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HEJITHIMHA JE®OPMALINHO-CUJIOBA MOJEJb
BETOHHOI'O CTEPXHS 3 HEMETAJIEBOIO
KOMIIO3UTHOIO APMATYPOIO V¥ 3AT'AJIbHOMY BUIIAJIKY
HAIIPYKEHOI'O CTAHY

Kapmok 1. A.l, Kimmenxo €. B}, Kapmok B. M.} Kapmiox M. B.!

1 . . )
Oodecvka depoicasna akademis OyJieHUYmMea ma apximexmypu

AHoTanisi: Y craTTi po3MIAOAETbCs HENiHIMHA aedopMalliiiHO-CHIOBa MOJENb OETOHHOI
CTEp)KHEBOI KOHCTPYKILIii 3 HeMmeTaneBolo kommnoszuTHoio apmarypoio (HKA-FRP) y saramsnomy
BHITAJIKy HAMpPY>XEHOTO CTaHy, KoM B ii JIFOOOMYy TIOMEpEIHOMY IIepepi3i OAHOYACHO MOXKYTh
BUHUKHYTH BCI YOTHPHM BHYTPILIHI CHJIOBI ()aKTOpH BiJ 3OBHIIIHBOTO HABAHTAXKCHHS, a CaMe:
3TUHAJILHAN 1 KpYTHUH MOMEHTH, MOTIepeyHa 1 O3A0BXHs cuid. [IpuBeneHuii 10cTaTHRO TMUOOKUH 1
3MiCTOBHUH aHalli3 BiIOMUX IOCTIIKEHb 3a 00paHOI0 TEMAaTHKOI. BcTaHoBNEHO, 110 3anpOIIOHOBaHA
HeliHiiHa nedopMariiitHo — criioBa Mozelb cTepkHEBoi KoHCTpyKIii 3 FRP y 3aranmsHOMY BUmIanmky
HaNpYXEHOT0 CTaHy MOXe OyTH NPaKTUYHO KOPHCHOIO 3aBASKH MOXKIIHMBOCTI ii 3aCTOCYBaHHS HpHU
NPOEKTYBaHHI a00 MiJCHICHHI OaloK, pUresiB, KOJOH 1 €IEMEHTIB PO3KICHUX (epM MPSIMOKYTHOTO
nepepizy, SKi eKCILTyaTYIOThCS B YMOBaX arpecMBHOTO BIUIMBY OTOUYYIOUOI'O cepeoBHINa. BkazaHy
MOJIeNIb MO’KHA BHKOPUCTOBYBATH TAaKOX IMPU TEPEBIPIl HECY4oi 3MaTHOCTI ICHYIOUHX CTEPIKHEBHX
O0eroHHuX KOHCTpYKUi# 3 FRP, ski npaiforoTh He TiNBKHM Iif] BIVIMBOM arpecHBHOTO CEPEOBUINA, a i
B YMOBaXx CKJIaJIHOTO HAIPYKeHO-e(hOPMOBAHOIO CTaHy. B Xoai 1ociipkeHb PO3po0IICHU allrOpUTM
BU3HAUEHHS HeCcydoi 3JIaTHOCTI PO3paxyHKOBOTO mepepidy OeronHoro crepxkHs 3 FRP mpum iioro
CKJIaJHOMY Halpy>KCHOMY CTaHi. 3aranbHi ()i3W4Hi CIiBBITHOIICHHS AJSI PO3PAaXyHKOBOTO Iepepizy
NpUBEACH] Yy BHIVIAAI MaTpHLi >KOPCTKOCTEH. AJTOPUTM po3paxyHKy OeToHHOro crepkHs 3 FRP
CKJIQJIA€ThCS 13 OJIOKY BBOAY BHUXIJHUX JaHMX, OCHOBHOI YaCTHHH, IOIOMDKHHUX MiJIpOrpam
NepeBipKH yMOB 30iJbIIIEHHS BEKTOpA HABAHTAXXCHHS Ta BUYEPIaHHS HECYYOl 37]aTHOCTI, a TaKOX
OJIOKY PO3APYKIBKH pe3yJbTaTiB po3paxyHKiB. Ha KoXKHOMY eTari mpocToro CTaTHYHOrO CTYIEHEBO
3pOCTAIOYOr0 HABAHTAKEHHS PO3PAXYHOK 3IMCHIOETHCSA IIJIIXOM BHKOHAHHS JIESIKOI KUIBKOCTI
iTepanid 10 THX Mip, JOKH TOYHICTh BH3HAYCHHS BCIX KOMIIOHCHT BeKTOopa nedopMaliiii He Oyne
3aIOBONIGHATH JIEAKIM Hamepen 3agaHiii BenmuuwHi. PO3IIAgaroThCs TaKoX OCOONMBOCTI Ta
3aKOHOMIPHOCTI 3MiHM HOPMAalbHUX 1 JOTUYHHUX HANpy>KeHb, y3arallbHEHUX JIHIMHUX 1 KyTOBHX
nedopmarliiii, a Takox piBHSAHHs piBHOBaru OeToHHOro crepxHs 3 FRP, skuii mpamroe mia BrimmBom
arpecuBHOIO CEpPEeIOBUIIA B YMOBAX CKJIAJHOIO HANIPYKEHOTO CTaHY.

KirouoBi cnoBa: OetoHHmMi crepxHeBuil enemeHnT 3 FRP, nampyxenns, nedopmauii,
neopManiitHo-ciioBa MOJENb, JKOPCTKICTh, PIBHAHHS pPIBHOBard, pO3paxyHKOBHH IOTEPEYHHI
repepis, MpoCTOpOBa TPIIIHHA.

NONLINEAR DEFORMATION-FORCE MODEL OF A
CONCRETE BAR WITH NON-METALLIC COMPOSITE
REINFORCEMENT IN THE GENERAL CASE OF A STRESSED
STATE

I. Karpiuk!, Ye. Klymenko?, V. Karpiuk', M. Karpiuk®
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The article discusses a nonlinear deformation-force model of a concrete bar structure
with a non-metallic composite reinforcement (NKA-FRP) in the general case of a stressed state, when
all four internal force factors from an external load (namely, bending and twisting moments, transverse

Kapmrok 1. A., Knumenko €. B., Kapmrok B. M., Kapmrok M. B.
6 https://doi.org/10.31650/2618-0650-2021-3-1-6-26
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and longitudinal forces). A sufficiently deep and meaningful analysis of well-known studies on the
selected topic is given. It has been established that the proposed nonlinear deformation-force model of
a bar structure with FRP in the general case of a stressed state can be practically useful due to the
possibility of its application in the design or reinforcement of beams, girders, columns and elements of
rosette trusses of rectangular cross-section, which are operated under aggressive environmental
conditions. This model can also be used to check the bearing capacity of existing FRP concrete bar
structures, which operate not only under the influence of an aggressive environment, but also under
conditions of a complex stress-strain state. In the course of the research, an algorithm was developed
for determining the bearing capacity of the design section of a concrete rod with FRP under its
complex stress state. General physical relations for the design section are given in the form of a
stiffness matrix. The algorithm for calculating a concrete bar with FRP consists of a block for
inputting the initial data, the main part, auxiliary subroutines for checking the conditions for increasing
the load vector and depletion of the bearing capacity, as well as a block for printing the calculation
results. At each stage of a simple static stepwise increasing load, the calculation is carried out by
performing a certain number of iterations until the accuracy of determining all components of the
deformation vector satisfies a certain predetermined value. The features and patterns of changes in
normal and tangential stresses, generalized linear and angular deformations, as well as the equations of
equilibrium of a concrete bar with FRP, which operates under the influence of an aggressive
environment under conditions of a complex stress state, are also considered.

Keywords: concrete bar element with FRP, stress, strain, deformation-words model, stiffness,
equilibrium equations, design cross-section, spatial crack.

Kapmrok 1. A., Knumenko €. B., Kapnrok B. M., Kapmok M. B.
https://doi.org/10.31650/2618-0650-2021-3-1-6-26 7
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1 BCTYI

3aranpHUN BUITAJIOK HANPYXEHOTO cTaHy OeroHHOro ctepkHsa 3 FRP mepenbauae
BUHUKHEHHS B HOTrO JTOBUIBHUX IEpepi3aXx CyMICHOI il MO3JIOBXKHIX Ta MOMEPEYHUX CHUJ,
3TUHAJILHUX 1 KPYyTHUX MOMEHTIB (puc. 1).

OCHOBHM CcydacHHUX YSBJICHb IIPO TEOPil0 MIIIHOCTI OETOHY, a TaKOK OETOHY 31 CTaJIEBOIO
a6o xommnosutHO (KA) apmaryporo mpu TpHUBICHOMY Hampy>KeHO-Ie(pOpMOBAHOMY CTaHi
Oymu 3akmazeHi M. M. @inonenko-bopoguuem, I'. O.T'enieBum, B. M. Kucciokowm,
I'. O. Trominum, I'. C. Ilucapenkom, A. A. JlebeneBum, T. A. bamanom, C. ®@. KiioBanuuewm,
M. L. Kapnierkowm Ta iioro yunsmu, Dei Poli, K. H. Gerstle, H. B. Kupfer Ta in.

PozButok cydacamx EOM y BuUIIIAII TEPCOHATBHUX KOMIT IOTEPIB  JO3BOJISIE
3MIACHIOBAaTH PO3B’A30K 3aJad 31 CKJIAAHUMU DPO3PAXyHKOBUMH MOCISMH YHCETbHUMHU
MEeTOJaMH, B TOMY YHCJII O0eTOHHUX cTepkHiB 3 FRP.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

OcHOBHI rinmore3u i nepexymMoBH.

Posrnsinemo Geronnuit crepskeHb 3 FRP mpsiMmokyTHOro mepepizy crajnoi mo JOBKHHI
KOPCTKOCT1, B PO3PAXyHKOBHX MeEpepizax SKOro BUHUKAE 3arajlbHUN BUIAJOK HAMpPyKEHOTO
crany (puc. 1).

[IpencraBuMo co0i, 10 CTEP)KEHh BUTOTOBJICHHH 13 BaXXKOTO OETOHY Ha TPaHITHOMY
mebeHi 1 KBapoBoMy Iicky. BiH apMoBaHM B3a€MHO NEPHEHAUKYISIPHUMHU MO3I0BXKHIMH
(B3IOBXK OCi Z) Ta TONMEPEYHHMH CTEPXKHSIMH HEMETaJleBOi KOMITO3UTHOI apmaTypu FRP,
OpI€EHTOBaHMMU B3JI0BX oceil X1 Y.

VYpaxoByroun pekomennamii [1, 2, 3, 4] oCHOBHI NpHUMNYIIEHHS PO3PaxyHKy OETOHHUX
€JIEMEHTIB 3 KOMIIO3UTHOIO apMaTypOI0 MOKHA MPEICTAaBUTH TaK:

a) y B) Y
l M,
________ !Y._v’T%%Z Vo X
| 0 N, IV Vy
X
6)

Puc. 1. BHyTpimHi 3ycruiuis B HOpMaIbHOMY, IIEpepi3i CKIAIHOHANPYKEHOTO CTEPIKHSI B CUIIOBUX
miomuHax Z0Y (a), ZOX(6), XOY(B).

- OetoHHMi crepxkeHb 3 FRP sBnseTbcss HEerHydkuM, TOOTO JOCTaTHHO KOPOTKHM 1
MacuBHUM. Tomy #oro pyiHyBaHHS BiJOyBa€TbCcs BHACTIJOK BTpaTH MIIHOCTI, a HE
CTIMKOCTI,

- PO3MIISIIAIOTHCS TITHKU HOPMaJlbHI IEPETHHH;

- 3B’SI3KM MK BHYTPILIIHIMU 3YCHIUISIMH 1 leopMaiisiMi B OETOHI, @ TaKOX CTEPIKHSX
FRP Bu3HauaioThCs 3a JiarpaMaMu G -€_, Gp-€;, T =Y, Te- Vs s

- BB@XAETbCA CIPaBEUIMBOIO rimore3a bepHymr, ToOTO mepepisu MJIOCKI 1
MePIEHIUKYISIPHI 10 TTO3/IOBXHBO1T OCl 10 aedopMartii CTEpKHs 3aIUIIAIOTHCS TaKUMHU XK 1
micas 11 3mifiCHEHHS,;

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
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- JIOTUYHI HANpPYXEHHS y pPO3PaxXyHKOBOMY IEPETHHI CTEPXKHS NpU BIILHOMY HOTO
KpYYeHHI BU3HAYAIOTHCS 3T1THO peKoMeHaariit [5], [6];

- JOTUYHI Ta HOpPMaJIbHI HANpPY>KEHHs Y pO3paxyHKOBUX IEpepizax eleMeHTa MpH HOro
CTUCHEHOMY KpY4YEHH1 00UHCITIOIOTRCS 3T1IHO pimeHHs [7, 8];

- OeToHHA YacTHHA i mo3aoBkHI FRP crepxkHi cnpuiiMaoTs HOpMalbHI 6,,G,, G, Ta

JIOTHYHI T, , T, , T, HaIpPyXCHHS;

ZX% Yzy% Xy

- y crepxHsax mnonepedHoi FRP mosBisAOTBCS TUIBKM AOTHYHI 3ycuwiuists T,,T, B

X% ~zy
3aJIeKHOCTI BiJl OpieHTamii IUX cTepXHIiB. PO3MOfin BKa3aHMX HAIpYXEHb IO JOBXHHI
CTEP>KHIB TIOTIEPEYHOT apMaTyPH BBAKAETHCS TaKUM, 1110 3MIHIOETHCS T10 1X JIOBXKHUHI;

- eKCIIEPUMEHTAIbHO OTpuMaHa ymoBa wMinHocTi [9, 10, 11] cinyrye xkputepiem
BUHUKHEHHSI MAKPOTPILIUH 1 pyHHYBaHHS OCTOHY;

- BBaXA€ETHCH, IO MAa€ MICIE CyMiCHa poboTa OETOHY 1 apMaTypu ax 10 MOSBH
MakKkpOTpiuH B HhoMY. [licis X mosiBU BC1 BHYTPIIIHI 3yCHIUIS Y PO3PAXyHKOBOMY TEPETHHI
3 TPIIMHOIO CIPUIMAIOThCs TUIbKK apMaTyporo FRP;

- apMaTypHi CTEpXHI BHKJIIOYAIOTBCS 13 POOOTHM 3 JOCATHEHHSIM B HHX
XapaKTepUCTHYHOTo onopy Ha po3tar f, ab6o 0,2f, mpwu ix podoTi Ha CTHCK;

- MPU TEPEXOJli BiJ €IEMEHTAPHUX BHYTPIMIHIX 3yCHJIb JI0 y3arajJbHCHHUX BHYTPIIIHIX

cunoBux dakropis (M,, M,, T, N,) 3acTocoByeThCs HpOLETypa YUCIOBOTO iHTETPyBaHHS

€JIeMEHTApHUX BHYTPIIIHIX 3yCHJIb IO BCiH IUIOHII TMOMEPEYHOTO MEPETHHY CTEPKHEBOT
KOHCTpyKLii. [y Horo 3aiiicHEHHS pO3paxyHKOBHM MEPETUH CTEPKHEBOT KOHCTPYKIi YSIBHO
pPO30MBAETHCS HA €IEMEHTAPH] YaCKH, B MEXKaX SIKMX BHYTPIIIHI 3yCHIIJIS HE 3MIHIOIOThCSI.
Kepyuncp [9, 12] wmimnicTh O€TOHY, IO 3HAXOAMTHCA y TPHUBICHOMY HaIpPyKEHO-
nedhopMOBaHOMY CTaHI, MOKe OyTH OmHcaHa CUMETPHYHOIO BiJHOCHO TOJIOBHUX HANPYKCHBb
0,, G,, 05 IOBEPXHEI0, Ky JIOLIIBHO OyayBaTu 3a pekoMeHnamismMu M. M. ®uioHeHKa-

boponuua 3 Bukopucranusm [ 1, 2, 3, 4]:

f(aoc’roc’ec’):Toc_rolc(aoc)'p(ec)zo’ (1)
e 7,., 0, — C€IEMEHTapHI OKTaeApH4HI MOTHYHI 1 HOpPMajbHI BHYTPIIIHI 3YyCHIUIA
(HampyXeHHs);

0, — KyT BUly HalIpy»KEHOI'O CTaHYy;

p(0.) — imtepnomsauiiina Qynkmis [12] ik 7,(6,=60°) 1 7,,(6,=0°), sxa
BHU3HAYAETHCS 32 (HOPMYIIOIO:

2a_cosé +b ./a (4cos’ @ —1)+b?
plO,) = —— (408" 0. )

: (2)

4a_cos’ 6, +b’
ne 8, =1-cZ, b,=2c, -1, ¢, =7, /Tore -

3B’A30K MiXK OKTacAPMYHMMH HANPYKCHHSIMH HPH KyTax BHIY HAIPyXEHOTO CTaHy
6, =60° i 6, =0° 3rigno 3 [12] MOXHa IPEACTABUTH:

2 2
O-oc = Airolc + Blrolc +Cl’ Goc = AZTOZC + BZTOZC + Cl' (3)

Koediuientn 4, 4,, B;, B,, C; oTpMaHHI HIJISIXOM «IIPHB’3KM» XapaKTEPHUX TOYOK
Ha TIOBEpXHI MIIHOCTI OeTOoHy. BHKOpPHUCTOBYIOUM eKCHEpPHUMEHTANIbHI  3aJIKHOCTI
B. M. bounapenka i1 B. I KomuynoBa [13] 3 ypaxyBaHHSM BHUMOI UYMHHHX HOPM iX
MPOIMOHYETHCS BU3HAYATH 32 TAKUMH CIIPOIICHUMH (HOPMYTaMu:

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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414 5,38f2 + f, f, —6,38f;
A=———; B, = > ;
fck - fctk 4, 24( f fctk)
A - 4,09f, —4,16f, 5 4,462 -2,04f, f, —0,73f5 | @
1,20f2-2,20f, f, +f2 "' % 4,32f2-7,92f, f, +3,60f2 "
C = H= 0,821, f, |
fck - fctk

ne f,,f, —xapaxrepucruyna (mpu npoekryBaHHi po3paxynkosa f, f ) minnicTs Gerony,

BIJIMOBITHO, HAa CTHCK 1 po3TAr. OTKe, MOBEPXHS MIITHOCTI OETOHY MOXe OyTH OJHO3HAYHO
orucanoro popmymoro (1) Tomy, 1m0 10 Hel 3a JOMOMOTror0 Koe(ilieHTiB (4) BKIIOYCHO I STh
HE3ICKHUX XapaKTEPUCTUK HOTO MIITHOCTI T OKpEMUX JeopMaliiii:

- enTpanbHoro ctucky R = f, ipostary R =1,

- iBoBicHOMy cTHcKy R,  =1,2R =121, iposraryR, =R, = f,,

- 06’eMHOrO piBHOMIpHOrO (TpHBicHOrO) postary Ry =H =(0,82R -R)) / (R.—R,).

Kyt Buay HampyXeHOro cTany B OETOHI BKAa3aHOTO €J€MEHTa JOLUIbHO BU3HAYATH 32
BUpa3oM [7] 3 ypaxyBaHHSIM O, = o, = 0 Ta pexomennariii [1, 2, 3, 4]:

1 1 \/a 207 + 9 Txyc + szc +72 )}

0. == arccos =—arccos (5)

2 / 3 o2 8

2 (; + rxzyc + z'zzyc +72, J

ne D,, D, — BiinoBigHO, TpeTiH Ta APYruil IHBapiaHTH A€B1aTOPA HANPYKEHb.
3 ypaxyBanasam dopmyi (1), (3) orpumaemo
B

__A 2 +—1—r +C,. (6)

O 2 oc oc
p ()~ pE)

Haii6inpmi BenuumHM MinHOCTI OeToHy Ha ii moBepxHi y BUNIN O, Ta T,
00YMCITIOIOThCS IIUIIXOM PO3B’SI3KY CUCTEMH PIBHSHB!
Toe =T =M, (O-oc _Gm);
- 2, B (7)
Oo = 2Ai Tozc + - Toc +Cl’
6.) (@)
p (O, G

e o, Ta 7, — HaIpyXEHHS Ha IOIepelHid CTylneHi HaBaHTaXXEHHS (IIPU MPOHOPLIHHO
3pOCTal0UuOMY CTYIIEHEBOMY HaBaHTaxeHHI o, =7, =0);

M_ — XapaKTepHCTHKA HAIIPY)KEHOro cTaHy 6eToHy. Tak, Ipu 00’€MHOMY PiIBHOMIpHOMY
postsizsi m_ =0, nBoBicHOMY po3Tsi3i abo crucky M =+/2/2, oaHOBicHOMY pO3Ts3i —
CTUCKY M_ = +2 (3HaK «+» XapakTepu3ye aedopmallito po3Tary, «-» — CTUCKY).

YmoBa Teky4docri I'ybepa - Miseca - I'enki [7] wist FRP npu o, = o, =0 mae Bux:

+3r? +31 —fNé, (8)

O-zf + 3Txyf oxf

ne rfd — PO3paxyHKOBa MIIIHICTh HEMETaJIeBOi KOMIIO3UTHOT apMatypu FRP 3 ypaxyBanHsM

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
10 https://doi.org/10.31650/2618-0650-2021-3-1-6-26



https://doi.org/10.31650/2618-0650-2021-3-1-6-26

111, Nel, 2021
Crop. 6-26 / Page 6-26

MexaHika Ta MaremMaTH4Hi meromu /
Mechanics and mathematical methods

il 3mMeHmIeHHs (16) BHACHIIOK CKJIAJHOTO HANPY>KEHOTO CTaHy y MOPIBHSAHHI 3 LEHTPAIbHUM
PO3TSATOM — CTHCKOM.
VY 3aranpbHOMY BUIAJIKY HAIIPYKEHOTO CTaHYy BKa3aHy YMOBY MO>KHA MPEACTaBUTH:

2 4372

2 2 2 2 g2
Oy TOx+0; —040; —0;0, —0;40 +3Txyf 2yt +31,, = Ty

3anexHicTh 0, —¢, y O€TOH1 3riiHO 3 peKoMeHpalisMu [9] MoXHA NpeACTaBUTH Y

BUTIISIL:

O-b O-c
= == y 9
Et?vb Ecmé,c ¢ ( )

&y

1€ &, =&, — BIAHOCHI JIiHIMHI fedopmarlii 6eToHy;
0, —O, — HOPMaJIbH1 HalIpy>XEHHS B OCTOHI;
E,’ = E,, — Mo4aTKOBHMii MOLYJIb TIPY’KHOCTI GETOHY;
V, = ¢, — Koe(]iLi€eHT, [0 XapaKTepU3ye 3aJIE€KHICTh CIYHOTO MOAYJIS IIPYXKHOCTI OETOHY

BiJl piBHS 1OTO HAaBaHTAXKCHHS.

Hedopmartiiini 3amexHOCT1 il OETOHY, KU 3HAXOIUTHCA B 00’ €MHOMY HaIpy>KEHOMY
CTaHi, JOUIIbHO BUPaXaTH Yy BUIVIAAI 3B’A3KYy MDK OKTaeIpHUYHUMM HAINPYXKCHHSAMH 1
nedopmartisimu. [Ipu 110My, BBaXXarOThCs CIIpaBEIJTMBUMH TIMTOTE3H, BUKIaACHI B [1, 2, 3, 4]:

- 3ajexHictb T, —y, HemHIMHA: 7, =G (V) Veer A€ G.(V,) — cluHHH
(OKTaeApUYHUI) MOIYIH 3CYBY OCTOHY;

- 3B’30K MDK HOPMalbHHMH OKTAa€JApPHYHMMHU HANpPYKEHHSAMU G, 1 CEpelHIMH

nedopmanisvu €, € neniniiauM o, = K(r,.)(&,, — p.72) > A€ P, - MOAYJIb sunataii ([14]
-0, )s K(7,.) — Momyns 06’eMHHX nedopMariii.
Cnuparvnch Ha TMPUIYIICHHS PO €IWHY KpHUBY AchOpMYBaHHS MPH OOYMCICHHI

CIYHOTO MOJYJISl IPY>KHOCTI OETOHY, PEKOMEHAYEThCS CKOPUCTATHUCS TiroTe3010 [12], 3rigHo 3
aK00 (GopMa 3B’S3KYy MK HaNpPYKCHHsIMH Ta nedopmallissMi He 3alieKUTh BIT BUIY

HanpyKeHoro crany. ToOTO 3B 5130k MK T, 1 },. AO3BOJIAETbCS MPUHHATH TaKUM Xe, SK 1

MIPU [IEHTPAJTLHOMY CTUCKY, a CIYHUN MOIYJb 3CYBY (puc.2) — o0uncItoBaTH 3a Bupa3om fib,
3anponoHoBanuM Caencom, G (7,.) =G, - f(y,), B sAKiil

1
1+ A +Bn® +Cn®*’

Ac C:ﬂ“(l_fr)/[é:r(nr_1)2_]7/77r:|; B::I'_ZC’ A:C+/1_2; ér :ar/fck z0,85
inr :}//77r z1,41, é::Goc/fck; 77:7%/7700; 125/77, HOYaTKOBU MOIyYJIb 3CYBY

F(re) = (10)

G -G - ECm ) Oy +0, T O, &y tELTE,
oc — “cem T ’ O-oc - ’ goc - !
21+V,) 3 3

1
r = g\/(o-xc —O'yc)2 + (0o, —O'yc)2 + (0o, —O'XC)2 +6(1X2yc + Z'Zzyc +7? ) :

oc ZXC

2 3
Voc =§\/(ch _‘E‘yc)2 +(gzc _gyc)2 + (SZC _gxc)z +E(7/fy° +722yc +}/22X°) '

3 ypaxyBaHHIM O, =0, =0 15 CTEPKHS, IO POSIIIAETBCS: Oy, =0y /3;

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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. 1 2 2 2 2 \. 2 2 3 2 2
80(::?’ z-oc=§\/2620+6(Txyc—i_z-zyc_l_rzxc:)' yoczg 2€zc+§(7xyc+7/zyc+7zxc)'
I'paHnyHi (MakCHUMalbHO MOXJIMBI) 3CYyBU ), Ha OKTacAPUYHUX IUIOMIMHKAX y poOOTi

[12] pexoMeHyETbCS BUBHAYUTH 32 HACTYITHUMH PIBHSHHSIM perpecii:

2
7. :7,97(ij +15, 22(%}—3,713. (11)

ck ck

An.f:(}'rac' /Enr

) (,{=(H'(‘fg;‘_ . N= Yoc /}'m'
'

Puc. 2. Jliarpama neopmysanns 6erony fib B yMoBax ckjaqHOTO HAaNPyKEHOTO CTaHy

Monyns auaraiii 6eTony 3 ypaxyBaHHsM [ 14] MokHa BU3HAYUTH 32 (POPMYIIOIO:

o

pC:gOC:_’V_CZ:
A

C

_ (gxc + gyc + € )Goc
41,

, (12)

~2

e (90, Ac - BigmosimHo, rpanmuni 06’emHi nedopmamii Ta iHTEHCUBHICTH aedopMmalriii
OCTOHY 3CYBY MPH YUCTOMY 3CYBI;

f, — xapakrepuctuuHe (po3paxyHkoBe f,,) 3HAUCHHS TpaHWYHHX HANPYKCHb
3uerutenHs Bu3Havaersest: f, =R, 4, =0,7R R, =0,7{/f  f,, .

Mopnyne 06’ emuux aedopmanii 3rigno [12] BusHavaerses: K (7,.) =K. - f(7..),
ne K, =E,,/1-2v, — nouarkosuii Moxyib 00’ eMHUX JedopMmartiii.

Buxomsuu 3 HaBEIEHOro, MOAyilb mpyxHocti E, Ta koedimieHT monepedHnx

nedopmartiii V, 0eTOHY IPH CKJIaJIHOMY HaIPpY>KEHOMY CTaHI1 3riiHO 3 [9] BU3HAYaEThCA:

E = 3Kc(7/oc)Gc(7/oc) Vo= Kc(}/oc)_ZGc(j/oc) .
’ Gc(yoc)+Kc(7/oc)’ ’ Z[Gc(yoc)—i_Kc(}/oc)]

AHaJIOTIYHO 3 BHUpa3aMHu JijIsi OETOHY MOXHA OTpUMATH (HOPMYJIH I 3MIHHOTO MOJIYJISI
IpU 3CyBi A HemeTaneBoi koMro3uTHoi apmarypu (FRP) ta 3anexxnocti ans miarpamu ii

3CyBY:

(13)

E, 9 Eq9
= k™ f : Tf — k= f }/f ’ (14)
2(1+vy) 2(1+v,)
Ie Vi — 3MIHHAA KOe(IiEHT 3MIHHOTO MOJYJs. YPaxOBYIOUH TIPYXHUU XapakTep

nedopmyBanHs FRP B310Bk BOJIOKOH y IPAaKTUYHUX pO3paxyHKax MoxHa npuiitu v, =0.

OchoBy nedopmaniio B CTepkHsIX momepedHoi apmarypu FRP i BigHOCHY KyTOBY
nedopmariiro y npuiersiomy 6eToHi MoxxHa oouuciauTu 3a [15]:

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
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. 1+d,,Eq Ve, @A+V,) -

oy = , 15
ng 7/0 }/C 2|wacm‘90 ( )

CyMmicHa pobOoTa TMO3M0BXKHKOI Ta momepeuHoi apmarypu FRP npum pospaxyHky
KOHCTPYKIIA ypaXxOBYEThCSI MUIIXOM 3MEHIICHHS PO3PaXyHKOBOTO 3HAYEHHS MII[HOCTI Ha
PO3TSAT MO30BXKHBOI apMaTypH 3a [15] 3 monmxkyrounm koedirientom K1=0,08...0,10:

tg’a  ctg’
ENEEY.
re fw, x fw,
fg=Tu= A0V, ) 2, (16)
f

1e S — KPOK MOIMEPEeYHOi apMaTypH;

O — KyT Haxujly MPOCTOPOBOI TPIIIMHHU Ha TOPU3OHTAIBHIN I'paHi eIeMEeHTa BiTHOCHO OCi
Z,

[ — KyT HaxmTy IpOCTOPOBOI TPIIIMHHA HA BEPTHUKAIBHIN IPaHi eJIeMEHTa BiJTHOCHO OCi Z.

3 b TA 3AJAYI JOCJIUKEHHS

Merta gaHOTO TOCIIHKSHHSI TIOJSTA€ B TIOJANBIIOMY PO3BUTKY Ta afamTailii IpuiHATOT y
3arajJbHOMY BHIJISAI HETIHIMHOI JeopMaIiifHO-CUIOBOI MOJENI CTEp)KHEBOI OETOHHOI
KOHCTPYKIIi 3 HEMETaJeBOI0 KOMIIO3UTHOIO apMaTypolo, SIKa 3 €IMHUX TO3UIi MEXaHIKH
apmoBaHoro FRP 6etony nmo3Bomnuia 60 ypaxoByBaTu 0COOIMBOCTI CYMICHOI poOOTH OETOHY i
apMaTypH Ha BCiX cTajisx ii geopMyBaHHA, BKIIOYAIOYH PYHHYBaHHS.

Jnst nocSATHEHHsI TIOCTABJICHOI METH BHM3HAYeH1 HACTYMHI 3amadyi: 1) 3’scyBaTh CTaH
HAYKOBOI pO3pOOKH TEMH, OKPECITUTH KEepenbHy 0a3y; 2) chopMyItoBaTH OCHOBHI TIOTE3H i
TEOPETHYHI TEePEAYMOBH PO3PaXyHKOBOI MojeNi; 3) CKOMIIOHYBaTH HOPMAaJIbHUN TEPETUH
JOCHTITHOI KOHCTPYKIi; 4) CKJIacTW PiBHSAHHS PIBHOBaru BHYTPIIIHIX 3yCHJIb 1 30BHIIIHIX
CUJIOBHX (haKTOPIB y PO3PAXYHKOBOMY Tiepepi3i MPOTiHHOI 0eToOHHOT KOHCTPYKIi 3 FRP; 5)
BU3HAYUTH y3arajbHEHi JiHINHI Ta KyTOBI nedopmalii MIOCKUX PO3PaXyHKOBUX IEepepi3iB
BKa3aHMX KOHCTPYKIIIH; 6) ckiaacTu (i3W4HI CHIBBIIHOMIECHHS JUIS 3araJlbHOTO BUMAIKY
HaNpYy>KEHOTO CTaHy HOPMaJbHOTO NepeTuHy OeToHHOro ctepkHa 3 FRP; 7) BusHauuTH
HampsIMOK 1 JOBKHHY HAXHWJICHOI JI0 TMO30BXHBOI OCI €JeMEHTa MPOCTOPOBOI PYHHYIOUOT
TpiluHU; 8) OOYMCIMTH KOOPAMHATH IIEHTPY 3TUHY Ta ULEHTPY KpY4YEHHS CTEp)KHS 3
ypaxyBaHHSIM yTBOPEHHsI B O€TOHI TPIlUH; 9) pO3pOOUTH aITOPUTM BHU3HAYCHHS HECY4Oi
3MATHOCTI PO3PaxXyHKOBUX HOPMAJbHUX TIepepi3iB OETOHHUX CTEpPKHIB HPIMOKYTHOTO
niepepi3y, apmoBanux FRP; 10) chopmymroBaTy BiMOBIIHI BUCHOBKH.

BeroHHy yacTUHY HOPMaJbHOTO MEPETUHY €JIEMEHTA YSIBHO MOAUIAEMO HA MPU3MATHYHI
CKIHYCHI eJleMeHTH (pHcC. 3, a), HAWMEHIINK pO3MIp SKUX BIAMOBITAE HAKOUTBIIOMY PO3MIpPY
KpYyIHOTO 3amoBHIOBaya OeroHy. KokHa Taka dYacka HyMEpYyeTbCs Ta BH3HAYAIOTHCS
KoopAMHATH ii LeHTpa X, Y,, BIIHOCHO LEHTPaJbHUX OceHd, mioma A, , HOpMAaTHUBHA

MIIHICTh OeTOHy Ha po3Tsar f cruck f,, momyns nedopmaniit E, . Koedimient

ctk »

nonepedHux aedopmaniii BBaxaerbes cramuMm: V, =0,2. Taxuil miaxig gae MOKIUBICTh

BH3HAYaTH HaNpPYKEHO-ACPOPMOBAaHMM CTaH, B TOMY UHCIl HeCydy 3IaTHICTb,
TPIILIMHOCTIMKICTD Ta Je(OPMATUBHICTD €JIEMEHTIB CKJIaJIEHOTO EPETHHY, BUTOTOBJICHHS a00
HapOIIyBaHHs SIKWX BUKOHYBAJIM TOETAIMTHO OCTOHAMM PI3HUX KJIaciB. BiH 103Bosie Takox
PO3paxoByBaTH CTEP>KHI, SKI MOMaau MijA BIUIMB (i3udyHOI ab0 XiMiYHOI KOpO3ii, BUCOKHX
TEMIIEpaTyp TOIIO.

BBaxaeMo, 0 CTep:KHi M0310B:xkHB01 apMatypu FRP posrammosani 3rigHo 3 puc. 3, 6. Ix

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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MMO3HAYAEMO BIJIMTOBITHUM HOMEPOM | , BKa3yemo ix jiametp d., KOOpIAWHATH LEHTPIB Baru

fj°
BIIHOCHO TOJIOBHHMX OCeH iHepuLii NepeTHHy, HOpPMaTUBHE 3HaueHHsA MinHocti f,
HOpPMaTHBHE 3Ha4eHHS nedopmauiil &, abo rpaHUYHO 3HAUEHHS IMONEPEIHBO HANPYXKEHOI
FRP &, , monyns nepopmauiii Eg; srinHo npuitnsrtoro xiacy FRP. KoegimieHt nonepevnnx

nedopmariiii 11 BCiX CTEP)KHIB 1M03/10BKHBOI FRP Takok mpuiiMaeThcsi cTajauM, HalPUKIIA/,
v, =0,22-0,25 nna BFRP.

Crepxui mnomnepeunoi apmatypu FRP (xomyTH) po3ramoByloTbes y IUIOIIMHI
MOTIEPEYHOTO MEPETUHY IO MOro KOHTYpY. BOHUW ySBHO TOIIISIOTBCA HA OKPEMi YaCTKH,
KOXKHIN 3 SKUX HaJae€ThCs BIAMOBITHUN HOMeEp 1 BKasyeTbes ii miamerp d,,, mumoma A,

IUIONIA TTOBEPXHI NOTUKY 3 OeTOHOM A, Ta NpHUB’fA3Ka iX J0 LIEHTPAIBHUX OCEH MEpETUHY
(Xg,Y5). BeprukanbHUM i TOPU3OHTAIBHHM TIONEPEYHMM CTEPKHSAM, PO3TALIOBAHUM Yy
IUIOMIMHI MEepPEeTHHY, 3a[al0ThCA: HOPMATHBHE 3HAuUCHHS MilHOCTI Ha po3rar f, ., Momgynp
npyxkHocti E,, 11 3agaHoro kinacy FRP, xoedinieHT nonoepunux aedopmaniii V, , sSKuii,
Hanpukian, xast BFRP nopisaioe 0,22 -0,25, HopmaTtuBHe 3HaueHHS nedopmaiiii £, Ta

BiZIHOCHI AeopMallii Ipy HaWO1IBIIOMY HABAaHTAXKEHH] &, .

y'I\X Xf'y Xt
a) P 6) Ay )
-+ Acn +— — -1
N )
N N I I _
{ J( = : | : Yii
| | | cn 1 (z [}
L __z)<_ S :(_)_._O. RPN
g O ~ [ | | lyfwi
N < ! ; H
[} | [}
] 3.)-i- (-4 ]
Tl Lo T

Puc. 3. Cxnanosi yactku 6eToHy (a), komnosutHoi apmatypu FRP (0) pozpaxynkoBoro
MIONIEPEYHOT'0 Nepepizy CTEPIKHS

ITonnepeuna apmatrypa FRP nmig BkazaHoro Ha puc. 3 TEpEeTHHY YpPaXxOBYETHCS IO
JOBXHHI OETOHHOTO CTEPIKHS SIK PO3MOIUICHUH 110 HOTo rpaHi map MOrOHHOT IITOIII

_ 7 (17)
Aszi - 4Si '

1€ S; — KPOK IONEPEYHHX CTEPKHIB Y I10310B)KHbOMY HAIIPSMKY.

PiBHsinHs piBHOBaru.
3 ypaxyBaHHSM BHKJIAJICHOTO BUIIE JJIsI PO3PAXYHKOBOTO MEPETUHY OETOHHOTO CTEPKHS
3 FRP mMoykHa 31KJ1acTH HACTYITHI PIBHSHHS PiBHOBAru:

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
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/A

m Ixfw,l—Z ,3-4

K
VX = Acn z-zvccn +Z i foj + z A(ﬁvi G)gf'wi’
i=1

n= =1

lyfwi 423

k
y Acnz-zvcn +Z i ny] + Z A}/Wl yfwi !

n=.

<
Il

xyfwl 4

K m
_ tor tor tor tor tor tor
Txy - Z Acn ( zyen X szcnch ) + z Ajj (Tzvf] X - z-z'c/jY ) z A (Gy/m Xfwz - GXfWinWi )’
j=1

n=1

1€ O,, — HOPMaJbHI BHYTpIIIHI CUIM (HAIpYyXEHHS) B N-HOMY CKIHUCHOMY €JIEMEHTI
OETOHHOT YaCTUHU MEPETUHY;

Oy — HOpMaJIbHI BHYTPIIIHI criH (Hampy»XeHHs) B j-oMy ctepkHi FRP;

Tpen Topen — MOTHYHI BHYTDILIHI CHIM (HANpPYKEHHs) B N-OMY CKIHYCHOMY €JIEMEHTI
OETOHHOT YaCTUTH MEPETUHY;

T s Ty — MOTHHUHI BHYTPILIHI CHIIM (HATIPYKEHHS) B J-oMy cTepkHi FRP;

Oywir Oyt — HOPMAIbHI BHYTPIIIHI CHIM (HANPYKEHHs) HA I-ilil JUAHII MOmepeYHnx
crepxxHiB FRP.

HopMmanbHi Ta 1oTH4YHI BHYTpPilIHI cuiu B cucteMi piBHAHB (18) oOuuciiooThes 3a

NMOBHUMH Jiarpamamu cTaHy OeroHy i1 apmarypu FRP 3 ypaxyBaHHSIM HaBeJE€HUX BHIIE
[IPUITYILEHb:

O-zml = Emlgzmlgzml zxml G l9zxml7/zxml
=G, =G, 9

zyml 7 zyml xyml

(19)

zyml ymlyxyml !

ne ¢ — koedimienT 3MiHM 3MiHHOTO MOAYIIst ieopmartiii 6etony E |

9 — Koeili€HT 3MIHU 3MIHHOTO MOy 3pizy G

M = C 115 CKIHUCHUX €JIEMEHTIB OCTOHHOI YaCTUHU NIEPETUHY;

m= f mis crepxHiB M0310BKHKOI apmaTypu FRP;

m = fw aus crepxkHiB nonepeunoi apmatypu FRP;

| — HOMep ckiHYeHOrO eleMenTa OeTOHY a00 CTEPIKHS TMO3M0BXKHBOI apmarypu FRP.

Jliniiini Ta kyToBi nedopmanii y 3aranbHOMY BUTIISAI 00paxoBYIOTHCS B MPHUITYIIEHH]
CIpaBeJIMBOCTI TinmoTe3u bepHyiii 3 ypaxyBaHHsaM pimeHb X. XaHa [16] mpu nmonepeaHoMy

3TUHI CTepXHs, (YHKIIH po3noainy NOTHUYHHMX HarpyxkeHb CeH-Benana mpu BuUIbHOMY 1
1O. IlIkomm [17] mpu cTUCHEHOMY HOTO KpY4eHHI:

Em = €o +ZX’Zme| +/¥me| +ﬂzez¢(xrtnolr’Ytor)a

7zxml = Kxgxml + Kyhym ‘92 fzxml; (20)
zyml

7zyml = Kygyml + Kxhxml ez f
yxyml = _Hz fxyml J

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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7ie €9 — BIIHOCHA JIiHiMHA 1edopMarlis 1o oci z;
Xx» Xy — KPUBU3HU 3THHY Yy IUIOIIMHAX [1i 3THHAIBHUX MOMCHTIB M, , M BIIIOBIIHO.
K., Ky — KPUBU3HU 3CYBY B IIOIIMHAX Jii TONEPEYHHX CUIT V, ,Vy BIAMOBIIHO;

0, — BinHOCHUI (IIOrOHHUI) KYT 3aKpy4dyBaHHS OJUHUII JOBXKHUHU CTPUXKHSA (paj/m);

qo( Xoryer ) — ¢yukuis kpytinas CeH-Benana BiIHOCHO LIEHTPY KpyUYCHHS,

B, — KxoedilieHT AeriaHanii BCbOIO IOINEPEYHOIO MeEpepisy, SKHH MPH CTUCHEHOMY

KpY4€H1 BU3BHAYAETHCS 32 (OPMYIIOI0
— -nz
ﬂz - 77e

ne 77 — Koe(ilieHT CTUCHEHOTO Kpy4YeHHsI, SKUi BU3HAYA€ThCA 32 [8];
Z — BiACTaHb IO JOBXHUHI CTEP)KHS BiJ] pO3PaxXyHKOBOTO IEpepizy 10 HAWOIMKUOTOo
’KOPCTKOTO 3aKkpirieHHs. [Ipy BiIbHOMY Kpy4eHHI cTepkHIB npuitmaemo f3, =1;

Oymi s Dymi s Ny s h,, — ¢yskuii posnoxiny Kyropux nepopmariii npu nomepedHOMy
3rUHI XaHa;

fz><m| = szml /(02 ’ GmI )’ fzyml = szml /(92 ’ GmI )’ fxyml = Txyml /(92 'Gml) - q)yHKI_III pO?’HOHiHy
KyTOBUX JedopMalliil Ipu BUIBHOMY 1 CTHCHEHOMY KPYYEHHI.

4 PE3YJIBTATU JOCJIAKEHD 3AT'AJIBHI. 3ATAJIBHI ®I3UYHI
CIHIBBIJHOIIIEHHA

3 ypaxyBaHHSM piBHAHB piBHOBArd (18), yzaransuenux aedopmariit (20), miarpam ctany
OeroHy 1 apMmarypu Ta po3BuBaroum imei [1, 2, 3, 4, 17] B 4yactuHii ypaxyBaHHS BIUIUBY
MOMEPEYHUX CHJI, 3arayibHi (Pi3MUYHI CHIBBIAHOLIEHHS IS PO3PAXYHKOBOTO TIOMEPEYHOTO
nepepizy 6eronHoro crepkHs 3 FRP moxHa npencraButu:

N, Dy D, D, O 0 Dy ||
M y D, D, Dy O 0 Dyl|x y
M, _ Dy Dy, Dy O 0 Dy || x 21)
Vs 0 0 0 D, D Dgl|K,
vy 0 0 0 Dy Dy Dy ||K,
Ty D Dy, Dg D Dgs Dgs | [ €

260 N} =[D] e},

ne D;; — mo3n0BxHs (B310BXK OC1 Z) dKOPCTKICTb CTEPKHS:

AsEq<,
le%%@nZ —=4, (22)
j=1 fj
D,,, Dy; —30pCTKOCTI CTEpKH y IUIOIUHAX ZOX, ZOY (3TUHAJbHI):
k m AE.C X2
= Z Acn Ecmné/cn Xczn + ZM , (23)
n=1 j=1 Vi
k m AE .Y
= Z A:n Ecmné/cn cn Zm : (24)
n=1 j=1 Vi

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
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D,, — KOPCTKIiCTh B3aEMHOTO BILIMBY 3TMHY B JBOX IUIOI[MHAX:
m
Z E £ X Z AGE X Yy (25)
A:n cmn > cn cn Cn -
j= Vg

D,,, D;; — KOpCTKOCTI BIUIMBY HOB30BKHBOI CUJIM HA 3TMH Ta 3THHAJIBHUX MOMEHTIB Ha

BHUAOBXCHHSA CJIICMCHTA.

= Z'A\:n Ecmné/cnX Z Aijfjé/ijij , (26)
j=1 Vi
_ ZAC E £ Y ijfjngijj ' 27)
j:l Vi
D,s, Dss —OpCTKOCTI 3CyBY B HANPAMKY Jii monepevnux cui V,, V,
k AEi%g 0y e
cmn zxcngxcn fj fojgxfj .
= + +>» A .E o [ 28
Z; 2(1+V) lel 2(1+Vf) IZ:l: fwi — fw XfWIngWI,C ( )
k m Isw
g AsEq9.40
n cmn zycn yen + j — fj 7 zyfj I yij A E . 29
nz; 2(1+V,) JZ;' 2(1+v,) Zl i = i Gy (29)
D,;, D., —0pCTKOCTI B3a€MHOTO BIUIUBY 3TMHY B IUIOMIMHAX ZOX, ZOY '
A; A E fj l9zxfj thj L .
—_ n cmn zxcn xcn + A E h . : 30
Zl 2(1+V) ; 2(1+V ) ; fwi — fw™ xfwi® “xfwi,c ( )
K A,E A E. 3 .h oy
— n - —cmn zycn ycn + fj ~zyfj ny A E h o 31
D5, Dy, Dy — KOpcTKOCTI BIUIMBY MO310BXKHBOI cuimd N Ta 3rHHaIBHUX MOMEHTIB

M M y Ha 3CyB Yy IUIOIIVHI, & TAKOXK KPyTHOro MoMmeHTty T,. Ha 3cyB y miomunHax ZOX
Z0Y :

‘ m A E & B XE Y
— zz n cmngcnﬁ¢(xéﬁrthor)+z il fngjﬂz(p( fi fj ) : (32)
n=1 i=1 Y4
k m AE Xtor XI(.)I’1Yt.0r
_ _ Z n cmné/cnxtorﬂ (Xct(r)\r ,Ytor)+ Z i fjngj ﬂ ¢( i 1 ) : (33)
n=1 j=1 Vi
m A E ] .Yt'OI’ X'[(')r,Y'['OT
D36 = Z '%n cmn nthr?rﬂ (0( Xctsr ’Ytor ) + Z . é,ZfJ ! ﬂzw( ! ! ) ' (34)
j=1 Vs
D46’ D )I(OpCTKOCTl BINIMBY KPYTHOI'O MOMECHTY Txy Ha 3CyB Yy ILIOIMMHAX Zox’ ZOy Ta
NOTIEPEYHUX CHI V,, Vy Ha 3CYB B IUIOIIKHI XOY !
AC A Efj‘gzxfj fZij (x .
— D n cmn zxcn ZXCﬂ + A IE i fZX o (35)
Pis = D Z;‘ 2(1+v) ,Z‘ 2(1+v,) le L i o
< A E AE S T
— n—cmn zycn zycn + i zyfj " zyfj A E _ f o 36
nZ:l: 2(1+VC) lel 2(1_'_\/f ) IZ:l: fwi M§WWI zyfwi,c ( )

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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Dys — KOPCTKICTb IPH KPY4YEHH] CTEPKHS B IIJIOIIUHI XOY :

S A B m A E Gy
D66 = EW( fzycn Xtt:ﬁr - fzxcnthr?r ) + Zlﬁ( fzyfj X tf?r - fzxijftjor ) +
c J f (37)
I,va+lf‘,\,yX
+ Z AfwiEfw xyfwi ( fzyfwixtfalri - fzxfinft\zir )'
i=1
ne yy — koedimient B. I Mypamiesa, skuii MOxe OyTH BH3HAYCHHH 3TiIHO 3 YMHHAMH
POCICEKMMHU HOpMaMH 3a (POPMYJIOH0:
O.
vy =1-0—=, (38)

oy

i€ O — HANPYKEHHS B ] — TOMY CTEPIKHI B MOMEHT BUHMKHEHHS TPilIKH;

O — TOTOYHE HANPYKEHHS B | — TOMY CTEPKHI MOB3JIOBXKHLOI apMaTypu Ha piBHI
HABaHTAXCHHS, 110 PO3TIISIAETHCS;

@ — Koe(illieHT TOBHOTHU EMIOPU PO3TATHYTOrO OETOHY, KU 3TiHO 3 pEKOMEHAALIIMU
[14] moxxHa npuitmatu: @ =0,7 .

Bynemo BBaxkatu, mo ¢izuuHi criBBigHomeHHs (21)...(37) € cnpaBennTuBUMHU Ha BCiX
CTaAisIX HAMpPYXKEeHO — JedOPMOBAHOTO CTaHY CTEp)KHEBMX OETOHHHMX eneMeHTiB 3 FRP
IPSIMOKYTHOTO TIEpepi3y MpH MPOCTOMY HIPOMOPLIHHOMY IX HaBaHTaXXEHHI.

Takuii miaxig ga€ 3MOTy ypaxoBYBaTH JHCKPETHICTh PO3TAIyBaHHS ITO3JI0BKHBOI Ta
nornepeyHoi apMatypu FRP, HeniHifiHICTh BIacTUBOCTEl BUKOPHCTAHUX MaTepiajiB IUIIXOM
BBEJICHHSA CIYHMX MOJYJIB MpH iX po3TsA3i (CTUCKY) Ta 3CyBi, HEPIBHOMIPHUH pPO3IMOILT
Halpy>XeHb 10 JOBXHHI mornepeyHoi apmarypu FRP, a Takox posrmsigaru 3araibHUi
BUMAJ0K CKJIAJHOTO HAMPYXXEHOTO CTaHy 31 CTHCHEHHMM a00 BUIBHUM KpPYyYEHHSM,
[EHTPATbHUM YHM TIO3alICHTPOBUM CTHUCKOM (pO3TSATOoM) 3 MaJIUMH a00 BEIMKUMHU
eKCIICHTPUCUTETAMHU, KOCUM 3THHOM.

Bkazani (¢i3uuHi CIHIBBITHOIICHHS MOJYKHA 3aCTOCOBYBAaTH ¥ JI0 I1HINMX CTEPKHEBUX
6eronHux eneMeHTiB 3 FRP, 110 BUNIpoOyIoTh CKIIaHMii HApyXeHo — Ae(opMoBaHMii CTaH, 3
JOBUTLHOIO (POPMOIO MOIMEPEYHOTO TEPEpi3y 3a HASIBHOCTI BIAMOBIMHUX (DYHKIIIH po3moaity
JOTUYHUX HAPY>KEHb.

[Ipu cramomy CHiBBIIHOIICHHI 30BHINIHIX CHJIOBUX (akTOpiB Ha Oyap — sKid cramii
HaBaHTAXXEHHS MOXKHAa 3HATH BekTop Jedopmariii, BUKOPUCTOBYIOUH  (i3HUUHI
cniBBigHomeHHs (21)...(37):

-1
{e}=[D] {N}, (39)
KOMIIOHCHTH SIKOTO JAlOTh 3MOTY BHU3HAUUTH Yy3aralbHeHI IiHIHHI (£,) Ta KyTOBI

(Y1 Vw1 Vxy) A€bopMaNii CKIATHOHANIPYKEHUX CTEPKHEBHUX 3alli300€TOHHUX EIIEMEHTIB 3
FRP.

5 OBI'OBOPEHHS PE3VYJIBTATIB JOCJIKEHHSA

5.1. BuzHayeHHsI HANPSIMKY i JOBKUHH MOXMJIOL 10 MO3I0BKHBOI OCi MPOCTOPOBOL
PYHHYI0401 TPIlLMHH

VYTBOpeHHsI TpIIMH HA TpaHAX 3a1i300€TOHHOTO CTEPXKHS JOIUIPHO BH3HAYATH 3a
OpPHUTIHAIBHOIO METOAWKOI [15] muiixoM BHUAANEHHS 13 pO3paxyHKy THUX OETOHHHUX
€JIEMEHTIB, TPOCTOPOBHI HaMpyXeHO-IehOPMOBAaHUN CTaH SKHX HE 3aJI0BOJIBHSE YMOBI

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
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MIITHOCTI 3TiHO 3 TpUiHBapianTHUM KputepieM B. M. Kpyrnosa [10, 11] abo ymMoBi MilTHOCTI
[5] mpu HeoaHOBICHHMX HAMPYXXEHHUX CTaHaX. TakWil TMiIXix JTO03BOJSE MPOCTEKUTH 3a
PO3BUTKOM TPILIMHM Y IUIOMIMHI MTOTIEPEUHOro mnepepizy 6eronHoro crepxusa 3 FRP, a Takox
OOYMCIUTH HAXWJI IT€T TPIIMHU 0 HOTO MO3J0BXKHBOI OClI Ha 30BHIMIHIX TPAHAX MUIIXOM
BU3HAUCHHS HANPSIMKY IJIONUHOK TOJIOBHUX PO3TATYIOUMX HANMPYXKEHb Y YacTKax OETOHY,
pO3TAIlIOBaHUX HA ITUX TPaHsX.

SIKI110 HE BUKOHYETHCS YMOBA MILIHOCTI OE€TOHY 3a OJJHUM i3 BKa3aHUX KPHUTEPIiB, TO IS
BH3HAYCHHS OpI€HTAIlll TPIIUHU TOTPIOHO 3HAWTH HAMPABJISIOYHN KOCHHYC TIJIOIIUHKHU 3
MakKCHUMaJbHUM  PO3TATYIOUMM  HampyXeHHsSM. [ONOBHI HampyXeHHS Yy BHUMIAQJKY
MPOCTOPOBOTO HAMPYKEHOT'O CTaHY PEKOMEHIYEThCSI BU3HAYATH 3a BUpa3oMm [9]:

c*-1c°+1,6-1,=0, (40)

ae |, 1,, |; — iHBapiaHTH TeH30pa HANPYKEHb y AOBUIbHIH ToULl OETOHY.

VYpaxoByrouu Te, IO 3TiAHO 3 TPAHUYHUMH YMOBAMH 1 y BIAMOBIAHOCTI 3 MPUHHITUMU
rinoTe3aMu y TOYKax, BIIAJICHUX Bij MICI[b IPUKJIAAaHHS 30CEPEIHKEHUX CUIIOBUX (PaKTOPIB,
Oxn =0y =0, BHpasd Uil iHBapiaHTIB TEH30pa HANPYXCHb INPUAMAIOTH 3HAYCHHS

_ _ 2 2 2 _ . . .
=0 =T en — T zyon — T xyens 13 =0, MICTaBIAOYM sIKI B piBHSHHS (40) 3HaX0IUMO

zcn? |2

PO3B’SA30K:

O, = O,S[I1 +. 17 -4l, J = 0,5[0ch i\/ofcn +4(rfxcn +r22ycn +z'x2ycn)] (41)

HaiiGimpii po3Taryrodi HanmpyXEHHsT BH3HAUYAIOTHCS MPH yTPUMaHHI 3HaKy «+». Tomi
3HAUEHHS HAIPABJISIFOYMX KOCHHYCIB TUIONMHKA MAaKCHUMAIIbHUX PO3TIATYIOUHMX HAMPYKEHb
[9] B omHili 13 YacTOK OCTOHY, HANPWKJIAA, 3 MPABOro OOKY CTEpXKHS MOKHA 3HAWUTH 3a
JIOTIOMOTOI0 BHPA3iB:

zxen,1-4 zyen,1-4

COS(X’Vcn,1—4) = TT! Cos(yivcn,l—zl) = TT! COS(Z1Vcn,l—4) = %’ (42)

_ 2 2 2 2 .
Ac S - \/ O-zcn,l—4 + szcn,l—4 + szcn,1—4 + z-xycn ’
Vcn,1—4 — HOpMAaJIb OO0 INUIOINMHKKW 3 MAaKCUMaJIbHHMHU PO3TATYIOUHMMHU HAIIPYKCHHIAMU B

4acTIli OETOHY, IO PO3TIATAETHCS;

1—4 — iHJEKC, II0 BKa3ye Ha MpHB’sA3Ky MpaBoi Oi4HOI moBepxHi enemeHTa a0 1 1 4
CTEPIKHIB ITOB3/I0BKHBOI apMaTYPH.

AHAJIOTIYHO MOKHA BU3HAYUTH HAIPABIAIOYl KOCHHYCH IUIOIIMHOK 3 MAaKCHUMaJIbHUMHU
PO3TATYIOUMMH HANpPYKCHHSIMH B OKPEMHX YacTKax OCTOHY Ha IHIIMX TpaHAX CJIEMEHTa,
NPUB’A3YIOYH 1X JI0 BIJTOBIHOI TIOB3/I0BXKHBOI apMaTypH.

KyT Haxwuiay TpiluHU B MeXax KpalHBOI YacTKM OCTOHY €JeMEeHTa Ha JOBUIbHIN TpaHi
PO3IISIIAETBCS SIK KYT MK JIIHIEI0, TapaleIbHOI0 MO3A0BXKHIM OCi Z, Ta JHIEI0 NEPeTHHY
IUTONMHY TPaHi 3 IUIOIIMHOIO TOJIOBHUX PO3TATYIOUHX HAINPYKEHb. [3 aHANITHYHOI reomMeTpii
BIJOMO, IO KYyTH HaXWily PyHHYIOUOl TPIIIMHU, HAPUKIAA, HAa HIKHIA Ta mpaBiii OldHii
TpaHsIX CTePKHEBOI OeTOHHOI KOHCTPYKIli 3 FRP B Mexax gacTok OG€TOHY, 110 3HAXOASATHCS
Ha IUX TPaHHSX, BIAMOBIIHO, JOPIBHIOIOTH:

COS(X, Ven,3-4)

szcn,3—4

> > = arccos > >
\/COS (X’ Vcn,3—4) +C0S (Z ! Vcn,3—4) \/szcn,3—4 + Jzcn,3—4

Olyy 34 = ArCCOS

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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COS(% Vcn,1—4) — arccos szcn,l—4 (43)

2 2 2 2
\/COS (y' Vcn,1—4) +CO0s (Z’ Vcn,l—4) \/szcn 1-4 + Gzcn 1-4

Bn1s = arccos

3 ypaxyBaHHsM (43) NOBXKUHA MPOEKIii TPIIIMHHU, [0 YTBOPIOETHCS HA BKa3aHUX BHILE
IpaHsIX, Ha TTO3/IOBXKHIO BiCh O0eTOHHOTO cTepskHs 3 FRP cTaHOBUTH:

b/b. h/h.

I(fro,);—él = z b*Ctg acn,3—4’ ICZ:),?II.—4 = Z h*Ctgﬂcn,l—él ' (44)
1 1

[Ipuiinara MeToauKa JO3BOJSE MPOCTEKUTH 32 PO3BHUTKOM 1 3MIHOIO KYTIB HaxUIy
pyiHYI0UOi TpIIMHU Ha OIYHUX MOBEpXHAX (rpaHsx) crepxkHa. OTxe, TI YacTKU OETOHY, B
SIKWUX BUHUKJIA TPIIIMHA, BUKITIOYAIOTHCS 3 poboTH. [IpoTe, HeoOXiqHO ypaxoByBaTH TOH (akT,
10 Ha BEJTUYMHY 3yCUJb, SIKI CIIPUMMAIOTHCS MO3J0BXKHBOIO apMaTypol0, CYTTEBO BILJIMBA€E
poboTa O6eToHy, KU 3HaXOAUTHCSI MK TpiluHamMu. [ ypaxyBaHHS poOOTH PO3TATHYTOTO
0eTOHY MDX TpIIIMHAMHM MOXHA BUKOPUCTATH CXEMY 34YCIUICHHS apMaTypu 3 OeTOHOM,
3ampoIoHOBaHy B cBiif yac B. I. Mypameum.

3rizno 3 [9] 3aranpHi HampyxkeHHS Yy o0’eMHOMY OeroHHOMY enemeHTi 3 FRP
CKJIAJIAI0THCSI 3 HANIPYXKEHb Y O€TOHI 1 apMaTypi:

{o}={o}+{o}. (45)

VYpaxoByroun CyMICHICTh BIJHOCHHMX jaedopMariiii OeToHy 1 apmarypu 3B’SI30K MiX
HaIpy>KCHHIMHU 1 AedopMaIlisiMU B CEPEIMHI €JIEMEHTa MOYKHA TIPEICTaBUTH:

{o}=([d; J+[D.]){e} =[d]{e}, (46)

e [d]= ([df 1+ DC]) — MaTpHMIsd MEXaHIYHUX XapaKTEPUCTHK GeTony 3 FRP.

Matpuiis MexaHIYHUX XapaKTEPUCTUK apMyBaHHs y 3araJibHOMY Bu/Ii [ 12]

[di ]=2[d} ], (47)

e [d'f] — MaTPHIl BiAMOBIIHOTO | -TOr0 HANPSIMKY apMyBaHHS, BKJIal SKOTO BH3HAYAETHCS

K TOOYTOK BIAMOBIAHOT XapaKTEPUCTUKH Ha KOCHMHYC KyTa MK HampsMKOM apMyBaHHS i
MEPIEHIUKYISIPOM JI0 TPaHi €JIEMEHTY, SIKY MEPETHHAIOTh apMaTypPHI CTEPIKHI.

CepenHi 0cboBI qedopmallii j-TOro poO3TATHYTOTO UM CTUCHYTOTO CTEPXKHS MO3I0BXKHBOT
apmatypu FRP B 30H1 yTBOpeHHs TpinHu 3rigHO0 3 Teopiero B. I. MyparmieBa Bu3Ha4aeThCs
TakK:

Em =€V +5cn(1_‘//fj)1 (48)
fe &g — nedopmarii j-TOro po3TATHYTOrO YM CTHCHYTOTO BiLHOTO (6€3 OGETOHY) CTEPKHS
MO3/IOBXKHBOT apMaTypH B 30HI YTBOPEHHS TPIIITUHU;

&, — Aedopmarii N -oi yacTku GETOHY B TOMY MICIIi, 1€ PO3TAIIOBAaHUHN | -Uil CTEP)KEHb
Mo3/10BXKHBO1 apMatypu FRP Ha minsHIN MiXk TpimuHaMu,

y  — Koepiuient B. I. Mypauesa, Ikuil Bu3Ha4a€eThest 3a Gopmyinoro (38).

5.2. Bu3HayeHHsI KOOPAUHAT HEHTPY 3TMHY Ta HEHTPY KPY4YeHHSI 3 YpPaxXyBaHHAM
TPIlIMHOYTBOPEHHS

[Ipu yTBOpeHHI TpilMHM OETOHHA YAaCTMHA MOMEPEYHOro Mepepidy 3MEHIIYEThCA, a
LIEHTP MOT0 KOPCTKOCTI, BIAHOCHO SIKOTO TIOTPIOHO 3HAXOIUTH XapPaKTEPUCTUKH YKOPCTKOCTI,
0 BXOIATH OO CUCTeMH piBHAHb (21), 3mimyerbcss B OiK CTUCHYTOI TpaHi. 3rigHO 3

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
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NPUIHATOIO TINOTE300 HOPMAllbHI HANpYXEHHS O, HE CIPUIMAIOThCA IONEPEUHOIO

apMmatyporo. Tomy IIeHTp 3TUHY 1 LIEHTp Kpy4ueHHs He 30iraiotecs. KoopauHaT eHTpy 3TuHy
MPUBEJICHOTO II0 OPCTKOCTI TOIMEpPeYHoro mepepizy OeroHHoro crepkHs 3 FRP 3
ypaxyBaHH;IM 3MiHU HAaIlPY>KEHOTO CTaHy apMaTypH B pe3yJbTaTi yTBOPEHHS TPIIIMH MOKHA
NPEICTaBUTH:

Zk:Ac y E +Zm:Aijijfj Zk:'a\: x E +Zm:Aijijfj
X, =2 =70 sy = U (49)
c A, E c A, E
ZAJn z ZACH z

i1 ¥y i1 Wy

Koopaunatu neHTpy KpydeHHs 3 YpaxyBaHHSM HAasBHOCTI IIONEPEYHOi apMaTypu
BHU3HAYAIOTHCS BIAIIOBIIHO:

Ly

ZA:nyan +Z ijfl fj—I—Z'A‘fvafvw fwi

i=1 .
ctor — lwy ’

Z A%nGcn +ZM+Z AfwiEfwi
n=1 j=1 i=1

fi

Ifwa(

XenGen "‘Z fJ fJGfJ ZAfwinwiEfwi

k

n
= =L l//f, i=1
Yc,tor - I x (50)
fJ
Z/%nG Z +ZAfw.Efw.
i i=1
e Xy, Y., — KOOpDIMHATH LEHTPIB Bark OETOHHUX YacTOK BIJIHOCHO OCEH cUMeTpii

MONIEPEYHOTO TIePeEPi3y;
X4, Y — KOODAMHATH LEHTPIB Bard CTEPXKHIB MO3I0BKHBOI apmarypu FRP BigHOCHO

THUX YK€ OCEH;

Xeyir Yiei — KOOPAMHATH HEHTPIB Barl OKPEMUX JIUISHOK CTEPKHIB IOIEPEUHOI apMaTypH
FRP BigHOCHO OCeil cumeTpii mepepizy.

ITpy Bu3HAYEHH1 XapaKTEPUCTUK KOPCTKOCTEH BIUIMBY, B T.Y. B3aEMHOTO, IIOB3/I0BXKHIX
Ta TMOMEPeYHUX CWJI, a TaKoX 3TMHAIBHUX MOMEHTIB Yy piBHIHHAX cuctemu (21)
BUKOPUCTOBYIOTbCSI KOOPJIMHATH LIEHTPIB BAarkM 4acTOK OETOHY, CTEpXHIB MO3/10BXHBOI Ta
OKpeMHX JUISHOK CTEp)KHIB MONEPEYHOT apMaTypH BIIHOCHO LEHTPY 3rUHY. TOOTO 3HaYeHHs
KOOpJAMHAT Y, X y Bupazax (23)...(31) BU3HAUaIOTHCS TaK:

ch = Xen _Xc7 ij = X _Xc’ Xfwi = Xiwi - X

Yn =Y _Yc’ ij =Yg _Yc’ wai = Yiwi _Yc : (51)

[Ipu Bu3HAYCHHI XapaKTEPUCTHK KOPCTKOCTI YETBEPTOTO, I ITOTO 1 MIOCTOTO PIBHSIHB Y
dopmynax (28)...(36) BUKOPHUCTOBYIOTHCS KOOPIAUHATH BITHOCHO IIEHTPY KPyUEHHS:

X;ﬁrz)( Xctor’ XtOI’_ - X th\(:\I:_XﬁNI_X
YtOI‘ — ycn Ytor — ny

fj c, tor ’ c,tor?

(52)

tor
ctor' ctor’ Yle Yiwi — ctor

5.3. YMoBH 3aKiHYCHHS PO3PAXYHKY

CrepxHi  TO30BXKHBOT apmarypu FRP  mepecraioTs cropuiimMaTH  3pocTarode
HABAaHTAXXCHHS (YMOBHO BHKJIIOYAIOTHCS 3 pPOOOTH), SKIIO KOMIIOHCHTH HAIPYXKEHO-
neOpMOBAHOTO CTaHY Taki, IO HE 3aJO0BOJILHAIOTH KpuTepiit wmimHocti FRP, B sikomy

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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IpaHMIS TEKYy4OCTi BH3HAu€Ha 3 ypaxyBaHHAM ii 3MeHIIeHHs (16) BHACIIJOK CKIaJHOTO
HaMpy>KEHOI'o CTaHy.

Crepxenp mnonepeyHoi apmatrypu FRP yMOoBHO BUKIIOYaeTbcs 3 POOOTH, SKIIO
HOpMaJIbHI HaNpyXXeHHs Xo4ua OM Ha OfHiH 3 OT0 AISTHOK JOCATHYTH HanpysxeHb fo .

IHKOIM B esleMEHTax MONEpPeYHOi apMaTypud IpH BEIUKUX KPYTHHX MOMEHTax
3’ SIBJISIFOTBCS 3yCUILIA, TIPU SIKUX TOPYIIYETHCS iX 3YETICHHs 3 0ETOHOM BHACHTIJIOK TOTO, IO
JTOTHYHI HAPYKEHHS B OCTOHI MOOIM3Y I1i€i apMaTypH TOCATAIOTh MEX1 MIITHOCTI Ha 3CYB. Y
TaKOMY BHUNAJIKy YMOBHO BHUKJIIOYA€THCS 3 pOOOTH TOW €JIEMEHT IONepedHoi apMmaTypH, B
SKOMY BUHUKJIO TIOPYIIEHHS 34eJIeHHs 3 0ETOHOM, TOOTO HE BUKOHYETHCSI yMOBA!

szc< fbd abo szc <fbd ! (53)

ne f,, — po3paxyHKoBe 3HaYECHHsS I'PaHUYHHUX HANpPYKCHb 3YCIUICHHS apMaTypH 3 OCTOHOM.
3rigno 3 ynHHUMH HOpMamu f, =2,25n,1, f .,

ne f, — pospaxyHKoBe 3HaueHHA MIIHOCTI OETOHY Ha pO3TAr (B EKCIEPUMEHTaX —
xapakrepuctuune f, ); 7, =10 npu HOpMaIBPHUX YMOBax 34EIUICHHS OETOHY 3 apMaTypoIo;
n, =1,0 mpu niamerpax apmatypu a0 32MM BKIIIOUHO.

Ha xoXHOMY eTari HaBaHTaXCHHS pPO3PaXyHOK 3JIHCHIOETHCS ILIAXOM BHKOHAHHS
JesIKOT KIJTbKOCTI iTepariil 10 TUX Mip, TOKA TOYHICTh BH3HAYCHHS BCIX KOMIIOHEHT BEKTOpa
nedopmariiii He OyJe 3a0BOJLHATH JCSIKY 3aaHy BEIUYMHY, TOOTO JOKH HE Oy/Je BUKOHAHA
yMoOBa:

{eha 12t <{n}, (54)

e {g}n — BeKkTOp AedopMartiif, o6urcIeHnii Ha n-iif iteparnii;

{}, , — Te x Ha monepemHiit, N—1-iii, irepanii;

{77} — BEKTOp TOYHOCTI, CKJIQJACHUH 13 3aJlaHUX TOYHOCTEH HJIs1 KOXKHOI CKJIQJZOBOI
BEKTOpa JedopMartii.

[TocmimoBHO 301IBITYIOYH BEKTOP JIIOYHMX y CTEPKHI 3YCHJIb 3aaHOTO CITIBBITHOIICHHS,
MOXKHa BHM3HAYUTH HECydy 3AaTHICTH OeToHHOro crepxkHs 3 FRP. V skocTi rpaHudnoro

HAaBAHTAXKCHHS NPUMMAETbCS MAKCUMAJIBHUM BEKTOP 3YCHIIb {N}, IIpU SIKOMY CHCTEMa
piBHsHB (21) Mae pimieHHs, TOOTO BH3HAYHUK MaTpPHII [D] HE JIOPIBHIOE HYJIO (3 JESIKOIO

3aJ]aHOI0 TOYHICTIO 7],,) a00 Hecyua 34aTHICTH OeTOHHOro crtepkHs 3 FRP BBaxaeTncs
BUYEPIAHOIO, SKIIO0

det[ D] <7 (55)

5.4. AaroputM BHM3HAYEHHSI HeCYYOi 3JaTHOCTI PO3PAXYHKOBHX HOPMAJbHHX
nepepisiB 0€TOHHHUX CTEeP:KHIB MPSIMOKYTHOI0 nepepiszy, apmoBanux FRP

VYV Mexax maHoi poO6oTH 31 30epeKeHHSIM OCHOBHHMX MpUHIMMIB [9, 12, 18] 3aificHIOEThCS
po3pobOka HoBoi mporpamu «NTVM» B cepenoBuiili epeKTUBHOI KOMIT IOTEPHOT MaTEeMaTUKH
MATLAB, sika 103BOJIUTh y MOBHOMY 00’€Mi BH3HA4aTH BCl BHYTPIIIHI 3yCHIUIA (CHJIOBI
(akTopH) y 3aralkHOMY BHIIaJKy CKJIaJHOTO HAIPY>KEHO — 1e(OPMOBAHOTO CTaHy OETOHHOTO
crepkast 3 FRP 3 ypaxyBanHsAM #oro BiIIBHOTO a00 CTHCHEHOTO KPY4Y€HHS, CY4YacCHUX
KPHUTEPIiB MIIIHOCTI MaTepialiB MPpHU MPOCTOMY MPONOPLIHHOMY HaBaHTaKEHHI.

brnok—cxema anropuTMy BH3HAUEHHS HECydyoi 34aTHOCTI OETOHHUX CTEP)KHIB
MPSIMOKYTHOTO TIOMEPEYHOr0 Tepepi3y 3 JOBUIBHUM OPTOTOHAJIBHMM apMmyBaHHsSM FRP

Kapmrok 1. A., Knumenko €. B., Kapmnrok B. M., Kapmok M. B.
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IpesicTaBjIeHa Ha puc. 4.

Anroput™m ckianaeTbcs 3 OJOKY BBEIEHHS BHUXIJHHMX JIaHUX, OCHOBHOI YacTHHH,
JOMOMIDKHUX HIANPOrpam MepeBipku yMOB 301IbIICHHSI BEKTOpA HABAHTAKEHHS 1 BUUEPIIAHHS
HEeCy40i 3/IaTHOCTI Ta OJIOKY PO3JAPYKYBaHHS PE3yJIbTaTiB PO3pPaxyHKIB.
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Puc. 4. briok — cxema aqroputMy po3paxyHKy

6 BUCHOBKH

1. Otpumana mnomanbIIMK PO3BUTOK TNPUHHATA Yy 3aralbHOMY BHUIJIIII HeNiHiNHA
nedopMaIiiHo-CHJIOBa MOJIETh  CTEPKHEBOT OETOHHOT KOHCTPYKII 3 HEMETAJICBOIO
KOMIIO3UTHOIO apMaTypoIlo, sIKa 3 €JMHUX TO3ULINA MEXaHIKW apMOBAHOTO OETOHY J03BOJISIE
ypaxoByBaTH OCOOIMBOCTI CyMicHOI poOoTu OeroHy i1 apmarypu FRP Ha Bcix cramisx,
BKJIIOYAIOUM pPYHHYBaHHS, B 11 pPO3paxyHKOBUX Iepepizax Yy 3arajJbHOMY BHIIaJKy
Halpy>KeHOT0 CTaHy 3 ypaxyBaHHAM CYMICHOi Jii TOB3/JOBXKHIX Ta TIOMEPEYHUX CHII,
3TMHATBLHUX Ta KPYTHHUX MOMEHTIB. [i MOHA 3aCTOCYBATH MPU MPOEKTYBAHHI YU ITiICHIEHHI
0aJIOK, pUTEITIB, KOJIOH Ta €JIEMEHTIB POCKICHUX (hepM MPSMOKYTHOTO MTONIEPEUHOTO Mepepizy,
a TaKOX TepeBipli HECyuoi 37JaTHOCTI ICHYIOUMX CTEP)KHEBUX OETOHHUX KOHCTpyKuiid 3 FRP,

Kapmiok 1. A., Knumenko €. B., Kapmiok B. M., Kapmok M. B.
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10 TPAIIOIOTh B YMOBAaX CKIAJIHOTO HAIpPYXEHO-Ae(POPMOBAHOIO CTaHy abo arpecuBHOTO
BIUIMBY OTOYYIOUOTO CEPEOBHUIIIA.

2. [IporHo3 TpIlIMHOYTBOPEHHS HA TPaHSAX 3al1i300€TOHHOTO CTEPXKHS 1 MEPEeBIpKY
MIIIHOCTI OE€TOHY PpEKOMEHAYEThCS 3IIMCHIOBATH 3a TpPUIHBApPIaHTHUM  KPHUTEPIEM
B. M. Kpyrnosa a6o n’stunapamerpuanum kputepiem M. 1. Kaprienka ta iioro y4HiB.

3. YTBOpeHHS TPIIMH B OETOHI YPaxOBYETHCS IIISIXOM BUKIIIOUCHHS 3 PO3PAXYHKY THX
4acTOK OeTOHy, MPOCTOPOBUI HAINpyXEHO-Ae(OPMOBAHUI CTaH SKUX HE 3aJ0BOJIBHSE
3a3HAYEHUM B 1.2 BUCHOBKIB KPUTEPISIM MIITHOCTI.

4. [TpoBeneHi  EKCHEPUMEHTAIBHO-TEOPETHYHI  JochikeHHs [19]  miarBepauiu
MOXJIMBICTD 1 JOIUIBHICTh 3aCTOCYBAaHHS IIPEICTABIICHOI 1epopMaIiiftHO-CUIOBOT MOIEI JIJIst
BU3HAYECHHS HECydol 34aTHOCTI, TPIIIMHOCTIHKOCTI, Ae()OpPMaTHUBHOCTI, a TaKOX Opi€HTAaIlil
TPIIIMHYU BITHOCHO rpaHeit 6eTtoHHoro enemenTa 3 FRP Ta i qoBkxuHM Ha 1IUX rpaHsX.

5. 3HMKEHHS MIITHOCTI MOB3/10BXHBO1 apMaTypu FRP, 3ymoBiene ii cymicHOI0 po60TOIO
3 QHAJIOTIYHOIO TOMEPEYHOI0 apMaTyporo, AOIIUIBHO YpaxoByBaTH 3a momomoroi (16).
CrepxHi i€l apmatrypu FRP Takox yMOBHO BUKIIOHYAIOThCA 3 pOOOTH, SIKIO HATPY>KEHHS B

Hiii 1ocsiratoth 3Ha4yeHb f 13 (16). CTepkeHb MonepeyHoi apMaTypy YMOBHO BHKIIFOYAETHCS

3 poOOTH, SKIIO HOPMaJbHI HANMpYXEHHS Xo4ya OM Ha OJHIA 3 WOTro IUISHOK JOCSITHYTh

3HaueHb f .

6. [IpencraBnenni piBHsAHHS piBHOBaru (18), BUpasu s y3aradbHEHHMX JAedopMarliii
(20), aHamiTMUYHI ONMHUCH JiarpaM CTaHy MarepiaiiB, 3arajabHl (Di3WYHI CHIBBIIHOIICHHS Y
Burisini (21) € cmpaBenmuBUMHU IS BCIX CTalild CKIAQAHOTO HAMpyXeHO-Ie(hOopMOBaHOTO
crany O0etonHoro crepxkss 3 FRP. Ilnmactuuni BIacTUBOCTI OE€TOHY ypaxOBYIOTHCS ILISIXOM
BUKOPUCTaHHS CIYHMX MOJYJIIB IPY>KHOCTI IIPH CTUCKY, PO3Ts3i 1 3CyBi, a 3MillleH1 BHACIIJOK
TPINIUHOYTBOPEHHS IIEHTPH KOPCTKOCTEH TMpPH 3TMHI W KPYYEHHI CTEP>KHS-BIAMOBITHO, 3a
noromororo Bupasis (50, 51).

Hecyda 3paTHICTP PO3paxyHKOBUX TIEpEpi3iB Ta CTEPXKHs, B IJIOMY, BHU3HAYAETHCS
MaKCHUMAaJIbHUM BEKTOPOM 3yCHJIb 33/1aHOTO CITIBBIIHOLICHHS a00 PiBHIB, MPH SIKOMY CHCTEMA
piBHSHB (21) me Mae po3B’s30K, TOOTO BU3HAYHUK MAaTpHIll KopcTkocTi [D] He mopiBHIOE
HYJIO 13 3a1aHOI0 TOYHICTIO. IIpOoruHM 1 KyTH 3aKpydyBaHHS OKPEMHUX Iepepi3iB CTEp KH:,
pu oTpedi, MOXXKHA BU3HAYUTH Yepe3 iX BIAMOBITHI KPUBU3HM 3THHY 1 BITHOCHI (ITOTOHHI)
KYTH 3aKpy4YyBaHHS, sIKi OOUMCIIIOIOTCA B TIPOIIECI PO3PAXYHKY.
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YK 631.333.5:514.18

PYX YACTUHKHU 11O CPEPUYHOMY CEI'MEHTY 3
BEPTUKAJIBHUMU PAIAJIBHO BCTAHOBJIEHUMHA
JIOITATKAMUA

Boaina T. M.l, IMuaunaka C. (I).l, Hecsigomin A. B.!
'Hayionanonuii YHigepcumem 6iopecypcis i nNpUpoOOKOpUCmysanHs Yxpainu

AHoTanis: Po3risiHyTO BiZHOCHMH pyX YaCTHHKHM IO BHYTPIIIHIA MOBEPXHI TOPHU3OHTAIBLHOTO
cepryHOro IHCKa B3AOBK BEPTHKAJIBHOI JIOMATKH, BCTAHOBIECHOI y pajianbHOMy Hampsmi. Jluck
00epTaeTsCsl HABKOJIO BEPTUKANBHOI OCi i3 3aJaHOI0 KYTOBOIO MIBHAKICTIO. CKIaneHO cHucTemy
nudepeHLiaIbHUX PIBHSHb PYXy YacTHHKH, SKYy PO3B’S3aHO YHCEIBHUMHM METOJaMH. 3HailneHo
KIHEMaTHYHI XapaKTEPUCTHUKH, 3’SICOBAHO 3aKOHOMIPHOCTI BIJIHOCHOTO PyXY YaCTHHKH MO TOBEPXHI
mutinapa. [loOymoBaHo Tpadiku, MmO XapaKTepU3ylOTh PyX YaCTHHKH TPH TIEBHUX 3aJIaHUX
napamerpax, a came: rpadik 3MiHH KyTa, 1110 33/1a€ TOJO0KEHHS TOUKH Ha MOBEPXHi cepu B HANpsAMi
Mepuaiana, rpadiku 3MiHM a0COJIIOTHOI 1 BIIHOCHOI MIBHIKOCTEH, rpadiku 3MiHHM CHIIM peakiii
cepudHOro Jucka i Jonarku. YucenpHe IHTETPYBaHHS OTPHUMAHOTO JH(EPEHIIATLHOTO PIBHIHHS
MoKa3ajo, IO 3a MIBCEKyHOM 4YacTUHKA MiAiMMAEThCs Ha BHUCOTY mMiBcepu, a MOTIM IMOYMHAE
omyckartucs. [Ipy iboMy omyckaHHS 4epryeThbes 3 MiJHOMOM A0 TOBHOI 3yNMHKY YaCTHHKU Ha TEBHil
BHCOTI, TOOTO YAaCTHHKA «3aJIMIIAE» 1 i 00epTaeThcs pa3oM 3 miBcdeporo. KyT «3anumnaHHsy Moxke
OyTH 3HaieHo aHAMITHYHO. KpiM TOTO, YrcenbHI METOM O0YMCIIEHb MTOKA3alH, MO MPH HYIHOBOMY
3Ha4YeHHI KoedilieHTa TepTs YaCTUHKMU IO MOBEPXHi AUCKA, TOOTO MPH aOCONIIOTHO TIaAeHbKIM Horo
MOBEPXHI, 1 HEHYJILOBOMY — TIO IOBEPXHI JIOMATKH, Ta TPH HEOOMEKEHOMY 3POCTaHHI KyTOBOI
IIBUAKOCTI OOCpTaHHS JIUCKAa YaCTHHKA «3aJIMIa€» Ha BHCOTI LeHTpa cdepu. Skmio x oOuasi
MOBEpXHI aOCOJIOTHO TJIAaJEHbKi, TO 3aTyXarodi KOJMBAaHHA KyTa, LIO 3a7a€ MOJOXXEHHS TOYKH Ha
MOBepxHi cepu y HampsMi MepHiaHa, BifOyBalOThCsS HECKIHYEHHO JOBro. Poboda moBepxHs IUCKa
BIJIIICHTPOBOTO arapaTta, BUTOTOBJIIEHA y BHUTISAI CPEPUYHOrO CErMEHTa, 3a0e3ledye MoYaToK
MOJILOTY YACTUHKU B MOMEHT CXOKCHHS 3 JHCKA il 3aJaHUM KyTOM JO TOPH30HTAJIBHOI IUIOMINHH,
301TBIIYIOYH TUTONTY PO3CIIOBaHHS TEXHOJOTIYHOro Martepiamy. OTpuMaHWi y CTaTTi aHATITUIHUN
ONKC PYXYy YaCTHHKH A€ MOXKJIMBICTh JOCITIIUTH 11 PO3TiH MO JUCKY B3JOBXK JIOMATOK Ta 3HAUTH
BIJIHOCHY 1 aOCOJIIOTHY IIBHUIKOCTI B MOMEHT CXOJKCHHS YAaCTHHKH 13 JAMCKa. 3HAHICHI aHATITHYHI
3aJIeKHOCTI 1O3BOJISIFOTH BH3HAYaTH BIUIMB KOHCTPYKTMBHHMX Ta TEXHOJOTIYHMX IapamerpiB Ha
MPOIIeC PO3rOHY YaCTUHKH.

KarouoBi ciaoBa: chepuynuii amck, poOo4Ya TOBEPXHs, YaCTHHKA, CHCTEMa KOOpJUHAT,
a0COFOTHA MIBHU/IKICTb.

PARTICLE MOTION ON THE SPHERICAL SEGMENT WITH
VERTICALS RADIALLY INSTALLED BLADES

T. Volina', S. Pylypaka', A. Nesvidomin'
National University of Life and Environmental Sciences of Ukraine

Abstract: The relative motion of a particle on the inner surface of a horizontal spherical disk
along a vertical blade mounted in the radial direction is considered in the article. The disk rotates
around a vertical axis with a given angular velocity. A system of differential equations of motion of a
particle is compiled and solved by numerical methods. The kinematic characteristics of the motion are
found, the regularities of the relative motion of the particle on the surface of the cylinder are clarified.
Graphs characterizing the motion of a particle at certain given parameters are constructed, namely:
graph of angle change, which sets the position of the particle on the surface of the sphere in the
direction of the meridian, graphs of absolute and relative velocities, graphs of change of forces of the
reaction of the spherical disk and blade. Numerical integration of the obtained differential equation
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showed that in half a second the particle rises to the height of the hemisphere, and then begins to fall.
In this case, the descent alternates with the rise to a complete stop of the particle at a certain height, i.e.
the particle “sticks” and then rotates with the hemisphere. The angle of “sticking” can be found
analytically. In addition, numerical calculation methods have shown that at zero value of the friction
coefficient of the particle on the disk surface, i.e. at its absolutely smooth surface, and at the non-zero
value of the friction coefficient of the blade surface, and at an unlimited increase of the disk angular
velocity the particle “sticks” at the height of the center of the sphere. If both surfaces are absolutely
smooth, then the damping oscillations of the angle that determines the position of the particle on the
surface of the sphere in the direction of the meridian, occur indefinitely. The working surface of the
disk of the centrifugal apparatus, which is made in the form of a spherical segment, provides the
beginning of the flight of the particle at the time of ascent from the disk at a given angle to the
horizontal plane, increasing the scattering area of the technological material. The analytical description
of the particle motion obtained in the article makes it possible to investigate its acceleration along with
the blades of the disk and to find the relative and absolute velocities at the moment of particle ascent
from the disk. The found analytical dependencies allow determining the influence of constructive and
technological parameters on the process of particle acceleration.

Keywords: spherical disk, working surface, particle, coordinate system, absolute velocity.
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1 BCTYI

Jnst po3citoBaHHS MiHEpaJIbHUX JOOPHB 3aCTOCOBYIOTH arapaTd BiAIICHTPOBOTO THITY.
Ixni poboui opraHu MOXyTh MaTH pi3HY KOHCTPYKIilo. [IpUHIMI poGOTH TaKHX amapartis
MoJIsiTaE B TOMY, IO MaTepiajibHa YaCTHMHKA, TOOTO YacTHMHKA JAOOpHBA, KOB3a€ MO poOOoUii
MOBEPXHi, sIKA OOEPTAETHCS HABKOJIO BEPTUKATBHOI OCi 1 Mia AI€I0 BIALIEHTPOBOI CHIIA
pO3raHs€eThCs 1 pyXxaerbes 10 nepudepii Bix oci odepranns [1]. st 3011beHHS TIBUIKOCTI
pPO3TOHY TaKi amapaTd JOJATKOBO YKOMIUIEKTOBYIOTh BEPTHKAIBHHMH JIOTIATKAMH, B3JOBXK
SIKUX 3MYIIIEHA PyXaTHCs YaCTHHKA B paJiiallbHOMY HarpsiMi. Bix ¢opMu Ta KOHCTPYKTUBHHUX
napameTpiB poOOYMX OpraHiB amapary 3ajeXaTh KIHEMAaTH4HI XapaKTepUCTUKU PyXy
TEXHOJIOTIYHOTO Marepiaiy. JlociikeHHs 3aKOHOMIPHOCTEH PyXy YaCTHHKH B 3aJI€KHOCTI
Bil (GopMH Ta KOHCTPYKTHBHHX OCOOJMBOCTEH pOOOYMX OpPraHiB JO3BOJISIE TOKPAIIATH
KOHCTPYKIIIO anapary.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

Pyx marepialbHMX YaCTHHOK IO TMOBEPXHSAX PO3TIISIIAETHCS Y HAYKOBUX CTATTSIX Y
KOHTEKCTI iXHbOI IPUPOAU: 11€ MOXKYTh OYTH MEXaHIYH1 YaCTHHKH, YACTUHKH Ta3y Yd PiIUHH,
YaCTUHKH Yy TOTOIIl TOIIO. 3BICHO, PyX OKPEMOi YaCTUHKU HE MOKe OyTH 171eHTH(IKOBAHO 3
pyxoMm Tiia a00 TEXHOJOTIYHOro MaTepiaily, SKMi CKIaJa€eTbCcs 3 OKPEMHUX YAaCTHHOK Ta ITiJ
4ac JOCIIIKEHHS pyXy SKOTO MalOTh OyTH BpaxOBaHI CHJIW IHEPIlli, IO BUHUKAIOTH Tij] Yac
obepTaHHs Tia. Y JESIKUX BHUIIAJKaX MPU HE3HAYHUX KYTOBUX IIBUAKOCTSX IIi CHIIM MOXYTb
OyTH TPOITHOPOBAHI, fK, HAMPHUKIAA, MPH JOCIIIKEHHI PyXy YAaCTHHKUA IO 3O0BHINIHIN
MOBEPXHI LWIIHJPA, 10 3AIHCHIOE MOCTYMadbHI KOJUBAaHHS B FOPU30HTAIBHUX IJIOMIMHAX
[2]. [TIpoTe, HA OCHOBI PyXy OKpPEMOi YACTHHKH MOXJIMBO iIeHTU(]IKYBaTH 3aJ€KHOCTI, IO
MOXYTh OYyTH 3aCTOCOBaHi J0 Tilla ab0 70 TEXHOJOTIYHOrO Marepially 4 JONOMararoTh
BU3HAUWTU HANpsAM MOJAIbIIMX JOCHKEHb. Tak, HAYKOBLUSAMH PO3IJISHYTO pPYyX
MaTepiaibHUX YaCTHHOK IO PYXOMHMM CIHipalbHUM poOouuM opraHam [3]; mo pyxomiii
XBWJSICTIA TUIONIMHI [4]; 1O TBUHTOBIM TOBEpXHI [5]; MO TrpaBiTalliiHOMY CITYCKY,
YTBOPEHOMY TIOBEPXHEI0 KOCOTO 3aKpUTOro reiikoiga [6]; mepeMillleHHS YacTUHKU
BEPTUKAIBHUM IITHEKOM TIPH CTaI[lOHAPHOMY pexXumi [7] Ta TOPU3OHTAIBHUM ITHEKOM,
0OMEXEeHHUM CIIBBICHUM HepyxoMmuM muiinapoM [8]. Kpim toro, y mpati [9] po3risHyTo pyx
YaCTUHKH TI0 KPAro MOXKMIIOTO IIOCKOTO €JIiTca, 0 00epTaeThCsl HABKOJIO 0C1 BEPTHUKAIBLHOTO
oOMexXyBalibHOTO IMIiHApa. Hailbinbin ONMM3bKUM 0 MUTAHHS, SKE PO3IIIIIAETHCS Yy AaHIN
CTaTTi, JOCHIKEHHSM € pPyX YaCTHHKHA MO CPEpUIHOMY CETMEHTY, SIKHM O00epTaeThCs
HaBKOJIO BepTuKaibHOI oci [10]. OTxe, /Ui BUBUEHHS PyXy YAaCTUHKU B 3QJIEKHOCTI Bif
KOHCTPYKTHBHHMX IIapaMeTPiB TIOBEPXHI HEOOXIIHO MaTH AaHAIITHYHI 3aJIeKHOCTI, IO
OMUCYIOTh TaKHH PYX.

3 HOUJIb TA 3AJAYI JOCJIKEHHSA

JlocniguTi 3aKOHOMIPHOCTI PyXy MaTepiallbHUX YAaCTHHOK y BIALIEHTPOBOMY amaparti y
BUTJISIZII TOBEPXHI CPEPUYHOTO CErMEHTa 13 pajialbHO PO3TAIIOBAHUMH BEPTUKATHLHUMU
JIOTIATKAMH.

4 PE3YJIBbBTATHU JOCJIIKXEHb

3anumieMo napaMeTpudHi piBHAHHS c(epHu 13 MOYaTKOM KOOPAUHAT B ii HIPKHbOMY ITOJIIOCI:

X =Rsinecosa; Y =Rsingsina; Z =R(1-cose), (1)
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ne R — paniyc chepu;
&, @ — HE3AIeXHI 3MiHHI cepH, TKUMHU € KyTH, L0 33Jal0Th TOJOXKEHHS TOYKH Ha
MOBEPXHI cepu B HAMIPsIMI MEpUJIiaHa 1 mapaiesni BiJIOBiTHO.
Chepuunmii  cermMeHT mOTpiOHOT (OpMH  3a7a€ThCsl  JBOMA KOHCTPYKTHBHUMH
napamMeTpamH: KyToM MigiioMy [ 4acCTUHKHM B MOMEHT ii CXOJUKCHHS 13 MOBEPXHI CErMEHTa

B3JIOBXX BEpTHKAIBHOI jionatku 1 giamerpom d (puc. 1). Buxonsuu i3 nux ymoB, 3HaX0AUMO
paniyc R chepu:
d

~2ing @

Puc. 1. Po6ouwnii opran BiALIEHTPOBOTO
amapaTy 3 BepTUKAJIbHUMH JIOMIATKaMH Ta
TOJIOYKCHHST MaTepiajibHOI YaCTHHKH B
TOUII A 13 IPUKIIAJICHUMH JT0 Hel CuIaMu

[[lo6 mobOynyBatm 3a piBHAHHAMH (1) cdepuyHuid cerMeHT 13 3aJlaHUMH
KOHCTpYKTHBHHMHU mapamerpamu d, f i R 3rimHo dopmymu (2), Kytd & i @ TOBHHHI
3MiHIOBaTUCs B HacTynHuX Mexkax: € =0...4, a=0...2r.

MarepianpHa YaCTHHKA 1] Yac 0OEpTaHHS JTUCKA 13 KYTOBOKO IMIBHJKICTIO @ OyJe MaTh
KOHTAKT 13 TIOBEPXHIMH CEIrMEHTA 1 JIOMATKU 1 KOB3aTH B3JIOBXK IXHBOI CHIIBHOI JiHIT — KOJa
pamiyca R . Horo pirsuus orpumaemo i3 (1) npu @ =0

Xx=Rsing; y=0; z=R(l—cos¢). (3)

Jlinist (3) € TpaeKTOpi€0 BITHOCHOTO PyXYy YaCTHHKH, TOOTO TPAEKTOPI€IO ii KOB3aHHS.
ITix yac oOepranHHs nuCKa 3a sKUiich 4ac t KpuBa pa3oM i3 JUCKOM IOBEPHETHCS HA KYT
0 =wt. 3a neil yac yacTUHKA MepeMicTUThCS Mo KpuBiil (3) B cropoHy mepudepii aucka
(puc. 2). Ilpomec pyXy 4YacTHHKH OyIeMO OIKCYBaTH IO BITHOIICHHIO IO IBOX CHCTEM
koopauHat: Hepyxomoi OXYZ i pyxomoiOxyz. Pyxoma cucTeMa KOOPAMHAT YKOPCTKO
NpUB’si3aHA 10 JHCKa 1 00epTaeThesi pa3oM i3 HUM. Y MOYATKOBUH MOMEHT IIi /IBI CHCTEMH
36irarotbes (puc. 1).

3a7aMo BIIHOCHY TPA€EKTOPII0 PYyXy YAaCTUHKU MO KpuBid (3) y BUITISAAL 3a]€KHOCTI
& =¢&(t), axy HEOOXiHO B KIHIIEBOMY ITiIICYMKY PO3IIYKATH.

3HaiiieMo abCOMIOTHY TPAEKTOPIIO pyXy YaCcTHHKH. 3a 4ac t BOHA 3/1HCHHUIIA BiTHOCHE
MepeMIIIIEHHsT 10 KpuBii 3a piBHAHHsAMHU (3), e BelMWuuMHA KyTa & € (QyHKIiE Jacy t i
MOBOpPOT Ha KyT € =wt (puc.?2). BepTukanbHa koopAauHata Jjisi 000X CHUCTEM OJHAKOBA!
Oz=0Z . Orxe aOCONIOTHY TpPAEKTOPIIO MEPEMIIICHHS YAaCTUHKU 3HAHAEMO IOBOPOTOM
PYXOMOT CUCTEMH 3 KOOpJAWHATaMH (3) YaCTHHKH I10 BIIHOIIEHHIO 10 HEPYXOMOi HABKOJIO OCi
OZ 3a Bimomumu Gopmynamu:

X, = Xc0s@—ysing; y, = xsinf+ycoso; z, =z. 4)

[TincraBumo B (4) piBHAHHS (3) Ta BUpa3 g KyTa € =@t 1 MiCAs UBOTO OTPUMAEMO
napaMeTpUyHi PiBHSIHHS a0COJIOTHOI TPAEKTOPIT pyXy YaCTHHKH:

Bonina T. M., [Tununaka C. @., HecpimoMmin A. B.
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X, = Rsing cos(at);
y, = Rsingsin(at) ; (5)
z, =R(—cosg).

Puc. 2. Po6ouwmii oprad BiAIIEHTPOBOTO
amapaTy 3 BepTHKAIbHUMH JIOTIaTKaMH
Ta TIOJIO’KEHHS MaTepialbHOT YaCTUHKA
13 MPUKJIAICHUMU 10 Hel CHJIaMU TIiCIIs
IIOBOPOTY Ha KyT 6 = wt

Hudepenmianbae piBHAHHS aOCOMIOTHOTO PYXy YaCTHHKH Y BEKTOPHOMY 3alHCi Mae

BUIIISI. MW=F , 1e m — Maca 4acCTUHKH, W — BEKTOp abCOIIOTHOrO MpHcKopeHHs, F —
PE3yNbTYIOUHIM BEKTOP MPUKIAACHUX /10 YACTHUHKU CHJI. TakMMH CHUJaMH € Cujla Bark mg

_ 2 . . . .
(9=9,81 m/c%), peakuis N, noepxHi chepuunoro aucky, peaxiis N moBepxHi Jomarky,
cuna epts K = fN, npu koB3anni yacTuHku 110 MOBepxHi AucKa, cuna Tepts F = f N npu
KOB3aHHI 4acTWHKM 10 moBepxHi nomatku (f; if - koedimientn Teprst wactmmkm 1O

MMOBEPXHI JMCKA 1 JIOTIATKH BIATMOBIAHO). YC1 CHIM MarOTh CTPOTO BU3HAYCHHM HAMpsM ii.
JInsi MOYaTKOBOIO MOMEHTY pyXy (KOJIM OOHJIIBI CHUCTEMH KOOpPIHMHAT 30iraroTbCs) BOHH
300pakeHi Ha puc. 1.

Cuna Baru cupsMOBaHa BHU3, OTXKeE ii POEKIIi] 3aMuIIyThC:

{0; 0; —mg}. (6)

Peakuis N = JjonmaTku cnpsMoBaHa TNEPHEHAMKYIAPHO 10 Hel, TOOTO 30iraerses i3

HanpsmMom oci Oy . [poexuii oquHIYHOro BeKTOpa peakiii N, 3anumyTbes:
o L 0. ()

Peaxuist N, cdepuynoro aucka (cerMeHTa) CHpsiMOBaHa MEPIEHAUKYISPHO A0 Horo

MOBEpXHI, TOOTO 10 1eHTpa chepu. Paniyc-Bekrop kona (3), B3IOBXK SKOTO BHU3HAYAETHCS
HanpsiIMHUI BekTop peakuii N, cnpsmMoBaHMii BiJ LIEHTpa cepu OO0 TOUKH HA KPHUBIH Ipu

YMOBI, 1110 TOYAaTOK KOOPAMHAT 3HAXOIUTHCS B EHTpP1 chepu. OTxe, HAPSIMHUN BeKTOp Oye
CTIPSIMOBAHUH Yy MPOTHIICKHY CTOPOHY. MlOT0 mpoeKmii 3anumryThes:

{-sine; 0; cose} . (8)

OO6uzsi cunmn Teprs Fy 1 F cnpsmMoBani 1o JOTHYHIN 10 TPA€KTOPIi BITHOCHOTO PyXy

YaCTUHKU B MIPOTUJIEKHY MBUAKOCTI V. (puc. 1) ii KoB3aHHA CTOPOHY. 3HAWIEMO OAUHUYHUN
BEKTOP HANpsMy BIIHOCHOI IIBUAKOCTI V,, B3IOBK fAKOIO Ji€ CHJIa CyMapHa CHJa TepTd
F +F . 1 uporo npoandepeHuitoeMo BiIHOCHY TPaekTopiio (3), Maiouu Ha yBasi, IIO
e=¢(t):

Bomina T. M., I[Tununaka C. @., Hecsimomin A. B.
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X' =Rg'cose;
y'=0; 9)
Z' =Ré'sing.

['eomerpuuna cyma ckiagaoBux (9) macTe BHpa3 BEIMYMHM BITHOCHOI IIBHJKOCTI
YaCTUHKMU:

Vo= x?+y?+2? =Reg"”, (10)

PozninuBim npoexkirii BigHocHOT mBHAKOCTI (9) Ha 11 Benuuuny (10), oTpumaemo Bupasu
OZAMHUYHOTO BEKTOpa BiHOCHOI MIBUAKOCTI V, B mpoekuisx Ha oci pyxomoi cuctemu OXyZ :

{cos¢; 0; sing} . (11)

[Ticrist MOBOPOTY AMCKa pa3oM i3 pyxoMmoro cuctemoro koopauHat OXyz Ha KyT 6 = wt

YaCTHMHKA 3aiiMe HOBE TOJIOKCHHsSI Ha KPHUBIH, a caMa KpPHBa TEX TMOBEPHETHCS HA IIEH KYT.
Hanpsim 11ii Bcix BEeKTOPIiB MPUKIAACHUX CHII BU3HaueHO. [Ipr mMOBOPOTI AMCKa pa3oM i3 HUM
MMOBEPTAETHCS YACTHHKA 1 MPUKIAEHI J0 HEi BEKTOPU CHJI, SKI B PyXOMId CHCTeMi He
3MiHIOIOTh Hampsamy. [licias moBopoty BektopiB (7), (8), (11) Ha kyT 6 = wt HaBKOJNO OCi OZ
iX mpoekuii Ha HepyXOMY CUCTEMY OMHIIYTHCS HACTYITHUMH BHpPa3aMH.

Opmuunynnii Bexrop peakuii N nonarku:

{-sinat; cosat; 0}. (12)
Onuununuii BekTop peakiiii Ns cheprudHoro aucka:

{—sinecosat; —singsinat; cose} . (13)
OnuHUYHUN BEKTOP BIAHOCHOI IIBUAKOCTILY, !
{cose cosat ; cosesinat; sing} . (14)

Hanpswm aii cunu Baru (6) yaCTUHKY IIPY TOBOPOTI JICKa HE 3MIHIOETHCH.

[Tpoexitii aOGCcomMOTHOI MIBUAKOCTI 1 aOCOJIOTHOTO TPUCKOPEHHS YacTHHKHA Ha OCi
Hepyxomoi cuctemMu koopauHat OXYZ 3HaiiieMo TOCIiIOBHUM TU(EepeHIIIFOBaHHSIM PiBHSIHB
(5). Hicnsa nudepenuiroBanHs piBHIHD (5) OTpUMY€EMO IPOEKIiT aOCOTIOTHOT IIBUIAKOCTI:

X, = Re'cose cosmt — Rwsine sinat ;

y. = Re'cosesinmt + Rwsine cosat; (15)

z, =Rg'sine.

Bennuuny abcomoTHOT MIBUIKOCTI OTPUMAEMO T€OMETPUYHUM CYMYBAHHSM CKJIaJJOBUX
(15): V, = \/X;Z +y,2 427 =RVe? +’sin’e |

[Micna nudepenuitoBanns BupaziB (15) oTpumaeMo mHpoekIii BEKTOpa aOCOIIOTHOTO
IPUCKOPEHHS:

X{ = R(&"cosat - 2¢'sinat) cose — R (& + »” )sing coset ;
14

Yy =R(&"sinat + 20’ cost) cosz — R(&” + &’ )sinesinet; (16)

2! =Re&"sing + Rg'%cose.

Bonina T. M., [Tununaka C. @., HecpimoMmin A. B.
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PosmuiemMo BekTOopHE piBHSAHHA MW =F B IpoeKIisXx Ha OCi HEPYXOMOi CHCTEMH

koopanHar OXYZ . Hampsiv xii peakuifi N = nomatku i N chepuunoro aucka 3anaHo

onuunyHuMu Bektopamu (12) i (13). Hanpsm cymapuoi cumm teptst K +F = N+ f N

331aH0 OJMHUYHUM BeKTOpoM (14), skuii moTpiOHO OpaTH 13 MPOTHIICKHUM 3HAKOM.
OTpumaeMo TpH piBHSIHHSA:

X, =—N sinot — Nsing cosat — (f,N, + f N )cose cosat;

Y2 =N, cosewt—Ngsingsinot — (f N, + f N )cosesinat; (17)

z; =Ncose - (f N, + f N )sing —mg.

[MincraBumo y (17) Bupasu abcomoTHOTO MpHCKOpeHHs i3 (16) 1 oTpuMaeMo cucremy
TphOX AM(EepeHIliabHUX PIBHAHB 13 TphoMa HeBimomumu ¢GyHkmiamu: ¢ = ¢&(t), N, =N (t) i

N b= N lD(t) . Po3B’sxemo cucremy BinHOcHO €, N, Np:

g"= (wzsing—Ze'a)fp —% fsjcosg —(%+ fsa)zsin(s‘jsints‘—g’2 f (18)
N, = m(Rg'2 +0Cos& + Ra)zsinzg) ; (19)
N, =2mRewe’cose . (20)

Hudepenuiansae piBHsHHA (18) He 3anexwuts Bixm (19) 1 (20), Tomy Moxe Oyt
po3B’sizane okpemo. Peakmii moBepxoHb (19) i (20) 3HaXOAATh MICHS TOTO, SIK PO3B’SI3aHO
piBasHHSA (18). J{ns1 #ioro po3B’si3aHHS MOTPIOHO 3aCTOCOBYBATH YHCEIBHI METO/IH.

5 OBI'OBOPEHHS PE3YJIBTATIB JOCJIKEHHSA

Posrnsaemo npukiian. Hexait miametp cdepuunoro aucka d =0,4 m, kyr f=20°. 3a
dbopMyIoro (2) 3HaXOAMMO TPETii KOHCTpyKTUBHUH mapameTrp R = 0,58 M. [Ipu unceapHOMY
iHTerpyBaHHi AudepeHmiagbHoro piBHsHHA (18) wacoBi t moOTpiOHO HagaBaTH TaKOTroO
3Ha4YeHHs, NI00 KyT & HE BUXOJMB 3a MEXIi Kyra . Y MOMEHT yacy, Kojiu & = ff, YaCTUHKa
3HAXOJIUTHCS HA 30BHINIHIN KpaIli AUCKA.

Ha puc. 3,a nobymoBano 3anexHicte &=¢(1) ans HaBeAGHHMX KOHCTPYKTHBHHX
napamerpis i mpu f=1f =0,3, ©=25 ¢!, ouarkoBe 3HauCHHS KyTa & HE JIOPIBHIOE HYIIIO,

00 YacTMHKa HE MOXKE€ 3HAXOJUTUCA Ha Oci oOepTaHHA. Y TaKOMY BHIIQJKy BIJACYTHS
BIJIIIEHTPOBA CHJIa 1 YacTUHKA HE MOXKE po3modatd pyx. Sk BumgHO i3 puc. 3,a, s
TOCSITHEHHS Tiepudepii IUCKa YaCTUHKA po3TraHseThes npotsarom 0,32 c.

20 6
&, 2pao. V, wic
15
4 L
10
2 L
5
e L C
0 0 . ;
0 0.1 0.2 0.3 0 0.1 0.2 0.3

a) 0)
Puc. 3. I'padixu, mo xapakrepusyrots pyx yactunku npu fi =f =0,3, 0 =25 ¢t

a) rpadik 3MiHU KyTa &; 0) rpadixku 3MiHH BifHOCHOI V, 1abcomoTHoi V, mBUAKOCTEH

Bomina T. M., I[Tununaka C. @., Hecsimomin A. B.
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I'padiku 3MiHM BiTHOCHOI 1 aOCONIOTHOI IIBUAKOCTEH MOKa3aHO Ha puc. 3,0. I3 Hux
BHJIHO, III0 B MOMEHT CXOJly 13 JMCKa BIJIHOCHA 1 a0COJIFOTHA IIBHAKOCTI MarOTh HACTYIHI
sHayeHHsa: V, =3,2 w/c, V, =58 wm/c. Ha puc.4 3a dopmynamu (19), (20) modynosano
rpadiku 3min cuin peakuii Ng cdepuanoro aucka i N JIomaTku Ha YaCTHHKY Macoro

m=0,01 kr.

15N H . I I e &, epad.
80
1
A 60
40
0.5
N,
N 20
ic tc
0 - . . 0
0 0.1 0.2 0.3 0 0.5 1 1.5 2 25
Puc. 4. I'padixu 3miHM cunm peakuiid N Puc. 5. I'padiku 3MiHM KyTa &

cheprunoro mueka i N nonatku

Sx6u chepuyHmii cerMeHT He OysI0 00MEXEHO KyTOM [, TO YaCTUHKA ITiTHIMalIach O 110
BHYTPIIIHIN 1MOBepXHi chepu 10 nmeBHOT BUCOTU. UncenpHE IHTErpyBaHHS TU(EepeHIIaTbHOTO
piBHsHHS (18) mpu TpuBanocTi pyxy t=2,5 ¢ mokazayo, mo KyT & 3a MBCEKYHIU JOCATAE
MakcumaiabHOro 3HadeHHs (¢ =90°), a moTIM MOYMHAIOTHCS HOTO 3aTyXaroui KOJHBAHHS

(puc. 5). lle o3Havae, MO YaCTMHKA IMiIHIMAETHCS HAa BHUCOTY MiBCchepH, a MOTIM MOYNHAE
OITyCKATHUCS, IPUYOMY OIYCKAaHHS YEePryeThCs 13 MiTHOMOM aXX A0 MOBHOT 3yMMHKH YaCTUHKU
Ha TeBHiN BHCOTI. |yisi HaBeeHOTO Ha PUC.S BUNAAKY 3YNUHII YAaCTUHKH BIJMOBIJA€ KYT
£=70", TOOTO YacCTHHKA «3aJIMIIa€» Ha BHCOTI, ONM3bKIA 10 miBcepH 1 aani odepTaeThbes
pas3oM i3 Helo.

Kyt «3anunanss» MoxHa 3HaiTH aHaimiTnyHo. Konmm BoHO BinOymocs, To & =¢&"” =0.
[TlincraHoBKa 1MX 3Ha4YeHb Yy JudepeHmianbHe piBHAHHA (18) mnpuBomuTh 110
TPUTOHOMETPUYHOT'O PIBHAHHS BITHOCHO HEBIJIOMOTO KyTa & :

(Ro’sing — gf ) cose — (g + Rf w’sing)sing = 0. (21)

st po3B’si3anHs piBHSAHHSA (21) moTpiOHO 3aCTOCOBYBAaTH YHCENIbHI MeToAu. OMHAK TIPH
f, =0, ToOTO PN abCOMOTHO TIIA/ICHBKII TOBEPXHI JIHCKA, BOHO CYTTEBO CIIPOLIYETHCS i M€

IIPOCTUM PO3B’A30K:

& = Arccos Ri)z : (22)

YucenbHi MeToau obuuncieHp mokaszany, mo npu f, =0 i fp # 0 3aryxaro4i KOJIUBaHHS

KyTa & HaOMMKAIOTHCS IO 3HAYCHHS, IKe MOXKHA 3HaWTH 3a popmyioro (22). 3rigHo HEl npu
HEOOMEKEHOMY 3pOCTaHHI KyTOBOI IIBUAKOCTI 0OEpTaHHs AUCKa KYT & mpsamMye 10 90°, To0To
YaCTMHKA «3aJlUIae» Ha BHUCOTI meHTpa chepu. SKmo »x oOuIBI MOBEpXHI aOCOIIOTHO
riajeHski, Tooro f, = fp =0, To KOJIMBaHHS BiI0YBAIOTHCSI HECKIHUEHHO JOBTO.

6 BUCHOBKH

BurorosnenHst po604oi moBepXHi TUCKa BiAIIEHTPOBOTO arnapara y BUIIIAAI chepuyHOro
cerMeHTa 3abe3nevye NoYaToK MMOJbOTY YACTHHKY B MOMEHT CXOJ/DKEHHS 3 AMCKA ITiJT 3alaHIM
KYTOM JI0 TOPU30HTaIbHOI IUIOMMHU. Lle 30inblnye Turonry po3citoBaHHS TEXHOJOTIYHOTO

Bonina T. M., [Tununaka C. @., HecpimoMmin A. B.
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Matepiany. AHATITHYHUN ONMHMC PyXy YAaCTUHKU A€ MOXJIMBICTH JNOCHIAMTU ii PO3TiH IO
JMCKY B3JIOBXK JIOTIATOK Ta 3HAWTH BIIHOCHY 1 a0COMIOTHY IMIBHAKOCTI B MOMEHT CXOJIKCHHS
JacTUHKM 3 Jucka. OTpuMaHi aHaJTITHYHI 3aJIe)KHOCTI JO3BOJISIIOTh BH3HAYATH BILIUB
KOHCTPYKTHBHUX Ta TEXHOJOTIYHUX MapaMeTpiB Ha MPOIIEC PO3TOHY YaCTUHKHU. [lepcrekTHBH
MOJABIINX JOCTIKEHb IMOJISTAl0Th Y BUBUEHHI BIUTUBY OKPEMHUX MapaMeTpiB Ha IPOIec
PO3TOHY YaCTUHKH.
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YK 534.1:539.3

KOJIMBAHHA IMITYJIbCHO HABAHTAKEHOI'O
OCLUJIATOPA 31 CTENEHEBUM NO3UILIMHUM TEPTSM

. 1 . 1
Oabmancbkuii B. I1.°, Ciainyenko M. B.
"Xapriscokuii nayionansruii mexuiunuil ynisepcumem cinbcoko2o eocnodapemea imeni I1. Bacunenka

AnoTtanisi: OnricaHo HecTalllOHAPHI KOMMBAHHS OCITIIISITOPA 3 HEMIHIMHNM MO3UIIHHAM TEPTSIM,
CIPUYMHEHI MUTTEBUM CHIJIOBHM iMIyJNbcoM. lIpuilHATO cTemeHeBy 3aleKHICTh CHJIM MO3HULIHHOTIO
TEPTsI BiJ TMEPEMIIllCHHS CHCTEMH, IO Y3aralbHIOE BijoMi Mojeni. Biamomigni 3amaui auHaMiku
PO3B’sI3yBaJI TOYHO METOJOM IPHUIIACOBYBAaHHS Ta HAOIIKCHO METOJIOM €HEpreTHYHOro Oanancy B
JOCHIDKEHH] 3 BUKOPUCTAHHAM IMepioAndyHuX Ateb-QpyHKUiH NoOyZOBaHO TOYHUN aHATITHYHUN
PO3B’S130K HeNiHIHHOTO AMEpeHLiaNbHOro piBHAHHSA pPyXy. BuBeneHo kommakTHi GopMmynu s
PO3paxyHKy poO3MaxiB KOJHMBaHb 1 TPHBAJOCTEH HamiBUMKIIB. [loka3zaHo, 1110 clagaHHs poO3MaxiB
KOJINBaHb, SIK 1 MpH il CHIW JIHIHHOTO B’SI3KOTO OMOpPY, MPOXOJUTH 338 3aKOHOM TI'€OMETPHYHOT
nporpecii. 3HaMEHHUK MNporpecii MEHIIMKA OXWHMLI 1 3aJICKUTh BiJl KOHCTAHT MO3HULIHHOIO TEPTS,
30KpeMa BijJ MMOKa3HWKA HENiHIHHOCTI. OTke, MAEMO HE TUIBKU CIaJaHHs po3MaxiB KOJIHMBaHb, a 1
3pOCTaHHS TPUBAJOCTEH HAMIBIMKIIB, [0 BJIACTUBO HEIIHIMHMM CHCTEMaM 3 >KOPCTKOIO CHIIOBOKO
XapaKTePUCTUKOI0. Y HaOMIKEHUX pO3paxyHKax MepeMillleHb BUKOpUCTaHO anpokcuMaii tumy Ilane
st nepionnunnx Ateb-dynkmii. Tloxubka IMX amnpokCHMAaIlif MEHIIa OJHOro BimcoTka. I3
OJICP)KaHUX aHATITHYHUX CIHIBBIIHOIICHD, SK OKPEMI BHIIQJIKHM, BHILIMBAIOTH BIJOMI 3aJI€)KHOCTI,
BUCBITJICHI B TeOpii KOJWBaHb I JIHIAHOrO mo3uiliiHoro tepTs. IlokasaHo, IO 1 y BHUIAIKY
HEJTIHIHHOTO MO3UI[IHHOTO TEPTS MPOIEC KOIUBAHb, CIPUYNHEHUX MHUTTEBUM IMITyJIECOM, Ma€ Oe3mid
po3MaxiB i He oOMexeHHH y 4aci. Y BHIIQJIKy CTCIIEHEBOT'O MO3HIIIHHOIO TepTsl po3Maxu KOJIUBAaHb
IMITYJIbCHO HaBaHTKEHOTO OCIHJISITOpPA MOXKHA pO3paxyBaTH 3a eJIEeMEHTapHUMH (HOpMYIIaMu.
Po3paxyHok mepemilieHbp y 4Yaci TOB’S3aHWN 3 BUKOPHUCTaHHAM TepioanyHnx Ateb-QyHKIH,
3HAUCHHS SKUX HE CKJIQJHO BU3HAYATH 3a BIJIOMUMH aCUMITOTHYHUMHU (hopmynamu. Po3paxyHku
MiATBEPIHKYIOTh, II0 OTPHUMaHa HaOMKeHa (opMyIia He Ja€ BETMKUX TTOXHOOK.

3 METOI0 TepeBipKH aJeKBaTHOCTI OJAEPKAHUX AHATITHYHUX PO3B’S3KIB NPOBEICHO UYHCEIbHE
KOMIT FOTepHE 1HTeTpyBaHHS BUXIJTHOTO HeNiHIHHOTO nudepeHmiaabHoro piBHAHHS pyxy. OmepikaHo
rapHy BIJIMOBIJHICT pe3yJbTATIiB PO3PaxXyHKY, OO SKUX MPHU3BOJATH AHANITUYHI Ta YHCENbHI
po3B’s3ku 3anayi Korri.

Kuro4oBi cjioBa: HelliHIHHUI OCITUIIATOp, CTETIEHEBE MO3UIIIHE TEPTSI, MUTTEBUH IMITYJIbC CHITH,
nepionnyHi Ateb-yHKiii, iX anpokcumaris.

OSCILLATION OF PULSE-LOADED OSCILLATOR WITH
DEGREE POSITIONAL FRICTION

V. Olshanskiy*, M. Slipchenko®
Kharkiv Petro Vasylenko National Technical University of Agriculture

Abstract: Nonstationary oscillations of the oscillator with nonlinear positional friction caused by
an instantaneous force pulse are described. The power dependence of the positional friction force on
the displacement of the system, which generalizes the known models, is accepted. The corresponding
dynamics problems were solved precisely by the method of adding and approximated by the method
of energy balance. In the study, using periodic Ateb-functions, an exact analytical solution of the
nonlinear differential equation of motion was constructed. Compact formulas for calculating
oscillation ranges and half-cycle durations are derived. It is shown that the decrease in the amplitude
of oscillations, as well as under the action of the force of linear viscous resistance, follows the law of
geometric progression. The denominator of the progression is less than one and depends on the
positional friction constants, in particular on the nonlinearity index. Thus, we have not only a decrease

Omnbiancekuii B. I1., Cninmuenko M. B.
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in the amplitude of oscillations, but also an increase in the durations of half-cycles, which is
characteristic of nonlinear systems with a rigid force characteristic. Approximate displacement
calculations use Pade-type approximations for periodic Ateb-functions. The error of these
approximations is less than one percent. From the obtained analytical relations, as separate cases, the
known dependences covered in the theory of oscillations for linear positional friction follow. It is
shown that even in the case of nonlinear positional friction the process of oscillations caused by an
instantaneous momentum has many oscillations and is not limited in time. In the case of power
positional friction, the oscillation ranges of the pulse-loaded oscillator can be calculated by elementary
formulas. The calculation of displacements in time is associated with the use of periodic Ateb-
functions, the values of which are not difficult to determine by known asymptotic formulas.
Calculations confirm that the obtained approximate formula does not give large errors.

In order to verify the adequacy of the obtained analytical solutions, numerical computer
integration of the original nonlinear differential equation of motion was performed. The results of the
calculation, which lead to analytical and numerical solutions of the Cauchy problem, are well matched.

Keywords: nonlinear oscillator, power positional friction, instant impulse of force, periodic
Ateb-functions, their approximation.
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1 BCTYI

B cywyacHux yMoBax ekcruryaTallii py>KHI €JI€MEHTH MAIllUH HEPIIKO MiATAl0ThCs il
KOPOTKOYaCHUX IMITyJbCHUX HaBaHTaxeHb. Lle BmimBae Ha iX pecypc 1 HanxidHicTh. Tomy
BHBYCHHS OCOOJIMBOCTEH nedopMyBaHHS KOJMBAJIBHHX, OCOOJWBO HENIHIMHHX, CUCTEM B
TaKMX yMOBaX CTAHOBHUTb HE TUIBKM TEOPETHYHHUM, a 1 MpakTHUHUI iHTepec. Baxmuse
3Ha4YCHHS HaOyBa€ po3poOKa MOJENe pyXy 3 YJAOCKOHAJIEHUM YpaxXyBaHHSM [ii CHJI TEPTS,
0CcOOJIMBO TPU PE30HAHCHUX peXHMax pyxy. Lle cTocyeThcst i MO3MLIMHOTO TepTs, sKe
ornucaHo B poborax [1-3].

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

[o3wumiiiHe TepTs BHHHUKAE B KOJMBAJIBHHUX CHUCTEMaX, SIKi MPYXHOK JIAHKOK MAalOTh
JICTOBY pecopy. Moro BIUIMB Ha BiibHI KONMBAHHSA IIOYANM PO3IVISAATH Ie 3 YaciB
I. B. Memepcbkoro, B 30ipHUKY 3a/1a4d SIKOTO 3 TEOPETHYHOI MEXaHIKH € BIJAMOBIIHA 3a/1ada
[1, c. 442]. Teopis TakuX KOJUBaHb JETAILHO BUCBITIEHA B [2, 3], Ae OKa3aHO, MO 5K 1 IpH
Jii CHJIM JIHIMHOTO B’SI3KOTO OIOPY, MPHU HASBHOCTI MO3HMIIIHHOTO TEPTS 3MiHAa pO3MaxiB
KOJIUBaHb MIAMOPSIKOBAaHA T€OMETPUYHINA Iporpecii 31 3HAMEHHUKOM MEHIIMM OJMHUIL.
[leBHE y3arampHEHHsSI IMX Pe3yJabTariB € B poOoTi [4]. Tam moswuiiitne TepTsa MoB’s3aHe 31
CTETICHEBOIO 3aJICKHICTIO MPYXKHOI CHIIM Bif nepeMinieHHs. [loka3aHo, 1o i B I[bOMy BUIIAAKY
BIIHOIIEHHSI CYCIJTHIX PO3MaxiB KOJIMBaHb € CTAJIOI BEIWYMHOIO, XO0Ya Yepe3 HEeJTIHIMHOCTI
CHJIM TIPYXKHOCTI B XOJl PYyXYy 3MIHIOIOTbCS TPUBAIOCTI LMKIIB, TOMY IO 3ajeXaTh BiJ
po3MmaxiB. CHIIbHY Jif0 TTO3UIIIMHOTO TEPTS Ta IHIIUX BUJIIB OTMIOPY MPH BUTLHUX KOJHWBAHHSIX
posrmsimanu B [5, 6]. BimnoBimHi 3amadi IWHAMIKKM PO3B’A3YBAIM TOYHO METOA0M
MIPUIIACOBYBAaHHS Ta HAONMKEHO METOJOM EHepreTuyHoro Oanancy. TyT posrisgaemo
HENIIHIAHI KOJMBAaHHS OCHWIATOpa 31 CTENEHEBUM IO3MLIHHUM TEepTSIM, CIPUYMHEHI
MUTTEBHM IMITYJIbCOM 30BHIIIHBOI CHIIM. J[MHAMiKa iMIyJbCHO HaBaHTAXCHUX OCIHJIATOPIB
3MIHHUX MTapaMeTpiB AOcCIipKkeHa B [7].

3 LIJb TA 3AJAYI JOCJIUKEHHS

Mertoro ctaTTi € moOy10Ba aHATITUYHUX PO3B’S3KIB PIBHAHHS PyXy Ta aHali3 YUCIOBHX
PE3YNBTATIB, 10 SKUX BOHU IPU3BOISITS.

Jns moOynoBM TOYHHMX PO3B’S3KIB 3aiydaeMo mepionndni Ateb-yHkuii, ski HaOymu
MIOIIMPEHHSI B T€OPii KOJWBaHb HE TIIbKH B YKpaini [8-10], a 1 3a i mexamu [11-13]. Tlpu
nepexol Bil TOYHUX J0 HAOIMKEHHUX PO3B’S3KIB, 3aJisTHUX y PO3paxyHKaxX, BAKOPUCTOBYEMO
B1JIOMI alpOKCHMAIlii Ha3BaHKUX CIIECHIAIbHUX (DYHKIIIM elIeMEHTapHUMH (PYHKITISIMH.

4 PE3YJIBTATU NOCJIAKEHb

Ha Bigminy Bix momepeaHix poOiT CTOCOBHO MO3UIIHHOTO TEPTS, TYT BUKOPUCTOBYEMO
HOro cremeHeBy 3aJeKHICTh BiJ TMEPEMILICHHS OCIWIATOpa, KOJIM MOro CHIIOBa
xapakrepuctuka F(X) mae Burisi, 300pakennii Ha puc. 1.

AHAIIITHYHO 3aleKHICTh cuiau mpykHocTi F(X) Bim mepemimenns cuctemu  X(t)
OMUCYEMO BHUpa3oMm [4]:

F(x) = (c+ Acsign x-sign X)|x|" sign(x) ,

y SKOMYy C, AC — XapaKTePUCTUKH >KOPCTKOCTI, mpuaoMy AC<C; V>0 — TOKa3HUK
HeNHINHOCTI. Y monepeHiX JOCTIKEHHSX, 32 BUHITKOM [4], mpuiimanu vV =1.

Omnbiancekuii B. I1., Cninmuenko M. B.
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Puc. 1. Banexuicts F(X) mpu 36inblIeHHI Ta 3MEHIICHHI |X|

KonuBanHs  IMOyJIbCHO  HABaHTAXEHOTO  OCHWJIATOpPA Macold M OMUCYEMO
nuQepeHIiaTbHUM PIBHSIHHSAM:

mX+F(x)=0, 1)

IPY TIOYAaTKOBUX YMOBaX MUTTEBOTO HAaBAHTAXKEHHS HOTO IMITyIbCOM S = MUy

x(0)=0; %(0) = v,. 2)
Ha nmouarkoBomy erami pyxy, komu X >0, x>0, piBaanns (1) mae BUrsiz:
mxX+cx' =0,

ne ¢, =C+AC.

Woro inTerpysanus, 3 ypaxyBaHaaMm (2), 1ae:

)'((t)=\/l)§ wa—l;

_m(v+1)

X(t) = aﬁa(v, 1, VTHUJ; 3)

1
muy v+1 " vl 2¢
e B i /—t.
% [ 2 ¢ j 7= m(v+1)

Tyr & — MakcuMalbHe mepemimienHs ocuusropa; Sa(v,1, (v+1/2)7) — nepionmannii Ateb-

CUHYC, IHTEeTpaJibHE TIOJIaHHS SKOTO € B [8, 9].
ITepiua 3ynuHKa OCLUIIATOPA, 3 IepeMiteHHsM X(t,) = & , HacTae mpu:

\/ LI @

(v+Dc,

(i)
i :f d x _Nr v+l
' 0 \/UZ 2C1 Xv+l \/E F(Mj

" mV+) 2v+2

ne I'(z) — rama-dynkiis, 3arabyasoBana B [14, 15].
VY Bumanky JiHiliHOrO mosmiiiinoro Tteprts (v=1) i3 (3), (4) BummMBae, mIO:

FA1+Vv) =T (1/2) =z ; T(v+3/2v+2)=T (1) =1 i

Onemancekuii B. I1., Croimuenko M. B.
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1/2
: c mo? 7 [m
t) = 1/—1t; = —| ;===
X()aism(m]ai[clj =20

Lle y3romKyeThes 3 BiTOMUMH 3aIe:KHOCTAMHE [2, 3].
[Tonanbimmii pyx ocrustopa, ko X <0, X >0, onucyeTscs piBHIHHAM:

mX+c,x' =0,
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y sikoMy C, =C—AC >0.
Moro po3B’s3yeMo MpH MOYATKOBHX yMOBAX:

X(t) = a; X(t)=0.

Le#t po3B’sI30K MOIA€THCS BUPA3aAMHU:

. _ 202 v+l vl .
X0 = \/m(v+1)(a1 <)

X(t)=4a,Ca (v, 1, VTJrlr) ,

()
ne = aiv%z /2c, /m(v+1) (t—t); Ca(v,1, (v+1/2)7) — nepionuunuii Ateb-kocunyc.

IMpn t=t. ocmuniTop moBepraerhcst y BuximHe monoxeHHA X(t.)=0. Lleii wac
BU3HAYAETHCS PIBHIAHHSAM:

Ca(v,l,"T*lr):o

1 CTAHOBUTB:

r 1 v
tl*“gr&{gﬂ e ©

I3 (5), (6), o minifiHOTO TIO3MLiFHOTO TepTs (V=1), BurutuBae, mo mpu t) <t <t.:

x(t):aicos{ /%(t—tl)}; tl*:%[\/g+\/g].

L1i 3aJ1Ie’)KHOCTI TEX Y3rOKYIOThCs 3 [2, 3].
[IBuaKicTh pyxy B mosiokeHHI X = 0 momaeTbest GopMyInoro:
2C
o= —2—a . (7)
m(v+1)
Jam KoNMBAJIBHHWK TPOIEC TOBTOPIOETHCS 1 JUISI OOYMCICHHS JPYroro po3Maxy

KOIMBaHb a, Tpeba B (3) 3amiHMTH U, Ha U; 1 & Ha Q&,. Toxi, 3 ypaxysaHuam (7),
OTPHMAEMO BHPA3:

N
C, 1+v
G

Omnbiancekuii B. I1., Cninmuenko M. B.
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AHarnoriuHe CHiBBiTHOIIECHHS BUKOHYETHCS 1 Ul iHIIMX po3MmaxiB a,, N =3,4,... OTxe B
1A KOJIWBaIbHIN CUCTEMI:

1
B _ [C—ZTW = const
a, C

CraganHss po3MaxiB MiANOPAIKOBAHO T€OMETPUYHIM mporpecii, Sk 1 mpu Iii cuiau
JiHiftHOTO B s13K0T0 OMopy [2].

Hpuxaan.

3 Meroro mpoBeneHHS oOumcieHb 3amaemo: M=1kr; ¢ =4200H/M; Ac=1000 H/wm;
v=15; uy,=1m/c. Ilpu Ttakmx Bximaux manux: ¢ =5200H/M; ¢, =3200H/m;
['(2/5)~2,21825; I'(0,9)~1,06867 i 3rimxo 3 (3)-(7): & ~0,035675m; t; =0,052501c;
t« = 0119426 ¢c; v, =-0,784468 m/c. [loBTOpHE BUKOPHCTaHHS LUX PO3PAXYHKOBHX (HOPMYIT
nae: a, ~0,029378 m; t, = 0174538 ¢c; t,. ~ 0,244793¢c; v, =0,615386 m/c; a; = 0,024193 m;
t; = 0,302647¢c; t3. ~0,376397¢c; v;=-0,482751m/c; a,~0,019922wm; t,~0,437130c¢;

t;» #0,514550c. Lli pesympTaté HOOpe Y3TOIKYIOTHCS 3 BIANOBIAHUMHU HA DPHUC. 2, SKHH
OJIepKAHO YUCEIbHUM IHTErpyBaHHAM piBHSAHHA (1).

| 0.2 o4 [0l ofs \i /12
~0,014
~0,02-

Puc. 2. TlepeMimeHHs OCIIIATOPA 3 HETIHIHHUM MO3UIIHHAM TEPTIM

Ha rpadiky Ha puc. 2 MaeMo HE TITBKH CIIaJIaHHS PO3MaxiB KOJMBaHb, a 1 3POCTAaHHS
TPUBAJIOCTEH HAMIBIUKIIB, IIO BJIACTUBO HENIHIHHUM CHUCTEMaM 3 >KOPCTKOIO CHUJIOBOIO
XapaKTEPUCTHKOIO.

3yNMHUMOCH Jalli Ha 00YMCIICHHI IepeMillieHb ocuIsTopa npu pisHux t. 3rigno i3 (3),

npu I <t,, BigHowenHs X(t)/a, , craHOBUTB:

D-a(2a%)

npudomy 77 ~ 28,03094t .

3nauenHs Ateb-cunyca OyaemMo OOYHCIIOBAaTH 3a AaCHMITOTHYHOI (HOPMYIIOIO,
BHBeeHOrO B [16]. Tomi:

Onemancekuii B. I1., Croimuenko M. B.
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@ N 16777/2

a 706477 ©)

Pesynbrat 00urcieHHs 6e3p03MipHOTO MEPEMILIeHHS 3aHECeHO B Tao. 1.

Taoanns 1
Buauenns X(t)/a, npu t <t,.
100t , c 1 2 3 4 5
n 0,2803 | 0,5606 | 0,8409 | 1,1212 | 1,4055
10x(t) 2,787 | 5421 | 7,661 | 9,244 | 9,950
a 2,787 5,420 7,661 9,247 9,962
100t, c 1 2 3 4 5
n 0,2303 | 0,5606 | 0,8409 | 1,1212 | 1,4055

B uncenpHUKY 3amucaHo pe3yNnbTaTH, sKi Aa€ HabmwkeHa ¢popmyna (8), a B S HAMEHHUKHU
pe3yibTaTH, OJIepXKaHl YUCEITbHUM 1HTErpYBaHHIM piBHsIHHSA (1) Ha KoM roTepi. Sk 6adnmo,

po3bixHOcTi 3HaueHb X(t)/@,, oTpumaHni pi3HMMH cmocoOamu, He Benuki. IloxuOka

HabnmxeHoi popmynu (8) menma 1 %.
Ha mpomixky t € (t;;t.), 3rigno 3 (5), Maemo:

%%l:Ca(%;Lgmj, )

ne 7~ 21,98928(t —-0,052501).
Toni, o ananorii 3 (8), bopmyny (9) 3aMmiHsIEMO Ha:

LONUTRI N Gl (10)

a, 7(16+(1-2)"" ]

Tyt | =1,47164 .
[Tpu 3ammcy dopmynu (10) Bpaxysamu Bigomuii 38’130k Mik Ateb-kocuuycom i Ateb-
cunycoM [9, 17], a came:

calv,1, Y7 ) 2salv, 1. Y 10|,
2 2

e
1
F -

| = \/; (v+1)

v+lr( v+3)

2V+2

Toni, mpu v=23/2, [14]:
I'(0,4) = % ~2,21816: T'(0,9) = % ~1,44164; | =147164

Bimnomenns X(t)/a,, obumcneni 3a ¢opmynoro (10), Ta onepxkaHi UYHCEIBLHUM
iHTerpyBaHHsM piBHsAHHSA (1), 3amucaHo B Ta0. 2.

Omnbiancekuii B. I1., Cninmuenko M. B.
https://doi.org/10.31650/2618-0650-2021-3-1-37-46 43



https://doi.org/10.31650/2618-0650-2021-3-1-37-46

111, Nel, 2021
Crop. 37-46 / Page 37-46

MexaHika Ta MaremMaTH4Hi meromu /
Mechanics and mathematical methods

Tadmauus 2
3nauenns X(t)/a, mpu t, <t <t..

®opmyna (10) | Yucn. inTerp.
100t, c ¢ |-z 3nauenns 10x(t)/a
6 0,1649 1,3068 9,820 9,831
7 0,3848 1,0869 9,093 9,096
8 0,6047 0,8670 7,839 7,839
9 0,8246 0,6471 6,166 6,167
10 1,0445 0,4272 4,200 4,200
11 1,2644 0,2073 2,067 2,067

Po3paxyHku miaTBepIKyIOTh, 1m0 1 HabmmkeHa hopmyna (10) He 1ae BETUKUX MOXHOOK.
VY BUnajaKy iHIIMX V 3Ha4YeHHs rnepiognuHux Ateb-¢yHkimii MokHa HaOIMKEHO OfEePIKyBaTH
3a JOMOMOTOI0 aCUMITOTHYHUX (hOpMyII, HApyKOBaHUX B [18].

5 OBI'OBOPEHHJ PE3YJIBTATIB JOCJIIKEHHSA

OTtpumaHi BUIEe pe3yJbTaTH y3arajlbHIOIOTh BIIOMI 3aJI€KHOCTI JUIsl TO3ULIMHOTO TepPTS
B TeOpii MEXaHIYHMX KOJMBaHb. B y3aranpbHEeHOMY BapiaHTI Teopii BHaJaHHS pO3MaxiB
KOJIUBaHb Yy 4aci TeX BiIOYBa€ThCA 3a 3aKOHOM T'€OMETPUYHOI Iporpecii, 3HaMEHHUK SKOI
3QJICKUTDH BIJ] MMOKa3HUKA HEMHIWHOCTI, aje KOJIMBAHHS MPOXOIATHh 31 3MIHHOIO TPHBATICTIO
IIUKJIIB, B YOMY IpPOSBISIETHCS HENIHIMHICTH cucTeMu. [Ipu 1iboMy Al omucy nepeMilieHb
OCIIIISITOPA JOBOJIUTHCS 3Ty4aTH CIeIialbHI epioauyHi (yHKIIII.

6 BUCHOBKHU

Y BHNAAKY CTENEHEBOTO TO3WIIHHOTO TEpPTS pO3Maxd KOJIHWBaHb IMITYJIbCHO
HABAaHTA)XCHOTO OCIHIISATOpAa MOXKHA pO3paxyBaTd 3a eEIEMEHTapHUMH (HOPMYyIIaMHU.
Po3paxyHOKk mepemiiieHb y yaci OB’ si3aHUil 3 BUKOPUCTAHHSAM TepioanuHux Ateb-yHKIi,
HAONVMKEH1 3HAYEHHS SKUX HE CKIAQJHO BHU3HAYATH 3a BIOMHUMH aCHUMITOTHYHUMU
dbopmynamu. IIpoBeneHi po3paxyHKH MATBEPAWIN aIeKBAaTHICTh OJEPKAaHUX AHATITHYHUX
PO3B’A3KiB HeniHiNHOI 3a1a4i Ko, BupakeHux yepes creniainbHi QyHKIIT Ta iX HaOIMKeHHS
B €JIEMEHTapHUX (YHKITISX.
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STRUCTURED SYSTEMS OF FACTORS AND EXPERIMENTAL-
STATISTICAL MODELS IN STUDIES OF BUILDING
COMPOSITES

T. Lyashenko'
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The introduction to the article presents the objects of research, for which the proposed
approach to modelling and the types of the models are intended. These are high quality composite
building materials, the multicomponent dispersed systems, with the components that could be
multicomponent themselves. The need to use for their design the mathematical models of the
dependences of structure parameters and properties of the material on the factors of composition and
processes of production and operation is noted.

Then the background of experimental-statistical (ES) models application in research and
development of composite materials is considered. What they are needed for is emphasized. The
peculiarities of these models are noted in contrast to the models of other classes, including the usual
regression ones. The necessity of experiment design to build ES-models is also emphasized. Special
types of ES-models are named, for the cases when it is necessary to consider linearly related factors
("mixtures"). The expediency of structurizing the system of all the factors under consideration and the
corresponding ES-models is indicated to.

The concept of a priori and a posteriori structuring of factor systems when modeling is proposed.
Systems that could include subsystems of linearly related factors and subsystems of mutually
independent factors separated out at the stage of a priori structuring have been called “mixtures,
technologies” systems and classified by the type of factor domains. System designations are given.
Special polynomial models developed for them are presented.

For the analysis of modelling results, a posteriori allocation of the factor regions and the use of
tools of composition-process fields methodology are proposed. The local fields of material properties
in coordinates of one or another group of the factors and their transformation under the influence of
the factors of another group can be analysed, using numerical generalizing indices of the local fields
and the secondary models for these indices. The path from obtaining data of designed natural
experiment for building the primary ES-models to the secondary models, for generalizing indices,
based on the results of computational experiment, is schematically shown.

Keywords: mixture, factor domain, simplex, design of experiment, reduced polynomial,
composition-process field.

CTPYKTYPOBAHI CUCTEMU ®AKTOPIB I
EKCIIEPUMEHTAJIBHO-CTATUCTUYHI MOJEJII ITPHU
JOCJIIIDKEHHI BY AIBEJIbHUX KOMITIO3UTIB

Jsimenko T. B.!
Y00ecvra Oeporcasna axademis 6ydienuymea ma apximexmypu

AHoTamis: Y BCTyIi 1O CTarTi NpeACTaBieHi 00’€KTH IOCHIKEHb, IUIS SIKMX HpU3HAYeH1
MIPOTIOHOBAHI IMAXiJ TO0 MOIETIOBaHHS Ta BUAM Mojeiedl. O0’€KTH - BHCOKOSAKICHI KOMIIO3HITIIHI
OymiBenmbHI  Marepiamu. lle  6araTOKOMIOHEHTHI ~ TUCIIEPCHI  CHUCTEMH, 3  BKIJIAJICHOIO
MHOTOKOMITIOHEHTHOCTBI0. Haronomryerbcss Ha HEOOXiAHOCTI BUKOPUCTOBYBATH JUIS X TPOEKTYBaHHSI
MaTeMaTH4yHI MOJeNli 3B’SI3KiB TapameTpiB CTPYKTYpW 1 BIACTUBOCTEW Matepiany 3 (akTopaMu
pelenTypH 1 mpoleciB BUPOOHUIITBA 1 eKCILTyaTallii.

T. Lyashenko
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Jami po3rsimaroThCs  TIEPEeIyMOBH  3aCTOCYBAaHHS —eKCIepHMEHTaIbHO-cTaTuCTHIHNX (EC)
MoOJCNeH B JOCHIKCHHSX 1 Tpu po3poOIi KOMITO3WIIMHMX MaTepiaiiB. IlimkpecmroeThcs ix
npu3HaueHHs. Biq3HavaloThCss 0COOJIMBOCTI MMX MOJIENICH Ha BiMiHY BiJl MOJIENEH iHINTUX KIIACIB, B
TOMY 4YHCJI BiJl 3BHYalHUX perpeciiHux. IligKpeciioeTbcs TaKOX HEOOXIAHICTh IIaHyBaHHS
eKCIIepUMEHTY JUTsl iX moOymoBu. Ha3uBaroThes criemianbhi Tuu EC-Mopeneit, SKimo € HeoOXiaHICTh
po3rAgaTy JTiHIKHO MOB’s3aHi (akTopu, «cymimni». Bka3yeTbcs Ha KOPHCHICTH CTPYKTYPYBaHHS
CHCTEMH BCiX JOCTiKyBaHUX (hakTopiB i Binnosigaux EC-moaeneii.

[IponoHyeThCsT KOHIIETIITiS alPiOPHOTO 1 AlIOCTEPIOPHOTO CTPYKTYPYBAHHS CUCTEM (DaKTOpiB IpH
MojemoBanHil. CHucTeMH, sKi MOMIH O BKIIOYATH MJCHCTEMH JHIHHO TOB’s3aHUX (AKTOPIB 1
MiCHCTEMHU B3a€MOHE3ANEKHUX (aKTOPiB, SIKi BUAUSIIOTHCS HA €Talli anpiopHOro CTPYKTYPYBaHHS,
Ha3BaHI CHCTEMaMH «CYMIllli, TEXHOJIOTI1» 1 KJIacU(iKoBaHi 3a TUTIOM (akTOpHUX obnacteil. JlaroTbes
Mo3HaYeHHs cucTeM. HaBoAsSThCst po3po0JIeHi I HUX CIeIialibHI TOJiHOMIaIbHI MOJIEII.

Jns anamizy pes3ynbTaTiB MOJETIOBAHHS MpEAJaracTCsl amocTepiopHe BHIIECHHS (HaKTOpHHX
oOnacTeil 1 BUKOPHCTaHHS IHCTPYMEHTIB METOJOJIOrii pelenTypHO-TEXHOJOTTYHUX MHOJiB. MOXYTh
OyTH MpoaHai30BaHi JOKAIBHI MOJS BIACTHBOCTEH Marepiady B KOOpAWHATAX Ti€l UM iHIIOI TPYIH
¢dakTopiB 1 iX Tpanchopmalis MmiJ BIUIMBOM (PAaKTOPIB iHIIOI TPYIH, 3 BUKOPUCTAHHIM YHUCIOBHX
y3arajbHIOIOUNX TIOKA3HUKIB JIOKAIBHUX IONIB 1 BTOPMHHUX MOZEJEH, AN LUX MOKAa3HMKIB.
CxeMaTHYHO TIOKa3aHUI MUISX BiJi OTPUMaHHS JaHUX CIUIAHOBAHOTO HATYPHOTO €KCIIEPUMEHTY, JJIst
MoOy/JI0BY MIEPBHHHUX MOJIEIEH, 10 MO0y I0BaHNUM 3a Pe3yJIbTaTaMHi OOYUCITIOBATLHOTO EKCTIEPUMEHTY
BTOPHUHHUM MOJIENISM, JUISl y3araJlbHIOIOUHMX [TOKa3HHKIB.

Kuarouosi caoBa: cywmim, ¢akTtopHa 001acTh, CHUMIUIEKC, IJIAHYBaHHS EKCIEPUMEHTY,
MPUBEACHUI MOIHOM, PEENTYPHO-TEXHOJIOTIYHE TOJIE.

T. Lyashenko
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1 INTRODUCTION

The most studies in modern materials science aim at creating high grade materials that
best serve exactly what they are designed for. In this sense, probably, they are called High
Performance Materials [1-3]. They can provide high strength, weight reduction, cleanliness
for high purity applications, high-temperature capability, materials processing efficiency,
corrosion resistance, multi-functionality, long or short life and good utilization, reliability,
durability, saving resources, and so on. This material might be high-strength concrete for
bridge structures, but also a low-strength fast-setting mortar for short-term mine rock
anchorage. The high performance materials and composite materials as their special class
have been included into the list of the top 20 engineering achievements of the 20th century
[4].

To create building composites that serve their purposes in the fullest measure more and
more multi-component components are used (binder systems, complex admixtures, poly-
fractional fillers, hybrid fibres, etc.). The "nested” multicomponent is characteristic. This is
testified by great number of books and papers, for instance, by these ones [5-7]. To provide
desirable properties of such composites at various stages of their life (mix, forming structures,
hardened composite, degrading material that should be utilised) one has to analyse
quantitatively the relations of the properties with multi-component composition and process
(CP) parameters (including operational conditions).

The CP-parameters, the levels of which can be set, present the vector of CP-factors,
x=(x, ..,%) . Criteria of material behavior (Y, generally called properties) are technological

and structural characteristics, functional properties, other quality criteria, and any other
responses (including resources and costs) to variations of controllable inputs x. The levels of
criteria Y, which characterise the material structure response to controllable effects of x,
provide the information for forming desirable structures through certain values of CP-factors.
And, of course, to determine these values one needs mathematical models of the relations
between factors x and criteria Y, in order to analyse these relations and to "lay the quality"” in
design of the material (composition and modes, which would provide specified or improved
levels of the properties).

2 ANALYSIS OF LITERATURE DATA AND TARGET SETTING

The typology of mathematical models in building materials science, by their origin [8, 9],
comprises mathematical physics equations (important as a priori knowledge at any
modelling), conceptual models, virtual models (simulations of materials structures and
artificial neural networks), and experimental-statistical (ES) models. The coefficients
(constants) in fundamental equations and in analytical expressions of the concepts are related
to the fixed composition and modes, not to dependencies on them. The models simulating
structures, in particular those that emerge with hydration [10-12], alone do not allow the
levels of operational properties to be predicted, of the composite that should be designed [13,
14]. To do this, in particular, to calculate the diffusivity [15] or strength [10], the conceptual
or regression models are invoked.

ES-models are widely used when studying and developing building composites,
evidently since they are the ones that can connect directly the properties (not only structural
and operational characteristics, but coefficients of fundamental and conceptual equations and
the estimates got on simulated structures as well) with multicomponent composition and
processes parameters.

The term "Experimental-Statistical Modelling” (ESM) has been put forward by
V. A. Voznesensky [16, p. 32]. The development of ESM, even before the appearance of this
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term, and of its content definition [8, 16, 17], were aimed at overcoming the blackness of the
"black box" [18, 19] (the origin of ESM from which can be traced back). With ESM, the
black box is already lighter and more transparent. The models are no longer black box
models, but, say, of gray one. ES-models are assumed to be built on the base of the best
possible information, namely, on a priori knowledge and on results of the designed reasonable
experiment. The statement of the problem (the purposes and possibilities) should be defined
on the base of system approach and of a priori physical-chemical, technological, and other
knowledge, at "pre-design of experiment” stage. Defined should be: the components of
material, the intervals of their dosages and the ranges of processes parameters to be varied in
the experiment (the factor region Q ), hypothetical kinds of the models Y (x) to be obtained

(taking into account a priori information on effects of CP-factors), other conditions. And then
the ES-models, mathematical descriptions of the relationships between factors x and criteria
Y, as a rule, in the form of polynomials, are built (with least squares method followed by
statistical analysis), on results of carried out designed experiment.

Design of experiment (DOE) is not only a formalized way to maximize the amount of
information received with limited resources, which allows one to characterize both the
individual and joint influence of the CP-factors x on the responses Y, with the highest
possible accuracy. This is the philosophy and logic of research [20], the core of the
experiment strategy [16, 21].

The equation (1) presents the general form of ES-model (linear in parameters, non-linear
in factors).

Y (x) :ibl f,(x), 1)

where f,(x) are linearly independent, basis functions (as a rule, degrees of x); in particular,
the most often used are the 2™ order polynomials (2).

Y (X)=by + D b + D bixZ+ > b xX; . (2)
i i i<j

These are not just regression models (sometimes referred to as ES-models, thus

discrediting the latter). The use of the dimensionless variables (most often normalised to

—-1<x <+1, instead of dimensional X, X, . <X.,<X, . ) gives clear physical sense to

coefficients of ES-model, having dimension of the criterion Y they evaluate, and ensures
acceptable calculation errors.

When studying multicomponent disperse systems, the building composites among them,
the system of factors under study or some of them (factor subsystem) can present the
"mixture”. This is when as the factors the portions (from 0 to 1) of the components forming
the mixture (1 in a sum) should be considered. It can be the mixture of fractions of the grains
of several size or different minerals, or the portions of the components in complex chemical
admixtures, etc.

In these cases of linearly related factors the special kinds of polynomials and
corresponding experiment designs are used [22-26]. The 1% such models and designs were
proposed by H. Sheffe: simplex-lattice design and reduced polynomial [22], simplex-centroid
design and the products of designs in case of both linearly related and independent factors
[23]. The reduced polynomials for the last case were given in works [25, 27, 28] (with
algorithm of the synthesis of the designs in [27]). Put forward were also the reduced
polynomials for the systems with two mixtures [28] (the application of this model and
synthesised design were presented in [16]) and for the systems with two mixtures and mutually
independent factors (presented and applied in [8]).
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Nowadays ESM is the developed methodology of researches [8, 9, 17]. Some of its
elements intersect with those of the "response surface methodology" [29, 30]. But for ESM, it
is important not only and not so much to build good models. ES modelling is aimed at
extracting as much information as possible from the models, in which data of the experiments
(of both natural or computational) are convoluted. For ESM, it is not so much the models as
such that are important, but the tasks that can be solved with their help, including in tandem
with fundamental and structural-simulation models.

Of course, the polynomial form does not contribute to explanation of mechanisms of the
material behavior, to conclusions and projections of a general nature. The "richness of reality"
hidden in ES-models and the knowledge that they can potentially contain may be lost.

Decomposition of factors system (the allocation of subsystems in accordance with factor
nature, character, and the degree of influence on the properties) and the use of the
corresponding structured ES-models could reduce the losses, could help to extract from the
models, more fully, the information that is folded in them. Allocating the influence of factor
subsystems and their synergism could mitigate to some extend the contradiction between the
"simplicity” of the integral polynomial model and the structural complexity of the object
(composite material).

3 PURPOSE AND OBJECTIVES OF RESEARCH

The purpose of this article is to generalize and to promote the "structuring approach™ to
solving the tasks of building materials science with the help of ES-models.

The generalization implies some classification of the systems under consideration and of
ES-models that would describe them. The "structuring” suggests this, firstly, at the stage of
formulating the tasks to be solved (a priory, before the experiment, before building the models
on experiment results). Secondly, at the stage of solving the tasks (a posteriori, after the
experiment, using the models already obtained on its results).

4 RESULTS

A priori structuring. Decomposition of factors system should begin with meaningful
(technological) statement of the problem of research and development of composite material.
CP-factors are divided into subsystems, first of all, in accordance with the nature and degree
of their influence on the structure and the properties of the material. These can be: a group of
factors that define the properties of the matrix (water-binder ratio, concentration of additives,
etc.); factors that set the amount of filler and its dispersion and (or) mineral composition; the
composition of the complex admixture; process modes (temperature at different stages of the
process, pressure in autoclave, etc.); operational factors that condition the aggressiveness of
the environment; a set of factors from different such groups, to variation of which (according
a priori data) the responses Y are most or least sensitive; and so on.

When passing to mathematical descriptions, corresponded to factor subsystems identified
at the stage of the technological statement of the problem can be different types of the
domains in the factor space. According to these types of factor domains the factor systems
and their constituent subsystems have been named and designated.

"Technology”, T, is the system (subsystem) of mutually independent factors.

T, includes p factors. The domain of factor space corresponding to T, is p-dimensional

cube (line segment, square, cube...) of mutually independent normalized factors
X —1<X <44 X=(X, Xy oeny Xy oeny X)) €€

These can be both formulation factors (for example, dosage of additive relative to the
content of the base component) and parameters of production and operation processes.
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Fig. 1. The display of the 2™ order 5 factors design of experiment in system T, T, T, factor region

Several subsystems "technology" can be separated in T, (specifically, T, and T,,
p+p,=p, then it is, T,T,). Structured image of such factor system can be used, in

particular, just to show the points of experiment design (Fig. 1).
"Mixture”, M, is the system (subsystem) of linearly related factors v;, the portions of the

components forming the mixture, 0<v. <1, ZVi =L v=_(V, Vpy oo Vi .o,V ) €. M S
the mixture of g components. The domain €3, of factor space is (q—1) -dimensional simplex

(segment, triangle, tetrahedron ...). There might be more than one mixture in the system, as
mentioned above (w is used as the second designation). In particular, this could be M M .

In some cases [26], especially when the factor domain is a limited part of the simplex, it
may be advisable to use, instead of v or w, the mutually independent variables x (specifically,
the dosages of the components relative to the one that is necessarily present in the mixture,
i.e., T-factors).

Factor domains and subdomains can be parts of cubes and of simplices cut out by
additional constraints on v, w, and x (for example, shown in [17]), as well as prisms and other
products of the whole and bounded cubes and simplices.

The features of the factor space in problems of materials development may lead to
consideration of the systems "mixtures, technologies — properties”, for which the generalized
designation MsTsQ can be used, where Q denotes the quality, defined by a set of material
properties (of criteria Y).

The system of factors "mixtures, technologies" (MsTs) generalizes practically all

combinations (considered in building materials science) of linearly related and mutually
independent variables, which could be included in ES-model.

In most specific studies of building composite materials, it is not reasonable to include in
consideration more than 7 factors, more than 2 "mixtures”, and more than two T-subsystems
when designing certain experiment and meaning subsequent analysis of its results (in some
cases it could be 8 [31] and 9 [32] factors and more than 2 technological subsystems).

The vector of the factors in MgMguwTp1Tp2Q can be written as z = (v, w, (X1, X2)) € Q..
The structured factor region 2, may be written as the Cartesian product of the corresponding
subregions, Q; = Q,®0Q,® (Qu®Qy,). In particular, for z = (vi, Va2, Vs, X1, X2) the region Q; is
a set of points of the mixture triangle at each point of the square of mutually independent
factors (and vice versa).

Given in Tables 1 and 2 are the designations for a number of typical factor systems
"mixtures, technologies” and variants of displaying the corresponding factor regions
("inverse™ mappings are meant too, in particular, "squares on triangle" in addition to "triangles
on square").
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Corresponded to structured systems of the factors are the structured forms of ES-models.
Given below are the types of ES-models for "Mixtures, Technologies — Properties” systems.
For a number of representatives of those systems the models written in structured form are
shown, not the long trains of polynomial terms, but the blocks of them related to certain factor
subsystems and synergetic effects.

Table 1

Designations of factor systems with variants of displaying the domains of 2-4 factors.

kS Number of factors k= (p=p,+ p,)+q, +d,
Factors system %
é 2 3 4
. M, M; M,
«Mixture» = Segment (=) Triangle (A) Tetrahedron
«Technology» [ T, Square (O) T; Cube
. =
«Mixture, s MM,
Mixture» 25 K= 0N = »
. M,T
«Mixture, — M,T; A 3t
Technology» = «=0n=» _«aon=»
(triangular prism
«Technology, = T, T,T, T,T,, «Oon O»
Technology» |_E" « =0n=>» «Oon =» «Cubes on = »
«Mixture, |_%'L M,T1 T,
Technology, |_a «rectangles
Technology» = and O on - »

For TpiTpQ systems these are the ordinary polynomial P(x) written in blocks
corresponding to individual subsystems and their synergies, like the one of the 2" order (3),
for ToTo.

Y (X) = bo + byxy + b11xy® + bioxixs + bigxixs
+ boxy + by xo? (@) + D1ax1x4
+b
+ baxs + baaxs” + bioxixy N bzexz))CCs © (3)
+ baxg + Dag x4° (b) 24X2X4

The free term b, presents the level of Y at medium values of all x, equal to zero, at the

center of the experiment. Block (a) evaluates the effects of one group of factors (let it be
matrix factors, dosages of admixtures) at central values of the factors from another group
(quantity and specific surface of filler, for instance). The effects of those from another group
at central values of the 1% group factors are presented in block (b). Block (c) evaluates the
synergism (antagonism) of the factors from different groups.
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To describe the systems MqT,Q, with factor region ©,&Q, (S|mpI|ces on cube and vice
versa), the reduced polynomlals P.(v, X), can be used. Incomplete 3 degree polynomial (4)
and polynomial of the 3™ degree (5) are shown below (the higher degree would not be
reasonable). The usual polynomial of k=q-+ p variables is reduced to this form by
substituting equalities in it following from the linear relation of q factors. The model (5)

contains C;,,,, terms and coefficients. The terms in its 1% line present Sheffe reduced

polynomials (of the 1%, then of the 2" order, incomplete of 3" degree, and of 3" degree).

Table 2
é Number of factors k= (p=p, + p,)+0, +0,
Factors system S
8
a 5 6 7
%— M4M3
«Mixture, Mixture» | = MsM, MsMs «Tetrahedrons
& «Aon =» «A on A»
S on A»
ot M.T,
«Mixture, — «Tetrahe »r ons on «Tetrahedrons MaTs
Technology» s - on O» «Tetrahedrons
MsT,, «A on O» «A on prism on cube»
«Technology, ,_‘EL T3T, T,T, T,T,, «Oon O»
Technology» ,_3 «Cubes on O» «Oon = » «Cubes on = »
M3M3T,
«Mixture, |_g M,M,T; «Tri ar'}/lﬂ\l/laerlrisms «Triangular prisms on A»
Mixture, = « O and ogn »p _ MsM,T,
Technology» > | rectangles on - » - «Triangular prisms on O»
= «A on rectangle» «A on prisms»
; N MsT, T
«Mixture = M3T, T . 3012 M3T, Ty, MT, T
’ = 311 31212, 41112
Technology, |_a «triangular prisms on «trlangul%f“sms 9N «A and tetrahedrons on 0,
Technology» s - »,«AonO» «A on cubex -, cube»

Y(v,X)= ZAV+ZAJVIVJ+ZAJ|VIVJV|+Zp:Zq:D” VX + Y bix X, +Zb|| NN

j>i=l i<j<l j=1 i=1 I<i<j<p

Y(V,X)= ZAV+ZA“VIVJ+ZA”V AR AN (R

j>i=1l i<j<l i<j
P 9 p
2.2 Dyvix J+ZZDIJJ' it ZDI(H)I i% +Z 2. Dapnvivix + ()
j=1 i=1 j=1 i=1 IKj<I<p i=1 =1 I<i<j<q
Z ij N X + Z bIJ|XI X; XI +Zb|u i
I<i#j<p I<i<j<l<p

Coefficients A correspond to those in Sheffe polynomial, describing the system MQ at
x=0. A defines the level of Y at the center of Q, when only i-th component is in the mixture.
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Other A characterize the nonlinearity of the property changing with mixing the components.
Coefficients D and b define the variation of A with x varying.

The equation (6) presents the 2™ order model for the system MsT:Q written in structured
form.

Y (v, vy, V5, X) | = AtV + AaViVa + AgaVavs | | + Divix
+ AV + Aoz | | + Dovox (6)
+ Asvs + D3v3X
+bypx

The analysis of a priori data may not allow to put forward a hypothesis about the relation
between Y and z = (v, x) corresponding to the reduced polynomial, for example, about the

absence of the effects v,v;x, as in (6). Then one can use as ES models the products of ordinary

and reduced polynomials for individual subsystems, if it would be possible to carry out a
costly experiment to estimate a large number of coefficients and high-order effects (many of
which may turn out to be insignificant).

In models-products, each of the model coefficients for one of the subsystems can be
written as a function of the factors of the other subsystem. In particular, Y (v,x) can be

expressed by the product (7) of the reduced Sheffe polynomial and an ordinary polynomial,
where i and j are the indices of effects, of the basis functions f, in models-multipliers.

Y(v,x) =PW)xP(X) =X {A =D b )]} ,(v). (7)

In particular, the product of second-order polynomials (Scheffe and usual) for the M3T:Q
system can be written in the form (8) or (9).

Y (Vl’ Vi Vs, X)= (bO.l + b1.1X + b11.1X2) Vi
+ (bo.z + b1.2X + bll.zxz) "V,
+ (bo.3 + b1.3X + bll.sxz) V3 (8)
+ ...

+ (b0.23 + b1.23X + b11.23X2)l
Y (Vl’ V2 ! V3’ X)= (AJ..Ovl + AZ.OVZ + AB.OVS + A].2.0V1V2 + Al3.OV1V3 + AZS.OVZVS)
+ (Ai.lvl + A2.1V2 + A3.1V3 + A12.1V1V2 + A13.1V1V3 + A23.1V2V3) X (9)
+ (A1.11V1 + A2.11V2 + A3.11V3 + A12.11V1V2 + A13.11V1V3 + A23.11V2V3) X
To evaluate all 18 coefficients of the model (8, 9), at least 18 trials (in points of
experiment design) are required. The model (6) needs minimum 10 trials to estimate its
coefficients, but is unable to evaluate the relation of synergy within the mixture with the level of

"technological” factor.

The reduced polynomials P (v,w), for the system M M, Q (and factor regions
Q,®Q,), the functions of two groups of linearly dependent variables, have been also put
forward. The models of the 2" and 3™ order have the form (10) and (11) respectively and
contain C coefficients (n is the order of polynomial).

qu+qw+n-2

Qv qw

Yvuw)= D AvV+ D Biww, +D > Cuvw,, (10)

I<i<j<qv I<i<j<qw i=1 j=1
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Y(v,w)= D AVVY+ D A VY (v -V)

I<i< j<l<qv I<i<j<qv
+ Z By wWiw; Wi + Z B._;jww; (W, —w;) (11)
I<i< j<l<qw I<i< j<qw
Qv qw qv
+2.2.Cvw+ 3 ZC(,mv WD D CpViw,w.
i=1 j=1 I<i<j<qv 1=1 1=1 I< j<I<qw

One needs sufficiently less experiment trials to build such models than to estimate the
coefficients of the product of two Sheffe polynomials. In particular, if g,=q, =3 the

production of two 2" degree multipliers contains 36 terms, while reduced polynomial (12)
only 15, providing the decrease in resource consumption by 2.4 times, with saturated design
of the experiment.

Y (Vl' Vo, Vg, Wi, W, Ws): A12V1V2 + A13V1V3 +A23V2V3
+B,w,w, + B w,w;, + B,,w,w,
+C, W, +CLv,w, +C v, W, (12)
+C,,v,w, +C,,v,W, +C,,v,W,
+C VoW, + Co VoW, +C VoW,

The coefficients A and B in (10-12) characterize the nonlinearity in changing material
property when mixing the components independently in two mixtures. Coefficients Cj;
correspond to the levels of Y when present in the 1% mixture is only the i-th component and
only the j-th is in the 2" mixture. Ciji in (11) account for nonlinearity of mixing the
components in one of the mixtures for the "pure” components in another. For instance, such
parameter might evaluate the effect of mixing "short™ and "long" fibres when only high
specific surface component is in the filler.

The reduced incomplete 3 degree polynomials (12 13) have been obtained for the

systems "mixtures, technologies — properties”, M, T,Q (with factor regions
Q,R0,®0).
qv qw
Y (v, w, X) = z AV, + Z B,ww, +> > (C, +ZR”|X)V +ZbII 2 4 Z b;%X;, (13)
j>i=1 j>i=1 i=1 j=1 j>i=l
Y (v,w, x) =Y 13)+Z(Z Paviv; + ZQijIVVin)XI' (14)
=1 j>i=l j>i=1

Coefficients R, P, Q reflect a linear change in the corresponding parameters of MMQ
models in dependence on x. When substituting the fixed values of certain factors in the

models for M, M T.Q, specifically in (14), all the types of models considered above are

obtained, describing the systems that are simpler in structure and dimension.

A posteriori structuring helps to extract the information and the knowledge folded
(hidden) in the ES-models obtained. Aimed at the same is the methodology of properties
fields (of Y criteria) in coordinates of composition and processes parameters [9, 33], described
by ES-models. The concepts and tools of composition-process fields methodology (the means
of computational materials science) are helpful in realization of structuring approach.

In accordance with the ideology of DOE, all components of the vector z are included in
ES-model. Such model describes the whole field Y (z), in the domain Q,, of all the factors

under consideration. The structured model of the whole field Y(z = (zg, zcn)) represents also
the variety of the local fields Y(zy / zeh), in the coordinates of a particular group of gradient
factors, forming the local fields (zy € Qg producing a gradient of Y), at certain values of a
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group of factors that could change them (z¢ch € Qcn). Any useful combination of separating out
of z the gradient factors and the changing factors can be considered. The transformation of
Y (zqr) under the influence of z¢, can be described.

The specific features of the whole and of the local fields are characterized (measured) by
their generalizing indices (Gy{z}, Gy{zy}, numerical characteristics of distribution of Y level
over the region of CP-factors). These could be the maximal and minimal levels of Y, the
increments, the levels at some special points and their coordinates, etc. [9, 33], calculated
(estimated) with ES-models.

By the estimates of Gy{zy} at fixed values of z¢,, the secondary ES-models (in relation to
the primary ES-model, built on primary experimental data) can be obtained, describing the
dependences of the generalizing indices of local fields on the factors X, that change these
fields.

The models for generalizing indices, Gy{zy}(zch), are built on the estimates of Gy{zy}
calculated for the fields Y(zq) at points zes of the designed computational (secondary,
simulation) experiment (in Q¢ region, in accordance with the form of the secondary model).

In general, the path from obtaining real data on Y at N; points of the design of real
(natural) experiment to obtaining, by the results of N, tests in designed computational
experiment, the models that would express the features of the dependences of properties Y on
CP-factors z, may be presented with the formal chain shown in Fig. 2.

The chain "natural experiment — secondary model" reflects the alternation of composing
and decomposing (synthesis and analysis) of the description of the system under study when
moving from the particular to the general. This is effective use of the "particular" when
formulating a question to the nature (designed real experiment) — generalization in an attempt
to get an answer (ES-model) — analysis, structuring when stating a new question (designed
computational experiment), and at a higher level of knowledge — the new level of generalizing
the empirical information (models for generalizing indices).

As a result, for each of the studied criteria Y, in addition to the whole primary ES-model,
a material scientist-technologist has at his disposal a set of ES-models of a lower dimension —
the models of local fields and secondary models for Gy indices. The Gy{zy}(zcn) model may
be required for quantitative analysis of Y(zy) transformations under the influence of z,, for
controlling the local field through these factors, for its optimisation by one or another criterion
Gv{zg}-

When analysing the results of the modelling it may be useful to compare the local fields
Y(zqr) for "contrasting” zen, with the largest difference in properties over the range of change
factors. Helpful for meaningful analysis are plots and maps (isolines, surfaces) of local fields
at different levels of zy,. These are already widely used diagrams "squares on a square”,
"squares on a triangle", etc., often with displaying on the carrying figure (in z¢, coordinates)
the changes in the maximum and minimum levels of local fields, absolute and relative
differences, and other generalizing indices [9, 33].

{ Results of real experiment ]
Y (z), % = @erj-Zehj) € sz, j=1.2, ... Ny

Primary ES-model ¥ (z)
[ Estimates in computational ,[,

experiment \ . ;
P (ﬂr’{z'__’r} (Zu:l1.j)~ Zehj € Qch-_l =1,2....N>

v

Secondary ES-model Gy { zer} (zch)

Fig. 2. The path "from experimental data to generalized descriptions"
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Fig. 3. Two local fields n;(xy, X4) and relative decrease of n; in such fields for various MMC
and MC - on {x,, x3}-square

Shown in Fig. 3 are two representatives of the local fields of effective viscosity of the
mortar, n; (Pa-s, at shear rate 1 s), in coordinates of the dosages of 2 binder components
(gradient factors), at two from pairs of values of 2 change factors that were varied in
computational experiment [34]. The relative decrease of viscosity due to binder components
(generalizing index) in dependence on molecular mass (MMC) and the quantity of
methylcellulose (MC) is shown on the square of these change factors.

5 CONCLUSIONS

The concept of a priory and a posterior structuring the system of factors in researches of
building composite materials has been put forward. The systems, which might include the
"mixtures”, the subsystems of linearly related factors, have been classified by the types of
factor domains. The developed kinds of polynomial models for these systems are given.

Structuring the factor systems at a posteriori stage of a study, the local fields of material
properties with their generalizing indices, and the visualization possibilities help in "fighting
dimensionality” when designing the multicomponent composite materials.

It seems promising to use ES-models for describing and analyzing the combined effect of
design parameters and of composition of the material of a building structure (two subsystems
of factors) on its properties.
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MULTI-CRITERIA OPTIMIZATION OF THE FIBER
CONCRETES COMPOSITIONS OF RIGID PAVEMENT

S. Kroviakov', A. Mishutin', L. Chintea’
'Odessa State Academy of Civil Engineering and Architectur

Abstract: The experiment was carried out according to the optimal plan, which four factors of
the composition of modified fiber concrete for rigid pavement were varied: amount of Portland
cement, polypropylene fiber, metakaolin and polycarboxylate type additive. All concrete mixtures had
equal mobility P2. Complex of experimental-statistical models describe the influence of factors on the
properties of concrete is obtained. Selection of optimal compositions of fiber concrete of a rigid
pavement was carried out using the obtained experimental-statistical models.

Graphical optimization method for "squares and squares™ diagrams was used. The square in the
coordinates "amount of metakaolin™ - "amount of complex action additive Coral ExpertSuid-5" was
used as a carrier in the construction of diagrams. These values of the mechanical characteristics of
concrete were used as limitation criteria: compressive strength at the age of 3 and 28 days, flexural
tensile strength, frost-resistance, abrasion. Frost-resistance and abrasion are the main indicators that
ensure the durability of concrete for rigid pavement in typical operating conditions. The concrete
prime cost indicator was used as an optimization criterion. 2 variants of concretes compositions of
classes C30/35 and C32/40 with increased durability and high strength was chosen. The selected
compositions of C30/35 class concretes have frost-resistance F350, flexural tensile strength 8.0-8.2
MPa, abrasion 0.38-0.39 g/cm?, compressive strength at 3 days age 35 MPa and strength at 28 days
age 54 MPa. The selected compositions of C32/40 class concretes have frost-resistance F400, flexural
tensile strength 8.5-8.6 MPa, abrasion 0.34 g/cm? compressive strength at 3 days age 38-39 MPa and
strength at 28 days age 57-58 MPa. All four selected compositions have the amount of metakaolin 15-
20 kg/m®, polypropylene fiber 0.9-1.5 kg/m®, polycarboxylate type additive Coral ExpertSuid-5 0.8-
0.9% of the cement mass.

Keywords: experimental-statistical modeling, optimization, rigid pavement, fiber, strength, frost-
resistance, durability.

BATATOKPUTEPIAJIBHA OIITUMI3ALIA CKJIAIIB
®IBPOBETOHIB KOPCTKOI'O JOPOKHBOI'O ITOKPUTTA

Kpossixos C. O.', MimyTin A. B.", Kinrs JI.*

1 . . .
Oodecvka depoicasna akademis O6yOieHuUYymMEa ma apxXimexmypu

AHoTanin: 3a ONTUMAIBFHUM IUIAHOM MPOBEIEHO EKCIEPUMEHT, Y SIKOMY BapiloBaJIUCS YOTHUPU
(dakropu ckmany moaudikoBaHUX (HIOPOOETOHIB I JKOPCTKHX TOPOXKHIX IOKPHUTTIB: KIIBKICTH
MOPTAAHILUEMEHTY, MOJINpOniieHoBoi (i0pu, MeTakaomiHy i JOOAaBKH MOJMIKapOOKCHUIATHOIO THITY.
Bci Oeronni cywmimi Mamu piBHYy pyxomicte P2. OTpumMaHo KOMIUIEKC €KCIIEPUMEHTAIBHO-
CTATUCTUYIHHUX MOJIEJICH, SIKI ONMMCYIOTh BIUIMB (haKTOPiB HAa BIACTHUBOCTI OCTOHY. 3 BHKOPHUCTAHHSIM
OTPHMaHHUX EKCIIEPUMEHTAILHO-CTATUCTUYHUX MOJIeNeld MPOBEACHO BUOIP ONTHMAJIbHUX CKIIAJIB
(i10poOETOHIB KOPCTKOTO JOPOKHBOTO OKPHUTTSI.

3acrocoBaHo rpadiyHUil METO/ ONTUMI3AIIl 3a JiarpaMaMu THUIY «KBajpaT Ta kBajpati». [Ipu
noOyJIoBI JliarpaM B SIKOCTI HECY4YOro BHKOPHUCTOBYBABCS KBaJpaT y KOOPJMHATAX «KUIBKICTh
METaKaoJliHy» — «KinbKicTh mo6aBku komiuiekcHoi aii Coral ExpertSuid-5». ¥V sxocti kxputepiiB
OOMEKEHHS BHUKOPUCTOBYBAJIMCS Taki 3HaueHHS (I3MKO-MEXaHIYHUX XapaKTEPUCTHK OETOHIB:
MIIIHICTh Ha CTUCK Yy Bimi 3 1 28 mi0, MIIHICTh HA PO3TAT MPH 3THMHI, MOPO30CTIHKICTh, CTUPAHHICTb.
MoOpPO30CTIHKICTh T2 CTHPAHHICTH € OCHOBHMMH IOKa3HHUKaMH, IO 3a0e3MevyroTh JOBrOBIYHICTH
OETOHIB JKOPCTKHX JOPOXKHIX MOKPHUTTIB B THIIOBUX YMOBaxX e€KCIUIyaTamii. Y SKOCTI KpHUTEpiro

S. Kroviakov, A. Mishutin, L. Chintea
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OTTHMi3allii BUKOPHCTOBYBaBCS TOKa3HHUK coOiBapTocTi Oerony. OOpaHO mo 2 BapiaHTH CKJIaAiB
oeroniB kiacie C30/35 i C32/40 3 migBUINEHOK MAOBIOBIYHICTIO Ta BHCOKOIO PAHHBOIO MIIIHICTIO.
O6pani cxnagu 6etoHiB knacy C30/35 matoTs Mopo3zocTilikicTs F350, MilHICTh Ha PO3TAT NpHU 3THHI
8,0-8,2 MIIa, ctupannicts 0,38-0,39 F/CMZ, MIITHICTh HAa CTUCK Y Bimli 3-x 1i0 35 MIla i y Bimi 28-mu
ni6 54 MIla. O6pani ckiaanu OeroniB kinacy C32/40 maroth Mopo3ocTitikicte F400, MiliHICTh po3TST
npu 3rusi 8,5-8,6 MIla, crupannicts 0,34 r/cM’, MinmicTs Ha CTHCK y Bini 3-x 1i6 38-39 MIla i y Bimi
28-mu 116 57-58 MIla. Bci wotnpu 00paHuX CKiaau XapaKkTepu3yIOThCs KIIbKICTIO MeTakominy 15-20
kr/m®, mominpominerosoi ¢iGpu  0,9-1,5 kr/M°, moGaBku momikapGokcwiatHoro Tumy Coral
ExpertSuid-5 0,8-0,9% Bix Macu eMeHTy.

Kiaro4oBi cioBa: eKCIEpUMEHTAIbHO-CTATUCTHYHE MOJICITIOBAHHS, ONTHUMI3allis, >XOPCTKE
TIOPO’KHE TTOKPUTTS, hiOpa, MiITHICTh, MOPO3OCTIHKICTh, JOBTOBIUHICTb.
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1 INTRODUCTION

Rigid pavements are more durable than non-rigid asphalt pavement and they have many
operational advantages, first of all, the absence of rutting. However, the repair of cement-
concrete pavements is more difficult; therefore, the task of maximizing the durability of
concrete on rigid pavement is relevance. In particular, this task is relevant for Ukraine, where
cement-concrete roads have been actively built in recent years.

The durability of concretes used in pavements is mainly determined by frost-resistance
and abrasion. Standardized quality indicators for rigid pavements are compressive strength
and flexural tensile strength. The early strength of concrete is an important indicator in terms
of the timing of opening traffic and facilitating technological operations. Accordingly, during
using modifiers of various types and dispersed reinforcement to find the optimal compositions
of concrete for rigid pavements, it is necessary to use the methods of multicriteria analysis of
material properties.

2 ANALYSIS OF LITERARY DATA AND RESOLVING THE PROBLEM

The share of rigid pavements in the United States is 60%, in Austria 46%, Belgium 41%,
Germany 31%, France 20%, the Netherlands 15%, Portugal 10%, Spain, Italy, Canada,
Switzerland and UK about 5% [1]. In Ukraine and in the world more and more roads with
cement-concrete pavement are being built. For example, in the Czech Republic, over the past
15 years, 65% of new roads were built from cement-concrete, and many such roads are also
being built in Poland and Slovakia [2]. According to the "Program for the development of
cement-concrete roads in Ukraine for 2021-2025," adopted by Ukravtodor, by 2025, it is
planned to build and reconstruct about 2,900 km of national roads using rigid pavements.

In modern conditions, in the manufacture of concrete for rigid pavements, it is possible to
achieve the required level of efficiency simultaneously with high durability and strength of
the material only through the use of modifier additives [3]. Superplasticizers of the
polycarboxylate type [3,4] and pozzolanic additives, in particular metakaolin [5,6], are some
of the most effective modifiers today. Dispersed reinforcement is also an effective method for
improving the mechanical properties of concrete, which determine its durability and
performance [7,8].

To search for rational compositions of concretes as multicomponent materials, it is
advisable to use experimental planning methods [9]. Implementation of the experiment
according to the optimal design allows obtaining adequate experimental-statistical models that
show the relationship between the composition of the composite material and its properties
[10]. By analyzing the complex of the obtained experimental-statistical (ES) models, it is
possible to carry out multi-criteria optimization of the composition of concrete, including the
composition of concrete of rigid pavements.

3 PURPOSE AND TASKS OF THE STADY

The purpose of this study is to select the optimal compositions of rigid pavement fiber
concrete of C30/35 and C32/40 classes with increased durability and high early strength.
Concretes at a project age of 28 days must meet to their class in compressive strength, provide
increased flexural tensile strength, frost-resistance, wear-resistance (low abrasion) and early
strength. At the same time, the prime cost of the selected compositions should be minimal,
which is important given the large amount of concrete works in road construction.
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4 BASIC RESULTS

In accordance with the 18-point optimal plan, a 4-factor experiment was carried out, in
which the following factors of the composition of fiber concrete of rigid pavements were
varied [11]:

- X1, amount of Portland cement (CEM II/A-S 42.5), from 400 to 500 kg/m?;

- X2, amount of polypropylene fiber (length 12 mm, diameter 20 pm), from 0 to 2 kg/m3;

- X3, amount of metakaolin, from 0 to 30 kg/m3;

- X4, amount of polycarboxylate additives of complex action (superplasticizer and
accelerator) Coral ExpertSuid-5, from 0.6 to 1% by weight of cement.

All the mixtures of tested fiber concretes had equal mobility P2 (slump from 6 to 8 cm),
which was achieved by varying the amount of water.

Selection of the optimal compositions of fiber concrete of rigid pavements was carried
out using a set of obtained ES-models. These models describe the effect of the composition on
the corresponding properties of the composite:

- compressive strength at the age of 3 days:

fo\ wnes (MP2)=40.9+5.8x, —1.7x7+0.8x,X, * 0X,X, *0X,X,

—0.4x,+0.9% +0X,X, —0.6X,X,
+2.1x,~0.8%: +1.0X,X, @)
+3.0x, —-11x2
- compressive strength at the project age:
fo\ e (MPQ) = 59.4 +5.9%, —2.4x7+1.1X,X, + 0X,X, +1.1X,X,
—2.0x, +2.4x2 + 0X,X, —1.0X,X,
+1.6x, —3.1X; + 0X,X, @)
+1.5x, -1.9x}
- flexural tensile strength at the project age:
f. (MPa) = 8.30+0.61x,-0.22x>+0.07x,X, = 0x,X,  + 0.10x,X,
+0.32x, * 0X> +0.09%,X,—0.13X,X,,
+0.05x, —0.17x; +0.05%,X, ®)
+0.11x, + 0.09x?
- frost-resistance:
F(cycles) =393+60x,+ 0x? +8x,X, *0x,X, *0X,X,
+23x, 14X ~10x,X, *0X,X,
+7X, —29’ +7X,X, )
+19x, —23%;
- abrasion:
G(g/cm?) =0.350-0.036x, + 0.020x? — 0.016x,x, —0.008x,X, *0x,X,
-0.056x, + 0.030x3 +0X,X, £ 0X,X,
—0.006x, + 0.012x2 + 0X,X, ©)

~0.018x, +0.022x
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- prime cost indicator calculated in the prices of March 2020:

Cost (UAH/m*)= 1886.02 + 112.21x, —0.54x? + 0x,X, —0.31x,X, +1.91X,X,
+47.49x, + 0X; -0.53x,x, +0.38x,X,
+128.62x,-0.85x> ~0.30x,X,
+17.43x, +0.32x?

(6)

Selection was carried out by a graphical method on diagrams of the “squares on a square”
type [10]. Selection of compositions of fiber concrete with two different levels of
requirements for the characteristics of the material was carried out. In the first version
(concretes of class C30/35), the following values of the mechanical characteristics of
concretes were used as limitation criteria:

- compressive strength e cupe > 50 MPa. Such strength is ensured by the class of concrete
C30/35 at the most common level of the coefficient of variation for concrete plants in
Ukraine. This allows the use of concrete on roads of category I-b (B35, M500 according to
the requirements of DBN V.2.3-4:2015). Isolines fc cune = 50 MPa are plotted according to the
ES-model (2) and are shown in red in the diagrams;

- flexural tensile strength f.w > 8 MPa. Such tensile strength ensures the quality of work
of the material in the structure of the pavement and largely provides the durability of concrete
under high loads. Isolines fq = 8 MPa are plotted according to the ES-model (3) and are
shown in green in the diagrams;

- frost-resistance > F350. Such level of frost-resistance ensures high durability of
concrete during the operation of rigid pavements in typical climatic conditions of Ukraine.
Isolines F350 are plotted according to the ES-model (4) and are shown in blue in the
diagrams;

- abrasion G < 0.40 g/cm®. This level of abrasion (no more than 0.40 g/cm?) provides
high wear resistance of concrete, respectively, the durability of concrete in conditions of
heavy traffic. Isolines G = 0.40 g/cm? are plotted according to the ES-model (5) and are
shown in gray in the diagrams;

- compressive strength at the age of 3 days fe cubes > 35 MPa. Such a high level of early
strength makes it possible to start operating roads earlier and facilitates subsequent
technological operations during the construction process. Isolines fecuies = 35 MPa are
plotted according to the ES-model (1) and are shown in purple in the diagrams.

As an optimization criterion [10], the indicator of the prime cost of concrete (UAH/m?®),
calculated in prices of March 2020, was used. Isolines of the prime cost of concrete are
plotted according to the ES-model (6) are shown in brown in the diagrams.

A square in coordinates X3 (amount of metakaolin) — X, (amount of a complex action
additive Coral ExpertSuid-5) was used as a carrier when constructing diagrams of the
“squares on a square” type. Diagrams in the field of a bearing square at various levels of
factors x3—x4 reflect the effect of the amount of Portland cement and polypropylene fiber. The
diagrams take into account the fact that for a significant part of the mechanical characteristics
the best indicators (the highest strength, the highest frost-resistance, the lowest abrasion, etc.)
were observed for compositions with the amount of Metakaolin 18-20 kg/m® and with the
amount of additive Coral ExpertSuid-5 about 0,9% [11]. Accordingly, in the field of the
carrier square, not 9, but 16 diagrams of the influence of factors x;— x, are shown for more
accurate optimization (Fig. 1). Diagrams in coordinates x; = +0.333 (20 kg/m*® Metakaolin)
and x4 = 0.5 (0.9% additive) were added to the diagrams in the main (-1, 0, 1) coordinates of
factors.

Avreas of the diagrams that did not meet the specified limitation criteria were shaded with
the appropriate color. In the unshaded areas, that is, when all the established quality criteria
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are met, two optimal compositions were selected. These compositions (coordinates) are
marked with stars with corresponding numbers in Fig. 1.

In the second option for choosing the optimal compositions (concretes of C32/40 class),
the following values of the mechanical characteristics of concretes were used as limitation
criteria:

- compressive strength fecue > 55 MPa, which provides the required class of concrete on
roads of category I-a (B40, M550 according to the requirements of DBN V.2.3-4:2015) and
allows the use of concrete on roads with the highest loads. According to [12], preference
should always be given to pavements made of high-strength concrete of B40..B60 classes,
which ensures the durability of new roads during construction. Isolines fck cupe = 55 MPa are

shown in red in the diagrams;
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Fig. 1. Selection of the optimal compositions of rigid pavement fiber concrete of C30/35 class

- flexural tensile strength fex > 8.5 MPa, which is 0.5 MPa higher than was specified as a
limitation criterion when choosing concretes of C30/35 class. This ensures a higher quality
and durability of the material in the construction of the pavement compared to the C30/35
class concretes. Isolines fq = 8.5 MPa are shown in green in the diagrams;

- frost-resistance > F400, which is 50 cycles higher than was specified as a limitation
criterion when choosing concretes of C30/35 class. This ensures even greater durability of
concrete during operation in Ukrainians climatic conditions. Isolines F400 are shown in blue
in the diagrams;

- abrasion G < 0,35 0.35 g/cm?, which is 0.05 g/cm? lower than was specified as a
limitation criterion when choosing concretes of C30/35 class. Such abrasion provides a higher
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wear resistance of the pavement in conditions of heavy traffic. Isolines G = 0.35 g/cm? are
shown in gray in the diagrams;

- compressive strength at the age of 3 days fck cupe.s > 35 MPa, which is similar to the
limitation when choosing compositions of concretes of C30/35 class. This strength also makes
it possible to start the operation of roads earlier and facilitates the implementation of
subsequent technological operations. Isolines fekcunes = 35 MPa are shown in purple in the
diagrams.

The isolines in Fig. 2 were plotted using the same EC-models, which were used to plot
similar isolines in Fig. 1. These isolines similarly reflect the change in all investigated
properties of concrete.

The two optimal concrete compositions were selected in the unshaded areas in Fig. 2,
that is, when the levels of all assigned quality criteria are met. Composition coordinates are
marked with stars with corresponding numbers, which is similar to Fig. 1.
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Fig. 2. Selection of the optimal compositions of rigid pavement fiber concrete of C32/40 class

5 DISCUSSION OF THE RESULTS OF THE STUDY

As mentioned earlier, two optimal compositions of C30/35 class fiber concretes were
selected. These compositions are marked with stars with corresponding numbers in Fig. 1.

Composition No.l (C30/35) is characterized by the lowest prime cost (1790 UAH /m3)
and provides the necessary level for all quality criteria of concrete. The point of this
composition in a factor space has the coordinates: x; =— 0.6, xo =-0.1, x3=0, x4 = 0.

Composition No.2 (C30/35) has a prime cost 1800 UAH/m3, which is only 0.6% more
than the prime cost of composition No. 1. At the same time, concrete of composition No.2 in
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comparison with composition No.1 has a slightly higher flexural tensile strength and less
abrasion. The point of this composition in a factor space has the coordinates: x; = — 0.7,
X2 = 0.1, X3 = 0, X4 = 0.5.

Also, two optimal compositions of C32/40 class fiber concretes were selected. These
compositions are marked with stars with corresponding numbers in Fig. 2.

Composition No.l (C32/40) is characterized by the lowest prime cost (1860 UAH /m3)
and provides the necessary level for all quality criteria of concrete. The point of this
composition in a factor space has the coordinates: x; =— 0.3, x, = 0.4, x3 =0, x4 = 0.5.

Composition No.2 (C32/40) has a prime cost of 1865 UAH /m3, which practically does
not differ from the prime cost of composition No.1. At the same time, the composition No.2
has a slightly higher compressive strength and flexural tensile strength compared to the
composition No.1. The difference between the indicators of the mechanical properties of the
compositions No.1 and No.2 is within the limits of the experimental accuracy. But for
composition No. 2, this difference ensures the achievement of the required level of strength
with a greater probability. The point of composition No.2 in a factor space has the

coordinates: x; =—0.35, x, =0.5, x3=0.33, x4 =0.5.
The content of the components of the mixture for all selected compositions of concretes
C30/35 and C32/40 classes and the calculated mechanical properties of concretes are shown

in Table 1.
Table 1
Selected optimal compositions of fiber concrete and their mechanical characteristics.
NO'. . Composition of concrete Mechanical characteristics

composition

C30/35, Cement — 420 kg/m3 Compressive strength fe cune = 54 MPa

composition | Crushed stone — 1127 kg/m® | Flexural tensile strength f, = 8 MPa

No.1 Sand — 676 kg/m® Frost-resistance F350
Metakaolin — 15 kg/m® Abrasion G = 0.395 g/cm®
Fiber-0.9 kg/m3 Compressive strength at the age of 3 days fexcupes = 35
Additive Coral -3.36 kg/m® | MPa
Water — 174 I/m® Prime cost — 1790 UAH/m®

C30/35, Cement — 415 kg/m3 Compressive strength fe cune = 54 MPa

composition | Crushed stone — 1131 kg/m® | Flexural tensile strength f = 8.2 MPa

No.2 Sand — 686 kg/m® Frost-resistance F350
Metakaolin — 15 kg/m® Abrasion G = 0.38 g/cm?
Fiber-1.1 kg/m3 Compressive strength at the age of 3 days fexcupes = 35
Additive Coral -3.74 kg/m® | MPa
Water — 169 I/m® Prime cost — 1800 UAH/m®

C32/40, Cement — 435 kg/m3 Compressive strength e cue = 57 MPa

composition | Crushed stone — 1124 kg/m® | Flexural tensile strength f = 8.5 MPa

No.1 Sand — 669 kg/m® Frost-resistance F400
Metakaolin — 15 kg/m® Abrasion G = 0.34 g/cm?
Fiber—1.4 kg/m3 Compressive strength at the age of 3 days fex.cupes = 38
Additive Coral -3.92 kg/m® | MPa
Water — 175 I/m® Prime cost — 1860 UAH/m®

C32/40, Cement — 433 kg/m3 Compressive strength fe cue = 58 MPa

composition | Crushed stone — 1124 kg/m® | Flexural tensile strength f = 8.6 MPa

No.2 Sand — 665 kg/m® Frost-resistance F400
Metakaolin — 20 kg/m® Abrasion G = 0.34 g/cm?
Fiber—1.5 kg/m3 Compressive strength at the age of 3 days fex.cupez = 39
Additive Coral -3.90 kg/m® | MPa
Water — 176 I/m® Prime cost — 1865 UAH/m®
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6 CONCLUSIONS

Thus, the multicriteria optimization of the compositions of fiber concrete of a rigid
pavement was carried out using the obtained complex of EC-models. Optimal compositions of
fiber concrete of rigid pavements of C30/35 and C32/40 classes with increased durability
under typical operating conditions and high early strength are selected taking into account the
cost price.
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UDC 624.04

STRESS STATE OF COMPRESSED REINFORCED CONCRETE
ELEMENTS CONSIDERING CREEP AND INFLUENCE OF AN
AGGRESSIVE ENVIRONMENT

M. Bekirova'
'0dessa State Academy of Civil Engineering and Architecture

Abstract: Problems associated with the joint long-term action of load and aggressive
environment, both in limiting and over-limiting states, are studied bad. Such a combination leads to
degradation of materials and changes in the stress-strain state of reinforced concrete structures over
time. In case of joint action, they can have mutually increasing damaging effect. Among the many
environmental influences encountered, the most aggressive in relation to concrete on cement binder is
the impact of sulfates, and in relation to steel reinforcement — the impact of chlorides.

It is shown that the stress-strain state of reinforced concrete compressed elements with regard to
creep and influence of aggressive environment is formed in time.

The deformation in concrete and reinforced concrete compressed elements depends on the stress
level. If the stresses are less than the long-term strength, the deformations in time are attenuated, when
the stresses in concrete are greater than the long-term strength, the deformations increase.
Reinforcement restrains deformations in concrete, while corrosive medium increases creep
deformations.

When solving these problems we encounter internally statically indeterminate systems. The
degree of static indeterminacy is greater than in the case of calculation of reinforced concrete
structures without taking into account the influence of the external environment. When the process of
soaking is considered, it is possible to consider the influence of the external environment as not
aggressive.

A solution to the problem using the theory of elastic heredity has been obtained, but it can be
shown that a solution using other theories - the theory of aging or the hereditary theory of aging - is
also possible.

The above solution is true for reinforced concrete elements exposed to external influences at a
sufficiently mature age, which can be considered one year or more from the date of manufacture of the
structure.

Keywords: concrete, reinforcement, creep, long-term strength, aggressive environment,
deformation, theory of elastic heredity.

HAINPYXEHO-IE®OPMOBAHUN CTAH CTUCHEHHUX
3AII3OBETOHHUX EJIEMEHTIB 3 YPAXYBAHHSAM
HOB3YYOCTI I BIVIMBY A'PECUBHOI'O CEPEJJOBHUIIA

BekipoBa M. M.

1 . . .
Oodecvka Oepoicasna akademis 6yOieHUYMEa ma apximexmypu

AHoTanisi: 3amauyd, CBs3aHHBIE C COBMECTHBIM JJIUTENBHBIM JIEHCTBHEM HAarpy3ku H
arpecCUBHON CpeJbl, KaK B MPEACIbHBIX, TAK U 3aMPEACNbHBIX COCTOSIHUSIX, U3yUYCHbl 3HAUUTEIHLHO
xyxke. Takoe coderaHue NPUBOAWUT K JErpajalid MAaT€pUaloB U U3MEHECHHIO HAIPSHKEHHO-
ne(OpPMUPOBAHHOTO COCTOSIHHS JKEJIe300€TOHHBIX KOHCTPYKIMH C TE€YeHHeM BpeMeHH. B ciydae
COBMECTHOTO JICHCTBHS OHHM MOTYT O0JIajjaTh B3aMMHO YCHIIMBAIONIUM ITOBPEKAAOINM 3PdeKrTom.
Cpenn MHOXKECTBA BCTPEUAIOIINXCS BO3MEHCTBHU Cpeapl HanOoJiee arpecCHBHBI IO OTHOIIECHUIO K
0CTOHY Ha IIEMEHTHOM BSDKYIIIEM BO3JIECHCTBHS CYJb(aTOB, a M0 OTHOIICHUIO K CTAJIbHON apMarype —
BO3JICUCTBUS XJIOPUIOB.
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[TokazaHo, 4TO HampsKEHHO-AE(POPMUPOBAHHOE COCTOSIHHE >KEJIE300€TOHHBIX CHKATHIX
AJIEMEHTOB C YUETOM TIOJI3yUECTH U BIUSHUS arpeCCHBHOM cpenbl popMupyeTcst BO BpEMEHH.

Jedopmarusi B OSTOHHBIX U KENE300€TOHHBIX CKATHIX DJIEMEHTaX 3aBUCUT OT YPOBHS
HanpspDKkeHud. Eciii HanpspkeHus: MeHbIIe JTUTENTFHON MMPOYHOCTH, AeGOopMaIui BO BpeMEHH
3aTyxaroT, KOTJa HampspkeHUs B OeToHe OoJblle UIMTENBHOM MPOYHOCTH, AehopMariiu
YBEIIMYUBAIOTCS. ApMarypa caepkuBaeT nedopmaliiu B 0ETOHE, B TO BpeMsI KaK arpecCUBHas
cpeia yBenuuuBaeT JedopMaluy Noa3ydecTy.

[lpu pemeHny 3THUX 33734 CTAJKWBAEMCSI C BHYTPEHHE CTATHUYECKH HEOIPEIeIICHHBIMU
cucremMamu. CTeneHb CTAaTUYECKOH HEONMpeneNTuMOCTH Ooblie, YyeM B ciydae pacyéra
KEIe300€TOHHBIX  KOHCTPYKIMKA 0e3 ydu€ra BIuMsSHHS BHEImHEW cpeapl. Korma
paccMaTpuBaeTCs MpOIecC 3aMayMBaHMs, MOXHO CUMTATh BIIMSHUE BHEIIHEH cpelnsl He
arpecCUBHBIM.

[MonmyyeHo pemieHue 3aadd ¢ MCIOJIB30BAaHHEM TEOPUHU YIPYrod HACIEACTBEHHOCTH,
OJTHAKO MOXXHO IT0Ka3aTh, YTO BO3MOKHO PEIICHWE M C MPUMEHEHHEM JPYTUX TEOPHH —
TEOPHUH CTapEHUs UM HACIIEACTBEHHON TEOPUU CTAPECHUS.

[IpuBeneHHOE pelIeHue CIPaBEeIINBO IS KEJIE300€TOHHBIX JIEMEHTOB, TIOABEPKEHHBIX
BHEIIIHUM BO3/ICHCTBHSIM B JJOCTATOYHO 3PEJIOM BO3pACTe, KOTOPHIM MOKHO CUMTATh OJMH T'OJ
u 0oJiee ¢ MOMEHTA N3TOTOBJICHUS] KOHCTPYKIIHH.

Karouosi ciioBa: 6eToH, apMaTypa, MOJI3y4eCTb, JUIUTENbLHAS MPOYHOCTh, arpecCUBHAS CpeJa,
nedopMarus, Teopus yIpyroi HacIeICTBEHHOCTH.
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1 INTRODUCTION

Building materials that are used in load-bearing structures have the property of creep,
which, as we know, means the ability to deform over time under constant stresses. The
problems of calculating structures in such a formulation have already been solved. It makes
sense to consider cases of stresses change in time, namely periods of their increase.

Deformations and displacements increase with prolonged exposure. Over time, a limit
state can occur. Creep in this case shows negative qualities. But not always, for example,
during deformations caused by shrinkage, temperature changes, irregular settlement of
supports, stresses are attenuated, relaxation occurs. In reinforced concrete structures there is a
redistribution of forces. The forces in concrete, as the weaker material, are redistributed to the
reinforcement.

Some building materials such as concrete, wood, plastics have aging properties. They
change their physical and mechanical properties over time. In concrete, aging is a
consequence of hardening of cement stone and manifests itself as an increase in strength and a
decrease in deformability. A number of theories have been developed for the calculation of
building structures taking into account creep, the main ones being the theory of elastic
heredity, the theory of aging and the hereditary theory of aging [1].

2 LITERATURE DATA ANALYSIS AND PROBLEM FORMULATION

A great number of works are devoted to the study of concrete properties and its state in
reinforced concrete elements under various operational influences. At the same time,
problems associated with the joint long-term action of loading and aggressive medium, both
in limiting and over-limiting states, are studied much worse [2]. This combination leads to
degradation of materials and changes in the stress-strain state of reinforced concrete structures
over time. In the case of joint action, they can have a mutually reinforcing damaging effect [3-
4].

Let’s note the works [5-14], where it is shown that among the occurring environmental
influences the most aggressive in relation to the concrete on the cement binder is the impact
of sulfates, and in relation to the steel reinforcement - the impact of chlorides.

The interest in the problem does not decrease, as evidenced by a number of modern
publications. Thus, the creep of concrete at the macroscopic level and consideration of its
influence on the structural behavior of the material in the mathematical apparatus of applied
mechanics and numerical analysis are considered in [15]. The creep and durability of
reinforced concrete structural elements is studied in [16, 17]. Similar issues, but for fiber
concrete, are considered in [18]. A finite-element model based on a nonlinear relationship
between stresses and strains in reinforced concrete, taking into account the peculiarities of its
operation after cracking is proposed in [19]. The functional dependence describing this
relationship changes, for example, as reinforcement corrosion develops. The problem of
considering the time factor in calculations of reinforced concrete structures is devoted to [20];
the results of experimental studies of concretes at different levels of compressive stresses
loaded at young and middle age are given.

The above brief review shows that the consideration of creep and the influence of
aggressive environment in the work of reinforced concrete structures continues to be an
urgent problem.
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3 RESEARCH GOAL AMD OBJECTIVES

The purpose of this work is to investigate the stress-strain state of compressed reinforced
concrete elements, taking into account creep and the influence of aggressive environment.

4 RESEARCH RESULTS

Consider a compressed reinforced concrete rod with zones of symmetrical influence of
corrosive environment in depth h, (Fig. 1), the core of the rod creeps at the same time h, and

influence area h, . If the reinforced concrete bar is operating at normal temperature, then the
rebar will not creep.

T
s || e 5
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h 1 T | | . ~ ]I : |
J% i T T
A% |” ’ ,f/ h
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Fig. 1. Compressed reinforced concrete element with zones of symmetrical influence of aggressive
environment h,

Let’s make an equation of equilibrium on the axis z

F=N,_+N,+N, (1)
or through stresses o, = o, =05

F=(A-A)o.+A-0,+A-0,.

Dividing (1) by A,:

0'0:(1—,uV)O'C+,uv~av+,us~05~aoi. (2)

An equation with three unknowns is obtained, i.e. the problem is statically indeterminate.
We must use the condition of joint deformation
g =5 —¢,. 3)

The problem is solved in a physically linear formulation, taking into account creep [1].
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(t)J- 20, (t r)d

el = NS
o,(t) | a6, (t 7)
a0=2 (t)j o (z) dz, S

here &(t,7) — total relative strain;

o, (t, T)—iJrC (t,7); o,(t,7)= i+C L(,7), 4

H V

C(t,z) — creep factor.
In solving this problem, we will apply the theory of elastic heredity.
Then C(t,z) for the core and the impact zone has the form:

C(t,7) =Co[1-e 7], (%)

where C, — creep limit.
Accordingto 3) 7. =y, =v.
Let’s write the stresses through the resolvent

5]

t
0, (7) = E{gc(r)+ [z.(OR. @t 7)dz |. (6)
By (3) &, (t)=¢,(zr) instead of &, we substitute ¢, =(o,/E,)-R;, take according to the
creep measure C_(t,7) =C,. [1—e® ], then
R.(t—7) =—rpp e """ (t-17), (7)

»,, = E,C,, — creep characteristic. Let’s write down r, = (1+¢,,) and substitute (7) into (6).

E

S S iz

0.(7) - E{ 7D g, Lo e 00

0,(7) = 0| 04(7) = 1Po. — IG(T) e = ’)drw. (8)

S 7

Similarly write down o, (7)

0,(t) = .| 0.(2) = 700, = j o,(r)- e dr |. 9)

S 7

Substituting (8) and (9) into (2), we get one equation with one unknown o (7).

t t
0, =byo, ()b, [ o, (r)e “dr b, [0, ()e 7, (10)

I 0

where bO = (1_/uv)acs +u o, + U, bl = (1_luv)7/§00c " s b2 =H, YV Py Ay -

The integral equation (10) can be reduced to a differential equation if we differentiate
twice by t [21].

Let us differentiate equation (10) by t.
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t t
d-O (t) = bOd-s (t) - blo_s (t) + rcbIJ.O-s (t) ’ e*"c ) bzd-s (t) + rvaJ.O—s (t) ' e*l‘v (FT). (11)
Let’s multiply equation (10) by r. and summing with equation (11), the first integral is
reduced. In equation (11), the left part of the derivative is &, (t). It means that force F can

change its value over time — F(t).
After summing up the equations, we get:

t
Gy (1) + 1.0, (1) =by5, () =By, (©) +b, [ o, () - e dr, (12)
where b, =b, +b, —r.b,; b, =b,(r,—r.).
Equation (12) is differentiated by t and summarize with equation (12), which will have
to be multiplied by r, .
The integrals are reduced and we obtain a differential equation with respect to o (t).

Force F will be assumed to be independent of t, it’s constant.
Omitting intermediate results, let us write the differential equation

by, -6, (t)+h, -5, (t) +b, - o, (t) =r.r,0,, (13)
where b, =b,(r, +r,)— (b, +b,);
b, =r.rb,—br, —b,r . (14)

If b, =1, we will get

o,(t)+b,-o,(t)+by-o (1) =hy - oy, (15)
where
b b rr
b,==; b ==%; b =L, 16
7 bo 8 bo 9 bo ( )

Let’s solve the equation (15)
o, (t)=Ce* +C,e™ +C,. (17)

Stresses depend on two variables tand 7.
Equation (15) and its solution are written for old concrete when the creep is decaying.
Thus C, and C, we determine from the initial conditions, C, at t — «.

To determine A let’s substitute the solution of the homogeneous part Ce™ into the
homogeneous part of equation (15).

A*Ce™ +b,ACe™ +h,C* =0 and obtain an equation, by solving which we determine A .
A2 +b,A+h, =0,

A, =-0,5b, £,/0,25b* —b,.

The general solution of the homogeneous part of (15) will be

ol =Ce™ +C,e™, (18)

Partial solution with the right part o, (t > ).
For t — o let’s determine the long-term moduli of elasticity.
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Ebc ’ v A N
L+ oy) A+9,)

From the coincidence of deformations for t —» «

I _ Ebc . EI Ebv

o, () zg,o.c(oo):E_ngs =o.q..

El E

S S

Similarly () = o0, .

o,.(x) and o, () we substitute into equation (2).

o, = (- ool + ol +uo,.
From this we find o .

Oy
(1_ /uv)acls + ,leﬂw + H

O-S (w) =

5 DISCUSSION OF RESEARCH RESULTS
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(19)

Stress o () for reinforced concrete rod means, that for t — oo, it is a time, when creep

deformations are attenuated. it could be 10-20 years.

For such a time, the solution of this equation gives a concrete idea of how creep and
corrosive environment affect the stress state of a reinforced concrete rod. but during design,
care must be taken to ensure that the stresses in the concrete do not reach the level of the long-

term strength of the concrete.
Thus, general solution:

o, (t)=Ce* +Ce™ + o, ().

(20)

The arbitrary constants are defined at t =7, , that is, it is an elastic-momentary problem.

We obtain a system of equations
Ce" +C.e"" =5 (7,) — 0, (),
2,Ce"™ + 1,C.e"" =byo,(7,) -
When solving this system, we obtain
C = O (Tl)(bQ — /12) + 0, (Oo)ﬁ e—/llt

" b +4J0,2502 -1,
c =% (r)(by = 4) + o ()4 o et

2 - .

—h, —,/0,25b? —h,

(21)

(22)

(23)

Let’s introduce notations and substitute C, =b,e™™ and C, =b,e ™™ into equation (20),

where
by, = o, (7)(by —4,) + o, (0)4,
b, +1/0,250° b,
b,, = ()0 —A4) + 0y ()4

—b, — /0,250 —b,

(24)
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o,(t,7)=b,-e W +h e =W 45 (00). (25)

By stresses o, (t,7) let’s determine the deformations

&,(t,7) _M (26)
The condition of joint deformation is also true in the case of prolonged deformation.
e tr) = sty =200 _lD), @21)
ES EC
E
o.(t,7,) =0, (t,rl)E—Czacacs, (28)
€V(t,71):55(t,71):JS(LT) :Gv(tl.l') ’ (29)
ES EV
E,
o, (t,7)=0,(t1)= = —=0,t,7)a,. (30)

S

Stresses and strains increase over time. stresses should not be greater than a certain value
and should remain constant over time.

Let this be the operating time t. and stresses o,(tz) and o, (t) no longer grow.

gv(tE):G (t )5 (tE’TZ)!
t
We apply the condition of coincidence: ¢_(t.) =¢,(t:), o.(t:)d,(tz, 7)., =0, (t2)0, (tz, 7,)
we get

ot 7) = o, (t, )502971; (30)
%) 100, ), 0,) =0, () L) @)

S S

Let’s substitute the stress values in equation (1).

= [(AO - Ao, (t —7)+ A ;°(EtE’_T;)) + 4 % (tEE’Tl)}GC (te, 7). (32)

S

If compressing force F. will be determined by this formula, then the stresses will
become constant from the moment t. .

6 CONCLUSIONS

Thus, the stress-strain state of reinforced concrete compressed elements with regard for
creep and influence of corrosive medium is formed in time. A solution of the problem using
the theory of elastic heredity has been obtained, but it can be shown that a solution using other
theories is also possible.
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The above solution is true for reinforced concrete elements exposed to external
influences at a sufficiently mature age, which can be considered one year or more from the
date of the structure manufacture.
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V]IK 517.95

PO MOPYIIEHHS € TMHOCTI PO3B’SI3KY 3AJIAUI TIPIXJE
JUISI CACTEM JPYT'OI'O MOPSJIKY

1 . 2
Kupunuenko B. B.", Jlecina €. B.
'Hayionanenuii mexuiunuii ynisepcumem Ypainu "KIII im. I. Cikopcwkozo”
2 JlomeybKuil HaYiOHATbHUL MEXHIYHUL YHigepcumem

AHoTanisi: BuBueHHs MUTaHb KOPEKTHOI NOCTAHOBKU I'PAaHUYHUX 3aJa4 AJsl JudepeHLianbHuX
PIBHSHD Ta CHCTEM 3aliMae BaKJIMBE Miclle B Cy4acHUX AOCIHiIKeHHAX. [lepopsaaum mpu po3risiai
KOPEKTHOCTI € NHTaHHA OJHO3HAYHOI PO3B’SI3HOCTI HaHOi 3ajgadi. 30KpeMa, BHKIMKAE iHTEpec
nmpobieMa TOPYIMICHHS €IWHOCTI PO3B’S3Ky TPaHWMYHUX 3adad I 3araibHuX audepeHITiaTbHIX
PIBHSIHB B OOMEXEHHUX 00JIACTAX 3 aNreOpaidHO0 MEXKETO.

Brepuie Ha BiacTUBICTD HETPHUBIANBHOrO pO3B’si3aHHSA OMHOpiAHOI 3amadi lipixie s
HETPaBWIILHO ENINTHYHUX PIiBHSHB JPYroro TOPSIKY 3BepHYB yBary A. B. Binamze, moOymyBaBiu
MPUKJIA] PIBHSHHS 3 MOCTIMHUMH KOMILJICKCHUMH KOeQilll€eHTaMH, JUIS SKOrO 3rajlaHa 3ajiadya majia
HYJIbOBUI po3B’s30K. P. A. AnekcaHIpssH OTpUMaB YMOBY MOpYIIEHHS €IMHOCTI PO3B’S3KY 3amadi
Hipixie B OJUHUYHOMY Kpy3i Ui TiNepOONIYHOrO pIiBHSHHA Y BUMAIKY, KOJW KYTH HaXWIy
XapaKkTepUCTUK BiApi3HAIOThCs 3HAKOM. B. I1. Bypcbkuii, po3risinaroun oqHopiaHy 3axady Jipixie B
OIMHUYHOMY Kpy3i U piBHSHb APYroro MOPSAKY 3 MOCTIHHMMK KOMIUIEKCHUMH KoegilieHTamu i
OJTHOPITHUM HEBUPOJKCHUM CHMBOJIOM, OTPUMAaB KPUTEpili HETPUBIaIbHOTO PO3B’S3aHHS Y BUIJISAIL
T-ippalliOHATLHOCTI KyTa MiXK XapaKTePHUCTUKAMH.

VY naniii poOOTI MOCHiIKYETHCS MUTAHHSA TMOPYIICHHS €IMHOCTI PO3B’SA3KY OTHOPIAHOI 3amadi
Hipixne st cucTeMu Oe3TUNOBUX JU(EpEeHIIATbHUX PIBHAHb 3 YACTUHHUMH TOXiTHHUMH JPYTOro
MOPSKY B MOJEIBbHIM 00nacTi — Kpy3i. Buximna cucrtema 3ammcaHa y BUIJISAL PIBHSAHHS 3
KOMYTYIOUMMH MaTPUYHUMH KoedilieHTaMu. YMOBa MEPECTaHOBKH J03BOJISIE OTPUMATH HEOOXiAHY i
JIOCTATHIO YMOBY HETPHBIQJIbHOTO PO3B’si3aHHS JAaHOI 3ajadi y BUIJISAAI PIBHOCTI HYJIIO BU3HAYHUKA,
CJIEMEHTH SIKOTO BUPAXKAIOThCS Yepe3 KoeillieHTH piBHSHHA. Taka (hopMa 3amucy KpuTepito J03BOJISE
OyayBaTH TpUKIAAW CHCTEM, sapo 3amadi  Jlipixiie i SKUX €  HeTpUBIaJbHUM 1
HecKiHUeHHOBUMipHUM. OCHOBY JOCIIPKEHHSI CKIIaJaloTh iHTErpajibHa yMOBa 3B’ 513Ky acolliHOBaHUX
TpaHUYHUX L[-CHTimiB, a TaKoX (YHKITIOHAJbHA CXeMa, 3aCTOCYBaHHS SIKOT 3BOIWUTH PO3KJIAIaHHS
MaTpuli-¢pyHkuii B psag @yp’e A0 cTaHIApTHOTO PO3KIAAaHHS KOKHOTO 3 ii eneMeHTiB. JloBeneHo
TeopeMy HEeTPHUBiaILHOTO PO3B’s3aHHS OMHOPIMHOT 3a1a4i Jipixie.

Kuarwu4osi ciaoBa: 3amaga [lipixie, acomiiioBai L-cimian po3B’s3Ky, BEKTOPHO-TIOIIHOMIATBEHUH
PO3B’s130K, psig DPyp’e, npoctip CoboneBa BeKTOP-QyHKIIIH.

ON THE UNIQUENESS VIOLATION OF THE DIRICHLET
PROBLEM SOLUTION FOR SECOND-ORDER SYSTEMS

V. Kyrychenko', Ye. Lesina®
National Technical University of Ukraine "lIgor Sikorsky Kyiv Polytechnic Institute”
Donetsk National Technical University

Abstract: The study of the issues of the correct posedness of boundary value problems for
differential equations and systems occupies an important place in modern research. When considering
correctness, the question of unique solvability of this problem is of paramount importance. In
particular, the problem of violation of the uniqueness of the solution of boundary value problems for
general differential equations in bounded domains with algebraic boundary is of interest.

The property of nontrivial solvability of the homogeneous Dirichlet problem for incorrectly
elliptic equations of the second order was first pointed out by A. V. Bitsadze, having constructed an
example of an equation with constant complex obtained a condition for the violation of the uniqueness

Kupnuenko B. B., Jlecina €. B.
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of the solution to the Dirichlet problem in the unit disc for a hyperbolic equation in the case when the
slope angles of the characteristics differ in sign. V. P. Burskii, considering the homogeneous Dirichlet
problem in the unit disc for second-order equations with constant complex coefficients and a
homogeneous non-degenerate symbol, obtained a criterion for nontrivial solvability in the form of n-
irrationality of the angle between the characteristics.

In this paper, we investigate the question of violation of the uniqueness of the solution of the
homogeneous Dirichlet problem for a system of typeless second-order partial differential equations in
a model domain — a circle. The original system is written in the form of an equation with commuting
matrix coefficients. The permutability condition allows one to obtain a necessary and sufficient
condition for the nontrivial solvability of the problem under consideration in the form of equality to
zero of the determinant, the elements of which are expressed in terms of the coefficients of the
equation. This form of writing the criterion allows one to construct examples of systems for which the
kernel of the Dirichlet problem is nontrivial and infinite-dimensional. The study was based on the
integral condition for the connection of associated boundary L-traces, as well as a functional scheme,
the application of which reduces the expansion of a matrix function in a Fourier series to a standard
expansion of each of its elements. A theorem of nontrivial solvability of the homogeneous Dirichlet
problem is proved.

Keywords: the Dirichlet problem, associated L-traces of a solution, vector-polynomial solution,
Fourier series, the Sobolev space of vector-functions.

Kupnuenko B. B., Jlecina €. B.
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1 BCTYII

JlocmiKEHHIO  BJIACTUBOCTI  HBOTEPOBOCTI  OMEpPATOpIB TPaHUYHUX  3ajad, 10
PO3TISATAIOTECS [UISl CNNTHYHUX AuQepeHIlialbHIX pIBHSIHb, ITOKJajda MOYaTOK poboTa
s. b. JlJomaruucekoro [1], B sk 3a3HaueHa yMOBa 3BEACHHS 3arajbHOi MPaHUYHOI 3a1a4i B
oOMexeHiil o0nacTi 1O EKBIBAIGHTHOI CHUCTEeMM IHTErpalbHUX piBHSHb. [li3Hime Oyna
BCTAHOBJIEHAa HEOOXIAHICTH 1ie€i ymoBH [2], [3], [4], fika HA3WBAETHCSA B JAaHUH Yac YMOBOIO
JlonatuHChHKOrO.

Bnepmie edekt HeTpuBiaIbHOTO pO3B’s3aHHSA OXHOpiAHOI 3amaui  ipixme mis
nudepeHIiaTbHUX PiBHAHB APYroro nopsaky O0yB BusiBienuil A. B. binaaze. Y iforo po6oti
[5] HaBeneHO MpHKIAA €TINTUYHOI cucTeMH AudepeHIliadbHUX PIBHSIHB, IS SIKOT OJTHOPIIHA
3amada /Jlipixige B Kpy3i Mae HECKiHUCHHMH HaOip JHIMHO He3aJeKHUX MOJIHOMIiaTbHUX
po3B’s3kiB. 3romom A. B. binagze moOyayBaB 1mie OaMH TPHUKIIA] CUCTEMH 3 TIEH0 CaMOIO
BIIACTHBICTIO 1 BBIB TOHATTS Ca00 3B’s13aHOI CUCTEMH B JOBUIBbHINM 00JacTi 3 MeEXEro
JlammynoBa, mpocTip po3B’s3kiB 3amaui Jlipixie sxkoi B daHi 00yacTi Mae€ CKiHYCHHY
po3mipHicTb [6]. OnHak nepeBipka yMOBH claOKOi 3B’s13aHOCTI BUKJIIMKAE TPYIHOLIl HABITh Y
BUIAJKY Kpyra JUisl CKaJIIpHOTO PiBHSHHS.

Sk nokazano B. I1. Bypcbkum B po6oTi [7], 11 €1MHOCTI po3B’sI3Ky MEpIIOoi TpaHUYHOT
3a/aul THN PIBHSHHS HE Ma€ MPUHIMIIOBOTO 3HAa4YeHHA. Y CTaTTi [8] oTpuMaHO KpuTepii
HETPUBIANBbHOI PO3B’A3HOCTI OAHOPiNHOT 3axa4i Jlipixyie B OQUHUYHOMY KpY3i A7l PiBHSHD
JPYTOT0 TOPSIIKY 3 MOCTIMHUMH KOMIUIEKCHUMHU KOe(iIlieHTaMU 1 OTHOPIAHUM (32 TIOPSIKOM
Iu(epeHIIifoBaHHA) HEBUPOPKEHUM CHMBOJIOM Yy BHUIJISAI T-palliOHANIBHOCTI KyTa MiX
KOMIUIEKCHUMH XapaKTEPUCTUKAMHU.

Kputepiii nmopyuieHHs €IMHOCTI pO3B’sI3Ky OJHOPIAHOI 3amayi [lipixyie B OAMHUYHOMY
kpy3i K mys 6e3tunoBoro audepeHIiiaabHOTO PIBHSHHS IPYTroro MOPSIKY

au",, +bu”, +cu", =0,

sIKe pO3TIsigaeThesl B [8], Ae a,b,C — KoMIuiekcHI KBaapaTHI MaTpuIili NxN, Ue€ HZ’”(K),
n . o
H*"(K)= [H (K )] — npocrip CoGoneBa BEKTOP-QYHKIIN, 3alMCAHO B JIOCTATHBO

CKIagHIi Gopmi. ¥V 3B’SA3KY 3 IIUM BHHUKJIA HEOOXIAHICTH OUIBII MPOCTOTO OIMHUCY CHUCTEM 3
MOPYIIEHHSIM €IUHOCTI, KUK Oyno peami3zoBaHo B pobOorax [9], [10] 3a momomororo
J0JaTKOBOI YMOBH KOMYTaTHBHOCTI MaTpHUIb-KOe(Dilli€HTIB 1 MeToa IBOICTOCTI "piBHAHHSA—
obmactes" [11], [12], [13]. Pe3ymbrarom € HeoOXimHa 1 JOCTaTHS yMOBa, SKa 3amucaHa B
BUTJISAI PIBHOCTI HYJIO BHU3HAYHHMKA, €JIEMEHTH SIKOTO BHUPAKAIOTHCS uYepe3 KoedilieHTH
PIBHSIHHS, 1 JO3BOJISIOTH OyAyBaTH MPUKIAIA CHUCTEM, sAIpo 3amadi Jlipixme mus sKux €
HETPUBIAIbHUM Ta HECKIHUEHHOBUMIPHHUM.

VY naniif po0OTi, 3 METOIO OTPUMaHHS KPUTEPIIO MOPYIICHHS €UHOCTI PO3B’ 3Ky MEepIIoi
rpaHUYHOi 3a7adi B OAMHUYHOMY Kpy3i Ui CHUCTeM JIu(epeHIialbHUX PIBHIHb IPYroro
MOPSIIKY, BUKOPUCTAHUHN 1HINMUHN MiaxiA. B OCHOBI JOCHiTKEHHS JIKUTh IHTErpalibHa YMOBA
3B’S3Ky acoLifOBaHMX TpaHMYHUX L-cimigiB po3p’si3ky 3amaui Komri, cdopmynpoBana i
noBeeHa B KHU31 [11], a Takok BUKOPUCTOBYETHCS HaBEACHA HIDKYE (PYHKI[IOHATbHA CXEMa,
IO 3BOAMTH PO3KJIAJaHHA Marpuli-QyHkuii B pag Pyp’e A0 CTaHIAPTHOrO PO3KIALY
KO’KHOTO €JIEMEHTA.

2 NMOCTAHOBKA 3AJJAYI TA TIONEPEJHI PE3YJIBTATHU

Jnst piBHSIHHS

Kupnuenko B. B., Jlecina €. B.
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. 0 0 . 0 0
Lu=|sing —+cos¢g — || sing, —+cosgp, — |u=0
( ¢l 6)(1 ¢l 6)(2 }( ¢2 axl ¢2 aXz J (1)
pO3TIIsaaeThes OMHOPiNHA 3anada Jlipixie
u| K = 0 (2

B npocTopi CoboneBa H™"(K)= [H " (K)T (m>2) BEKTOP-(YHKIIIH, ne
K :{Xe R? :|X|<1} — omunuunui kpyr ¢ Mexero OK . IMepenbauaethes, mo ¢ Ta ¢, —

KOMYTYIOUl KOMIUIEKCHI HEBUPODKEHI NXx N-MaTpuui, ¢y =@, —¢ — ix pi3HHLS.
B [11] BuBuanace 3amava Ko mis piBasiaHS (1):

=X 3)

ne y e H™2"(0K), yeH™¥*"(6K), v — omuHMYHMil BeKTOp 30BHIMHBOI HOpMai. ITpn

Ul =w v,

npoMy Oyno moBeneno, mo L-cmiom PeH™"(0K) i CeH™¥*"(6K) po3s’s3ky
BHPAXAIOTHCS Yepe3 3BUUaiHI caiau GyHKIIIT U Ha MeX1 007aCTi HACTYITHUM YHHOM:

P=—l(v(X)y(x),
C=1(v(x)) 2 (x) +[(vy —v3)sin(g +¢,) +2v,v, cos(d + )y '+
+[(sz - V12) cos(4, + ¢,) — 2vyv, sin(é + ¢, )1y

Tyt | — marpuunmii cuMBon audepeHiiarsHoro onepatopa L, S — HaTypalbHHUI Tapamerp,
3pOCTalouMii B HANpsIMKy BeKTopy 7 =(-Vv,,v;). [Ipum mocmimkeHHI NUTaHHS iCHYBaHHS

4)

equHOro po3s’sizky 3amadi (1), (3) B mpocropi H™"(K), Oyna orpumana ymoBa 3B’SI3KY
CIiJiB ¥ 1 y (OuB. TeopeMy 1, JOBeIeHHS SKOT HAaBOAUTHCS B KHUKII [11]).

Teopema 1. Hexaii eexmop-pyuxyii  PeH™ *"(0K) i CeH™¥*" (oK)
3A00601bHAIOMb HACMYNHOMY CNI6EIOHOUEHHIO.

[[POENE(v.E)+C(x(s)) exp(-i(x, & ))ds, =0. (5)

oK

Tooi icnye eounuii pose’szoxk Ue H™"(K) zaoaui (1), (3), epanuuni oani v, y saxoeo
noe’szaui 3 pyukyiamu P i C pisnocmsamu (4). Tym <a, b> —a-b= aQ b+ a, -ba.

[lepenumemo iHaKIIe iHTErpaJibHE CHIBBIIHOMICHHS (5), SIKE€ € YMOBOK 3B’SI3KY
acomiioBaHnX rpaHnuHuX L-crixis. Beegemo Bektopu d' = (—cos ¢;, sing,) 3 marpuuHEME

KOMIIOHEHTaMH i po3KiageMo ekcrnoHeHty e 9 npu £=A4a' B pag mo A. Toxi
koeirieHTH psiay OyayTh OB’ sI3aHI HACTYITHUMH YMOBAMHU:
j[Np(x(s))(v-ai)Q'(x-ai)+C(x(s))(x-ai)N]ds:o, VNezZ' j=12,
oK
JIOJIaBIIIN SIK1, OJICPKUMO:
j[P(x(s))(v-ai)Q'(x-aj)+c:(x(s))Q(x-ai)]ds:o, vQeC[z], j=12. (6)
oK

PiBuicte (5) B exBiBasieHTHiN (opmi 3ammcy (6) € OLTBII 3pYYHOI JUISI TMOAAIBIIMX
o0unciieHb. 3ayBaXMMO, IO B OAMHUYHOMY Kpy3i K Hopmane v(X) =X, a HaTypalbHUN
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napamerp S CITiBIajae 3 KyToBoro koopauHaroro 7. Jami, (v-d')=(x-&')= —cos(rl +4,),

ockinbku X = (C0S7, Sint).
3 ®YHKHIOHAJIbHA CXEMA

Beenemo mpocrip L;"(0,27) KBagpaTHHX MaTpHllb MOPSAKY N 3 eIeMEHTaMH i3

3BuuaiiHoro npocropy I'inmebepra L,(0,27) i BU3HAYMMO B HHOMY CKAIISIPHUIT TOOYTOK

1

VE,G e LY (0, 27), (F,G):;trfF(t)-G*(t)dt, @)

AKHHI OPOKYE HOPMY
2
IFI =1trj F(t)-F*)dt, VF(t)eL}"(0,27).
T 0

VYci akcioMu CKalsIpHOrO JO0OYTKY 3ajMIIAlOThCS CIpaBeUIMBUMHU s Bupasy (7).
JliiicHO, TMONYTOPaNiHIHHICTh OUYEBUIHA, AaHTUCUMETPUYHICTh BUIUIMBAE 13 BIIOMHUX (QOpMyI

(AB)*=B*A* 1 tr A*=tr A JUTsl IOBUTHHUX KBajpaTHUX maTtpuib A 1 B. Jlam, HepiBHICT

||F||2 >0 ©e mnopymyetbes, ockinpku (F-F*u,u)=(F*u,F*u)>0, a cmix HO3UTHUBHO

. . . . . 2
BU3HAUCHOI MaTpuii — 49Huciao pgoxatHe. Hapemri, piBHICTH ||F|| =0 o3Hauae, 1mIO
tr(F -F*(t)) =0, Vt, B clly 1OJaTHOCTI CITily SIK CyMU BJIaCHUX 3HAYE€Hb OIEpaTopa.
Pazom 3 mpocropom L;"(0,27), BBenemo it me N npocrip Cobonesa H™™"(0,27)

KBaJpaTHUX MaTpHUIb MOPSAKY N 1 BU3HAYUMO B HBOMY CKAJSIpHUN J0OYTOK 1 HOpMY
BIJIIIOBITHO:

2z
(F.G) nnn = 1 j [ Y. 0“F(t)-0“G* ()t ,
Ty loj<m
2
(1] _1 j [y 0“F(t)-0“F *(t)ldt .
Ty lej<m

Huxde Oyne mokazaHo, IO 3aCTOCYBaHHS Takoi (PYHKIIIOHATBHOI CXEMH 3BOJIUTH
po3kiananHs martpuii-QyHkii B psag Pyp’e 10 3BHUAWHOTO PO3KIIAJIAaHHS KOXKHOTO 3 ii
€JIEMEHTIB.

Cucrema Matpuub-Qynkuiii {coskzl,sinkzl}” e opronopmoBanoio i moBHOW0 B

npocropi L;"(0,27) . [nst nepeBipkd OPTOHOPMOBAHOCTI JAOCTaTHBO MiJACTaBUTH (PyHKIIT i3

BKa3aHoi cucteMu B Gopmyiny (7) ckalsspHOro JOOYTKY M HMEPEKOHATUCS B CIIPABEIMBOCTI
CIIBBIHOIIIEHb OPTOTOHAILHOCTI.

00

(o> & CaMe: MOKaxeMo, 1o it Oyxb-

Jlosenemo mosHoTy cucremu {coskzl, sinkzl}
axoi Gynkuii F(r) e L)"(0,27) 3maiinytbes xoedinientn F°, F° i posknananns B psn
®dyp’e TaKi, MO

mpu N — .
[TorepeqHBO MOKAXKEMO, 10 CIPABEAIUBA PiBHICTb:

N
F(zr)- Y [ Fe coskel +Fsin krl]H—>0 -
k=0
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[F@F =X |F,@f ©)
ij=1
Crpagni,
fll le te fln El fZl El
F.F*= f21 f22 f2n . f12 fzz fnz _
f, f, ... f. f_1n f_2n o

|f11|2+...+|fln|2
|f21|2+...+|f2n|2

|fn1|2+...+|fnn|2

3BIJIKH CJI1]] OTPUMAHOTO MIIIHTerpaibHOTO BUpa3y F - F* B 03Hau€HHI HOPMH JIOPIBHIOE
tr(F-F>*) :|f11|2 +|f12|2 +...+|f1n|2 +|f21|2 +|f22|2 +...+|f2n|2 +ot
|fn1|2 +|fnz|2 +...+|fnn|2 :|fl|2+|f2|2+...+|fn|2.
Orxe, kBagpar Hopmu Matpuii-¢yHkuii F(7) € L)"(0,27) mopiBHIOE CyMi KBajapatiB HOPM
Beix i enementis F;(7) € L,(0,27).
Ckopucraemocss Tum  (pakrom, mo Oymb-aky ¢ynkuito F;(r) € L,(0,27) moxna
poskiactu B psig Pyp'e 3a oproHOpMOBaHOIO Ta MOBHOIO B mpoctopi L,(0,27) cucremoro

TpuronoMerpudnmx (ynkuiii {coskr, sinkz}”

F(r)= i[( Fr )ij coskz +(F¢ )ij sin kr} .

Tyt (Fk°)__ , (st)__ — KoedIleHTH PO3KIIaJaHHs, 3HAaYEHHS SKUX, K BIJOMO 3 TApMOHIHHOTO
ij ij

aHaji3y, JOPiBHIOIOTH BiIMOBIIHO
1 2z 1 2z
(F )i,- -~ { coskz-Fy(r)dr; (F, )i,- -~ ! sinkz-F;(z)dr .

HeBakko MOMITUTH, 1110 MHOXEHHS KOXKHOTO enementa F;(7) marpuni F(r) nHa umcno

CoSKz piBHOCHIIBHO MHOXCHHIO Marpumi-pyHkmii F(r) wa marpumo coskzl. Ti x
MIpKYBaHHS 3aJIMIIAIOTECS CIpaBeUIMBUMM IpH MHOeHHI Ha SINKz. Ile cmocrepekeHHs
JI03BOJISIE 3AITMCATH PIBHOCTI, 3 IKMX BH3HA4aroThes Matpuii F7,F° :

2z 27
Ff:ijcoskr-F(r)dr; F;:ljsinkf-F(r)dr. (10)
Ty %

Came matpui (10) € mrykanumu koedimieHTaMu po3kiagaHHs Matpuni-¢pyHkuii F(z) B

psint Dyp’e o cucremi {coskzl, sinkzl} " :
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F(7) =i[Fk° coskzl + F;sin krl].
k=0

Tenmep nmoBeneHHs moBHOTH cucremu {coskzl, sinkzl}, ~— saBepmye macrymme

TBEPKEHH, SIKE BUILJIMBAE 3 IOBEACHHUX BUIIE piBHOCTEH (8), (9).

TBepakenns. Hexatii
N
Fu(r) =Y [ R coskel +Fesinkel |,
k=0
N
Fui(7) =Y [ Fé coske + Ffsinkz |
k=0

Tooi

” Fy ()

'—T"(OYZﬂ)_)O < ||FN'ij(T)||L2(O,2ﬂ)

Orxe,  cucrema  {coskrl,sinkrl} =~ yrBopioe  6asuc B mpocropi

Ly"(0,2x) . Ilpu pomy

[F)

1 2r © . .
i’;*"(o,z,r) :; .([ tr[g(ﬁ coskzl + F.’ sinkzl )X
Xi(FkC *coskzl + st *sinkzl )]d‘[ = i[tr(ch . ch*) +tr(st . st*)} ’

k=0 k=0

2

I mme = D IH(FS - FEX) + (RS - %) + tr(k2 RS - Fe*) + tr(k R - R+ +
k=0

+r(K*TFS R+ (kTR R = D (14K L+ KT (tr(RE - FEF) + tr(Fe - F2¥)).
k=0

Ane, B cuny ominku C (1+Kk*)" <1+k?+...+k*™ <c,(1+k*)", ne C, u C, — JesIKi KOHCTaHTH,
OCTaHHS HOpMa €KBIBaJICHTHA HACTYITHIN:

2

| monxn

= i(“ k)" (tr(Re - F%) +tr(Fe - F5)).

k=0

IF

TBepIsKeHHS JOBEIEHO.
Jlis  momanmelmioro  BUKJIQAy HAM  3HAJOOUTBCS  CHUCTEMa  MATPUIlb-QYHKITIH

{Cosk(rl +¢), sin k(rl +¢1*) I }f_o. [l cucrema oproronansua B mpocropi L3"(0,27), o

nepeBipseTbesl MiZACTaHOBKOIO B ¢opmyny (7) ckamspHoro no0yTky. JloBememo MOBHOTY
BBEJIEHOI CUCTEMH.

Cnouarky BuzHaunMmo koedirientu f°, f° posknaganns ¢pynkuii F(z) B psag Dyp’e
3a CHCTEMOIO {Cosk(rl +¢,), sin k(z-l + ) I }10. Bume Oyno MOKa3aHO, IO CHPABEUTHBE
criBBinHOmeHHs (8), mpudomy koediumientn F°,F° sBHO BupakaioTecs uepes F(r) 3a
nonomororo Gopmyn (10). 3naiinemo 3a Binomumu K, F° xoediuientn f°, ' :

fe =] cosk(4 —(/ﬁf)T1 (e coskg —Fesinkg; );

o= [cos k(4 —¢51*)T1 (Fesinkg, + F coskg, ),
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SIKi 33]0BOJIBHSIOTH CHCTEMY PIBHSIHb:
fo coskg, + fsinkg = F?,
—fsing, + f’ coskg =F’.

[TincraBuBum B criBBigHoweHHs (8) matpuui RS, F° , ski Bupaxeni uepes fS, f’ , i
BUKOHYIOYH €JIEMEHTapHI NTEPETBOPEHHS, OTPUMAEMO HEOOX1JHY TOBHOTY:

N

F(T)—Z[ focosk(zl+¢ )+ fsin k(rl +¢;)}H -0, N>ow.
=0

TakuM YMHOM, CHPABEIIUBO PO3KIIANAHHS:

F(7) =i[fk° cosk (1 +¢;)+ £ sink (zl +47) |-

4 TEOPEMA NOPYIIEHHSI €IMHOCTI PO3B’SI3KY OJTHOPOHOI
3AJIAYI JIPIXJIE

Posknmamemo  ¢ynkuii  P(x(7)),C(x(r)) B pan Dyp’e 3a  cHCTEMOIO
{Cosk(rl +¢,), sin k(z'l +d ) I }(:70, AKa € TIIOBHOIKO 1 OpPTOrOHAIBHOI B IIPOCTOPI

H™™(0,2r):

P(r) = [PKT cosk(zl +4,)+ P’ sink(zl +¢f)}i

- I

C(z) = CJ cosk(zl +¢;)+C sink(r1 +47) ],

ne P',C] - xoedinientn npu kocunycax, P’ ,C. — koe(ilieHTn Npyu cMHycax y BKa3aHHX
PO3KJIaJaHHSIX.
[TincraBumo otpumani s P(z) 1 C(r) poskiagaHHs B piBHICTH (6), a B SKOCTI

noiinoma Q Bi3bMeMo nosiHoMm YeOuesa nepmoro poay T, (cosa) =cos Na , BpaxoByroun
npu upomy, mo Q'=N-U, ,(cosa), ne U, ,(cosa)=sinNa/sina — noninom Yebuiesa
Ipyroro poay. B pe3ynbTaTi miacTaHOBKH Oy/IeMO MaTH:

sinN(zl +¢.)
J'|:_|\| R S ¢ L4

sin(zl +,) -cos(z! +¢j)><kZ=;(PJ cosk(zl+4;)+ P sink(zl+4))+

oK

(11)
+cos(r +¢j)-i(ckT cosk (71 +¢,)+Cy sink (7l +¢:))}dr =0, j=12

B piBHocri (11) Hecki1aqHO MOKa3aTH, BUKOPUCTABIIHN BiIOMUI BUpa3 ajs sapa Jipixie

. 1 N
M=l+ZZCOSkA,

sin$ =

1o

sinB

sinkB _ |1+2(cos2B+c0s4B +...+cos(k-1)B), k=2I+1,
2(cosB+cos3B+...+cos(k-1)B), k=2I.
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Omxe, cniBeinnomernns SN N(zl +¢;) /sm(rl +¢,) TEPETBOPIOETHCS B CyMy
KOCHHYCIB, NMPUYOMY KOXKHMH JIOJAHOK B Wil Cymi mpu MHOXeHHI Ha COS(zl+¢;) nae

TOOYTOK, SIKMM MPEACTABISAETHCS y BUTIISAAI MIBCYMHU KOCHHYCIB CYMH 1 Pi3HUIII BiAMOBITHUX
apryMEHTIB.
BukonaBimym Bci HEOOXi/IHI MEPETBOPEHHS, OCTATOYHO OTPUMAEMO:

—[CR-1+CY sinN(g —4,) | = (12)
=N -ZN:(—akN +2a(N —K))-[ R -1 +P’ -sink(g —¢,) |, mpm j=1;

—[CLK-::os N, +Cy -sinN (¢ — ¢, — ) | = (13)
=N 'kZN(;(—% +2a(N -K))-[ R -coskg, + R -sink(¢ — ¢ —¢,) |, npu j=2.

Tyt 0, —cumBon Kponekepa, a(21) =1, «(2l+1)=0. Beenemo nosnayeHHs:

g, =N -ZN:(—ékN +2a(N-K))-[R"-1+P’ sink(g —¢) |
g,=N -EN:(—akN +2a(N -K))-[ R -coskg, + P’ -sink(¢ — ¢, — ) |.

k

Il
o

Busnauatoun 3 pisusnb (12), (13) koedinientu C, C, posknananns ¢ynkuii C(r) B pan
dyp’e, MPUXOAUMO JI0 HACTYITHUX PIBHOCTEH:

{DN -Cl=0,SinN(& ~ ¢ —¢) -0, sinN (g -4,),

(14)
DN 'CLNJ =-—0,-Cos N¢o +0,,

ne D, =sinNg, -cos N (¢ —¢) — marpuns nopsaxky N. 3ayBaxumo, o

cosN (4 —¢)=ch(2N Img,), ne Img, :—%.

Tomy D, =sinNg,-ch(2N Img,).
[ToBepuemocst no 3amaui Hipixue (1), (2). IIpu w =0, P(r)=0, a ne o3Havae, 110
0, =9, =0. B npomy Bunazaxy cucrema (14) mepeTBOpIOETLCS 10 BUTTIALY:

sinNg, -ch(2N Img,)-CJ =0,
sinNg,-ch(2N Img,)-Cy =0.

Orxe, sxkmo detD, #0, VN, to C| =C =0, VN, i, Takum uunom, C(z)=0. Ilpu
IOMY pO3B’S30K OAHOpiAHOI 3amaui Jlipixje TpuBianpHHA. B iHImIOMY BUNAnKy, KOJIH
3HaiineTbess Take N, mo wMarpuus D, BusBuUTBCS BHpoKeHOl0, mapa P(r)=0,

C(r) = Z[CkTN coskN (7l +¢,)+C, SiNKN (71 + ¢ )] Oyze mopoKyBath (B CHily Teopemu 1)
k

po3B’s130K oxHopixHoi 3amaui Jipixie ue H™" (K).
3ayBakumo, mo BHpomkeHicTh Matpuui Dy =SinNg,-ch(2N Im¢,) piBHOCHIBHA
piBHOCTI Hy:r0 Bu3sHauHuKa det(Sin N¢g,) =0, Tak sk det(ch(2N Im¢,)) > 1. [lilicHo, ocKiIbKH

2N Im¢, — camocompskeHa 1, IK HacJIiJJOK, HOpMalbHa MaTpHLs, TO BOHA YHITApHO MOMAI0HA
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JiaroHanpHIi MaTpuii, ToOTO icHye yHiTapHuH omepatop Q, sxuii 3Boguth 2N Imdg 1o
niaronansHoro Burmsiny Q'(2N Img)Q [14], [15]. TIpu uboMy, O4EBHIHO, BUKOHYETHCS
pisnicte: ch[ Q" (2N Im¢)Q |=Q " ch[2N Im¢4]Q . Omxe,

det(ch[2N Im ¢ ]) = det(ch[ Q* (2N Im¢)Q]) =TT}, ch 4, >1,

tak sk Ch A4, 21, VK, ne A, — nificHi BnacHi 3Hauenns matpuni ch(2N Imd,).
Takum 4HOM, JOBEICHA HACTYITHA TEOpEMa €IMHOCTI pO3B’ 3Ky 3amadi Jlipixie.

Teopema 2. 3aoaua [ipixne (1), (2) mae ue Oinvute 00HO20 pO38’A3KY 8 NPOCMOPI
H™"(K), m>2, mooi i mireku mooi, konu det(SinNg,) #0. B inwomy eunadky oonopiona
3a0aua /Jlipixne mae HeCKiHUeHHY KiTbKICMb 86eKMOPHO-NONIHOMIATILHUX PO38 A3KI6.

5 BHUCHOBKH

VY nmaHiit poOOTi OTPUMAHO KPUTEPI MOPYIICHHS €IUHOCTI PO3B’A3KY MEPIIOi TPaHUIHOT
3aJadi B OAMHUYHOMY Kpy3l Ui CUCTeM Ju(epeHLiabHUX pIBHAHb 3 YaCTUHHUMH
MOXITHUMH JAPyroro mnopsaky. JlocmimkeHHs 0a3yeTbcsi Ha I1HTErpajbHIM YMOBI 3B'S3KY
acoriiioBanux rpaHnuHUX L-crigiB po3B’s3Ky 3anaui Komri, sika copmynboBaHa i JoBeJeHA B
kHu31 [11]. Bukiagena ¢yHKIIOHATbHA CXeMa, 3aCTOCYBAHHS SIKOi 3BOJUTH PO3KJIAIaHHS
MaTtpuli-QyHkiii B psg Dyp'e [0 CTAaHAAPTHOTO PO3KIAAY KOXKHOTO 3 Ti €JIEeMEHTIB.
HeoOximHa 1 mocTaTHS yMOBa HETPUBIATHHOTO PO3B'sS3aHHS OMHOPIAHOI 3amaui [ipixie ms
6e3TUIoBOro AU(epeHiaNbHOTO PIBHAHHS JAPYTOro MOPSIKY 3 KOMYTYIOUUMH MaTpUYHUMU
Koe(ilieHTaMy MPECTABIAETHCA Y BUTIISAI PIBHOCTI HYNIO JETEPMIHAHTA, €JIEMEHTH SIKOTO
SIBHO BHPA)XAIOTHCS Uepe3 3a3HAYCHI MaTPUILL.
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MODAL ANALYSIS OF REINFORCED CONCRETE AND FIBER
CONCRETE BEAMS

T. Makovkina', M. Surianinov', O. Chuchmai*
'Odesa state academy of civil engineering and architecture

Abstract. Analytical, experimental and numerical results of determination of natural frequencies
and forms of oscillations of reinforced concrete and fiber concrete beams are given. Modern
analytical, numerical and experimental methods of studying the dynamics of reinforced concrete and
fiber concrete beams are analyzed. The problem of determining the natural frequencies and forms of
oscillations of reinforced concrete and fiber concrete beams at the initial modulus of elasticity and
taking into account the nonlinear diagram of deformation of materials is solved analytically. Computer
modeling of the considered constructions in four software complexes is done and the technique of
their modal analysis on the basis of the finite element method is developed. Experimental researches
of free oscillations of the considered designs and the comparative analysis of all received results are
carried out. It is established that all involved complexes determine the imaginary frequency and
imaginary form of oscillations. The frequency spectrum calculated by the finite element method is
approximately 4% lower than that calculated analytically; the results of the calculation in SOFISTiK
differ by 2% from the results obtained in the PC LIRA; the discrepancy with the experimental data
reaches 20%, and all frequencies calculated experimentally, greater than the frequencies calculated
analytically or by the finite element method. This rather significant discrepancy is explained,
according to the authors, by the incorrectness of the used dynamic model of the reinforced beam. The
classical dynamics of structures is known to be based on the theory of linear differential equations, and
the oscillations of structures are considered in relation to the unstressed initial state. It is obvious that
in the study of free and forced oscillations of reinforced concrete building structures such an approach
is unsuitable because they are physically nonlinear systems. The concept of determining the nonlinear
terms of these equations is practically not studied. Numerous experimental researches and computer
modeling for the purpose of qualitative and quantitative detection of all factors influencing a spectrum
of natural frequencies of fluctuations are necessary here.

Keywords: beam, concrete, fiber concrete, dynamics, modal analysis, oscillation frequency,
oscillations shape, model, finite element method, PC LIRA-SAPR, ANSYS

MOJAJBHUN AHAJII3 3AJNI30BETOHHUX TA
PIBPOBETOHHUX BAJIOK

Maxkoskina T. C.", Cyp’sininos M. I'.", Yyumaii O. M.}

1 . . :
Ooecvka depoicasna akademis OyJieHUYmMea ma apximexmypu

AHotanis. HaBeneni aHamiTH4YHI, €KCIEpUMEHTAJIBHI Ta 4YHCENBHI pe3yJbTaTH BHU3HAUYCHHS
BJACHMX YacTOT 1 (QOpM KOJIMBaHb 3ai300eTOHHHUX Ta (GiOpoOeroHHUX Oanok. [IpoananizoBai
Cy4acHi aHaJIITUYHi, YUCENbHI Ta eKCIIEPUMEHTAIbHI METOIU AOCIIIKEHHS JUHAMIKH 32113006 TOHHUX
Ta (¢ibpoderonHnx Oanok. Po3B’sA3aHO aHamMiTHYHO 3aJady BH3HAYEHHS BJIACHHX 4acToT 1 (opm
KOJIMBaHb 3ami300eTOHHNX Ta (piOpoOeToHHMX OajaoK MHpH MOYATKOBOMY MOMYJI IPYXKHOCTI Ta 3
ypaxyBaHHSIM HeNiHIAHOT jgiarpamu  gedopMyBaHHS MarepianmiB. BukoHaHO KOMITIOTEpHE
MOJEIIIOBAaHHS PO3IJISIHYTUX KOHCTPYKWIH y YOTHPHOX MPOrPpaMHUX KOMIUIEKCaX 1 po3poOiieHo
METOJIUKY 11X MOJAJILHOTO aHajlizy Ha 0a3i MeToay CKIHYEHHMX eJIeMeHTIB. BukoHaHi
eKCIIEpUMEHTANIbHI  JIOCHIJDKEHHsSI BUIBHUX KOJHMBAaHb PO3IIIIHYTHX KOHCTPYKIH Ta 3milCHEHHH
NOPIBHSUTBHUK aHaji3 YCiX OTpHMaHHX pe3yibTaTiB. BcraHOBIEHO, MO yci 3alisHi KOMIUIEKCH
BU3HAYAIOTh YSIBHY YacToTy 1 ysABHY QopMmy KonuBaHb. CHEKTp 4acToT, OOYHMCICHHWH METOAOM
CKIHYCHHMX €JIEMEHTIB, MpHOIu3HO Ha 4 % HWKYWM, YUM OOYMCIICHWH aHANITUYHO; pe3yJbTaTH
pospaxynky B SOFISTIK nHa 2 % BimpisustoThes Big pesynbrariB, orpumanux B I[IK JIIPA;
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PO30LKHICTE 3 €KCIIEpUMEHTAIBHUMH AaHuMH gocsirae 20 %, mpudoMmy, yci 4acToTd, OOYHCIEHi
eKCTIepUMCHTAILHO, OUTBI YacTOT, OOYHMCICHHUX AaHATITHYHO a00 METOJIOM CKIHUCHHX EJIEMCHTIB.
Taka pgocuTh 3Ha4Ha PO3ODKHICTD TIOSICHIOETBCS, HA IYMKY aBTOPiB, HEKOPEKTHICTIO
BUKOPHCTOBYBAaHOI MWHAMiuHOI Mojeii apMmoBaHoi Oanmku. KiacnyHa guHaMika Criopyn, SK BiJIOMO,
IPYHTYETbCS Ha Teopil JIiHIHHUX Ju(EpeHIlialbHUX PIBHAHb, a KOJMBAaHHSA KOHCTPYKIIiH
PO3IJISAAAI0THCS 11100 HEHAIPSHKEHOTO BUXIAHOTO cTaHy. OYEeBHIHO, 110 MPHU JOCTIIKEHHI BUIBHUX 1
BUMYIICHUX KOJMBaHb 3aJ1i300€TOHHUX OyAiBEeIbHUX KOHCTPYKLIH TakM{ MiAXiA HeNpuAaTHHH,
OCKLTBKY BOHM € (Pi3UYHO HEeNiHIHHUMU cucTeMamu. KoHIemnlis BU3HAYeHHsT HEeNIIHIMHUX WICHIB IUX
pIBHSHb TIPAaKTHYHO HE BUBYEHA. TyT HEOOXIiJHI YHCIEHHI eKCIIEPUMEHTANbHI JIOCITIJKCHHS Ta
KOMIT'FOTEPHE MOJICIIOBAHHS 3 METOIO SIKICHOTO 1 KIUJIBKICHOIO BHSBJICHHS BCiX (DaKTOpiB, IO
BIUIMBAIOTh HA CIIEKTP BIACHUX YACTOT KOJIUBAHb.

Kurouogi ciioBa: Ganka, 6etoH, GpiOpoOeToH, MuHaAMiKa, MOAAJIBLHUI aHaIi3 4acTOTa KOJIHMBAHb,
(hopma KoMBaHb, MOJIENh, MeTON cKiHYeHnX enemenTiB, [IK JIIPA-CAIIP, ANSYS
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1 INTRODUCTION

A large number of both theoretical and experimental works of domestic and foreign
scientists are devoted to the study of the behavior of reinforced concrete structures under the
static action of external loads. Problems of dynamics of beams, however, as well as other
reinforced concrete structures, are covered much worse.

This state is obviously explained by the fact that the dynamic calculations of reinforced
concrete structures are associated with the solution of a range of issues: determining the
parameters of dynamic loads; limit states and methods of their rationing; accounting for
changes in strength characteristics and deformable characteristics of concrete and
reinforcement; determination of forces in constructions, etc.

A significant contribution to the nature of changes in the dynamic parameters of
reinforced concrete structures is the nature of reinforcement. This fact is well known, but has
not yet been thoroughly studied either quantitatively or qualitatively.

Some authors argue, for example, that the real contribution of reinforcing concrete beams
is several times higher than the contribution obtained by calculations according to existing
theoretical methods. And the influence of dispersed reinforcement, in particular, steel fiber,
on the dynamic parameters has been studied even less. Incidentally, to increase the fracture
toughness, many researchers suggest using steel fiber. Steel fiber concrete is effective in
construction in earthquake-prone areas due to increased resistance to dynamic loads [1-2].
Despite the growing interest in reinforced concrete and the corresponding increase in
publications, the available data are contradictory, have some incompleteness, which allows us
to give only a general assessment of the results presented in them.

When solving almost any problem of dynamics there is a need to determine the natural
frequencies and forms of oscillations (or, as they say, modal analysis of the system), which is
natural, because these parameters determine the behavior of the system and other types of
dynamic influences. With regard to structures made of materials with a linear nature of
deformation, many practically important problems have been solved. But the dynamics of
structures made of reinforced concrete and fiber concrete - materials with a nonlinear
deformation pattern - is obviously not sufficiently studied. Therefore, research in this
direction is actual.

2 REFERENCE ANALYSIS AND PROBLEM FORMULATION

The number of publications on this topic should be considered quite limited. Papers [3, 4]
present the results of experimental studies of reinforced concrete beams on supports with
different stiffness under transverse static and short-term dynamic loading. The resistance of
structures on inclined sections at different span of the cut is considered.

In [5] the solution of the problem of strength of reinforced concrete beams under the
action of transverse and longitudinal dynamic loads is given. Theoretical studies of the stress-
strain state in the cross section of a rectilinear beam structure loaded transversely evenly
distributed by dynamic loading and longitudinal compressive forces are performed. Dynamic
loads change over time according to given laws. At loading the advance entry of one loading
in relation to another is possible. The structure performs oscillations (longitudinal and
transverse), which may be accompanied by multiple changes in the sign of deformation.

In [6] a comparison of these experiments to determine the frequencies of natural
oscillations of reinforced concrete beams with cracks according to the method developed on
the numerical-analytical version of BEM using diagrams of deformation of sections
constructed using SNiP 2.03.01-84 [7].
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The destruction of reinforced concrete columns and beams under impulse loading is
numerically and experimentally studied in [8]. The behavior of concrete is described taking
into account the different mechanical and strength characteristics of the material in tension
and compression. The behavior of steel reinforcement is modeled by an elastic-plastic
medium. Numerical simulation is performed by the finite element method in a three-
dimensional formulation.

In [9] experimental researches of the reinforced concrete elements having zone
reinforcement from steel fiber in a compressed zone of section and strong reinforcement in
the stretched zone, at short-term dynamic bending are carried out. New experimental data
characterizing the process of resistance of steel-reinforced concrete elements with mixed
reinforcement are obtained, the peculiarities of deformation, crack formation and destruction
of such structures under intensive dynamic loading are revealed. Prerequisites and method of
calculation of bending steel-reinforced concrete structures with mixed reinforcement at short-
term dynamic loading are formulated.s

The ratio of elastic moments, deflections and frequencies of natural oscillations of a
reinforced concrete clamped beam were considered by Zharnytsky V. I. and lvanov S. S. [10].
Reinforced concrete beam clamped at one end and hinged at the other; the ratio of elastic
moments, deflections and frequencies of natural oscillations are also given in the work of
Ivanov S. S. [11].

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

The purpose of this work is analytical, experimental and numerical determination of
natural frequencies and forms of oscillations of reinforced concrete and fiber concrete beams.

To achieve this goal it was necessary to solve the following tasks:

1. Analyze modern analytical, numerical and experimental methods for studying the
dynamics of reinforced concrete and fiber concrete beams.

2. Solve analytically the problem of determining the natural frequencies and forms of
oscillations of reinforced concrete and fiber concrete beams.

3. Perform computer modeling of the considered structures and develop a method of their
modal analysis based on the finite element method.

4. Perform experimental studies of free oscillations of the considered structures and
comparative analysis of all obtained results.

4 RESEARCH RESULTSS

Experimental and analytical determination of natural frequencies and oscillation
forms of reinforced concrete and fiber concrete beams.

A series of reinforced concrete and reinforced concrete beams with the same
reinforcement by rod reinforcement was made in the laboratory of the Department of
Structural Mechanics of Odesa state academy of civil engineering and architecture (Fig. 1).

’&.
5
100100

|00 1800 [100)

Fig. 1. Reinforcement of beams by rod reinforcement
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Previously completed studies, during which the optimum characteristics of fibrous
concrete mixture were determined and tests were performed to determine the mechanical
properties of concrete and fiber concrete.

To do this, the cubic strength of concrete and reinforced concrete was determined on
samples of 100x100x100 mm. The percentage of dispersed reinforcement varied and was 0,5
%, 1,0 % and 1,5 %, also fraction of coarse aggregate (crushed stone) was < 10 mm in one
testing series and < 20 mm — in second. At the same time, the cubic strength of ordinary
concrete at the same size of large aggregate was determined. A total of 8 series of tests were
performed on 9 samples each.

The experiments used steel fiber (Fig. 2) with curved ends, which is produced by the
Ukrainian association "Stalkanat-Silur" in accordance with the European standard EN 14889-

1: 2006 [12].
&
)

S X

50mm

Fig. 2. Steel fiber with curved ends

Processing of the results of this test stage showed that the optimal characteristics of the
fiber concrete mixture is a matrix with a large aggregate of 10 mm (the cubic strength was
significantly higher than the size of crushed stone 10 mm in all series of experiments) at 1.0%
fiber reinforcement, because the higher the percentage of fiber reinforcement, the increase in
cubic strength was insignificant. This composition of the mixture was adopted for the
manufacture of beams.

Plot of o —¢ is shown in Fig. 3.

In the first section, the diagram is linear, so the tangent of the angle of inclination to the
horizontal axis is the initial modulus of elasticity.

o Mlla

=

s 18
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141 fiber concrete ‘
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’ ? 6 . 10 exl0f
strain
Fig. 3. Plot o—¢

Analytical values of frequencies are calculated by known formulas of classical dynamics
[13, 14].
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To conduct experimental research, a test bench MODAL -2, was developed, the general
scheme of which and the principle of operation are described in detail in our previous works
[15, 16].

Table 1 shows experimental and analytical data on the first three frequencies for concrete
and reinforced concrete beams. The natural frequencies determined experimentally are
significantly higher than the theoretical ones.

Table 1
Experimental and analytical results.

Material Frequency, s* | Experiment | Calculation | Discrepancy, %
@, 979,23 826,74 15,6
Concrete o, 4032,80 3306,98 18,0
o, 9420,23 7440,70 21,0
_ @, 1071,96 898,76 16,1
i‘g%;)concrete’ o, 441903 | 3595,05 18,6
o, 10214,62 8088,87 20,8

Computer modeling and finite element modal analysis

Four computer complexes - LIRA-CAD [17], SCAD [18], ANSYS [19] and SOFiSTiK
[20] were used for computer modeling of reinforced concrete and fibroconcrete beams and
further determination of natural frequencies and forms of oscillations.

Based on them, computer models of concrete and fiber concrete beams with the same
reinforcement with rod reinforcement were built.

Fig. 4 shows the forms of natural oscillations obtained in ANSYSS.

First form

—

Second form

Third form

-

\\\\J/

Fourth form

N

Fifth form
Fig. 4. Forms of natural oscillations obtained in ANSY'S

Similar forms of natural oscillations are obtained in three other software packages.
The values of natural frequencies of concrete and fiber-reinforced concrete beams,
calculated in four software packages, are given in tables 2, 3.
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Table 2

Comparison of the results of calculation of natural frequencies
of reinforced concrete beam.

Frequency | LIRA-SAPR | SCAD ANSYS | SOFISTIK
1 820,82 820,82 820,08 789,25
2 3265,57 3259,13 | 3250,14 | 3139,65
3 3860,0 3812,40 | 38310 3711,85
4 7279,58 7188,43 | 7209,18 | 7159,29
5 12749,66 | 11364,11 | 12659,30 | 12259,82
Table 3

Comparison of the results of calculation of natural frequencies
of the fiber concrete beam.

Frequency | LIRA-SAPR | SCAD | ANSYS | SOFiSTIK
1 867,08 867,00 866,28 833,73
2 3470,50 3461,22 | 3455,48 | 3337,06
3 4080,60 4021,67 | 4051,64 | 3923,43
4 7808,29 7772456 | 7727,86 | 7507,05
5 1347753 | 12096,22 | 13386,41 | 12959,54

The above results of calculations were obtained at the initial modulus of elasticity, i.e.

correspond to the state of the beams without external load.
Unlike structures made of linearly deformed material, where the modulus of elasticity is
assumed to be constant throughout the life cycle of the structure, in reinforced concrete and
fiber concrete structures the modulus of elasticity is a variable and decreases with increasing
load.

In the first case, when E =const, in classical dynamics, the natural frequency spectrum
is considered constant. This spectrum, its own forms of oscillations and attenuation rates are
individual characteristics of any system, and do not depend on external influences. All three
of these dynamic factors are of paramount importance because they determine the behavior of
the system under any other types of oscillations - forced, seismic, parametric.

In the second case, all three parameters are variable, and directly depend on the loads
applied to the system. This means that all dynamic calculations of reinforced concrete and
fiber concrete structures must be "tied" to a nonlinear deformation diagram.

At the next stage, the first three natural frequencies of oscillations of reinforced concrete
and fiber-reinforced concrete beams are analytically calculated taking into account the
nonlinear deformation diagram. To do this, the beams were gradually loaded with evenly
distributed on the upper surface of the loads to the level of maximum stresses that correspond

to the characteristic points of the diagram - deformations ¢ =2-10", ¢,=4-10",
g,=6-10", ¢,=8-10", ¢ =10-10". Thick metal plates were used as cargoes.

Computer modeling and numerical calculations taking into account the nonlinear
diagram of material deformation are performed in two programs.
Their results are given in Table 4 (concrete) and Table 5 (fiber concrete).
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Table 4
The natural frequencies of the reinforced concrete beam at the characteristic points of the diagram.
E 2,5-10° MIla 2,25-10° MIla 2,05-10" MTIla 1,94-10" MIla
No LIRA | SOFISTIK | LIRA | SOFiSTiK | LIRA | SOFISTIK | LIRA | SOFiSTIK
1 761,6 732,3 505,2 485,8 430,8 4144 263,8 253,9
2 | 2982,0 2867,4 1978,0 1900,1 1686,9 1624,0 1033,0 993,3
3 | 3607,6 3468,8 2393,0 2301,0 2040,8 1962,3 1249,7 1202,8
4 6483,8 6240,4 4300,8 3071,4 3667,8 3530,1 2246,1 2159,6
5 | 10859,2 10441,3 7203,4 6923,1 6143,1 5918,2 3761,8 3620,6
Table 5
The natural frequencies of the fiber concrete beam at the characteristic points of the diagram.
E 3-10* MTla 2,88-10* MIla 2,67-10" Mila 2,38-10* MIla
No LIRA | SOFiSTIK | LIRA | SOFISTiK | LIRA | SOFiSTIiK | LIRA | SOFISTIK
1 662,6 637,1 520,3 501,0 419,5 403,4 252,1 2424
2 2597,3 2498,1 2052,6 1975,6 1642,3 1580,6 1005,9 968,1
3 3138,2 3014,4 2479,5 2384,6 1986,4 1910,0 12114 1165,5
4 | 56422 5430,2 4463,5 4291,8 3571,3 3433,9 2187,0 2102,9
) 9455,2 9092,3 7471,6 71915 5975,6 5746,1 3658,5 3520,7

5 RESEARCH RESULTS DISCUSSION

Similar results (quite a significant discrepancy between analytical and experimental data)
were obtained by some other authors. Attempts to explain the observed difference by the fact
that the analytical formulas for the frequencies of transverse oscillations take into account the
moment of inertia of the rod, which in the case of rod reinforcement or dispersed
reinforcement must be calculated by special methods, fail. The algorithm for calculating the
geometric characteristics of the so-called induced cross section is well known and is given in
the numerous literature on reinforced concrete structures, however, based on the formulas of
this algorithm, the effect of moment of inertia on oscillations will not be as significant as
observed in the experiment.

A more important explanation, in our opinion, is the incorrectness of the used dynamic
model of the reinforced beam. The classical dynamics of structures is known to be based on
the theory of linear differential equations, and the oscillations of structures are considered
with respect to the unstressed initial state.. It is obvious that in the study of free and forced
oscillations of reinforced concrete building structures such an approach is unsuitable because
they are physically nonlinear systems. There are very few publications on the physically
nonlinear dynamics of reinforced concrete structures, and the main attention is paid to
methods for solving nonlinear equations of motion, and the concept of determining nonlinear
terms of these equations is practically not studied. Numerous experimental researches and
computer modeling for the purpose of qualitative and quantitative detection of all factors
influencing a spectrum of natural frequencies of fluctuations are necessary here.
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6 CONCLUSIONS

Despite the fact that all four software packages implement the finite element method, the
process of solving the problem in each of them has its own characteristics, which slightly, but
still affect the result. The main ones are: first, different finite elements are involved in
different programs; secondly, the processes of construction of a finite-element grid differ and,
as a consequence, the number of finite elements with the same geometric model of the
structure.

All involved complexes determine the imaginary frequency and imaginary form of
oscillations (the third in Fig. 4). This effect is noted in the works of many researchers as one
of the disadvantages of the finite element method.

Analysis of the above tables and the results of analytical calculations and experimental
data shows the following:

e the frequency spectrum calculated by the finite element method (PC LIRA) is
approximately 4% lower than calculated analytically;
e the results of the calculation in SOFISTIK differ by 2% from the results obtained in the

PC LIRA,;

e the discrepancy with the experimental data reaches 20%, and all frequencies calculated
experimentally, higher frequencies calculated analytically or by the finite element
method.
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PSEUDO-RIEMANNIAN SPACES WITH A SPECIAL RIEMANN
TENSOR

O. Lesechko*, T. Shevchenko®
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The paper considers pseudo-Riemannian spaces, the Riemann tensor of which has a
special structure. The structure of the Riemann tensor is given as a combination of special symmetric
and obliquely symmetric tensors. Tensors are selected so that the results can be applied in the theory
of geodetic mappings, the theory of holomorphic-projective mappings of Kéahler spaces, as well as
other problems arising in differential geometry and its application in general relativity, mechanics and
other fields.

Through the internal objects of pseudo-Riemannian space, others are determined, which are
studied depending on what problems are solved in the study of pseudo-Riemannian spaces. By
imposing algebraic or differential constraints on internal objects, we obtain special spaces. In
particular, if constraints are imposed on the metric we will have equidistant spaces. If on the Ricci
tensor, we obtain spaces that allow ¢ (Ric)-vector fields, and if on the Einstein tensor, we have almost
Einstein spaces.

The paper studies pseudo-Riemannian spaces with a special structure of the curvature tensor,
which were introduced into consideration in 1. Mulin paper. Note that in his work these spaces were
studied only with the requirement of positive definiteness of the metric. The proposed approach to the
specialization of pseudo-Riemannian spaces is interesting by combining algebraic requirements for the
Riemann tensor with differential requirements for its components.

In this paper, the research is conducted in tensor form, without restrictions on the sign of the
metric. Depending on the structure of the Riemann tensor, there are three special types of pseudo-
Riemannian spaces. The properties which, if necessary, satisfy the Richie tensors of pseudoriman
space and the tensors which determine the structure of the curvature tensor are studied.

In all cases, it is proved that special tensors satisfy the commutation conditions together with the
Ricci tensor. The importance and usefulness of such conditions for the study of pseudo-Riemannian
spaces is widely known. Obviously, the results can be extended to Einstein tensors. Proven theorems
allow us to effectively investigate spaces with constraints on the Ricci tensor.

Keywords: pseudo-Riemannian spaces, geodesic mapping, the Ricci tensor.

IICEBAOPIMAHOBI ITPOCTOPHU 31 CIIEHIAJIBHOIO
CTPYKTYPOIO TEH30PA PIMAHA

Jleceuko O. B.l, leBuenxo T. L.
Y00ecvra oeporcasna axademis 6ydienuymea ma apximexmypu

AHoTanis: B po0oTi po3risHyTi ICEBOOPIMAaHOBI MPOCTOpH, TeH30p Pimana skux, Mae
crieriianbHy  cTpykTtypy. CTpykTypa TeH3opa Pimana 3amaeThcs sSK KOMOIHAINS —CICHiaTbHAX
CHMETPUYHHUX Ta KOCOCHMETPHYHUX TEH30piB. BuOpaHi TeH30pHM Tak, mob pe3ynbTaTH MOKHA OyIIo
3aCTOCYBAaTH B TEOpii reoJe3sMuHUX BiOOpakeHb, TeOpii ToJIOMOP(HO-IPOCSKTUBHHUX Big0OpakeHb
KeJIEpOBUX MPOCTOPIB, & TAKOXK 1HIIMX 3a/a4ax, [0 BUHUKAIOTh B JU(epeHLiaNbHIl TeOMeTpii Ta Ipu
i 3acTOCyBaHHI B 3aralibHill TeOpii BiTHOCHOCTI, MEXaHIIi Ta 1HITNX 00JACTSIX.

UYepes BHyTpIlIHI 00’ €KTH MCEBAOPIMAHOBOTO MPOCTOPY BH3HAYAIOTHCS 1HIII, SKi BUBUAIOTHCS B
3aJIeKHOCTI BiJl TOro, sIKi 3afayi po3B’A3YIOTbCA NpPU JOCIHIIKEHHI INCEBIOPIMAHOBHX IPOCTOPIB.
Haknanaroun oOMeskeHHs anreOpaiyHoro 4u audepeHIiabHOTO XapakTepy Ha BHYTPIIHI 00’ €KTH,
OTPUMY€EMO CIICIlialIbHI MPOCTOpH. 30KpeMa, K0 OOMEKEHHsI HAaKJIQJaloThCsl HA METPHUKY OyJaemMo
MaTH EKBiIiCTaHTHI mpocTopu. SKmo Ha TeH30p Piudi, oTpuMaeMo MpPOCTOpPH, IO OOMYCKAIOTh
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¢o(Ric)-BexTopHi moJs, a KO Ha TeH30p EiHmTeitHa, TO OynemMo MaTé Maibke eHHINTEHHOBI
HPOCTOPH.

B po6oTi BHBUYAIOTECS IICEBAOPIMAHOBI IPOCTOPH 3i CIIEIANBHOI0 CTPYKTYpOK TEH30pa
KPHUBHHH, 5IKi Oynu BBeleHI B po3risia B ctarti |. Mymina. 3ayBakumo, 1m0 B Horo poOOTi BkasaHi
MPOCTOPH BUBYAIKCH JIIIE 3 BUMOTOIO JOJATHOI BU3HAYCHHOCTI METPUKH. 3aIlpPOMTOHOBAHMM TIiIX1T
JI0 crelianizamii MceBA0OPIMaHOBUX MIPOCTOPIB LIKABUI MMOEIHAHHIM aareOpaiyHuX BUMOI Ha TCH30PD
Pimana 3 nudepenuiabHIMKA BUMOTaMH Ha HOTro CKIIa10Bi.

B nawiit poboti nocnimxeHHs! BeAyTbca B TeH30pHIN (opMi, 6e3 oOMeKeHb Ha 3HAK METpHKH. B
3aJIeKHOCTI BiJi CTPYKTypH TeH3opa Pimana BHIiIEHI TpH CHELiaNbHI THIM TCEBJIOPIMAHOBUX
MpOCTOpiB. BHBYAIOTHCS BIIACTHUBOCTI, SKMM 3a HEOOXITHICTIO 3a70BOJIHSAIOTH TeH30pu Piudi
NICEBIOPIMAHOBOT0 MPOCTOPY TA TEH30PH, K BU3HAYAIOTH CTPYKTYPY T€H30pa KPUBHHHU.

VY BCiX BHIIaJKax JOBEACHO, IO CICI[iaJibHI TEH30pU 3aI0BOJILHAIOTH Pa3oM 3 TEH30poM Piyui
yMOBaM KoMmyTailii. BaKJIMBICTh 1 KOPHUCHICTh TaKUX YMOB I JOCTIKEHb IICEBIOPIMaHOBHX
IOPOCTOPiB MHMPOKO Bimoma. OYEBHIHO, IO pe3yJbTaTH MOXYTb OyTH MOLIMPEHI Ha TEH30pH
Eitnmreiina. JloBeneHi TeopeMu I03BOJSIIOTh €EKTUBHO IOCTIKYBAaTH MPOCTOPH 3 OOMEKEHHIMU
Ha TeH30p Pivui.

Karouosi ciioBa: INCEBAOPUMAHOBEI ITPOCTPAHCTBA, TCOAC3UICCKUC 0T06pa)KeHI/I}I, TCH30p Pigui.
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1 INTRODUCTION
The work treats special pseudo-Riemannian spaces V, having a metric tensor g .
Object, which are calculated basing on the metric tensor g;, are called inner objects of

the space V, .
They include Christo el's symbols of the rst kind

20y =09, +0,0: —0,9; » (1)
and those of the second kind

ri=9"Ty,, 2)
Riemann tensor

Ri =0, + 5, -0, 5Ty, (3)
Ricci tensor

Rie =Ry 4)

scalar curvature
R=R,,97, (5)

here g are elements of invertible matrix for a metric tensor g -

These objects lay a foundation for de nition of other objects, which come in focus of our
attention depending on the problem we are currently solving, for example Einstein tensor.

R
Eij = Rij _ngj ' (6)

Imposing some limitations of algebraic or di erential kind on the inner objects, we are
able to de ne special pseudo-Riemannian limitations, namely: limitations imposed on the
metric result in equidistant spaces [2], on the Ricci tensor — spaces permitting ¢(Ric) -vector
fields [6, 9], on Einstein tensor — quasi-Einstein spaces [8, 14, 15].

A profound review of special pseudo-Riemannian spaces with limitations imposed on the
Riemann tensor can be found in the work [21].

This paper treats pseudo-Riemannian spaces with a curvature tensor having a particular
structure. They were introduced in the article [19].

Let us not, that the latter work was centered on the spaces limited by request of positive-
definite metrics [17, 20, 22, 23].

Here, we carry out our research without any limitations on a sign of a metric.

2 TYPES OF SPECIAL PSEUDO-RIEMANNIAN SPACES

I. Mulin in the work [19] introduced the following three types of special Riemannian spaces
| type:

R = a(gikgjl - gilgjk) +ﬂ(uikujl _uilujk) +7(Viij| _Vank) , (7)
here «, £, y are some constantsand symmetrical tensors uij and vij comply with conditions

1 2 3
Ui =0y G5 t o Uy + 04V, (8)
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1 2 3
Viik =7 95 T 0 Uy £33 Vs 9)

1 2 3
here o, o, o,

connectivity V,
Il type:

ukl =a( Pi Py — Py pjk) + ﬂ(siksjl —SjSi Tt ﬂ“sijskl) , (10)

1 2 3
7, T;, T; are some vectors, comma — a sign of covariant derivative by

here «, B are some constants; p;,s; are symmetric and skew symmetric tensors,
respectively, that comply with conditions

Pijx =0 By (11)
Sijk = T Sij» (12)
here o,, 7, are some vectors.

11 type:

Riw = a(h = 1l + A6 + B(SiSy — SiSi + HS;Sy ) » (13)

here «, B, A, | are scalars; r;, s; are skew symmetrical tensors selected in such a way that

2

1
=Pl T oS (14)
= l9k r; +0k Sij (15)

1 2 1 2
here p., p., 6, 6 are some vectors.

3 PSEUDO-RIEMANNIAN SPACES OF THE FIRST TYPE
Integrability conditions (8) and (9) take a shape of the following

., ., 11 21 21 13 1 3
uaiRjkI +uajRikI =0j| Ou— 0Ok t0,0,—0,0,+7,0,- 7,0 |t

(16)
2 2 3 2 3 2 3 3 2 3 23 33 3 3
+Uji(0'k|—0'|k+0kz'|—0'|Tkj+Vji(0k|—O'|k+O'kJ|—O'|O'k+O'kT|—O'|Tk),
., ., 1 1 21 21 31 31
Vai Rjkl +VajRikI =0t~ Tt o0t 0, -0 7 |t
(17)
2 2 22 22 32 32 3 3 23 23
+uji(Tk,—rlk+rkO',—T|O'k+rkrl—z',rk)+vji(rkl—rlk+rk0|—rlO'kj,
o o o o
here o;, =0, ;; 7, =7, «=12,3.
Wrapping (16) and (17) by indices i, j, we get, respectively
1 1 2 1 2 1 2 3 1 3 u Vv
O-kl_o-lk+o-ko-l_o-lO-k+TIO-k_TkO-I:_ﬁA<I_ﬁBkl’ (18)
1 1 21 21 31 31 u v
Ty~ Tt 0\~ 0+, T~ T :_ﬁckl _ﬁDm ) (19)

where
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2 2 32 32
Ay =0y=0y+0, 1= 0, 7,
3 3 23 23 33 33
By =0y—0y+0,0-0,0+0,7-0,7,
2 2 22 22 32 32
Cu =Tu— T+ 4, 0= 0 O+, =1 7,
3 3 23 23
Dy =7g—7y+7,0,-7, 0,
u=u,,97; v=v,g9?.
Then, (16) and (17) can be re-written as follows

U, Ry +U, R =8;Ag +b;By

ai kKl aj ikl

o (24
VaiRjkI +V,i Ria = aijckl +bij Dy

here
u . v
a; =U; _ﬁ Oij» bij =V _ﬁgij .
Cycling (20) and (21) by indices i, k, |

Ui Rjofd + uakRﬁi +U, R?i{k =g Ag+ Ay Ai +a; A+ bij By + bkj B, + b

ViR +Vu R + Vv, RY =8,Cy +3,C +3,C +b,D, +b;D; +b; D, .

ai’ Ykl jli ji

Wrapping by indices i, j, we obtain, respectively
Un Rlix — U Rla =4, A\? — &, A1a + bla Bl? - bka Bla 1
Vol le Vo Rla = alaclf - akaCIa + bla Dliz - bka D|a ,

where Al =A, g“; B =B,g“; C; =C,,g; D, =D,,g".

1j Pik 1
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(20)
(21)

(22)
(23)

(24)
(25)

Taking into account (7) the equation (20) can be written down in the following form.

a o o a
a(uikgjl _uilgjk +ujkgil _ujlgik)+ﬁ(uiauk ujl — U4 ujk +ujauk U _ujaul uik)+

+7(uiavlfvjl _uiavlavjk +UjaV1?Vi| _ujavlavik) = q; Ay +bij By-
Wrapping the latter by indices j, k and alternating by indices i, | :
ayA -a,A +b,B -b, B =0.

Analogous equation can be obtained also for the equations (25).

(26)

(27)

Substituting it into (24) and (25), it is easy to see that the following statement is true.

Lemma 1. Tensors u; and v; satisfy the conditions
u.RY—-u R*=0,

ai’ aj i
a a __
VR =V, R =0.

4 PSEUDO-RIEMANNIAN SPACES OF THE SECOND TYPE

Integrability conditions (11) and (12) are as follows

paiR;T(I + pajRiil = (0, _Ul,k)pij ,

o o
SajRikI +5Si, Rjkl = (Tk,l _Tl,k)sij :

Wrapping (30) by indices i, j, we can see that, when p= paﬂg“ﬂ #0, then

(28)
(29)

(30)
(31)

O. Lesechko, T. Shevchenko
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Oy, —01x =0, (32)
or, in other words vector o; a gradient vector with a necessity. Then, equation (30), can be
re-written in the following form

PR + P, Rig =0. (33)

aj ikl

Cycling (10) by indices |, k, | and taking into account the properties of Ricci tensor,
reducing terms, we obtain

(2- ﬂ“)(siksjl +5;Sk Silskj) =0. (34)

When A =2, then (10) takes the following shape

Rijkl = a (P Py — By pjk) +ﬂ(siksjl —SuS; t Zsijskl) : (35)

Worapping by indices j, k, we arrive at

Ri=a(p, ' —pyP)+34s,.5", (36)
here p| =p,,9”; s;=5,9".

When the equation (34) contains A = 2, then

SuSj +8;Sk +5;84 =0. (37)
Let us select vectors &' and &', in such a way, thats,,&£&” =1, then, basing on the (37), we
get

s, =ab, —ab, (38)
where g, =s &%, b =s,n”.

Let us substitute (38) in (10), we obtain

Rijkl = 0‘( Pi pjl — Py pjk) + ﬁ(/1 +1)Sij S - (39)
Lemma 2. Riemann tensor obtains a form of (35)or (39) for the spaces of the second type.

Cycling (33)) by indices j, k, I, we obtain

PeiRia T PoRi + PR =0. (40)

ol MNijk
Wrapping by indices i, k, we get
paiRja - paj Ria = 0 ' (41)

By an application of the approach, which was used to study spaces of the first type, we
are able to see:

s,Rf —s,;R* =0. (42)

ai' Nj

5 PSEUDO-RIEMANNIAN SPACES OF THE THIRD TYPE

Cycling (13) and applying the above-mentioned methods, we get three main cases
a)ywhen A=u=2

Rijkl = a(rik rj| - rjkril + zrij rkl) + IB(Siksjl - SijiI + 25ij Skl) . (43)

b)when 1 =2, u#2

O. Lesechko, T. Shevchenko
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Riju = a(r, ry =l + 2K rkl)+ﬂ(u+1)sijskl : (44)
c)when A#2, p=2
Riju = 0‘(/1"'1)"”' M +ﬂ(u+l)sijskl : (45)

Integrability conditions for equations (14) and taking account (15), we get

1 2 1 2 1

a a 1
Faj Ria +1i Ry = (Pk,|_P|,k+pk ©,-p, Gk)rii *

2 2 T2 1 2 2 2 2 2
+(pk,l_pl,k+pkpl_plpk+pk®l_pl®k)sij'

(46)

Analogous conditions can be obtained for the tensor s. , applying expressions (15) and

ij
(14).
Applying the methods, which were used for the first and the second type, and taking into
account the equations (43), (44), (45) we can see for every case that

LRy — 1R =0, (47)
s, R —s,;R"=0. (48)

Thus, the following statement is true:
Theorem. The following conditions (47), (48) are true for pseudo-Riemannian spaces of the
third type.

6 CONCLUSIONS

The work is devoted to the study of pseudo-Riemannian spaces with the Riemann tensor
of a particular structure. Riemann tensor's structure is de ned by combinations of special
symmetric and skew symmetric tensors. The tensors are selected in such a way, which would
permit the application of results in the theory of geodesic mappings, theory of holomorphic
projective mappings of Kahler spaces and in other geometric problems [1, 3, 7, 10, 16].

It is proved for every type of these spaces that the special tensors jointly with Ricci
tensor are connected by a relation of commutation. These conditions are extremely important
for a study of pseudo-Riemannian spaces, namely they can be fruitfully applied for the latter
[11, 12, 13]. The further research should proceed by extension of these conditions to the
Einstein tensors.
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