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Abstract. In this paper the modification can be used to find an expression of the unbounded
contact stress in the theory of elasticity. The vertical vibrations of a punch lying on an elastic isotropic
rectangle under harmonic force are considered. This mixed boundary value problem is reduced to a
discrete Riemann problem connecting the Fourier components of the required extension of the
unknown functions. Separation of the singular part of the discrete problem leads to the Hilbert type
singular integral equation, rather than of the Cuchy’s kernel one.

The unknown function in this integral equation is normal contact stress. Thus, it is possible to
search for the physically interesting unbounded solution. The inversion of the integral equation
provided an expression of that solution in terms of its Fourier components. To complete the definition
of this expression, that is, to determine these Fourier components presented therein, it is further
reduced to an infinite system of algebraic equations through application of the Fourier transforms. The
solution of this system completes the definition with the aid of the physical conditions. The solution of
this system can be obtained approximately by means of the truncation. The truncation of the algebraic
system of equations is justified by using the corresponding theorem. It is supposed that the appropriate
homogeneous system has only trivial solution in some space. Then the infinite system has a unique
solution. The truncated system has a unique solution and the error is estimated. We assume that the
frequency differs from those values for which the homogeneous system corresponding to the given
system of equations has nontrivial solutions. On choosing the number of equation and using the
formula for determination of the contact stress we can get an approximate solution of the contact
problem for rectangle to find a contact stress up to any prescribe accuracy. The resonance frequencies
are the real roots of some resonance equations. In the dimensionless frequency, time and coordinate
the table of the values of the contact stress corresponding to different values of coordinate is given.
The values of the contact stress increase unboundedly at the vicinities of the end points of the contact
interval.

Keywords: contact, discrete, elasticity, equation, punch, singular.

3ACTOCYBAHHSA CUHI'YJIATOPHUX IHTEI'PAJIBHUX
PIBHSHD ITPU PILIEHHI JEAKNUX KOHTAKTHUX 3ABAAHDb
TEOPII IPYKHOCTI

I'aBp3uHcbKMi B. H.l, Eab—Llleiix M. I'. Maabuesa €. B.?
Y00ecvra depoicasna axademis 6ydisnuymea ma apximexmypu
2 . o .
Yuieepcumem Aiin lllamc, Kaip, €cunem
00ecwiuii nayionanvhuli exonomiunuii yrisepcumem

AHortaumisi. Y miii po0Oori Momudikallis MOCTAHOBKM 3a1adi IIOB’S3aHOI0 3 CHHIYJSAPHHM
IHTETpaJIbHUM PIBHSHHAM BHKOPUCTOBYETHCS JUIS 3HAXOPKEHHS HEOOMEKEHOTO KOHTAKTHOTO
HaNpYXXEeHHs B T€OPil NPyKHOCTi. PO3risialoThCsl BEPTUKAIbHI KOJIMBAHHS ILITAMITY TOTO, IO JIEKHTh
Ha TMPYXHOMY i30TPOITHOMY TPSMOKYTHHKY IIiJ Jli€0 rapMmoHiitHoi cwiu. L{g 3Mimana rpaHudHa
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3a/1a4ya 3BOJUTHCS J0 AUCKpeTHOI 3amadi PuMaHa BigHOCHO KoedilieHTiB Dyp’e HEBIAOMUX (YHKIIIMH.
BuineHnsi CHHTYNSpHOI YaCTUHH JUCKPETHOI 3a/jadi MPUBOJUTH IO CHUHTYJSIPHOTO iHTErpalibHOTO
piBHsIHHS 3 sapoM ['in0epra. 3BepHEHHS IIBOTO PiBHSHHS JTO3BOJISE 3HAWTH KOHTAKTHE HANPYKEHHS 1
3BECTH 33Ja4yy IO HECKiHYEHHOI CHCTeMHM aireOpaiuyHux piBHSIHb. YCIKaHHS CHCTEMH aireOpaidHux
piBHSIHB OOTpyHTOBaHE 1 TMOTPIMIHICTH OILiHEHA. BubOnparoum 4MCIIO pPIBHAHB, i BUKOPHCTOBYIOUH
(dhopMyiy JUIsl BU3HAUCHHS KOHTAKTHOTO HANPY>KCHHS JUIS NMPSIMOKYTHHUKA, OTPUMYEMO HAOJIMKCHE
pIllICHHS KOHTAKTHOI 3a/1a4i 3 Harepe/1 3a/1aHoi TOUHICTIO. Pe30HaHCHI YacTOTH € NiHCHUMH KOPCHSIMH
BIJIMOBITHUX PE30HAHCHUX PiBHsHB. llprBeneHa TabmuIs 3HaYeHh KOHTAKTHOTO HANPYKEHHS TOTO,
IO BIATIOBiZAAa€ Pi3HUM 3HAYEHHSIM Oe3p03MipHOI KOOpAMHATH. 3HAYEHHS KOHTAKTHOTO HAIpPY>KeHHS
301TBIIYIOTHCS HEOOMEKECHO B OKOJIMIIAX KIHIICBUX TOYKAX KOHTAKTHOI'O IHTEPBATY.

Kuo4oBi cji0Ba: nucKkpeTHHN, KOHTAKT, PIBHSIHHS, CHHTYJISIPHUH, IPYKHICTH, IIITAMII.

Gavdzinski V., EI-Sheikh M. G., Maltseva E.
https://doi.org/10.31650/2618-0650-2019-1-1-46-55 47




Nel, 2019
Crop. 46-55 / Page 46-55

MexaHika Ta MaremMaTHuHi meromu /
Mechanics and mathematical methods

1 INTRODUCTION

Contact interaction in deformable bodies plays an important role in assessing the stress-
strain state, therefore the solution of contact problems is very important and relevant.
Analytical solutions can be obtained only for a limited class of problems in the mechanics of a
deformable solid. Extensive possibilities for solving contact problems are presented by
modern computer programs, but the obtained results require verification, therefore, further
development of applied methods of mathematical modeling with respect to solving contact
problems of mechanics and the development of new efficient algorithms are necessary.

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

In 1961 Cherskii Y. I. proposed the method of the discrete Riemann problems for solving
some plane mixed boundary value problems [1]. The unknown of this integral equation is an
extension of one of the partially imposed conditions and is compatible to the other. It has
become of wide applications in several branches of mathematical physics [2]. In 1992 [3] the
method of the integral equation was extended to include problems in the theory of elasticity.
In the paper [4] the contact elastic problem for an infinite strip with the force prescribed at the
stressed segments was given. This problem was reduced to the Hilbert type singular integral
equation. The Hilbert equation was inverted to define the contact stress and further reduced to
an infinite algebraic system of equations, its solution completes the definition with the aid of
the physical conditions. The truncation of the algebraic system was justified and the error was
estimated. By Gavdzinski V. N., EI-Sheikh M. G. and Maltseva E. V. was given the
justification of approximate unbounded solutions of mixed plane boundary value problems
and was fully justified and the error was estimated [5]. This was the class to which lot of
mixed plane boundary value problems are reducible. An example was given in which the
procedures were carried out right to the numerical results.

In the paper [6] the contact problem of symmetric indentation of two punches in the form
of circular segments without friction, into the exterior surface of a cylinder under harmonic

force P=Pe™ and the temperature field was considered. The expression for the contact
stress was found and the estimation of the error of the approximate solution was given.

3 PURPOSE AND TASKS OF THE STADY

In solving the contact problem for a rectangle under harmonic force P =Pe™ our aim is

1) to find an approximate solution of the problem 2) to justify the truncation of the system of
algebraic equations 3) to estimate the error of the approximate solution 4) to investigate the
vertical vibrations of a punch lying on an elastic isotropic rectangle 5) to find resonance
frequencies for which the displacement tends to infinity 6) to carry out the procedures right to
the numerical results.

4 METHODS OF RESEARCH

Using the Fourier transform the problem is reduced to the following discrete Riemann
problem

no,, =-A, sgn(n+%j®n TP D, -V

n-1
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where @ =w/c, f=w/c, and @, are the Fourier components of the required unbounded
extension ¢_(X) that differs than zero on an internal A;; @,, are those of ¢, (x) the extension

of the complementary conditions on A,. The factor I'” differ from problem to another but
always [T’ =0(1/n?). On performing the inverse
Fourier transform

w o, = Z (O e™ = ?.(X)

N=—o00

the discrete Riemann problem is reduced to the Hilbert type singular integral equation

La t—X —_ - afp .
Z”J;CO'[—Z @ (t)dt=-2> I'""®,  sinnx.

n=1

The inversion of this equation defines ¢_(x) in terms of infinite number of unknowns: its

Fourier components and therefore, this equation can in general be only approximately solved.
The approximation is achieved by truncating the infinite system of algebraic equations with

respect to @, . The justification of the truncation is perform by using the corresponding
theorem on the existence of a unique solution in L (-a,a), where 1< p<4/3. Consequently

the Fourier coefficient @ will belong to |, where p=p/(p—1). Thas we will work in the
space | (p >4) with the norm

© Up
®, =[z|cbn_|p] -
n=0

We show that the approximate solution approaches the unique exact solution when the
order of truncation increases indefinitely and the error resulting due to the truncation is of the
form

< C

|-, SN

5 BASIC RESULTS

Now we consider the vertical vibrations of a punch lying on an elastic isotropic rectangle
under harmonic force P =Pe ™.
In view of the statement of the problem the boundary conditions are

v(x,0,t) =v,e™, if XeA,, )
o(x,0,t) =0, if XEA,, (2)
7(x,0,t) =0, if XeA UA,, 3)
u(x, h,t) =v(x, h,t) =0, if XEA, UA,, 4)
uxrz, y,t)=r,(tz,y,t)=0, if Xe A, (5)

Where V, is the unknown amplitude of the vibration;
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A, =[-a,a],A, =[-7, 7]l A, A, =[0,h].
Since v, is a constant, then v(x, y,t) and o, (X, y,t) are the even functions and u(x, y,t)

and 7, (X, y,t) are the odd functions with respect to X.
The substitution for the components of the displacements by the expressions
_od oY ,_od_o¥
u="72-+ YR V=5 oy
where ® and W are the longitudinal and transversal potentials, into the familiar equations
’D o2 1 0°Y 2 2G 2_ G
== , VW == , Where ¢ = , C, ==,
C12 ot? C22 2 1 p(l—V) 2 D
and p is the density; G is the modulus of elasticity; V is Poisson’s ratio.
The potential ® and W can be thought of the form

D(X, y,t) =D (X, y)e ', P(xy,1)=F"(x,y)e ',

where
VO +a’®" =0, V¥ + B2 =0, azcw, ﬂ:cﬂ,
1

2
Boundary conditions (1) and (2) can be completed as follows

V(x,0)=V.(0+9, (X, 7(x0)=p,(X),

where
v(Xx,y,t) =v(x, y)e, o, (x,y,t)= a;e*iwt , (6)
undetermined, xe A,

0 XeA
and ¢ (x)=4 L X) = :
¢.() {undetermined, X €A, v-(x) {O, X €A,

v (X) = Vo, XeA
0 X€A2.

Working in the same way as in [4] we arrive at the following discrete Riemann problem

@, =M"® -V (n=0,+1,+2,..) 7)

where

Sh

M =2k Tin = ke (R cosh(ky,) — 2G cosh(k, ),

n

h
Now we estimate coefficients M and P—”h as N— oo

n

1 1 Th B 1
h__ _ _ _n=— ap
N O ot )|

T, =in(2Gk,k,, sinh(k,,h))
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T.)(P" cosh(k,,h) — 2Gn’k, h)(pou’T, ) —in(pu’k, )™
(P"sinhk,, —2Gk,, sinh(k,h)),
=T,k sinh(k, h)(P"T,) ™" —incosk, h(P")™,
P" =2Gn” — pw?, k2 =n? —aiwj, k2 =n®— A%iwj (j10),
pWZ 3 2WA
T 262w -G+ 7)Y Gla+ f)2pwW) -G(a + )
All these coefficients are positive, since

2002 —G(a?+ ) =2pw —Gw?| L+ 1 lowe| 2 -1 1 1_yeg| Ll 1| 0p
% (C{ ﬁ) P (Clz CZQJ (sz C22 C12 C; Clz y

virtue of C, <C,.

where A

On representing M in the form

Ay 1
Mp=| M)+ |-A =
n | n|
and multiplying (7) by n we get the following discrete Riemann problem

no, =-A, sgn(n +%)q>n+ r*d,_—nv._, @®)

= O(n—lzj(n —> 0)

The equivalence condition of problems (7) and (8) has the form

= . 2Gink
> (k,B, ~inC,) =Vo, where C, =~ =202 B, ©)

B - #(Xlnﬂhﬂ + X, T): X, =incosh(k,h) @
X, =k, sinh(k,h) @
DY =inT,, (P"sink,h—2Gk, k,, sunh(k,,h)) —k.T,"(P" cosh(k, h) — 2GnZ,, h) .

On performing the inverse Fourier transform

where

af
I n

I =nM/ +A, sgn(n+ >

l) and also

n-?

w o, = z D, e™ = @.(X)

and using the formula [2]
it
w sgn(n j I - (t)e .dt (10)

We reduce the discrete problem (8) to the singular integral equation
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n=1

21 j Cot—(p (t)dt = —22 I’ @, sinnx. (11)

This Hilbert type singular integral equation can be inverted in the class of integrable
function functions with the result

GRS X( )(2§Fﬁﬂ Qn(x)cbn_+aocos§j, (12)

where

X (x)=42(cosx—cosa), Q,(x)= Zn:,unfm (cosa) cos(m + %) X
"~ P._,(cosa)— P, (cosa)
2k -1

The application of the finite Fourier transform to (12) leads to the following infinite
system of linear algebraic equations

(k=23..).

H,(cosa)=1, g (cosa)=-cosa, g (cosa)=

Ay @, =2>T7®_N, +aR (n=0,12,..), (13)
where
N, =— 2(rr]1tlk) (P.(cosa)P,_,(cosa)P, (cosa))(k >1), (14)

1 1 a cos(n+%)xdx
R, =7 (P (cosa)+P,,(cosa)), R, (cosa)=—

g -L \J2(cos x —cosa)

are (15)

Legendre polynomials.
Since system (13) can in general be solved approximately, namely using the method of
truncation, we set up function spaces and sequence spaces. The solution (12) of equation (11)

isin L (-a,a), where 1< p <4/3 [8]. Consequently the Fourier coefficient @, will belong
to I, where p=p/(p-1). Thus we will work in the space | (p >4) with the norm

o Yp
@, (3o, r) . )

n=0

where @ ={®, | .

The justification of truncating system (13) is a simple consequence of the following theorem
whose proof is similar to that given in [9] for the case p=2.

Theorem. Suppose that

1. The homogeneous system corresponding to system (13) has only trivial solution in |,

< TR
p/(p-1 .
(Z n kn ] <,
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Then the infinite system (13) has a unique solution in | . The truncated system will also
have a unique solution and the following estimate holds

N p/(p-1) S Zw IR |p v
O-d) < ( F:ﬂ N,, B j + A=n=N+1l N1 ’ (17)
ol g (e ] ol Zemnd

where Q, and Q, are constants.

We shall assume that the frequency w differs from those values for which the
homogeneous system corresponding to (13) has nontrivial solutions. The fulfillment of the
second and the third conditions follows from (14) and (15) together with the estimations

c C 2 V*n+1
|Nkn|~ﬁ, Rn~ﬁforn—>ooand|Nm| Z(ﬂsina) W

(O<a<m n=L2..).

peni(2 2

Therefore, conditions (2) and (3) are satisfiedas p>4.
Recall that ' ~0(k ™). Additionally we have

C
|lo- ||| = N+ (18)

Thus the approximate solution of the singular integral equation (11) is given by the
formula

o (X) = A X(X) (ZZF“"Q (X) @, +a, cos—j (19)

Using formula (12) and taking into account boundary condition (2) we get the expression
for the contact stress

- - af A

p(x,t)=-0,(x,0,t) = X( )[ZZF ®,_Q,(X)+a, coszj (20)
The quantity a, included in (12) is still to be defined. In fact the equation of motion of

the punch is [10].

M9y —e (-, 1)

where M is the mass of the punch; P, is the amplitude of the force acting on the punch, and

P is the reaction of the elastic rectangle.

P = —ia;(x,O)dx = 1@ (x)dx =— Aﬁ a,- (22)

off

Substituting this expression together with V= voe“”‘ into (21) we get

2Ga,m

Ay

~Mw?v, =P, +

(23)
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6 DISCUSSION OF THE RESULTS OF THE STUDY

Thus the amplitude V, and the quantity &, can be calculated from equations (9) and (23).

The real values for which v*(x,0) — o, the resonance frequencies, are the real roots of the
resonance equations

DY =0,2Gn° — pW’ =0 (N=12,...,N).. (24)

Let W=wa,/c2, 7=tci/a,, X=x/a are the dimensionless frequency, time and
coordinate. M =M/ pa? is the dimensionless mass.

Suppose that W=0.1, M =1, v=0.3, N =10. In the table the values of the contact
stress corresponding to different values of X are exhibited, when 7 =2r.

Table 1
Contact stress

X 0 0,1 0,2 0,3 0,4 0,5
p(X, 7
p(P) 0,4294 0,4302 0,4324 0,4422 0,4682 0,4889
0
X 0,6 0,7 0,8 0,9 0,95 0,99
3(X.
¥ 0,5174 0,5713 0,6515 0,8653 1,1388 2,3455
0

The unknown amplitude of the vibration of the punch is v, =0,1217PR,. If p=5 then the
estimation of the error is subjected to the inequality

C
3,278

Note that the values of the contact stresses increase unboundedly at the vicinities of the
end point of the contact interval.

lo—@M|, <

7 CONCLUSIONS

On choosing the number N and using the corresponding formulas we can get the
approximate solution of the contact problem for the rectangle to find the contact stress up to
any prescribed accuracy.
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