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Abstract: The paper considers pseudo-Riemannian spaces, the Riemann tensor of which has a
special structure. The structure of the Riemann tensor is given as a combination of special symmetric
and obliquely symmetric tensors. Tensors are selected so that the results can be applied in the theory
of geodetic mappings, the theory of holomorphic-projective mappings of Kéahler spaces, as well as
other problems arising in differential geometry and its application in general relativity, mechanics and
other fields.

Through the internal objects of pseudo-Riemannian space, others are determined, which are
studied depending on what problems are solved in the study of pseudo-Riemannian spaces. By
imposing algebraic or differential constraints on internal objects, we obtain special spaces. In
particular, if constraints are imposed on the metric we will have equidistant spaces. If on the Ricci
tensor, we obtain spaces that allow ¢ (Ric)-vector fields, and if on the Einstein tensor, we have almost
Einstein spaces.

The paper studies pseudo-Riemannian spaces with a special structure of the curvature tensor,
which were introduced into consideration in 1. Mulin paper. Note that in his work these spaces were
studied only with the requirement of positive definiteness of the metric. The proposed approach to the
specialization of pseudo-Riemannian spaces is interesting by combining algebraic requirements for the
Riemann tensor with differential requirements for its components.

In this paper, the research is conducted in tensor form, without restrictions on the sign of the
metric. Depending on the structure of the Riemann tensor, there are three special types of pseudo-
Riemannian spaces. The properties which, if necessary, satisfy the Richie tensors of pseudoriman
space and the tensors which determine the structure of the curvature tensor are studied.

In all cases, it is proved that special tensors satisfy the commutation conditions together with the
Ricci tensor. The importance and usefulness of such conditions for the study of pseudo-Riemannian
spaces is widely known. Obviously, the results can be extended to Einstein tensors. Proven theorems
allow us to effectively investigate spaces with constraints on the Ricci tensor.

Keywords: pseudo-Riemannian spaces, geodesic mapping, the Ricci tensor.

IICEBAOPIMAHOBI ITPOCTOPHU 31 CIIEHIAJIBHOIO
CTPYKTYPOIO TEH30PA PIMAHA

Jleceuko O. B.l, leBuenxo T. L.
Y00ecvra oeporcasna axademis 6ydienuymea ma apximexmypu

AHoTanis: B po0oTi po3risHyTi ICEBOOPIMAaHOBI MPOCTOpH, TeH30p Pimana skux, Mae
crieriianbHy  cTpykTtypy. CTpykTypa TeH3opa Pimana 3amaeThcs sSK KOMOIHAINS —CICHiaTbHAX
CHMETPUYHHUX Ta KOCOCHMETPHYHUX TEH30piB. BuOpaHi TeH30pHM Tak, mob pe3ynbTaTH MOKHA OyIIo
3aCTOCYBAaTH B TEOpii reoJe3sMuHUX BiOOpakeHb, TeOpii ToJIOMOP(HO-IPOCSKTUBHHUX Big0OpakeHb
KeJIEpOBUX MPOCTOPIB, & TAKOXK 1HIIMX 3a/a4ax, [0 BUHUKAIOTh B JU(epeHLiaNbHIl TeOMeTpii Ta Ipu
i 3acTOCyBaHHI B 3aralibHill TeOpii BiTHOCHOCTI, MEXaHIIi Ta 1HITNX 00JACTSIX.

UYepes BHyTpIlIHI 00’ €KTH MCEBAOPIMAHOBOTO MPOCTOPY BH3HAYAIOTHCS 1HIII, SKi BUBUAIOTHCS B
3aJIeKHOCTI BiJl TOro, sIKi 3afayi po3B’A3YIOTbCA NpPU JOCIHIIKEHHI INCEBIOPIMAHOBHX IPOCTOPIB.
Haknanaroun oOMeskeHHs anreOpaiyHoro 4u audepeHIiabHOTO XapakTepy Ha BHYTPIIHI 00’ €KTH,
OTPUMY€EMO CIICIlialIbHI MPOCTOpH. 30KpeMa, K0 OOMEKEHHsI HAaKJIQJaloThCsl HA METPHUKY OyJaemMo
MaTH EKBiIiCTaHTHI mpocTopu. SKmo Ha TeH30p Piudi, oTpuMaeMo MpPOCTOpPH, IO OOMYCKAIOTh
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¢o(Ric)-BexTopHi moJs, a KO Ha TeH30p EiHmTeitHa, TO OynemMo MaTé Maibke eHHINTEHHOBI
HPOCTOPH.

B po6oTi BHBUYAIOTECS IICEBAOPIMAHOBI IPOCTOPH 3i CIIEIANBHOI0 CTPYKTYpOK TEH30pa
KPHUBHHH, 5IKi Oynu BBeleHI B po3risia B ctarti |. Mymina. 3ayBakumo, 1m0 B Horo poOOTi BkasaHi
MPOCTOPH BUBYAIKCH JIIIE 3 BUMOTOIO JOJATHOI BU3HAYCHHOCTI METPUKH. 3aIlpPOMTOHOBAHMM TIiIX1T
JI0 crelianizamii MceBA0OPIMaHOBUX MIPOCTOPIB LIKABUI MMOEIHAHHIM aareOpaiyHuX BUMOI Ha TCH30PD
Pimana 3 nudepenuiabHIMKA BUMOTaMH Ha HOTro CKIIa10Bi.

B nawiit poboti nocnimxeHHs! BeAyTbca B TeH30pHIN (opMi, 6e3 oOMeKeHb Ha 3HAK METpHKH. B
3aJIeKHOCTI BiJi CTPYKTypH TeH3opa Pimana BHIiIEHI TpH CHELiaNbHI THIM TCEBJIOPIMAHOBUX
MpOCTOpiB. BHBYAIOTHCS BIIACTHUBOCTI, SKMM 3a HEOOXITHICTIO 3a70BOJIHSAIOTH TeH30pu Piudi
NICEBIOPIMAHOBOT0 MPOCTOPY TA TEH30PH, K BU3HAYAIOTH CTPYKTYPY T€H30pa KPUBHHHU.

VY BCiX BHIIaJKax JOBEACHO, IO CICI[iaJibHI TEH30pU 3aI0BOJILHAIOTH Pa3oM 3 TEH30poM Piyui
yMOBaM KoMmyTailii. BaKJIMBICTh 1 KOPHUCHICTh TaKUX YMOB I JOCTIKEHb IICEBIOPIMaHOBHX
IOPOCTOPiB MHMPOKO Bimoma. OYEBHIHO, IO pe3yJbTaTH MOXYTb OyTH MOLIMPEHI Ha TEH30pH
Eitnmreiina. JloBeneHi TeopeMu I03BOJSIIOTh €EKTUBHO IOCTIKYBAaTH MPOCTOPH 3 OOMEKEHHIMU
Ha TeH30p Pivui.

Karouosi ciioBa: INCEBAOPUMAHOBEI ITPOCTPAHCTBA, TCOAC3UICCKUC 0T06pa)KeHI/I}I, TCH30p Pigui.
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1 INTRODUCTION
The work treats special pseudo-Riemannian spaces V, having a metric tensor g .
Object, which are calculated basing on the metric tensor g;, are called inner objects of

the space V, .
They include Christo el's symbols of the rst kind

20y =09, +0,0: —0,9; » (1)
and those of the second kind

ri=9"Ty,, 2)
Riemann tensor

Ri =0, + 5, -0, 5Ty, (3)
Ricci tensor

Rie =Ry 4)

scalar curvature
R=R,,97, (5)

here g are elements of invertible matrix for a metric tensor g -

These objects lay a foundation for de nition of other objects, which come in focus of our
attention depending on the problem we are currently solving, for example Einstein tensor.

R
Eij = Rij _ngj ' (6)

Imposing some limitations of algebraic or di erential kind on the inner objects, we are
able to de ne special pseudo-Riemannian limitations, namely: limitations imposed on the
metric result in equidistant spaces [2], on the Ricci tensor — spaces permitting ¢(Ric) -vector
fields [6, 9], on Einstein tensor — quasi-Einstein spaces [8, 14, 15].

A profound review of special pseudo-Riemannian spaces with limitations imposed on the
Riemann tensor can be found in the work [21].

This paper treats pseudo-Riemannian spaces with a curvature tensor having a particular
structure. They were introduced in the article [19].

Let us not, that the latter work was centered on the spaces limited by request of positive-
definite metrics [17, 20, 22, 23].

Here, we carry out our research without any limitations on a sign of a metric.

2 TYPES OF SPECIAL PSEUDO-RIEMANNIAN SPACES

I. Mulin in the work [19] introduced the following three types of special Riemannian spaces
| type:

R = a(gikgjl - gilgjk) +ﬂ(uikujl _uilujk) +7(Viij| _Vank) , (7)
here «, £, y are some constantsand symmetrical tensors uij and vij comply with conditions

1 2 3
Ui =0y G5 t o Uy + 04V, (8)
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1 2 3
Viik =7 95 T 0 Uy £33 Vs 9)

1 2 3
here o, o, o,

connectivity V,
Il type:

ukl =a( Pi Py — Py pjk) + ﬂ(siksjl —SjSi Tt ﬂ“sijskl) , (10)

1 2 3
7, T;, T; are some vectors, comma — a sign of covariant derivative by

here «, B are some constants; p;,s; are symmetric and skew symmetric tensors,
respectively, that comply with conditions

Pijx =0 By (11)
Sijk = T Sij» (12)
here o,, 7, are some vectors.

11 type:

Riw = a(h = 1l + A6 + B(SiSy — SiSi + HS;Sy ) » (13)

here «, B, A, | are scalars; r;, s; are skew symmetrical tensors selected in such a way that

2

1
=Pl T oS (14)
= l9k r; +0k Sij (15)

1 2 1 2
here p., p., 6, 6 are some vectors.

3 PSEUDO-RIEMANNIAN SPACES OF THE FIRST TYPE
Integrability conditions (8) and (9) take a shape of the following

., ., 11 21 21 13 1 3
uaiRjkI +uajRikI =0j| Ou— 0Ok t0,0,—0,0,+7,0,- 7,0 |t

(16)
2 2 3 2 3 2 3 3 2 3 23 33 3 3
+Uji(0'k|—0'|k+0kz'|—0'|Tkj+Vji(0k|—O'|k+O'kJ|—O'|O'k+O'kT|—O'|Tk),
., ., 1 1 21 21 31 31
Vai Rjkl +VajRikI =0t~ Tt o0t 0, -0 7 |t
(17)
2 2 22 22 32 32 3 3 23 23
+uji(Tk,—rlk+rkO',—T|O'k+rkrl—z',rk)+vji(rkl—rlk+rk0|—rlO'kj,
o o o o
here o;, =0, ;; 7, =7, «=12,3.
Wrapping (16) and (17) by indices i, j, we get, respectively
1 1 2 1 2 1 2 3 1 3 u Vv
O-kl_o-lk+o-ko-l_o-lO-k+TIO-k_TkO-I:_ﬁA<I_ﬁBkl’ (18)
1 1 21 21 31 31 u v
Ty~ Tt 0\~ 0+, T~ T :_ﬁckl _ﬁDm ) (19)

where
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2 2 32 32
Ay =0y=0y+0, 1= 0, 7,
3 3 23 23 33 33
By =0y—0y+0,0-0,0+0,7-0,7,
2 2 22 22 32 32
Cu =Tu— T+ 4, 0= 0 O+, =1 7,
3 3 23 23
Dy =7g—7y+7,0,-7, 0,
u=u,,97; v=v,g9?.
Then, (16) and (17) can be re-written as follows

U, Ry +U, R =8;Ag +b;By

ai kKl aj ikl

o (24
VaiRjkI +V,i Ria = aijckl +bij Dy

here
u . v
a; =U; _ﬁ Oij» bij =V _ﬁgij .
Cycling (20) and (21) by indices i, k, |

Ui Rjofd + uakRﬁi +U, R?i{k =g Ag+ Ay Ai +a; A+ bij By + bkj B, + b

ViR +Vu R + Vv, RY =8,Cy +3,C +3,C +b,D, +b;D; +b; D, .

ai’ Ykl jli ji

Wrapping by indices i, j, we obtain, respectively
Un Rlix — U Rla =4, A\? — &, A1a + bla Bl? - bka Bla 1
Vol le Vo Rla = alaclf - akaCIa + bla Dliz - bka D|a ,

where Al =A, g“; B =B,g“; C; =C,,g; D, =D,,g".

1j Pik 1
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(20)
(21)

(22)
(23)

(24)
(25)

Taking into account (7) the equation (20) can be written down in the following form.

a o o a
a(uikgjl _uilgjk +ujkgil _ujlgik)+ﬁ(uiauk ujl — U4 ujk +ujauk U _ujaul uik)+

+7(uiavlfvjl _uiavlavjk +UjaV1?Vi| _ujavlavik) = q; Ay +bij By-
Wrapping the latter by indices j, k and alternating by indices i, | :
ayA -a,A +b,B -b, B =0.

Analogous equation can be obtained also for the equations (25).

(26)

(27)

Substituting it into (24) and (25), it is easy to see that the following statement is true.

Lemma 1. Tensors u; and v; satisfy the conditions
u.RY—-u R*=0,

ai’ aj i
a a __
VR =V, R =0.

4 PSEUDO-RIEMANNIAN SPACES OF THE SECOND TYPE

Integrability conditions (11) and (12) are as follows

paiR;T(I + pajRiil = (0, _Ul,k)pij ,

o o
SajRikI +5Si, Rjkl = (Tk,l _Tl,k)sij :

Wrapping (30) by indices i, j, we can see that, when p= paﬂg“ﬂ #0, then

(28)
(29)

(30)
(31)

O. Lesechko, T. Shevchenko
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Oy, —01x =0, (32)
or, in other words vector o; a gradient vector with a necessity. Then, equation (30), can be
re-written in the following form

PR + P, Rig =0. (33)

aj ikl

Cycling (10) by indices |, k, | and taking into account the properties of Ricci tensor,
reducing terms, we obtain

(2- ﬂ“)(siksjl +5;Sk Silskj) =0. (34)

When A =2, then (10) takes the following shape

Rijkl = a (P Py — By pjk) +ﬂ(siksjl —SuS; t Zsijskl) : (35)

Worapping by indices j, k, we arrive at

Ri=a(p, ' —pyP)+34s,.5", (36)
here p| =p,,9”; s;=5,9".

When the equation (34) contains A = 2, then

SuSj +8;Sk +5;84 =0. (37)
Let us select vectors &' and &', in such a way, thats,,&£&” =1, then, basing on the (37), we
get

s, =ab, —ab, (38)
where g, =s &%, b =s,n”.

Let us substitute (38) in (10), we obtain

Rijkl = 0‘( Pi pjl — Py pjk) + ﬁ(/1 +1)Sij S - (39)
Lemma 2. Riemann tensor obtains a form of (35)or (39) for the spaces of the second type.

Cycling (33)) by indices j, k, I, we obtain

PeiRia T PoRi + PR =0. (40)

ol MNijk
Wrapping by indices i, k, we get
paiRja - paj Ria = 0 ' (41)

By an application of the approach, which was used to study spaces of the first type, we
are able to see:

s,Rf —s,;R* =0. (42)

ai' Nj

5 PSEUDO-RIEMANNIAN SPACES OF THE THIRD TYPE

Cycling (13) and applying the above-mentioned methods, we get three main cases
a)ywhen A=u=2

Rijkl = a(rik rj| - rjkril + zrij rkl) + IB(Siksjl - SijiI + 25ij Skl) . (43)

b)when 1 =2, u#2

O. Lesechko, T. Shevchenko
https://doi.org/10.31650/2618-0650-2021-3-1-106-114 111



https://doi.org/10.31650/2618-0650-2021-3-1-106-114

111, Nel, 2021
Crop. 106-114 / Page 106-114

MexaHika Ta MaremMaTH4Hi meromu /
Mechanics and mathematical methods

Riju = a(r, ry =l + 2K rkl)+ﬂ(u+1)sijskl : (44)
c)when A#2, p=2
Riju = 0‘(/1"'1)"”' M +ﬂ(u+l)sijskl : (45)

Integrability conditions for equations (14) and taking account (15), we get

1 2 1 2 1

a a 1
Faj Ria +1i Ry = (Pk,|_P|,k+pk ©,-p, Gk)rii *

2 2 T2 1 2 2 2 2 2
+(pk,l_pl,k+pkpl_plpk+pk®l_pl®k)sij'

(46)

Analogous conditions can be obtained for the tensor s. , applying expressions (15) and

ij
(14).
Applying the methods, which were used for the first and the second type, and taking into
account the equations (43), (44), (45) we can see for every case that

LRy — 1R =0, (47)
s, R —s,;R"=0. (48)

Thus, the following statement is true:
Theorem. The following conditions (47), (48) are true for pseudo-Riemannian spaces of the
third type.

6 CONCLUSIONS

The work is devoted to the study of pseudo-Riemannian spaces with the Riemann tensor
of a particular structure. Riemann tensor's structure is de ned by combinations of special
symmetric and skew symmetric tensors. The tensors are selected in such a way, which would
permit the application of results in the theory of geodesic mappings, theory of holomorphic
projective mappings of Kahler spaces and in other geometric problems [1, 3, 7, 10, 16].

It is proved for every type of these spaces that the special tensors jointly with Ricci
tensor are connected by a relation of commutation. These conditions are extremely important
for a study of pseudo-Riemannian spaces, namely they can be fruitfully applied for the latter
[11, 12, 13]. The further research should proceed by extension of these conditions to the
Einstein tensors.
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