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STRUCTURED SYSTEMS OF FACTORS AND EXPERIMENTAL-
STATISTICAL MODELS IN STUDIES OF BUILDING
COMPOSITES

T. Lyashenko'
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The introduction to the article presents the objects of research, for which the proposed
approach to modelling and the types of the models are intended. These are high quality composite
building materials, the multicomponent dispersed systems, with the components that could be
multicomponent themselves. The need to use for their design the mathematical models of the
dependences of structure parameters and properties of the material on the factors of composition and
processes of production and operation is noted.

Then the background of experimental-statistical (ES) models application in research and
development of composite materials is considered. What they are needed for is emphasized. The
peculiarities of these models are noted in contrast to the models of other classes, including the usual
regression ones. The necessity of experiment design to build ES-models is also emphasized. Special
types of ES-models are named, for the cases when it is necessary to consider linearly related factors
("mixtures"). The expediency of structurizing the system of all the factors under consideration and the
corresponding ES-models is indicated to.

The concept of a priori and a posteriori structuring of factor systems when modeling is proposed.
Systems that could include subsystems of linearly related factors and subsystems of mutually
independent factors separated out at the stage of a priori structuring have been called “mixtures,
technologies" systems and classified by the type of factor domains. System designations are given.
Special polynomial models developed for them are presented.

For the analysis of modelling results, a posteriori allocation of the factor regions and the use of
tools of composition-process fields methodology are proposed. The local fields of material properties
in coordinates of one or another group of the factors and their transformation under the influence of
the factors of another group can be analysed, using numerical generalizing indices of the local fields
and the secondary models for these indices. The path from obtaining data of designed natural
experiment for building the primary ES-models to the secondary models, for generalizing indices,
based on the results of computational experiment, is schematically shown.

Keywords: mixture, factor domain, simplex, design of experiment, reduced polynomial,
composition-process field.

CTPYKTYPOBAHI CUCTEMH ®AKTOPIB I
EKCIHEPUMEHTAJIBHO-CTATUCTUYHI MOJEJII ITPHU
JOCJ/IIIKEHHI BY AIBEJIbHUX KOMITIO3UTIB

JIsimenxko T. B.!
'00ecvra depaicasna axademis Gydisnuymea ma apximexmypu

AHoTaunisi: Y BCTymi J0 CTaTTi NpeACTaBJieHI 00 €KTH IOCIKEHb, JJIA SKHX IPHU3HAYCHI
MPOTIOHOBAHI MiAXiJ IO MOJAENOBaHHSA Ta BUIU Mojenei. O0’€KTH - BUCOKOSKICHI KOMITO3HUITIHHI
OyniBenpHi  Matepianm. lle  0araTOKOMIIOHEHTHi  AWCIEPCHI  CHUCTEMH, 3  BKJIAJICHOIO
MHOTOKOMITOHEHTHOCTBI0. Harosoiyerbcss Ha He0OXiTHOCTI BUKOPHUCTOBYBATH IS iX MPOEKTYBaHHS
MaTeMaTH4yHI MOJeJi 3B’S3KiB HapameTpiB CTPYKTYpH 1 BIAacTUBOCTEH Marepiainy 3 QaxTopamu
pelenTypu i mporeciB BUPOOHUIITBA 1 eKCILTyaTaIlii.
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Jami po3rsimaroThCs  TEPeIyMOBH  3aCTOCYBAaHHSA —eKcHepuMeHTanbHO-cTatTucTnaHuX (EC)
MOJeNIe B JOCHIKCHHSIX 1 TMpH po3poOIili KOMITO3WINIMHUX MarepianiB. Iligkpecmoerbest ix
npu3HaueHHs. Biq3HavaloThCs O0COOJIMBOCTI IIMX MOJICNICH Ha BiAMIHY BiJl MOJENeH IHIIMX KJaciB, B
TOMY 4YHCII BiJ 3BHYaliHUX perpeciiiaux. [ligKpecmioeTbcs TakoX HEOOXINHICTh TJIaHyBaHHS
eKCIIepUMEeHTY s ix moOyaoBu. HasuBarothes cnemiansai Tunmu EC-Mopeneit, Ko € HeoOXiqHICTh
pO3TIAgaT JTiHIKHO TMOB’s3aHi (akTopu, «cymimni». Bka3yeTbcs Ha KOPHCHICTH CTPYKTYPYBaHHS
CHCTEMH BCiX JOCHiKyBaHUX (akTopiB i BignmoBigHux EC-mMonenei.

[IpormoHy€eThCS KOHIIETIITISI alpiOPHOTO 1 alOCTEPIOPHOTO CTPYKTYPYBAHHS CHCTEM (DaKTOpiB IpH
MozemoBanHi. CHCTeMH, SKi MOTJH O BKIFOYATH IIACHCTEMH JIHIHHO TOB’s3aHUX (akKToOpiB i1
MiCUCTEMH B3a€MOHE3ANEKHUX (aKTOPiB, sIKI BUAUSIIOTECS HA €Tali anpiopHOTO CTPYKTYPYBaHHS,
Ha3BaHI CHCTEMaMH «CyMIillli, TEXHOJIOTii» 1 kiacudikoBaHi 3a TUIIOM (akTOpHUX obmactelt. JlaroThes
ITO3HAaYeHHs cucTeM. HaBomaTbcst po3po0ieHi Ij1s HUX CIIeiaibHi MOIIHOMIaTbHI MOIETI.

Jns anamizy pes3ynbTaTiB MOJACTIOBAHHS TpeAjiaracTCsl amocTepiopHe BHUIUICHHsS (akTopHHX
oOnacTeld i BUKOPHUCTaHHSI iHCTPYMEHTIB METOJOJOTIi pelenTypHO-TEXHOJOTTYHUX MOJiB. MOXKYTh
OyTH TpoaHali30BaHi JOKaJIbHI MOJS BIACTHBOCTEW Marepially B KOOPAWHATAX Ti€i UM 1HIIOI TPymH
(akTopiB 1 ix TpaHchopMarlis Mg BIDIMBOM (AKTOPIB IHINOI TPYIH, 3 BHKOPUCTAHHSAM YHCIIOBUX
y3arajbHIOIOYNX TOKA3HHUKIB JIOKaJbHUX TMOJIiB 1 BTOPMHHHUX MOJENEH, Uil IHUX IOKa3HUKIB.
CxeMaTHYHO TIOKa3aHUi MUIAX BiJi OTPUMAHHS JaHUX CIUIAHOBAHOTO HATYPHOTO €KCIIEPUMEHTY, IS
moOy/I0BY MIEPBUHHUX MOJIEICH, 10 MOOYIOBAHUM 3a Pe3yIbTaTaMU OOYUCITIOBATLHOTO SKCIIEPUMEHTY
BTOPHUHHUM MOJIEIISM, JUIsI y3arajlbHIOIOYHX IMOKa3HHKIB.

KawuoBi cioBa: cywmim, ¢akTtopHa o001acTb, CHUMIUICKC, TIJIaHYBaHHS EKCIEPUMEHTY,
MIPUBEICHUH MTOIHOM, PEIENITYPHO-TEXHOJIOTIUHE TIOJIE.
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1 INTRODUCTION

The most studies in modern materials science aim at creating high grade materials that
best serve exactly what they are designed for. In this sense, probably, they are called High
Performance Materials [1-3]. They can provide high strength, weight reduction, cleanliness
for high purity applications, high-temperature capability, materials processing efficiency,
corrosion resistance, multi-functionality, long or short life and good utilization, reliability,
durability, saving resources, and so on. This material might be high-strength concrete for
bridge structures, but also a low-strength fast-setting mortar for short-term mine rock
anchorage. The high performance materials and composite materials as their special class
have been included into the list of the top 20 engineering achievements of the 20th century
[4].

To create building composites that serve their purposes in the fullest measure more and
more multi-component components are used (binder systems, complex admixtures, poly-
fractional fillers, hybrid fibres, etc.). The "nested” multicomponent is characteristic. This is
testified by great number of books and papers, for instance, by these ones [5-7]. To provide
desirable properties of such composites at various stages of their life (mix, forming structures,
hardened composite, degrading material that should be utilised) one has to analyse
guantitatively the relations of the properties with multi-component composition and process
(CP) parameters (including operational conditions).

The CP-parameters, the levels of which can be set, present the vector of CP-factors,
x=(x, .., %) . Criteria of material behavior (Y, generally called properties) are technological

and structural characteristics, functional properties, other quality criteria, and any other
responses (including resources and costs) to variations of controllable inputs x. The levels of
criteria Y, which characterise the material structure response to controllable effects of x,
provide the information for forming desirable structures through certain values of CP-factors.
And, of course, to determine these values one needs mathematical models of the relations
between factors x and criteria Y, in order to analyse these relations and to "lay the quality” in
design of the material (composition and modes, which would provide specified or improved
levels of the properties).

2 ANALYSIS OF LITERATURE DATA AND TARGET SETTING

The typology of mathematical models in building materials science, by their origin [8, 9],
comprises mathematical physics equations (important as a priori knowledge at any
modelling), conceptual models, virtual models (simulations of materials structures and
artificial neural networks), and experimental-statistical (ES) models. The coefficients
(constants) in fundamental equations and in analytical expressions of the concepts are related
to the fixed composition and modes, not to dependencies on them. The models simulating
structures, in particular those that emerge with hydration [10-12], alone do not allow the
levels of operational properties to be predicted, of the composite that should be designed [13,
14]. To do this, in particular, to calculate the diffusivity [15] or strength [10], the conceptual
or regression models are invoked.

ES-models are widely used when studying and developing building composites,
evidently since they are the ones that can connect directly the properties (not only structural
and operational characteristics, but coefficients of fundamental and conceptual equations and
the estimates got on simulated structures as well) with multicomponent composition and
processes parameters.

The term "Experimental-Statistical Modelling” (ESM) has been put forward by
V. A. Voznesensky [16, p. 32]. The development of ESM, even before the appearance of this
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term, and of its content definition [8, 16, 17], were aimed at overcoming the blackness of the
"black box™ [18, 19] (the origin of ESM from which can be traced back). With ESM, the
black box is already lighter and more transparent. The models are no longer black box
models, but, say, of gray one. ES-models are assumed to be built on the base of the best
possible information, namely, on a priori knowledge and on results of the designed reasonable
experiment. The statement of the problem (the purposes and possibilities) should be defined
on the base of system approach and of a priori physical-chemical, technological, and other
knowledge, at "pre-design of experiment” stage. Defined should be: the components of
material, the intervals of their dosages and the ranges of processes parameters to be varied in
the experiment (the factor region Q ), hypothetical kinds of the models Y (x) to be obtained

(taking into account a priori information on effects of CP-factors), other conditions. And then
the ES-models, mathematical descriptions of the relationships between factors x and criteria
Y, as a rule, in the form of polynomials, are built (with least squares method followed by
statistical analysis), on results of carried out designed experiment.

Design of experiment (DOE) is not only a formalized way to maximize the amount of
information received with limited resources, which allows one to characterize both the
individual and joint influence of the CP-factors x on the responses Y, with the highest
possible accuracy. This is the philosophy and logic of research [20], the core of the
experiment strategy [16, 21].

The equation (1) presents the general form of ES-model (linear in parameters, non-linear
in factors).

Y (x) :ib, f(x), 1)

where f,(x) are linearly independent, basis functions (as a rule, degrees of x); in particular,
the most often used are the 2" order polynomials (2).

Y(X)=by + D bx + D X2+ > b XX, . (2)
i i i<j

These are not just regression models (sometimes referred to as ES-models, thus
discrediting the latter). The use of the dimensionless variables (most often normalised to
—1<x <+1, instead of dimensional X, X, .. <X,<X, .) gives clear physical sense to
coefficients of ES-model, having dimension of the criterion Y they evaluate, and ensures
acceptable calculation errors.

When studying multicomponent disperse systems, the building composites among them,
the system of factors under study or some of them (factor subsystem) can present the
"mixture”. This is when as the factors the portions (from 0 to 1) of the components forming
the mixture (1 in a sum) should be considered. It can be the mixture of fractions of the grains
of several size or different minerals, or the portions of the components in complex chemical
admixtures, etc.

In these cases of linearly related factors the special kinds of polynomials and
corresponding experiment designs are used [22-26]. The 1% such models and designs were
proposed by H. Sheffe: simplex-lattice design and reduced polynomial [22], simplex-centroid
design and the products of designs in case of both linearly related and independent factors
[23]. The reduced polynomials for the last case were given in works [25, 27, 28] (with
algorithm of the synthesis of the designs in [27]). Put forward were also the reduced
polynomials for the systems with two mixtures [28] (the application of this model and
synthesised design were presented in [16]) and for the systems with two mixtures and mutually
independent factors (presented and applied in [8]).
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Nowadays ESM is the developed methodology of researches [8, 9, 17]. Some of its
elements intersect with those of the "response surface methodology" [29, 30]. But for ESM, it
IS important not only and not so much to build good models. ES modelling is aimed at
extracting as much information as possible from the models, in which data of the experiments
(of both natural or computational) are convoluted. For ESM, it is not so much the models as
such that are important, but the tasks that can be solved with their help, including in tandem
with fundamental and structural-simulation models.

Of course, the polynomial form does not contribute to explanation of mechanisms of the
material behavior, to conclusions and projections of a general nature. The "richness of reality"
hidden in ES-models and the knowledge that they can potentially contain may be lost.

Decomposition of factors system (the allocation of subsystems in accordance with factor
nature, character, and the degree of influence on the properties) and the use of the
corresponding structured ES-models could reduce the losses, could help to extract from the
models, more fully, the information that is folded in them. Allocating the influence of factor
subsystems and their synergism could mitigate to some extend the contradiction between the
"simplicity” of the integral polynomial model and the structural complexity of the object
(composite material).

3 PURPOSE AND OBJECTIVES OF RESEARCH

The purpose of this article is to generalize and to promote the "structuring approach™ to
solving the tasks of building materials science with the help of ES-models.

The generalization implies some classification of the systems under consideration and of
ES-models that would describe them. The "structuring” suggests this, firstly, at the stage of
formulating the tasks to be solved (a priory, before the experiment, before building the models
on experiment results). Secondly, at the stage of solving the tasks (a posteriori, after the
experiment, using the models already obtained on its results).

4 RESULTS

A priori structuring. Decomposition of factors system should begin with meaningful
(technological) statement of the problem of research and development of composite material.
CP-factors are divided into subsystems, first of all, in accordance with the nature and degree
of their influence on the structure and the properties of the material. These can be: a group of
factors that define the properties of the matrix (water-binder ratio, concentration of additives,
etc.); factors that set the amount of filler and its dispersion and (or) mineral composition; the
composition of the complex admixture; process modes (temperature at different stages of the
process, pressure in autoclave, etc.); operational factors that condition the aggressiveness of
the environment; a set of factors from different such groups, to variation of which (according
a priori data) the responses Y are most or least sensitive; and so on.

When passing to mathematical descriptions, corresponded to factor subsystems identified
at the stage of the technological statement of the problem can be different types of the
domains in the factor space. According to these types of factor domains the factor systems
and their constituent subsystems have been named and designated.

"Technology”, T, is the system (subsystem) of mutually independent factors.

T, includes p factors. The domain of factor space corresponding to T, is p-dimensional

cube (line segment, square, cube...) of mutually independent normalized factors
Xy —1<X <4L X=(X, Koy oeny Xy vney X)) €

These can be both formulation factors (for example, dosage of additive relative to the
content of the base component) and parameters of production and operation processes.
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Fig. 1. The display of the 2™ order 5 factors design of experiment in system T,T,T, factor region
Several subsystems "technology" can be separated in T, (specifically, T, and T,,

p,+p,=p, then it is, T T,). Structured image of such factor system can be used, in

particular, just to show the points of experiment design (Fig. 1).
"Mixture", M, is the system (subsystem) of linearly related factors v;, the portions of the

components forming the mixture, 0<v, <1, Zvi =L v=(V, Vyy ooy Viy .., V) €. M S
the mixture of g components. The domain €3, of factor space is (q—1) -dimensional simplex

(segment, triangle, tetrahedron ...). There might be more than one mixture in the system, as
mentioned above (w is used as the second designation). In particular, this could be M M, .

In some cases [26], especially when the factor domain is a limited part of the simplex, it
may be advisable to use, instead of v or w, the mutually independent variables x (specifically,
the dosages of the components relative to the one that is necessarily present in the mixture,
i.e., T-factors).

Factor domains and subdomains can be parts of cubes and of simplices cut out by
additional constraints on v, w, and x (for example, shown in [17]), as well as prisms and other
products of the whole and bounded cubes and simplices.

The features of the factor space in problems of materials development may lead to
consideration of the systems "mixtures, technologies — properties”, for which the generalized
designation MsTsQ can be used, where Q denotes the quality, defined by a set of material
properties (of criteria Y).

The system of factors "mixtures, technologies” (MsTs) generalizes practically all
combinations (considered in building materials science) of linearly related and mutually
independent variables, which could be included in ES-model.

In most specific studies of building composite materials, it is not reasonable to include in
consideration more than 7 factors, more than 2 "mixtures”, and more than two T-subsystems
when designing certain experiment and meaning subsequent analysis of its results (in some
cases it could be 8 [31] and 9 [32] factors and more than 2 technological subsystems).

The vector of the factors in MqgMguTpiTp2Q can be written as z = (v, w, (X1, X2)) € Q.
The structured factor region Q, may be written as the Cartesian product of the corresponding
subregions, Q, = Q,Q0,® (Qu®Qxy). In particular, for z = (vi, Vo, V3, X1, X2) the region Q; is
a set of points of the mixture triangle at each point of the square of mutually independent
factors (and vice versa).

Given in Tables 1 and 2 are the designations for a number of typical factor systems
"mixtures, technologies” and variants of displaying the corresponding factor regions
("inverse" mappings are meant too, in particular, "squares on triangle™ in addition to "triangles
on square™).
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Corresponded to structured systems of the factors are the structured forms of ES-models.
Given below are the types of ES-models for "Mixtures, Technologies — Properties™ systems.
For a number of representatives of those systems the models written in structured form are
shown, not the long trains of polynomial terms, but the blocks of them related to certain factor
subsystems and synergetic effects.

Table 1

Designations of factor systems with variants of displaying the domains of 2-4 factors.

S Number of factors k= (p=p,+ p,)+q,+4d,
Factors system %
2 7 3 4
. M, M; M,
«Mixture» = Segment (=) Triangle (A) Tetrahedron
«Technology» [ T, Square () T; Cube
. =
«Mixture, =4 M:M;
Mixture» & «=0Nn = »
=
. MsT
«Mixture, - M, T, A 3
Technology» = «=0Nn=» «aon=»
(triangular prism)
«Technology, e T.T, T,T, T,T,, «Oon O»
Technology» ,_a «=0Nn =» «Oon = » «Cubes on = »
«Mixture, ,_‘(\i M,T1T,
Technology, e «rectangles
Technology» S and O on - »

For TpTp2Q systems these are the ordinary polynomial P(x) written in blocks
corresponding to individual subsystems and their synergies, like the one of the 2" order (3),
for ToTo.

Y (X) = bo + byxy + braxt” + broxix + D1zxix3
+ baxy + b x7? @ + braxixa
- + b
+ bax3 + baaxs® + bioxyxy N bngz))CCs © (3)
+ baxs + bag x42 (b) 24X2X4

The free term b, presents the level of Y at medium values of all x, equal to zero, at the

center of the experiment. Block (a) evaluates the effects of one group of factors (let it be
matrix factors, dosages of admixtures) at central values of the factors from another group
(quantity and specific surface of filler, for instance). The effects of those from another group
at central values of the 1% group factors are presented in block (b). Block (c) evaluates the
synergism (antagonism) of the factors from different groups.
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To describe the systems MqT,Q, with factor region €,&®Q (S|mpllces on cube and vice
versa), the reduced polynomlals P«(v, X), can be used. Incomplete 3™ degree polynomial (4)
and polynomial of the 3" degree (5) are shown below (the higher degree would not be
reasonable). The usual polynomial of k=q+ p variables is reduced to this form by
substituting equalities in it following from the linear relation of q factors. The model (5)

contains C;,,,, terms and coefficients. The terms in its 1*" line present Sheffe reduced
polynomials (of the 1%, then of the 2" order, incomplete of 3" degree, and of 3" degree).

Table 2
é Number of factors k= (p=p, + p,)+q, +d,
Factors system S
8
=) 5 6 7
%_ M4M3
«Mixture, Mixture» | = MM, MsMs «Tetrahedrons
& «Aon = » «A on A»
s on A»
. <<Tetra|1\1/|é<-1rrlons on MaT, M,4T
«Mixture, - _ «Tetrahedrons «Tetra?]eglrons
Technology» = LT on O»
3T, «Aon O» «A 0N prismy on cube»
«Technology, ,.31 TsT, T,T, T.T,, «Oon O»
Technology» = | «Cubeson O» «Oon = » «Cubes on = »
M3M;T,
«Mixture, '_g M,M,T, «Triar':/glﬁjl\l/l;r-rérisms «Triangular prisms on A»
Mixture, = « O and M;M,T,
3 on = » : -
& - Triangular prisms on OJ
Technology» s | rectangleson - » «A on rectangle» «Tria <?Au :n Brizmzf »
; X MsT, T
«Mixture = MsT,T . 8’112 M;T,T,, MaT,T
’ = 311 31212 41112
Technology, |_3 «triangular prisms on «trlanguI%frlsms ON" A and tetrahedrons on O,
Technology» s - », «Aon Oy «A on cubes -, cube»

Y (v, X) = ZAV +ZAJV.VJ+ZAJ|V.V,V|+ZZDU X+ > XX, +Zbu SN )

j>i=1 i<j<l j=1 i=1 i< j<p

Y(v,x) = ZAV+ZAJVIVJ+ZAJ|V VDALY (v -V +

j>i=1l i<j<l i<j
P 9 p
2.2 Dyvix J+ZZDIJJ' it ZDlul)- i% +Z 2. Dapnvivix + ()
j=1 i=1 j=1 i=1 K<Kj<I<p i=1 1=1 I<i< j<q
II] |X + Z bljl |X XI +Zb||| it
I<i#j<p I<i<j<l<p

Coefficients A correspond to those in Sheffe polynomial, describing the system MQ at
x=0. A defines the level of Y at the center of €2, when only i-th component is in the mixture.
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Other A characterize the nonlinearity of the property changing with mixing the components.
Coefficients D and b define the variation of A with x varying.

The equation (6) presents the 2™ order model for the system MsT:Q written in structured
form.

Y (v, vy, V5, X) | = AaVa + AgaVaVo + AgaVavs | | + DiviX
+ AV + A3VaV3 | | + Davox (6)
+ AsVs + D3V3X
+bypx

The analysis of a priori data may not allow to put forward a hypothesis about the relation
between Y and z = (v, x) corresponding to the reduced polynomial, for example, about the
absence of the effects v,vx, as in (6). Then one can use as ES models the products of ordinary
and reduced polynomials for individual subsystems, if it would be possible to carry out a
costly experiment to estimate a large number of coefficients and high-order effects (many of
which may turn out to be insignificant).

In models-products, each of the model coefficients for one of the subsystems can be
written as a function of the factors of the other subsystem. In particular, Y (v,x) can be

expressed by the product (7) of the reduced Sheffe polynomial and an ordinary polynomial,
where i and j are the indices of effects, of the basis functions f, in models-multipliers.

Y(v, ) =RW@)xP(x) =X {A= Db ()]} f;0). ™

In particular, the product of second-order polynomials (Scheffe and usual) for the M3T:Q
system can be written in the form (8) or (9).

Y (Vl’ Vi Vs, X)= (bO.l + b1.1X + b11.1X2) Vi
+ (bo.z + bl.ZX + b11.2X2) "V,
+ (bo.a + b1.3X + b11.3X2) V3 (8)
+ ...

+ (b0.23 + b1.23X + b11.23X2)’
Y (V1’ V2 ! V3’ X)= (Al.ovl + AZ.OVZ + AS.OV3 + A12.0V1V2 + A13.0V1V3 + AZB.OVZVS)
+ (Al.lvl + A2.1V2 + A3.1V3 + A12.1V1V2 + A13.1V1V3 + A23.1V2V3) X (9)
+ (Al.llvl + AZ‘llVZ + A3.11V3 + A.I.2‘11V1V2 + Ai3.llvlv3 + A23.11V2V3) ’ X2'
To evaluate all 18 coefficients of the model (8, 9), at least 18 trials (in points of
experiment design) are required. The model (6) needs minimum 10 trials to estimate its
coefficients, but is unable to evaluate the relation of synergy within the mixture with the level of

"technological” factor.

The reduced polynomials P,(v,w), for the system M, M_Q (and factor regions
Q,®Q,), the functions of two groups of linearly dependent variables, have been also put
forward. The models of the 2" and 3™ order have the form (10) and (11) respectively and
contain C| coefficients (n is the order of polynomial).

qv+gqw+n—2

Qv qw

Yvuw)= D AV + D Bww, + D > Cuvw, (10)

I<i<j<qv i< j<qw i=1 j=1
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Y(v,w)= Z ApViviVv, + Z AV (v —vg)

I<i< j<l<qv <i<j<qv
+ > Bwww + > B ww,(w-w,) (11)
i< j<l<qw I<i<j<qw
qv_ qw qw qv
2DV D D Capvvw Y D Cgvww.
i=1l j=1 I<i<j<qv I=1 1=1 I< j<I<qw

One needs sufficiently less experiment trials to build such models than to estimate the
coefficients of the product of two Sheffe polynomials. In particular, if g,=q, =3 the

production of two 2" degree multipliers contains 36 terms, while reduced polynomial (12)
only 15, providing the decrease in resource consumption by 2.4 times, with saturated design
of the experiment.

Y (Vl' Vo, Vg, Wi, W, Ws): A12V1V2 + A13V1V3 +A23V2V3
+B,wW,w, + B w,w; + B,w,w,
+C W, +CLvyw, +C v, W, (12)
+C,,v,w, +C,,v,w, +C,.v, W,
+Cy VoW, +Co oW, +C VW,

The coefficients A and B in (10-12) characterize the nonlinearity in changing material
property when mixing the components independently in two mixtures. Coefficients Cj;
correspond to the levels of Y when present in the 1% mixture is only the i-th component and
only the j-th is in the 2" mixture. Ciji in (11) account for nonlinearity of mixing the
components in one of the mixtures for the "pure” components in another. For instance, such
parameter might evaluate the effect of mixing "short" and "long" fibres when only high
specific surface component is in the filler.

The reduced incomplete 3™ degree polynomials (12 13) have been obtained for the

systems "mixtures, technologies — properties”, M, T,Q (with factor regions
Q,Q00,®Q).
qv qw
Y (V, W, X) = Z AV, + Z B,ww, +> > (C, +ZR“|X)V +zb.. 24 Zb” X, (13)
j>i=1 j>i=1 i=1 j=1 j>i=l
Y (v, W, X) = (13)+Z(Z .,.V.V,+ZQ.,| W)X, (14)
1=l j>i=l j>i=1

Coefficients R, P, Q reflect a linear change in the corresponding parameters of MMQ
models in dependence on x. When substituting the fixed values of certain factors in the

models for M M T.Q, specifically in (14), all the types of models considered above are

obtained, describing the systems that are simpler in structure and dimension.

A posteriori structuring helps to extract the information and the knowledge folded
(hidden) in the ES-models obtained. Aimed at the same is the methodology of properties
fields (of Y criteria) in coordinates of composition and processes parameters [9, 33], described
by ES-models. The concepts and tools of composition-process fields methodology (the means
of computational materials science) are helpful in realization of structuring approach.

In accordance with the ideology of DOE, all components of the vector z are included in
ES-model. Such model describes the whole field Y (z), in the domain Q,, of all the factors

under consideration. The structured model of the whole field Y(z = (zq, zcn)) represents also
the variety of the local fields Y(zq / zch), in the coordinates of a particular group of gradient
factors, forming the local fields (zqr € Qgr, producing a gradient of Y), at certain values of a
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group of factors that could change them (zch € Qcn). Any useful combination of separating out
of z the gradient factors and the changing factors can be considered. The transformation of
Y (zgr) under the influence of z¢, can be described.

The specific features of the whole and of the local fields are characterized (measured) by
their generalizing indices (Gv{z}, Gv{zq}, numerical characteristics of distribution of Y level
over the region of CP-factors). These could be the maximal and minimal levels of Y, the
increments, the levels at some special points and their coordinates, etc. [9, 33], calculated
(estimated) with ES-models.

By the estimates of Gy{zy} at fixed values of z¢, the secondary ES-models (in relation to
the primary ES-model, built on primary experimental data) can be obtained, describing the
dependences of the generalizing indices of local fields on the factors X, that change these
fields.

The models for generalizing indices, Gy{zg}(zcn), are built on the estimates of Gy{zy}
calculated for the fields Y(zq) at points zes of the designed computational (secondary,
simulation) experiment (in Q¢ region, in accordance with the form of the secondary model).

In general, the path from obtaining real data on Y at N; points of the design of real
(natural) experiment to obtaining, by the results of N, tests in designed computational
experiment, the models that would express the features of the dependences of properties Y on
CP-factors z, may be presented with the formal chain shown in Fig. 2.

The chain "natural experiment — secondary model" reflects the alternation of composing
and decomposing (synthesis and analysis) of the description of the system under study when
moving from the particular to the general. This is effective use of the "particular" when
formulating a question to the nature (designed real experiment) — generalization in an attempt
to get an answer (ES-model) — analysis, structuring when stating a new question (designed
computational experiment), and at a higher level of knowledge — the new level of generalizing
the empirical information (models for generalizing indices).

As a result, for each of the studied criteria Y, in addition to the whole primary ES-model,
a material scientist-technologist has at his disposal a set of ES-models of a lower dimension —
the models of local fields and secondary models for Gy indices. The Gy{zy}(zcn) model may
be required for quantitative analysis of Y(zy) transformations under the influence of z¢,, for
controlling the local field through these factors, for its optimisation by one or another criterion
Gv{zy}-

When analysing the results of the modelling it may be useful to compare the local fields
Y(zgr) for "contrasting™ zqn, with the largest difference in properties over the range of change
factors. Helpful for meaningful analysis are plots and maps (isolines, surfaces) of local fields
at different levels of zg,. These are already widely used diagrams "squares on a square”,
"squares on a triangle", etc., often with displaying on the carrying figure (in z¢, coordinates)
the changes in the maximum and minimum levels of local fields, absolute and relative
differences, and other generalizing indices [9, 33].

{ Results of real experiment ]
Y(zi), 2j = @Terj- Tehj) € Qay J=1.2, ... N

Primary ES-model ¥ (z)
[ Estimates in computational ,[,

experiment \ . ;
pe G\’{Zgr} (Zu:l1.j)~ Zchj € Qch-_l =1,2,....,N2

v

Secondary ES-model Gy{ zer} (zch)

Fig. 2. The path "from experimental data to generalized descriptions"
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Fig. 3. Two local fields n;(xs, x4) and relative decrease of n; in such fields for various MMC
and MC — on {x,, x3}-square

Shown in Fig. 3 are two representatives of the local fields of effective viscosity of the
mortar, n; (Pa's, at shear rate 1 s), in coordinates of the dosages of 2 binder components
(gradient factors), at two from pairs of values of 2 change factors that were varied in
computational experiment [34]. The relative decrease of viscosity due to binder components
(generalizing index) in dependence on molecular mass (MMC) and the quantity of
methylcellulose (MC) is shown on the square of these change factors.

5 CONCLUSIONS

The concept of a priory and a posterior structuring the system of factors in researches of
building composite materials has been put forward. The systems, which might include the
"mixtures”, the subsystems of linearly related factors, have been classified by the types of
factor domains. The developed kinds of polynomial models for these systems are given.

Structuring the factor systems at a posteriori stage of a study, the local fields of material
properties with their generalizing indices, and the visualization possibilities help in "fighting
dimensionality” when designing the multicomponent composite materials.

It seems promising to use ES-models for describing and analyzing the combined effect of
design parameters and of composition of the material of a building structure (two subsystems
of factors) on its properties.
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