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FORCED VIBRATIONS OF ARCH SYSTEMS IN ITS PLANE
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Abstract: The work is devoted to solving the problem of forced oscillations of a circular arch
using the numerical-analytical method of boundary elements. The algorithm of the method can
conditionally be divided into two parts - analytical and numerical. The first of this two parts involves
obtaining in an analytical form a complete system of fundamental solutions of the original differential
equation, constructing the Green’s function and the components of the vector of external loads, which
are the problems to be solved in this article. An ordinary sixth-order differential equation is obtained
that describes the forced oscillations of an arch in its plane. It differs from the similar equation for free
oscillations obtained earlier only in the presence of the right-hand side. This means that, as with free
oscillations, 10 solutions are possible here, and the analytical expressions derived from 360
fundamental functions for these solutions remain unchanged. For one of the variants of the roots of the
characteristic equation, an analytical expression of the Green’s function is constructed, a connection is
established between the Green’s function and one of the fundamental functions, which is also valid for
other values of the roots of the characteristic equation. Using impulse functions and splines, the arch
load vector is constructed.

The presented work implements the analytical component of the numerical-analytical method of
boundary elements. The numerical implementation of the algorithm and the comparison of the results
with the results of finite element analysis determine the direction of further research.

It is noted that the cost of computer resources when implementing a program for calculating an
arch system using the boundary element method is minimal, since it is necessary to solve a system of
only twelve algebraic equations, which is significantly less than when using the finite element method.
The results obtained allow us to perform dynamic calculations for forced vibrations any arched
systems of arbitrary configuration.

Keywords: boundary elements method, circular arch, forced vibrations, fundamental functions,
Green’s function.

BBIHYKJIEHHBIE KOJIJEBAHUSI APOUHBIX CUCTEM B CBOEHN
IHJIOCKOCTHA

Banayk I1. T.!, Kopueesa 1. B.", Heytos C. ®.!

1
Ooecckasn eocyoapcmeennas akademus CmpoumensCmed i apXumexmypbl

AnHoTanusi: PaboTa TOCBSIIEHA PEIICHUIO 337a4d O BBIHY)KJICHHBIX KOJEOAHHSIX KpPyTrOBOM
apKU YHCIICHO-aHAJTUTUYECKUM METOJOM I'PAHUYHBIX 3JIEMEHTOB. AJITOPUTM METOA YCIOBHO MOKHO
pa30uTh Ha JIBE YacTH — aHAJIWTHYECKYIO W YHCIeHHY0. [lepBas W3 HHUX MpenroaraeT mojly4yeHne B
AHAIMTUYECKOM  BHJIE  TOJHOH  CHCTEMBbl  (PYHIAMEHTAIbHBIX  pPEHICHWH  WCXOIHOTO
i depeHInaTFHOTO YpaBHEHHsI, MTOCTpOeHHe QYHKIMH [prHa ¥ KOMIIOHEHTOB BEKTOpa BHEITHHX
Harpy3ok, 4TO M SIBJIIETCS 3aJjayaMi, pellaeMbIMH B JaHHOM crarke. llomydeHo OOBIKHOBEHHOE
muddepeHInanb HOE ypaBHEHNE LIECTOrO MOPSAAKA, ONMUCHIBAIONIEE BBIHYKACHHBIE KOJICOaHUS apKH B
cBoeil mockocTd. OHO OTIMYAaeTcss OT AHAJIOTHYHOTO YpPaBHEHHWS TPU CBOOOIHBIX KOJICOAHMSX,
MIOJIy4€HHOTO PaHee, TONBKO HAJIWYHEM MpPaBOM YacTH. JTO O3HAYAET, YTO, KaK M MPHU CBOOOTHBIX
KoNeOaHusX, 3lechb BO3MOXHBI 10 BapumaHTOB pEIICHHUS, NPUYEM, OCTAIOTCS HEU3MEHHBIMHU
BBIBEJICHHBIC paHee aHanuTU4YecKue BbIpaxeHus 360 GyHIaMeHTaNbHBIX (YHKIUH JUIS 3THX
peuienuii. Jljisi OgHOTO W3 BapUAaHTOB KOPHEM XapaKTepUCTUUECKOTO YpaBHEHUS IOCTPOEHO
AHAJIMTUYECKOE BhIpaKeHue QPyHKIWHU | 'puHa, ycTaHOBICHA CBSI3b MEXAY GyHKmel ['puHa u omHOM
n3 (yHIaMEHTAIBHBIX (YHKIWH, KOTOpas CHpaBeUInBa W JJsS JPYrHX 3HAYCHUH KOpHEH
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XapaKTePUCTUYCCKOro ypaBHeHUs. C HCIOJIb30BAaHUEM HUMITYJIbCHBIX (DYHKIMH M CIUTAHHOB MOCTPOSH
BEKTOP Harpy3Ku Ha apkKy.

[IpencraBnenHas pabora peann3yeT aHATUTHUYSCKYIO COCTABIISIONIYI0 YUCIICHO-aHAIUTHYCCKOTO
METOJla TPAaHUYHBIX 3JEMEHTOB. YUucCleHHas peanu3alys ajlroOpuTMa M CpPaBHEHUE MOJYUEHHBIX
PE3yNbTATOB C PE3yJIbTATAMH KOHEUHO-3JIEMEHTHOTO aHAJIN3a ONPEACISIOT HAPaBICHUE TAJIbHEUIINX
HCCIICIOBAHMI.

OTMedeHOo, 4YTO 3aTpaThl KOMIBIOTEPHBIX PECYPCOB IMPH pealM3alMi IMPOrpaMMbl pacyeTa
apOYHOM CUCTEMBI METOJIOM I'PAHUYHBIX 3JIEMEHTOB ABJISIIOTCS MUHUMAJIbHBIMU, TaK KaK MPUXOJUTCS
pemaTs CUCTEMY TOJBKO IBEHAALATH anreOpandecKkuX YpaBHEHHH, YTO CYIIECTBEHHO MEHBIIE, YeM
MIPY UCIIOJIB30BaHUN METO/Ia KOHEUHBIX 3JIEMEHTOB.

KiroueBble cjioBa: METOJ IPaHUYHBIX JIEMEHTOB, KPyroBas apka, BBIHYKIEHHbIC KOleOaHusl,
¢bynmamenTansHas QyHknus, pyaknus ['puna.
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1 INTRODUCTION

Arches are perhaps the most ancient building structures. As supporting structures they
were used as far back as Assyria. The first steel arches appeared in the 40s of the XIXth
century. Subsequently, they became widespread in various fields. Currently, arches are used
for industrial and public buildings, hangars, warehouses, greenhouses, etc. In construction,
arched bridges of various designs are widespread. Their calculation for static loads has been
developed quite fully, and for dynamic loads Harpy3ku much worse. Meanwhile, a significant
increase in vehicle speeds and an increase in their carrying capacity leads to an increase in
static and dynamic loads. In addition, new high-strength materials have appeared, structural
forms and calculation methods are being improved, and all this leads to a decrease in the
material consumption of structures, and, consequently, to their greater sensitivity to dynamic
effects due to a decrease in rigidity.

In this regard, the development of methods for solving problems of free and forced
vibrations of arches and arch systems continues to be relevant.

2 ANALYSIS OF LITERATURE DATA AND PROBLEM FORMULATION

The first publications devoted to the dynamic calculations of arches and arch systems
appeared a long time ago, and were primarily associated with the construction of bridges.
These are the works of F.Kh.Brown [1], K. Federhofer [2], A.B.Morgaevsky [3],
I. M. Rabinovich [4], N. K. Snitko [5], A. F. Smirnov [6] and several other researchers. Then,
over a sufficiently long period, no serious results were observed in the field of the dynamics
of arches. And with the development of computer technology and the advent of new methods
of calculating work in this direction, especially in foreign countries, they have intensified.

P. Chidamparam and A. W. Leissa [7] summarized all the literature published at that time
(1993) on the vibrations of curved rods, beams, rings, and arches of arbitrary shape. The
extensive bibliography cited in their article includes 407 references, including to the few
works of Russian-speaking authors. However, the vast majority of work was related to the use
of numerical methods and, mainly, the finite element method and its various modifications.
There are a lot of such works, we note only some of them [8-13], which seem to be the most
interesting. The trend towards the use of numerical methods continued in the future. There are
also publications in the form of articles [14, 15] or sections in books [16, 18], where analytical
approaches are proposed, however, there are many limitations associated with loads,
geometry, or boundary conditions.

3 AIM AND PURPOSE OF RESEARCH

The aim of this work is to solve the problem of forced vibrations of the arch by the
numerical-analytical method of boundary elements (NA BEM), the main provisions of which
are described in [19-21].

The application of the proposed approach has already made it possible to obtain solutions
to a wide class of problems of statics, dynamics and stability of rod systems, plates and shells,
including a number of problems for which such solutions were absent, and also proved to be
very effective for systems with discrete-continuous distribution of parameters .

The algorithm of the NA BEM can conditionally be divided into two parts - analytical
and numerical. The first of these involves obtaining in an analytical form a complete system
of fundamental solutions of the original differential equation, constructing the Green’s
function and the components of the vector of external loads, which are the problems to be
solved in this article.
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4 RESEARCH RESULTS

Let us consider the forced oscillations of a circular arch occurring under the action of
normal q,(e,t) (Fig. 1) and tangential ¢, (e,t) (Fig. 2) forcing loads of arbitrary form.

qn (0.',, l)

Fig. 1. Circular arch under normal driving forces

F qx

qr(at)

Fig. 2. Circular arch, tangential driving forces

In this case, the equilibrium equations [5] will be supplemented by the corresponding
terms:

QAL _ Nty +mr TULD g, o, R; )
NED _ Qe+ mRTUED g (a9R. @

And if we take into account the inertia forces, the presence of which is due to angular
displacements, then the third equilibrium equation has the form

M (a,t) _ duat) 83v(a,t)}

3
dct o opar? )

Q(a,t)R—pl[
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where p — material density; | — axial moment of inertia of the cross section; m — linear
mass.
The second term in the right-hand side of (3) represents the moment of inertia of rotation

B B o’u(a,t) o*v(a,t)
Muﬂ(a,t)——plgdS——pl[ pr + Py ]

where

e =0¢(a,t)/0t* — angular acceleration of the angle of rotation of the cross section of
the arch.

Taking into account the inertia of rotation significantly complicates the third equation of
equilibrium, but does not significantly affect the final result, therefore, in the future we will
use (3) in a simplified form

M (e, t)
S22 =Q@br. (4)

Using the known relations between stresses, deformations and displacements, we express
the normal force and bending moment through displacements u and v:

N = EAg:%(u'—v);

] ()
M=-Ely= —?(u’+v”).

In view of (4) and (5), equations (1) and (2) are written as:

El °u(a,t) El d'v(a,t) EAdu(a,t) EA ov(a,t)
R od' R oa* R oa ROV S
EA 0 [du(a.t) El 0 |ou(a,t) ov(at)| _o%u(et)

R —aa{ ot V(a’t)}L_R3_8a{ et + oy mR U q, (e, t)R.

=0, (2, )R;

We apply the Fourier method of variables separation to these equations, setting

u(e,t) =u(@)T (1), q,(e.t) =0q,(a)T (1),
v(a,t) =v(@)T(t), g (1) =g, (a)T (1),

then
_El o _ELv LA _EA T _RyT =
R3u T R3v T+ R uT R vT —mRvT q,(a)TR,
%u’”l’ —%V’T +%(u"+v"')T —MRUT" =g, (a)TR.

Now deriving from frequency equation T”+@’T =0, we substitute T" with (—@’T).
After substitution and reduction by T we will obtain

v EARZ-mo’R' ., EAR® . R ()
El Er U =g h@) ©
EAR?) , me’R* ., EAR’ , R
1+ £ u"+ Ei u+v'"— £ v=—§qt(a).

Assuming ¢ =0, that is, neglecting the tensile strain, we have
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u'(a) =v(a). (7

Taking into account (7), we differentiate on « the first of equations (6) and add it to the
second

2p4 2p4 4
u’ +2u" +£1— maéIR jU”+ maélR u =%(QQ —0,). (8)

As expected, the obtained equation of forced oscillations of the arch in its plane (8)
differs from the analogous equation for free oscillations only in the presence of the right-hand
side. This means that, as with free oscillations, 10 solutions are possible here, and the 360
fundamental functions obtained by us earlier for these solutions remain unchanged.

In accordance with the algorithm of the CA MGE [21], it is now necessary to form a
vector of the right parts - a vector of loads, which, in turn, involves the calculation of the
Green’s function and its first five derivatives.

Let us find out what fundamental functions are associated with the Green function and its
derivatives. For this, we consider one of the solutions to the differential equation of free
oscillations [19], in which the corresponding characteristic equation has roots

t <0, t,=atif.

The general solution is written as

u(er) =C @, () +C, D, (ax) + C, D, () + C, D, () + C, D () + C D () -
Functions @; — @ take values

@, =cos\[t,a, @, =sin\J,a, D,=chyasinda, @,=chyacossa,

. ©)
@, =shyacosoa, D, =shyasinda.

The algorithm for constructing the Green’s function is independent of the boundary
conditions of the problem.
Let us define the integration constants C, (&) (k=12,..,6) from linear system of

equations at o =¢:

¥1(6) (8 ¥i(8) w8 ¥:i(8)  ¥(&)||C
yi(€) - 2(8) vi(8) (@) vs(9)  ¥s(9) ||IC
yi€) - 20 (&) vi(@)  ¥s(©) (9 ||IC
yii&) v ©)  v:(&) vi(D) () () ]C
B©E) Y ©) ¥ @) v(©) v (&) ¥ (9)Cs
W) (@) Y@ vi©) vi(©) (&G Rla

The determinant of system (10) is Vronsky’s determinant, which is not equal to zero for
a €(0,¢,), therefore, system (10) has a unique solution.

Let us form partial solution:

Y (@) =C,(S)Y1(@) +C, ()Y, (@) + Cy(§) Ya(@) + Cu(8) Ya(@) +Cs(S) Ys (@) +

+Cs (&) Ye(@).
We write the Green’s function in the form

G(a, &) =Y(a.)H(a-2), (11)

i

N

(10)

~

w
O O o o o
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where H(a—¢&) — Heaviside function [22].
If we stipulate in advance that the Green inequality o >¢& always holds, then the

Heaviside function in (11) can be omitted.
Provided that the coefficient at the highest degree in the main differential equation is

equal to the unity, we obtain the system of linear algebraic equations

YiCi + Y,C; + V3G + Y,Cy + YsCs + Y,Ce = 0;

y,C, + V,C, + v;.C, + V,C, + ¥:.C, + y;C; =0;

YiCy + ¥2C, + Y5Cs + ViC, + ¥5Cs + ¥5C = 0; 12)

y,C, + v¥,C, + v;C, + y,C, + v:C, + y;C, =0;

Vi'Cl+ Y, C,+ Y Co+ Y, C, +ye'Co+ Y C =0;

Y1C1+Y2C2+y3C3+y4C4+y5C5+yac6: 1
where

y, =cos fte; y, =sinfta; v, =chyasinde;
y, =chyacosda; Y. =chyacosdea; Y, =chyasinda.

Solving system (12) by the Gauss method (a = &), we obtain:

sm\/_g5
l_ a\/_
cos\/_(f
2 a\F
C - y(t+ 7% —=306%)chyé cos o6& + o (t + 3y - 5° )shygsmc%
3 2y5a(y? +62)
c _ —y(t+y*—368%)chygsin6g + 5(t+3y° 52)sh7§cos§§
‘ 2y5a(y® +62)
_ y(t+y* —35%)shygsin 6 -5 (t+3y° 52)chy§cos5§
2yda(y? +6°)
—y(t+y° —=36%)shyE cos 5 —S(t +3y° 52)chy§sm§§
2ysa(y® +5°)

Co=

where
a=t>+2t(y*-5%)+ (> +5°)°.
Thus, the Green’s function after substitution and simple transformations takes the form

G(a, &) = Cy(S)Vi(a) +C,(8) Y, (@) +C5(S) (@) + Cy () Ya(@) + Cs (8) Y5 (@) +

1C, (&) V(@) = S'”f%_f) o ylz et ¥ —35%)chy(a—&)sind(a—&) - (13)

—5(t+3y% —5?)shy(a — &) cosd(a - &)].
It is easy to verify that function (13) has all the properties characteristic of the Green

function:
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- G(a,&)=0at a<&.
—G(e,$), as function of « at constant & in (0, ¢,,), with exception of point « =¢&,

satisfies to linear homogenous differential equation.
— G(a, &) and its derivatives by « up to n-th order inclusive are continuous for

a€(0,¢,) excluding point o =¢&, in which derivatives by « are continuous only up to
(n—2) order, and (n—1) derivative has a gap of the first kind with a jump

d"G(a.d)|  d"YG(a,s)| 1
da(n—l) ‘i da(n—l) o ao .
- Ata=¢

G(£,8) =G/(£,£) =...=G"D(£,8) =0, G‘“”(éé)z%

— G(a, &) for equations with permanent coefficients depends only on difference of two
variables (o —¢&)
Using the notation (9), the Green’s function (13) can be represented as

Ga, &) = Dy(a—¢) , (t+y° 35" )Dy(a=¢) (t+3y° —5)P(a &)
’ at 25a(y? —52) 2ya(y? +52)

A comparison of (14) with the expressions of fundamental functions obtained earlier [19]
shows that

Gla, ) =—As(a—3). (15)

The first five derivatives of the Green’s function are expressed as follows:
<D(a &) _Pula=¢) (t+7" - 5")Ps(x—¢)

(14)

G'la,5) =

a 2yoa
or
G'(ar,&) =—Ag(a—&). (16)
. WP (@=8) (t+y7+8%) =y -6")D(a=¢)
Gllac)= a 20a 2ya
or
G"(a, &)= A (a—¢). (17)
(e 8) = H‘P(a £) “D(j‘ 9N 04 5”(;;5”@(“ £)
or
G"(at, &) = Ayla—£&). (18)
6" (@) = t\f@(a 8 L0 35’*‘25;5”@(“ .
LG =)+ (7 +6%) 10 (@ - 8)
2ya
or
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G (,8) =A,(a~9). (19)
2 2 2 2 2\2
Gv(a,f)ztlél(a_§)+[2tl(]/ —0°)+(y +5)]@4(O{—§)+
a
+[t1(74 —67°0" + )+ (r* = 8°)(* + 7)1 (2 - &)
2yoa
or
G’ (a.8)=Au(a-¢). (20)
Let’s move on to determining the components of the external load vector
| 21 B41 B51 BGl| : (21)
B, = J Gla—&)a&)de, (22)
0

where according to (15),
Gla—8)=-As(a=2).

The right side of the differential equation of forced oscillations (8) in the load vector is
taken into account in the form

10 = R0 a1 @)
The components of this expression (Fig. 1, 2) are determined by the formulas:

0(6) = 20— )+ [H(E ~a, )~ H(E -, )] (24)
G Q)= (e + M a,) +q H(E -, ) -HE-a, )] 25)
GO =P o)+ M o)+ 0 [0 ~a, ) -5, )] (26)

Substituting (24) and (26) into (23), we obtain:
B, = ,IA;e(a 5){ §(E-atr) + 86— ) + 0,5 - ) -

—6(¢ - ayK)]— s 06— )-q,[H(E -, )-H( -2, )]}dé:—

FR3« 2a
— - [Aula -9 (E ey )dE - 1o j Agla—E)5"(& ~a, )dE -

R*«
_q|y£| I Ass(a—é)5(f—ayH)dé+qy—I As(a =€)o(E —a, )dE +

(@ -2)6(¢ —ag )dg

(@-SH(E -« )ds -
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4 [: 2
S [ AR e g = M- )+ M (- )

qu4 F.R?
- El ASG Y%y ( yK) ?p‘se(a—aa)+
O j Agla—&)dé - “XR I At

Substituing value A (a—¢&) [19] and perfomiing appropriate differentiation and

integration taking into account all properties of impulse functions and splines [22, 23], we
finally have:

__FyRS{@l(a—aFy) t,+y" - 357

[7@6(05_05Fy)+5@4(a_a|2y)]_

MR? {_\/tf@z(a—aM)+
| a

B, = +
H El a 2a0(y? +5%)

3 t,+3y* -0’
2ay(y* +6%)
L+7° =35 o, o t+3y°-6°

+ -0°)D,(a— + 20D, (a — -
23.5(]/24‘52)[(7 ) S(a aM) 7 5((Z aM )] 2a}/(}/2+52)

QR [Dya—a,)  t+y-35
El a\/tj 2a8(y* +6°)

[7/@4(05_aFy)_5(D6(a_aFy)]}+ E

(" -

—52)@5(0{—06M)—2]/5@3(06—0(M)] }_ Dy(a -

2 o2 R D (- 2 ag2
-a, _%@s(a_ay ) +qy Al yK)+ t1+7/2 352 @, (a -
" 2ay(y® +67%) "7 El I a\/t: 2a0(y* + %)
2 o2 T 3D (- 2 _ae2
e, _t1+37/2 il Oy (a-a, ) L FRY ( Fx)+tl+y2 352 (-
<7 2ay(y°+07) N L - W 2a5(y% +5%)
250 “ Dla-a 2_352
o _t1+3;/—252®5(a_aF) LAR ] O XH)+t1+y2 352 . (o
7 2ay(y®+67%) 7] E a 2a0(y* +95%)
t+3y°-5°
—axH)+5q>4(a—axH)]—m[y@(a—am)—5@6(a—axH)]}—
QR Pa-a,) t+y°-35° ~ oy
El { a +2a5(7/2+52)[7@6(a (ZXK)+5CD4((Z axK)]
t,+3y° - o7

—W[)/@(a —%K)—&De(a — Oy, )]}-
In a similar way, we calculate the remaining components of the load vector (21), which
we do not give here due to the limited volume of the paper.

5 DISCUSSION OF RESEARCH RESULTS

The proposed approach, the essence of which is that before approximation, analytical
integration of the differential equation (or equations) is performed, i.e. in one form or another,
the transition to integral equations is an alternative to existing numerical methods for solving
differential equations. At the same time, not the entire region is subject to discretization, but
only its boundary. The inner part of the region is considered as one “element". This leads to a
significant decrease in the number of discrete elements, and, consequently, to a decrease in
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the order of the resolving system of algebraic equations. The method is distinguished by a
unified approach to the problems of statics, dynamics and structural stability. The divergence
of these three classes of problems consists only in different systems of fundamental functions.
The matrix of fundamental functions is very sparse, which significantly improves the stability
of numerical operations and ensures high accuracy of the results of the method.

6 CONCLUSIONS

An ordinary sixth-order differential equation is derived with respect to the longitudinal
displacement u, which describes the forced oscillations of a circular arch in its plane; the
Green function is constructed, the load vector is formed. Thus, the first, analytical component
of the numerical-analytical method of boundary elements has been completed. The numerical
implementation of the algorithm and the comparison of the results with the results of finite
element analysis determine the direction of our further research.

It should be noted that the cost of computer resources when implementing a program for
calculating an arch system using the boundary element method is minimal, since it is
necessary to solve a system of only twelve algebraic equations, which is significantly less
than when using the finite element method.

The results obtained allow us to perform dynamic calculations for forced vibrations of
not only arched building structures, but also elements of shipbuilding, engineering and any
other structures, the design diagram of which is arches and arched systems of arbitrary
configuration.
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