nmposeneHo
aCHUMIITOTHYHE PpO3B’SI3yBaHHS Ha OCHOBI NpPOLEAYpU ycepenHeHHs 1o (a3l He30ypeHoro
MpereciiHoro pyxy. BusHadeHi SKiCHI BIaCTHBOCTI KBa3iONTHUMAILHOTO PYXY, HaBeneHI rpadiku.

KuarouoBi cjioBa: kBasiontuMalibHE TajibMyBaHHS, B’s3Ka piUHA, PyXoMa Maca, CEpPEIOBHILE 3
OTI0POM, YCEepEIHEHHS.

QUASI-OPTIMAL DECELERATION OF ROTATIONS OF A
GYROSTAT WITH A MOVING MASS COUPLED TO IT
THROUGH A QUADRATIC FRICTION DAMPER IN A
RESISTIVE MEDIUM

D. Leshchenko?!, S. Ershkov?, E. Paliit
'Odessa State Academy of Civil Engineering and Architecture
“Sternberg Astronomical Institute MSU
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Abstract: The analysis of objects containing elements with distributed and lumped parameters is
of interest both for theory and applications.

The development of research in dynamics and control of rigid bodies moving about a fixed point
implies that the bodies are not absolutely rigid but are rather close to ideal models. The need for the
analysis of the influence of various deviations from perfectness is caused by growing accuracy
requirements in space exploration, gyroscopy, etc. The effect of nonidealities can be analyzed by
singular perturbation methods, averaging or other asymptotic methods of nonlinear mechanics. This
influence reduced to the presence of additional perturbation torques in Euler’s dynamic equations for a
fictious rigid body.

In this part the problem addresses of the time-optimal deceleration of rotations of a dynamically
symmetric rigid body under a small control torque in the ellipsoidal domain with close unequal values
of the ellipsoid’s semiaxes. The problem is considered as a problem of a quasi-optimal control. It is
assumed that the body contains a spherical cavity filled with a highly viscous fluid (at small Reynolds
numbers).

A great interest to the problem of rotation of rigid bodies with fluid-containing cavities has arisen
in connection with the development in the rocket and space technology. The problems of dynamics of
rigid bodies with cavities, containing a viscous fluid, are significantly more difficult than in the case of
ideal fluid. The body is assumed to have a moving mass connected to it through elastic coupling with
guadratic dissipation. The situation simulates the presence of loosely fixed components on a
spacecraft, having a significant influence on its motion relative to the center of mass.

In addition, the body is affected by a small medium resistance torque that is proportional to the
angular momentum. The problem synthesizing the quasi-optimal deceleration of a dynamically
symmetric body rotations in a resistive medium is investigated analytically and numerically. An
asymptotic solution based on the procedure of averaging the unperturbed precession motion over the
phase is performed. The qualitative properties of quasi-optimal motion are analyzed and the
corresponding graphs are presented.

Keywords: Quasi-optimal deceleration, viscous fluid, moving mass, resisting medium,
averaging.
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1 BCTYI

PosrmsimaeTscss  3amada  KBa3ioNTUMANbHOTO  (OJIM3BKOTO O ONTUMAIBHOTO) 3a
MIBUJIKO/IE€I0 TallbMyBaHHS o0OepTaHb JWHAMIYHO CHMETPUYHOTO TBEPAOTO Tila 3
MOPOKHUHOIO, 3aIIOBHEHOIO DPIIMHOI0 BEJIUKOI B’si3kocTi. Jlo TOuknm Ha oci cumerpii Tina
MPUKPITUICHA pyXOMa TOYKOBA Maca. BBakaeThcs, MO MPHU BIIHOCHOMY pyCi Ha TOYKY i€
MOBEepTaJibHA TMpPYXHA CWIa 1 CHJIAa OINOpYy, sKa MPONOpLiHA KBaApary MIBUIKOCTI
(kBampaTuyHe TepTs). Ha Tijmo Takox i€ TaJIbMYHOUYMA MOMEHT CHJI JIIHIHHOTO OIOpY
cepeIoBHILA.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA 3AJAUI

JocnipKeHHIO pyXy TBEPAUX TiJ1 3 BHYTPIIIHIMYU CTYIICHSIMH BITLHOCTI IPUCBSIYCHO PSIJT
pobit (auB., Hanpukian, [1-6]). BuBueHHS HeKepoBaHMX pyXiB TBEpAOro Tila 3
MTOPOYKHUHOIO, 3aIIOBHEHOIO PIUHOIO BEJIMKOI B’S3KOCTI, OYJI0 MpOBEIEHO B poboTax [2, 3, 6,
9, 10]. Anani3y nacCMBHHUX PyXiB TBEPJOTO TiJa B CEPEIOBHILI 3 OIIOPOM IPUALISIIACS yBara B
[3, 6, 11-14]. 3HauHa KiAbKICTh POOIT MPHUCBSUYCHA TOCIIHKEHHIO PyXy TBEpAOro Tijia 3
pyxoMuMH BHYTpimmHIMU Macamu [1, 3, 4, 7, 8, 15, 16]. [IpobGnema kepyBaHHS 00epTaHHIMH
KBa3ITBEPAMUX TiT 32 JOMOMOIOI0 30CEPEIKEHUX MOMEHTIB CHJI, 1[0 MAlOTh 3HAYCHHS IS
3aCTOCYBaHb, MEHII JIOCTiKeHa [5, 6, 17-19].

3 HIJIb TA 3AJAYI JOCJIAXKEHHSA

JocnimkyeTbes 3a1aya mpo KBazionTuManbHe (0JIM3bKe 0 ONTHMAbHOTO) TaIbMYBaHHS
o0epTaHp B CEPEIOBUII 3 OTIOPOM JUHAMIYHO CHMETPHYHOTO TBEPIOTO TiIa. Po3risgaroTecs
KepoBaH1 00epTaHHS TUHAMIYHO CUMETPUYHOTO TBEPJOrO Tija 3 MOPOKHUHOIO, 3alIOBHEHOIO
B’SI3KOI0 PiAMHOI0, TpH Manux uyuciax PedHompaca. Jlo Toukn Ha oci cuMeTpii Tina
MPHUKpIIJIEHA pyXOMa TOYKOBAa Maca BIAHOCHO MajlMX JiHIMHUX po3MipiB. BBaxkaerbcs, 110
IpH BIAHOCHOMY pyci Ha TOYKY /i€ IOBEpTalbHAa TpYXKHA CHJIA 1 CHJIA ONOpYy, fKa
MporopiLiiHa KBaapaTy IMIBUAKOCTI (KBaapaTuuHe TepTs). Ha TBepae Timo Ji€ Takox
JTUMCUTIATUBHUM MOMEHT CHJI JIHIHHOTO omopy cepenoBumia. Ha ocHoBi miaxomy [5]
ACUMNTOTUYHO HaOJIMKEH1 PIBHSHHS KEPOBAaHUX OOEpTalbHUX PYXIB B CUCTEMI KOOpPJIMHAT,
3B’sA3aHii 3 TUIOM (AMHaMiuHi piBHSIHHSA Eifnepa), 3anucyroTecs y BUTIIAL:

G+oxG=M"+M"+M"'+M". (1)
Tyr M" — BekTOp Kepyloo4oro 30BHIIIHBOTO PEaKTHBHOrO MoMeHTy cuia, MP — BekTop
BHYTPIIIHBOTO 30ypIOI0YOr0 MOMEHTY CHJI, OOYMOBJIEHHH HasBHICTIO B’A3KOi pPIiAMHU B
NOpOKHUHI Tina, M’ — BEKTOp BHYTPIIIHBOTO 30YPIOIOYOTO0 MOMEHTY CHJI, 00YMOBIICHHI
OPY)XHICTIO 1 KBaapaTHYHUM TepTsMm nemrdepa, M' — momeHT cun aucunarii (omopy
cepenosuina). Bektop G=J® - kinetnunmit moment Tima, J=diag(AAA,) — crammii
CUMETPUYHHI  TEH30p  1Hepiii  He30ypeHoro  Tijla, 3BEACHUH O  TOJIOBHUX
oceif, ®=(P,q,r)" — BEKTOp KyTOBOi IIBHAKOCTI, NPEICTAaBICHHI IOro NMpPOEKI[iAMH Ha
3B’s3aHi oci. MOAyJIb KIHETUYHOTO MOMEHTY TiJIa Ma€ BUTJISA

G =[G|=[ A'(p" +q7) + AT ] * <[ Aol + Air* ],
A#A, o =p +0

OnuinemMo CTPYKTYpy KEpYyKUYOoro BIUIMBY. BennunmHa Kepyrodoro MomeHrty cuia M
nepeadayaeThCsl Malo MOpPSAKY &£, e &€<K1 — wManmii 0e3po3MipHHN mapamerp.
KoMroHeHTH KepyroYnX MOMEHTIB Mpe/ICcTaBiIeHi y BUrIsIl 100yTkiB ebu., i=1,2,3 [5, 20]:
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M, = ebu,

u=-GG™, =123 |u/<1. ()

Tyt crani Bupas3u b, Mar0Th pO3MIpHICTH MOMEHTY CHJIM i JOCUTH OJH3bKi, U, — Ge3po3MipHi

Kepyroul (YHKIIIT, K1 MIIATal0Th BU3HAYEHHIO.

Jns crpouieHHs po3B’sA3yBaHHSA 337adyi ONTHUMAlIbHOTO KepyBaHHsA B cuctemy (1)
BHOCHUTBCS CTPYKTYpHE OOMEKeHHsI. BBaXkaeThbCs, 1110 MOMEHT CHJI OIIOPY CEPEOBUIIA MAJIH
1 mponopuidHUK KIHETHYHOMY MOMEHTY Tina [3, 6, 11, 12, 17-19]

M' =—-cllo, (3)

ne A — neskuil cTanuil KoedilieHT MPOMOPUIHHOCTI, SIKHH BU3HAYAETHCS BIIACTHBOCTSIMH
cepenoBuia i GOPMOIO Tijla, a TAKOXK MAE PO3MIPHICTh KYyTOBOI IIBUIKOCTI.

3 ypaxyBanHsM (2), (3) HabmmkeHa cucTeMa piBHSIHb KepoBaHOTO pyxy (1) B mpoekiisx
Ha T'OJIOBHI Oci iHepii Tina mae Burisia [2-6,11, 12]:

Ap+(A—A)gr =—eb ApG™+Lpr’ +FG*qr +Sprw, —AAp;
AG+(A - A)pr=—eb,AqG™ +Lar’ —FG’pr + Sar°w, —AAQ;
Al =—eb, ArG™ + H(p* +°)r—- AA'Sr° e —AAr;

0<A <2A, A #A.

3ayBaxumo, 1o npu piBHocTi koedimientie B =b, =b,=b (b>0), ne mapamerp b

(4)

Moke Oyt (QyHKIEr0 dacy, KepyBaHHS (2) € onrtuMaiabHUM. [li€0 BIACTUBICTIO
HOSICHIOETBCST TPHITYIICHHS. PO ONU3BKICTh D, Ta BBEACHHS TEpMiHY «KBa3iONTHMAJbHE

KepyBaHHs» [5, 20].
Koedimientn F, S, H, L B (4) BUpakaloThCsl 4epe3 mapaMeTpu CUCTEMH TaKUM YHHOM

[2-5]:
F=mp’Q2A°A, S=mp’AQ°d[d|A A, d =1-AA™;
H=pRv'A (A -A), L=BRVA’A(A-A) o =p°+0".

Beeneni B (5) mo3HaueHHS XapaKTepU3ylOTb MOMEHTH CHJI, 5IKi 0OyMOBJIEHI HasBHICTIO
NPYKHOTO eneMeHTa. TyT M — Maca pyXoMoi TOUKH, p — PajilyC-BEKTOP TOUYKH KPIIUICHHS

Q)

pyXoMoOi1 MacH, M0 3HAXOJUThCS HAa OCI JTUHAMIYHOI CHMETpii JaHOTO Tija, p=|p|. Crami
0? =C/ m, Alz,u/mzAQS, Q> @, BHU3HAYAIOTH YACTOTy KOJIMBaHb Ta IMIBUJAKICTb iX
3racaHHs BIJIOBITHO; C — )KOPCTKICTb, 4 — KOE€(]ILIEHT KBaAPATUYHOIO TEPTS, @), — MOIYJb
MMOYaTKOBOTO 3HAUYEHHS BEKTOpPa KYTOBOI IIIBUIKOCTI.

HepiBuicte Q> @, no3Boise BBeCTH Maynuii mapameTp y Bupasax F, S (5) i BBaxaru

BIAMOBIIHI 30ypIOI0OYl MOMEHTH MaJIUMH 3 METOI0 3aCTOCYBaHHS METOJY YCEPEIHCHHS.
Koeogiuientu H, L B (5) BU3HAUal0OTh MOMEHT CHJI, OOYMOBJIIEHUH PyXaMH CHJIBHO B’SI3KOi

PiJIMHU B TIOPOXHUHI Tina, [} — IyCTMHA PilMHH, V — KiHEMAaTHYHHUI KOE(Ili€HT B’A3KOCTi,

P, — xoeoilieHT, gki 3aJeXUTh B (HOPMU MOPOKHUHHU. Y pasi chepruyHOi MOPOKHUHH

pamiyca d Bin mopismioe P,=87d’/525[2, 3]. OCHOBHHM € TPUIyIIEHHS MPO MAITiCTh
gucia Re ~ ¢ «1.

4 PE3YJIBTATHU JOCJIIKEHb

Crioyatky BUOEpEMO MOMEHT iHEpIIii TBEPIOro Tia BigHOCHO oci X, — A = A, Ta Benmmuuny
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@, TOPAIKY MOYaTKOBOI IIBUAKOCTI B SIKOCTI XapaKTepHHX IapaMeTpiB 3aiadi. Bememo

T = wyt — Gesposmipuuit yac Ta 6e3po3mipui koedimientu inepuii A = A /A .
Cuctema (4) npuiiMae BUTIISI;

% =—(A,—D)GF — &b, PG + £ Lpr* + eFGqT + eSPr° (p° + 7)Y — el p;
% = (A, —1) pf — £b,GG " + e LGF* — eFG® pF + £SGF° (p* + G°)"2 — £14; (6)
0 = —eb7G + eH (7 + )7 — s A PSP (P +47)"2 - &,

TyT 3 ypaxyBaHHsIM 3p00JICHUX TPHUITYIIICHb BBEICH] TTO3HAYCHHS:
eF =mp*Q A A}, S =mp’AQ (1- A)lL- A A Alwg;
eL=pRVIATA(L-A)w, eH = RVIANA DA o,;
b=b/Aw}, 1=2/w,, G=G/Aw,, A=A =1.

Hapani, npu BUKOpHCTaHHI 0€3p03MIpHUX 3MIHHUX, OYJE€MO OIYCKAaTH 3HAK «~.
BukopuctoByeMo 3arajibHUN MOPODKYBATIBHUIN pO3B’s130K cuctemu (6) mpu & =0

p=acosy, g=asiny, a>0, r=const=0, (7)
ne y=(A-Drr+y, — ¢dasa komuBaHb EKBAaTOPIATBHOI CKJIAJOBOI BEKTOpa KYTOBOI
LIBUIKOCTI.

Iincrapmsoun (7) y Tpete piBHAHHS cucTemy (6) Ta BpaxoByrouH BHpasu a° = p° +0°
Ta a= PCoSy +(Siny, ycepeqHUMO OJep)KaHy CUCTEMY PIBHSHb JIs & 1 I mo ¢asi y .
[Ticiis BBeneHHS MOBUIBHOTO apryMeHTy 6 = &7 Ta yCepeaHEHHS CHCTEMa MPUIMAa€e BUTIISL
('=d/do):

a'=-a[G (b, +b,)/2—Lr*—Srfa+A];

8
r'=—r(b,G™" —Ha*+A?Sr'a’ + 1). ®)

Cepenne BupasiB, IO MIiCTATh MHOXKHUK F , nopiBaioe nHymio. Ilpu b =b, =b,=b

PIBHSHHS Uii @ 1 I IHTErpyroTbcs TIOBHICTIO 1 I 3a/a4a ONTHUMAJIbHOIO KEpyBaHHS
pO3B’si3aHa aHAIITUYHO B [6].

HocnimuMo okpeMuit BUTIAIOK
0,5(b, +b,) =b, =b. (©)

[TomuOxHMO Tiepute piBHsiHHS (6) Ha p, Apyre — Ha (, Tpere — Ha Al Ta CKIALeMo ix.
[IpoBeneMo ycepenHeHHs Ta OJEPKUMO HACTYITHE PIBHAHHS

G'=-b-4G
Bpaxosyioun nouarkoBy G(6,) =G° Ta xinuesy ymosu G(T,6,,G°) =0, T =T(6,,G°)
IICJIS IHTETPYBaHHS OJIEPKUMO

G(O) = —E+(G° +Ejexp(—/16’), Q= 1In(G0 i+lj :
A A A b
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3ayBaxuMo, M0 BeMHYUHA ® —> 00 KOIH GO/ b—o pmns pisaux A; B cBoro yepry ® —0
npu G°A/b—0 (A — Gyab-sike) a6o komu A —> 0.

Hnsa cucremu (8) 3a ymoBu (9) mpoBememo 3aminy 3MmiHHHX: IF'=7)G, a=aG Ta
HOJITUMO Tiepiie piBHsHHs cuctemu (8) Ha apyre. OnepKUMO PIBHSIHHS BUIIISLITY

da _ n(L+SG°an®) . (10)
dn  a(H-A’SG°an?)

Po3B’s130k 1iboro piBHsHHS (10) MOke OyTH 3HAHACHUI YUCEITBHO.

5 OBI'OBOPEHHS PE3YJIBTATIB JOCJII’)KEHb

s po3s’sizyBanHs cucteMu (8) Oyiau MPOBEACHI YMCEIbHI TOCTIIKCHHS MPH Pi3HUX
MMOYAaTKOBUX YyMOBax Ta IMapamerpax 3angadi. llepeHopMOBaHI BEIMYMHU B IMOYATKOBUI

MOMEHT MaioTh 3HaueHHs «, =1, A;=12; A,=15 BianoBigHo, a TakoX KoedilieHTH
kepytouoro momenty b =0,1625; b, =0,1, b, =0,15, mis sikux Mae micie CriBBiAHOMICHHS

0,5(b, +b,) #b,. PosrisinyTi 1Ba Bunaaky, siKi BiMOBiIalOTh MOYATKOBHM yMOBAM:

a,=0,35; (11)
a, =0,626. (12)

KyroBa mBHakicTh 0O0epTaHHS BIAHOCHO OCI JHHAMIYHOT CHUMETpPii BH3HAUYAETHCSA 3a
bopmyioro I :(a)o—aé)mxonﬂ @, =1. Po3paxyHKH BHUKOHYBAIMCS U1 JIBOX 3HAYCHb
nepeHopMoBaHoro  koedimienra omopy A=0,2;0,5 Ta xoedimienrie S =0,5;0,8
H=0,5 0,8 L=-0,72,-1,152. Ilapamerpu Oynu BuOpaHi TakuM YHHOM, I100
3a10BONBHUTH yMmoBam: A, <2, a,<I,. 1 moOymoBu rpadika MOmyns KiHETHYHOTO
MomeHTy OyB BuKopucTamuii Bupas G =|G|=(a’+A’r’)">. Ha puc.1-4 s306paxeni
OJHOTHUIHI 3a ¢opMor0 rpadiku 3MiHM QyHKUIH a, r u G, ski ojepxaHl B pe3yJbTaTi
YHCETBHOTO IHTErPyBaHHSI.

I'padixu ¢ynkmii a, r, G, sxi BignoBigaroTh 3HadeHHsSIM A =0,2 Ta MOYaTKOBUM
ymoBaMm (11), mpencrasieni Ha puc. 1 ta 2. [Ipu pi3Hux 3HaYeHHsAX KoedimieHTiB S Ta H
Yac rajibMyBaHHS JopiBHIOE T =4,75, ane npu 30iibmieHH] KoedinientiB S Ta H rTpadik
¢ynkuii a(d) Ginbmn BurHyTHI (pUC. 2).

0,2 0,2

Puc.1. 1=0,2; S=0,5 H=0,5 Puc.2. 1=0,2; S=0,8, H=0,8

PesynbTar yncensHOTO IHTETpYBaHHs CUCTeMH (4) MU MOYaTKOBHX 3Ha4YeHHsIX (12) Ta
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A =0,5 npencrasnenuit Ha puc. 3, 4. B ipomy po3paxyHkoBomy Bumnaaky T = 3,51. Sk
MOXXHa TO00QUYUTH 3 PHUCYHKIB, 30LIBIICHHS KOE(IIIEHTIB MOMEHTIB CHJI, OOYMOBIJICHUX
HAsBHICTIO TPYXHOTO €JIEMEHTa Ta B’SI3KOT PIAMHHM B TOPOXKHUHI TiJla, BUKJIMKAE 3MIHY
xapakrtepy cnanansas a(o).

14 1.4
12 1.2
1 1

G(6)
08 (6} 08 7(0)

G(0)

06 06

04 04

02 |20 02 +—a(6)

0 05 1 15 2 25 3 35 4 0 0,5 1 15 2 25 3 35 4

Puc. 3. 1=0,5 $=0,5 H=0,5 Puc. 4. 1=0,5 S=0,8,H=0,8

3 rpadikiB 0auMMo, 110 HAa BEIUYMHY 4Yacy TraJbMyBaHHsS T BIUIMBAIOTh 3HAUCHHS
koedimieHTa omopy A, mpu 30UTBIICHHI SKOTO TaJIbMyBaHHS TBEPAOTO Tijia BiOYBA€ThCS
MIBU/IIE, a TakoX KoedimieHta A,. BnimB moyaTkoBHMX 3HaYeHb @ Ta I Ha d4ac

rabMyBaHHsT He3HauHui. [loBeminka 3MiHHMX @, I, G HOCHUTHP MOHOTOHHHH XapakTep.
TakuMm 4rHOM, 3a/1a4a KBa310NMTUMAIBHOTO TaJIbMyBaHHS PO3B’s3aHa.

6 BHUCHOBKH

JocnmipkeHa 3ajada  KBa3iONTUMAJIBHOTO 33 IIBHUIKOJMIEI TalbMyBaHHS 0OepTaHb
JTUHAMIYHO CUMETPUYHOIO TBEPJOrO TiJIa 3 MOPOKHUHOIO, 3aIOBHEHOK) DPIIMHOIO BEITUKOT
B’SI3KOCTI, 1 pPYyXOMOI MAacolo, sKa 3’€JHaHa 3 TUIOM JeMiiepoM 3 KBaJIpaTHYHOIO
JTUCHTIAINEI0, B CEPEJOBHINI 3 OMOpPOM. B paMkax acHMNTOTHYHOTO ITiJIXOIy OJepiKaHa
yCepeIHEeHa CHCTeMa pIBHSIHb, BH3HaueHO uac mBuaAkomii T =4,75 u T =3,51 nmusa

NPUMHATUX YUCENbHUX 3HAueHb Oe3po3MipHux mnapamerpiB. [loOynoBani rpadiku 3MiHU
KiIHETHYHOTO MOMEHTY Tima G 1 BemMYMH a, I — eKBaTopiaJibHOI Ta OCbOBOi KOMITOHEHT

BEKTOpa KYyTOBOI HIBUIKOCTI KBa31TBEPAOIO Tijla.
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PO BIIVIUB CUJI MAKCBEJIJVIA HA JTE®@OPMYBAHHA
MI)K®A3HOI TPILMHUA ¥ I’E30EJEKTPUUHOMY
BIMATEPIAJII

. 1 2 2
Omnonpienko O. /1.", Komapos O. B.”, Jlo6oaa B. B.
Ulninposcvkuii Oeporcasnuii azpapro-exonomiunuil YHigepcumem
Zﬂﬂinpoecbkuﬁ HayioHanvHut yHigepcumem imeni Onecs I onuapa

AHotanin: Po3risiHyTO TpilMHY, pO3TalIoBaHy Ha MEXI MOJUTY OBOX I €30€IEKTPHYHHX
HaIliBHECKIHYEHHHUX MPOCTOPiB. BBakaeThcs, MO MaroTh Miclle YMOBH IUIOCKOI nedopmariii, a Ha
Oeperax TpIlIMHU BPaxOBYETHCS CKIHUCHHA €JIEKTPUYHA MPOHUKHICTH Ta HANMpYXeHHsI MakcBea, 1o
BUHHUKAIOTh MPU TEPEXO/i 3aloBHIOBaYa TPIIIUHM A0 1 €30€JICKTPUYHHX MaTepialiB BEPXHBOTO Ta
HIKHBOTO MIiBIPOCTOPiB. PiBHOMIpHE po3moniieHe MexaHiYHe HaBAaHTOKEHHS Ta eNEeKTPUYHUHN MOTIK
MIPUKJIaeH] Ha HecKiHdeHHOCTI. llpuiryckarouun, mo eneKTpUYHUN MOTIK PIBHOMIPHO PO3MOAiNEHUI
o 00JIacTi TPINIMHU TIPpoOJieMa 3BOAUTHCS 10 3aaadi Pimana-I'inp0Oepra, s kol 3HAiIEHO TOYHUH
aHAMITHYHUNA  po3B’si30K. lle mo3Bommiam 3HAlTH Yy 3aMKHYTOMY BHIUISIZI  BCi  HEOOXiHi
EJIEKTPOMEXaHIUHI XapaKTepUCTHUKH HAa MeXi pO3AUTy Ta cQOopMyBaTH pIBHSAHHS I BU3HAYCHHS
CIIEKTPUYHOTO TIOTOKY. AHAIITHYHE JMOCH/DKEHHS Ta PIlIeHHS LbOT0 DIBHAHHS 32 (HOpMYJIOI0
Kapnano moka3yroTs, 1o JBa Horo KOpeHi He Y3roxKyIoThcs 3 (i3nYHUM 3MicToM. Hampuknan, BoHn
3aJUIIAIOTHECA CKIHYEHHVMH 1 BIIHOCHO BEIMKHUMH Yy BUMAJAKY HEMpoOHUKHOI TpimmHU. KpiMm ToroO,
CTpUOOK TMEpeMillleHHs, SKWUH BIANOBIAE MM KOPCHSM, BUSBISETHCS BiJ €MHHM. ToMy JIerko
BuOpaTH ()i3MYHO OOTPYHTOBaHWH KOPIHb BKAa3aHOTO PIBHAHHS. AHAN3 PIBHAHHS MiATBEPAKYE
MPABWIBHICTh TPUIYINIEHHS IIOJ0 PIBHOMIPHOTO pO3MOITY EJIeKTPUYHOTO TIOTOKY B 0OJacTi
TPIMUHA. 3HAYCHHS ENEKTPUYHOTO IMOTOKY BH3HAYAIOTHCS HUIIXOM PO3B’SA3yBaHHAM OTPHMAHOTO
KyOiuyHOro piBHSHHSA. [licnsi Bu3HAUeHHS EJICKTPHYHOTO TIOTOKY, 3HAaXOAAThCS Koe(illieHTH
MEXaHIYHUX HANpYKEHb Ta EJIEKTPUYHOTO ITOTOKY, a TAKOXK iX aCUMIITOTHYHI ITOJIS B OKOJIi BEPIINHH
TpimuHU. [IpoaHani30BaHO TaKOX BUITAJIOK, SKUI HE BPaxoBye CHIM MakcBeiuia B 30HI TPIlIUHA. Y
[BOMY BHUIIJKy 3HAXO/KEHHS EIEKTPHUYHOTO MOTOKY 3BOAMTHCS J0 KBaJIPaTHOTO PIBHSHHS BiTHOCHO
IBOro mapamerpa. PO3risHYTO OKpeMHiH BHIIQJIOK TPIIIMHU B OJHOPITHOMY IT’€30€IEKTPHYHOMY
MaTepiani. 3HaueHHsS €JIEKTPUYHOrO MOTOKY Ta MapaMeTpH pyHHYBaHHS BH3HAYAIOTHCA VIS L[BOTO
BUMAJIKY Y MPOCTOMY BUTJIsIAL. [IpOBOIEHO YMCeNpHUN aHami3 JUlsl TPIIIMHU MK Matepianamu PZT4
ta PZT5 Ta ans Bumagky TpIIMHU B OJHOpIAHOMY Matepiani. EnexTpuuHuii moTik B obnacti
TPIIIMHYU, KOeIlliEHTH IHTEHCHUBHOCTI HANPY)KeHb Ta €NEKTPUYHOI iHAYKIlil, BIIKPUTTSA TPIIIMHU Ta
IIBUJIKICTh BUBUIBHEHHS eHeprii 3HaljeHi sK QYHKIIl BiJ 30BHIIIHROTO HAaBAaHTAXEHHS Ta
EJIEKTPUYHOT TIPOHUKHOCTI cepenoBuia TpimuHu. [Toka3zano BB MakcBeJutoBuX CHil Ha Oeperax
TPIIIMHY Ha BKa3aHi apaMeTpHu.

KarmouoBi caoBa: 1mr'e30enexkTpuyHuii  MaTepian, MikdasHa TpimuHa, CWIM MakcBela,
CKIHYCHHA eJICKTPUYHA IPOBIIHICTb.

ON THE INFLUENCE OF MAXWELL FORCES ON THE
DEFORMATION OF THE INTERFACE CRACK IN
PIEZOELECTRIC BI-MATERIAL

O. Onopriienko!, O. Komarov?, V. Loboda?
'Dnipro State Agrarian And Economic University
*Oles Honchar Dnipro National University

Abstract: A crack located at the interface of two piezoelectric semi-infinite spaces is considered.
Plane deformation conditions and the finite electric permeability of the crack are assumed. The

Omnormpienko O. /1., Komapos O. B., Jloboxa B. B.
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Maxwell stresses arising because of electric field transition from the crack filler to the piezoelectric
materials of the upper and lower half-spaces are also taken into account on the crack faces. Evenly
distributed mechanical load and electrical flow are applied at infinity. Assuming that the electric flux
is evenly distributed over the crack region, the problem is reduced to the Riemann-Hilbert problem,
for which an exact analytical solution is found. This allowed us to find in a closed form all the
necessary electromechanical characteristics at the interface and to form an equation to determine the
electric flux. Analytical investigation and the solution of this equation according to Cardano's formula
show that its two roots do not agree with the physical meaning. For example, they remain finite and
relatively large in the case of an impermeable crack. In addition, the jump that corresponds to these
roots is negative. Therefore, it is easy to choose a physically sound root of the specified equation. The
analysis of the equation confirms the correctness of the assumption about the uniform distribution of
electric flux in the crack region. The values of the electric flux are determined by solving the obtained
cubic equation. After determining the electric flux, the coefficients of mechanical stress and electric
flux, as well as their asymptotic fields around the crack tip are also found. A case that does not take
into account Maxwell's stresses in the crack zone is also analyzed. In this case, finding the electricflux
is reduced to a quadratic equation with respect to this parameter. A separate case of a crack in a
homogeneous piezoelectric material is considered. For this case, the values of the electric flux and the
fracture parameters are relatively simply determined. Numerical analysis was performed for the crack
between PZT4 and PZT5 materials and also for the case of cracks in a homogeneous material. The
electric flux in the crack region, the stress intensity and electrical induction factors, the crack opening
and the energy release rate were found as functions of the external load and the electrical permeability
of the crack medium. The influence of the Maxwell forces acting to the crack faces on the above
mentioned parameters is shown.

Keywords: piezoelectric material, interface crack, Maxwell forces, finite electrical permeability.

Onompienko O. [1., Komapos O. B., Jlo6oxa B. B.
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1 BCTYI

IT’e30enexkTpuyHa Kepamika € OpPIOPUTETHUM MarepiajioM i Halpi3HOMaHITHIIINX
€JIEKTPOHHMX Ta MEXaHIYHUX MPHUCTPOIB uepe3 ii SICKPaBO BUPAKEHI I1’€30€JIEKTPUYHI,
JieNeKTPUYHI Ta MipOeIeKTPUYHI BIACTUBOCTI. OJJHAK 1T’ €30€NIeKTPUYHA KepaMiKa € KPUXKOIO
1 CXMJIBHOIO IO PO3TPICKYBaHHS Ha BCIX MacimTabax Bij] €IEKTPUYHUX JOMEHIB JI0 TIOBHHUX
npuctpoiB. Pi3Hi nedexTH, Hampukiax JOMEHHI CTIHKH, MEXi 3€pHa, TPIIIMHU Ta MOpPH,
JOMIIIKKA Ta BKJIOUEHHS, TOIIO, BUHUKAIOTh Y I1'€30€JCKTPUYHIN Kepamimi. Taki aedextu
BUKJIMKAIOTh BUCOKI HAIpy)KEHHS Ta/a00 KOHLEHTPAIIO €JIEKTPHUYHOTO IOJIsA, SKI MOXYTb
IIPUBOAMUTH 10 BUHUKHEHHS Ta 3pOCTaHHA TPILIMH, €JIEKTPUYHUX MPOOOIB 1, K HACIINOK, 10
pYHHYBaHHS €JIEKTPOHHUX Ta MEXaHIYHUX MpUCTPOiB. Lli 0OCTaBHMHM BUKIMKAIOTh BEIMKUI
IHTEepeC J0 BUBYECHHS MPOOJEM MEXaHIKW PyWHYBAHHS I €30€JCKTPUYHUX MaTepiaiiB Ta
MiABUILEHHS HAMIMHOCTI (YHKIIIOHYBaHHS I1’€30€JIEKTPUYHUX EJIEMEHTIB EJIEKTPOHHUX
BHPOOIB.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA ITPOBJIEMH

[lepeBaskHa OUNBIIICTH MOMEPEAHIX JOCHIKEHb IPYHTYBajacsi Ha TpagulliiHOMY
MIPUITYIICHH], IO TPIIHHA € a00 €JIEKTPOi30JIbOBAHOK, 00 €IEKTPO MPOHUKHOO 1 MOBEPXHI
TPIIIMHU € BUIRPHUMH BiJl HampyxkeHb. B poOotax [1, 2] Oyna 3ampornoHOBaHa MOJEINb, 1110
JI03BOJIMJIA BpaxyBaTH CKIHYCHHY EJICKTPUYHY NPOHUKHICTH CepeloBHUINa TpimmHA. Kpim
TOTO, SIKIIO CYCITHI cepeloBMINA (HANpHUKIaA, TpillMHA Ta ii HANOBHIOBAY) MAIOTh Pi3HI
¢Gi3UYHI BIIACTHBOCTI, TO ENEKTPUYHI TONS IHAYKYIOTh CHJIM Ha Mexax ix momiry. B
€JIEKTPOCTATULl Il CHJIM Ha3UBAKOThCS KYJIOHIBCBKUMHM cuiaMu [3], ToAl sIK B pamkax
MEXaHIKH CYLITBHOTO CEpeIOBHUINA BUKOPUCTOBYETHCS TePMiH «MaKCBEIIIOBI HAIPY>KEHHS»
[4]. YV Bumamky TpiIMH B OJHOPIAHUX I1’€30€JIEKTPUYHHUX MaTepianax, TPIIUHA 3i
CKIHYEHHOIO EJISKTPHYHOI0 TPOHMKHICTIO JOCHIKYBAUCh y poboTax [5-9], HampykeHHs
MakcBemna BpaxoByBaiuch B poborax [10-11]. IIlo »x crocyerbcs TpIlIMHU MK ABOMA
1’ €30€JIEKTPUYHUMHU MaTepialiaMu, TO CKIHU€HHA eJIeKTpUYHa MPOHUKHICTh BpaXOBYBaJlach B
pob6orax [12-13] B craTiuHOMY BUINIAAKY Ta B [14] 11 BUnagky pyxoMoi TpilluHH.

B naniii poOoTi mpoBeNeHO aHadi3 TPIIMHU MDK JBOMa II€30€JIeKTPUYHUMU
MatepiasiaMu. BpaxoBaHO Sk CKIHYEHHY €JIeKTPUYHY IPOHUKHICTh CEPEIOBHIA TPIILMHH, TaK
1 cuin MakcBenia, 10 BUKaloTh MiX i1 6eperamu. JocnmipkeHo BIJIMB LUX CUJI Ha BEIUYUHY
€JIEKTPUYHOTO MOTOKY, PO3KPUTTS TPILIMHU Ta KOe(ILIEHTH IHTEHCUBHOCTI HANpyKeHb Ta
€JIEKTPUYHOIO 3MIIIEHHS O BEPILUH TPILUHH.

3 OCHOBHI CHIBBITHOIIEHHA JJI IPE€30EJEKTPUYHOI'O
MATEPIAJTY

OCHOBHI DIBHSHHSA Ui I1'€30€JIEKTPUYHOTO Marepialy y JeKapTOBi NpSIMOKYTHiH
cucreMi KoopauHaT (X, X,,X;) MOXKyTh OyTH 3amucaHi y BUrisii [1]

o, op__
Cirs OXOX; % OX 0%, 0. (12)
o¢ ou, _
gijrs axsaxi + eirs ﬁxsaxi =0 ! (16)
ou, 0
O-ij = Cijl’S a_)(s + esji &f , (2&)

Omnormpienko O. /1., Komapos O. B., Jloboxa B. B.
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0¢ ou
D, =—¢ 8_)(5 + € Gx: , (26)
pe U, ¢, 05 D - NPYXHI TEPEMIIICHHs, CICKTPUYHUN ITOTCHINAN, HANPYXEHHSA Ta

CJICKTPUYHI 3MILEHHS BIAMOBIIHO; Cyy, €; Ta & - NPYXKHI MOAYJI, II'€30€NEKTPUYHI Ta

TENeKTPUIHI KOHCTAHTH, BIAMOBITHO.
3rigno 3 [15] HaiiOiabII 3aranbHuil JIHCHUE po3B’ 130K piBHsAHB (1), (2) MokHa 3amucaTh
y BHTJISII

U= Af (2) + AT (2), (3)
ne A=J[a,,a,,a,,a,] - MaTpuLs, IO CKJIAJAETHCS 3 BIACHUX BEKTOPIB &, , CHCTEMH
[Q+p(R+R")+pTla=0, @)

a 1(2) =[f,(2), f,(z,), f,(z), f,(z,)]" — noBinbHa BekTOp - GyHKILIs, Z =X, + P,X;,
(1=1,2,3,4). Y HaBeieHUX BHINEC DPIBHSIHHSAX, PUCKA IO3HAYa€ KOMIUICKCHE CIPSDKCHHS;
U=[u,u,,u, el .

BBenemo HacTynmHul BEKTOP

t=[0y,0,,04, D' (5)
1 32 1OTIOMOTOI0 PiBHSHB (2), 1Ieii BEKTOP MOKHA MPEICTABUTH y (HopMi

t=Bf'(z)+Bf'(2), (6)
ne marpuis B 4x4 moxe OyTH BU3HAUYEHA K

B=RT+TAdiag[p1’ P, Py, P,]

o £1(2) = [dfl(zl) dfy(z,)

]
df;(z;) df,(z,)
dz, = dz, ’ '

dz, dz,

4 OOPMYJIOBAHHS 3AJIAYI TA BUBEJAEHHSA OCHOBHHUX
CIIIBBIIHOILIIEHb

Posrisaerses TyHenbHa Mikdasna TpimmHa —D<X <b, X, =0 (puc. 1) mix aBOMa
HAIliBCKIHYEHHUMH KepaMiuHMMH mpoctopamu X, >0 Ta X, <0, oOumBa 3 sKHX

HOJISIPi30BaH1 Yy HANPSMKY X, , OPTOrOHAIBHOMY 10 O€periB TPIIIKHH.

MartepianbHi BIACTHBOCTI BEPXHBOTO Ta HHKHBOTO TIBIPOCTOPIB BU3HAYAIOTHCS
marpuisivu ci), e, & (ama X, >0) Ta ¢y, e, &P (ma X, <0). HaanTakenus,
TIpUKIIaJIeHe Ha HECKiHUEHHOCTI, 3aJaH0 HACTYITHEM YHHOM Oy =0, o’ =7, D{™ =d,
(m=1 ans BepxHBOTrO Matepiany, Ta M=2 aias HWKHHOr0). KpiM TOro, mpumyckaemo Ime
TiI0 HOPMAJIbHUX HANpPYXEHb II0 HANpSAMKY X, TaK, IO II¢ HAaBaHTAXCHHS CTBOPIOE
HampyXeHHsI Ta MEepeMIIIeHHs, Kl BIJMOBIAAIOTH YMOBAaM HEINEPEepBHOCTI Ha iHTepdeici.
OcCKiTbKM HaBaHTAKCHHS HE 3AJICKUTH BiJl KOOPIMHATH X,, TO MOXKE PO3IJIIATHCS IUIOCKA
3amava y mwionwmHi (X, X;) , K moka3ano Ha puc. 1.

Hexrtyroun 30HamMu ocumisuii, siki 3a3BUYail HEBENHKI, MU MPUITYCKAEMO, 110 TPilllMHA
MOBHICTIO BigKpUTa 1 10 i1 OeperiB He MNPHUKIAAEHO MEXaHIYHOIO HAaBaHTAXXEHHS Ta

Onompienko O. [1., Komapos O. B., Jlo6oxa B. B.
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eJIEKTPUYHHUX 3apsliB. binbiie Toro, Mu mpuIiyckaemo, MO €JIEKTPUYHE IOJie BCEepenuHi
TPIIMHU MOKHA BU3HAYUTH K E, =—(¢" —¢ )/ (u; —U,), Ie &, - eNeKTpUYHa IPOHUKHICTh

cepemoBuia TpimmHu. bepyun no ysarm, mo D,=¢,E,, mpuxomumo 10 HacTymHOI

ale

1)
Cg}a"ez]a‘ ,

€JIEKTPUYHOI YMOBU

()]
ng

X3

T Xy

@ @ L)
Czjﬁd ’ efﬁd 2 S{J

T
| 14
ot
Puc. 1. Tynensna mixkdasna Tpimunaa —b < X, <b, X, =0 mix 1BoMa HaMiBCKIHYEHHUMHU KEPaMidHUMH
NIPOCTOPaMHU
.
S i
PR
Us —Us
y3IOBXK 30HHM TpIlIMHH, sfKa Oyna orpumana pawximie [2]. Lle piBHAHHS O3HA4Yae€, M0
CEepeIOBUIIE TPIIUHA MOKHA PO3MIISAAATH K KOHICHCATOp 3 HU3bKOIO emHicTio [10]. Otxe,

srigHo i3 3akoHoMm Kynona, enekrpuuna (MakcBeiuioBa) cuia Oyjae iHAyKOBaHa 3 IIi€i
€MHOCTI 1 ii MO)kHa 3anucartu y dopwmi [10, 11]

\2
=t @
YMoBH Ha iHTepdeiici MOXKYTh OYTH 3amucaHl y HaCTyIHiN ¢popMi
s % € (=b,b): [U(x;,0)]=0, [t(x,0)]=0, 9)
m m 1 y O 2
i x # (00): o (5,0 =0, 00,00~ 3,03 | (10)

[D(x,0)]=0, D;[us(x;,0)]=—&,[9(x,0)],
Jle KBaJpaTHI AY)KKM O3HA4aloTh CTPUOOK BIAMOBIAHOI (GYHKLII NpH Tepexoli uepes
inTepdeiic marepiany, f*(x)= f(x *i-0).

3rigHo 3 piBHsHHAMEU (3) Ta (6) po3B’s30K I KOKHOI 00J1aCTi MOKE OYTH 3alMCaHuit
HACTYITHUM YHHOM

U(j)(Xl, Xs) — A(i)f(j)(z) +A(j)1_:(j)(7) , (11)
t(j)(xl. Xs) — B(j)f'(j)(z) + E(i)ff(i)(f) , (12)
pe J=1 mma x,>0 1a j=2 mua x, <0; Bexrop-dynxuii f¥(z) ra f?(z) amanituuni y

BepxHii (X, >0) ta HmkHii (X, <0) obmacTsx, BiAMOBIAHO.

Omnormpienko O. /1., Komapos O. B., Jloboxa B. B.
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3acTOCOBYIOUH MiAX1J, peacTaBiIeHui y [15], mpuxoauMo 10 HACTYITHUX BUpa3iB

[U'(x)]=W"(x)-W(x), (13a)
t9(x,0) = GW' (%) ~-GW(x,), (136)
[U'(x)]=U"P(x,0)-U"?(x,0), G=B"D™, (14)
D=A®_-LB®, L=A®B®)?, W*(x)=W(x *i0), (15)

7ie BEKTOP-(PyHKIIIsA

Df'® (z) for x,>0
W(@)=1 __ (16)
~-Df'® (z) for x, <0,

€ aHAJITUYHOIO Y BCiH IUIOIIMHI 3 PO3pi3oM y310BXk obuacti Tpitmuan (—b,b) .
Jlotst ipuitHATOTO BUY ToJsipu3aniii MmaTpuiist G Mae HaCTyIHY CTPYKTYpY

igll 0 ng 914

0 i 0 0
G= Sz , (17)
g31 0 Ig33 934

g4l 0 g43 ig44

1€ G113, U2y Oass Gy - AikcH], g; (i, j=1,2,3,4; i # ]) - komiuekcHi, Ta g; =—Jj, i=-1.
Amnani3z marpuni (17) nokasye, 1m0 y 1[bOMY BHIIQJIKy HaIPYKEHO-Ie(OPMOBAHUN CTaH
MOXe OyTH pO3IUICHUH Ha IUIOCKHH Ta aHTHIUIOCKUH cTaHu. OCKUIBKM aHTHUILIOCKA 3aj1a4a
JIOCHUTBH NPOCTA, MU NPUAUIIEMO OCHOBHY YyBary 10 3HaXO/PKEHHS IUIOCKOTO HAlpyKEHOTO
crany. OCTaHHI} XapaKTEPU3yEThCs NEPEMIIEHHsIMHU U,, U, Ta ETEKTPHMYHAM MOTEHIHAIOM ¢ .

BukopucroByroun mpezacraBieHns (13) Ta BpaxoBylOuM aHANITHYHI TEPETBOPCHHS,
BUKOHaHI B po0oTi [16], MU OTprMy€eMO BUpa3u AJIsl HANPY>KEHb, SIICKTPUYHOTO 3MILICHHS Ta
MOXIJHUX BIJ] MEXaHIYHUX TICPEMINICHh Ta CTPUOKIB EIEKTPUYHOrO TOTEHI[iAy Ha
iHTepdeiici y HaCTyHOMY BUTIISAL

o (%,0)+m;,DP (x,0) +im;,08) (%, 0) = F; (%) +7,F; (%), i=123,4, (18)

N [u; (%, 0)]+1(N;5[uz (%, 0)]+n;,[¢'(X%,, O)]) = F" (%) —F; (%), 1=134, (19)
I (S

F(2)= D Y,W.(2) (20)

k=1,3,4
- L€ aHamTH4YHI (QYHKUIi y BCIH IUIOIIMHI 3 pO3PI30M Y3JOBXK TPIUIMHUA. 3HAYCHHS
M4, My, Ny, Ny, - ificHi. OCTaHHE TBEPKEHHS € CIIPABEIMBIM 32 YMOBH, 10 ; - JIHCHI,
0 Ma€ MicCIe JUIsl BEJIMKOi KUIBKOCTI NMPakTHUYHO BaXKJIMBUX OimMarepiajibHUX KOMOiIHAIiH.
Y, =[Y;,,Y;s.Y,1=S,G, a y, 1a S| =[S,;,S;;,S;,]' € BIacHUMH 3HAUECHHAMH Ta BJIACHUMH

BCKTOpPAaMH CUCTCMU

(yG'+G")S" =0. (21)

5 BU3HAYEHHS EJEKTPUYHOI'O NIOTOKY B OBJIACTI TPILIUHU

Mu npumnyckaemo, MO €IeKTPUYHUI MOTIK € MOCTIMHMM Y310BXK 00JIacTi TPILLUHH,
TOOTO

Onompienko O. [1., Komapos O. B., Jlo6oxa B. B.
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D; (%,0)=D; (x,0)=D mns X, €(—b,b). (22)

Ile mpunymeHnHs Oyne oOrpyHTOBaHO ITi3HIIIIE.
3 (8) Ta Bupazy D, = ¢,E, BunimBae mo

D2

e (23)

Oy =0y =

[Mincrasnsroun piBastHEA (22), (23) y piBHsuHs (18) Ta Oepyun 10 yBaru yMOBH Ha
inrepdetici (10), Mu nmpuxoguMo 10 HACTYIHOI 3a1a4i Pimana [17]

F(x)+yF (x)=0,+m;,D (j=134) nna x e (-b,b), (24)

ne o, =D?/2¢, .
Jlns % €(-b,b), cnpasennuse cnipsimmomenns F(x)=F (x). Tomy, s

€JIEKTPOMEXaHIYHUX HaBaHTaKEHb, 3aJaHMX Ha HECKIHUEHHOCTi, MO)ke OyTH 3amucaHa
HacTyHa yMOBa 3 BUKOpUCTaHHAM Gopmyinu (18)

F(2) =G, —it;, (25)

Z—0

pi(S
6. ==(c+m,d), 7. = Lo =(1+ j=134
it ( j4 ), j r. i ( 7]) (1=134).

i i

Amnarorigao po6ori [17] BBegemo HOBI GyHKIIIi

0, (1) = F, () - 20 26
i\2)=r Try, (26)

SAKi MaIOTh Ti 3K BIaCTUBOCTI, o H F; (z). Pinsuus (24), (25) npusonutsest 10
Q(x)+7,Q;(x)=0 (j=134) nna x €(-b,b), (27)
Qj(z)‘Hw =T, -1Q;, (28)

IS
1 ~ .
J

Po3B’s130k 3amadi (27) ta (28), 3rigHo 3 [17], Ma€ HACTYITHUI BUTIIST
Qj(z):Xj(Z)(Tj _in)(Z_Z_ibgj)1 (29)

_ —Y2+ig; —Y2-ig; _
ne X;(z2)=(z+b) (z-b) , & =Iny, /2x.
3 popmymn (31) Ta (34) BuTikae 1mo
o, +m;,D

F,(2) =X, (@)(T; -iQ;)(z - 2ibg;) +
l+7/j

(30)

3rigHo 3 pisHanHAM (27), Q[(x)=-Q[(x)/y; ma X €(-b,b) i, Takum unnom,

cripaBeanuBa popmyna:

Omnormpienko O. /1., Komapos O. B., Jloboxa B. B.
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Fr)-F (%)= 7, Q+(><1)

OTxe, 3 piBasHb (19) Ta (30) oTpumyemo

Nja[U; 4,001+ {nj5[us (6, 0)] + N, [¢ (%, 0)]3 =

1/2+ig; -1/2-ig; . 31
; —1Q))( +b) T (x, —b) " (x, - 2ibe,). (31)

i
[HTeTpyBaHHS IHOTO PIBHSHHSA NPHU3BOJAWTH JO HACTYMHOI (OPMYIM IS CTPUOKIB
MEPEMIIIECHHS Ta eIEKTPHUYHOTO MOTEHITIaTy

njl[u (Xvo)]+i{n,-3[u (%,0)]+n;,[e(x.0)]} =
Q)("l*bj S —b? for x, e (~b,b). (32)

Cnix 3a3HauUTH, IO A7 KEpaMIKM KJIacy CUMepTpii 6mm 3 HanpsiMKoM mosisipusauii X,

MaroTh Micne criBBigHomenns N, =0, ¢,=0, y, =1 [16]. BpaxoByroun wueit ¢akr, 3

piBasiaEs (32) wis X, € (—b,b), mu oTpumyemo

N [u; (X, 0)]+ Ny, [e(x,,0)] = Im{

)(“bT Jﬁ}

n43[u3(x11 O)] + n44[(0()(1, O)] = _Zi(T4 - iQ4)’\f X12 - b2 : (33)

Otpumani piBHsHHS (33) — me cucreMa JiHIHHUX anreOpaiyHUX PIBHSIHb BiTHOCHO
[u,(x,0)] Ta [¢(x,,0)]. Bonu npuBoasTh 10 PO3B’ 3Ky

[U3 (Xl’ O)] = A71{“44 Hl(xl) — Ny H 2 (Xl)}!

[(x, 0)] = A {=n,;H, (%) +n;H, (%)}, (34)

Ie
b+

H,(x) = 71 (TCOSa+le|na)4/b2 X2, Hy(%) =2T,\ o> =X, a= glln[b 2)
A nl3 43n14

I[TincraBnsiroun Bupasu (34) mo piBHAHHS (7), MU OTPHMAEMO HACTYIIHI CITiBBiTHOIICHHS

D=¢,R(x) mna X, €(-b,b), (35)
Ie

R(Xl) — [(D(Xl’ O)] _ 70T (Xl)n43 _2T4n13 T(Xl) =T1C050{ +leina, Vs (36)

[u; (%, 0)] - 7ol (XN, —2T,ny,

L
7/1+\/71

Cuisigromenns (35) € KyOiYHUM pIBHSHHSAM BimHOCHO D Tomy mio T, KBajpaTHuHa
¢ynkuis D 1 Q, ne 3anexuth Big D. Cnig 3a3Haunté mo COS(er) Ta Sin(e) y piBHAHHIX
(35), (36) 3anexarp Bin X,, ToOTO y 3aranpHOMY BUMaaKy R(X,) He € MOCTIHHOI BEITHYNHOO

B3JI0BX 1HTepBaiy (-1, 1). OxHak mokaszaHo, 10 iX Bapialis B I[bOMY iHTE€pBaJi HAA3BUYANHO
Maina. Lle o3Hauae, 1110 eIeKTPUYHUHN MOTIK Yepe3 001acTh TPIIMHU IPAKTUYHO MOCTIHHUH, a

Onompienko O. [1., Komapos O. B., Jlo6oxa B. B.
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3aMicTh piBHSHHS (35) AN BU3HAYCHHS ENEKTPHYHOTO MOTOKY D 3 JTOCTaTHHOIO TOYHICTIO
MOJKHA PO3TIISLIATH PIBHSIHHS

D=g¢ YoliNy —2T,N;,

= . 37
vy oTiNy — 2T4n14 37)
Lle piBHSHHS MOXKHA TIEpeOPMYITIOBATH SIK
1,D° +1,D* +17,D+17, =0, (38)

Jc
_ 260, — 70NN

0 2¢,

My = Yoly (SN +E,MNys) — 26,(S,Ny, +E,M N5), 775 = 268,M5S, — Yol E,N,5S,,
Sy =0,5(y 1N —210,), s, =0c+m,d, s,=c+m,d.

y T =So +26My, Ny, — ¥l M,N,,,

AHajiTHYHE JOCHIUKCHHS Ta pimeHHs piBHsHES (38) 3a dopmynoro Kapmano
MOKa3yloTh, MIO JBAa KOPEHI I[bOTO PIBHAHHA HE Y3TOKYIOTbCS 3 (DI3SUYHUM 3MICTOM.
Hampuknaza, BOHM 3aJHMIIAlOTHCSA CKIHYEHHMMH 1 BiTHOCHO Benukumu it &, — 0, T100TO Yy
BHITAJIKy HEMPOHUKHOI TpimmHU. KpiM TOTO, CTpHOOK NEepeMileHHs, SKUA BiIIOBIIA€ M
KOpEHsIM, BUSBISETbCS Biag’eMHUM. ToMy sierko BuOpatu (pisM4HO OOTpyHTOBAHM KOPIHB
(38). Lleit kopiHb Oy/Je BUKOPUCTAHHH Y ITOATBIIOMY aHAi31.

Bapro 3azHaunty, mo npumyckaioun o, =0 mm orpumaemo Tak 3BaHi “TouHi” [11]
SJICKTPUYHI TPAaHUYHI YMOBH, 3arporoHoBaHi B [10], 1 SKUX eIeKTpUYHE HABaHTAKCHHS
Ha Oeperax TpillMHU He OepeThcs M0 yBaru. Jlyig nux ymoB 3aMicTh piBHSHHS (38) Maemo
KBaJpaTHE PIBHSHHS I BU3HAYCHHS €ICKTPUYHOro moTtoky D. Ile piBHSHHS Moxe OyTh

orpumane 3 (38), npuiyckarouu o 7, Ta S, piBHI HYIIO.

6 HAINPYXEHHS, EJEKTPUYHI NEPEMIIIEHHSA TA IX
KOE®INIEHTU IHTEHCUBHOCTI

Hincrapnstoun (30) y piBusuns (18) nns J=14 i Gepyun no yBarm BIacTHBOCTI
Marpuii M, MH NPUXOJUMO J0 HACTYMHHX DPIBHSHB Ul HANpPYXCHHS Ta ENEKTPUYHOTO
nepemMimenss st X, > b

o33 (%, 0)+m, D (x,0) +im,,o (%, 0) =

H H —1/2+ie —1/2-ig (39)
:(1+71)(T1_IQl)(X1_2|b€1)(X1+b) 1(Xi_b) ' +Go+m14D’
Uéé)(xpo)eruDs(l)(Xpo)=%+00+m44D. (40)

Cnisignomenns (39), (40) - me cucrema JiHIMHUX anreOpaidyHUX PIBHSIHB BiJJHOCHO
HAINPY)KCHb Ta EJIEKTPUYHHX 3MillleHb. Bimainstoun milicHy Ta ymoBHY 4actuHH y (39) i

PO3B’A3yI0UM OTPUMaHy CHCTeMy, 3HaiineMo Bupasu misa o (%,0), D(x,0) ta o (x,,0)
wis X, >b.
Jami, mpenctaBuMo KoedIieHTH IHTEHCUBHOCTI y TOYIll b HAaCTyMHUM YHHOM

K, +m,K, —im,K, = xllirbrlo \/2”()(1 —b) (%, - b)i‘Sl [0-3(,? (%,,0) +
+my, Desl) (%,0) + imllal(é) (%, 0)],

(41)

Omnormpienko O. /1., Komapos O. B., Jloboxa B. B.
https://doi.org/10.31650/2618-0650-2020-2-1-29-44 37




11, Nel, 2020
Crop. 29-44 | Page 29-44

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

Ky+myK, = lim \[2z(x ~b)[og) (%, 0)+m,. D (x,0)]. (42)
BuxopucroByroun (39), (40), mu orpumyemo st X, —b+0

K, +m,K, —im K, =zb(1-2i¢)[o — o, +m, (d — D) —im,r]e", (43)
K, +m,K, =7b[o— o, +m,(d - D)], (44)

ne y=¢lInl, a | =2b e nosxunor Tpimuau. 3 Gopmyn (43), (44), MoxyTh OyTH OTpUMaHi
anamituuni Bupasu i K, K, ta K,. Bupindioun nilicHy Ta ysBHy 4yactuHu B (43) Ta
PO3B’A3YI0YH OTpPUMaHy CHUCTEMY JIHIMHUX aireOpaiyHuX pIiBHSAHb OTPUMYEMO HACTYIIHI
Bupasu 1 koedinientiB inTeHcuBHocTi K, K, Ta K,

K, =%m44fl—ml4[d—do+m44(d _D)]’ K, =_%i,

m,, —m, m,
—o-— d-D)-T
K = ﬂba 00+m44( 1, 45
! m,, —m, ( )

ne I') = wcosy + w,cosy, I', =amsing —a,Siny, @ =c—-oc,+m,(d-D)-2gm,7,
w, =2¢g[oc—oc,+m,(d-D)]+m,7.

PosrnsHemo Temep Aeski 4McenbHI pe3yibTaTH, OTpUMaHi A Mixk(a3HOI TPIIIMHU.
Amnaiiz npoBoauBcs i Oimarepiany PZT4 / PZTS mig gi€r0 MeXaHIYHOTO HaBaHTAKCHHS

o=10MPa, 7=0 Ta enexrpuunoro nepemimenns d=0,01C/m? Ha HeckimueHHOCTI i

a=10mm. 3HayeHHs eNeKTPHUYHOro MoToKy D, KoedilieHTH IHTEHCUBHOCTI HamNpyxeHb K,
K, Ta enextuyHuii KoediieHT iHTEHCUBHOCTI K4 o0uMcneHi 3 ypaxyBaHHSIM KYJIOHIBCHKHX
cun, mpencrtaBineHi B Tabmumi 1 sk QyHKIIS €NEKTPUYHOI TPOHUKHOCTI CEepeIOBHINA
TPIIMHU. 3HAYEHHS ENEKTPHUYHOI HMPOHUKHOCTI BU3HAYAETHCA 32 QOPMYIOI &, = &,&,, 1€

&, =8,85x10?C/Vm - eneKTpuuYHA MPOHMKHICTH BaKyyMy, a & - BIIHOCHA €EKTPHYHA
NIPOHUKHICTh. Benuuuna &, =107° Binosigae enekTpUYHO HEMPOHMKHIN Tpimuui, & =1 -
HoBITps, & =2,5 -cunukoH, & =81 -Bona; Ta &, =4000 Moxe posrismaTucs sk 3HAYSHHS,
10 BIJNOBIAA€ EJIEKTPUYHO IPOHUKHIN TPILLIUHI.

Taoaums 1.

. 3
3mina enekrpranoro notoky Dx10%( C/m?), cHIOBHX Ta eleKTPHIHAX

KOoeilli€HTIB iIHTEHCUBHOCTI B 3aJIGKHOCTI BiJl €IEKTPHUYHOI TPOHUKHOCTI TPIIIUHH
nutst Gimarepiany PZT4/PZTS5 mig fiero enekTpoMeXaHiYHOTO HaBaHTAKEHHS

. Dx10? K,x10°° K, x107° K, x10*

' (C/m?) (N /m%?) (N /m3?) (C/m¥?)
10° 1,23x10° 1,7701 1,5140 17,727
1 6,3653 1,3655 0,76297 6,4438
2,5 6,8543 1,5830 0,77846 5,5771
81 7,2312 1,7647 0,79454 4,9092
4000 7,2441 1,7711 0,79513 4,8863

L[iKaBO 3a3HAYUTHU, 10 BpaxXyBaHHS KYJ'IOHiBCBKI/IX CUJI MPpU3BOJUTL OO IIOMITHUX 3MiH

pe3yabTaTiB JUIA BCIX OOYHMCICHUX 3HAYCHD.

Hampukman, xoediiieHT 1HTEHCUBHOCTI

HanpykeHHs: K; 0e3 BpaxyBaHHs KyJIOHIBCBKOI CHJIM HE 3aJIeKUTh Bl &, B TOW Hac sK
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BpaxyBaHHS M€l CHJIM TPU3BOJIUTH 0 BIMYYTHOI 3alIe)KHOCTI Koe(ilieHTa iHTEHCHBHOCTI
Hanpyxenus Ki Bin &, (nuB. Tabm. 1)

7 BUITAZAOK OJHOPIJHOT O I’E€30OEJIEKTPUYHOI'O MATEPIAJTTY

PosrnsiHeMo Temep OKpeMO BHUIAJIOK OJHOPIIHOTO I1'€30€JICKTPUYHOTO MaTepiaiy.
P03B’5130K /151 1IbOTO BUIAJKY MOYKHA 3HAWTH 3a jonomororo piBHsHb (13a), (130) Ta (18),
(19) mns omHopimHOrO Marepiany, ajge MU OTPUMYEMO L€ PIICHHS SIK OKPEMHH BHIIAI0K
PO3B’S3KYy, OTPUMAHOTO BHIIE JUII HEOJHOPIIHOTO 11 €30€JCKTPUYHOT0 MaTepiany. Y IbOMY
sunaaky & =0, 7, =1. Kpim Toro, ockinbku crisinnomenns COS(a)=1 sin(a)=0 nnsa
X,  (—b,b) y upomy Bumanxy Touni, BenmuuuHa D 3rimHo 3 piBasHHAMHE (35), (36) moBHiCTO
nocriiiHa y3moBxk iHTepBany (—b,b). Ile o3navae, mo y npomy Bunaaky pisasaus (37), (38)
TEX OYAYTh TOUHUMH.

Jns ogHOpigHoro matepiana ¢popmynu (18) Ta (30) naroTe HAaCTYIHI BUpasu

o (,0)+m,,D{ (x,,0) +im, 01 (x,,0) =

4
=2(Tj—in)zL+ao+mj4D+Uo+mj4D ana X & (—b,b) (46)

Jx -b?
Posrnsyaroun niticny wactuny (46) mnms j=1 ta j=4 i Busnavaroun o3 (x,0) Ta

D& (x,,0) 3 OTpuMAaHOT CUCTEMHU JTiHIHHUX anreOpaidHuX PiBHIHL OTPHMYEMO

o (%,0) = (0~ 7)==+ 0y, (47)
JX —b?
D®(x,0) = (d - D)——— + D s X & (-b,b). (48)

NS

Jani BBOgUMO KOe(IilIEHTH I1HTEHCHMBHOCTI HANpY)XEHb Ta EJIEKTPUYHHUX 3MIIIECHb
HACTYMHUM KJIACUYHUM CIOCOOOM

K, = lim_ J27(x —b)o) (x,0), K, = Jim J27(x —b)a? (%,0), (49)
K, = lim \[27(x ~B)DP(x,0) (50)

®opmynu  (46), (47) ta (48) naroTh HACTyNmHI BHpasd JUIs I[UX KOe(II[iEHTIB
IHTEHCUBHOCTI:

K, =J7zb(o—0,), K, =+zhz, K, =J7zb(d-D). (51)

Bapro 3a3naunth, mo BusHadeHus (49), (50) ta popmynu (51) BUILIMBAIOTH 3 BU3HAYCHB
(41), (42) ta popmyn (43), (44) ta 3 ypaxyBanusam, mo & =0, y, =1.

3 ¢opmyn (47), (51) BumimBae wo aHi HanpykeHHs o (X,0), adi KoediuienT
interHcuBHOCTI K, He 3anmexars Bij enekTpuuHoro motoky d . Binbir Toro, oTpuMani BUpasu
IU1s1 KOe(IIi€HTIB IHTEHCUBHOCTI (pOpMabHO 30iraroTbest 3 pesyiapraTtamu crarti [10].

3rigro 3 dhopmynamu (32) ta (33) mis omHOpigHOrO Matepiany Bupazu st [U,(X,0)],
[u,(x,0)] Ta [¢(x,0)] matoTh HacTyIHWMIT BHTIIST

Omnormpienko O. /1., Komapos O. B., Jloboxa B. B.
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[ul(X1' O)] = _mllnil.lr\/bz - X12 |
[U3(X1,0)]:[H33(O'—O'0)+H34(d—D)]\Ibz—xf, (52)
[9(x,0)] =[H (0 —5y) + H,, (d = D)yb* -7,

e H33 = A_l(n44 —n14), H34 = A_l(mmnzm _m44nlA)' H43 = A_l(nla —I’]43),

H, = A (M3 =My Ny,).
Cuip 3a3naunty, wo Hy (i, j =3,4) — KomnoHenTn Marpuui H, BeezeHoi B [14]. Ll maTpuus

IIOB’s13aHa 3 MaTPULIEIO G, siKa BUKOpUcToByBanach y (136) sx iG™ =H.
BukopucroByroun dopmyiu (47), (48), HanpyKeHHS Ta €JIEKTPUYHE 3MIIIEHHS MOXYTh
OyTH aCHMOTOTHYHO TIpescTaBieHumu it X, —> b +0 y HacTymHiil Gpopmi

053 (%,0)= (o~ 0)4/ o (%.0)=7 ,/2( by
(53)

D;” (x,0)=(d = D), | =~
2(><1 ~b)’

BBeseMo Takok MOHSTTS MIBUAKOCTI BUBLUIBHEHHS CHEPTil, OB S13aHOT 3 TOUKOK X, =D,
3rigHO 3 [1]

b+Al

G=lim ﬁ b {03? (x,0)[u, (x, — AlL0)]+53 (x,,0)[u, (X, — AlL0)]+ -~

+ DY (x,0)[4(x, ~ALO) |} .

[incransoun Bupasu (52), (53) y (54) i Gepyun mo yearm, mo D{’(x,0) He mae
ocobmuBocti y Toumi X, —>0b—0, mpuxomumo 10 HacTymHOTO BHpa3y s IIBHIKOCTI

BHUBUIbHEHHS €Heprii

G= %b[Hgs(U—O'o)z + (H34 + H43)(U—O'o)(d - D) + H44(d - D) —myn, 1'2] (55)

8 UYMUCEJIBHI PE3YJIbTATHU JIA TPILUUHU Y OJHOPITHOMY
IPE3OEJIEKTPUYHOMY MATEPIAJII

[TpoBeneHo uncenpHUl aHami3 s YaCTKOrO MPOHUKHOI TPIIIMHU B Matepiaii PZT4 mig
JIE€0 eTIeKTPOMEXaHIYHOTO HAaBaHTaXEHHA. Y Tabmuii 2 (mepuiuii CTOBMYUK) MpeAcTaBlIeH]
3HA4YEHHs BUIKOCTI BUBLIBHEHHS eHeprii G /Ui pi3HUX 3HAY€Hb eNeKTPHYHOI IPOHUKHOCTI
CepeloBUIlla  TPIMMHUA. MexXaHiuHe HaBaHTaXeHHI o =10MPa Ta eJeKTpuYHE

HaBaHTakeHHs O = 0,01C/ M’ mpuKageHi Ha HeckinuenHocTi. Crta MakcBelia IpH oMy

HE BPaxoBYBaJOCh. 3 IHIIOrO OOKY, 3HAUEHHs IIBUIKOCTI BUBLIbHEHHS eHeprii G Oymu
o0umncieHl 3 ypaxyBaHHAM Cwid MakcBeuia il OJTHOTO 1 TOTO K EJIeKTPOMEXaHIYHOTO
HaBaHTAXEHHA Ta €JNEKTPUYHOI MPOHMKHOCTI CEepeNoBMINA TPIIIMHHU, SIKI MpPEJCTaBJICHI B
Tabnuui 2 (apyra KoioHka). [y uiei Tabnuii npu po3paxyHkax Oyia BUKOpHCTaHa JOBKHUHA
tpimuan  @=10mm. Haragaemo, mo anamoriuno Tabmumi 1 3HaYeHHA &, =10"°

BIJIMIOBIIAIOTh E€JIEKTPUYHO HENPOHHMKHINA TpimmHi, & =1 - moBitpsa, & =2,5 - cuiikoH,

Onompienko O. [1., Komapos O. B., Jlo6oxa B. B.
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g =81 - Boma, Ta & =4000 MoxHa BBaXaTH BiAMOBINAIOUMM EJIEKTPHUYHO NPOHUKHIN
TPIITUHI.

Taoauns 2
3MiHa IBUAKOCTI 3BUTFHEHS €HEPTii B 3aJIC)KHOCTI Bl €NEKTPUIHOL
MIPOHUKHOCTI TPIIUHY IS 11’ €3oMatepiany PZT4 mix aiero
eNIEKTPOMEXAaHIYHOTO HAaBAHTAXKCHHSL.

&, G (N/m) G (N/m)
10°° -40,281 -40,281
1 31,046 17,709
2,5 35,289 27,937
81 36,291 36,011
4000 36,292 36,286

Bapro 3a3HauuTH, 110 ypaxyBaHHS CHJIM MakcBe/Ula MPU3BOAWTH JO CYTTEBHX 3MiH
IIBUJIKOCTI BUBIIBHEHHS eHepril a1 &, =1, & =2,5 1 He3HauHMX 3MiH Ui &, =81, ane s

EKCTpEMAlIbHUX 3HAYEHb €JIEKTPUYHOI MPOHUKHOCTI (mepiumii i octanHii psaku Tabmuie) ix
BIJIMIHHOCTI HE3HAYHI.

0,000 0002 0,004 0006 0008 0010 0012 0014 0016 0018 0020

d

Puc. 2. KoedimieHT iHTEHCHBHOCTI €IEKTPHIHOTO 3MileHHs K, , MakcHuMallbHEe PO3KPUTTS TPIIIUHA
[U3 (0,0)] Ta MBHUJIKICTh BUBUIbHEHHS eHepril G, BiAIOBIIHO, sIK (YHKIS iIHTEeHCUBHOCTI €JI€KTPUYHOTO

HoTOKY d

Ha pucynky 2 npencrapiieHi 3MiHa Koedili€HTa IHTEHCUBHOCTI €JIEKTPUYHOTO 3MIMIEHHS
Ky (Kz/ 7*?), Makcumanbne poskputts Tpinmau [U,(0,0)] (%) Ta WIBUAKICTE BUBiTbHEHHS
eneprii G (H/m), BianoBinHo, Sk QyHKIIis IHTEHCMBHOCTI eekTpuuHoro notoky d (Ku/ ).
[IpunyckaeTbes, MO MeXaHiuHe HaBaHTaxeHHs nopiHioe o =10MPa, 7=0, a nomxuna
TpinHU BHOHMpaeThcst piBHOWO a=10mm. Tpimmua Oyna 3anoBHEHAa CHIIKOHOM, TOOTO
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&, =2,5. [lokasaHi pe3yabTaTH 0OUHCICHb 3 ypaXyBaHHAM cHIM MakcBema (CymiabHi JIiHii)
Ta 0e3 oro BpaxyBaHHs (IIyHKTHUPHI JIiHIT).

3BiJICH BUILTUBAE, 10 3aJCKHICTh KOE(Illi€HTa IHTEHCUBHOCTI €JIEKTPUYHOTO 3MIICHHS
Ta MAaKCUMAJIBHOTO PO3KPHUTTS TPIIIMHH BiJl IHTCHCHBHOCTI €IEKTPHYHOTO NOTOKY 11 0, =0
Maibke JiiHiiHAa. BHUKOpPHCTaHHS EHEPreTMYHO Y3rO/KCHHUX YMOB (ypaxyBaHHS CHIJIH
MakcBenna ©,) NpUBOANTH A0 BUIMMOI pi3HuLI y pe3ymbratax ama Ki ta [u,(0,0)] mna

2 . . .

d >0,08C/m* i s pisuuis 3pocrae 3i 3pocranssm d .
3ajIeXKHICTh IIBUAKOCTI BHBIIBHEHHsISI eHeprii Binm d 3HA4YHO CKIajaHIiIIA, HABITH IS
0, =0. B ocHoBHOMY crnioctepiraerscs, mo G 3MeHIIYeThCs 31 301IbIICHHAM 1HTEHCHBHOCTI

CNEKTPUYHOr0 MOTOKY 0. BHKOpPHCTaHHS €HEPreTHMYHO Y3rO/DKEHHX TI'PaHHYHUX YMOB
ICTOTHO 3MEHIIIYE MIBHJAKICTh BUBUIbHEHHS eHeprii G [Jis BEMMKUX 3HAYCHb €JIECKTPUYHOTO
notoky d.

9 BHUCHOBKH

PosrmsiHyTO TIOCKY 3amady Ui TPINIMHU B3JOBX MEXI JBOX IT'€30€JCKTPUIHUX
HaIliBHECKIHYCHHHUX IPOCTOpiB. BBakaeTbes, mo OiMmarepian miamaeTbes Mii MEXaHIYHOTO
HAaBaHTAXCHHS Ta EJIEKTPHYHOTO TIOTOKY Ha HECKiHUYeHHOCTI. TpilmmHa BBaXKa€ThCA
MEXaHIYHO BUIBHOIO 1 3 €JNIEKTPUYHO OOMEXKEHOI0 MPOHUKHICTI0. KpiM TOro, BpaxoByeThCs
CIICKTPUYHA B3AEMOJisl OeperiB TPINUHYU, BHUKJIMKAHUX CWiIaMH MakcBelia B 00JacTi
TPILTUHH.

MexaHi4HI niepeMillleHHs Ta CTPUOKH €IEKTPUYHOTO MOTEHIIay, a TAKOXK HAIpPY>KEHHS
Ta EJIeKTPUYHI 3MILIEHHS Ha MEXI PO3JUly MpPEJCTaBIAIOTHCS yepe3 KyCKOBO rojloMOphHY
BekTOp-pyHKIif0. [IpunyckaeTbes, MO SISKTPUIHUN MOTIK € MOCTiHHUM 1o oOmacti. Tomi
3a/Jlaya 3BOJAMTHCA A0 3amadi Pimana-I'inpOepra, ska Mae TOYHHMH poO3B’sA30K. Bci
eJIEKTPOMEXaHIYHI XapaKTePUCTUKU Ha iHTep(eiici mpeacTaBieHi y 3aMKHYTOMY BUTJISI, a
TaKOX BUBEICHI ACUMITOTHYHI (OPMYNIM HAMpyXeHb Ta EJIEKTPUYHUX 3MIIICHb B OKOII
BEPILUH TPIILIUHU.

YucenbHI pe3yibTaTd po3paxoBYOThCs s Oimarepiany PZT4 / PZT5 i ogHOpigHOTO
Marepiany PZT4 ta npencrasneni B Tabmuisix. 30kpeMa, moka3aHo, M0 €IEKTPUYHUN TOTIK
yepe3 30Hy TPIIMHHU Ta Koe(ilieHTH IHTEHCUBHOCTI 3aJIeXKaTh BiJl €IEKTPUYHOI POHUKHOCTI
cepefoBuIla TpilMHU. Ha BiaMiHy BiJ "TOYHUX" €EKTPUYHUX TPAHUYHUX YMOB ypaxyBaHHS
cusl MakcBeria MpU3BOIUTH /10 3AJIEKHOCTI Koe(illieHTa IHTEHCUBHOCTI HampykeHb Ki Bin
€JIEKTPUYHOI IPOHUKHOCTI CEpEeIOBHUIIIA TPIILIMHH.

OcobnuBa yBara NpUAUISETHCS OKPEMOMY BHUIMAJKY OJHOPIAHOTO I1’€30€JIEKTPUUYHOTO
Matepiany. Y IIbOMY BHIIAJKy €JEKTPUYHUN IMOTIK € MOCTIMHMM B 00JacTi TPILIUHH.
IToka3zaHo, 1110 MBUKICTh BUBLIbHEHHS €HEPTii 3MEHIIYEThCS 31 30UIBLIEHHAM €IeKTPUYHOTO
MOTOKY JUIsi 000X Mozened TpimuH. MakcuMmanbHe PO3KPUTTS TPILIMHU 30UIBLIYETHCS 31
30UIBIIEHHAM €JEKTPUYHOIO MOTOKY JJIS €JEKTPUYHO «TOYHOI» Mojenmi TpimuHu. s Beix
pO3paxoBaHMX MMapaMeTpiB PI3HULA B pe3ylbTaTax, OTPUMAaHMX IMPU BUKOPHUCTaHHI
€JIEKTPUYHO «TOYHHMX» Ta €HEPreTUYHO Y3rOPKEHUX MoJeneil TpillH, He3HaYHa I MaJluX
3HaY€Hb EJNEKTPUYHOro MOTOKYy. OJHaK I pI3HMIS TMOCTIHHO 3pOCTae€ 31 3POCTAaHHAM
€JIEKTPUYHOT'O HABAHTAXKEHHS.
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YAK 514.765.1

GEODESIC MAPPINGS OF SPACES WITH SPECIAL VECTOR
FIELDS

V. Kiosak', O. Lesechko*
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The paper investigates a special type of pseudo-Riemannian spaces — spaces that allow
special vector fields. The specialization of vector fields is mainly reduced to the ability to determine
the metric tensor by the combination of vectors or their derivatives.

With the development of the theory of relativity and the theory of Ricci flows, instead of the
metric tensor, a linear combination of the metric tensor and the Ricci tensor began to be used.

In this work the vector fields are studied, the covariant derivative of which is proportional to the
Ricci tensor.

One of the main methods of modeling physical and mechanical systems using pseudo-
Riemannian spaces is modeling along mechanical trajectories. The mechanical trajectories are
geodetic lines. Therefore, it is natural to have a scientific interest in non-trivial geodetic mappings.

Conformal mappings and some geometric properties of spaces that allow special vector fields
were studied in the works of V. A. Kiosak and I. J. Hinterleitner. Geodetic mappings of such spaces
have not been studied before.

The research is carried out using the linear form of the basic equations of the theory of geodetic
mappings. The equations, conditions of their integration and their differential extensions are studied in
the work.

As a result of the research, the system of basic equations is simplified and reduced to a known
and previously studied type of the equations. The type of system, if it is necessary, coincides with the
system for Einstein spaces, which allow non-trivial geodetic mappings. This opens wide opportunities
for further research, but requires consideration of space specifics that allow special vector fields.

The developed methods can be used to study Ricci solitons and other issues related with Ricci
streams. The very concept of Ricci flows allowed us to prove the well-known Poincare hypothesis. It
is necessary to note that the integration conditions for the equations that characterize the vector fields,
studied in this work, coincide with the equations given by Ricci solitons.

The research is carried out locally, in tensor form, without any restrictions as for the metric tensor
and the signature of the studied spaces.

Keywords: pseudo-Riemannian spaces; special vector fields; geodesic mapping.

I'EOAE3UYHI BITOBPAXKEHHA ITPOCTOPIB 31
CIHEINIAJIbBHUMHU BEKTOPHUMMU ITOJISAMU

Kiocak B. A.l, Jleceuko O. B.!

1 . . .
Odecvra deparcagna akademisi OyOi6HUYMBA MA APXIMEKMypu

AHoTanisi: B po0OTi MOCHiIKyeTbCs CHEIiallbHUM THI TICEBIIOPIMAHOBUX TIPOCTOPIB —
MPOCTOPIB, HIO JIOMYCKalOTh CIemiadbHi BeKTOpHi mons. Cremiamizaliiss BEKTOPHUX IIOJIB, B
OCHOBHOMY, 3BOJIUTHCS JI0 MOXIIMBOCTI BH3HA4aTh METPHUYHHHA TEH30p 4depe3 KOMOIHAII0 BEKTOPIB
a00 X MTOXiTHUX.

3 PO3BUTKOM TeOPii BiTHOCHOCTI Ta Teopii MOTOKIB Piudi 3aMiCTh METPUYHOIO TEH30pa MOYaIH
3aCTOCOBYBATH JIIHIHHY KOMOIHAIII0 METPUYHOTO TEH30pa Ta TeH30pa Pivui.

B npeacrapiieHOMy JIOCIIIPKEHHI BHBUYAIOTHCSA BEKTOPHI IMOJISA, KOBapiaHTHA MOXiJHA BiJ SIKUX,
npornopuiiHa Ten3opy Piuyi.

OfHMM 13 OCHOBHMX METOMIB MOJEIIOBAaHHS (PI3UYHHUX Ta MEXAHIYHHUX CHUCTEM 3a JOIOMOTIOIO
MICEBAOPIMAHOBUX IIPOCTOPIB € MOJMAEIIOBAHHSA [0 TPAEKTOPIIM pPyXxy. TpaekTopisiMu pyxy €
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reome3wyHi JiHIi. | TOMy, TpHpPONHMM € HAyKOBHM IHTEPEC 10 HETPUBIATHPHUX T'EOJC3UIHHX
Bi10OpaKeHb.

KondopmHi BigoOpaskeHHS Ta AEAKI T€OMETPUYHI BIACTHBOCTI MPOCTOPIB, MIO AOMYCKAaIOTh
CTIelianbHi BEKTOpPHI Mo, BUBYANKCh B poboTax B. A. Kiocaka Ta L. V. I'iurepnsiituep. ['eonesuuni
B1IOOpaKEHHS TaKUX IIPOCTOPIB paHiIlle HE BUBYAJICE.

JocnimkeHHs: BeAyThCs 3a JOMOMOTOIO JIiHIHHOT (OpMU OCHOBHHX PIBHAHB TEOPii re0Ae3MIHUX
BifoOpakeHb. B po0OoTi BUBYArOTHCS cami piBHSHHSA, YMOBH X iHTETpyBaHHS Ta iX JudepeHwianbHi
MOJTOB)KEHHSI.

B pesynpraTi qociimkeHs cHCTEMa OCHOBHUX PIBHSHB CITPOIIEHA Ta 3BElleHa IO BiOMOTO Ta
paHilie JOCHTIHKCHOTO BUIy PiBHSHBb. BUJ crucTemH, 3a HEOOXITHICTIO, CITIBIAJA€E 3 CUCTEMOIO IS
npoctopiB EifHmTeiiHa, 1m0 MOMyCKalOTh HETpUBiaibHI reofie3ndHi BimoOpaxkeHHs. Lle BimkpuBae
IIUPOKI MOKIIMBOCTI UIS TTOAAJBINNX JIOCHIHKEHb, e BIMarae BpaxyBaHHS CHEIU(IKHA MPOCTOPIB,
IO JIOMYCKAIOTh CHeLialbHi BEKTOPHI MOJA.

Po3pobneni MeTou MOXKYTh OyTH 3aCTOCOBaHI JIJIsi BUBYCHHS COJIITOHIB Piudi Ta iHIIMX MUTaHb,
MoB’si3aHMX 3 MoTokamu Pigui. Came MOHATTS MOTOKIB Piddi MO3BOJMIIO TOBECTH BiAOMY TiMOTE3y
[Tyankape. 3ayBakuMo, IO YMOBHU IHTETPYBaHHS UIA PiBHSHB, SIKI XapaKTEPHU3YIOTh BEKTOPHI IO,
[0 BUBYAIOTHCH B 1Iil POOOTI, CIIBIAJAI0Th 3 PIBHAHHSIMU, SKUMH 33JJal0ThCS COMTOHU Piudi.

HocmimkeHHsT BeIyThCSA JOKAIBbHO, B TEH30pHIN (opMmi, Oe3 oOMekeHb Ha 3HAK METPUIHOTO
TEH30pa Ta CUTHATYPY MPOCTOPIB, 0 BUBYAIOTHCS.

Kuro4oBi cjioBa: niceB10piMaHORBI POCTOPH, CICHiadbHI BEKTOPHI OIS, T€OAC3HYHI
BiTOOpaskeHHS.
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1 INTRODUCTION

Special vector fields in pseudo-Riemannian spaces V. were studied by many authors. The
research usually proceeded by imposing some limitations of differential type. For example, a
vector field V', that complies with conditions:

i i i
vV —a5j+,8jv ,

here 5} are Kronecker symbols, and comma, is a sign of covariant derivative with a respect to
connectivity of V_, is called a developable.
There are some special types of developable fields depending on the choice of « and f,

1. Concircular vector field: g is a gradient, « is some function.

2. Special concircular vector field: S, =0, « is some function.
3. Convergent vector field: £ =0, a=const.

4. Parallel vector field: £ is some vector, ¢ =0.

5. Absolute parallel vector field: « =0, £ =0.

On the other hand vector field A, —
A+ A =2R; +cgy,

is a called a vector field that defines a Ricci soliton. Here R; is a Ricci tensor, g, is a metric
tensor for V, , and C is some constant.

When the vector A, is gradient, then the soliton is called a gradient Ricci soliton. There
are three types of solitons depending on a sign of the constant c: divergent, convergent and
constant. Or in other words, covariant derivative of a vector fielad is a linear combination of
internal objects of a given space. Taking into account algebraic restrictions, authors introduce
o(Ric) — vector fields, namely fields that satisfy the equations:

ij?

It is clear that ¢ (Ric) — fields can belong to any of the above-mentioned types depending on
the choice of R; and s. Some geometric properties of the described vector fields are studied
in works [2, 3].

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

The beginnings of the mapping theory can be found in the work of ancient Greek
mathematician Apollonius of Perga "Conics", where some inversion are studied in respect to
circle, ellipse, parabola, hyperbola. Another important step towards modern theory of
mappings is represented by the work of Lagrange on dynamic systems and their modelling.

The construction of classical theory of mappings started in the middle XIXth century in
works of Italian geometer E. Beltrami, who treated mappings of surfaces on a plane, namely
those mappings which transform a geodesic line into a straight line. The development of
tensor analysis and its application to differential geometry resulted in basic fundamental
results in works of T. Levi-Civita, H. Weyl, T. Thomas [8, 10, 11].

V. Kiosak, O. Lesechko
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The theory of mappings attracted attention of many mathematicians and physicists which
were interested in an application of these results in modelling of dynamic processes.

Furthermore, a motion of some types of mechanic systems, many processes in
gravitational and electromagnetic fields, in solid matters follows trajectories that can be
treated as geodesic lines of a space with affine connectivity or pseudo-Riemannian space. It is
enables by a regime when outer forces are absent or their motion is carried out along certain
curves with a curvature vector coinciding with a vector of generalized outer forces.

The particular role among geometric objects is played by geodesic lines and their
generalizations. This was a reason for a definition (since E. Beltrami's work) of geodesic
mappings as mappings preserving geodesic lines. The famous Beltrami theorem, a
cornerstone of modern theory of geodesic mappings was published in 1865. It states that
geodesic mappings on flat spaces are permitted only by spaces of constant curvature. Over
120 years ago this result was generalized by A.V. Pogorelov. He treated pseudo-Riemannian
spaces with minimal conditions on smoothness of metric.

An important contribution to the general patterns of modern theory of geodesic mappings
was made by T. Levi-Civita, T.Thomas, H.Weyl, A.Z. Petrov, A.S. Solodovnikov,
G. I. Kruchkovich, M. S. Siniukov [8, 9, 10, 11]. A detailed review can be found in the work
of A. V. Aminova and in the chapter of M. S. Siniukov's monograph [1, 9].

3 PURPOSE AND TASKS OF THE STADY

The aim of the paper is a research on new characteristics of pseudo-Riemannian spaces
that permit special vector fields and their mappings.

An object of the study is represented by special pseudo-Riemannian spaces, which
contain vectors with covariant derivative which is proportional to Ricci tensor, as far as by
their non-trivial geodesic mappings.

A subject of research is represented by differential equations, their integrability
conditions and differential extensions, characterizing whether a given pseudo-Riemannian
space permits a certain type of mapping. Systems of equations that determine the above-
mentioned mappings are reduced to re-defined system of algebraic equations. By introduction
of additional limitations we are able to solve some problems related to geometric properties of
pseudo-Riemannian spaces that permit or do not permit geodesic mappings.

Methods of research are classic methods of Riemannian geometry. A research is
conducted locally, in a class of sufficiently smooth functions with an application of tensor
methods and without any limitations imposed on sign-definite state or signature of a metric.

4 BASIC RESULTS

Integrability conditions (1) can be written down as follows

@, Ri =S(Rj —Ryj) - 2
Taking into account properties of a Riemann tensor Ri?k , We obtain

P.Rij = SRija - ®3)

Wrapping (3), we pass to the following expression

a S
@R :ER,k’ (4)

here R is a scalar curvature.

V. Kiosak, O. Lesechko
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A bijective correspondence between points of pseudo-Riemannian spaces R4/ with a
metric tensor g; and V. with a metric tensor g;» When every geodesic line of V, finds a

correspondence in a geodesic line of V_ is called a geodesic mapping.

Geodesic mapping that differs from homothetic is called non-trivial.

An existence of non-trivial solutions for a linear form of basic equations of theory of
geodesic mappings is a necessary and sufficient condition for an existence of non-trivial
geodesic mappings.

A linear form of basic equations of theory of geodesic mappings takes a shape of the
following [9, p.121]:

Ui « :/’i'igjk_k/ligik; (5)

N4 ; = 19; +a,Ry _a'aﬁ’Rﬁ.ﬂ’ (6)
here u=1,,9%, Ri=R,,g“, R" =Rl g*.

A linear form of basic equations of theory of geodesic mappings takes a shape of the
following [9, p.123]

(N—D)p; =2n+1) AR +a,,(2R5” —R)). (7)
Solutions (5) and metric tensors V., V. are connected by an expression

3; =379, 8)
A=—"T79,w,, ©)

where g are elements of an inverse matrix to 0y ;

__ 1 g
Vi= o) O '”‘g"

Let us prove the following statement.

Lemma 1. When pseudo-Riemannian space V, permits non-trivial geodesic mappings,
then for a tensor a; and a vector 4 the following conditions are true

A8 — A8 =0, (10)
here ;=4 ;-

Proof.

Integrability conditions for equations (5) can be written down as follows

a,;Rjq +a,;Ry = 495 + 4% — 4% — 495 - (11)

Multiplying (11) by a! , wrapping by index | and re-assigning m, we arrive at
a,;Rj, alﬁ +aajRiT<ﬁa|ﬁ = ala’lligjk +a|a/1|jgik _ﬂ“kiajl _ﬂ’kja'il : (12)

ai’ kg

Symmetrizing by indices | and k, and taking into account the equation (11), canceling the
terms we obtain

(&7 Ao _alf%ai)gp +(&" 1, _a'la/lal)gkj +(a?/’i’ak _al?/laj)gil + (aja;tal _aia/laj)gik =0. (13)

Wrapping by indices j and |, we can see that equations (10) are true.
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Thus, the lemma is proved.

Theorem 1. When pseudo-Riemannian space V_, permitting ¢ (Ric) vector fields,
permits non-trivial geodesic mappings, then vectors ¢, and A, are colinear, or in other words

@ = phi, (14)
here p some invariant.

Proof.
Taking a covariant derivative of the latter and paying due attention to (5), we arrive at

AR Gim + AR + AR 9 im + 4R + 84 Rm + 85 Ricim =

i ai’ tjkl,m aj Vikl,m (15)

= Aim9j T Ajm G ~Himd i = Agm i
Werapping the latter by | and m, we obtain

ARG + ARy + ARy + AR, +a{’R§aﬁ +aj’Rﬁaﬁ = 2,095 + A Oy A j— Ao (16)
Multiplying (11) by ¢' and wrapping by |, we pass to the expression:

a,Ris?” +8,;R0" = 0" 2,305+ 0" A0 O A Gn — A B — A (17)
As far as (3) is true we can transform the above-formulated equations into a shape

S(A,Rjs + A, Ry + ARy + ARy = 4,793 — A4, Gi + A T AGi) = 18)

= /1kj(Pi +/1ki(Pj _(Do%aigjk _§0a/1ajgik-

Alternating by indices k, j and taking into account properties of a Riemann tensor, we can
write down the following

S(A4,Ri; + 4Ry — ARy — 4, G + A 9) = 934 — BAi; — 9% Ao Gi 97 A G - (19)
Then, multiplying by A" and wrapping by i, the latter equations will be transformed into

S(LARS —AALRY =, A4+ 2,0 2) = A A —OAA — 9% A4 + @ A A, (20)
After certain transformations we obtain

A, (SRS +52,5 =" 2, ) = A (SR +84,7 =90 4,;) = 9 A A =P AA] (21)
Let us multiply the latter by &' and group it, then the following expression appears

SA,RE + 54, — 0" Ay =C A, A +C, +C Ay, (22)

def 1 def 2 def 3

where 2,&% =1, ¢,&% =c¢; A,A4;E" =—c¢; (SA4,R; +54,,% =9 2,,)E" = ¢ .
The equation (21) can be changed by substitution of (22) into a form
CAHA A —CAAA] +CA0 —CAQ; = A AL —PAA] (23)

Grouping the latter
@, (A A +CA) — @ (A AL +CA,) =CAA AL —CAAAL . (24)

V. Kiosak, O. Lesechko
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When wrapped with a vector that corresponds to ¢_»* =1, and é/lan“ #1, it takes a shape
AAEAC A, =T A A+ T A+ TP, (25)
where ¢ A7 =7; —CA A’ =75 (A A5 +CA ) =7
Substituting (25) in (24), we arrive at
pA;—p;4;, =0 (26)
!
or otherwise @ = pA., here p :(cj .

Theorem 1 is proved.

Lemma 2. In case of non-trivial geodesic mapping of pseudo- Riemannian spaces that
permit o(Ric) -fields, vector 4; iis an eigenvector of tensor a; , namely

A%a, =Ul,, (27)

here u is some invariant.

Proof.
Let us take a covariant derivative of (14)

@ ij/li +/0/1i,j . (28)
Symmetrizing the latter, we see that

pi=pA (29)
and then (27) takes a shape of

Py =PALA+PA . (30)
It is known that tensor a;; and a Ricci tensor are limited by a condition

aRf—a,;R*=0. (31)

ai’ ]

Taking into account the definition of ¢@(Ric)-fields, we can formulate the following
expression

a'iaqoa,j _a?goa,i = 0 ' (32)
Substituting (30), and applying Lemma 1, we obtain
Aaid, -1, =0. (33)

Multiplying by &', we can see that formula (27) is true, while u = Zga;‘g”.
The lemma is proved.
Equation (19) can be re-written as follows due to (14) and (30)

4sA, Ry = (84, — oA 2,)) 9 — (A, — pA“2,4) 0 - (34)

(72 11|

The latter equation can be wrapped by i, k
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a [24 4S o
SA,; — PA“ Ay, :n—_lﬂaRj . (35)
Let us substitute the latter expression into (34)
AW =0. (36)

Here Weyl tensor implies

1
Wi = Rj === (6R; = &Ry ). 37

On the other hand, taking into account (14), the equation (17) can be written down as
follows:

a, R A" +a, Rl A = 272,09, + A7 24Oy —Ag T — Agh — Agh - (38)

ai' jkp ajikp

Applying (38) and (34), we arrive at

A,V gy —Vdy +a, V0 —Viay = A%2,9; +A94,,;0; — Ag A — Aad; - (39)
The above equation can be wrapped by j,k

(a,v* —A“A )n=av, —ud;, (40)
where

v, = %(s/lai‘f —pA“2y,); a=a,9%; u=2,9",

%(avi — 1) 9 +%(an — 1A;) Gy —Vidy — V@ + A4y — A4 =0 (41)
Then, let us alternate it by indices j,k

%(avj —,uﬂj)gik Jr%(avk —,uﬂk)gij =V, —Vi &y + A4 — A4, =0. (42)

In the latter equation, let us re-assign indices i and k and the obtained expression can be added
to (41). After these transformations we obtain

1

ﬁ(an — 1) 9y —V 8y + A4 =0. (43)
Let us wrapp (43) with &, then we get

4 ;= Ag; +Bay, (44)
here

B =1va<§“; Azl(,uﬂ,a —av, )&,

n n
It is clear that
A:%(u—aB). (45)

Thus, the following is true

Theorem 2. When a pseudo-Riemannian space that permits ¢(Ric) -fields, permits non-

trivial geodesic mappings too, the a system of equations (5), (44) has a solution with a
necessity.
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5 DISCUSSION OF THE RESULTS OF THE STUDY

Thus, we obtained an equation (44) that characterizes pseudo-Riemannian spaces
permitting non-trivial geodesic mappings and permitting ¢(Ric)-fields. These spaces are

well-known in the theory of geodesic mappings and were studied earlier in relation to the
studies on geodesic mappings of Einstein spaces. However, a direct transfer of the obtained
results is hampered by peculiarities of Einstein spaces and requires an additional research.

6 CONCLUSIONS

The paper simplified a linear form of basic equations of theory of geodesic mappings for
pseudo-Riemannian spaces that permit ¢(Ric) -vector fields.

The obtained results are applicable to study on conformal mappings of Einstein spaces
both locally and globally [5, 6] as well as to a study on quasi-Einstein spaces [4, 7].

Profound correspondences exist between theory of geodesic mappings of pseudo-
Riemannian spaces and theory of holomorpical projective mappings of Kahlerian spaces.
Important perspectives are opened by application of methods of topology.

An actual problem is constituted by construction of examples and classification of the
above-mentioned spaces.
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3ACTOCYBAHHS METOJ1Y TPAHUYHUX EJIEMEHTIB
MPU JOCJIIKEHHI KOJIUBAHbB 3AJII3BOBETOHHOI
KOJIOHU 3MIHHOTI'O ITIEPEPI3Y 3 YPAXYBAHHSM
HEJIHIMHUX I INIACTUYHUX BJIACTUBOCTEMN
BETOHY

®omin B. M.}, ®omina L. I1.1

1 . . .
Ooecvka depaicasHa akademis 6yOieHUYMEa ma apximexmypu

AHoTauisi: B ocTanHI gecATHpIYYS IpHA TPOEKTYBaHHI KOHCTPYKIINA CTaB MPOBOIUTHCS TMPSIMHAN
JUHAMIYHAN pO3paxyHOK Ha celicMmiuHi BrimBH. [lomiOHMH pO3paXxyHOK MPOCTOPOBUX KapKacHUX
3ai300€TOHHUX KOHCTPYKII 3 ypaxyBaHHSM HENIHINHOI pOOOTH 1 IUIACTHYHUX BIACTHBOCTEH
MaTepiaiiB € CKJIaHUM 3aBHaHHAM. [[1s X 1ined pa3poOeHi mporpaMHi KOMIUIEKCH 3 HENTiHIHHOTO
JUHAMIYHOTO PpO3paxyHKy KOHCTPYKIIiM, 3acHOBaHI Ha MeTOAl CKiHUeHHHMX ejeMeHTiB. [lpu
ypaxyBaHHI HENTiHIHHUX 1 TNIACTHYHUX BIACTHUBOCTEW MaTepialliB MOPSJOK CHCTEMU PO3B’sI3yBalIbHUX
PiBHSHB METOy CKIHUEHHHX €JIEMEHTIB IS CKIIAJHUX CIIOpYA Iyke Bucokuil. [Ipu mpomy HeoOXigHO
3pOOHUTH PO3OHUTTS OATOK 1 KOJIOH, IO YTBOPIOIOTH KOHCTPYKIIiIO, HA BENUKY KUIBKICTh CKIHYEHHHX
€JIEMEHTIB, TaK sK AedopMalliiiHi BIaCTUBOCTI OETOHY Pi3Hi B CTHUCIHIN 1 pO3TATHYTOI 30HaX, a TAKOXK B
30HaX HABAaHTAXXEHHS 1 PO3BAHTaXEHHs. Y I CTATTI MPOMOHYETHCS METOJ JAOCHIHKSHHS HEeTIHITHIX
KOJIMBAaHb 3a1i1300€TOHHOI KOJIOHH 3MIiHHOTO IIepepi3y, 3aCHOBAHUN HAa METOJi TPaHNYHUX EIIEMEHTIB,
SIKHI TIPUBOJIUTH JI0 3HAYHO MEHIIIOr0 00’ €My OOUYUCITIOBAILHOT pOOOTH, a, OTXKE, 10 OUIBII MPOCTOMY
aHamizy pe3ynbrariB. CerMeHT KOJIOHH 3MIHHOTO Tepepidy B MeXaxX OIHOTO IOBEPXY MPEICTAaBIISIE
c000F0 CTEpKEHP MOCTIHHOTO MPSIMOKYTHOTO TIEPETHHY 3 TIOCTIHHUM apMyBaHHSIM. Maca IepeKpHUTTiB
OymiBil TpEeICTaBICHA Y BUIVIAAI CHCTEMH MaTepiaJbHUX TOYOK, PO3TAIIOBAHMX Ha KOJIOHI.
[TepenbauaeThesi, MO AOCTIIKEHHSI KOJMBaHb Oyle BECTHCS MOKPOKOBUM MeTonoM. Ha koxHOMY
KpOIIi MTPOBOAWUTHCS BU3HAYEHHS KOE(IIiEHTIB BIUIMBY. BOHM ICTOTHO 3alieXaTh BijJ] HANPYXEHO-
Je(OpPMOBAHOTO CTaHy KOXXHOTO 31 CTEp)KHIB KOJOHM Ha TMOYaTKy Kpoky. Jlnsg BH3Ha4eHHS
Koe(ilieHTIB BIUIMBY Ha MiACTaBi MeTOJla TPAHWYHUX EJEMEHTIB MPOBOAUTHCS TOOYA0Ba
(dhyHIaMEHTaTPHUX PO3B’sA3KiB 3amadi Komri mis cucremu nudepeHIiialbHAX PiBHSIHD POCTOPOBOTO
BUTHHY 3aJ11300€TOHHOTO CTEP>KHIO BiJITHOCHO MIPUPOCTIB MPOTHHIB CTEPIKHIO 3 YpaxXyBaHHAM (pi3udHOT
Ta TEOMETPUYHOI HENIIHIHHOCTEH 1 ITUTaCTUYHOCTI OeToHy. Jlaji 3a JOIMOMOIOK CHUCTEMH OCHOBHHX
PIBHSHB JIMHAMIKH JUIS 3a3HAYCHUX MaTepialbHUX TOUOK BU3HAYAOTHCS MPUPOCTH PEAKIIiH KOJIOHH 110
BiJIHOLIIEHHIO JI0 IUX TOYOK. [10TiM BU3HAYAIOTHCSI TPHUPOCTH IPHUCKOPEHB, IIBUAKOCTEH 1 EepeMillieHb
MaTepiallbHUX TOYOK. 3aBepIIy€EThCSI KPOK OOUMCIICHHSIM HOBUX 3HAYEHB iX MPUCKOPEHbB, MBUAKOCTEH
1 IEpEMIIIICHb.

KarouoBi cinoBa: HenmiHiNHI 1 MIacTH4YHI BIACTUBOCTI OETOHY; METO]| TPAaHUYHUX EIIEMEHTIB;
MOKPOKOBUIT METOJI; TMHAMiKa KapKacHUX OyJIiBeJIb; IMITyTbCHUN BILTUB.

APPLICATION OF THE BOUNDARY ELEMENT METHOD IN
INVESTIATION OF VIBRATIONS OF A REINFORCED
CONCRETE COLUMN OF VARIABLE CROSS-SECTION
TAKING INTO ACCOUNT THE NONLINEAR AND PLASTIC
PROPERTIES OF CONCRETE

V. Fomin®, I. Fomina®
'Odessa State Academy of Civil Engineering and Architecture

®omin B. M., ®owmina 1. I1.
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Abstract: Last decades, a direct dynamic analysis of seismic effects began to be applied at
design of structures. Such a design of spatial frame reinforced concrete structures, taking into account
the nonlinear work and plastic properties of materials, is a difficult task. For these purposes, software
systems for nonlinear dynamic structural analysis based on the finite element method have been
developed. When taking into account the nonlinear and plastic properties of materials, the order of
resolving equation systems of the finite element method for complex structures is very high. In this
case, it is necessary to divide the beams and columns forming the structure into a large number of
finite elements, since the deformation properties of concrete are different in the compressed and
stretched zones, as well as in the loading and unloading zones. This article proposes a method for
studying the nonlinear vibrations of a reinforced concrete column of variable cross-section, based on
the boundary element method, which leads to a significantly smaller amount of computational work,
and, therefore, to a simpler analysis of the results. The segment column of variable cross-section
within one floor is a rod of constant rectangular cross section with constant reinforcement. The mass
of ceilings of the building is presented in the form of a system of material points located on the
column. It is assumed that the study of vibrations will be carried out by step-by-step method. At each
step, the determination of the coefficients of influence is carried out. They significantly depend on the
stress-strain state of each of the column rods at the beginning of the step. To determine the influence
coefficients on the basis of the boundary element method, the fundamental solutions of the Cauchy
problem are constructed for the system of differential equations of the reinforced concrete rod spatial
bending relative to the increments of the rod deflections taking into account the physical and
geometric nonlinearities and plasticity of concrete. Then, using the system of basic equations of
dynamics for the mentioned above material points, the increments of the column reactions with respect
to these points are determined. Then, the increments of accelerations, velocities and displacements of
material points are determined. The step ends with the calculation of new values of their accelerations,
velocities and displacements.

Keywords: nonlinear and plastic properties of concrete; boundary element method; step by step
method; dynamics of frame buildings; impulse effect.
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1 BCTYI

Po3BUTOK MUHAMIYHMX METOMIB PO3PaxXyHKY CHOPYZA TIOB’SI3aHUM 3 ypaxyBaHHM
TreOMETPUYHOI HENIHIHHOCTI KOHCTPYKIiHM, (i3MYHOI HETIHIMHOCTI Ta IJIACTUYHOCTI
MatepiamiB. [Ipu IbOMy BHKOPHUCTOBYETHCS CKIHUYECHHO-E€JIEMEHTHA Mojeib OymiBii. [Ipore
TaKU# PO3PAaxXyHOK € JOCUTh CKIIQAHUM 3aBHaHHAM. /{71 3ay1i300€TOHHHUX KOHCTPYKIIH 1€
MOB’SI3aHO 3 THUM, IO MNPU OOYMCICHHI METOJOM CKIHYCHHHX €JIEMEHTIB HE0OX1THO
BpPaxOBYBAaTH HANpPYKEHHO-Ie()OpMOBaHUI CTaH B TOYKAaxX OyIiBIi, PO3MOMIT CTUCHYTHX 1
PO3TATHYTHX 30H, 30H HaBaHTAKEHHs 1 PO3BAHTAXKCHHS, IO MPHBOJUTH JO PO3B’s3aHHS
CHCTEMH TiraHTChKUX PO3MIPIB 1 BETUKUX O0UHCITIOBAILHUX 1 YaCOBUX BHUTpAT.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

B ocranHi AecATWNITTS NpPH MPOEKTYBaHHI KOHCTPYKIH CTaB MOBOJUTHCS HPSAMUI
JTMHAMIYHHA PO3paxyHOK Ha cedicMmiuHi BrutuBH [1-4]. SIk Bike momivanocs BHUIIE MOTIOHUI
PO3pPaxXyHOK MPOCTOPOBHX KAPKACHUX 3aTi300€TOHHMX KOHCTPYKIIA 3 ypaxyBaHHSIM
HEJIIHIHHOT POOOTH 1 MJIACTUYHUX BJIACTUBOCTEH MaTepialiB € JOCHUTh CKIIAJHUM 3aBIaHHSM.
Jis mux mineit po3po0iieHi mporpaMHi KOMITIEKCH 3 HENIHIHHOTO JMHAMIYHOTO PO3PaXyHKY
KOHCTPYKIIIH, 3aCHOBaHI Ha METOAl CKiHYeHHUX ejeMeHTiB [5-8]. Ilpu npomy mOBOIUTHCS
POBOJIUTH PO3OUTTS KOHCTPYKIIi HA BEIWKY KUIBKICTh CKIHUEHHHMX €JIEMEHTIB, 100
BpaxyBaTH pi3Hi JAedopmalliiiHi BIANCTUBOCTI OETOHY B 30HAX PO3TATYBaHHS 1 CTHCHEHHS,
HABaHTAXXCHHS 1 PO3BaHTAXKEHHs. Y 3B 53Ky 3 IIMM BUHHKA€ HEOOXIJHICTh y BUKOPUCTAHHI
aJIbTEPHATHBHUX MeETOAIB [9-12]. Jlo HMX BITHOCHUTBLCSA 1 METOJ IPaHUYHHUX €IeMEHTIB [13-
14], nns 3acTOCyBaHHS SIKOTO HEOOXiTHA HASBHICTh NU(EPEHIIOBATBHUX PIBHSAHb 3THUHY 1
METOJMKa MOOYN0BU MaTpuIll (yHIaMEHTAaIbHUX pilleHb 3aaa4yi Komm s mux piBHSHB 1
MaTPHIIi-CTOBIIII MPUBATHUX PIIICHB, IO 3aJICKATh BiJl 33JaHOTO HAaBaHTaKCHHSI.

3 META TA 3AJAYI JOCJIUKEHHD

Mertoto poboTH € moOyaoBa METOAY, IO JO3BOJSIE MPOBECTH JOCTIKEHHS KOJIMBAaHb
KOJIOHM 3MIHHOTO mnepepidy (puc.l, N - KUIBKICTh MOBEpXiB), IO MOJENIOE€ BHUCOTHY
OyIiBiIIO, 3 BUKOPHUCTAHHSM METONY TpaHMYHUX ejneMeHTi. CerMeHT KOJIOHH 3MIHHOIO
nepepisy B MeXax OJIHOTO TIIOBepXY HpeACTaBisie co00K CTEpKEHb MOCTIHHOTO
HNPSIMOKYTHOTO TMEpPeTHHY 3 MOCTIMHMM apMyBaHHSM (HOMEpa CTEp)KHIB IPOCTaBJIECHI B
KUTBIISIX).

4 METOIU JOCJIUKEHHS

Jlis MOCSATHEHHS TOCTaBJICHOI METH 3aCTOCOBAaHO MOKPOKOBUN METON JTOCIITKECHHS,
Teopito AudepeHIliaTbHUX PIBHSIHB, TEOPII0 MaTPUIlh, METO]] TPAHUYHUX €JIEMEHTIB.

5 PE3YJDbTATHU JOCIAXEHDb

Maca nepekputTiB Oy/iBii IPEACTaBICHA Y BUIIAI CUCTEMH MaTepialbHUX TOYOK M,
(3ocepemkenux Mac, k= 1,2,..,n), po3ramoBaHux Ha KoyioHi. [lepembavaeTbcs, 110
JIOCITIJKEHHSI KOJIMBaHb OyJie BECTHUCS IMOKPOKOBUMM METOAOM, MPH SKOMY Ha KOXHOMY
KpOIIi CUCTeMa CHJI, MPUKJIAJICHUX 10 Mac, OTPUMY€E MPUPICT APi(k)( k - HOMep moBepxy, i -
Homep oci x*), sxoi mapanenbha cuna, 1=2,3; cuna P — Bara marepianbHoi ToukH, B
IpoIieci pyXy He 3MIHIOETbCS).

®omin B. M., ®owmina 1. I1.
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Puc. 1. Po3paxyHkoBa cxeMa KOJIOHU

Ckiajaoun  CHCTEMY OCHOBHUX pIBHAHb JMHAMIKH I  MaTepiaibHUX TOYOK,
OTPUMYEMO

MAa=AP + AR, (1)

Je M — JaiaroHajbHa MaTPHIIS Mac TOYOK (TIPH IIbOMY KOKHA Maca 3aluCyeThes JBidi), Aa —
BEKTOP-CTOBIIEIIb, €JIEMEHTAMU SIKOTO € MIPUPOCTH MPOEKLii MPUCKOPEHb MaTepiallbHUX TOYOK
na oci X (i=2,3; k=1,2,..,n), AP — BEKTOp, €IEMEHTAMH AKOTO € MPUPOCTH BEIUYUH
CHII Pi(k) (i1=2,3 k=1,2,...,n), npuKkiIageHUx 10 BY3JiB, AR — aHaJOTiYHHUI BEKTOp IS
MPUPOCTIB PEAKTUBHUX CWJI, 11O J1I0Th HAa Macu 3 OOKy KojoHHu. Ilpu mpomy enemeHTH
BEKTOPIB Aa, AP 1 AR HyMepyrThCS HACTYITHUM YHHOM:

j=2(k-1)+i-1, ()

ne kK — Homep moBepxy, i - HOMep oci Xi(k) , IKOT TapaiienbHa ckiaaopa; K =1,2,...,n, i=23.
Ha mincTaBi MeToy MiHIHHUX MPUCKOPEHB [ 15] MmaeMo

Aa :LZ[AV —VAt—la(At)z}, (3)
(At) 2

ne At — gacoBuit Kpok, AV — BEKTOp MPHUPOCTIB MepeMelnieHb Mac, V 1 a — aHaJoTivuHi

BEKTOPH iX MIBUAKOCTEH 1 MPUCKOPEHD, BU3HAUEHI HA TIOMEPEIHHOMY KpPOIli. 3ayBa>KUMO, 110

BEeKTOp AV moB’si3aHuM 3 BEKTOPOM A R HacTymHUM YHHOM:

AV=-Y AR, (4)

®owmin B. M., ®owmina 1. I1.
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ne Y — Marpuis, j—M CTOBIIIEM SKOi € CTOBICIb IEPEeMIlIeHb Mac, BHKIMKaHHMA

OIWMHUYHOK CTAaTU4YHO1l CHJIOK, fdKa IIPUKIaACHO1 A0 Macu mk M IapajcjibHO1 OC1 Xi()

BiJIOBIAHO 10 hopmynu (2).
[TincraBnsroun (4) B (3), a motiMm (3) B (1), oTpumyemo

-1 2
AR =— I+L2mY 62m VAt+a(At) +AP }, 5)
(AY) (At) 2
ne | — omuHUYHA MaTpHIS TOPSAKY 2N.
Busnauuimm 3 (5) AR, 3Haxoaumo 3 (4) 1 (3) Av i Aa, a notim 3 popmyi
AV =(a+%AajAt, AV =VAt+%(a+%Aa)(At)2, ©)

BU3HAYAEMO TMPHUPOCTH MPUCKOPEHb, IIBHIKOCTEH 1 MEpPEeMillleHb MaTepialbHUX TOYOK.
3aBeplIyeThCsi KPOK OOUMCICHHSIM HOBUX 3HAY€Hb IPUCKOPEHbB, IIBUIKOCTEH 1 MEPEMIllIECHb:

a,, =a+Aa, V,, =V +AV, v, =V+AV. ()

Takum yuHOM, MpoOiieMa JOCIHIKEHHSI pyXy Mac 3Beiacs 10 BU3HAYCHHS CIICMCHTIB
MaTpuii Y , TOOTO 1O BH3HAYCHHS KOE(IIi€HTIB BIUIMBY Ha KOXXHOMY KpOIll PO3paxyHKY.
Bonu icToTHO 3anexaTh BiJl HampyXeHO—Ie(hOPMOBAHOTO CTaHYy KOXKHOTO 31 CTEpXKHIB
KOJIOHH, SIK€ 3MIHIOETHCS B MIPOIeCi HaBaHTaXeHHs. /{11 BU3HAYEHHS OTO BUKOPHCTOBYEMO
cucteMy JnudepeHliaTbHUX pIBHAHb MPOCTOPOBOTO 3TUHY 3ai300€TOHHOI Oalku B
NpUPOLICHHAX KyTiB KpuioBa, 1m0 BH3HAYaIOTh 3MiHY Opi€HTalii MPSAMOKYTHOI CHCTEMH

xoopauHat Y, Y,, Y5 (VY,, Y3 — TOJOBHI IIEHTpajbHI OCi iHEepIii MOIepeyHoro nepepisy)
IOJ0 BUXIJHOI CHCTEMH KOOPAMHAT X, X,, X; (TOB’sA3aHOI 3 HeAehOPMOBAHOMY CTAHOM

Oanku), 3 ypaxyBaHHSAM (I3MYHOI Ta TE€OMETPUYHOI HENIHIHHOCTEH 1 MIACTUYHOCTI OETOHY.
L cuctema mae takuit Burisiz [ 16]:

3 3
D IXi (AE+Y, (AL +Z, (S)AL + 3 U, (s)AF, =0 (i=1,23), ®)
r=1 k=1
3 rPAaHUYHUMHU YMOBaMH Ha JIIBOMY KiHIII

SV AL, (0) + 3V, AL (0) + Y WL AR, + AM,, =0 (i=12.3), ©)

Je S — IyroBa KOOpAMHATA MOIEPEYHOro mepepizy 6anku, AE — BekTop 3 eeMeHTaMu
AE, =Ad, AL, =Ay, AL, =A0, (10)

ne A, Ay, AD - mpupoctu kyrie Kpunosa, Bukiukani nmpupoctamu cuim F i MOMeHTY

M,, mpuknageHuX 10 JBOTO KiHI Oanku. BincyTHI Tpu IpaHUYHHMX YMOBU BH3HAUarOTHCS
YMOBaMHU 3akpiruieHHs Oanku. Merton moOymoBu (yHKIi Xi’r(S),Yiyr(S),Zi'r(S),Gk(S), a
TakoX BenW4uH V ,
JOKJIaJIHO BHKJIaaeHo B [16].

Tak sk i 3ami300€TOHHUX OaoK Kyt ¢, , O, a takox ¢, @', 0’ mami, To MokHa

ViaW, o (,r,k=12,3) Ha k0XHOMY KpOLi TOKPOKOBOTO METOMLY

NpUIHATH, MO COSG=COoSy =1, Sindp=¢, Siny =\ . Takox MOKHA 3HEXTYBAaTH JOOYTKaMH

MaJux BenuarH. GOopMyJIH IS HAPSIMHKUX KOCUHYCIB oy ; (i, j =1,2,3) optis ocell Y, Y,, Y;
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https://doi.org/10.31650/2618-0650-2020-2-1-55-67 59




1, Nel, 2020
Crop. 55-67 / Page 55-67

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

Oy ==0, 0y, =1, 0,;=6; (11)
Oy =V, O3, =-0, ay,=1
3 piBHsiHHS [16]
AXe; =Aay; (i1=123),
ne Xo; (1=12,3) - xoopauHaTH HEHTpa Baru mepepisy i (3) BUIIHBAE, 110
AX,, = A, X, =—Ay. (12)
Toni piBusHH (1) 1 rpanu4HI yMOBH (2) MOXYTh OyTH IPEACTABJICHI TaK:

Xi,l(s)AXC’:’,’Z - Xi,z(S)AX’c’,’a + Xi,3 (S)Ae” +Yi’1(S)AXé'12 _Yi,z (S)AX’c’,s +

3 . 13
+Y5(S)AO" +Z, [ (S)AXG , —Z; ,(S)AXG 3 +Z; 5(S)AO + Z:Ui’k (s)AF, =0 (1=1,2,3); (13)
k=1
V, ,1AX(':,2 (0) _Vi,zAXé,s (0) +Vi,3Ae(O) +Vi,4AXg,2 0) _Vi,SAXg,S 0)+
3 (14)
+V, A0'(0) + > W, AR+ AM;(0) =0 (i=1,2,3).
k=1
Banumemo pisHicTs (2.28) [1] npu S =0 B HacTynHOMY BUIJISI
3
AQ,(0)=—> B, »(MAF, (m=12,3), (15)
k=1
ne B n(0)=a,,,(0); k,m=12,3. 3sigcu crigye, mo
3
AF, == 0, (0)AQ,(0) (M=12,3), (15a)
k=1

ne AQ, (S) — mpupoCTH CKIIaJOBHX TOJOBHOIO BEKTOPA BHYTPILIHIX 3YCHIIb B TIOMEPEIHOMY
nepepizi Oanku.
3 ypaxyBaHHsM (15a) piBHSIHHS (4) MOXKYTb OyTH 3alKCaHi TakK

Xi,l (S)Axg,z - Xi,2 (S)Axé"?, + Xi,3 (S)Ae” +Yi,1 (S)Angz _Yi,z (S)Axé,a +Yi,3 (S)Ae, +

3. = ] (16)
+Z;1(S)AXE , = Z, 1 (S)AXC 5+ Z,5(5)A0 =D U, AQ, (0) (i=1,2,3),
m=1
= 3~
e U; = > U; 04, (0),
k=1
a rpaHMYH1 yMOBH (5) - Tak
Vi,1AX,c,2 (O) _Vi,zAXé,a (0) +Vi'3A9(O) +Vi,4AXé,2 (O) _Vi,sAXg,s (O) +Vi,6Ae,(O) =
17)

= S, AQ, (0) — AM, (0) (i =1.2,3),
ne Vvi,m = iwi,kak,m 0).
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BBenemo no3naueHHsA

Vo= A5, (0), ¥, =A% 4(0), ¥, = AX,(0), Y, =AX,,(0), Y, = AB(O)
Yo = Axg,z (0), Y, = Axg,a (0), Y = A6'(0).

Kpim Toro, uepes Zz,,(s) (n=12,3; k=12,...,8) nosnauumo ¢yHIaMeHTaIbHy CUCTEMY

(18)

po3B’s3KiB 3agaui Ko u1st oqHOpigHOT cucTeMu qudepeHIialTbHIX PiBHIHb, IO BiIMOBiIAE
cuctemi (7). Le o3navae, mo Z,, (S) = AX; ,(S), Z,,(S) = AX. 5(8), Z5, (s) =A0(s) (k=12,..8),

IIPU BUKOHAHHI HACTYITHUX YMOB:
Y, =90, (pP=12,...8),

e 6p’k — cumBon Kponekepa. ITorim uepe3 z,,.(S) (r,m=12,3) mo3HauynMo MHOKHUHY

y,r,m

YaCTHHHUX PO3B’A3KIB AX, ., (S), AX, ~,(S), A, (S) cuctemu (7) npH HyILOBUX NOYATKOBHX
YMOBaX 1 IIpH CTOBIILII IPABUX YAaCTHH, IO CKIAMACThCA 3 enementis U, (m=123).

Jist HaOmKeHOT MoOY0BH ITUX pillieHb po3i0’eMo OaIKy Mo JOBKUHI HA PsiT JUISTHOK, Y
Mexkax KOXHOro 3 saxkux koediumientn X, (S), Y, (S), Z; (S) BBaxatumemo HOCTIHHUMH i
piBanmu X (S,), Yi (S,), Z;,(s,) (S, — Ayrosa koopauHaTa MOYATKYy JAUIAHKH, M - HOro

HOMEp) BIAMOBIAHO. 3aCTOCOBYIOYM TEOpPil0 JIHIMHUX gudepeHiiaJbHuX pIiBHAHb 3
HNOCTIMHUMM KOe(]ILIEHTaMM, 3HAXOAUMO pImIeHHS AX.,(S), AX.,(S), AB(S) Ha nepuii

JTUISTHIN MPU BIANOBIAHUX MOYATKOBHX yMmoOBax. [IOTiM 3HaxoIuMO BHUpPILIEHHS IIi€l cucTeMu
Ha JpYrid OUISHII, BUKOPHUCTOBYIOUM B SIKOCTI IMOYaTKOBHX YMOB 3HAYeHHS (QYHKIIN
AXc ,(S), AXc4(S), AO(S) 1iX NOXIAHUX B KiHIII HEePLIOT JUITHKHU 1 T.JI.

Bupimyioun cucremy anrebpaiunmx piBHAEb (8) momo A0'(0), AxZ,(0) i AXZ,(0),

OTpI/IMyGMOZ
K0 =V, 8 ,0) 80+, 80000 + 3V, 1AM (0)+ 3V, ,,Q, 0
AX 5(0) =V,,AX,. ,(0) +V, ,AX. ;(0) +V, ,AB(0) + ZVZMAM () + ZVZMAQm 0); (19)
A0'(0) =V, ,AX. ,(0) +V, ,AX, 4(0) +V; ,A0(0) + m23’_;\73M,H3A|\/| (0)+ m23_;\73MAQm (0).

Pimenns ogHOpigHOi cuctemu, o Bignosimae cucteMi (7) (B mojanpiiomy Oyaemo
Ha3MBaTU ii OJHOPIAHOI cucTeMoto (7)), a TaKOX iX MOXIAHI MOXKYTh OYTH BHpaKe€HI uepe3
¢byHaaMeHTaNbHI pileHHs 3aaa4i Kol HacTynmHUM YMHOM:

8 8 8
Axe,(8) =D ¥,2,(8), A% ,(8) = D ¥;21 ,(8), A ,(8) = D y,27',(5);
=1 j=1 =
8 8 8
Axc,s(s) = Z yj Zz,j (S)aAXé,z(S) = Z yjzé,j (S),AX&Z(S) = z yjzg,j (S); (20)
=1 j=1 =1

8 8
A6(S)= D" y12,,(9).00/5) = D y,25 ,(5).
=1 j=1
s 3uaxomkenuss AM,(s) i AQ,(S) (1=12,3) BuxopucroByemo dopmynu (2.38) i

(2.38a) [16]:
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3 3 3
AM; = Z(Mi)?)Aé +Z(Mi)£3+)3A§r’ +Z(Mi)(k4)AFk )
r=1 r=1 k=1

2Q =X @)PA5 + 3 Q)AL + S QAR (-1.23)

3 (6) orpumMyemMo

AML(8) = 3 (M) ()AL, (8) + 3 (M), ()AL (5)— 3 (M) (8)AQ0),, (i =12.3)
;:1 3r:l , m=1 (21)
AQ (=Y Q)P GIAE () + D Q)AL () - D Q)P()AQ0), (=123),

ne

(M) ()= Zam,k O(M,)%(s), @) (s) = Zam,k Q) (s). (22)
BukopucroByroun (2a) i (3a), hpopmynu (12) MokHa 3amMcaTH TaK:

AM,(5) = (M,), (8)A%5(5) ~ (M), (S)AX)(S) + (M), ($)A6(s) +

+(M,),()AX5(s) = (M, )5(5)AX3(S) + (M) 5 () AO'(s) —i_(hﬁi)m(s)AQm(O) (i=12,3);

. - . 23
AQ;(S) = (Q), ()AX;(5) = (Q)), () A%5(8) +(Q,)5(S)AD(S) + #3

+G)4(5)AX(S) ~ (G) (S)AX(5) + (G (8)A0'(5) - X (D) (5)AQ, (0) (i =1,2,3).

Tyr
(M,),(5) = (M) (5),(Q),(5) = (Q)O(s) (1 =1.2.3r =1,2,...6),
(M) (8) = (M) (S), (@), (8) = (Q)2(s) (L m =1,2,3).
J71st KOXKHOTO 31 CTEpPKHIB KOJIOHM MOXHa 3alliCcaT HACTYIIHY PiBHICTh
AW(S) =Aw , (S)+Aw,(S) . (24)
B wi€i piBHOCTI AW, (S) — BEKTOp 3 elIeMeHTaMu
AW, 1(8) = AX; 5(8), AW, ,(S) = AX5(S), AW, 5(S) = AXc 5(S),
AW, 4(8) = AXc5(8), AW, 5(S) =A0(S), AW, <(S) = AXc.,(S), (25)
AW, 7(8) = AXc 5(8), AW, 5(S) = AB'(S),
OTPUMaHUMHU 3 pimreHHss ofgHopiaHOi cuctemu (7), a Aw , (S) — BekTop 3 THUMH X

elleMEHTaMH, OTPHMAHHMH 3 TIPHUBATHOTO pilleHHs AX, . ,(S),AX, ¢ 5(S),AO,(S) cucremsr (7)

IIPpH HYJICBBIX HAYAJIbHBIX YCIIOBHAX. O'-IGBPI)IHO,

AW, (9)=77,,,(9AQ,0) (1=1.2.3). (26)
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Tyt z,;,(S) — vacTunnuil po3s’30k cuctemu (7) NpU HyILOBMX TOYATKOBUX YMOBax i 3

TIPaBOIO YACTHHOI, siKa gopisnioe U, | (i=123).

IMpeacraBumo AW . (S) B HACTYITHOMY BHIJISIII

00H

AW (s) = A(s)Aw(0) , (27)

00H

TOOTO

AW, i = Zs: Aﬁj (S)AW,‘ ©).

3 ¢popmyi (11) orpumyemo
Ai=2;06) Ay=12,;(8) Aj=12,,(5), A;=2,;0) (28)
A =2,(9) Ay=25(9) Ay =230 Ay =2,(9) (1=12..8),
Taxkum yMHOM, AW(S) IIPEACTABISAETHCSA B HACTYITHOMY BUIJISI
AW(S) = A(s)Aw(0) + Aw, (s) . (29)

JInst  moOymoBM TIEpUIIOrO CTOBMYMKA MaTpulli Y UHMHMMO TakK: IIOKJIageMo
AP =1, AP® =0, AP =0 (i=2,3;k=2,...,n). 3 yMOB PiBHOBATHM KOJOHM BU3HAYAEMO

AR,; (1=1,2,3), AM,;(i=2,3). V dopmynax (8) i (9) nna crepxus 1 BBaKaeMmo
AFi(l) _ ARA,i (i=12,3), AMé,li) (0) =AM A (i=2,3), (AM A JIOPIBHIOE HYITIO MIPU

HABaHTAKCHHI Ha KOJIOHY, MpeacTaBieHoMy Ha puc. 1). Kpim Toro, 3 ymMOB 3akpiruieHHs B
Toulli A4 cliaye

A (0) = A, (0) = 0, AW (0) = AXE,(0) =0, AW (0) = Ax(0) = 0,
A2 (0) = Ax3(0) =0, Awg?(0) = 467 (0) = 0.

Bmauenns AW’ (0) = Ax(G (0), AW (0) = AxZS (0), AwS’(0) =A0'®(0) Bu3HauaroThCS 3
piBaocreit (15) i (19). IIpoBoasum mani ob4rciaeHHs BianosiaHo 10 dopmynamu (20) - (29)
BH3HAYAEMO 3HaueHHs eneMenTiB BekTopa AW (S) (0<s <) ans crepxns 1.

3 yMOBM KOpCTKOTO 3’eqHAaHHs crepkHiB 1 i1 2 orpumyemo Aw? (0)=Aw®(l,)
(r=12,..,5). Tak camo sk i ams crepxusa 1, AW (0)=AxL(0), AW (0)=Ax(D (0),
AW? (0) = A0"?(0) BusHauaroThes 3 piBHOCTel (15) 1 (19). Totim 3a hopmymamu (20) - (29)
BU3HAYAIOTHCS 3HAYEHHs eneMeHTiB Bektopa AW (s) (0<s<l,).V popmynax (8) i (9) nus
crepxns 2 BBakaemo AR = AR, —AR®, AR® =AR, + AP (i=2,3), AM{(0) =
=AM®(L) (i=12,3) npu meomy semmumaun AMP(l) (i=2,3) o6umucmooThcs 3a
dopmynoro  (23). danmi TpPOJOBKYEMO TAaKMM K€ YMHOM, TIIOKM HE BH3HAYHMO
AWM (1) (r=12,..8) ma ycix k(k =1,2,...,n) . EmeMeHTaMH NepIIOro CTOBIYMKA MATpHIL Y
e semmuman AXM(l,) (k=12,.,n;i=2,3) (to6ro Bemmumam AW")(l), BmopsakoBasi
BiJIMOBIAHO 70 hopmynu (2).

Jlnst moOyI0BM IPYyroro CTOBMI MaTpuill Y TPUKIAa€EMO HACTYITHE HABaHTaXKEHHS:
AP® =0 (i=2,3; k=1,2,...,n) 3a BunsaTkoM AP\, sxe nopisHioe omuummi. ari gieMo Tak
camo, [K JisUIM Ipu NoOynoBi mepuioro croBmis marpuui Y. Jlns moOyaoBU €IeMEHTIB
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Tpetboro croBmis Marpuii Y BBakaemo APM =0 (i=2,3; k=1,2,..,n) 3a BUHITKOM
APZ(Z) =1 1T.1. 1 T.IL. TOKKA HE TOOYyAyeMo Bci ctoBmii matpui Y. ITicas moOymoBu maTpwuiri
Y 3 (5) BuzHauaemo AR, motiMm 3 (4) 1 (3) 3naxomumo AV 1 Aa. 3a dopmynamu (6)
00YHCITIOEMO TPUPOCTH MPUCKOPEHB, IMIBHIKOCTEH 1 MEPEeMIllleHh MaTepiaIbHUXHUX TOYOK.
3aBepiIyeTbesi KPOK OOYMCICHHSIM HOBHX 3HA4YEHb MPUCKOPEHbB, MIBUAKOCTEH 1 MEepeMillleHb
BiIOBiAHO 32 (hopmynamu (7).

Mpuxaaa. 1o qBocTyneHeBoi 3a1i300€TOHHOT KOJIOHH 3 JBOMA 30CEPEKAaHIMH MacaMu
M, i M, Bemmumnoro M =m,=60T B moment uacy t=0 mnpukragaloTecs 1Ba
CHHYCOiTanbHUX iMITynbCy: 10 Macu M, —F,(t) B Hampsimky oci X3 i 1o macu M, —F,(t) B
HanpsMKy oci X, (puc. 2a). I'padik ix 3minn HaBeneHo Ha puc. 26 (F y xH , t y ceKyHIax).
Josxuuu ainsHok konouu |, =1, =5m . Tlonepeuni nepepi3u AUISHOK MPEICTABISIOTH COOO0
kBazapartu 31 cropoHamu 0,5 m 1 0,4 . ApMyBaHHS — ABaHAAIATE CTEPKHIB giameTpom 10 mm,
PO3TAIIOBAHUX CUMETPUYHO SIK 100 OCi X,, TaK i 00 OcCi X3, MaTepial — CTajdb Mapku A-

I1l. XapakTepuctuku 6etony: £, = 2,8 10* MTa R, =19MIla Rp =19Mlla .

x Ef}

2
Eo ¥
——
M,
F
0,015+
| PU} . J
x§ - _
AT 1, ]
y 0:010—_
x5 ]
El b
0,005
e)] ]
X5 AHZ 4
°0 1 2 5 1
x(gl) 0
Puc. 2a. HaBaHTa)keHHS Ha KOJIOHY Puc. 26. I'padix iMmynsey

[Ticnss BIUIMBY IMIOYJBCIB KOJIOHA T[OYMHAE 3IMCHIOBATH BIUIbHI  KOJIMBAaHHS.
BukopucroByroun anropuT™, BUKJIAJEHUM BHIIE, I8 KOXHOI 3 JAUITHOK KOJOHH 1
YpaxoBYIOUM YMOBH iX CIIOJIy4€HHS, a Takox (21) - (27), Oyayemo rpadiku 3MiHU KOOpAUHAT
x, 1 x, mac M, 1 M,. IIi rpadixu HaBeneHi Ha puc. 3 1 4. IloMITHO HaKOIMHYECHHS
3JIMIIKOBUX Jiehopmartii.

Puc. 3. T'padix 3minu koopauHaT 30cepemxenoi macu M
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0,05+ (1)

0,03 ()

0 — e ; B ——— ——
] 5 ~— 10 15 20 ¢
-0.011

Puc. 4. I'padik 3minu koopauHat 30cepemkenoi macu M,

6 BHUCHOBKU

3anpornoHOBaHO METOA TOCIIDKEHHS TUHAMIYHHUX 3a7ad 3THHY 3aJ1i300€TOHHUX KOJIOH,

3aCHOBaHMH Ha METOJli TPAaHUYHHX EJIEMEHTIB, TOOTO 0€3 BUKOPUCTAaHHS METOJY CKIHYEHHHX
€JIEMEHTIB, SKWW TPUBOIUTH O BUPINICHHS 0araropo3MipHUX TiHIHHUX anreOpaiyHux
CHCTEM, a, OT)KE, 10 TIOSIBU MTOXUOOK PO3PaxXyHKY.

3anpornoHoOBaHU METOJT MOKe OyTH BUKOPUCTAaHHU MPHU MOOY0BI METO/IIB PO3B’I3aHHS

JUHAMIYHHX 3334 A7 3a11300€TOHHUX KapKacHHUX CHopyl Oynab-akoi GopMmu 1 OyAb-sIKUX
KOHCTPYKTUBHHUX O0COOJIMBOCTEH.
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FORCED VIBRATIONS OF ARCH SYSTEMS IN ITS PLANE

P. Balduk®, I. Korneeva', S. Neutov’
! Odesa State Academy of Civil Engineering and Architecture

Abstract: The work is devoted to solving the problem of forced oscillations of a circular arch
using the numerical-analytical method of boundary elements. The algorithm of the method can
conditionally be divided into two parts - analytical and numerical. The first of this two parts involves
obtaining in an analytical form a complete system of fundamental solutions of the original differential
equation, constructing the Green’s function and the components of the vector of external loads, which
are the problems to be solved in this article. An ordinary sixth-order differential equation is obtained
that describes the forced oscillations of an arch in its plane. It differs from the similar equation for free
oscillations obtained earlier only in the presence of the right-hand side. This means that, as with free
oscillations, 10 solutions are possible here, and the analytical expressions derived from 360
fundamental functions for these solutions remain unchanged. For one of the variants of the roots of the
characteristic equation, an analytical expression of the Green’s function is constructed, a connection is
established between the Green’s function and one of the fundamental functions, which is also valid for
other values of the roots of the characteristic equation. Using impulse functions and splines, the arch
load vector is constructed.

The presented work implements the analytical component of the numerical-analytical method of
boundary elements. The numerical implementation of the algorithm and the comparison of the results
with the results of finite element analysis determine the direction of further research.

It is noted that the cost of computer resources when implementing a program for calculating an
arch system using the boundary element method is minimal, since it is necessary to solve a system of
only twelve algebraic equations, which is significantly less than when using the finite element method.
The results obtained allow us to perform dynamic calculations for forced vibrations any arched
systems of arbitrary configuration.

Keywords: boundary elements method, circular arch, forced vibrations, fundamental functions,
Green’s function.

BBIHYKJIEHHBIE KOJIJEBAHUSI APOUHBIX CUCTEM B CBOEN
IHJIOCKOCTHA

Banayk I1. .}, Kopueesa H. B.", Heytos C. ®.!

1
Ooecckasn eocyoapcmeennas akademus CmpoumensCmed i apXumexmypbl

AnHoTanusi: PaboTa TOCBSIIEHA PEIICHUIO 337a4d O BBIHY)KJICHHBIX KOJEOAHHSIX KpPyTrOBOM
apKU YHCIICHO-aHAJTUTUYECKUM METOJOM I'PAHUYHBIX 3JIEMEHTOB. AJITOPUTM METOA YCIOBHO MOKHO
pa30uTh Ha JIBE YacTH — aHAJIWTHYECKYIO W YHCIeHHY0. [lepBas W3 HHUX MpenroaraeT mojly4yeHne B
AHAIMTUYECKOM  BHJIE  TOJHOH  CHCTEMBbl  (PYHIAMEHTAIbHBIX  pPEHICHWH  WCXOIHOTO
i depeHInaTFHOTO YpaBHEHHsI, MTOCTpOeHHe QYHKIMH [prHa ¥ KOMIIOHEHTOB BEKTOpa BHEITHHX
Harpy3ok, 4TO M SIBJIIETCS 3aJjayaMi, pellaeMbIMH B JaHHOM crarke. llomydeHo OOBIKHOBEHHOE
muddepeHInanb HOE ypaBHEHNE LIECTOrO MOPSAAKA, ONMUCHIBAIONIEE BBIHYKACHHBIE KOJICOaHUS apKH B
cBoeil mockocTd. OHO OTIMYAaeTcss OT AHAJIOTHYHOTO YpPaBHEHHWS TPU CBOOOIHBIX KOJICOAHMSX,
MIOJIy4€HHOTO PaHee, TONBKO HAJIWYHEM MpPaBOM YacTH. JTO O3HAYAET, YTO, KaK M MPHU CBOOOTHBIX
KoNeOaHusX, 3lechb BO3MOXHBI 10 BapumaHTOB pEIICHHUS, NPUYEM, OCTAIOTCS HEU3MEHHBIMHU
BBIBEJICHHBIC paHee aHanuTU4YecKue BbIpaxeHus 360 GyHIaMeHTaNbHBIX (YHKIUH JUIS 3THX
peuienuii. Jljisi OgHOTO W3 BapUAaHTOB KOPHEM XapaKTepUCTUUECKOTO YpaBHEHUS IOCTPOEHO
AHAJIMTUYECKOE BhIpaKeHue QPyHKIWHU | 'puHa, ycTaHOBICHA CBSI3b MEXAY GyHKmel ['puHa u omHOM
n3 (yHIaMEHTAIBHBIX (YHKIWH, KOTOpas CHpaBeUInBa W JJsS JPYrHX 3HAYCHUH KOpHEH
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XapaKTePUCTUYCCKOro ypaBHeHUs. C HCIOJIb30BAaHUEM HUMITYJIbCHBIX (DYHKIMH M CIUTAHHOB MOCTPOSH
BEKTOP Harpy3Ku Ha apkKy.

[IpencraBnenHas pabora peann3yeT aHATUTHYSCKYIO COCTABIISIONIYI0 YUCIICHO-aHAIUTHYCCKOTO
METOJla TPAaHUYHBIX 3JEMEHTOB. YUucCleHHas peanu3alys ajlroOpuTMa M CpPaBHEHUE MOJYUEHHBIX
PE3yNbTATOB C PE3yJIbTATAMH KOHEUHO-3JIEMEHTHOTO aHAJIN3a ONPEACISIOT HAPaBICHUE TAJIbHEUIINX
HCCIICIOBAHMI.

OTMedeHOo, 4YTO 3aTpaThl KOMIBIOTEPHBIX PECYPCOB IMPH pealM3alMi IMPOrpaMMbl pacyeTa
apOYHOM CUCTEMBI METOJIOM I'PAHUYHBIX 3JIEMEHTOB ABJISIIOTCS MUHUMAJIbHBIMU, TaK KaK MPUXOJUTCS
pemaTs CUCTEMY TOJBKO IBEHAALATH anreOpandecKkuX YpaBHEHHH, YTO CYIIECTBEHHO MEHBIIE, YeM
MIPY UCIIOJIB30BaHUN METO/Ia KOHEUHBIX 3JIEMEHTOB.

KiroueBble cjioBa: METOJ IPaHUYHBIX JIEMEHTOB, KPYroBasi apka, BBIHYKICHHbIC KOoleOaHusl,
¢bynmamenTansHas QyHknus, pyaknus ['puna.
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1 INTRODUCTION

Arches are perhaps the most ancient building structures. As supporting structures they
were used as far back as Assyria. The first steel arches appeared in the 40s of the XIXth
century. Subsequently, they became widespread in various fields. Currently, arches are used
for industrial and public buildings, hangars, warehouses, greenhouses, etc. In construction,
arched bridges of various designs are widespread. Their calculation for static loads has been
developed quite fully, and for dynamic loads Harpy3ku much worse. Meanwhile, a significant
increase in vehicle speeds and an increase in their carrying capacity leads to an increase in
static and dynamic loads. In addition, new high-strength materials have appeared, structural
forms and calculation methods are being improved, and all this leads to a decrease in the
material consumption of structures, and, consequently, to their greater sensitivity to dynamic
effects due to a decrease in rigidity.

In this regard, the development of methods for solving problems of free and forced
vibrations of arches and arch systems continues to be relevant.

2 ANALYSIS OF LITERATURE DATA AND PROBLEM FORMULATION

The first publications devoted to the dynamic calculations of arches and arch systems
appeared a long time ago, and were primarily associated with the construction of bridges.
These are the works of F.Kh.Brown [1], K. Federhofer [2], A.B.Morgaevsky [3],
I. M. Rabinovich [4], N. K. Snitko [5], A. F. Smirnov [6] and several other researchers. Then,
over a sufficiently long period, no serious results were observed in the field of the dynamics
of arches. And with the development of computer technology and the advent of new methods
of calculating work in this direction, especially in foreign countries, they have intensified.

P. Chidamparam and A. W. Leissa [7] summarized all the literature published at that time
(1993) on the vibrations of curved rods, beams, rings, and arches of arbitrary shape. The
extensive bibliography cited in their article includes 407 references, including to the few
works of Russian-speaking authors. However, the vast majority of work was related to the use
of numerical methods and, mainly, the finite element method and its various modifications.
There are a lot of such works, we note only some of them [8-13], which seem to be the most
interesting. The trend towards the use of numerical methods continued in the future. There are
also publications in the form of articles [14, 15] or sections in books [16, 18], where analytical
approaches are proposed, however, there are many limitations associated with loads,
geometry, or boundary conditions.

3 AIM AND PURPOSE OF RESEARCH

The aim of this work is to solve the problem of forced vibrations of the arch by the
numerical-analytical method of boundary elements (NA BEM), the main provisions of which
are described in [19-21].

The application of the proposed approach has already made it possible to obtain solutions
to a wide class of problems of statics, dynamics and stability of rod systems, plates and shells,
including a number of problems for which such solutions were absent, and also proved to be
very effective for systems with discrete-continuous distribution of parameters .

The algorithm of the NA BEM can conditionally be divided into two parts - analytical
and numerical. The first of these involves obtaining in an analytical form a complete system
of fundamental solutions of the original differential equation, constructing the Green’s
function and the components of the vector of external loads, which are the problems to be
solved in this article.
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4 RESEARCH RESULTS

Let us consider the forced oscillations of a circular arch occurring under the action of
normal q,(e,t) (Fig. 1) and tangential ¢, (e,t) (Fig. 2) forcing loads of arbitrary form.

qn (0.',, l)

Fig. 1. Circular arch under normal driving forces

F qx

qr(at)

Fig. 2. Circular arch, tangential driving forces

In this case, the equilibrium equations [5] will be supplemented by the corresponding
terms:

% — N(a,t)+mR az‘gg't) _q ()R, (1)
—aNa(Z’t) =-Q(a,t)+mR ﬁzua(tozt’t) -0, (a, )R, (2)

And if we take into account the inertia forces, the presence of which is due to angular
displacements, then the third equilibrium equation has the form

oM (a,t) o°u(a,t) . ov(a,t)
oa ot? ogot® |’

=Q(a,t)R—pl{ 3)
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where p — material density; | — axial moment of inertia of the cross section; m — linear
mass.
The second term in the right-hand side of (3) represents the moment of inertia of rotation

o _ | 2ulant) | 2v(at)
M (o, t)=—pleds = pl[ pr + Py ]

where

£ =82¢(a,t)/8t2 — angular acceleration of the angle of rotation of the cross section of
the arch.

Taking into account the inertia of rotation significantly complicates the third equation of
equilibrium, but does not significantly affect the final result, therefore, in the future we will
use (3) in a simplified form

oM (

at) _
S22 = Qe bR, (4)

Using the known relations between stresses, deformations and displacements, we express
the normal force and bending moment through displacements u and v:

N = EAs :&(u’—v);
R
£l ()
M=-Ely= —?(u’ +V").
In view of (4) and (5), equations (1) and (2) are written as:

El *u(a,t) El 0'v(a,t) EAou(a,t) EA oV(a,t) _
R o R od8 R oa R V@h-mR . RACIDL

Ei{@u(a,t)_v(a,t)}+El i{&u(a,t)_‘_&zv(a,t)}_mR ou(at) _

R oa oo ? oa oa aaZ atz _qt (ayt)R

We apply the Fourier method of variables separation to these equations, setting

u(e,t) =u(@)T (1), a,(a.t) =q,()T ),
V(a, 1) = V()T (1), q(e,t) =0, ()T (V),

then
_ﬂ " _ﬂ v & r _& _ "_ _
R3u T R3v T+ R uT R VT —mRvT q,(a)TR,
%u”T —%V'T +% (Uu”"+v"\T —mRuT"” =—q,()TR.

Now deriving from frequency equation T”+@°T =0, we substitute T” with (-@°T).
After substitution and reduction by T we will obtain

v EARZ-moR' L, EAR? _R_“q @)
El el 4 =g bl
6
1+ EAR® u”’+ me’R* u+v'"— EAR® V' ——R—4 () ©
El El El - g *@)

Assuming & =0, that is, neglecting the tensile strain, we have
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u'(e) =v(a). (7

Taking into account (7), we differentiate on « the first of equations (6) and add it to the
second

2p4 2p4 4
u" +2u" +(1— maéIR ju”+ maéIR u=%(q;—qt)- (8)

As expected, the obtained equation of forced oscillations of the arch in its plane (8)
differs from the analogous equation for free oscillations only in the presence of the right-hand
side. This means that, as with free oscillations, 10 solutions are possible here, and the 360
fundamental functions obtained by us earlier for these solutions remain unchanged.

In accordance with the algorithm of the CA MGE [21], it is now necessary to form a
vector of the right parts - a vector of loads, which, in turn, involves the calculation of the
Green’s function and its first five derivatives.

Let us find out what fundamental functions are associated with the Green function and its
derivatives. For this, we consider one of the solutions to the differential equation of free
oscillations [19], in which the corresponding characteristic equation has roots

t <0, t,,=atif.

The general solution is written as

u(er) =C 0, () +C, 0, () +C, D, () + C, D, () + C, D () + C, D () -
Functions @; — @ take values

D, = Cos\fga, @, =sin \/Ea, @, =chyasinda, @, =chyocosoa,

. ©)
@, =shya cosoo, Dy =shyasinoc.

The algorithm for constructing the Green’s function is independent of the boundary
conditions of the problem.
Let us define the integration constants C, (&) (k=12,..,6) from linear system of

equations at a =¢:

Y1(6) (8 ¥i(8)  vu(Q) () Y(O)|[C
yi(6) - ¥2(8) (&) @) v v ||C
yi€)  v:(8) ys(&)  vid) v (8 |IC
yi(e)  v:(&) (&) yi&)  ys(9)  y(©)|IC
@) ¥ @) v'©) v @) ¥(©) v (©)]C
() ¥ (@) v v(©) v (@]C R

The determinant of system (10) is Vronsky’s determinant, which is not equal to zero for
a €(0,¢,), therefore, system (10) has a unique solution.

Let us form partial solution:

Y (@, &) =C,(8)Yi(a) +C, () Y, (@) + Cs(8) Y5 (@) + Cy () Ya (@) + Co(S) Ys (@) +

+Cs ()Y ().
We write the Green’s function in the form

G(a,8) =Y(a,S)H(a-2), (11)

iy

N

(10)

N

w
o O O o o

~
D
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where H(a—¢&) — Heaviside function [22].

If we stipulate in advance that the Green inequality o >¢& always holds, then the

Heaviside function in (11) can be omitted.
Provided that the coefficient at the highest degree in the main differential equation is

equal to the unity, we obtain the system of linear algebraic equations

y,C, +vY,C, +y,C, +y,C, + y.C, + y,C, =0;

YiC, + ¥;C; + Y:C3 + V,C4 + YeCs + ¥eCo = 0;

y,C, + ¥,C, + V,C, + V,C, + V:C, + y:C, =0;

YT, + YIC, + YIC, + y'C, + I, + Y, =0, (12)

y1C+yC+yC+yC+yC+yéVC—0

Y1 C1+ yzcz + y3C3+ Y4C4 + y5C5 + YG 6=

where

y, = cos\ft:a; y, =sin \/t:a; Y, = chyassin o

Yy, =chya cosda; Yy, =chya cosoa; Yy, =chyasinda.

Solving system (12) by the Gauss method (o =¢&), we obtain:

_ Sln\/_f

l a\/_
cos\/’_gg

2 a\/_

y(t+y? —=36%)chyé cos 6& + 5 (t +3y° 52)shy§sm5§

C,=
2yda(y® +0°)

C - —y(t+y* =35%)chy&Esin 6& + 5 (t + 3y 52)sh7/§cos5§

‘ 2y5a(y® + %)

C, = y(t+ %> —35%)shyEsin o —5(t+3y° - 65° )chy§cos5§
2yda(y® + %)

c - —y(t+ 7> —36%)shyé cos 6 — 5 (t + 32 52)ch;f§sm5§

° 2y5a(y® +5°)

where

a=t>+2t(y* -0%)+ (" +8%).
Thus, the Green’s function after substitution and simple transformations takes the form

G(a, &) =C,(E)Vi(a) +Cy () Y, (@) +C5(S) Ya(@) +Cy () Ya(@) +C5(S) Yo (a) +

+C,(&)ys(@) =2 Bg_@ o yl 55l =38 (e B)singla—8) - (13)

—5(t+3y° —6%)shy(a—&)coso(a —&).

It is easy to verify that function (13) has all the properties characteristic of the Green
function:
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-G, &)=0 at a<£&.
—G(a,$), as function of « at constant & in (0, ¢,,), with exception of point a =&,

satisfies to linear homogenous differential equation.
— G(a, &) and its derivatives by « up to n-th order inclusive are continuous for

a€(0,¢,) excluding point o =¢&, in which derivatives by « are continuous only up to
(n—2) order, and (n—1) derivative has a gap of the first kind with a jump

d"G(a.é)|  d"UG@é)| 1
da(nfl) ‘s da(n—l) o ao .
- Ata=¢

G(£,E)=G'(&,8)=..=G"(£,6) =0, G"V(£,9) :%.

— G(a, &) for equations with permanent coefficients depends only on difference of two
variables (o —¢&)
Using the notation (9), the Green’s function (13) can be represented as

P (a-8) +7° =38%)Dy(a—&)  (t+3y° —5")Dg(x &)
at. 25a(y* —5°) 2ya(y® +5°)

A comparison of (14) with the expressions of fundamental functions obtained earlier [19]
shows that

G, &) =—As(a—3). (15)

The first five derivatives of the Green’s function are expressed as follows:

D(a=¢8) D(a-9) n (t+y° =6°)Ds(ax =)

G(a, &)= (14)

Cllac) = a a 2y6a
or
G'(a, &) =—Ag(a—<). (16)
i o ALP(@=8) (477467 (-7 -8 (a-&)
Cllac) = a 258 2ya
or
G"(a,8)=A,(a=9&). A7)
" _tldjl(a_g) tlcp4(a_§) [t1(72_52)+(7/2+52)2]@6(a_5)
G )= a - a " 2y5a
or
G"(a, &) =Au(a—-9). (18)
v o Wb (@ -8 L7 -36%)+ (2 +5Y) 1@, (a )
G (&)= 3 + 55a +

6@ -8%)+ (0 +6°) 1@ (@ - §)
2ya

or
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G" (a.8) = Ayla ). (19)
2 _ 2 o2 2 2\2 _
Gv(a,§)=t1@l(a Sg)+[2t1(7 o )+(7a+5 )12, (a §)+
LG 670" +6Y) + (=) +6°) 1@ (@ = &)
2y0a
or
G'(a,8)=Au(@-9). (20)
Let’s move on to determining the components of the external load vector
B' = | Bll le le B41 B51 B61| . (21)
B, = [G(a—&)a(&)d¢, (22)
0

where according to (15),
G(a—&)=-As(a=2).

The right side of the differential equation of forced oscillations (8) in the load vector is
taken into account in the form

10 = R 1a & - a1 @)
The components of this expression (Fig. 1, 2) are determined by the formulas:

0(6) = 20— )+ [H(E ~a, )~ H(E ~ar, ) (24)
GO =P 5 Ea)+ M)+ o HE-a,)-HE-a,); 9
GO = 5 )+ M a0,) 10 [~ ) -5, )] (26)

Substituting (24) and (26) into (23), we obtain:
4 a F
Bu=—pr J Aota —f){ﬁya'(rf—aFy)+%5"(§—aM)+ 0[5 -ay,)-

06, - 30 - )0 IHG -, ) - HG -a, -

F,R®¢ °
=— él .!A%(Ol—5)5’(5—apy)dég_%!&da_‘f)é‘"@_aM)df_
R4a R4a
e Al )5 -, )08+ T [ sl = 516 -, g+
F

+

XEF: IAse(a—ﬁ)c?(f—aFX)d& qXEF: Iﬁge(a—f)H(f—axH )dé -
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4a F R’ 2
qu J.Ase(a SH(E - axK)dé:__#Age( aF)"'NlIEF: Ao —ay) -

R* R4 3
S Aaa,) e A, )+ R A a ) +
AR TA% (a-E)dé - q*R [ Agla-eyde.

axH axK

Substituing value A (a—¢) [19] and perfomiing appropriate differentiation and
integration taking into account all properties of impulse functions and splines [22, 23], we

finally have:
FYRB D (ax—ag) '[1+}/2—352
Bll == —+ 2 2
El a 2a8(y“+07)

[7@6(a_aFy)+5®4(a_aFy)]_

+37/2_52 MRZ t@ (a_a )

L+y" =35 o, o t+3y°-5°
+L— T [(*-8)D,(a—ay, )+ 210D, (a — S A

235(7/2 +§2) [(}/ ) 3(“ aM) 7 5(0'/ aM )] 2a7(}/2 +52)
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In a similar way, we calculate the remaining components of the load vector (21), which
we do not give here due to the limited volume of the paper.

5 DISCUSSION OF RESEARCH RESULTS

The proposed approach, the essence of which is that before approximation, analytical
integration of the differential equation (or equations) is performed, i.e. in one form or another,
the transition to integral equations is an alternative to existing numerical methods for solving
differential equations. At the same time, not the entire region is subject to discretization, but
only its boundary. The inner part of the region is considered as one “element". This leads to a
significant decrease in the number of discrete elements, and, consequently, to a decrease in
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the order of the resolving system of algebraic equations. The method is distinguished by a
unified approach to the problems of statics, dynamics and structural stability. The divergence
of these three classes of problems consists only in different systems of fundamental functions.
The matrix of fundamental functions is very sparse, which significantly improves the stability
of numerical operations and ensures high accuracy of the results of the method.

6 CONCLUSIONS

An ordinary sixth-order differential equation is derived with respect to the longitudinal
displacement u, which describes the forced oscillations of a circular arch in its plane; the
Green function is constructed, the load vector is formed. Thus, the first, analytical component
of the numerical-analytical method of boundary elements has been completed. The numerical
implementation of the algorithm and the comparison of the results with the results of finite
element analysis determine the direction of our further research.

It should be noted that the cost of computer resources when implementing a program for
calculating an arch system using the boundary element method is minimal, since it is
necessary to solve a system of only twelve algebraic equations, which is significantly less
than when using the finite element method.

The results obtained allow us to perform dynamic calculations for forced vibrations of
not only arched building structures, but also elements of shipbuilding, engineering and any
other structures, the design diagram of which is arches and arched systems of arbitrary
configuration.

References

1. Brown, F. H. (1934). Lateral Vibration of Ring-Schaped Frames. Jornal of the Franklin Inst. 218
(1), 41-48.

2. Federhofer, K. (1939-1940). Zur Schwingzahlberechnung des Dunnwandigen Hjhlenreifens. Ingr-
Arch, 10-11.

3. Morgaevskij, A. B. (1955). O kolebaniyakh krugovoj arki v napravlenii, perpendikulyarnom k ee
ploskosti, Inzhenerny’j sbornik, tom XXII.

4. Rabinovich, I. M. (1927). Dinamicheskoe vozdejstvie tolpy’ na mosty’ po danny’m speczial’ny’kh
opy’tov Otdela inzhenerny’kh issledovanij. Voprosy’ dinamiki mostov. 13 sbornik Otdela
inzhenerny’kh issledovanij; sb. Trudov, 63, 7 — 18.

5. Snitko, N. K. (1953). Metody’ rascheta sooruzhenij na vibracziyu i udar. M.: Gosizdat, 248.

6. Smirnova, A. F., Aleksandrov, A. V., Lashhenikov, B. Ya. i dr. (1984). Stroitel’naya mekhanika.
Dinamika i ustojchivost’ sooruzhenij. M.: Strojizdat, 413.

7. Chidamparam, P., Leissa, A. W. (1993). Vibrations of planar curved beams, rings, and arches. Appl
Mech Rev, 46 (9), 467-483.

8. Wu, J. S, Lin, F. T., Shaw, H. J. (2013). Free in-plane vibration analysis of a curved beam (arch)
with arbitrary various concentrated elements. Applied Mathematical Modelling. 37, 7588-7610

9. Lebeck, A. O., Knowlton, J. S. (1985). A finite element for the three-dimensional deformation of a
circular ring. Int. J. Numer. Methods Eng, 21, 421-435.

10. Palaninathan, R., Chandrasekharan, P. S. (1985). Curved beam element stiffness matrix
formulation. Comput. Struct, 21, 663-669.

11.Ryu, H. S., Sin, H. C. (1996). Curved beam elements based on strained fields. Commun. Numer.
Methods Eng, 12, 767-773.

12.Litewka, P., Rak, J. (1997). An efficient curved beam finite element. Int. J. Numer. Methods Eng,
40, 2629-2652.

13.Litewka, P., Rakowski, J. (1998). The exact thick arch finite element. Comput. Struct, 68, 369-379.

14.Karnovskij, 1. A. (2011). Vy’nuzhdenny’e kolebaniya arok.Teoriya arochny’kh konstrukczij —
Springer, N’yu-Jork, 331-350. doi.org/10.1007/978-1-4614-0469-9 7

15.Wang, T. M., Lee, J. M. (1974). Forced vibrations of continuous circular arch frames. Journal of
Sound and Vibration, 32 (2), 159-173 doi.org/10.1016/S0022-460X(74)80161-6

P. Balduk, I. Korneeva, S. Neutov
78 https://doi.org/10.31650/2618-0650-2020-2-1-68-80



https://doi.org/10.1007/978-1-4614-0469-9_7
https://doi.org/10.1016/S0022-460X(74)80161-6

1, Nel, 2020
Crop. 68-80 / Page 68-80

MexaHika Ta MaTemMaTudHi meromu [/
Mechanics and mathematical methods

16.Chikhladze, E. D., Berestyanskaya, S. Yu., Lisyakov, I. M. (2015). Dinami’chni’ rozrakhunki
konstrukczi’j. Kh.: UkrDUZT, 164.

17.Shakirzyanov, R. A., Shakirzyanov, F. R. (2015). Dinamika i ustojchivost’ sooruzhenij. Uchebnoe
posobie. — 2-e pererab. izd. — Kazan’: 1zd-vo Kazansk. gos. arkhitekt.-stroit. un-ta, 120.

18.Joel, P. Conte, Rodrigo Astroza, Gianmario Benzoni (2017). Conte. Experimental Vibration
Analysis for Civil Structures. Technology & Engineeringe, 918.

19.Dashhenko, A. F., Kolomiecz, L. V., Orobej, V. F., Sur’yaninov, N. G. (2010). Chislenno—
analiticheskij metod granichny’kh e’lementov. Odessa: VMV, 1, (1), 416; 2 (2), 512.

20.0robej, V. F., Sur’yaninov, N. G. (2011). Praktikum po resheniyu kraevy’kh zadach mekhaniki.
Uchebnoe posobie dlya studentov tekhnicheskikh speczial’nostej. — Odessa: Astroprint, 408.

21.0robej, V. F., Sur’yaninov, N. G. (2011). Osnovny’e  polozheniya chislenno-analiticheskogo
varianta MGE’. Trudy’ Sankt-Perburgskogo politekhnich. un-ta. Inzhenerno-stroitel’ny’j zhurnal, 4
(22), 33-39.

22.Vladimirov, V. S. (1979). Obobshhenny’e funkczii v matematicheskoj fizike. M. Nauka, 320.

23.Kornejchuk, N. P., Babenko, V. F., Ligun, A. A. (1992). E’kstremal’ny’e svojstva polinomov i
splajnov. AN Ukrainy, In-t matematiki. K.: Naukova dumka, 304.

Jluteparypa

1. Brown F. H. Lateral Vibration of Ring-Schaped Frames / F. H. Brown // Jornal of the Franklin Inst.
—1934. —Vol. 218 Nr. 1. — P. 41-48.

2. Federhofer K. Zur Schwingzahlberechnung des Dunnwandigen Hjhlenreifens / K. Federhofer //
Ingr-Arch. — 1939-1940. — P. 10-11.

3. Mopraesckuii A. b. O konebaHusSX KpPYyroBOW apKd B HampaBlieHWH, NEPICHAMKYISIPHOM K ee
wiockoctr / A. b. Mopraesckuii // - UrxenepHslit coopauk, Tom XXII, 1955,

4. PabunoBuu M. M. /lnHaMu4ecKkoe BO3JEHCTBHE TOJIINBI HAa MOCTHI MO JAHHBIM CIEI[HATbHBIX
onbiToB OTaena HHXEHEpHBIX ucciieaoBanuii / M. M. PabunoBud // Borpockl TUHAMHKA MOCTOB.
13 cOopuuk OTena MHKEHEPHBIX UCCIenoBanmi; ¢0. TpyaoB — 1927. — Beim. Ne63. — C. 7 — 18.

5. Cuutko H. K. Meronsl pacuera coopyxkenuid Ha BuOpaunmto u ymap / H. K. Cautko /[. — M.:
INocuzpar, 1953. — 248 c.

6. CmupHoBa A. @. CtpoutensHas  MexaHuka. JluHaMuka W YCTOHYMBOCTH  COOPYKECHHH
| A. ®. CmuphoB, A. B. Anekcauapos, b. 5. Jlamenukos u ap. // — M.: Ctpoiiusnar. 1984. — 413 c.

7. Chidamparam P. Vibrations of planar curved beams, rings, and arches /P.Chidamparam,
A. W. Leissa // Appl Mech Rev vol 46, no 9, September 1993, P. 467—483.

8. Wu J. S. Free in-plane vibration analysis of a curved beam (arch) with arbitrary various
concentrated elements / J. S. Wu, F. T. Lin, H. J. Shaw // Applied Mathematical Modelling. — 2013.
—V.37-P.7588-7610

9. Lebeck A. O. A finite element for the three-dimensional deformation of a circular ring
/ A. O. Lebeck, J. S. Knowlton // Int. J. Numer. Methods Eng. — 1985. — V. 21. — P. 421-435.

10.Palaninathan R. Curved beam element stiffness matrix formulation /R. Palaninathan,
P. S. Chandrasekharan // Comput. Struct. — 1985. — V. 21. — P. 663-669.

11.Ryu H. S. Curved beam elements based on strained fields / H. S. Ryu, H. C. Sin// Commun.
Numer. Methods Eng. — 1996. — V.12. — P. 767-773.

12.Litewka P. An efficient curved beam finite element /P. Litewka, J. Rakowski // Int. J. Numer.
Methods Eng. — 1997. — V.40. — P. 2629-2652.

13.Litewka P. The exact thick arch finite element / P. Litewka, J. Rakowski // Comput. Struct. — 1998.
V.68. — P. 369-379.

14 Kapuosckuii U. A. Beinyxaennsie konebanusi apox/ W. A. Kapuosckwuii // — Teopusi apodyHbIX
koHcTpyKimit — Cripunrep, Heio-Mopk, Hero-Mopk — 2011. — C. 331-350.
doi.org/10.1007/978-1-4614-0469-9 7

15.Wang T. M. Forced vibrations of continuous circular arch frames /T. M. Wang, J. M. Lee//
Journal of Sound and Vibration. — 1974. — Volume 32, Issue 2, — P, 159-173
doi.org/10.1016/S0022-460X(74)80161-6

16.Yuxnamze O. 1. Aunamiuni po3paxyHku koHcTpykmid /3. J[. Uuxmanze, C. lO. BepectsHckas,
I. M. Jlucsixos // — X.: YxkpAY3T, — 2015. — 164 ¢

P. Balduk, I. Korneeva, S. Neutov
https://doi.org/10.31650/2618-0650-2020-2-1-68-80 79



https://doi.org/10.1007/978-1-4614-0469-9_7
https://doi.org/10.1016/S0022-460X(74)80161-6

1, Nel, 2020
Crop. 68-80 / Page 68-80

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

17.11lakup3saOB P. A., [Taxup3saoB @. P. lunamuka u YCTOWIHUBOCTH COOPYKECHHH
/ P. A. Hlakup3suos, @. P. [Makup3saos / YuebHoe mocobue. — 2-¢ nepepad. usa. — Kazans: Uzg-
Bo Ka3zaHck. roc. apXuTekT.-cTpouT. yH-Ta, — 2015. — 120 c.

18.Joel P. Conte. Experimental Vibration Analysis for Civil Structures
/ Joel P. Conte, Rodrigo Astroza, Gianmario Benzoni// Technology & Engineering — 2017. —
918 c.

19. Tamenko A. ®@. UnuciieHHO—aHAIMTUYECKUNA METOJ] TpPaHWYHBIX 31eMeHTOB / A. @. [lameHko,
JI. B. Konomuer, B. @. Opo6eii, H. I'. Cyppsiaunos // — Onecca: BMB, 2010. — B 2—x Tomax. —
T.1.-416c.—-T.2.-512c.

20.0poGeii B. @. [lpaktikymM 10  pelmieHHIo  KpaeBblX 3amad  mexanukd / B. @. Opobeit,
H. I'. CyppsauHOB // YuebHoe mocobue i CTYASHTOB TEXHIHUECKUX crieruansHocTel. — Omecca:
Actpompunt, 2011. — 408 c.

21.0po06eit B. ®. OcHoBHBIE TIONOXKEHHSI YHCIEHHO-aHANUTHYecKoro Bapuanta MI'D / B. @. Opobeii,
H. I'. CypwsiaunoB // Tpynst Cankt-IlepOyprckoro moaMreXHHYeckoro yH-ta. MHxkeHepHo-
cTpoutenbHbIi xkypHai. — 2011. — Ne 4 (22). — CII6. — C. 33-39.

22.Bnamumupos B. C. O6o6miennbie GpyHknun B Marematudeckoi ¢usuke / B. C. Bragumupos // —
M. Hayxka, — 1979. — 320 c.

23. Kopueituyk H. I1. DkctpeManbHble  cBoWcTBa MmojuHOMOB W cruiaiinoB / H. IT. KopHeituyk,
B. ®©. babenko, A. A. Jluryn // AH Ykpaunsl, Ua-t1 marematuku. — 1992. — K.: HaykoBa aymka, —
304 c.

Balduk Pavlo

Odessa State Academy of Civil Engineering and Architecture, Ph.D., professor
Didrihsona str.,4 Odessa, Ukraine 65029

pavel9baldook@gmail.com

ORCID: 0000-0002-9055-9005

Korneeva Irina

Odessa State Academy of Civil Engineering and Architecture, Ph.D., associate professor
Didrihsona str.,4 Odessa, Ukraine 65029

korneevairinaborisovna@gmail.com

ORCID: 0000-0002-0104-6938

Neutov Stepan

Odessa State Academy of Civil Engineering and Architecture, Ph.D., associate professor
Didrihsona str.,4 Odessa, Ukraine 65029

neutov.stepan@gmail.com

ORCID: 0000-0002-0132-124X

For references:
Balduk, P., Korneeva, I., Neutov, S. (2020). Forced vibrations of arch systems in its plane, Mechanics and
Mathematical Methods, 2 (1), 68-80.

Jlna nocunamw:
Banayk I1. T. Bumyiieni KonuBaHHs apouyHux cucteM B BhacHiit minomuui /I1. I. Banayk, 1. b. Kopheesa,
C. I1. HeyroB // Mexanika ta matematudni metou. — 2020. — Tom 2, Bun. 1. — C. 68-80.

P. Balduk, I. Korneeva, S. Neutov
80 https://doi.org/10.31650/2618-0650-2020-2-1-68-80



mailto:pavel9baldook@gmail.com
mailto:korneevairinaborisovna@gmail.com

11, Nel, 2020
Crop. 81-88 / Page 81-88

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

VJIK 539.3

PO METO/J PO3B’SI3YBAHHSA ABCTPAKTHUX PIBHSIHD 3
ABOMA HEBI/TIOMUMHA

Moxeraes I'. C.!
1 . . .
Oodecvka depoicasna akademis 0yOieHUYmMEa ma apximexmypu

AHoTtamnisn: B ctaTTi po3po6ieHo MeTo po3B’sA3yBaHHS Ta SKICHOTO JOCHIIKEHHS aOCTpaKTHUX
pIBHSHL 3 JBOMa HEBIMOMHMH i3 MigKiIenb (akropu3amiiiHoi mapu. 30KkpeMa, JOoBemeHa O3Haka,
HeoOXiZlHa 1 JocTaTHs yMOBa JUIsl iCHYBaHHS PO3B’S3Ky BKa3aHHMX piBHAHB, Ta TOro, o0 mnei
PO3B’SI30K OYB OJIMH.

Ho xmacy mocmiKyBaHUX PIBHAHB BIIHOCSTHCA IHTETpaibHI PiBHSHHA TUIy Binepa-Xomda Ta
IHII PIBHSIHHS THITy 3TOPTKH. Jl0 TakuX piBHSHb HAJEXWTh 1 MATPUYHI PIBHSHHS 3 TPUKYTHUMH
MaTpHUISIMU HEBIIOMHX Ta CHENialbHUMH MPOEKTOPaMH, SIKi JJOMYCKAlOTh 3aCTOCYBaHHS B MeXaHili. 3
TOYKH 30py, BIAcHE, MaTeMaTWKH, OYEBHIHHM € 3aCTOCYBaHHS B 3aJadi 3HAXO/DKCHHS MapH
pamioHanpbHUX (PYHKIINA 3 MONFOCaMH i3 MIBIUIOMIMHY, CHOPiAHEHIH Bimomiil 3amaui Tumy Pimana-
I'nsbepra-IIpuBanosa Teopii aHamiTHUHUX QyHKIIH. [IeBHUI piBEeHb 3arallbHOCTI 3 TOUYKH 30py OCHOB
Teopii Kielps Ta QYHKIIOHATHLHOTO aHaNi3y HpW BUBUEHHI JESKUX KIaciB PiBHSHB 1 3a7a4, a TaKoX
cepii TIOCTAaHOBOK 3a/ladi pPO3B’S3yBAaHOCTI KOHKPETHHX iX BHUIIB MPUBOIUTH JO HEOOXITHOCTI
BHUBYECHHSI, 30KpeMa, a0OCTPaKTHUX PIBHIHB 3 IBOMA HEBIJOMUMHU, B MIIKUIBIAX (DAaKTOpi3alliiftHOT Tapu

B po0oTi po3BHBAaIOTHCS 1 3aCTOCOBYIOTHCS METOJHM, IO BIIPI3HSAIOTHCS aNreOpaldHICTIO Ta
OMHPAIOTHCS HA AKCIOMATHKY Kimblg 3 (haKTOpH3aliiHUMHU TapaMH, CTPYKTYpHI pO3KJIaaud B HUX,
pO3B’s3KM 3amadi (axTopm3allii, a TaKoXK aHATITHYHI METOAM, 3aCHOBaHI Ha MOEMHAHHI CIITHHHUX
MOJIOKEHb Teopil Kijelb, Teopii aHamiTHYHUX (QyHKWiH Ta QyHKIiOHaTBHOTrO aHamizy. Baximneum
MOMEHTOM € (akTopu3allis no (axTopu3amiiHii mapi, a CyTTEBUMH €IeMEHTaMH B peai3arisax —
BUKODHCTAHHS i7eil, METOHIB 1 aHamiTHYHOro amapary OaHaXoBWX anredp, 30Kpema, Teopil
MakcuMaibHuX ineaniB ['enbdanna, Teopem tuny Binepa ta Binepa—Jlesi.

BukopucToByloThCS OCHOBHI (akTu Teopii miHIMHMX omeparopiB. Po3poOieni wmeromu
JO3BOJISIIOTH €(peKTHBHY MMOOYIOBY SKiCHOT Teopii aOCTpaKTHUX PIBHSIHB 3 IBOMa HEBITOMHMH, TOOTO
BUPINIyBaTH NMMTaHHs iCHYBaHHS YU HE iICHYBaHHS PO3B’sI3KiB, a TAKOX 1X KiJbKOCTi. J{J1s 3a0BOIIEHHS
BAMOTaM JIOBEJICHOI TEOpPEeMH B DIBHSHHAX, IO JOCTI/DKYIOTbCS, B JIESKAX BHIAJKAX MOJKIINBE
MocNabIieHHs TIoTIepeIHiX YMOB. 3 iHIIOro 00Ky, HEOOXiAHO NIYKAaTH HOBI PIBHSIHHSA, IO ITiIXOISATH
ITiJ] 3aCTOCYBaHHS PO3POOJIEHUX METOIIB, B TOMY YHCIIi 13 TPHUKIIATHAM 3MiCTOM.

KarwuoBi cioBa: aOcTpakTHi piBHSHHS, Kinblis, (akTOpH3alliiiHi MapH, JiHIHHI ONepaTopH,
PIBHSIHHS 3 IBOMA HEB1JIOMUMH.

ABOUT SOLVING METHOD OF ABSTRACT EQUATIONS WITH
TWO UNKNOWNS

G. Poletaev?
! Odesa State Academy of Civil Engineering and Architecture

Abstract: Solving method and qualitative research of abstract equations with two unknowns
from the subring of factorization pair are developed in the article. In particular, the evidence is proved,
that is necessary and sufficient condition for the existence of the solution of these equations, and
therefore this solution is one.

The class of studied equations includes the integral equations of Wiener-Hopf type and other
convolutional equations. Such equations include matrix equations with triangular matrices of
unknowns and special projectors that are can be used in mechanics. Mathematically, it is obviously to
use the theory of analytical functions in the pariologic function problem with the poles from a half-
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area, related known problem of Riemann-Hilbert-Privalov type. A certain level of universality from
the point of view of the fundamentals of ring theory and functional analysis in the study of certain
classes of equations and problems, as well as a series of statements of the problem of looseness of
their specific types leads to the need to study, in particular, abstract equations with two unknowns, in a
subring of a factorization pair.

The methods are developed and used in the paper that are different in algebraic and base on the
axiomatics of the ring with factorization pairs, the structural expansions in them, the solutions of the
factorization problem, as well as analytical methods based on a combination of common opinions of
ring theory, theory of analytical functions and functional analysis. The key aspect is factorization
according to the factorization pair, and the essential elements in the realization are the use of ideas,
methods and analytical framework of Banach algebra, in particular, Theory of Maximal Ideals of
Gelfand, theorems such as Wiener and Wiener-Levy theorems.

The basic facts of linear operator theory are used. The developed methods allow to form
effectively qualitative theory of abstract equations with two unknowns, that means to solve the
question of the existence or non-existence of the solutions, as well as their number. To satisfy the
requirements of the proven theorem in the equations, in some cases it is possible to weaken the
previous conditions. On the other hand, it is necessary to look for new equations that are suitable for
using of the developed methods, including those with applied content.

Keywords: abstract equations, rings, factorization pairs, linear operators, equations with two
unknowns.
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1 BCTYII

BusiBieHHs 3aralbHUX BIIACTUBOCTEH B €JIEMEHTAaX TEOpid PI3HUX THUIIB PIiBHSAHB, a
TaKOX PI3HUX TMOCTAHOBOK 3a/1a4d PO3B’S3YBAHOCTI JIEIKUX PIBHSIHB OJHOTO BUIY MPUBOJIUTH
70 HEOOX1HOCTI BHUBUYEHHS BIJMOBIIHUX PIBHSAHb - MOJEIEH B aOCTPaKTHOMY KUIBI 3
¢axropizariiiHoro mapor [1-5]. 3okpemMa, 1€ BIJHOCHTBCS 10 IHTEIPAIbHUX PIBHSHb THITY
Binepa-Xomnga Ta iHmmM tanam 3roptkd [7]. Hamexars 10 Takux piBHSHb 1 MaTpUYHI
PIBHSHHS 3 TPUKYTHUMH HEBIIOMHUMH 1 MPOEKTOpaMH, IO JONYCKAIOTh BaXKJIMBI
3acTOCYBaHHsA B MexaHili. Ilepmr 3a Bce Iie BIIHOCHTBCS JO 3ajJa4i 3HAXOKCHHS Mapu
parioHanpHUX (YHKIIA 3 TOMIOCAMU 13 MIBIUIONIMH, CHOPIAHEHOI BIIOMOi 3amadi THITY
Pimana-T'ins6epra-IlpuBanosa Teopil aHamiTUYHMX (YHKIIH. IX po3risa HpUBOAMTH 10
MiATBEP/KCHHS. BMOTUBOBAHOCTI JIOCIIJIKCHHS, HAIIPUKIIAA, a0CTPaKTHUX PIBHSHB 3 JIBOMa
HEBIJJOMHMH 13 MIAKUICIh JOBUIBHOTO aCOIIaTUBHOTO KiBIS 3 (haKTOPU3AIIHOK Maporo Ta
HU3KHU IHIIUX a0CTPAKTHUX PiBHSHB.

[Tponopxyroun [1-5], uepe3 R Mmo3HAYMMO JOBUTBHE, B3aral, HEKOMYTAaTUBHE 1, MOKIIHBO,

HeacolllaTHBHE Kilblle 3 ofunuIeioe . Hexait p*, p° — KOMyTyr04i IpOEKTOPH, TOOTO aJAUTHUBHI
i inemmnorentHi BinoGpaxenus R — R. IMoxmagemo: p’:=p'p (= p p’), p.=p" - p°. Jlas
6yab-sikoi ninmMuokuan B = R nosnaunmo B¥ = p™°B; B.:=p.B; B":=B"+B;
B,=B,+B.. Jus Oymb-sixoro enementy XeR BBakaemo X™°:=p™°x; X =p.X.
3BopoTHUIi B R s 060poTHOro B R eneMeHTy X € R osHauarmmemo cumsonom X',
3a0e3meYeHuM, MpU HEOOXiAHOCTI, JOMATKOBUMH. [l MOBUTBHMX MiAMHOXKMH A B <R
BU3HAUMMO MHOXHHY [2] inv(A, B) :={x e A: X' icuye i nanexurs B} . Iloxnazemo
inv(A A) :=invA. Enementr u* [- enmemenT V°, eneMeHT W | Ha3sBeMO NPaBUIBHUM, SKIIO
u* einvR* [v° einvR®,w™ einvR].

[Mapy migkinens (R*,R7)[=(R,R")] kinbug R 3 OIMHULEI € HA3MBATUMEMO MOroO
(dakropuzariitHoro maporo (®@II), skmo BoHA MOpPOMKEHA AIIOYMMU B R KOMyTyrOUMMH
npoektopamu P*, P~ :RT = p*(R) 1 BUKOHYIOThCS HACTYIIHI akciomu (Tiop. [2]):

ecR(=R* NR%); 1)
p°(= p*p*) - kimbueswmii romomopdizmM R ta R™ B RY; (2)
R'R\,R R"cR"+R (=R"). (3)

Beske kimbrie R 3 oaumHMICIO, 1O PO3TIAMAETHCA pa3oM 3 ioro ¢dikcoBanoro DI
HA3MBAETHCA KUTBIEM 3 Ii€l0 (haKTOPU3AIIIIHOIO MapoIo.
Bbynemo rosoputu ([1, 3], mop.[2]), m0 enemenT a€ R momyckae B R miBy (mpaBy)

daxropuzario (I.¢h.(r.¢h.)) mo mapi migkinens (R,R7), sKmo icHyrOTh eqeMentd I € R*
s eR% t” €R™ Taxki mo
a=r'st (a=ts’r"). 4)
Muoxnauku ', $°, 7 B (2) Ha3MBAKOTHCSA IUTIOC -, JiarOHAIBHUM - Ta MiHYC -(paKTOpaMHu,
Bignosigno. fAxmo (R*,R7)[=(R™,R")] ®II kimeus R i mae wmicue sk JjiBa, Tak i npasa
dbaxTopu3ariist (4), OyneMo TOBOpUTH, 10 eleMeHT a € R nmomyckae B R mBoctoponH:o [4]
daxropu3ariito (d.¢.) (4) mo dakropusaiiinoi napi miakitens (R™,R7). VY pasi, komu Kijbie

R kxomyraTuBHE, JiBa, IpaBa 1 ABOCTOPOHHS (axTopu3zauii (4) cmiBmnagatoTh. JliBa (mpasa)
daktopuzariss  (4) Ha3MBAETHCA: MPABUIBHOI  JIiBOKWO  (MpaBoro)  (aKTOPU3AIIEO
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(n. L. (n. r.d.)), axmo r*,s°,t" npaBuIbHI €JIEMEHTH; — HOPMOBAHOIO JiBOK (IIPaBOIO)
bakropuzariero (#.1.¢h.(n.r.¢p.)), saxwo t0=r’=e; - HOPMOBaHOW TIPABHIIBHOIO JIIBOIO

(nmpaBoro) dakrtopuzartieto (1.n. |.¢p. (w.n. r.¢h.)), sxuio BoHa € n.l.gp. (n. r.¢h.) Ta t'=r’=e.
2 AHAJII3 JITEPATYPHUX JAHUX TA ITIOCTAHOBKA ITPOBJIEMUA

BuBueHHS iHTErpajdbHHUX PIBHSAHb THITY 3TOPTKH, KpalHOBHX 3ajad, CIOPIAHEHUX 3a7ay
Pimana—T'ins6epra—IIpuBanoBa Teopii aHamiTHUYHUX (GYHKIIIH, a TaKOXK 3aaadi (pakTopu3artii,
Ta IHIIMX PIBHSIHb IIOKa3ye, 30KpeMma, M0 mpobiemMaM iX pO3B’SI3HOCTI Ta CyMDKHHUM
MMUTAHHSIM TPHUCBIYCHO YHCICHHI JOCTIKEeHHs. BOHM 0cOOMMBI J1s pi3HUX KJIaciB MIPOCTOPIB
1 IOJaTKOBUX MPUITYIIICHb.

MarematuyHuii anapar JOCHIPKEHb pPIBHSHb THIy 3TOPTKH 4YacTO IOB’S3aHUI 3
BUKOpUCTaHHAM Teopii 3amaui Pimana-I'impbepra mnpu 10AaTKOBHX OOMEXKEHHSX THUITY
TbOJIBIEPOBOCTI (PyHKIIH, a B poOorax M. I. KpeliHa Ta mMOCTIJOBHUKIB — IIOJIOXKEHB
TapMOHIYHOTO aHaTi3y i Teopii oneparopis. Lli JocimiKeHHS BUMAralOTh MOA0JaHHS 3HAYHIX
aHAITUYHUX mepemkos. IneliHo BoHM OepyTrh mouaTok 3 pobOit b. Pimana, 1. ['muibGepra,
I. IInememi, T. Kapnemana, I [lpuBanoBa, H. Binepa, E.Xonda, npomoBxeHnx
®. JI. 'axoBum, 1. M. Panmonmoptom, B. A. ®okom, O. I. Uepckum, M. I'. Kpeiinom,
L. IT. T'ox6eprom, C. I'. Kpeitnom, A.T'. Kocrtrouenko, IO. M. bepezancekum,
B. C. Kopomtokom, I'. A. ITomoBum, JI. I1. Hwxuaukom, A. I'. backakoum, E. 1. 3BepoBiuem,
C. M. MxitapsiHoMm, [. A. ®enpamanom, 1. b. Cumonenko, H. K Kapanersauewm, C. I'. Camko,
H. b. EnribapsiHoMm, M. A. MHanakadsHOM, JI. C. PakoBIIukoM, L. I. Komsikom,
B. A. ManumieBum™, i, 0 TENEpilIHHOrO Yacy, IHIMUMH. BOHM MOTHBYIOTBCS BHYTPILIHIM
PO3BUTKOM MaTeMAaTUKH 1 MoTpebdamu 3acTocyBaHb. Bimomo, Hampukian, 1Mo B psaal 3amad
MaTeMaTH4HOi 1 TeopeTHdHoi (i3MKH, Teopii MPYKHOCTI, acTpo(i3UKU pO3BiAyBaIBLHOI
reoi3uKyu, TIAPOJAMHAMIKH, TiAPOACPOMEXaHIKH, TEOPisAX aTOMHOrO Sjapa, irop, MacoBOTO
00CITyrOBYBaHHS, XBHJICBOJIIB, ONTHMAaJIbHOTO IPOTHO3Y, (GUIBTpamii CHUTHATIB Ta IHIINX
BHHHMKAIOTh 1HTETpaibHI a00 iHTerpo-audepeHIiaabHi PIBHIHHS 3 SApaMH, K1 3aJ1eXaTh Bif
PI3HHUIII apTyMEeHTIB, abo 3a1ava Pimana-I'ine6epra, piBHsHHS Binepa—Xonda.

Kopotka icTopist Takux piBHSIHb TUITY 3TOPTKH, SIK iHTerpanpHe Binepa—Xomnda, maphe i
BI/IMIOBIIHE TPAHCIIOHOBaHE, a TakoX 3amadi Pimana-IinmpOepra—IlpuBanoBa € B poborax
®. JI. I'axona, M. T. Kpeiina, L. II. T'oxGepra, B. I. Cmarusoi, B. I. CmupHoOBa,
I. A. ®enpamana, I'. H. Yeborapsosa, O. I. Yepchkoro Ta iHmmux. [louaTok NpoHUKHEHHIO B
i JochikeHHs inedt O6ananoBux anreOp moknaaeHo M. I'. Kpeitnom (1958). B poGotax
M. T. Kpeiina 1 1. II. ['ox6epra (1958, 1964, 1967) ta iHmMX aBTOpiB HiAroTOBIEHA 0a3a
icrorHoro BHecky A.McNabb’a, A. Schumitzky’oro (1972) B QopMyBaHHS MOHSTTS
(akTopu3arlii eaemMeHTa abCcTpakTHOTO KuIblis, He 000B’s13k0BO HOpMoOBaHoro. [Ipu npomy, B
TEOpifX JAESKUX KIIACiB PIBHSHB Ta 3a/1a4 CIIOCTEPIraloThCS 3arajibHi eJIEeMEeHTH.

[leBHUiT piBEeHBb 3araJlbHOCTI 3 TOYKH 30py OCHOB Teopii Kulelh Ta (YHKI[IOHAJIHLHOTO
aHaJn3y IpY BUBYCHHI JESKUX KJIAciB PIBHSHB 1 3a7ad, a TaKOX Cepiii MOCTaHOBOK 3ajadyi
PO3B’SI3yBAaHOCTI KOHKPETHUX IX BHIIB MPUBOJUTH JO HEOOXITHOCTI BHUBUYEHHS, 30KpeMa,
abCTpakTHUX PiBHSAHB 3 IBOMA HEBIIOMUMH, B MiIKUIBLAX (aKTOpi3aliifHOl mapu.

3 HIJIb TA 3AJAYI JOCTIAXKEHHSA

JlocmikeHHsl Ma€e Ha MeT1 3HaXO/KEHHS 03HAKHU TOTO0, 1110 a0CTPaKTHE PIBHAHHSA 3 ABOMA
HEBIJIOMUMH Ma€ PO3B’SI30K.

3anaui JOCIIKEHHS:
- BCTAaHOBUTH ICHYBaHHS PillIEHb Ta YMOBH, sIK1 3a0€311€4yI0Th, 100 pOo3B 30K OyB OJMH,
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- BKa3aTU CIIOPiJHEHI J0 BIIOMUX TUIH PIBHSHB, SKi JOMYCKAIOTh 3aCTOCYBAHHS OTPUMAHHX
PE3YNBTATIB Ta METOJ iX PO3B’SI3yBaHHS.

4 PE3YJIBTATHU JOCJITXKXEHb

PosrisaeTbest abCTpakTHE PiBHSAHHS BiTHOCHO HeBimomux X~ € R, X_ € R_ Buxy
ax"+x_=b, (5)

ne a,beR Bimomi enementu. PiBHsHHsS (5), 1m0 BuUBYaeThes B Kiumblli R 3 DI mMoxHa

TPaKTyBaTH SK MiABHJ a0CTPAKTHOTO JBYINPOSKTOPHOTO ABOYICHHOIO IIEPIIOTO TOPSIKY
piBusHHS B Kbl 3 @II [1, 3]. Lle x piBHAHHS BUHUKA€E IPU AOCIIKEHHI MEPIIOTO PiBHAHHS

M.
PiBasaas (5) B kimbmi 3 ®PIT mMoxHA MOCHimKyBaTH Ha OCHOBI pesynbrarTiB [1,3] um
BKa3aHHMHU B IIUX poOOTax MeTomaMu, Oesrnocepennbo. Mae micrie.

Teopema. Hexaii R=R" - acoriatuBHe, B3araji, HCKOMyTaTHBHE KiJIbIE 3 OJUHUIIEIO € i
®I1 (R*,R7) — koedimientr a€ R mae B R 3BopoTHuii @'. SIKIO NIpU IOMY 3BOPOTHHUI
exeMeHT @' jomyckae B R HOpMOBaHy mpaBuibHy JiBy (axropusauio (u.n.l¢.) [1, 3] mo
®IT (R*,R):

a! — r+SOt— 1 (6)
Tomi mpu Oymb-sKii mpaBiii yactuHi D e R piBasHus (5) Mae B R OXWH 1 TUIBKHA OIMH
po3B’s30k X € R*, X_eR_. Moro MoxHa BU3HAUNTH 110 GOPMYIIAX:

X =rs’[th'];

x =t"[th']. (7
OcranHio 3 popmyi (7) MOXKIHUBO TIEPETBOPHUTH JI0 BULY

x =b +t-"[th] . (8)

Joseoenns. Hexali yMOBH TeopeMH BHKOHAHI 1 pIiBHSHHS (5) 13 3a/aHOI0 MPaBOIO
yactuHoio b € R mae neskuit po3s’szok (X';X ), X" € R", x_eR_. Toxi, HeoOXiHO

1 of 4!, o+

a=t"s"r"; ax* +x =t7s"r"x" +x_=b.

. . o 4+ _ _ . . .
3Bimcu Butikae, mo S r X +t'X =tb. 3acrocoByroum 10 ocTaHHBOI piBHOCTI

npoekTopu P, p. = p — p°, BiANOBIHO, BCTAHOBIIFOEMO:
p[s”r X [+ p [t x ]=p [t bl;
sYr"'x = p*[tb];
X =r's"p[tb" +tb ]=r's’p'[tb];
p_[s”r"x 1+ p_[tx ] = p_[t b];
t'™x =p_[tb];
X_=t"p_[tb];
t'p [thl=t"p.[th +tb]=t"p [th]+t p[th]=
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=t"th +t"p[tb*]=b +t"p [tb];
x_=b +t"p_[tb*].

Takum umboM, med poss’s3ok (X;X ), X' € R", X_€R_ gomyckae mnpeacraBieHHs

dbopmynamu (7) 1 ocTaHHIO 3 1IUX (HopMysT MOKIUBO niepeTBopuTH y (8). HeBakko mokasarw,
110 1, HABMAKH, BCTAHOBIICHY (opMyIty (8) MOKHA ITEPETBOPUTH 10 APpYyroi 3 popmy (7)

X =b +t [t =b +t [t {b-b}] =b +t [t b]. -t [tb] =
=b +t'[tb] —t"tb =b_ +t'[tb] —b_=t"[t'b]..

Hapnaku. Ilpu Oyap-skiit mpasiii yactuni b e R piBasaHs (5) mpaBi yacTuHu GOPMYIT
(7), (8) Busmawaroth geski exement (X';X)), X' eR", x_eR . IligcraHoBKoO

[EPEKOHYEMOCS, [0 YTBOPEHA HUMHM T1apa eineMeHTiB (X';X_) € po3B’si3KoM B R piBHsHHS

(5) i3 3amanor0 npaBoto yactuHO b e R. Hacripasni, B cuny w.n.l.¢h. @' = r's’t”, purikae Buz
koedirienTa piBHSHHA (5):

1 or 4t

a=t"'s"r".

Tomy,
axt +x =t7s"r{rr st T +b +tth] =t7sYr s [t b ] +b +
HED =[O =t [tb' ] +b_ +t 't b —t [t D] =b_+b" =h.

JloBenemMo, 10 PO3B’SI30K € €AMHUM. 3PO3YMLIO, [Ie BUTIKAE 1 3 TIEPIIO] YaCTUHU JOKa3Yy.
Jliis Ge3rmocepeIHOro JT0Kasy, MPUITYCTHMO, IO, OKpiM BH3HAdyBaHOTO (opmynamu (7)

po3B’s3ky  (X';X ), X' €R", Xx_eR_ piBasuus (5) i3 3amaHor0 (PIKCOBAHOI MPABOIO

gacTuHO D € R, icHye e omun #oro po3s’s3ok (X;X. ), X €R", x_€R B R.
Toni, 3a yMOB TeOpeMH

ax" +x —{ax +x }=ax" -x']+x —x_=b-b=0.
Tomy
t's”r[x" —x 1= %x_— X%,
(R*2)s”r"[X ~x 1=t [x_~x (<R ).
OTtxe
sUr'[x" —=x'1=0; t[x_—-x]1=0,
X'—=x =0, x_—-x =0; X" =X"; X_=X_.
OcTtanHe 1 03Ha4aE, 10 pillieHHS B R €quHO. Teopemy J0BeIEHO.

5 OBI'OBOPEHHA PE3VYJIBTATIB JOCJ/IIKEHHSA

V BianoBiaHux kinblsx 3 OI1, MoxkHa peanizyBaTH pe3yabTat: Uil MAaTPUYHUX PIBHIHD 3
JIBOMA HEBI1IOMUMH TPUKYTHHUMHU MATPUISIMH [5]:
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AX"+X =B;

- st «cnopigaenoi» Tumy Pimana-I'ins6epra-ITpuBanoBa 3amadi [6-8] 3 KOHTYpHOIO YMOBOIO
Ha 3IMKHYTI# [7] pificHol oci

AC)XT () + X_(x) =B(X), (xe{—o0,});
- JUTsl IHTETPAJILHOTO PIBHAHHS TUIY 3TOPTKH

x(t)—j:k(t —)X(s)ds = f (t), —o<t <00,

OB SI3aHOTO 3 iHTerpaibHUM THITYy Binepa-Xonda [1, 6, 7].

Meton po3B’si3Ky piBHSHHS BUAY (5) B NPHITYIIEHHI BUKOHAHHS YMOB TEOPEMH MOXKE
OyTH 3aCHOBaHUI Ha MIPOSKTOPHOMY ITiIXO/Ii B Kb 3 (haKTOPU3AIIHHOIO TAPOIO 1 MOJISITaTH
B HACTYITHOMY:

1. BcraHoBUTH BiJMOBIJHE KOHKPETHE OCHOBHE KiJblle 3 (DaKTOPU3AMIMHOIO Tapolo, B
SKOMY pIBHSIHHS, 1[0 BUBYAEThCs, Jaomnmyckae 3amuc y ¢dopmi (5). Ilpu mpomy HeBimomi
MOBHMHHI BiJIIYKYBATUCS Y BIAMOBITHUX MiAKUIBIX, IO YTBOPIOIOTH (haKTOPHU3AIIHY mapy
OCHOBHOT'O KiJIBIIS.

2. Tlpoectm HeOOXimHY (aKTOpH3AII0 [0 MIAKUIBIMX (aKTOPU3AMIMHOT Mapu 1
NPEJCTaBUTH 3BOPOTHUHM KOedillieHTy @ B OCHOBHOMY KUIbLI eleMeHT a' y
dakropuziBanomy Bui (6). Bunncatu #ioro pakTopu-MHOKHHKH.

3. ITo dopmynax (7), (8), pearizoBaHUM B KOHKPETHOMY OCHOBHOMY KiJIbIi, TOOYIyBaTH
IIYKaHUH PO3B’S30K.

6 BUCHOBKHU

Po3pobnieni mMeroan M03BOJSIOTH €PEKTHBHY MOOYAOBY SIKICHOI Teopii aOCTpaKTHHX
PIBHAHb 3 JBOMAa HEBIJJOMHUMH, TOOTO BUPIIIYBAaTH MUTAHHS ICHYBaHHS 4Yd HE ICHYBaHHS
pPO3B’SI3KIB, a TaKOX iX KUTbKOCTi. J[sl 3a0OBOJICHHS BHMOTaM JOBEJCHOI TCOPEMH B
PIBHSHHSX, IO JOCTIKYIOThCS, B JIESKUX BUIAJKAaX MOKJIMBE IOCIA0JIEHHS MONEpeaHiX
yMOB. 3 1HIIOro 00Ky, HEOOXITHO IIyKaTH HOB1 PIBHSIHHS, 10 MIAXOJATH IiJl 3aCTOCYBaHHS
PO3pO0IEHNX METO/IIB, B TOMY YHCJIi 13 MPUKJIAHUM 3MICTOM.
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OB30P ®YHKIIMH WOLFRAM MATHEMATICA,
PEAJIN3YIOIUX CETMEHTALIMIO U30BPAXKEHUM

I'ynauna M.A.!

1 - o .
Eeﬂopyccmtu HAYUOHAIbHbIU MEXHUYECKUU YHUBEpCUmMem

AnnoTtauus: B nanHoii pabore paccMaTpuBarOTCS BO3MOKHOCTH CETMEHTAIMK M300pakeHH C
MOMOIIIBI0 KoMIbIoTepHO# cuctembl Wolfram Mathematica. Dta cructema Mmo3BosIsiET OCYIIECTBUTh
pacmo3HaBaHue O00pa3oB, OMUCATh W BBIACTUTH JETalM, CAENaTh MOP(OIOTHUECKUN aHaIn3
n3obpaxenus. B Wolfram Mathematica npencraBieHsl mMpoOKHe BO3MOYXKHOCTH 0a30BOM 00paOOTKH
n300pakeHmsI, OMHApU3anuu, QIIBTPAIlAN, CXKATHSI W ONpeaelieHus oOiiacteld mHTepeca. Beimemen
Kiacc (YHKIHHA, Peau3yoInuX MOporoByro o0paboTky. OH MO3BOJSET YBEIHYUTH KOHTPACTHOCTH
CHHMKOB, ITOJTyYEHHBIX IPOMBIIIJICHHBIM 000PYI0OBaHUEM.

B 3apyOexxHOIl M OTEYECTBEHHOW IUTEpaType MPHUBOAMTCA OONBIION KIAcC alTOPUTMOB
00paboTKN THQPPOBBIX H300PKEHUH, KOTOPBIA MOXKET OBITh NPUMEHEH IS pelleHHus 3a/1ad
MPOM3BOJICTBA, ONMUCAHBI OCHOBHBIC HampaBiieHHs OOpaOOTKM M aHaln3a M300paKEHUH, BKIIOYAs
OCHOBBI TEOPHH BOCIIPHATHSI U PErHCTpalli BUACOUHPOPMALIUK, METOABI (MIBTPALNH, YITydIICHUS,
BOCCTAHOBJICHHS M CKaTHS YePHO-OEIIBIX M IBETHBIX U300paKeHUI.

B pabote paccMmarpuBaercs Kiace (YHKIMH, PEaTU3YIOIIMNA CErMEHTAIMI0 H300paKCHUS.
CerMeHTanusi JeNUT H300pakeHHE Ha €ro COCTaBHBIE 4YacTH W OO0BeKTh. Hampumep, npu
OCYIIIECTBIICHUH aBTOMATHYECKOTO KOHTPOJS HpPU COOpKE Y3JI0B PaavOdICKTPOHHOU armaparypbl
B)XHO YMETH BBISABIISTH OIPEICICHHbIE 1e(EKTHl N3rOTAaBINBAEMBIX ITPUOOPOB, TAKUX KaK OTCYTCTBUE
KOMITOHCHTOB WJIM HAJIMYKUC PA3PbIBOB KOHTAKTHBIX JOPOXKCK Ha IIATE.

[IpuBeneHHBIE B CTaTbe MPHMEPHI WILTIOCTPUPYIOT JIBA MOAX0/Aa K CETMEHTAMH N300pakeHHH,
KOTOpBIC OCHOBAaHBl Ha JBYX O0a30BBIX CBOMCTBAaX SPKOCTH H300paKEHHS: pPA3pPBIBHOCTH H
OTHOPOAHOCTH. B mpuMmepe ¢ HaxXOXAGHHWEM KOHTAKTHBIX IUIOIIAJOK OCYIIECTBISIET pa3zielicHHue
n300pakeHns: Ha OOJIACTH, OJHOPOAHBIE B CMBICIE ONpEACTICHHBIX, 3apaHee 3aJaHHBIX TpaBui. B
npuMepe ¢ MpoduiIeM H300paKeHUS] CerMEHTalusl OCYIIECTBIACTCS MCXOAS U3 Pe3KUX MeperajioB
3HAUCHUH APKOCTH, KOTOPBIE MIPOUCXOAT Ha TPAHUIIAX OOBEKTOB.

B cucreme Mathematica mpeacrasien mmmpokuii HaOOp BO3MOXKHOCTEH JJIS aHaIM3a W
00paboTKN M300paKeHHH, MCIOIB3Ysl ONTHMU3MPOBAHHBIC alrOPUTMBI. PaccMoTpeHHBIE (YHKIHH
MO3BOJISIIOT  TOJIB30BATEIII0 PElIaTh pealbHble 3aadyd W CO3/aBaTh IPWIOKEHHS 00padOTKH
n300paKeHNH, B TOM YHCIIE KiIacCU(UKAIMIO H300paKEHMIA, BBIIEIICHHS IPU3HAKOB, BOCCTAHOBIICHHE
W MHOroe jpyroe. B pabore ommCBHIBalOTCS TPUMEPHI CETMEHTAIMH W300pa)KeHHH, MOIYyYSHHBIX
NPOMBINUICHHBIM ~ 00OpY/IOBaHHEM, TPHUBOAATCS  CTAHIAPTHBIE  JICTEKTOPHl  HW300paKEHHH.
OcymiectBiieH 0030p (YHKIMHA, NPEIHA3HAYCHHBIX I IEPBUYHON 0OpabOTKM H300paKEHHUIA;
(GyHKIWH, TipeHa3HAYeHHBIX JJIS JUCKPETH3aluN M300paxkeHnH; QyHKIMH, MpeIHa3HaYeHHBIX IS
cermeHTanu. OTIEIBHO ONMCAHBI QYHKINH, TIPeTHa3HAUYCHHBIE I KOMIOHEHTHOTO aHAIIN3a.

Kurouosi ciioBa: cermenranusi, Mathematica, nerekrop, 06paboTka H300pakeHusl.

OVERVIEW OF WOLFRAM MATHEMATICA FUNCTIONS
IMPLEMENTING IMAGE SEGMENTATION

M. Hundzina®
! Belarusian National Technical University

Abstract: This paper discusses the possibilities of image segmentation, using the computer
system Wolfram Mathematica. This system allows pattern recognition, describe and present details,
and morphological image analysis. Wolfram Mathematica provides extensive basic image processing,
binarization, filtering, compression, and areas of interest. A class of functions that implement
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threshold processing is highlighted. It allows us to increase the contrast of images obtained by
industrial equipment.

Foreign and domestic literature provides a large class of digital image processing algorithms that
can be used to solve production problems, describes the main directions of image processing and
analysis, including the basics of the theory of perception and recording of video information, methods
of filtering, improving, restoring and compressing black and white and color images.

The paper considers a class of functions that implements image segmentation. Segmentation
divides the image into its component parts and objects. For example, when performing automatic
control during the assembly of components of electronic equipment, it is important to be able to
identify certain defects in the manufactured devices, such as the absence of components or the
presence of breaks in the contact tracks on the board.

The examples presented in the paper illustrate two approaches to image segmentation, which are
based on two basic properties of image brightness: discontinuity and uniformity. In the example of
finding contact pads, the image is divided into areas that are homogeneous in the sense of certain
predefined rules. In the example with the image profile, segmentation is carried out on the basis of
sharp changes in brightness values that occur at the boundaries of objects.

Mathematica provides a wide range of capabilities for analyzing and processing images using
optimized algorithms. The functions considered allow the user to solve real problems and create image
processing applications, including image classification, feature extraction, recovery, and much more.
Examples of segmentation of images obtained by industrial equipment are described, standard image
detectors are given. The paper provides an overview of the functions intended for primary image
processing; functions for image sampling; functions designed for segmentation. The functions
intended for component analysis are described separately.

Keywords: segmentation, Mathematica, detector, image processing.
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1 BBEJIEHHE

Metoasl 00paOOTKHM H300paKEHUN TMPUMEHSIOTCS B IMPOMBIIUICHHOCTH, (HU3UKE,
MexaHuke, Mmeauirie. OHU MPUMEHSIOTCS PY YIPABJICHUH TEXHOJIOTHYECKUMHU MPOIECCaMU,
aBTOMATH3allMM OOHapyXeHHsl M  pAClO3HABAaHMM OOBEKTOB  PA3NIUYHOM  MPHUPOJBI
(M300pakeHust, TOJIy4aeMble aTOMHO-CWJIOBBIMH M 3JEKTPOHHBIMH  MHKPOCKOIaMH,
PEHTTeHOBCKHUMU anmnapatamMu, Tomorpagamu u T.1.).

2 AHAJIM3 JUTEPATYPHBIX UCTOYHMUKOB U MOCTAHOBKA
3AJIAYH

KauecTBeHHBIII KOHTPOJb MPOAYKIMU BBINOJHACTCS ABTOMATHYECKUMH METOAaMH
ananu3a n3odpaxenus [1]. [Ipu o6paboTke m300pakeHuit pemaercs oOMMPHBINA KPyT 3a/1a4,
TaKUX Kak YIy4IICHHE KadyecTBa H300paKCHUI; M3MEPEHUE YHCIIOBBIX XapPAaKTEPUCTHK;
pacrno3HaBaHHE HEKOTOPBIX YacTel, CykaTue N300pakeHui u JIp.

CoBpeMeHHbIe YCTPOHCTBa POPMUPOBAHUS N300PAKEHHN TTO3BOJISIOT PEeIIaTh KOMILIEKC
TEXHUYECKHX M HAYYHBIX 3a/1a4 [2—4], TpeOyromux CHHTE3a U aHAIM3a METOI0B 00paboTKH,
OWHapH3aIny, KiacCu(OUKAITUN U300PKSHHM.

Pa3BuTne MMKpOIJIEKTPOHHKH TIO3BOJSIET TIOBBICUTH  CIIOKHOCTH NPUMEHSIEMBIX
aJITOPUTMOB JJIsl PEIICHHS IPUKIIAJHBIX 33/1a4. B 3apy0exHoil 1 0TeuecTBEHHOH uTeparype
[5—7] npuBomuTcs OONBIIONW KJacc aJrOPUTMOB 00pabOTKM HU(GPOBBIX H300paXKECHUH,
KOTOpPBI MOKET OBITh MPUMEHEH /sl PEeIICHHs 3aJad MpPOHM3BOJACTBA, NMPHBOAUTCS HAOOP
BOIPOCOB CETMEHTAIlUW, PACIO3HABaHWs OOpa30B, OMUCAHHUA M NPEACTABICHUS ETaJeH,
MOP(]OIIOTHYECKOT0 aHanu3a n300pakenus [6—7]. OgHako OHM NpeTHA3HAYCHBI ISl PEILICHHS
HAy4YHBIX 337ad. B TO ke Bpems, CymIeCTBYeT HEOOXOOMMOCTh B pa3padOTKE aJrOPUTMOB,
KOTOpPBhIE MOXXHO HCIIOJIb30BAaTh B YCJIOBHUSX IPOU3BOJCTBA U TAKUX AITOPUTMOB, KOTOpHIC
OyIyT HHTEPECHBI H MOJIE3HBI COBPEMEHHBIM HHKECHEPAM.

3 HEJHA U 3AJAYU UCCIIEAOBAHUSA

B nanHo# pabote omuceiBaeTcst 0030p Bo3MokHOCcTel cuctembl Wolfram Mathematica,
MO3BOJISIIOIIMX ~ OCYIIECTBUTh CErMEHTAaIui0 u300pakeHuit. OmnucaHbl pa3zpaboTaHHbBIE
JITOPUTMBI TIOCTPOCHUS MPOPUIIS U OINpENesIeHUs] KOHTAKTHBIX IUIOLIAJOK JUIsl CHHUMKOB,
MOJTYYSHHBIX TPOMBIIIIICHHBIM 000pYyI0BaHUEM.

4 PE3YJIBTATBI UCCJIIEJOBAHUSA

Ipumepbl  cerMeHTAMU  H300paKeHWid, MOJYYEHHBIX  NPOMBILILIEHHBIM
o0opynoBanueM. 13BecTHO, UTO cerMeHTalus JETUT U300paXKeHHEe Ha €ro COCTaBHbIE YacTH
1 00beKThl. Hanmpumep, mpu OCyIIECTBIEHUN aBTOMATHYECKOTO KOHTPOJISI P cOOpKe Y3JI0B
anmnaparypbl BaXXHO YMETh BBISBIIATH ONpeieleHHbIe 1e(heKThl UM OTCYTCTBHE KOMIIOHEHTOB,
HAJIMYHE PAa3phIBOB KOHTAKTHBIX JIOPOKEK HA IUIATE.

B kauecTBe mpuMepa MOKHO NMPUBECTH AITOPUTM OMNpEAETICHUS KOHTYPOB KOHTAKTHBIX
IUTOIA/IOK MOJTYIPOBOJHUKOBOTO KpHCTayuia. Peanmm3amus pa3pabOTaHHOTO airopurMa B
cucreme Mathematica BeirnsauT ciaeayrommm oopazom:

xmaps=Table[f = ImagePerspectiveTransformation/“Macxa”,
RotationMatrix[A]];ImageCorrelate/«Aopec uzobpasrcenusy,

f, CosineDistance], {a,Range/«/[uanaszon»}],; Highlightimage/«Aopec uzobpasicenusy,
Dilation[Fols[ImageAdd,ColorNegate@Binarize[#,

«llopoe» &/@xmaps], BoxMatrix/«Pasmep mackur]]].

I'ynauna M.A.
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31ech OBLIIM UCIIOTIB30BAHbI BCTPOCHHBIE (DYHKIIMH KaK:

Binarize — dyukIwms, mo3BosIONIas CO3aTh OMHAPHOE H300pakeHUe, KOTOpast 3aMEHSIET
BCE 3HAYCHMS MUKCEJICH Ha HYJIA WM €TUHUIIBL.

ColorNegate — ¢byHkmus, maroice HEraTHBHOE H300paXKCHHs, B KOTOPOM BCE IIBETa
MIPOTHUBOMOJIOKHBIE OTHOCUTEIIHHO IIBETOB MCXOHOTO N300paXKCHHS;

ImageAdd — ¢yHkuus, MO3BOMISOMAsA 100aBUTh 3aJaHHOE 3HAYEHHE B KaKIbIA KaHas
SIPKOCTH HCXOJIHOTO H300paKEHUS;

Dilation — ¢pyHKI#sI, KOTOPOE OCYIIECTBIIACT MOP(POIOTHUECKYIO AUTATAIINIO
M300paXEHUS 110 OTHOIICHUIO K CTPYKTYPHOMY JJIEMEHTY;

Highlightimage — pyukius, Beigensiomas —crenuduueckue o0JaCTH HMHTEpeca B
M300pakeHNH;

ImagePerspectiveTransformation — ¢pyskius, Koropast IpUMEHSET IHHEHHOE
peoOpa3oBaHue K KAKIOMY IMHKCEITI0 H300PaKEHUS;

ImageCorralate — ¢hyHKIHs, onpeaensomas KOpPesIiuio H300paKeHHS.

Ha pwuc. 1 mpuBemeH CHUMOK TOJIYNPOBOJHUKOBOTO KPHUCTAJIA, BBIACICHBI IIBETOM
KOHTAKTHBIC TUIOIIAJIKHU, HE COJICPIKAIINe BUAUMBIX J1e(DEKTOB.

Puc. 1. O6paboTaHHBIN CHUIMOK TOJIYIIPOBOAHUKOBOI'O KPHCTAILIA

Eme omnuM mpumMepoM ompezeneHuss KOHTYpPOB OOBEKTa SBISETCS aHaIu3 MPOQUII,
MIOCTPOEHHOT'0 TI0 N300paKEeHHUIO.

[Ipodune yacTu u300pakeHHs] MO3BOJIAET HAWTH OOJACTH HAWMOOJBIIEH SIPKOCTH, YTO
Aajiee MpUMEHACTCA IMPU HAXOXKICHUNW KOHTYPOB I/I306pa)KGHI/I$I B 3aIaHHOM HaITpaBJICHUH.

PaccmoTpuM 0coOeHHOCTH peanu3anuu paspaboranHoro anroputma. CosmaeM OJIOK
onepaunﬁ, HOSBOJ’IS{IOHII/Iﬁ BBIACIIAITh KOHIBI OTPE3Ka Ha HCXOJHOM I/1306pa)KeHI/II/I n TEM
cCaMbIM OMpEAeNsATh MyTh, BIOJIb KOTOPOro OyAeT crouThbcs mpoduns. B mepemenHoii pt
OyZeM XpaHUTb KOOPJAUHATHI 3TUX TOYEK, B IEpEMEHHON t XpaHUTCS UCXOAHOE U300pakeHue:

t1=Block[{pt={}},EventHandler[{LocatorPane[Dynamic[pt]],Dynamic[pt]},
{ “MouseClcked”:->AppendTo[pt,MousePositoin[ “Graphics ] ] }]] .

Koopaunatel oTpe3koB, (GOpMUPYIOIIUX MYTh, 3aal0TCA MICTYKOM JIEBOM KIIABHILIN
MBI Ha u300pakeHuu. [locie 3TOro OKpyriseM 3HAYCHHUs KOOPAMHAT, T.K. HOMeEpa
MUKCEJIeH SBJISIOTCS HEIBIMH YrciaMu: S=Round/@pt.

Ha puc. 2 mpencraBiieHO HCX0IHOE N300paKEHNUE U TTOCTPOSHHBIN PO(UITH.

I'yaauaa M.A.
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Puc. 2. a) ucxomgHoe n300pakeHHEe C BEIOPAHHBIM ITyTeM; 0) TpodHiIh 3aJaHHOM YacTh H300paKeHUS

OtoOpakaeM HUCXOIHOE H300paKeHHE C TIOMOINBIO CIEAYIOMEro Habopa KOMaH]I:
Show[t,Graphics[{PointSize[Large],Red, Thick,Point[s],Line[s]}]];  Round[Inf[s]], rne
noJib3oBaTenbckas GyHkius Inf Beraucnser aauHy orpeska.

Co3/maeM IUKII TI0 OTPE3KY MYTH U POPMUPYEM MACCHUB SPKOCTH MTUKCEIICH:

list={};For[i=0,i<=IntegerPart[Inf[s], i++,list=AppendTo[list,ImageData]t]
[[IntegerPart[(s[[1,2] +i(s[[2,2]]-s[[1,2]])/Inf[s])],
IntegerPart[(s[[1,1]+i(s[[2,1]]-s[[1,1]])}/Inf[s])]]]].

JlaHHas MOCJE0BaTEeIbHOCTh AECUCTBUM MO3BOJIAET MHTEPAKTUBHO 3aJaTh IyTh, BJAOJIb
KOTOpOro Bbrmcisiercs: npoduins. KomudecTBo ToYek MpoMis Onpenensercss UCXOAs U3
JUIMHBI IyTH. J[71s1 TOTYTOHOBBIX M300pa)KeHUI Ha BBIXOJE UMEEM OJHOMEpHBIH MacCUB, B
KOTOPBIH MOMEIA0TCs 3HaUYEHUS SIPKOCTH.

IIpuBeneHHble NMpUMeEphl MIUTIOCTPUPYIOT JBa MOJAXOAA K CErMEHTalUuU N300paKeHUH,
KOTOpbIE€ OCHOBaHbI Ha JIBYX 0a30BBIX CBOICTBaX SIPKOCTH H300pa)KE€HUs: Pa3pbIBHOCTH U
OJHOPOJAHOCTH. B mnpumepe ¢ HaxoXJIe€HHMEM KOHTAaKTHBIX IUIOIIAJ0K OCYIIECTBIISET
paszaeneHue HM300pakeHUs Ha OOJIACTH, OAHOPOJIHBIE B CMBICIE OIPENEIECHHBIX, 3apaHee
3aJJaHHbIX NpaBWwi. B mpumepe ¢ mpoduieM H300pakeHUs CerMEHTAlMs OCYLIeCTBISEeTCs
UCXOJS W3 pe3KUX IMepenajoB 3HAYEHUH SPKOCTHU, KOTOpbIE MPOMCXOAAT Ha TIpPaHULAX
0OBEKTOB.

CranagapTHble JeTeKTOpbl H300paxkeHuil. CTaHIapTHBIE MOAXOAbl K OOHApYXEHHUIO
nepenanos sipkocTy. [IycTs BennunHa R 3a1aeTcsl BEIPaKCHUEM:

R=>wz, (1)
i=1
rac Zi — 9TO 3HAYCHUC SAPKOCTH MMHUKCEIISL, COOTBETCTBYIOIICTO KO3(1)(1)I/H_H/ICHTY MacCKHu Wi .

Tak, Harrpumep, U1 OOHapYKEHHUS TOYEK MaTpuua W, MpeacTaBiIeHa Ha puc. 3.

-1 -1 |-1
-118 |-1
-1]-1 -1

Puc. 3. Macka 1151 0OHapy»KeHHsI TOUEK

CBepTka MUKCeNel n300paKEeHUs ¢ TIOMOIIIBIO 3TOW MACKH OCYIIECTBISETCS C MOMOIIBEO
cnenytromiert komansl: {f, ImageConvolve[f,matl]} (puc. 4).
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Puc. 4. M300paxkeHue 1a3epHOTO pa3pyLIeHUs U H300paKeHUe,
CBEPHYTOE MacKO JJ1s1 00HAPYKEHHSI TOUEK

-1 -1 -1 -1 ] -1 2 -1 2 -1 2 -1 ] -1
2 2 2 -1 2 -1 -1 2 -1 -1 2 -1
-1 -1 | -1 2 -1 | -1 -1 2 -1 -1 | -1 2

Puc. 5. Macka 1 o0Hapy>KeHUsl TUHUH

KomaHnna, BeIBOISIIAS HA SKPAH UCXOIHOE M300pakKeHue, a TaKyKe MOIU(DHUITMPOBaHHbIE,
BRIDSLIUT — caenyromuMm — obpasom  (puc. 6):  {f,ImageConvolve[f,maskal]//ColorNegate,
ImageConvolve[f,maska2]//ColorNegate,ImageConvolve[f,maskad]//ColorNegate}.

Puc. 6. O6HapyXeHHE TNHUIA HA CHUMKE MaTePUHCKON TUIATHI

OpgnuMm u3 Haubosee pacHpOCTPAHEHHBIX NPUMEHEHUH JMHEHHON QuiubTpauuu B
0o0paboTke  M300paKeHUH  ABNSETCS  NPUOIDKEHHOE  MpEeJCTaBlIeHUE  JAUCKPETHBIX
MIPOM3BOJHBIX U, CIIE€J0BATEIbHO, OOHAPYKEHUE KOHTYpPOB. XOpOILIO H3BECTHBIE METObI
[Mproutt, Cobenst (puc. 7) u KaHHM, 1O CyIIecTBY, OCHOBAHHBIC HA BBIYHUCICHUHU JBYX
OpPTOTOHAJILHBIX MPOU3BOAHBIX B KaXJ0H TOUYKE H300pakeHHs U aOCONIOTHOW BETMYHMHBI
IpaJHeHTA.

-1 -2 -1 -1 0 1
0 0 0 -2 0 2
1 2 1 -1 0 1

Puc. 7. Jerexrop Cobena

B sTtom ciiyuae BenmunHa R 3agaeTcst BeipaxkeHueM
9 9 v2

R:[Z(Wlizi)z"'Z(Wzizi)zJ , (2)
i=1 i=1

rae W;, W, — 3TO 3Ha4eHUs MacoK, IPEJCTaBICHHBIX Ha PHC. /.
Herextop Colerna peanusyercs cleayronie KoMaH 10M:

{t,EdgeDetect[t,Method-> "Sobel ] }
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Puc. 8. PesympraT npumenenus gerekropa Cobena K CHUMKY MTOBEPXHOCTH
MeTaja nociie 00paboTKH

Jiist n300pakeHHusi ¢ MEJIKMMHU JICTAIISIMU, TAKOTO Kak pHC. 8, pa3iuuusi nu300pakeHuil,
MOJIy4eHHBIX AeTekTopoM Cobena n KanHu, He3HAYNTENbHBIC.

Jlo6aBMM IIOPOrOBOE 3HAYCHME, KaK BTOPO# apryment ¢pynkuun EdgeDetect.

Pe3ynbTathl TpUMEHEHHS OIMCAHHBIX JCTEKTOPOB TpencTaBieHbl Ha puc. 9. Ilpm
00paboTKe YCTAaHOBJICHBI OJIMHAKOBOE TIOPOrOBOE 3HAYCHUS JIJIS TIOJTYUYEHHBIX U300pakeHUH.

a) 6) B)

Puc. 9. a) CHUMOK monapanaHHO MOBEPXHOCTH METalljIa,
0) uzobpaxenue, oopadoranHoe gerektopoM Cobena; B) m300pakeHHe, oOpaboTaHHOE neTekTopoM KanHN

0030p ¢QyHKuMi, NMpeIHA3HAYEHHBIX /JIsl NMEPBUYHON 00pabdOTKH H300paKeHMId.
[IpenBaputenbHas 00pabOTKa HMCHONB3YeTCs MPU TMOMydyeHUH WHopMaluu ¢ mpubopa u
MpECIeyeT IEIbI0 CHIDKCHHE YPOBHS TOMEX H300pa)K€HWs, BO3HUKIIUX B pe3yJbTaTe
JUCKpPETU3allii M KBAaHTOBAHUs, a TAaK)Ke IOJABIICHUs] BHEUWIHUX IIyMoB. Yamie Bcero st
3TOr0 MPUMEHSAIOTCA ONEPALU YCPEIHEHUS U BBIPABHUBAHUS THCTOTPAMM.

ColorQuantize — ¢yskuus, peanusyromas KBaHTOBaHME IIBeTa. KBaHTOBaHHE
MOHUMAETCAd KAK YMEHBIIEHUS KOJUYECTBA IBETOB, HCIIOJIb3YEMBIX MJISI MPEIACTABICHUS
u3zobpaxenus. Pesynprar meiictBus komanx ColorQuantize[Imagel];ImageHistogram[%,
Apperance-> "Separated "/ npeacrasien Ha puc. 10.

| B ; = l L‘l‘ a l

‘k = emeactiite 2 .l l | 1 I

Puc. 10. CHUMOK KPOBH, TIOJIyYSHHBIH C TIOMOIIBI0 MUKPOCKOIIA, THCTOrpaMMa H300paXKeHusl 110
00pabOTKHU ¥ MMOCTIC KBAHTOBAHUS
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FillingTransform — nmpeoOpa3zoBanue, KOTOpOe Ka)x101 OKPECTHOCTU MUKCEINCH CTaBUT B
COOTBETCTBHE HamMOOJIbIlICe 3HAYCHHE B OKPECTHOCTH, TaK CAMbIM 3allOJHSs MHUHHMYMBI,
OCYIIECTBIISAS Pe0OPa30BaHUE 3ATMBKA MUHUMYMOB (puc. 11).

Puc. 11. CHUMOK 9aCcTH MUKPOCXEMBI

Oyukumsa  GradientFilter mgaer BenuuuHy TrpagMeHTa JaHHBIX, BBIYHCICHHBIX C
HCIIOJIb30BAHUEM JMCKPETHBIX MPOM3BOAHBIX pamuyca I BbIOOPKH. DTa (PyHKIHS OOBIYHO
WCIIOJIL3YETCS ISl OOHApYKCHHsI 00JIaCTeil OBICTPOr0 M3MEHECHHSI CUTHAJIOB M M300pasKeHUH
(puc. 12).

Puc. 12. CHUMOK TpeIuHbI B OJI0KE IHIHHIPOB, 00paboTaHHOE C
MTOMOIIIBIO TPAJUCHTHOTO (DHUIIBTPA U300pAKCHHE

RangeFilter ¢unpTpyer naHHBIC, 3aMeHssl KaXIO€ 3HAYCHUE SPKOCTH ITHKCEIs
Pa3HOCTHI0 MAKCUMyMa U MHHUMYMa 3HAUEHH IPKOCTH B €r0 OKPEeCTHOCTH (pHc. 13).

2r +1 - 2f2 + 1 -
Puc. 13. OKpeCcTHOCTH TUKCEIS Il OAHOMEPHOTO U JBYMEPHOI'O CIIy4ach

Oyukuusa FindThreshold naxomut rio6ansHOE TOPOroBoe 3HaYCHUE, KOTOPOE pa3ziessieT
3HAUEeHWsI WHTEHCHUBHOCTH ITHKCEIEH I/I306pa)KeHI/ISI Ha Ba TpyHIbl: 3HAYCHHUA, KOTOPBIC
MEHBIIE ¥ KOTOpbIE HE MEHBIIE IIOPOTrOBOTO 3HAueHMs. Torma, B CBOIO ouyepenb, QyHKIHUS
Threshold 3amensier 3HaYeHUS IPKOCTEH MUKCENS B 3aBUCMOCTH OT IMMOPOTOBOTO 3HAUCHUS &
HNannast (yHKIuS MOXET OBbITh 3alucaHa C JABYMS apryMEHTaMH, INEPBbIM U3 KOTOPBIX
ABJISAETCA MCXOJHOE H300pakeHHe, BTOPHIM AapryMeHTOM sBiseTcs crmcok {t,0}, Tme

cnenupukaTop t MOXET MPUHUMATH clieayromue 3HaueHus: “Hard”, “Soft”,“Firm”,
“PiecewiseGarrote”,“SmoothGarrote”,“Hyperbola” u npyrue.
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[Tycth X — SIPKOCTH HEKOTOPOTO THKCENs TOJYTOHOBOTO M300paKeHHs, TOraa B
pe3yibTaTe MPUMEHEHHUS TIOPOTOBOM 00paOOTKU 3HAYCHHUE SPKOCTH X ITOTO MHUKCEs Oynmer
clleAyIoIIee:
npu t = “Hard” 3nadenue sproctu nukcens (puc. 14):

0 <68 )
x>
npu t = “Soft”:
. 0 X <o @
sgn(x)(x|-5) |x>5"
opu t = “Firm”:
(06 s -y KETH
sgn(x)(S + or — pr)((X|— o + Spr
X =1 : 5 —3pr <|X|<5—pr+or, (5)
r
X, X|> & —dpr + o
npu t = “PiecewiseGarrote”:
0 [|x<¢6
X = 2 . 6
x-2 X >0o ©)
X
1.0 0.5¢
08 / o4
0.6 0.3}
0.4 0.2
0.2 0.1
0.2 0.4 0.6 0.8 1.0 T 02 04 06 08 10 02 04 06 08 10
Puc. 14. I'paduk HyHKIHH, COOTBETCTBYIOMICH:
t =“Hard” t=“Soft” t = “PiecewiseGarrote”
npu t = “SmoothGarrote”:
2n+1
X = ()

- X2n +§2n !
npu t = “Hyperbola™:
X <o

0
X= sgn(x)m X>68" ®

@yukuus ImageClip oOpe3aeT Bce 3HaYeHHs] KaHAIOB H300pakeHHs, oOecreunBast
HaxO0JICHHWE WX 3HaYEHUH B HEKOTOPOM JUaIa3oHe.

0030p ¢QyHkuMi, NMpeIHA3ZHAYEHHBIX VISl AMCKpeTHU3auuu usoOpaxenuil. Ilepen
MOpOTOBOM  (unmbTpanvelt MBETHBIE H300pKEHUS MPeoOpa3yloTcss B  MOTYTOHOBBIE
m3o0pakeHusi. Eciam moporoBoe 3HaueHHWEe HE 3a/JaHO, TO ONTHMAJbHOE 3HAYCHHE
BBIYHUCIISIETCS C IOMOUIBIO OJHOTO U3 HECKOJIBKUX U3BECTHBIX MOAXOOB.

OnHo¥l M3 Pa3HOBHIHOCTEH CETMEHTAIMHM W300pakeHHH sBisieTcss OunHapuzarms. OHa
npencTaBiseT coboil mpeoOpa3oBaHue 1BETHOTO U300pakeHus: B OMHapHOe n3o0paxkeHue. B
npocreimei Gopme OWHapu3amus, Ha3blBacMasi TakyKe€ MOPOTOBOW (DUIBTPAIUEH, SBISICTCS
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MOTOYCYHOH omeparueii, KoTopas IPUCBAHBACT KaKIOMY IMUKCEII0 n300pakeHus 3naueHue 0
Wi 1, OCHOBBIBASICh HA CPABHEHHHU C HEKOTOPBIM TI00ATEHBIM TIOPOTOBBIM 3HAUYCHUEM O.

[ToporoBast dunbTparst sBasieTcs: BecbMa 3()(HEKTUBHBIM TPEIBAPUTEIBHBIM ITAIIOM
00pabOTKH, MOCKOJIBKY 3[1eCh MPOUCXOAUT 3HAYUTEIBHOE COKpAIICHHE 00bheMa XPaHUMBIX
JaHHBIX, K TOMY XK€, Pe3yJbTHPYIOIINe OMHAPHbBIC H300paKEHHsI Ky 1a MPOIIE aHATN3UPOBATh.
BunapHbie n300pakeHUs MO3BOJISIIOT UCIIOI30BATH MOIIHBIE MOP(OIOTHISCKHE OMEePaTOPbI
JUIs aHann3a GOpMbI U300pAXKEHUS M CTPYKTYPHOIO aHAIM3a €ro CoIep)uMoro. B cructeme
Mathematica s coznanus OuHapHOTO N300pakeHus ucronbdyercs Gynkuus Binarize.

Oyukius MorphologicalBinarize co3maer 6unapHoe n300pakeHHe, 3aMEHSS B HCXOTHOM
U300paKCHUH BCE 3HAUCHUS SIPKOCTH BBIIIC BEPXHETO MOPOTra Ha 3HAYCHHE |, aBTOMATHYECKU
BIOHpasl MOIXOIAIICe 3HAYCHHE ISl HIKHEro mopora. Takas ¢yHkius paboraer kak ¢ 2D,
tak u ¢ 3D m3o0pakenusmu. OHa npeoOdpa3yeT MHOTOKaHAIBHBIC U [IBETHBIC N300paKeHUS B
MOJIYTOHOBBIC HM300paKeHHs, 3aT€M CO37aeT H300paKeHHE, B KOTOPOM KaXKIbli MHUKCENb
umeet 3Hadenue 0 wim 1. Pesynbrar BeinoiaeHust komanansl {Imagel, MorphologicalBinarize
[Imagel,{0.55,0.8}]} npencrasnen Ha puc. 15.

»
-

Puc. 15. CHumMok nmoBepxHOCTH Tene(oHa, 00paboTaHHBIH CHIMOK C ITOMOIIBIO
MOp(hOIIOTHIECKOW OMHAPHU3ALINU

B cBoro ouepenp, JoKanbHAas ~aAanTUBHAas ~OMHAapU3alUsg —OINpEAETseT IOPOrH
OMHapH3alMy JIOKATbHO U OOBIYHO HCIIONB3YETCs [UISi CerMEHTHPOBAHUS IEPEIAHEro IUIaHa
U300paKCHUSI ¢ HEOJHOPOTHBIM OCBEICHHEM WK (OHOM. JIJIsi peanu3aiuu Takoro THIIA
Ounapuzanuu wucnons3dyercs QyHkius LocalAdaptiveBinarize. Ona co3gaer OuHapHOE
U300paKeHUE, 3aMEHsIsI 3HAYCHUSI MTUKCENeil NCXOHOTO M300pa)KeHHsl BBIIIE CPeIHero Ha 1
JJISI OKPECTHOCTH 3a/IaHHOTO pa3Mepa, a OCTalbHbIe 3HaYCHHs 3aMeHsieT Ha 0.

Jlnst co3naHus OMHAPHOTO W300paKeHUsl, KOTOpoe OyAeT BKJIIYATh B ceOs MUKCETH
HepeIHero UIaHA U CBsI3aHHBIE C HUM OOJIACTH, HAXOMASIIMECS OT HEro Ha ONpEIeTICHHOM
paccrosiHud, ucnonbdyercs ¢yHkims RegionBinarize (puc. 16), koTopast UCTIONIB3YeTCs LIS
OMHApHON CerMEeHTallUH.

6) B)

Puc. 16. a) ucxoaHbIil CHUMOK; 0) 00J1acTh MHTEpECA; B) Pe3yJIbTaT IPUMEHEHHUS
¢byukiuu RegionBinarize

Oyukius ChanVeseBinarize peanusyer UTepaTUBHBIN METOJ] aKTUBHOTO KOHTYpa ISt
JTOCTHKEHUS JIBYXypOBHEBOI CErMEHTALMM H300pakKeHus. B 3TOM ciydae MO aKTHBHBIM
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KOHKYPOM TIOHUMAETCSi HM3MEHSEMBIH KOHTYp, KOTOPHI COCTOMT W3 Habopa TOYEK B
neymepHoM npoctpanctse V ={v,,...,v.}, rae v, ={x,y.}, 1={L...,n} [8].

Kasx/1as Touka Takoro KOHTYpa HTEPaTHBHO MOAXOUT K TPaHULE 0ObEKTa, pelias 3a1a4y
MUHHMM3aIUK KpuTepus. JIis Kakmoil ToukM, GIM3KOH K BEpIIMHE Vi CYMTAETCS 3HAYCHUE
BenmuuHbl E, 1o cremyromeit gopmye:

E =aE,, (v,)+bE_(v,), (9)

rae E, (v,) — sHeprermyeckas cocraBistoiias, 3aBucsias ot ¢popmel KoHTYpa, E. (V)

SHEPreTHYecKas COCTABIAIOINIAs OT CBOMCTB M300pa)keHUsl, TAKUX KaK IPaJIMEHT, YUCiIa a U
b — 10 BecoBble KOIPDUIMEHTHI, OOECTIEUNBAIOIIME BKIA KaXKIOW U3 JHEPIU B 0oOIIee
YpaBHEHHE KPUTEPHUSL.

@yukuus ChanVeseBinarize HaxoauT JBYXYPOBHEBYIO CETMEHTALMIO H300paKCHUS
MyTeM BBIYHMCIICHUS ONTUMAIbHBIX KOHTYPOB BOKPYT 00JiIacTeil MOCTOSIHHOW MHTEHCUBHOCTHU
B U300paKeHUH.

CnenyeT OTMETHTb, YTO KaXKIbli W3 3TUX alNTOPUTMOB KAueCTBEHHO peIlaeT 3ajady
TOJIBKO JUIsl ONPENENEHHOIO Kjacca M300pa)KeHHM, M03TOMY aBTOMAaTH3WPOBAHHBIN aHAIU3
HOBOTO KJlacca M300paKeHUI TUKTYeT HEOOXOJUMOCTh Pa3pabOTKH HOBBIX M MOJAECPHHU3AIUN
CYLIECTBYIOILIUX AJITOPUTMOB CETMEHTALUU.

O030p ¢yHkumii, mnpeAHA3HAYEHHBIX I cerMeHTauMu. Jl1g HaxoXAeHUsS
UJCHTHYHBIX KOMIIOHEHTOB Ha W300pakeHWH HcCToib3yercs ¢GyHkius ArrayComponents.
Jannass ¢yHKIMS BO3BpalllaeT MaTpHUIly METOK, B KOTOPOH HWICHTUYHBIC DSJIEMEHTHI
[IpeICTaBJIEHbI II0CIIE10BATEIbHBIMU HEOTPULIATEIbHBIX LIETIBIX YHUCEN.

®yukuus MorphologicalComponents mo3Bossier HaTH MOP(OIOTHUECKH CBSI3aHHBIC
KOMIIOHEHTbl. OHa BO3BpPALAET MAacCUB, B KOTOPOM KaXJblil MHUKCEIb H300pakeHus
3aMEHSAETCS LIEJIOYUCICHHBIM HWHAEKCOM, MPEJICTaBISIIOIIMM  CBSI3aHHBI  KOMIIOHEHT
MEpeHETo TUIaHa, B KOTOPOM pacrnojaraercs nukcens. [Ipumep neiictBus 3Toil GyHKIMM Ha
MaTpHUIly MpeCcTaBlIeHbl HA puc. 17.

8 0 1 2 1 0 2 2
0 0 3 4 0 0 2 2
5 0 0 0 3 0 0 0
6 7 0 0 3 3 0 0

Puc. 17. Ucxonubiii MaccuB, pe3ynbrar npuMenenust pyukiuu MorphologicalComponents

s o06paboTku M300pakeHWH IIUPOKO HUCHOJb3yeTcsl Kiactepu3anus. KiactepHslii
aHaIM3 MpenanoyaraeT pa3OueHue 3aJaHHOM BBIOOPKM OOBEKTOB Ha IOJMHOMKECTBA,
Ha3bIBa€Mble KJIacTepamH, TakK, YTOOBI KaXKIbIil KJacTep COCTOSI U3 CXO0XKHX OOBEKTOB, a
OOBEKTHl Ppa3HBIX KJIACTEPOB CYLIECTBEHHO OTIMYaiuch. KiacTepHbpld aHamm3 — 3TO
MHOTOMEpHasi CTaTUCTUYECKas MpOIelypa, BBINONHSIIONIAs COOp JaHHBIX, COAEpKAIIUX
nHbopMalHo 0 BbIOOpKE OOBEKTOB, U 3aTEM YHNOPSAAOYMBAIONIAasi OOBEKTHI B CPAaBHUTEIHHO
oJIHOpo/HbIe rpynnbl. Kiactep — rpymnmna 351eMeHTOB, XapaKTepU3yeMbIX OOIIMM CBOWMCTBOM,
rJIaBHas LeNb KJIACTEPHOr0 aHalu3a — HAXOXKJICHHE TPYIN CXO0XHX OOBEKTOB B BBIOODKE.
HcxonupiMu  3HaueHUSIMH B MpocTeilieM crnocobe Juisi  KilacTepu3aluu  SBISIOTCS
KOOpJAUHATBl THKCeNs (X,y), B Oojiee CIOXKHBIX CIy4yasX, HampuMmep A IMOJYTOHOBBIX
M300pakeHUM, MCIIONB3yeTCss TpeXMepHBI BekTop (X,Y,1(X,y)), rae I(X,y) — Tpananuu
ceporo u msatuMmepHelii Bektop (RGB). ®ymkums ClusteringComponents mo3Bomsier
peann30BaTh CErMEHTALMI0 HAa OCHOBE KJIACTEPHOrO aHaiau3a. B pesynbTaTe BBITOJHEHMS
(GyHKIMH BBIaETCSI MacCUB 3HAYCHHWH, B KOTOPOM KaXKJbl 3JEMEHT 3aMeHseTcs
L[EJI0YUCIIEHHBIM HUHJEKCOM, MTPEICTABIISIONINM KJIacTeP, B KOTOPOM HAXOJUTCS JJIEMEHT.
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Eme omaum u3 Hamboliee pacmpoCTpaHEHHBIX AITOPUTMOB CETMEHTAllMd B 0O0JAacTH
ob6pabotku MemunmHckux [9, 10] m marepuanoBemueckux [11] wm300paxkeHui sBISETCS
JITOPUTM BOJIOpa3/eiia, OCHOBAHHBIHM Ha MPEACTABICHUH ITOJIYTOHOBOTO U300paKEHUS B BUJIC
penbeda, KOTOPBINA 3aroNHASTCS BOJOW, TN BoIopaszeiaMu OyayT JUHHWH, Pa3eiisroIine
obnactu BoJbI pas3HbiX OacceitnoB. Oynkius WatershedComponents mo3BosisieT OCyIIeCTBUTh
npeoOpa3oBaHue BOJOpa3/iena W300paKeHHs, BO3Bpamias pe3yibTaT B BHJE MacCuBa, B
KOTOPOM TIOJIOKHUTENBHBIC IIeNIbie YKclia 0003HadaloT BOAOCOOpHBIE OacceiiHbl. JaHHYIO
(GYHKIHIO MOYKHO IPUMEHSTH Uil 00paOOTKH OWHAPHBIX, MOJYTOHOBBIX M MHOTOKAaHAJIBHBIX
M300pasKeHHIA.

OnHuM u3 Hambosiee MEPCHEKTHBHBIX IOAXOI0B OOpAaOOTKH W300paKEHHI SBISETCS
MOJIXOJI, PEATU3YIONINIA KOHIICTIIIHIO KJICTOYHBIX aBTOMATOB [12]. DTa KOHIENIIUS C YIETOM
JATbHEHUIIET0 Pa3BUTHS HEMPOHHBIX KIETOYHBIX aBTOMATOB, MPHUIACT ATOPUTMY 00pPaOOTKH
AJIEMEHThl MCKYCCTBEHHOTO WHTEJIEKTa M TO3BOJUT B OYyIyIIEM MOBBICUTH HAJIEKHOCTh
pacrio3HaBanus. [Ipy MCIOIB30BaHUM KIETOYHOTO aBTOMaTa Jjisi 0OpabOTKU H300paKeHUH
YCTaHABIIMBACTCS B3aMMHOOJHO3HAYHOE COOTBETCTBHE MEXKIY MHUKCEISIMH U300paKCHHUS U
MPOIECCOPHBIMU  3JIEMEHTAMH KJICTOYHOTO aBTOoMaTa. DYHKIMOHUPOBAHHE KJIETOYHOTO
aBTOMAaTa BKJIFOYAET TPH IIara: ONpe/IeIeHNEe COCTOSIHUS COCelIei 1 BHYTPEHHETO COCTOSIHUS,
UCIIOJIb30BaHUE JTOM HMH(OpPMAIMM Kak BXOJHOW K BHYTpEHHeMY HAOOpy MpaBWI U
BBIMIOJIHEHUE HEKOTOporo jeiictBus. B cucreme Mathematica mns  cermeHTraiuu
M300paKeHUs C MCIIOJIB30BAHUEM DBOJIOIMH KJICTOYHBIX aBTOMATOB IMPUMEHSETCS (PYHKIIUS
GrowCutComponents. Ona nipeobpasyeT u300paKeHHE ¢ TTOMOIIBI0 KJICTOYHBIX aBTOMATOB,
T'JIe SBOJIFOIIMS ABTOMATOB MIPUBOUT K CETMEHTAIIUH U300pakeHUsI.

@yukuus RemoveBackground mo3Bosisier HaWTH TEpeiHUA IUTaH H300paKeHMS,
BO3BpallaeT u300pakeHue, GoH KOTOporo mpospaueH (puc. 18).

Puc. 18. cxomHoe m300paxkeHue, pe3ynbTaT MPUMEHEHHUS (YHKITHH
RemoveBackground

Crerudukanys MOJENN HCIONb3YyeTcs IS yKa3aHMs MEepeHero IulaHa, KOTOPbIH
COXpaHsieTcs Ha N300pakeHnH, WK (hoHa, KOTOPBIH yajIeH ¢ N300paKeHusl.

@OyHKINHU, NPeJHA3ZHAYEHHbIE 1Js KOMIIOHEHTHOI0 aHaju3a. BbiOop KOMIOHEHTOB
UCIOJIb3YeTCsl 1 (UIbTpallMd HEXeNaTeIbHbIX dYacTeld M300pa’keHus, B TOM 4HCIIE
HEeOOJIBIINX, OONBIINX, COMPUKACAIOMUXCSA C TPAaHULIAMHU WJIM KOMIIOHEHTOB OIpeIeIeHHON
dopmel. B cucreme Mathematica moxHo ucrons3oBaTh Gyakmuo ComponentMeasurements
JUI.  BBIUMCIIEHUS PA3JIMYHBIX CBOWCTB KOMIIOHEHTOB H300paxeHus. OHa BbIYMCISET
3aJlaHHOE CBOMCTBO IS KOMIIOHEHTOB M300pa’keHUsl, 0003HaYEHHBIX HEKOTOPOW MaTpuueit
METOK. MaTpuiia METOK 3/1eCh MMOHUMAeTCs KaK MacCHB HEOTPUIATEIbHBIX LIEJIBIX YHCEell, B
KOTOPOM Ka)KJI0€ 11€JI0€ YUCIIO MPECTABISIET KOMIIOHEHT, a 3HaueHne () COOTBETCTBYET (OHY.
Oynkius  SelectComponents moxer ObITh HCHOJB30BaHA YIS BBHIOOPA KOMIIOHEHTOB
M300pakeHNs C KOHKPETHBIMH JKEJIAEMBIMHU XapaKTePUCTUKaMHU. BBIOOP MOXET BBITIOIHSTHCS
M0 PacIOJIOKEHUI0 KOMIIOHEHTOB, (hopMaM M CBOIICTBaM MHTEHCUBHOCTH. [laHHas (yHKIMS
BBIOMpAET KOMIIOHEHTBbl HM300pakeHHs, OOO3HAUEHHbIE MAaTpHUIE METOK, KOTOpbIe
YIOBIIETBOPSIIOT HEKOTOPOMY KPHUTEPHIO, OCTABIIMECS 3HAYEHUS SIPKOCTH 3aMEHSIOTCS Ha
snayenue 0. Oyukius DeleteSmallComponents 3amensier HeOobIIHME CBA3aHHBIE KOMITOHEHT
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B OmHapHOM wu300paxkeHnn QoHoBeiMU THKcensmMu. Dynkuus DeleteBorderComponents
3aMEHSAET CBSA3aHHBIC KOMIIOHEHTHI, CONpPHKACAIOIIMEcs C TpaHHuIedl, B OWHApHOM
n3o0paxenun ¢ GoHoBbIMU nUKceasiMU. Dynkims ColOrize mo3BoseT MOKPAaCHTh KaXKIblid
cerMeHT u3o0pakeHus B onpeaeneHusiii nper. Oynkmus Highlightimage Beiaenuts 06aactsb
UHTEpeca.

5 BBIBOJbI

B cucreme Mathematica mpencrasicH mmpoKuii HAOOp BO3MOKHOCTEH IS aHAIM3a U
00paboTKM M300paXKCHHUH, HCIOIB3Ys ONTUMHU3UPOBAHHBIC AaITOPUTMBI. PaccMoTpeHHBIE
(YHKIIUU TTO3BOJISIFOT TOJB30BATENI0 PEIIaTh PealibHbIC 3aa4d M CO3/1aBaTh MPUIIOKEHUS
00paboTKu M300paKeHUH, B TOM YHCIE KIACCU(DUKAIIUIO W300paKECHUM, BBIICICHUS
MIPU3HAKOB, BOCCTAHOBJICHUE U MHOT'OE JAPYTOE.
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