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Abstract: The paper investigates a special type of pseudo-Riemannian spaces — spaces that allow
special vector fields. The specialization of vector fields is mainly reduced to the ability to determine
the metric tensor by the combination of vectors or their derivatives.

With the development of the theory of relativity and the theory of Ricci flows, instead of the
metric tensor, a linear combination of the metric tensor and the Ricci tensor began to be used.

In this work the vector fields are studied, the covariant derivative of which is proportional to the
Ricci tensor.

One of the main methods of modeling physical and mechanical systems using pseudo-
Riemannian spaces is modeling along mechanical trajectories. The mechanical trajectories are
geodetic lines. Therefore, it is natural to have a scientific interest in non-trivial geodetic mappings.

Conformal mappings and some geometric properties of spaces that allow special vector fields
were studied in the works of V. A. Kiosak and I. J. Hinterleitner. Geodetic mappings of such spaces
have not been studied before.

The research is carried out using the linear form of the basic equations of the theory of geodetic
mappings. The equations, conditions of their integration and their differential extensions are studied in
the work.

As a result of the research, the system of basic equations is simplified and reduced to a known
and previously studied type of the equations. The type of system, if it is necessary, coincides with the
system for Einstein spaces, which allow non-trivial geodetic mappings. This opens wide opportunities
for further research, but requires consideration of space specifics that allow special vector fields.

The developed methods can be used to study Ricci solitons and other issues related with Ricci
streams. The very concept of Ricci flows allowed us to prove the well-known Poincare hypothesis. It
is necessary to note that the integration conditions for the equations that characterize the vector fields,
studied in this work, coincide with the equations given by Ricci solitons.

The research is carried out locally, in tensor form, without any restrictions as for the metric tensor
and the signature of the studied spaces.

Keywords: pseudo-Riemannian spaces; special vector fields; geodesic mapping.

I'EOAE3UYHI BITIOBPAXKEHHA ITPOCTOPIB 31
CIHEINIAJIbBHUMHU BEKTOPHUMMU ITOJISAMU

Kiocak B. A.l, Jleceuko O. B.!

1 . . .
Odecvra deparcagna akademisi OyOi6HUYMBA MA APXIMEKMypu

AHoTanisi: B po0OTi MOCHiIKyeTbCs CHEIiallbHUM THI TICEBIIOPIMAHOBUX TIPOCTOPIB —
MPOCTOPIB, MHIO JIOMYCKalOTh CIemiadbHi BeKTopHi mons. Cremiamizaliss BEKTOPHHUX IIOJIB, B
OCHOBHOMY, 3BOJIUTHCS JI0 MOXIIMBOCTI BH3HA4aTh METPHUYHHHA TEH30p 4depe3 KOMOIHAII0 BEKTOPIB
a00 1X MOXIJHUX.

3 PO3BUTKOM TeOPii BiTHOCHOCTI Ta Teopii MOTOKIB Piudi 3aMiCTh METPUYHOIO TEH30pa MOYaIH
3aCTOCOBYBATH JIIHIHHY KOMOIHAIII0 METPUYHOTO TEH30pa Ta TeH30pa Pivui.

B npeacrapiieHOMy JIOCIIIPKEHHI BHBUYAIOTHCSA BEKTOPHI IMOJISA, KOBapiaHTHA MOXiJHA BiJ SIKUX,
npornopuiiHa Ten3opy Piuyi.

OfHMM 13 OCHOBHMX METOMIB MOJEIIOBAaHHS (PI3UYHHUX Ta MEXAHIYHHUX CHUCTEM 3a JOIOMOTIOIO
MICEBAOPIMAHOBUX IIPOCTOPIB € MOJMAEIIOBAHHSA [0 TPAEKTOPIIM pPyXxy. TpaekTopisiMu pyxy €
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reome3wyHi JiHIi. | TOMy, TpHpPONHMM € HAyKOBHM IHTEPEC 10 HETPUBIATHPHUX T'EOJC3UIHHX
Bi10OpaKeHb.

KondopmHi BigoOpaskeHHS Ta AEAKI T€OMETPUYHI BIACTHBOCTI MPOCTOPIB, MIO AOMYCKAaIOTh
CTelianbHi BEKTOpPHI Mo, BUBYANUCh B poboTax B. A. Kiocaka Ta L. V. I'iurepnsiituep. ['eonesuuni
B1IOOpaKEHHS TaKUX IIPOCTOPIB paHiIlle HE BUBYAJICE.

JocnimkeHHs: BeAyThCs 3a JOMOMOTOIO JIiHIHHOT (OpMU OCHOBHHX PIBHAHB TEOPii re0Ae3MIHUX
BifoOpakeHb. B po0OoTi BUBYArOTHCS cami piBHSHHSA, YMOBH X iHTETpyBaHHS Ta iX JudepeHwianbHi
MOJTOB)KEHHSI.

B pesynpraTi qociimkeHs cHCTEMa OCHOBHUX PIBHSHB CITPOIIEHA Ta 3BElleHa IO BiOMOTO Ta
paHilie JOCHTIHKCHOTO BUIy PiBHSHBb. BUJ crucTemH, 3a HEOOXITHICTIO, CITIBIAJA€E 3 CUCTEMOIO IS
npoctopiB EifHmTeiiHa, 1m0 MOMyCKalOTh HETpUBiaibHI reofie3ndHi BimoOpaxkeHHs. Lle BimkpuBae
IIUPOKI MOKIIMBOCTI UIS TTOAAJBINNX JIOCHIHKEHb, e BIMarae BpaxyBaHHS CHEIU(IKHA MPOCTOPIB,
IO JIOMYCKAIOTh CHeLialbHi BEKTOPHI MOJA.

Po3pobneni MeTou MOXKYTh OyTH 3aCTOCOBaHI JIJIsi BUBYCHHS COJIITOHIB Piudi Ta iHIIMX MUTaHb,
MoB’si3aHMX 3 MoTokamu Pigui. Came MOHATTS MOTOKIB Piddi MO3BOJMIIO TOBECTH BiAOMY TiMOTE3y
[Tyankape. 3ayBakuMo, IO YMOBHU IHTETPYBaHHS UIA PiBHSHB, SIKI XapaKTEPHU3YIOTh BEKTOPHI IO,
[0 BUBYAIOTHCH B 1Iil POOOTI, CIIBIAJAI0Th 3 PIBHAHHSIMU, SKUMH 33JJal0ThCS COMTOHU Piudi.

HocmimkeHHsT BeIyThCSA JOKAIBbHO, B TEH30pHIN (opMmi, Oe3 oOMekeHb Ha 3HAK METPUIHOTO
TEH30pa Ta CUTHATYPY MPOCTOPIB, 0 BUBYAIOTHCS.

Kuro4oBi cjioBa: niceB10piMaHORBI POCTOPH, CICHiadbHI BEKTOPHI OIS, T€OAC3HYHI
BiTOOpaskeHHS.
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1 INTRODUCTION

Special vector fields in pseudo-Riemannian spaces V. were studied by many authors. The
research usually proceeded by imposing some limitations of differential type. For example, a
vector field v', that complies with conditions:

i i i
V) =a5j +,BJ.V ,

here 6} are Kronecker symbols, and comma, is a sign of covariant derivative with a respect to
connectivity of V,_, is called a developable.
There are some special types of developable fields depending on the choice of o and S,

1. Concircular vector field: f, is a gradient, « is some function.
2. Special concircular vector field: B =0, « is some function.
3. Convergent vector field: £ =0, o =const.

4. Parallel vector field: g, is some vector, & =0.

5. Absolute parallel vector field: & =0, B =0.

On the other hand vector field A, —
A+ A =2R; +cgy,

is a called a vector field that defines a Ricci soliton. Here R; is a Ricci tensor, g, is a metric
tensor for V,,, and C is some constant.

When the vector A, is gradient, then the soliton is called a gradient Ricci soliton. There
are three types of solitons depending on a sign of the constant c: divergent, convergent and
constant. Or in other words, covariant derivative of a vector fielad is a linear combination of
internal objects of a given space. Taking into account algebraic restrictions, authors introduce
@(Ric) — vector fields, namely fields that satisfy the equations:

? =SR. S, =0. (1)

ij?

It is clear that ¢ (Ric) — fields can belong to any of the above-mentioned types depending on
the choice of R; and s. Some geometric properties of the described vector fields are studied
in works [2, 3].

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

The beginnings of the mapping theory can be found in the work of ancient Greek
mathematician Apollonius of Perga "Conics", where some inversion are studied in respect to
circle, ellipse, parabola, hyperbola. Another important step towards modern theory of
mappings is represented by the work of Lagrange on dynamic systems and their modelling.

The construction of classical theory of mappings started in the middle XIXth century in
works of Italian geometer E. Beltrami, who treated mappings of surfaces on a plane, namely
those mappings which transform a geodesic line into a straight line. The development of
tensor analysis and its application to differential geometry resulted in basic fundamental
results in works of T. Levi-Civita, H. Weyl, T. Thomas [8, 10, 11].
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The theory of mappings attracted attention of many mathematicians and physicists which
were interested in an application of these results in modelling of dynamic processes.

Furthermore, a motion of some types of mechanic systems, many processes in
gravitational and electromagnetic fields, in solid matters follows trajectories that can be
treated as geodesic lines of a space with affine connectivity or pseudo-Riemannian space. It is
enables by a regime when outer forces are absent or their motion is carried out along certain
curves with a curvature vector coinciding with a vector of generalized outer forces.

The particular role among geometric objects is played by geodesic lines and their
generalizations. This was a reason for a definition (since E. Beltrami's work) of geodesic
mappings as mappings preserving geodesic lines. The famous Beltrami theorem, a
cornerstone of modern theory of geodesic mappings was published in 1865. It states that
geodesic mappings on flat spaces are permitted only by spaces of constant curvature. Over
120 years ago this result was generalized by A.V. Pogorelov. He treated pseudo-Riemannian
spaces with minimal conditions on smoothness of metric.

An important contribution to the general patterns of modern theory of geodesic mappings
was made by T. Levi-Civita, T.Thomas, H.Weyl, A.Z. Petrov, A.S. Solodovnikov,
G. I. Kruchkovich, M. S. Siniukov [8, 9, 10, 11]. A detailed review can be found in the work
of A. V. Aminova and in the chapter of M. S. Siniukov's monograph [1, 9].

3 PURPOSE AND TASKS OF THE STADY

The aim of the paper is a research on new characteristics of pseudo-Riemannian spaces
that permit special vector fields and their mappings.

An object of the study is represented by special pseudo-Riemannian spaces, which
contain vectors with covariant derivative which is proportional to Ricci tensor, as far as by
their non-trivial geodesic mappings.

A subject of research is represented by differential equations, their integrability
conditions and differential extensions, characterizing whether a given pseudo-Riemannian
space permits a certain type of mapping. Systems of equations that determine the above-
mentioned mappings are reduced to re-defined system of algebraic equations. By introduction
of additional limitations we are able to solve some problems related to geometric properties of
pseudo-Riemannian spaces that permit or do not permit geodesic mappings.

Methods of research are classic methods of Riemannian geometry. A research is
conducted locally, in a class of sufficiently smooth functions with an application of tensor
methods and without any limitations imposed on sign-definite state or signature of a metric.

4 BASIC RESULTS

Integrability conditions (1) can be written down as follows

@, Ri =Ry« —Ru ;) - 2
Taking into account properties of a Riemann tensor Ri;‘k , We obtain

PR = SRijca - ®3)

Wrapping (3), we pass to the following expression

p S
R = 2 R,k ) (4)

here R is a scalar curvature.
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A bijective correspondence between points of pseudo-Riemannian spaces R%” with a
metric tensor g, and V, with a metric tensor g, when every geodesic line of V, finds a

correspondence in a geodesic line of V_ is called a geodesic mapping.

Geodesic mapping that differs from homothetic is called non-trivial.

An existence of non-trivial solutions for a linear form of basic equations of theory of
geodesic mappings is a necessary and sufficient condition for an existence of non-trivial
geodesic mappings.

A linear form of basic equations of theory of geodesic mappings takes a shape of the
following [9, p.121]:

aij,k:/’i’|gjk+/’i’|gik; (5)

n/li,j =HGg; t+2a iRy _aaﬂR.i'j't.ﬁ’ (6)

i ]

here 'u:ﬂaﬁgaﬁ’ R} = Rajg“i, Rhijk —R" g,

ijo
A linear form of basic equations of theory of geodesic mappings takes a shape of the
following [9, p.123]

(N—1) g, =2+ 4R +a,,(2R” —R?)). (7)
Solutions (5) and metric tensors V., V. are connected by an expression

3 =€7379,,0,;, )

4 =—€"q"9,y,, 9)
where g are elements of an inverse matrix to 0y ;

__1 g
Vi= 2+ % In‘g"
Let us prove the following statement.

Lemma 1. When pseudo-Riemannian space V, permits non-trivial geodesic mappings,
then for a tensor a; and a vector 4 the following conditions are true

A8 — A8 =0, (10)
here 4; =4, ;-

Proof.

Integrability conditions for equations (5) can be written down as follows

3, Riq +a,;Ria = 495 + 4,9 — 439 — 4 9;1- (11)

Multiplying (11) by a! , wrapping by index | and re-assigning m, we arrive at
a,i R;T(ﬂalﬂ +a 'Rioliﬁaiﬂ = a1a}“|igjk +a|a/1|jgik _ﬂ“kiajl _ﬁ‘kja'il . (12)

a]

Symmetrizing by indices | and k, and taking into account the equation (11), canceling the
terms we obtain

(&7 Ao _aifﬂ'ai)gu +(@" 1, _aia/lal)gkj +(aja/1ak _as;taj)gil +(a?/1a| _ala/’i’aj)gik =0. (13)

Wrapping by indices j and |, we can see that equations (10) are true.

V. Kiosak, O. Lesechko
https://doi.org/10.31650/2618-0650-2020-2-1-45-54 49




11, Nel, 2020
Crop. 45-54 / Page 45-54

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

Thus, the lemma is proved.

Theorem 1. When pseudo-Riemannian space V,, permitting ¢ (Ric) vector fields,
permits non-trivial geodesic mappings, then vectors ¢, and A, are colinear, or in other words

o = phi, (14)
here p some invariant.

Proof.
Taking a covariant derivative of the latter and paying due attention to (5), we arrive at

/laRjolldgim +/1iijk| +/1aRi|ng +ﬁ'ijik| +a -Ra +a .R.a =

i i’ tjkl,m aj’ ikl,m (15)

= AimTjc + Am Ok ~Aim Ty — AgmGir-
Wrapping the latter by | and m, we obtain

ARG+ AR + ARy + AR +aRE, s +aTRl, ;= 4,595 + 2 Y —Aij —Agi (16)
Multiplying (11) by ¢' and wrapping by |, we pass to the expression:

8,iRj0” +a, R0 = 072,405+ 0 Ao G A G — AP — A ;- (17)
As far as (3) is true we can transform the above-formulated equations into a shape

S(A,Rjs + 4, Ry + ARy + ARy = 4,795 =4, Qi + A+ A4Gi) = 18)

=A@+ 4a®; — 9 295 0" Ay Gi -

Alternating by indices k, j and taking into account properties of a Riemann tensor, we can
write down the following

S(A4, R + ARy — AR = 4,7 9u + A 95) = 9,46 — A — 9% Ao Gi 707 A0 5 - (19)
Then, multiplying by A" and wrapping by i, the latter equations will be transformed into

SIUALRY = AARE = A, A+ Ae ) = QA A = DAL — P A lae + P g A (20)
After certain transformations we obtain

A (SARE +84,5 =0 Ay ) = A (SARE +8A4, 7 =9 2;) = 9 A A — A AL (21)
Let us multiply the latter by &’ and group it, then the following expression appears

SA,RE +SA," — Ay =CA A +C +CA,, (22)

def def 2 def 3

1
where 2,&% =1 ¢,&% =c¢; A,A;E" =—c; (SA,R; +5,," —92,,)E" = ¢
The equation (21) can be changed by substitution of (22) into a form
CAHA A —CAA A +CA,0 —C A, = A A — A A (23)

Grouping the latter
o, (L A4 +c ) —p (1A +CA;)=CAA A —CAA A (24)
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When wrapped with a vector that corresponds to ¢_r* =1, and clz/lan“ #1, it takes a shape
AAEHCA =T A A AT A+ T, (25)

where ¢ 1,7° =7; —C A, 450" =7, (A, +CA, )" =7
Substituting (25) in (24), we arrive at
¢i2’j _¢j/’i’i =0 (26)

1\
or otherwise @ = pA., here p =(cj .

Theorem 1 is proved.
Lemma 2. In case of non-trivial geodesic mapping of pseudo- Riemannian spaces that
permit p(Ric) -fields, vector 4, i is an eigenvector of tensor a; , namely

A%a, =Ui,, (27)

1
here u is some invariant.

Proof.
Let us take a covariant derivative of (14)

@ ijﬂ’i +p/1i,j' (28)
Symmetrizing the latter, we see that

pi=pAk (29)
and then (27) takes a shape of

2% :plilj"‘pﬂi,j- (30)
It is known that tensor a;; and a Ricci tensor are limited by a condition

a,;Rf—a,;R*=0. (31)

ai V]

Taking into account the definition of ¢@(Ric)-fields, we can formulate the following
expression

a‘iagoa,j - a;zgoa,i = O ' (32)
Substituting (30), and applying Lemma 1, we obtain
Aaid, =874, =0. (33)

Multiplying by &', we can see that formula (27) is true, while u = ﬂaa;;‘.fﬁ.
The lemma is proved.
Equation (19) can be re-written as follows due to (14) and (30)

4sA,Rig = (54, = pA“A,;) Qi =S4 — PA“ A, ) 95 - (34)

o Vikj

The latter equation can be wrapped by i, k
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[24 a 45 a
SA,5 = PA Ay =n—_1/1aRj . (35)
Let us substitute the latter expression into (34)
AW =0. (36)

Here Weyl tensor implies

1
Wi = Ri === (&'R; = 5]Ry ). 37)

J

On the other hand, taking into account (14), the equation (17) can be written down as
follows:

a, R A" +a, R A = 292,95 + A7 4,9y A Gy — A — A d - (38)

ai' \jkp kg

Applying (38) and (34), we arrive at

Vv g —Vay +a,,V 0, —Via; = A“4,09; + 44,05 — Ay — A d; - (39)
The above equation can be wrapped by j,k

(a,v*—A"A )n=av, — ud,, (40)
where

V= (S, = A ) a=2,0 p=A,07,

%(avi — 14) 9 +%(avj — 1) Gy —Vidy — V& + AAs — 44, =0, (41)

Then, let us alternate it by indices j,k

%(avj _ﬂ/lj)gik +%(avk _ﬂﬂk)gij -V — V& + 44, — 44 =0. (42)

In the latter equation, let us re-assign indices i and k and the obtained expression can be added
to (41). After these transformations we obtain

1

ﬁ(avj _ﬂflj)gik _Vja'ik+/1j2'ki =0. (43)
Let us wrapp (43) with &, then we get

4 ; = Ag; +Bay, (44)
here

B =lva§“; Azl(,uﬂa —av, )&,

n n
It is clear that
A:%(y—aB). (45)

Thus, the following is true

Theorem 2. When a pseudo-Riemannian space that permits ¢(Ric) -fields, permits non-

trivial geodesic mappings too, the a system of equations (5), (44) has a solution with a
necessity.
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5 DISCUSSION OF THE RESULTS OF THE STUDY

Thus, we obtained an equation (44) that characterizes pseudo-Riemannian spaces
permitting non-trivial geodesic mappings and permitting ¢(Ric)-fields. These spaces are

well-known in the theory of geodesic mappings and were studied earlier in relation to the
studies on geodesic mappings of Einstein spaces. However, a direct transfer of the obtained
results is hampered by peculiarities of Einstein spaces and requires an additional research.

6 CONCLUSIONS

The paper simplified a linear form of basic equations of theory of geodesic mappings for
pseudo-Riemannian spaces that permit ¢(Ric) -vector fields.

The obtained results are applicable to study on conformal mappings of Einstein spaces
both locally and globally [5, 6] as well as to a study on quasi-Einstein spaces [4, 7].

Profound correspondences exist between theory of geodesic mappings of pseudo-
Riemannian spaces and theory of holomorpical projective mappings of Kahlerian spaces.
Important perspectives are opened by application of methods of topology.

An actual problem is constituted by construction of examples and classification of the
above-mentioned spaces.
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