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AESAKI 3AJJAYI ITPO PYX TBEPJOI'O TIVIA Y CEPEJOBMUIIII 3
OIIOPOM

Jlemenko 1. I[.l, Ko3auenxo T. O.!
'00ecwvra depacasna axademis Gydienuymea ma apximexmypu

Anortanisi: OnHi€0 3 KIACHYHUX TeM TEOPETHYHOI MEXaHIKH € AMHAMiKa 0OEpTOBUX TBEPAUX
Tin. Y BiCIMHAAIATOMY 1 JIeB’STHAALSATOMY CTOJNITTAX BaXKJIMBI acleKTH PyXy TBEPAOrO Tija, IO
o0epTaeThCs, BUBYAINCS BHIATHUMH MaTeMaTHKaMu, TakuMmu Ak Einep, Sko6i, Ilyanco, Jlarpamx i
KoBanescoka. I[IpoTe BuBUEHHS OUHAMIKM OOEpTOBUX TiJI, SIK 1 paHillle aKTyalbHO Ui TaKHX
3aCTOCYBaHb, SIK JAMHAMiKa CYMYTHHKIB, TipOCTaTiB, KOCMIYHHUX Ta JITaJbHUX AamnapariB, Teopii
TipOCKOTIB, Cy9aCHUX TEXHOJIOTH, HaBirarii, KOCMigYHOI TeXHIKH Ta 0ararboX iHIIAX 00JIaCTe.

[ina HU3KAa AOCHIPKCHb NPUCBAYCHA JUHAMIIIl TBEPIOTO Tila B CEPEIOBHILNI 3 OIOPOM.
HasBHicT, MIBMAKOCTI BJIaCHOrO OOEpPTaHHS TBEPAOTO Tila OOYMOBIIOE TOSIBY ITUCHIIATHBHUX
MOMEHTIB, 110 BUKJIMKAIOTHh FAIbMyBaHHA TBEPIOTO Tija. Taki MOMEHTH 3alieXaTh Bif BIACTHBOCTEH
CepeloBHINA 3 OMOPOM, Y SIKOMY BiOyBa€ThCS pyX TiNla, Bl BIACTUBOCTEH TOBEpPXHI Tila Ta
PO3MONITY Mac y TBEPJOMY Tilli, a TAKOXK BiJl XapaKTEPUCTHK pyXy Tija. ToMy 3aleXHICTH MOMEHTY
CHUJI OTIOpY BiJl Opi€HTAIlil TBEPIOTO Tijia Ta HOTO KYTOBOI MIBUAKOCTI MOX€E OYTH JOCHUTH CKIIAITHOIO i
BUMarae posriisily pyxy cepelloBHIIa HAaBKOJIO TBEPAOrO Tija y 3arajJbHOMY BHIIAAKY.

VY Hamii poOoTi MH 0OMEKHUMOCS JNEIKHUMH JOCUTh MPOCTUMU CITIBBIIHOIICHHSIMHU, SKi MOXYTh
SAKICHO OIMCYBaTH OMip OOEpTaHHIO TBEPAOTO Tila NpPU HEBEIMKUX KYTOBHUX IIBUAKOCTSIX Ta
BUKOPHCTOBYIOTbCS y HayKoBiii siteparypi. [lpu ckmajgaHHi piBHAHB PyXy TBEpAOTO Tija, IO
pyXaeTbcs y B’SI3KOMY CEPEIOBUILI, HEOOXIHO BPaxOBYBaTH IPUPOLY CHIIM OIOPY, L0 CTBOPIOETHCS
pyxom TBepaoro Tina. EBomromist oOepraHp TBEpAOro Tiia MiA Ai€l0 AUCUIATUBHHUX 30ypIOIOYHX
MOMEHTIB BHBYajJacs B 0araThOX CTATTAX Ta KHUTaX. 3a7adi Mpo pyX TBEPJOro Tijla BiTHOCHO
HEPYXOMOi TOYKH B CEpPEIOBHUIII 3 OIOPOM OMHCYIOTHCS HENiHINHUMHU JUHAMIYHUME DPiBHIHHIMH
Eitnepa. B pmeskux BuUMagkax OAEPKAaHO AaHANITUYHUM PO3B’S30K 3ajadi, KOJIM MOMEHTH CHI
30BHIIIHBOTO OIOPY MPOMOPLIiHHI BiAMOBITHUM IPOEKIisIM KyTOBOI MIBHUAKOCTI TBEPAOrO TiNa.
3aJeXHICTh JUCHNATHBHOIO MOMEHTY CHJI OIOpY BiJl BEKTOpa KyTOBOI IIBHAKOCTI 0OOepTaHHS
TBEPJIOro TiJla HaiuacTiie nepeadayaeThes JIHIHHOW. Y CTAaTTI pO3MIIAIAETHCA PyX TBEPIOro Tija 3
JIOBUIBHUMH MOMEHTAMHM 1HEPIIIi ITi]] BIVIMBOM 30BHIIIIHIX MOMEHTIB CHJI OTIOPY CepeI0BHUIIIA.

KuarouoBi ciioBa: TBepje Tijio, cepeIoBHIIe 3 OTIOPOM, BUIANoK Elinepa, pumanok Jlarpamka.

SOME PROBLEMS ABOUT THE MOTION OF A RIGID BODY IN
A RESISTIVE MEDIUM

D. Leshchenko?!, T. Kozachenko?
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The dynamics of rotating rigid bodies is a classical topic of study in mechanics. In the
eighteenth and nineteenth centuries, several aspects of a rotating rigid body motion were studied by
famous mathematicians as Euler, Jacobi, Poinsot, Lagrange, and Kovalevskya. However, the study of
the dynamics of rotating bodies of still important for aplications such as the dynamics of satellite-
gyrostat, spacecraft, re-entry vehicles, theory of gyroscopes, modern technology, navigation, space
engineering and many other areas.

A number of studies are devoted to the dynamics of a rigid body in a resistive medium. The
presence of the velocity of proper rotation of the rigid body leads to the apearance of dissipative
torques causing the braking of the body rotation. These torques depend on the properties of resistant
medium in which the rigid body motions occur, on the body shape, on the properties of the surface of
the rigid body and the distribution of mass in the body and on the characters of the rigid body motion.

Jlemenko /1. J1., Kozauernko T. O.
6 https://doi.org/10.31650/2618-0650-2021-3-2-6-17
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Therefore, the dependence of the resistant torque on the orientation of the rigid body and its angular
velocity can de quite complicated and requires consideration of the motion of the medium around the
body in the general case. We confine ourselves in this paper to some simple relations that can
qualitative describe the resistance to rigid body rotation at small angular velocities and are used in the
literature.

In setting up the equations of motion of a rigid body moving in viscous medium, we need to
consider the nature of the resisting force generated by the motion of the rigid body. The evolution of
rotations of a rigid body influenced by dissipative disturbing torques were studied in many papers and
books. The problems of motion of a rigid body about fixed point in a resistive medium described by
nonlinear dynamic Euler equations. An analytical solution of the problem when the torques of external
resistance forces are proportional to the corresponding projections of the angular velocity of the rigid
body is obtain in several works. The dependence of the dissipative torque of the resistant forces on the
angular velocity vector of rotation of the rigid body is assumed to be linear. We consider dynamics of
a rigid body with arbitrary moments of inertia subjected to external torques include small dissipative
torques.

Keywords: rigid body, resistive medium, Euler’s case, Lagrange’s case.

Jlemenko /1. JI., Kozauernko T. O.
https://doi.org/10.31650/2618-0650-2021-3-2-6-17 7
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1 BCTYI

JlocmiKeHHs 3a/1a4 TMHAMIKH TBEPJOTO Tijia BIJHOCHO LIEHTPA Mac CTAHOBUTHh 3HAYHUI
iHTEpeC y TEOPETHYHOMY Ta MPHUKIAJHOMY AacleKkTaX. PiBHSHHSA, IO ONHUCYIOTh PYXH
TBEPJIOTO TiJIa MiJ BIUIMBOM 3O0BHIMIHIX 1 BHYTPIINIHIX MOMEHTIB CHJ Pi3HOI (i3UYHOI
MIPUPOJIH, ICTOTHO HENiHIIHI, a IX aHaJli3 IpeACTaBisie Cepiio3HI MaTEMAaTUYHI TPYAHOILI.

JJist moToNIaHHs IUX TPYIHOIIIB ITUPOKO BUKOPHUCTOBYIOTHCS MIIXO/IH, IO IPYHTYIOTHCS
Ha igei manoro mapamerpa. Lle — mMeToam perymsipHUX Ta CHHTYJISPHUX 30ypeHb, METO.
ycepenHeHHs. BOHM [O3BOJSIOTH JOCUTH TOBHO JOCHITUTH 3a/adi y BHITAJKaX, KOJH
oOepranHs Tina 6mm3bke 10 pyxiB Eitnepa-Ilyanco Ta Jlarpamxa-Ilyaccona.

B nmanmit wac € Benmka OiOmiorpadis, MpUCBSYEHA JOCTIIHKCHHIO 30ypeHUX PYXiB
TBEPJOTO Tija BIAHOCHO IICHTpa Mac Ta AOCII/DKEHHSM y JAMHAMII KOCMIYHUX Ta 1HIIUX
JTaJbHUX anapariB, TPOCKOMIYHUX CUCTEM, IHIIUX TEXHIYHUX 00’ €KTIB.

Hapa3si € 3nauna motpeba y HamuMcaHHI Ta MyOdiKaiii OrJsaoBOl CTATTi, MPHUCBIYCHIN
JOCITIDKEHHIO TPo0JIeM MWHAMIKKA TBEPJOro Tila y cepemoBwuini 3 omopom. Lleit ormsaa He
MPETEH/Iy€e Ha MMOBHOTY 1 BiJIOBia€, HacaMIepea, HayKOBUM 1HTEpecaM aBTOPIB.

2 AHAJIB JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

[Tpobnema eBoutonii 06epTaHb TBEPIOTO Tijia BIAHOCHO IIEHTpPAa Mac 3[aBHA MPHUBEPTAE
yBary MexaHikiB 1 MaTeMatukiB. JlocnimkeHHs oO0epTaHHs BaXKOT0O TBEPAOIO Tijia MoYanocs
B cepeauni XVIII cTomiTTs i mpogoBXKyeThCs 10 HAIMX AHIB. B ocTaHHI JecITUIITTS 3100yTO
0araTo po3B’sI3KIB 3a/1a4, 3aMpONOHOBAHI HOBI ()OpPMHU PIBHSHB, PO3BUHYTI HOBI METOAM iX
JOCITi IKCHb.

Y pobotax, 10 pO3rIsAalThCs, TOCIIHKYIOTECA 30ypeHi o0epTaiabHi PyXH TBEPAOTO
TiJIa BIITHOCHO IIEHTPA Mac T/ II€F0 MOMEHTIB CHJI onopy. Taki 3a/1adi BAHHKAIOTh y 3B’ SI3KY 3
BHUBUCHHSIM PYXY CYIMYTHHKIB BITHOCHO IIEHTpa Mac, y MUTAHHAX OpieHTalii Ta cradimizarii
KOCMIUHUX amapariB, y AuHaMili ripockomiB. JudepeHmianbHi pPIBHAHHA IIMX CHCTEM
HEJIIHINAHI Ta X TOCTIKEHHS 3yCTpiYatoTh Cepilo3HI MaTeMaTU4Hi TpyIHOIIl. ACHMOTOTHYHI
METO]IU € TMOTYXXHUM arapaToM JOCTIKEHHS TpoOieM AUHAMIKU TBEPJOTo Tija.

3 b TA 3AJAYI JOCJIKEHHS

OcHOBHa MeTa IIi€i CTATTi MOJSATaE y AOCTIJKEHHI €BOJIONII pyXy TBEpAOro Tiia
BIJIHOCHO IIEHTpa Mac IiJl 1i€l0 MOMEHTIB CHJI Oomopy. BcTaHOBNIEHHS BIUIMBY MOMEHTIB CHUJ
OTOpY CEepellOBHUINA HAa KIIbKICHI Ta SKICHI BJIACTUBOCTI 30ypeHUX pyXiB TBEpIOTO Tiia
BIJIHOCHO IIEHTpa Mac, ki 6mu3bki 10 BunajakiB Eitnepa ta Jlarpanxka. [lpu npomy ocHOBHA
yBara MpUAUIIETECS POOOTaM, y SIKHX PO3B’S3aHHS TOCTaBICHHMX 3aJlad IPOBOJUTHCS 32
JIOTIOMOT'OI0 METOJ1y YCEPEAHEHHS.

4 PE3VYJIBTATHU JOCJIIKEHD. 3AT'AJIbHI ®I3NYHI
CHIBBIJHOINEHHSA

PosrnsHeMo 3ajgady, 110 MPU3BOAWUTH 10 1HTETpYBaHHS JWHAMIYHMX piBHsHb Efnepa.
HasBHICTD IIBHUIKOCTI BIACHOTO 00EPTaHHS Tija 3yMOBIIIOE MOSBY AUCUIIATUBHUX MOMEHTIB,
SIK1 BUKJIUKAIOTh TaJIbMyBaHHS 0OepTaHHs TiIa.

KoMmnoHeHTH MOMEHTY CHJI OMOpYy BIJTHOCHO OCEH, sIKi 3B’s3aHi 3 TLJIOM, 3aJI€KaTh BiJ
KOMIIOHEHT P, 0, I' KyTOBOi MIBHJIKOCTI oOepTaHHS Tila. 3aleXHICTh AWCUIATHBHOTO
MOMEHTY CHJI ONOpY BiJ] BEKTOpa KYyTOBOi HIBHJIKOCTI OOEpTaHHSA Ti1a € JiHIKHOIO.
Bigmosigno mo [1], 3amummemo y 3B’s3aHId 3 TUIOM CHCTEMI KOOpPJAWHAT BHUPA3U IS

Jlemenko /1. ., Ko3zauenko T. O.
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KOMIIOHEHT BEKTOpa MOMEHTY CHJI B’ I3KOT'0O TEPTS

Ill |12 |13 p
r —
L =1y 1, lu(al 1)
|31 |32 |33 r
Tyr 1; — xoediuientn MOMeHTy cun omopy obeprauHio Tina. llina Hu3Ka ROCIIKEHD

MPUCBSYCHA TMHAMII TBEPOTO Tija B cepenoBuIl 3 omopoMm. Y pobotax JI. J[. AkyneHka,
. 1. Jlemienka, @.JI. YepHoycbka, A.JI. Paunncbkoi [2, 3] po3MISHYTO WIBUIAKUHA pyx
HABKOJIO HEPYXOMOi TOYKH HECHMETPUYHOTO TBEPJOTO Tija ad0 CYMyTHUKA B CEPEIOBUIII 3
OTIOPOM.

Haiiuacrime pi3HUMH aBTOpaMu NPHU JAOCIIHKEHHI PyXy TBEPJIOTO Tija y CEpEIOBHIII 3
ONOPOM  PO3TJISIAETbCA  BHIAZOK  JiaroHajmbHOi aucumnanii (konuenmis [ pinximna-
3ommepdenbaa) [5]. YV mux BUmMagkax MaeMo TBEpAE TII0, 3 JOBLILHUM PO3IOILIOM Mac
J=diag(A,A,,A), ne J —wmarpuisi MOMEHTIB iHepIii CHCTEMH, Ta iarOHAJbHOO
marpuneto gucunaunii D =diag(4,4,,4). Tyr A, 4,, A4, —mnocriiini  koediuieHTH
MPONOPIIHHOCTI, IO 3aJIeKaTh B/l BIACTUBOCTEH CepeOBHIIIA.

JlilicHO, MOMEHT CHJI OMOpY 3aJieXKUTh B3araji HE JUIIE BiJg (PI3UYHHX BIACTHUBOCTEH
CepelloBHINA, A€ W BiJg po3moaAlTy Mac, ToOTO KoHQirypamii cucremu. OpHi€O 3
HAHMPOCTIMMX CUCTEM TAaKOro BUIy € cucteMma I'pinximna [5-11], nst sixoi A, =4, =4, = 4.

[Tpumyctumo, 1mo y nuHaMivyHuX piBHAHHAX Eitnepa

AP+ (A-A)r=L,,

Ad+(A-A)p=L,, )
Af+(A,-A)pa=L,.

Omnip moBiTps, MO Ai€ HA TLTO, MOXKHA TMPEICTABUTH MApOI0 NpUKIaaeHuX cwil. [lpu
bOMY IMPOEKII MOMEHTY Ii€i Mmapu Ha TOJOBHI OCi 1HEpUii MPOMOPIiiiHI BeIMYUHAM
Ap, AQ i Ar. BignosigHo maemo [5-11]

L =—2Ap. L =-1Ag, L, =—iAr. 3)

Tyr A — neskuit KoedilieHT MPONOPIIHHOCTI, IO 3aJEKUTh BiJl BIACTUBOCTEH CEepeOBUIIIA.
[Tpunymenss (3) Haknaaae Aesiki oOMexeHHs Ha (popMy MOBEPXHI Ta KYTOBY IIBHJIKICTb TiJa.

3a3HaunMo, 1m0 3a yMOB (3) cucreMy (2) MOKHa 3BECTH A0 3BHYAMHHUX TUHAMIYHUX
piBHsiHB Efiniepa 3a 10moMororo migcTanoBok [6-8, 12]

p=e*'p, q=e*q, r=e*'r,. 4)

3 mepexojiom g0 HoBoro mnapamerpa t =A"'(e”'—1) npuxoaMMO 0 PpiBHSHb,
aHajoriyHux Bunaaky Eitnepa

P oa _
Ald—tl+(A3 A =0,

%%%HA—%mm=Q (5)
ar
AsE(Az Ai) plql —01

K1, SIK BIJIOMO, IHTETPYIOTHCS B €MINTUYHUX PYHKIIAX SAKOOi.

Jlemenko /1. 1., Ko3zauenko T. O.
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[Ipu BUBYEHHI pyxy TBepAoro tima y Bumaaky Jlarpamka (A =A,) y cepenoBuii 3
OIIOPOM JTMHAMIYHI PIBHSIHHA 3 ypaxyBaHHAM (3) 3aMUCyIOTbCS y BUTIISAL

AD+(A —A)ar =mglsindcosp - AP,
Ag+(A - A)rp=—-mglsingsinp—-1Aq, (6)
Al =—-AAr.

3a 101oMOroro MiJICTaHOBOK [12]

p,=€"'p, g =e"q, r=e"r

OTPUMAEMO CUCTEMY BULIISY

—MS—E+ (A~ A)y; = mglsin 6cos ,

_ﬂpﬁ%Jr(Al_As)rlpl=—mg|sin6?sin(0, (7)
1
dr,
-AA,—L=0.
A dt,

Cucrema (7) ekBiBaJIeHTHA PIBHSHHSM PyXy TBEPJIOTO TiNa y BUNaAKy Jlarpamka.
BBaxaroun B piBHSHHAX (2) A =A,, npuIIycTHMO, IO NpaBi YaCTUHM LHUX DIBHSIHB

MarOTh BUIJISA
L, =-ap, L, =-hg, L,=—cr. (8)

VY pa3i CUMETpUYHOIO Tila BIAMIHHICTH Y BeIMYMHAX KoedilieHTiB a Ta b mpu cuiax
MPUPOJTHOTO OTIOPY CEPEOBHIIA, TPOMOPIIIMHUX MPOSKIisIM P Ta (| KyTOBOI MIBUAKOCTI Tijia
Ha piBHO3HAYHI B JAHOMY BHIAJKy oci X 1 Y ManoiimoBipHO. ToMy 3a3BHUail po3risaaeThCs
BUTIAJIOK

L,=-ap, L,=-aq, L, =-cr. 9)

MO)KHa, npoTe YyABUTU CHMCECTPUYHC TiJ'IO, 1o O6epTa€TLCH, OCHallI€CHE JABOMa
MOMCHTHHUMHU NaTYUKAMU, PO3TAIIOBAHUMHU HA B3a€MHO ICPIICHAUKYIAPHUX OCAX X i Yy, K1

(hOpMyIOTH MOMEHTH, IPONOPLIHI BeuuyuHaMm P 1 ( (3 TOYHICTIO 10 30ypIOI0YnX 00CTaBHH)

[5]. V upomy Bumaaky koedimienta a 1 b, mo 3amexaTh BiJ MapaMeTpiB MOMEHTHHX
JAaTYUKiB, MOXKYTb OyTH NPUIHATI PI3HUMH.

VY poborax [13-15] MOMEHT cui TepTs NPUIMAEThCA CHPSIMOBAHUM MPOTHIIEKHO IO
BEKTOpa KYTOBOI IIBUJKOCTI 1 IOPIBHIOE

L' = o, (10)

ne A — jgedka crana. SIKIIO BpaxOBYEThCS TEPTS MOBITPsA, TO MOCTiIHHA A 3aleKUTh BiJ
¢dbopmH Tisa 1 BiA HIIBHOCTI MOBITPA. 3 aepoJUHAMIYHOI TOUKH 30py Oyno O mpaBHIIbHIIIE
BBaXaTH MOMEHT CHJI TEPTS MOBITPsI IPONOPIIIMHUM KBaJpaTy KyTOBOI IIBUIKOCTI .

Jnst Hac icToTHUM € Te, 110 BUpa3 (10) BCTaHOBIIIOE TOJOBHY OCOOJUBICTD, sIKA MOJISITAE B
TOMY, 11O CHJIa TE€PTs MOBITPS CHOpSIMOBaHA MPOTHU pyxy. JocBiJ mokasye, Mo pe3ynbTaTH,
OTpUMaHI Ha OCHOBI TaKOro MPHUIYIIEHHS PO 3aKOH TepTs, 3a3BUYail MiITBEPIKYIOTHCS
3HA4YHO IIUpIIE, HIK MOXKHA OYIKYBaTH, BUXOJSYM 3 XapakTepy HMPUHHATOrO MPUIYIICHHS
[13].

VY [8] Haronomryerbcs, M0 TBEPAE TUIO, MO 00EPTAETHCS B MOBITPSHOMY CEpEIOBHILI,

Jlemenko /1. ., Ko3zauenko T. O.
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YaCTUHOIO 3aXOILTIOE HOTo 3a CO0O00, BHACIIOK YOTO KIHETUYHA €HEPTisl TiJla PO3CIFOETHCS.
Xapaktep onopy 3aJieXKuTh Bl (OpMH MOBEPXHI Tijia 1 mpobiieMa, sika MOCTaBJIeHA 3 YCIEI0
cTporictio, Oyma O ckmagHoO. 3a HAOMMKEHOI CXeMow, 3a3HaueHow KieitHom i1
3ommepdenbaom [8, 16], mependavyaeThes, MO OIMIP CEPeIOBUIA MOXKE OyTH TpeICTaBICHUN
JIBOMA IMapaMy, MOMEHTH SKHX MPONOPIiiHI eKBaTOpiaibHii 1 OCbOBIN CKIAJOBUX KyTOBOI
HIBUJIKOCTI JUHAMIYHO CUMETPUYHOTO TBEPOTO Tija @ 1 CIPSIMOBAHI MPOTHIICKHO TM.

Y 1poMy BHIAAKY pIBHAHHSA pyXy JAWHAMIYHO CHMETPUYHOTO TBEPAOrO Tida B
CEepEIOBUILIL 3 OTIOPOM 3aMUCYIOTh Y BUTIISII

Ap+(A-A)ar=-a’Ap,
AG+(A - A)rp=-a’Ag, (11)
Al =—C*A.

Tyr A, A, — MoMeHTH iHeplii Tina BiAHOCHO €KBaTOpialbHUX Oced, A, — MOMEHT iHepuil
BiJIHOCHO oci (irypu Z; a, C — cradi.
VY po6ori [17] mocmiKyeThess pyX HaBKOJIO IICHTPa Mac HECUMETPHYHOTO TBEPJOTO TiJa,
Ha SIKE JII€ IBa MaJuX 30ypIOIOYMX MOMEHTHU: MOCTIMHUM y 3B’ A3aHUX 3 TUIOM OCSIX 1 JTIHIKHUN
JTUCUTIATUBHHMA, 10 MICTHThH JTOJAHKH, SKi KBaJAPATUIHO 3aJICKATh BiJl KYTOBOT IIBHJIKOCTI.
PiBHSIHHS pyXy TBEpJOTrO Tijia MiJ Ii€l0 MOCTIHHOTO MOMEHTY 1 MOMEHTIB, L0 JIHIHHO 1
KBaJIPATHYHO 3QJICKATh BiJl KyTOBOI IBUIKOCTI MAIOTh BUTJIST

Ap+(A-A)ar=L-N,p,
A2q+(A1—A3)I’p = Lz - Nle (12)
A+ (A —A)pq =L~ N;r —Q,r?.

Tyr L, L,, Ly —mnocriitai, N;, N,, N;, Q, — nonari.

Sk monmaTku MOXKHA Ha3BaTH 33/adi MPO MiATPUMKY KyTOBOI IIBHAKOCTI TipoCKoma 3a
JIOTIOMOTOI0 MOMEHTY, MPOMOPIIIHOrO Pi3HUII KBaApaTiB (PaKTUYHOI Ta HEOOX1AHOT KyTOBOI
mBuakocti [17-20].

PiBHSHHS pyXy HECHMETPHUYHOIO TipocKoma IMif Ii€l0 MOMEHTY, L0 3aJeXUTh BiJ
KyTOBOI IIBUKOCTI, MatoTh BUTIIsi [ 18-20]

Ap+(A—A)ar=c(p; - p*),
Ad+(A-A)rp=0, (13)
At +(A,—A)pg=0,

abo

Ap+(A-A)ar=0,
AG+(A-A)rp=0, (14)
Af+ (A~ A)pa =&(ty —r°).

Tyt p, —3anaHa BenuuMHAa, sIKa Ma€ HAOMMXKATHCA A0 P, & — MaJIUi TapameTp.

VY poborax [18, 20] po3risgatoTees AeMiQyroya Jisi peakTUBHOIO CTPYMEHsI pakeTu Ha il
pyx. Y [18] nochimxkeHo pyX JUHAMIYHO CUMETPHUYHOIO Tijla, Yy SKOT'O CTPYMiHb NPOJYKTIB
TOpPIHHS BUKHUAAETHCSA JBUTYHOM B3JOBXK ocl cumerpii. Y ctarti [20] posrisinaeTbesi pyx
JMHAMIYHO HECHMMETPUYHOIO Tija, a HampsIMOK pPEaKTHMBHOTO CTpyMeHs 30iraerbcs 3
TOJIOBHUMHM OCSIMM 1Hepuii KopaOisi. PIBHSHHS pyXy pakeTH B IPOEKIIsSX Ha i TOJIOBHI OCl
iHepIIii MatOTh BUTJISI

Jlemenko /1. 1., Ko3zauenko T. O.
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AP+(A—A)gr=—-&3p,
Aq+(A - A)rp=—¢Sa, (15)
A +(A,—A)pq=0.
Tyr S — nonaTHa KOHCTPYKTMBHA CTajia, L0 XapakKTepusye AeMn(yrouy AiF0 PeaKTHBHOIO
CTPYMEHSA PaKEeTH, & — MAJIMKA mapameTp.

Omnip Moxxe nepeadavyaTucs KBaJpaTHUYHUM IO BiJHOLICHHIO 10 KYyTOBOI IIBUAKOCTI. Y
po60Ti [21] MOMEHT CHJI OTIOPY CepeIOBHIIA MPEICTABICHUN Y BUTIISI L [22]

L = lo, m={—p|p|,—CI|Q|f—r|r|}’ (19)

ne I=(l;) (i,]=12,3) — marpuug mnocTiiHuX KOeDIli€HTIB aepOAMHAMIYHOTO OMOPY
obepraHHIO TiNIa, P, (, I' — MPOEKIIii BEKTOpa KyTOBOT IIBUIKOCTI Tijla Ha OCI.

VY crarTax [23, 24] po3rsimaeTbest 30ypeHU pyX aCUMETPUYHOTO TBEPAOro TijIa, MO0
00epTaeThesl, Ta KOCMIYHOTO arnapaTa Ha KpyroBii opOiTi mij i€l MaJIoro aepoJHHAMIYHOTO
MOMEHTY, MPOMOPIIIHOro KyToBii mBuAKOCTI Tina. [lepenbGavaeTscs Takox, IO OJUH 3
MomeHTIB iHepuii KA e nepionnunoro ¢pyHkuiero yacy. KiHeTnynmuii MOMEHT Tija BiZIHOCHO
LIEHTPa MacC 3aIUCYETHCS K

G=lo=A(t)pi+Agj+Ark. (17)

Tyt I, |, K — onuHapHi BEKTOpU cHCTEMHU KOOPAMHAT, 110 3B’ s13aHi 3 KA.
M

[Ipu pyci KA B cepemoBumii 3 MajJiuM OHNOPOM, MOMEHT CHUJI OMOPY HPOMOPIIHHUI
KYTOBIl IIBUJIKOCTI TiJla

L' =—Ao=-A(pi+qj+rk). (18)

Tyt A — xoedimieHT B’I3KOT0 TEPTSI.

[Tpu mocmikeHH] 30ypeHUX pyXiB TBEpAOro Tina, OMM3BKUX 10 BUMaiaKy Jlarpamxka, B
cepenoBuiii 3 omopom 30yproroui momertu M, (1=12,3) (& <<1 — manmii mapamerp, 1o
XapaKkTepHU3ye BEIMUMHY 30ypeHb) MalOTh BUTIISIA [4, 25, 26]

L, =-ap, L, =-aq, L, =-cr, a,c>0, (19)

ne a,C — Jeskl MOCTIHHI KOe(IIIEHTH MpPONOPIINHHOCTI, 10 3ajJeKaTh BiJ BIACTHBOCTEH
cepenoBuia ta ¢opmu Tina. Y pobotax [4, 25, 26] niHIAHO-AMCHUIATHBHI 30yprorOUi
MOMEHTH, L0 AiI0Th Ha TBEpAE TiAO 3 OOKY 30BHIIIHBOIO CEPEJOBHUINA 3AMUCYIOTHCS Y
Burysifi (6).

VY crarti [28] BpaxoBYIOTbCS CHJIM AMCHUIIAIl], CyMapHI MOMEHTHU SIKHX BITHOCHO Oceit
Ox, Oy i Oy mpomopiiiiiHi MpoekisM P, i I KyTOBOI IIBHAKOCTI Tijlla Ta 3aMHUCYIOThCS
HACTYITHUM YHHOM:

L =—AAp. L, =-2Aq, L, =—4Ar, (20)

e A 1 A, — nesiki mocTiliHi, 10 3ajeXarth BiJ (JOPMHU TIOBEPXHI Tija.

Y poborax [29, 30] 3amaua mpo pyx TBEPAOTO Tila B CEPEIOBHINI 3 OIMOPOM
PO3IIIIAETHCS K PO3BUTOK 3a7adl MPO PyX BAXKKOTO TBEPIOTO Tijla HABKOJIO HEPYXOMOi
Touku y Bunaaky Jlarpamka. [IpukiamomM Takoro Tiia € KOCMIYHUN amapar, 0 CIyCKaeThCs
B arMocdepi TuiaHetd. Mani nemndyrodl MOMEHTH MPOMOPIIHI HPOEKLisM KyTOBOI
IIBUAKOCTI.

V crarti [31] po3rasaaerses pyX 0CECUMETPUYHOIO TBEPJOrO Tija HaBKOJIO HEPYXOMOT
TOYKH TiJ JI€I0 BiJHOBIIOIOYOTO MOMEHTY, IO 3aJIeKHUTh BiJl TMOBUIFHOTO Yacy

Jlemenko /1. ., Ko3zauenko T. O.
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t=¢t (6<<1) i xyra Hyrauii @, cnpsMoBaHoro B3a0BK oci Oz, i MaaMX AeMIPYHOUHX
momentis ¢l,(z,0)p, ¢l (z,0)q, ¢l,(z,0)r, cupamosanux mo ocsx Ox, Oy i Oz.

VY pob6orax [32, 33] mpu BuBYEHHI 30ypeHOro pyxy TBEpAOro Tija, OJIM3BKOTO 0
BuNaaKy Jlarpana, mia Ai€r0 30BHINTHLOTO CEPEAOBHINA PO3TIAIAIOTHCS 30yprO0Yi JIIHIMHO-
JUCHUTIATUBHI MOMEHTH, 1[0 TTOBLIBHO 3MIHIOKOTHCS Y Yaci:

L. =-a(r)p, L, =-a(r)q, L,=—c()r, a(z),c(r)>0, r=et, &<<1. (21)

Tyr a(r), ¢(r) — dynkuii, sIKi iIHTErPYIOTHCS Ta 3aJI€KaTh BiJl BIACTHBOCTEN CEPEOBHUINA Ta
¢dopmu Tina. [Ipuuomy B [32] mocmimxyroTbesi 30ypeHi pyxu TBEpJOroO Tija, OMU3bKI J0
Bunaaky Jlarpanxa, mij i€F0 MOMEHTY, SIKHH MOBLILHO 3MIHIOETBCS B Yaci. B po6oti [33]
pPO3TIISAIAETECS  €BOJIONISA O0epTaHb TBEPAOTO Tila TMiJ BIUIMBOM HECTAI[IOHAPHUX
BIIHOBITIOIOYOTO Ta 30ypPIOI0YOr0 MOMEHTIB.

VY crarti [34] mocmimKkyoThes 30ypeHi oOepTanbHI PyXW TBEPAOTO TiNla, OJM3BKI O
perynsipHoi mpeunecii y Bumanky Jlarpamka, ImiJ i€l BiJIHOBIIIOIOYOTO MOMEHTY, SKHA
3aJIOKUTHh BiJl MOBUIBHOTO 4Yacy Ta KyTa HyTallii, a TakoXX 30ypIOI0YOr0 MOMEHTY, IO
MOBUIHHO 3MIHIOETHCS B Yaci. Tijo nmepeadadaeTbes MIBUIKO 3aKPYUYEHUM, a BITHOBIIOIOYHI 1
30yprOI0YHii MOMEHTH Tepe0adaroThCsl MMM 3 TIEBHOIO 1€papXi€l0 MajJoCTi KOMIIOHEHTIB.
BBaxkaeThcsi, 10 30BHIIIHE CEPEIOBUINE, IO Ji€ HA TBEPAEC TiIO, MOBUILHO 3MIHIOE
BJIACTHBOCTI B’SA3KOCTI BHACTIZOK 3MIHU TYCTHHH, TEMIEPAaTypH, CKJIaJy CEepeAOBHIIA.
30ypror0di MOMEHTH € JIiHIHHO-AUCUIIATUBHUMU Ta MalOTh BUTJISI]L

L =—¢l(®)p, L, =—¢l,(r)q, L, =—<l,(2)r. (22)

Tyt 1,(7), 15(r) — nomarHi QyHKIL, sIKi iHTETPYIOTHCS HA TIPOMIKKY 7 ~ 1.

Y po6oTi [35] po3risagacTbCsi pyX CHUMETPHYHOTO BaXKKOTO TBEPJOTO Tijla 3 HEPYXOMOIO
TOYKOIO MiJ €0 CHJI TepTs, OOYMOBJIICHHX HABKOJMIIHIM THCUIATUBHUM CEPEIOBHIICM.
[ToBHMiT MOMeHT cuid TepTs L', mo aie€ Ha Tijo, BBaXKAETHCS MMM Ta aHTUIIAPAJIEILHIM
BEKTOPY KYTOBOI IIBUIKOCTI Tijla . BBaXkaeThcs 1110

L' :—M:(|(o|2)m, (23)

ne A — Maia, JojaTHa OesposmipHa crama, ¢yHkuis F 3amoBonbHse ymoam: F(X) —

JIunnnesa, HenepepBHa Ta AojaTHa it X > 0, a Takox Iirrg XY2F (x)=0.
X—>

VY poboti [36] nocniKyeThCsl 00epTaNbHUNA PyX AMHAMIYHO HECUMETPUYHOTO TBEPAOIO
Tia BIJIHOCHO IIEHTpa Mac MiJ JAi€l0 MOMEHTy cui onopy. IlpoBoauTbes umcenbHe
MOJIETIIOBaHHS KPUBOi rojgorpada BeKTopa KIHETUUHOTO MOMEHTY Yy TPUBUMIPHOMY IIPOCTOPI.
VY crarrax [37, 38] nmochimkeHO CTIMKICTH piBHOMIpHOro oOepraHHs BoBuka Jlarpanxka 3
PLAMHOIO B CEPEIOBUILI, 110 YUHUTH OMIp, 3 YPaxyBaHHAM 33JaHOr0 MOCTIHHOTO MOMEHTY Ta
oJiepaHi yYMOBH AaCHUMMTOTMYHOI CTIMKOCTI PIBHOMIPHOTO OO€pTaHHS HECUMETPUYHOIO
TBEPAOIO TLJ1a Y CEPEAOBHUILI 3 OTIOPOM.

5 OBI'OBOPEHHS PE3VJIBTATIB JOCJIIKXEHHS

Inrepec 10 mpobiaeM JUHAMIKHM TBEPIOTO Tija 3HAYHO NOCHIIMBCA y APYTiid moaoBUHI XX
CTOJIITTSl Y 3B’SI3Ky 3 PO3BUTKOM PAaKETHO-KOCMIYHOI TEXHIKH, 3pOCTAaHHIM IIBHIKOCTEH Ta
MaHEBPEHOCTI JIITaKiB, CTBOPEHHAM TIpPOCKOMIYHUX cucTeM. JloCTiJKeHHsI pyXy CYIMyTHHUKIB
Ta KOCMIYHHUX arapaTiB BITHOCHO LIEHTPa Mac BaXKJIUBE U CTBOPEHHSI CUCTEM YIIPABIIIHHS
opieHTali€ro, crabimizamii pyxy, [UId BHUpIIIEHHS NPAaKTUYHUX 3a]a4 KOCMOHABTHKH. Y
MPOaHaII30BaHUX POOOTaX JOCIIIKYETHCS PYX TBEPJIOTO TiJIa B CEPEIOBHIII, IO JII€ HA TLJIO
BHACJIIOK MOMEHTIB, fKi 3alie)aTh Bifi HOro KyTOBOI MIBHAKOCTi. Po3risHyTO BHUDAaKu
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OJTHOYACHOTO BIJIMBY MOMEHTIB CHJI TsDKIHHS Ta omopy. JlocnmipkeHo 3amadi mpo pyx
CYIyTHHKA BITHOCHO LIEHTPa Mac i A1€10 TPaBITAIfHOTO MOMEHTY Ta MOMEHTY CHJI OTIOPY.

6 BHUCHOBKU

VY Bcix po0oTax, pO3TIIIHYTHX Y CTaTTi, HABEACHO Ta MIPOAHAII30BAHO BUX1IHI PIBHSHHSA,
MIPOBE/ICHO MPOLEAYPY iX po3B’si3yBaHHs. B pe3ynbprari aHaizy ogep)>kaHuX PiBHIHbD
BCTAHOBJICHO KUJIBKICHI Ta SIKICHI 0COOJIMBOCTI PYXiB, IaHO OIKC €BOJIIOIIT PyXiB Tijia.
Buknan y poboTax UTIOCTPYEThCS PSIOM MPUKIIA/IIB.
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FORMATION OF MATHEMATICAL APPARATUS OF METHODS
OF FIRE AND EXPLOSION SAFETY CONTROL OF LANDFILL

N. Rashkevich®, A. Pastukhova®, V. Konoval?, V. Slovinskyi®

National University of Civil Protection of Ukraine

“Cherkassy State Technological University

*Cherkasy Scientific Research Forensic Centre of the Ministry of Internal Affairs in Ukraine

Abstract: The authors analyze the fire and explosion hazards of solid waste disposal facilities,
taking into account current trends in the introduction of biogas (methane) collection and utilization
systems. Methane is considered an alternative energy source for power plants. The authors determined
the initial and limiting conditions of the mathematical apparatus of the method of combating fire and
explosion hazards of solid waste disposal facilities based on the results of analysis and synthesis of
factors of occurrence and spread of man-caused danger, existing mathematical models, and methods of
counteracting man-caused danger. This is the basis for the further development of appropriate
emergency response techniques. During the analysis, the authors found that humidity, the temperature
of the landfill (household waste), the presence of sufficient oxygen at some point in time initiate the
formation of explosive concentrations of methane in the array and contribute to the spread of hazards
in landfills or dumps. The specific weight of the organic component, the value of the density of the
array, the height of the landfill affect the process of counteracting the danger, namely the prevention of
dangerous events and prevention of emergency from the object to the highest level of distribution
(local level), primarily in the first group priorities, such as the number of victims and injured civilians
and specialists of the units of the State Emergency Service of Ukraine. The team of authors has
defined a system of equations of connection of the existence of the mathematical device taking into
account initial and boundary conditions. A system of communication equations is determined taking
into account the initial and boundary conditions of the mathematical apparatus, which allows to further
develop a control algorithm for emergency response related to fire and explosion hazardous landfills
close to settlements.

Keywords: solid waste, fire and explosion hazard, mathematical apparatus, initial conditions,
boundary conditions.

OOPMYBAHHSA MATEMATHUYHOI'O AITAPATY METO/IUKHA
NPOTUJIII MOXKEXXOBUBYXOHEBE3IEI OB’EKTIB
3AXOPOHEHHS IMOBYTOBUX BIAXO/IB

PamkeBuu H. B.l, ITacTyxoBa A. A.l, Konosaua B. M.Z, Cuosincbknii B. K.2
'Hayionanenuii ynisepcumem yusinonoz2o saxucmy Ykpainu

“Yepracekuti 0eparcashuti mexnono2iunuii ynisepcumen

$Yepracoruii Haykoso-0ocnionuii excnepmuo-kpuminanicmuynuti yenmp MBC Yipainu

AHoTamisi: ABTOpaMH B poOOTI mpoaHANi30BaHO IMOKEKOBHOyxoHeOe3neka 00’ €eKTiB
3aXOpPOHEHHSI TBEPAMX MOOYTOBUX BIXOJIB 3 ypaxyBaHHSIM Cy4YacHHUX TEHJICHINIH BIPOBAJKEHHS
cucTeM 300py Ta yTuiizamii Oiorasy (MeraHy). MeTaH pOTrJISIa€ThCs SK albTEPHATUBHE JDKEPEIIO
EHepTrii A1 eHePreTHYHUX YCTAaHOBOK. 3a pe3ysIbTaTaMy aHali3y Ta CUHTE3y (DaKTOpiB BUHUKHEHHS Ta
MOLIMPEHHS TEXHOT€HHOI HeOe3NeKH, HasBHUX MaTeMaTHYHUX MOJAelIed Ta METOOUK MPOTHIIT
TEXHOTeHHIN HeOe3rel 10 BUKIAJeHI B HOPMATHBHIN JIiTepaTypi, HAYKOBIH MEpioJAMKH 32 OCTaHHI
POKHM BH3HAYEHO IIOYATKOBI Ta TPaHUYHI yYMOBHM ICHYBaHHS MAaTE€MaTH4HOrO arapary METOAUKU
npoTuii moxexxkoBHOyxoHeOe3neni 00’€KTiB 3aXOPOHEHHsT TBEPAMX MOOYTOBHX BIJIXOMIB, IO €
OCHOBOIO ISl TTOJANIBIIOI PO3POOKH BIAMOBIIHOI METOAMKH MPOTHU/IT HAJA3BUYAKHIN cuTyaii. Y Xoi
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aHayizy aBTOpPaMU BCTAHOBJICHO, IO BOJIOTICTh, TeMIlepaTypa MacUBY 3BIMIIHUX IPYHTIB
(moOyTOBUX BiAXOMIB), HASBHICTH Y JOCTATHIM KITBLKOCTI KHCHIO y TIEBHUH MOMEHT 4acy iHIIIIOIOTh
YTBOPCHHSI TOXKEKOBHOYXOHEOE3MEYHOT KOHIICHTPAIlii METaHy B MACHBI Ta CIPHUSIOTH MOIIMPESHHIO
HeOe3nell Ha ToNiroHax a0o 3BaJMINAX 3a HACTIAKAMH BIUIMBY, SK Ha JOBKULISA, TaK W JIFOJCH.
IIntoma Bara opraHiuHOi CKJIaMOBOi, 3HaYEHHS MIUTFHOCTI MacWBY, BHCOTa 3aXOPOHEHHS BiIXOIiB
BIUIMBAIOTh Ha MPOIEC MPOTUAIl HeOe3mell, a caMe 3ano0iraHHs BUHUKHECHHS HEOe3NeuHol Mol Ta
MOTIePE/KEHHS TICPEPOCTAHHS HAJ[3BHUYAHOI CHUTyaIlii 3 00’€KTOBOrO0 Ha HaMOLIbII BHCOKUN PiBEHBb
MOIIUPEHHS (MICIIEBUH PiBEHB), B MEPITy YEPry 3a HACTIAKAMH MEPIIOi TPYIH MPIOPUTETHOCTI, SIK TO
KUTBKICTh JKEPTB Ta MOCTPAXKAATUX IUBUTBHUX 0ci0 Ta (axiBiiB mimposniniB depxaBHOI ciyKOm
VYkpainu 3 Haja3BUYaiiHUX cuTyaliii. KoleKkTHBOM aBTOpIB BH3HAYEHO CHCTEMY PIBHSHB 3B’SI3KY
ICHYBaHHS MAaTEeMATHYHOTO amapaTy 3 ypaxyBaHHSM TOYATKOBHX Ta TpaHUYHUX yMmoB. Cucrema
3B’SI3KY JI03BOJISIE Y TIOJIATBIIIOMY PO3POOUTH KEPYIOUHH allTOPUTM METONWKH MPOTUAIT HaA3BUIaHHIT
CHUTYyaii, sSiKa MOB’sA3aHa 3 TOXKEKOBUOYXOHEOE3MEeKOI0 00’ €KTIB 3aXOPOHEHHS TBEPAMX MOOYTOBHX
BIJIXOJIiB, 1[0 HAOJMKEHI J0 HACEJICHUX MYHKTIB.

KaiouoBi ciaoBa: moOyTOBI BigXoaw, MOXKEXKOBHOyXOHeOe3Neka, MaTeMAaTHYHHH arapar,
MOYaTKOBi YMOBH, TPaHUYHI YMOBH.
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1 INTRODUCTION

Areas of landfills and dumps for solid waste are increasing every year and approaching
settlements [1, 2]. Combustion processes are constantly taking place at these facilities.
However, the problem of fires and explosions is especially acute. Waste combustion occurs
not only on the surface of landfills but also in the depths of waste accumulation masses [3].
The main consequences of the hazard include both the pollution of environmental
components, a significant area of their distribution, and a significant number of dead, injured,
people with impaired living conditions. Minimization of these consequences is a priority in
the activities of the State Emergency Service of Ukraine. Thus, the solution to the problem of
ensuring fire and explosion safety of solid waste disposal facilities becomes relevant.

2 ANALYSIS OF LITERATURE DATA AND PROBLEM STATEMENT

Research has shown that the scientific community, for the most part, considers landfills
as sources of environmental pollution regularly, as well as as a result of an emergency
(emergency) or a hazardous event (NP) related to fire and explosion hazards. In [4] it was
noted that an important characteristic in assessing the fire and explosion hazard of solid waste
disposal facilities (SMW) is the morphological composition of waste. Some scientists [5, 6] in
support of statistics [1, 2] note that the largest category of waste is food and green waste.
Food and green waste are raw materials for the formation of biogas (methane), which can
burn and explode. SMW are a heterogeneous mixture in which almost all chemical elements
are present both in pure form and in the form of various compounds. The most common
chemical elements are carbon and hydrogen [7]. Studies [8] showed the pyrotechnic
characteristics of SMW samples. In practice, it is impossible to eliminate the combustible
component of waste at the landfill. Considering the morphological composition, the authors
[5-7] focus on the calorific value of waste to use it as a raw material for the formation of an
alternative energy source. The interest in biogas as an alternative energy source is growing
every year in the world [8]. The main components of biogas are methane (on average up to
60% of the total composition), carbon dioxide, nitrogen impurities, hydrogen sulfide, oxygen,
hydrogen and other gases [9]. But it should be borne in mind that the composition of SMW,
which are sent for disposal, is influenced by many factors (climatic conditions, seasonality,
living standards, level of secondary raw materials market), which impose restrictions on the
reliable and safe production of quality methane in biogas.

Much of the work of scientists is devoted to the study of optimal conditions for the
maximum formation of combustible methane gas in the biogas in the burial sites of SMW. In
works [10-12] the optimal range of humidity (60-80%), temperatures (35-40 °C for
mesophilic activity and 50—65 °C for thermophilic activity) is given. However, compliance
with the optimal values of the factors of formation of the maximum amount of methane can
increase the emergence of man-made hazards - reducing the stability of the waste mass due to
excessive moisture, or the formation of voids due to waste incineration at high temperatures.

The most common causes of fires are an increase in the oxygen content of the waste due
to the violation of landfill technology (insufficient sealing or insulation layer, the placement
of excessive amounts of waste), the excess of biogas collection. The use of large volumes of
water during extinguishing can lead to a portion of the oxygen in the thickness of the waste
and enhance the processes of aerobic decomposition — the formation of flammable explosive
gas — methane. Studies [13] have shown that the increase in temperature in the SMW array
depends on humidity, morphological composition, activated carbon content, density, heat
capacity, thermal conductivity and thermal conductivity of waste. Modelling of thermal
processes in the waste array shows the patterns of origin and development of combustion
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processes. Under certain conditions, the rate of heat release of the oxidation reaction of
combustible substances may exceed the rate of heat loss, which leads to a continuous increase
in the temperature of the substance and its ignition [4].

Forecasting and prevention of fires at landfills, as a factor in reducing stability [14], is
extremely difficult due to the different specific heat of waste. Until the fire or smoke came to
the surface, it is almost impossible to detect the source of ignition visually [15, 16]. Also, the
results of modelling the temperature distribution in the waste massif at different temperatures
of the combustion source [17] indicate the impossibility of accurate detection on the surface
by contact methods of underground fire. The state of development of phytocenoses can be
used as an indicator of underground fire, but, unfortunately, low efficiency. The above-
mentioned works emphasize the fire and explosion hazards at the landfills but do not fully
disclose the issue of increasing the level of man-made safety.

In works [18, 19] the mathematical apparatus of the method of prevention of emergencies
of cascade type of propagation, associated with the landslide of landfills at the landfill with
liquidation-intensive technological equipment. The mathematical model consists of analytical
equations of dependence of the number of dead, injured, people with impaired living
conditions on the physical properties of landfill soils, such as humidity, density, temperature,
and technological indicators of existing power equipment. The condition for the existence of
the proposed model is a set of initial and boundary conditions for non-outgrowth of the
consequences of emergencies outside the object level of hazard distribution, taking into
account the maximum amount of methane in the biogas. However, given not only the hazard
associated with landfill landslides, but the unresolved part of the problem is also the lack of a
comprehensive and effective method of counteracting the emergency associated with fire and
explosion of landfill sites close to settlements where fire, the explosion can be considered as
the initiating factors of the shift. Thus, there is a need to determine the conditions for the
formation of the mathematical apparatus, which adequately describes the process of
preventing an emergency or preventing an emergency related to fire and explosion of solid
waste disposal facilities for further development of appropriate methods of combating hazard
to civilians and specialists of divisions of the Stater Civil Emergency Service of Ukraine.

3 PURPOSE AND OBJECTIVES OF RESEARCH

The work aims to determine the conditions for the formation of the mathematical
apparatus of the method of counteracting the emergency associated with fire and explosion
hazards of landfil close to settlements.

To achieve this goal it is necessary to solve the following scientific problems:

— to determine the initial and limit conditions of existence of the mathematical apparatus
of the method of counteracting the emergency related to fire and explosion hazard of landfill;

— to determine the basic equations of connection of the mathematical apparatus of the
method of counteraction the emergency related to fire and explosion hazard of landfill.

4 RESEARCH RESULTS

There are probabilities of occurrence of both hazardous event and emergencies at the
landfills, which are characterized by the size of the consequences. Methane, as a component
of landfill gas (biogas), is a hazardous factor in the occurrence and spread of fire, explosion —
hazardous event or emergency.

Mathematical modelling is the main tool for studying the process of methane generation.
To calculate the gas-energy potential of biogas (methane), a significant number of
mathematical models have been developed: Tabasaran-Rettenberger, B. Weber, LandGEM,
AKG. KD Pamfilova, AM Shaimova and others. The most important factors for the study of
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methane generation are humidity, morphological composition, active carbon content, density,
the temperature in the waste mass, storage height, service life of the object.

The optimal approach to obtaining complete and reliable assessment data, methane
generation forecast is to combine the results of mathematical modelling with field research.
However, the use of direct field measurement methods is limited. The limitations are due to
their complexity and high cost.

Explosives at landfills undergo complex physical, chemical and biological
transformations with the release of landfill gas.

The initial volume after unloading the SMW on the burial map is significantly reduced
due to self-sealing. To reduce the volume occupied, the waste is compacted with the help of
special heavy equipment (bulldozers, rollers) - the density reaches 1 t/m*. The formed
substrate has anomalous geophysical characteristics, anomalous engineering and geological
parameters, as well as inhomogeneous filtration properties and poor drainage. The higher the
density (microbiological life in such material slows down), the less gas is formed, and the
reduction of waste fractions increases gas formation.

Among the chemical processes at the landfills of SMW are redox and photochemical
reactions, hydrolysis and depolymerization, the formation of sparingly soluble and complex
compounds.

Biodegradation occurs under the action of a large number of microorganisms. The main
place is occupied by bacteria, which provide the beginning of the process of decomposition of
organic matter and a rapid temperature rise. First, a group of mesophilic bacteria develops,
and after heating the waste medium, a group of thermophilic bacteria begins to actively
develop, which can break down more stable organic compounds. It should be borne in mind
that some chemicals (such as heavy metals) are toxic and inhibitors of microorganisms.

Aerobic decomposition takes place in the upper layers of the burial massif at a depth of
50-80 cm and is usually quite short, as its duration is limited by the amount of oxygen. This
stage is characterized by the formation of carbon dioxide, water, nitrates, nitrites, nitrogen,
organic residues and large amounts of heat. As the waste is compacted and isolated by the
soil, the aerobic phase of microbiological decomposition tends to become anaerobic-aerobic
microorganisms go into an anaerobic state. This is caused by insufficient oxygen supply to the
waste layer to meet the conditions of the aerobic process.

Anaerobic decomposition is slower and is accompanied by an order of magnitude less
heat release. In the hydrolysis phase under the action of bacteria is the decomposition of
easily degradable and hydrolysis of cellulose-containing waste. In the acetogenic (acidic)
phase — further decomposition of cellulose with the formation of low molecular weight acids,
alcohols. The environment in the body of the landfill becomes very acidic. Acids reduce the
hydrogen index, which contributes to the decomposition of easily and moderately
decomposable waste. Acids together with moisture release nutrients for methane-forming
microorganisms. Then comes the methanogenic phase in which the acids formed in the
acetogenic phase decompose, with significant methane formation. Over time, the amount of
nutrients decreases and the process of methane formation attenuates. Anaerobic
microorganisms receive the energy necessary for life as a result of the decomposition of
organic matter. The proportion of the organic component of SMW (paper, wood, textiles,
plant and food residues) determines the number of micronutrients required for methane-
forming microorganisms.

Humidity is a necessary factor for the activity of many microorganisms, including
methane-forming ones. The solubility of carbon dioxide in water is higher than the solubility
of methane, so the high humidity of SMW increases the methane content in the gas phase.
The actual moisture content in the array is determined by the initial humidity of solid waste,
measures to comply with disposal technologies.
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Temperature, like humidity, is a determining factor in bacterial activity. Mesophilic
groups of methane-forming bacteria actively work at temperatures up to 40 °C, thermophilic -
up to 70 °C. The optimal temperature value for the efficient process of methane formation is
in the range of 3040 °C. The level of gas formation decreases significantly when the value of
the optimal temperature changes [12].

Taking into account the analysis of factors contributing to the formation of methane in
the landfill gas (biogas), the initial conditions of hazard are described by expression (1):

w(t) =w,
TMH=T, 1)
O,(t)=0,,.

Thus, the initial conditions are the mathematical apparatus of counteraction to the
emergency connected with the fire safety of objects of protection of SMW which are close to
settlements, is a set of value of moisture. w, the temperature of the landfill massif (dump) T ,

the presence of sufficient oxygen O,, which at a certain point in time t initiate the formation

of explosive concentrations of methane in the array and the spread of hazard as a result of
exposure.
The boundary conditions for counteracting the hazard are described by expression (2):

Cstart < C < Cfin
pstart < p < pfin (2)
hstart < h < hfin '

Thus, the boundary conditions for the existence of the mathematical apparatus of the
method of counteracting the emergency associated with fire and explosion hazards of
landfills, close to settlements, is a set of interval values of the specific gravity of the organic
component C, density p, height of waste disposal h, which affect the process of
counteracting the hazard.

Taking into account modern domestic scientific approaches in the field of civil protection
of Ukraine and the relevant regulatory framework (Order of the Ministry of Internal Affairs of
Ukraine dated 06.08.2018 Ne 658 «On Approval of Classification Features of Emergencies»,
National Classifier of Ukraine «Emergency Classifier» DK 019: 2010, Resolution of the
Cabinet of Ministers of 24.03.2004 Ne 368 «On approval of the Procedure for classification of
emergencies by their levels»), emergencies are a conditional level of emergency, which is
achieved by one or more dominant features, in terms of the level of threat and/or
countermeasures of the Stater Civil Emergency Service of Ukraine (CES of Ukraine). The

number of negative consequences of the emergency should include: the number of victims g,
and the number of victims q,, as a consequence of the priority group; the number of people
with impaired living conditions ¢, and the amount of damage caused g, — are consequences

of the second priority group; emergency zone ¢, and the costs of emergency response g, —

are consequences of the third priority group.

Given the above, the implementation of emergency response methods related to fire and
explosion hazards of solid waste disposal facilities should ensure the absence of damage to
both civilians and specialists of the CES of Ukraine. This can be achieved through the
development and compliance with effective organizational, operational, informational
measures based on the mathematical apparatus — are general equation (3):
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Q) = f(w, p,T,0,,C,h,t). 3)

In case Q(t)=HE — the prevention of hazardous event (negative consequences did not

occur), analytical equation (3), describes the relationship between the dependence of
explosive methane concentration on humidity w, density p, temperature T , and the presence

of sufficient oxygen O,, organic component C in the massif of landfill soils (SMW), height
h and time t waste decomposition. In case Q(t) =ES - the warning of emergency situation

(territory of hazard distribution, expenses for liquidation of consequences, the size of the
caused damage, number of dead, victims, persons with disturbance of living conditions did
not reach local level), analytical equation (3), describes the connection of dependence of the
number of dead and injured persons as a consequence of the first level of priority.

The basic communication equations of the mathematical apparatus of the emergency
response method are a system (4), the condition of existence is a set of initial conditions (1) of
hazard and boundary conditions (2) to prevent and prevent the spread of hazard associated
with physicochemical properties landfill (SMW):

{Qprev(t) = foe (W, 2, T,0,,C,h,1), providing q, =0;

4
Qwar (t) = fwar (W! p’T ' O2 ! C' h1t)’ prOViding q](.)bf) < ql...6 < q:ll.oc(?l ' ql...6 # 0 ( )

Thus, a system of communication equations is defined taking into account the initial and
boundary conditions of the mathematical apparatus, which allows to further develop a control
algorithm for emergency response methods related to fire and explosion hazards of landfills
close to settlements.

5 DISCUSSION OF RESEARCH RESULTS

According to the results of analysis and synthesis of factors of occurrence and spread of
fire and explosion hazards at landfill, set out in the regulatory literature in the field of civil
safety, scientific sources, statistical reports, it is established that today there is no effective
mathematical apparatus that adequately describes the process of hazardous events and
prevention of emergencies related to fire and explosion hazard of these objects, close to
settlements. A warning is to prevent an emergency from escalating from an objective to the
highest level of distribution (local), primarily as a result of the priority group, such as the
number of victims and injured.

SMW storage facilities are so-called biochemical reactors, in which landfill gas (biogas)
is formed due to anaerobic decomposition of the organic component. The bulk of biogas is
made up of gases - methane and carbon dioxide. Methane is a more hazardous component in
terms of solving civil security problems. Fire and explosive gas collection and utilization
systems are widely used in landfills or dumps. However, it should be additionally taken into
account that the process of decomposition of the organic component of SMW takes place
unevenly with different intensities: aerobic decomposition with the release of carbon dioxide
may predominate on one part of the object, and intensive methane on the other. Oxygen binds
carbon and prevents the formation of methane.

Management of waste decomposition processes based on the regulation of physical and
chemical properties of landfills (SMW) helps to reduce man-made hazards. It is not always
advisable to implement technologies for the collection and utilization of biogas at landfills,
while the issue of fire and explosion safety remains relevant. When choosing the appropriate
technology to reduce the risk of landfills, it is necessary to take into account: morphological
composition - the percentage of the organic component; time and height of burial; guarantees
of waste delivery (their composition and quantity); distance to the electrical network;
availability near the final consumer for direct use of biogas; oPortunity for capital and

N. Rashkevich, A. Pastukhova, V. Konoval, V. Slovinskyi
24 https://doi.org/10.31650/2618-0650-2021-3-2-18-28




111, Ne2, 2021
Crop. 18-28 / Page 18-28

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

operating costs for technology implementation; availability of suppliers of equipment and
services; availability and qualification of operators for operation and maintenance of
equipment.

In the course of the research, a mathematical basis for the development of emergency
response methods related to fire and explosion hazards of landfills close to settlements, the
implementation of which will prevent hazardous event or warning emergencies - to limit the
spread of hazard from the object level to more high (local), to protect civilians and specialists
of the CES of Ukraine from damage.

6 CONCLUSIONS

1. The initial and limiting conditions of existence of the mathematical apparatus of the
method of counteraction the emergency related to fire and explosion hazard of of landfill are
defined. The initial conditions for the existence of the mathematical apparatus of the
emergency response method associated with fire and explosion hazards of solid waste are the
conditions of man-made hazards that change over time, namely humidity, the temperature of
landfill (solid waste), the presence of sufficient oxygen at a certain point in time initiate the
emergence of hazard — the formation of explosive concentrations of methane in the array and
the spread of hazard as a result of exposure. The limiting conditions for the existence of the
mathematical apparatus of the emergency response method are the conditions for preventing
and preventing the spread of man-made hazards, namely the specific weight of the organic
component, the density of the array, the height of waste disposal affect the hazard response
process. The above list is sufficient to address issues of civil safety — combating fire and
explosion hazards of landfill, to protecting civilians and specialists of the Civil Service of
Ukraine for Emergencies.

Scientific work is further aimed at establishing the area of effective solutions for the
selection of variations of solutions of individual problems to assess these indicators of the
initial and boundary conditions of the mathematical apparatus in the development of
aPropriate methods.

2. The system of communication equations is defined taking into account initial and
boundary conditions of existence of the mathematical device that allows developing further
the control algorithm and the technique of counteraction the emergency related to fire and
explosion hazard of landfills close to settlements. The process of counteracting the emergency
includes a set of measures aimed at preventing the occurrence of fire-explosive concentrations
of methane, and with the already existing hazard to limit the number of injured and dead.
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EVALUATION OF FIRE RESISTANCE OF FIRE PROTECTED
STEEL STRUCTURES BY CALCULATION AND
EXPERIMENTAL METHOD
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Abstract: Based on the developed geometric, physical, computer and finite element model, the
fire resistance of fire-resistant steel structures was evaluated by calculation and experimental method.
The adequacy of the developed computational-experimental method for assessing the fire resistance of
fire-resistant steel structures in assessing the fire resistance of a fire-resistant I1-beam steel column was
verified. The results of tests for fire resistance of steel columns with fire-retardant coating at standard
temperature of the fire without the load applied to them (temperature in the furnace, temperature in
certain places on the surface of fire-retardant steel columns, the behavior of the investigated fire-
retardant coating). The analysis of tests on fire resistance of fire-resistant steel columns exposed to fire
at standard temperature (temperature in the furnace, temperature in places of measurement of
temperature on a surface of columns, behavior of a fire-retardant covering) is carried out. A computer
model of the «steel column — reactive flame retardant coating» system has been built for numerical
simulation of non-stationary heating of such a system. Simulation of non-stationary heating of the
system «steel column — fire-retardant coating» in the software package FRIEND with the specified
parameters (geometric model, thermal effects, initial and boundary conditions, properties of system
materials). The reliability of the results of numerical modeling with real experimental data on the
duration of fire exposure at the standard temperature of the fire to reach the critical temperature of
steel. Based on the comparison of experimental results and numerical simulations, a conclusion is
made about the adequacy of the developed model to the real processes that occur when heating fire-
retardant steel columns without applying a load under fire conditions at standard fire temperature. The
efficiency of the proposed calculation and experimental method for assessing the fire resistance of
fire-resistant steel structures has been confirmed.

Keywords: fire resistance, method of fire resistance assessment, fire protection, fire protection
ability, fire protective coatings, steel structures.

OIIHIOBAHHSA BOTHECTIMKOCTI BOTHE3AXUIIIEHUX
CTAJIEBUX KOHCTPYKIIIA PO3PAXYHKOBO-
EKCIIEPUMEHTAJIBHUM METOAOM

KoBaaboB A. I.l, OTtpoun 1O. A.l, Tomenko B. I.Z, CuoBincbknii B. K.2
'Hayionansnuii YHigepcumem yusiibHO20 3axucmy Ykpainu

*Yepracvkuii incmumym nosicexcroi besnexu im. Iepoie Yoprnobuns HYI]3 Yipainu
$Yepracvruii naykoo-docnionuii excnepmuo-kpuminanicmuunuii yenmp MBC Yipainu

AHotamnis: Ha ocHOBI po3poOiieHHX TreoMeTpuyHOi, (i3MYHOI, KOMIT'IOTEpHOI Ta CKiHYCHHO-
€JIEMEHTHOI MOJIENI 31iCHEHO OLIHIOBaHHS BOTHECTIMKOCTI BOTHE3aXMIIEHUX CTAJCBUX KOHCTPYKLIH
PO3paxyHKOBO-EKCIIEPUMEHTAJILHUM MeToJ0M. [IpoBeneHo mepeBipKy afeKBaTHOCTI po3po0JieHOro
PO3paxyHKOBO-EKCIIEPUMEHTAILHOTO ~ METOJY  OIIHIOBaHHS  BOTHECTIHKOCTI  BOTHE3aXHIIEHUX
CTaJeBUX KOHCTPYKLIHl NpH OLIHIOBaHHI BOTHECTIMKOCTI BOTHE3aXHILEHOI JBOTaBPOBOI CTaJIEBOL
konoHu. llpenctaBneHo pe3ynbTaTh BUNPOOYBaHb HA BOTHECTIHKICTH CTajleBUX KOJOH 3
BOTHE3aXUCHUM IOKPUTTSM TMpPU CTaHJAPTHOMY TEMIIEPATypHOMY PEKUMOBI IMOXKexXi 0e3
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MPUKIIAJICHOTO JIO HUX HABaHTKEHHS (TeMIlepaTypa B Tedi, TeMIIepaTypa y BH3HAYCHUX MICIfX Ha
TTOBEPXHI BOTHE3AXUITICHUX CTAJICBUX KOJIOH, IIOBEIIHKA TOCITIPKYBAHOTO BOTHE3aXUCHOTO TTOKPHUTTSI).
[IpoBeneHo anami3 BUMPOOYBaHb Ha BOTHECTIHKICTh BOTHE3aXWIIEHUX CTaJICBHX KOJOH, MIO
MiAaBanucs BIUTUBY TOXEXKi 32 CTaHAAPTHUM TEMIIEpaTypHUM peXHMOM (TeMrepaTypa B IMedi,
TeMIlepaTypa y MiCIAX BUMIPIOBaHHA TEMIEpaTypH Ha MMOBEPXHI KOJIOH, MOBEIIHKA BOTHE3aXMCHOTO
nokpuTTs). [1o0y10BaHO KOMIT' FOTEPHY MOJEIH CUCTEMH «CTajleBa KOJIOHA —PEaKTHBHE BOTHE3aXHCHE
MOKPUTTS» I YACEIILHOTO MOJETIOBAaHHS HecTallioHapHOTO MporpiBy Takoi cuctemu. [IpoBeneHo
MOJICJTIOBaHHS HECTAI[IOHAPHOTO MPOTPIBY CHCTEMH «CTalieBa KOJIOHA — BOTHE3aXUCHE MOKPUTTS» B
nporpamHoMmy komrmiekci FRIEND 3 3amanmmm mapamerpamu (T€oMeTpHYHA MOJENh, TETUIOBI
BIUIMBHU, TMOYATKOBI Ta TpaHU4YHI yMOBH, BIIACTMBOCTI MarepianiB cucTemHu). lIpoBeneHo OLiHKY
JOCTOBIPHOCTI Pe3yJIbTATIB YUCEIFHOTO MOJICIIOBAHHS 3 PEATbHUMH €KCIIEPUMEHTATLHUMH JAaHHUMU
IOZ0 TPHUBAJIOCTI BOTHEBOTO BIUIMBY 3a CTAHJAPTHHM TEMICPATYPHUM pPEXHMOM TIOXEXi 0
JOCSITHEHHSI KPUTUYHOI TemmepaTypu cTtaii. Ha OCHOBI MOpiBHSHHS pe3y/ibTaTiB €KCIIEPUMEHTY Ta
YHCENBHOTO MOJENIOBaHHS 3pOOJICHO BHCHOBOK IMPO aJEKBATHICTH PO3pOOJICHOT MOJENi peanbHuM
mporecam, Mo BiAOyBarOThCS NP HArpiBaHHI BOTHE3aXHWIEHWX CTAJIEBHX KOJOH 0€3 MPHUKIaIeHHS
HABaHTa)XCHHS B YMOBaX BOTHEBOTO BIUTUBY 3a CTaHJAPTHOTO TEMIIEPATYPHOT'O PEXKUMY IMOMKEKI.
[linTBepkeHa Mpane3JaTHICTh 3alpPONOHOBAHOTO PO3PaxXyHKOBO-€KCIIEPUMEHTAIBFHOTO METOY
OIIIHIOBaHHS BOTHECTIHKOCTiI BOTHE3aXUIIIEHUX CTAIEBUX KOHCTPYKIIIH.

KarouoBi cJjioBa: BOrHecTiliKicTb, METOJ OIIHIOBAaHHS BOIHECTIHKOCTI, BOTIHE3aXHCT,
BOTHE3aXHCHA 3J]aTHICTh, BOTHE3aXHMCHI IIOKPUTTSI, CTaJIeBl KOHCTPYKIIii.
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1 INTRODUCTION

Despite technical advances in construction and fire-fighting technologies, the latter has
not become less dangerous. Fires claim thousands of lives and cause billions in damage.
About 51% of all fires in the world occur in buildings and structures and transport. At the
same time, 90% of all fire victims die on the premises.

These factors create a need to protect people from the impact of the identified threats.
One of the most dangerous factors is fires in buildings and structures. Ensuring the safety of
people and property must be performed taking into account all stages of the life cycle of
facilities, such as scientific support and monitoring, design, construction, operation, as well as
to exclude fires. Preventing the occurrence of fire allows technical means and organizational
measures, in which the probability of occurrence and development of fire does not exceed the
standard allowable value. The condition for reducing the irreversible consequences of fires at
various facilities is the preservation of the bearing capacity of buildings, structures of
technological structures and communications.

These stability requirements are provided by a set of measures provided for both
production technology and the use of effective fire-retardant coatings for fire protection of
building structures.

Therefore, in the context of globalization and increasing threats to humans, the first place
is played by maintaining the resilience of buildings and structures in the event of fires and
other natural disasters, as well as preserving their functional purpose after such impacts.

2 ANALYSIS OF LITERATURE DATA AND PROBLEM STATEMENT

Many well-known scientists have dealt with the issues of fire resistance assessment of
fire-resistant steel structures. In [1], the authors developed two models of steel beams using
ANSYS and OpenSEES programs, which take into account the constant mechanical load and
the influence of fire temperature but do not take into account the presence of fire protection
systems and their impact on modelling accuracy. The authors in [2] propose to use in the
calculation of the temperature of fire-resistant steel structures in case of a fire a constant value
of the thermal conductivity of the reactive fire-retardant coating, as it does not affect the
accuracy of the calculations. However, as is known, the greatest accuracy of calculations is at
the value of the thermal conductivity of the fire-retardant coating, which depends on the
temperature. In [3] the results of the test for fire resistance of unprotected steel beams in
comparison with simple and improved calculation methods given in EN 1993-1-2 are
presented. The results showed the difference between the experimental and calculated
temperature values obtained by FEM analysis. [4] presents a method for assessing the fire
resistance of fire-resistant reactive fire-retardant coatings of steel structures. The method can
be used to predict the behaviour of fire-retardant steel structures in different conditions
(change in the coefficient of a cross-section of steel, coating thickness and type of fire
exposure). However, there are no reliable data on the versatility of the method, including for
passive fire-retardant coatings and the influence of climatic factors. In [5] experimental and
calculated data on the determination of the temperature of steel plates with a fire-retardant
covering in the conditions of fire influence on a standard fire have resulted. The authors
analyze the possibility of using samples of reduced size and shape other than the size and
shape of standardized samples of steel structures to assess the fire resistance of fire-resistant
steel structures. In [6] we consider the results of experimental tests of steel plates of different
sizes with water-based flame retardant coating, aimed at studying the thermal properties and
the ratio of temperature and thickness of the coating in tests of steel plates of different
thicknesses at standard temperature or slow-moving fire. However, the issues of the influence
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of fire temperature regimes on the accuracy of fire resistance assessment of fire-resistant steel
structures have not been fully investigated.

The conducted analysis allows to state the tendency to spread the application of the
calculation-experimental method for estimating the limits of fire resistance of fire-resistant
steel building structures and fire-retardant ability of coatings for such structures. This method
allows taking into account the values of thermophysical characteristics of fire-retardant
coatings not only as constant values but also as a function of temperature. This allows to
increase the accuracy of the method and take into account the processes of heat transfer in the
fire-resistant steel structure under the influence of different temperature regimes of fire.

Thus, the unsolved part of the problem is the lack of effective methods for assessing the
fire resistance of fire-resistant steel building structures with scientifically sound parameters of
fire protection systems in the form of both reactive and passive fire-retardant coatings.
Solving this problem will increase the accuracy of estimating fire-resistant steel structures
with sufficient accuracy for engineering calculations using the results of fire resistance tests,
which are fully correlated with the results of numerical simulations in modern software
packages.

3 THE PURPOSE AND OBJECTIVES OF THE STUDY

The work aims to assess the fire resistance of fire-resistant steel structures using the
developed calculation and experimental method.

To achieve this goal needed to solve the following tasks:
— to analyze the results of tests for fire resistance of 2 fire-retardant steel columns;

— to build a physical, geometric, computer model of non-stationary heating of a fire-
retardant steel column, in which to take into account and build:

— the geometry of the object under study;

— finite element model;

— thermal effects on the structure;

— choose the calculation algorithm for processing the obtained experimental data.

4 ANALYSIS OF FIRE RESISTANCE TEST RESULTS

The test was subjected to 2 steel columns of I-beam section HEB 200 (thickness 6.1
mm), height 2 m. The columns were treated with flame retardant “Amotherm Steel Wb” after
the pre-application of soil GF-021. Three thermocouples were placed on each sample
according to [7], as shown in Fig. 1.

| Thermocouples

A 7 r ey
AN ] ; P - ’ £
‘"‘J/ | =7
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Fig. 1. Diagram of the location of thermocouples on samples of columns that are tested without load

|~
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The flame retardant was applied by mechanization and manually. The average coating
thickness was 2.927 mm. The experiment was performed at an air temperature of 27°C,
relative humidity of 54%. The average thickness of the coating of flame retardant “Amotherm
Steel Wb was (dry state without soil) 2.928 mm on the sample Ne 1 and 2.925 mm — on the
sample Ne 2. Fig. 2 shows the types of samples in the furnace before (a) and after (b) the tests.

a b
Fig. 2. Types of samples in the furnace before (a) and after (b) the tests

A special test furnace and metrological calibrated measuring equipment were used for the
tests.
The temperature of the fire was determined by the formula:

®, = 20+345Ig(8t +1), (1)

where Og — the temperature of the gas environment in the fire compartment, “C; t — time,
min.

The temperature in the furnace was reproduced according to the standard temperature of
the fire (Fig. 3).

g1, °C
1000
800
600
400

200

0 i ; i i i
0 20 40 60 80 100t min

Fig. 3. Dependence of temperature in the furnace on the duration of fire influence: 1 — a curve of a
standard temperature mode, 2 — a real curve of change of temperature in the furnace; 3 — the
maximum values of temperature in the furnace are admissible at tests; 4 — the minimum values of
temperature in the furnace are admissible attests

The volume swelling coefficient of the Amotherm Steel Web coating was 38.3 cm®/g
(conditional linear swelling factor 47.9).

The dependence of the average temperatures of the samples of steel columns with the
investigated fire-retardant coating on the time of fire exposure to the standard temperature of
the fire is shown in Fig. 4.
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Fig. 4. Dependence of average temperatures of samples of fire-retardant steel columns on the time of fire
exposure according to the standard temperature of the fire: 1 — sample column Ne 1; 2 — sample column Ne 2

As shown in Fig. 4 temperature dependences were compared with the results of computer
simulation of non-stationary heating of a fire-retardant steel column, performed using
FRIEND software.

These temperatures were compared with the results of computer simulations of non-
stationary heating of a fire-retardant steel column, performed using FRIEND software. To
compare the simulation results with the experimental determination of the temperature of the
steel column in certain places under fire conditions according to the standard temperature of
the fire, we took the values of the column sample temperature Ne 2 (Fig. 4, curve 2), which
warmed up the most.

5 CONSTRUCTION OF MODELS OF NON-STATIONARY HEATING OF
FIRE-RETARDANT STEEL COLUMN

The computer model of the thermal state of the investigated fire-retardant column was
built on the basis that the column is heated in the furnace on four sides equally. Therefore,
each surface of the column is considered as a two-layer system consisting of a layer of steel
and a layer of fire-retardant coating of appropriate thickness. This model allows the
calculation of the temperature distribution at all spatial points of the layers over time and, in
particular, at the locations of thermocouples not only by the standard temperature of the fire
but also by other alternative fire modes (Fig. 5).

a b c d

Fig. 5. Construction of geometric (a, b, ¢) and finite element model (d) of fire-retardant steel column

A. Kovalov, Y. Otrosh, V. Tomenko, V. Slovinskyi
34 https://doi.org/10.31650/2618-0650-2021-3-2-29-39




MexaHika Ta MaremMaTH4Hi meromu [ % 111, Ne2, 2021
Mechanics and mathematical methods Crop. 29-39 / Page 29-39

A physical model of the system “steel structure - fire-retardant coating” has been
developed (Fig. 6).

1 2
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Fig. 6. Physical model of the thermal state in the system "fire-retardant
coating - steel plate™: 1 — steel plate; 2 — fire-retardant coating

This physical model takes into account that the heating surface of the fire-retardant
coating is heated by a convective-beam mechanism from hot gases in a furnace with a
temperature 0g,t. Inside the system “fire-retardant coating - steel plate - thermal insulation”
heat is transferred by thermal conductivity. The condition of ideal thermal contact between
the layers of the system is accepted. From an unheated surface of thermal insulation heat
exchange occurs by convection.

It is proposed to check the adequacy of the developed method for assessing the fire
resistance of fire-resistant steel structures on samples of reduced size in the form of steel
plates coated from one surface with a reactive flame retardant, forming a fire-retardant
coating on the protected surface (Fig. 6).

6 CHECKING THE ADEQUACY OF THE DEVELOPED METHOD FOR
ASSESSING THE FIRE RESISTANCE OF FIRE-RESISTANT STEEL
STRUCTURES

Thermophysical characteristics of the investigated fire-retardant coating for use in
calculations of non-stationary heating of a fire-retardant steel column were defined in [8]:
thermal conductivity coefficient as a function of temperature and constant value of specific
volume heat capacity 105 J/m*-°C.

The geometric dimensions of the column for modeling its thermal state are shown in
Fig. 7.
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Fig. 7. Steel column: a — general view; b — geometric dimensions
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Thermal conductivity A, and the specific heat of steel ca asked according to [9] and
Fig. 8, 9.

0 200 400 600 800 1000 6,.°C

0 i i i i i
0 200 400 600 800 1000 6,.°C

Fig. 9. Dependence of heat capacity of steel on temperature

The number of nodes of the numerical model was 15 nodes (10 nodes for steel structure
and 5 nodes for fire protection coating) in spatial coordinates with a time step of 60 sec.

As a result of numerical modelling by solving direct problems of thermal conductivity,
the calculated values of heating of a fire-retardant steel column were obtained, which are
shown in Fig. 10.

0 1000 2000 3000 4000 5000 6000 L sec

Fig. 10. Dependence of temperature of fire-protected steel columns on time of fire influence on a
standard temperature mode of a fire: 1 — the experimental curve of heating of column Ne 1; 2 — the
experimental heating curve of column Ne 2; 3 — curve calculated as a result of numerical simulation

As can be seen from Fig. 10, calculated as a result of numerical simulation, the curve of
the dependence of the heating temperature of the fire-retardant steel column on the time of
fire coincides with the experimental curves. It was found that the best convergence and,
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accordingly, the smallest allowable deviation range have the dependences of the column
temperature Nel with the temperatures that are calculated as a result of numerical simulations.
Thus, the largest error in measuring temperatures is observed at 20 minutes of calculation and
is 63°C. When comparing the results of numerical simulations with the results of tests for fire
resistance of the fire-retardant column Ne2, such an error for 20 minutes was 92°C. It can be
concluded that when using the results of tests for fire resistance of fire-retardant steel columns
at the standard temperature of the fire, it is necessary to take the average value of the test
results of two steel columns. Subsequently, the results of the average values of heating of two
fire-retardant steel columns were used for comparison, as shown in Fig. 11.

_______________________________

——————————————————————————————————————————————

0 1000 2000 3000 4000 5000 6000 t, sec

Fig. 11. Dependence of the average temperature of fire-retardant steel columns Nel and Ne2 on
the time of fire exposure according to the standard temperature of the fire: 1 — the experimental
heating curve of columns Nel and Ne2; 2 — curve calculated as a result of numerical simulation

From Fig. 11 it follows that the experimental curve of the average temperature values of
fire-retardant steel columns Nel and Ne2 and the curve calculated as a result of numerical
simulation have a satisfactory convergence. The results of experimental studies and numerical
analysis in the FRIEND program for a time interval of 20-40 minutes differ significantly in all
control points, but later this difference is stabilized, and until the end of the experiment does
not exceed 10.0%, which can be considered an acceptable result. All this indicates the
correctness of setting the initial and boundary conditions, the construction of mathematical
and physical models of thermal processes in the system “steel structure - fire-retardant
coating”. Ultimately, proves the efficiency of the developed method for assessing the fire
resistance of fire-resistant steel structures and the adequacy of real processes that occur when
heating fire-resistant steel columns without applying a load under fire conditions at standard
fire temperatures.

7 CONCLUSIONS

1. Geometric, physical, computer and finite element models for assessing the fire
resistance of fire-resistant steel structures have been developed. The peculiarity of the
developed models is taking into account the thermophysical characteristics of steel structures
and fire-retardant coatings that depend on temperature, as well as taking into account the
peculiarities of the formation of temperature regimes of fire.

2. Based on the offered models based on the developed calculation-experimental method
of estimation of fire resistance of fire-resistant steel columns of I-section without the loading
applied to them is estimated.

3. It is established that the best convergence and, accordingly, the smallest allowable
deviation range have the dependences of the column temperature Nel with the temperatures
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that are calculated as a result of numerical simulations. Thus, the largest error in measuring
temperatures is observed at 20 minutes of calculation and is 63°C. When comparing the
results of numerical simulations with the results of tests for fire resistance of the fire-retardant
column Ne2, such an error for 20 minutes was 92°C. It is concluded that when using the
results of tests for fire resistance of fire-retardant steel columns at the standard temperature of
the fire, it is necessary to take the average value of the test results of two steel columns.

4. It is established that for the accuracy of fire resistance assessment of fire-resistant steel
structures it is necessary to use the average values of temperatures of two fire-resistant steel
columns. The best convergence of the results of experimental and calculated determination of
the heating temperature of fire-retardant steel columns, which is not more than 10% of the
allowable deviation. The efficiency of the proposed calculation and experimental method for
assessing the fire resistance of fire-resistant steel structures and its adequacy to real processes
in non-stationary heating of fire-resistant steel columns in the standard temperature of the fire.
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UDC 539.4:624.01

SPATIAL PROBLEMS OF DYNAMIC STABILITY OF FRAME
STRUCTURES

V. Fomin', I. Fomina®
'Odessa State Academy of Civil Engineering and Architecture

Abstract: Periodic longitudinal forces in structural elements caused by operational or seismic
influences, at certain values of the parameters of these forces can cause the occurrence and growing of
transverse oscillations of these elements. This phenomenon is called parametric resonance or loss of
dynamic stability. In the works of N. M. Belyaev, N. M. Krylov, M. M. Bogolyubov, E. Mettler,
V. N. Chelomey, V.V.Bolotin flat problems of dynamic stability of frame structures were
investigated. In this paper the modified Bolotin’s method, proposed to solve flat problems of dynamic
stability of frames, is used. Instead of the deformation method used by V. V. Bolotin to construct
analytical expressions of deflections of frame rods, in the modified method the numerical-analytical
method of boundary elements is used. The article proposes a method for constructing domains of
dynamic instability of frames in the space of parameters (frequency and amplitude) of seismic and
operational dynamic influences that cause longitudinal forces in the rods, which periodically change
over time and lead to unlimited growth of transverse oscillations amplitudes in the domains of
instability. The proposed method is demonstrated in example, which considers the spatial problem of
dynamic stability of a TT-shaped frame with two concentrated masses located on it, which are under the
action of vertical periodic forces. These forces create periodic longitudinal forces in the vertical rods
of the frame. Areas of dynamic instability of the frame were constructed.

Taking into account the destructive effect of oscillations is important for practical application.
The most dangerous destructive effect of oscillations is observed in earthquakes and explosions. The
study of this action makes it possible to avoid undesirable consequences of oscillations by limiting
their level and to solve important practical problems of the dynamics of structures. Solving dynamics
problems is a difficult problem. Dynamic calculation of structures provides their bearing capacity
under the combined action of static and dynamic loads.

Keywords: reinforced concrete frames, dynamic instability, domains of instability.

MMPOCTOPOBI 3AJAYI IMHAMIYHOI CTABLJIBHOCTI
KAPKACHUX KOHCTPYKUIN

®omin B. M.}, ®omina L. I1.!

1 . . .
Ooecvka depoicasna akademis 0yOieHuymea ma apximexmypu

Anoramisi: [lepioguuHi MO3MOBXHI CWJIM B  €IIEMEHTaX KOHCTPYKIIiH, BHKIJIMKaHI
eKCIUTyaTallifHuMu a00 CEeMCMIYHMMHM BIUIMBAaMH, NPH NEBHUX 3HAUYEHHSX MapaMeTpiB LUX CHI
MOXYTh BHKJIUKATH BUHHKHEHHS 1 3pOCTaHHs MOIEPEYHHUX KOJMBaHb IMX ejeMeHTiB. Lle sBuime
HA3MBAETLCS IMAPAaMETPUYHUM pPE30HAaHCOM a00 BTPATOI JAWHAMIYHOI CTiMKoCTi. Y mparpsix
H. M. bensieBa, H. M. Kpunosa, M. M. boromro6osa, €. Mertnepa, B. H. Uenomest, B. B. Bonorina
JOCHIDKEHO TJIOCKI MpoOJeMH OUHAMIYHOI CTIMKOCTI KapKacHUX KOHCTPYKUiH. Y naHid poOoTi
BUKOpUCTaHO Moau(DikoBaHUH MeToa bomnoTiHa, 3amponoHOBaHWI JJIsl BUPINIEHHS TUIOCKHX 3ajad
OUHaMi4HOI cTilikocTi ¢peiimis. 3amicTe MeTony Aedopmanii, Bukopucranoro B. B. bonorinum st
noOyJOBM aHAJITUYHUX BUPA3iB MPOTMHIB CTEPXKHIB Kapkaca, y MOAU(DIKOBAHOMY METOJI
BUKOPUCTOBYETHCS YMCENFHO - aHAITHYHUNA METOJI TPAHUYHUX €JIEMEHTIB. Y CTaTTi 3alpONOHOBAHO
MeTO/ MoOYJ0BU obJyacTeil MUHAMIYHOI HECTIMKOCTI KapKaciB y MpOCTOpi mapamerpiB (4acTOTH Ta
aMIUTITYyIN) CEUCMIYHUX Ta eKCILTyaTalliiHIX JUHAMIYHUX BIUIMBIB, 1[0 BUKIUKAIOTh TIO3/I0BXHI CHIIH
B CTPWXKHAX, SIKI TEPIOAMYHO 3MIHIOIOTBCS 3 YacoM 1 NPUBOIATH JI0 HEOOMEKEHOTrO 3pOCTAaHHS
MOMEPEYHUX  KOJIMBaHb. aMIUIITyq B  o0jacTsX  HecTilikocTi.  3alponoHOBaHWHA  METO[
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MIPOJICMOHCTPOBAHO Ha TPHUKIAAi, SKAW PO3TIAIAE IPOCTOPOBY 3amady TWHAMIYHOI CTIHKOCTI
[I-noiOHOT pamMu 3 pO3TAIlOBAHUMM Ha Hill JBOMAa 30CEPEIPKEHUMH MacaMH, SKi mepe0yBaroTh I
Ji€I0 BEpTUKAIBHUX MepiognyHux cuil. Lli cuiam CTBOPIOIOTH MepiogWyHI MO3JO0BXKHI CHIH Y
BEPTUKAIBHUX CTPIKHAX pamu. [1o0yn0BaHO AISIHKE AMHAMIYHOI HECTIHKOCTI KapKaca.

VYpaxyBaHHs pyHHIBHOT Jii KOJHMBaHb Ma€ BAXJIMBE 3HAYCHHS JJISI MPAKTHIHOTO 3aCTOCYBAHHS.
HaiiGinemn HeOe3meuHa pyHHIBHA Jis KOJMBAaHb CIIOCTEPIra€ThCs MPU 3€MIIETpycax Ta BUOyXax.
Hocnimkenass 1iei Al gae MOXIUBICT, YHHKHYTH HeOa)KaHUX HACHIKIB KOJHMBAaHb IIISTXOM
oOMeXeHHs iX pIBHA Ta BUPIIMIUTH BAXIHMBI MPAKTUYHI MPOOJIEMH AWHAMIKHA cropynd. Po3B’s3aHHS
3a/la4 AWHAMIKH € CKIIAJHOI0 MpoOieMoro. JInHaMivHII po3paxyHOK CHOpYH 3a0e3nedye iX HeCcydoro
3IATHICTIO MPU CIUIBHIN NI CTATHYHUX Ta JUHAMIYHUX HABAHTAKEHb.

Kuro4ogi ciioBa: 3ami300€TOHHI KapKacH, JTMHAMIYHA HECTIHKICTh, 00JIaCTI HECTIIKOCTI.
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1 INTRODUCTION

The problem of studying the dynamic stability of building structures is actual due to the
fact that the load transmitted through the floors from the equipment or through the crane
beams to the columns of the industrial building frames is mainly harmonic in nature, as a
result of which harmonic longitudinal forces arise in the construction columns. At certain
values of the amplitudes and frequencies of these forces, this can lead to the emergence and
buildup of trans-verse vibrations of the vertical rods of structures, and, therefore, to the
possibility of their de-struction.

2 ANALYSIS OF LITERATURE DATA AND PROBLEM STATEMENT

The first work in the field of structure dynamic stability investigation was published by
N. M. Belyaev in 1924 [1]. It raised and solved the problem of dynamic stability of a rod
supported by hinges at its ends, i.e. the conditions for the appearance and rise of the rod
transverse vibrations under the action of a periodic longitudinal force were investigated. It
was shown that the values of the frequency and amplitude of the longitudinal force, at which
an unlimited in-crease in the amplitude of the rod transverse vibrations is observed, form
continuous regions in the space of these parameters, which are called instability domains. In
1935 N. M. Krilov and N. N. Bogolyubov [2], and E. Mettler [3] in 1940 continued research
by N. M. Belyaev, having investigated the problem of the rod dynamic stability with arbitrary
fixing at its ends. In the book of V. N. Chelomei [4], published in 1939, the problems of
dynamic stability for rods of variable cross-section, for rods with initial deflection, and also
for multi-span rods were considered. In 1953-1956 V. V. Bolotin [5,6] published a number of
works devoted to the dynamic stability of rods, beams and frames. At the Kiev National
University of Civil Engineering and Architecture, Bolotin’s research in this area was
continued [7-8].

It should be noted that in the above works, plane problems of dynamic stability of frames
were investigated. In the work of N. A. Nikolaenko and Yu. P. Nazarov [9], the spatial
problem of dynamic stability of a frame structure model, consisting of absolutely solid
horizontal plates (modeling intermediate floors) connected by a system of geometrically
nonlinear vertical rods was solved. However, for longterm structures, this model becomes not
enough accurate. Therefore, in this work, to study the spatial problem of the dynamic stability
of a frame structure, a model is adopted in the form of a mechanical system consisting of a
weightless frame and concentrated masses located at its nodes (note that this type of model is
used when calculating structures for seismic effects), and modified Bolotin’s method,
proposed in [5] for solving plane problems of frame dynamic stability, is used. Moreover,
instead of the deformation method used by V. V. Bolotin to construct analytical expressions
for frame rod deflections, the numerical-analytical boundary elements method is used [10].

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

The aim of this work is to study the spatial problem of dynamic stability of structures
using a model of a structure in the form of a mechanical system consisting of a weightless
frame and concentrated masses located in its nodes (note that this type of model is used in
normative calculation of structures for seismic effects).

V. Fomin, I. Fomina
42 https://doi.org/10.31650/2618-0650-2021-3-2-40-51




11, Ne2, 2021
Crop. 40-51 / Page 40-51

MexaHika Ta MaremMaTHuHi meromu /
Mechanics and mathematical methods

4 RESEARCH RESULTS

In this paper the modified method by V. V. Bolotin, is used, which was proposed in [5]
to solve flat problems of dynamic stability of frames. In this case, instead of the method of
deformation used by V. V. Bolotin to construct analytical expressions of deflections of frame
rods, the numerical-analytical method of boundary elements is used [10]. Let’s number the

frame rods and enter on each of the rods a local rectangular coordinate system X, V,, z, (k-

rod number, axis X, is directed along the axis of the rod). In addition, we introduce the global

abscissa s of the frame points as follows: s=x, for the points of the axis of the first rod,
k-1

S =le +X, for points of the axis of the rod with the number k>1 (I; - the length of the

j=1
j-th rod). We will find dynamic deflections of rods of a frame in the following form:

v(s,t) = Zw (DD, (s). 1)

n — the number of degrees of freedom of the abovementioned mechanical system. Here, in
contrast to [5] v(s,t) is not a scalar function, but a vector:

v, (s,t)

v(s,t) =| v,(s,1) |, (2)
O(s,t)

v, — deflection of the rod at a point with abscissa s in the direction of the y-axis of the local
coordinate system, v, — in the z-axis direction of this system, ® — the angle of rotation of the
cross section), W (t) are scalar functions, ®,(s) are three-dimensional vector functions:

@;,(s)
D (s)=| D, ,(s) |- 3
@, 4(s)

In [5] it is stated that as ®.(s) (i=1,2,..,n) we can take functions with the help of linear
combinations of which we can approximate the forms of free vibrations of the structure. In
particular, you can use the functions of deflections of the frame from the action of forces F,
(F =lH, i=12,...,n), applied to concentrated masses. Considering w.(t) as generalized
coordinates, we compose the Lagrange equation for this problem

d(or 0 .
— | — [+—U-T)=Q (i=12,..,n), 4
dt[ﬁwij awi( )=Q ( ) (4)
where T and U are kinetic and potential energy of the frame with a system of concentrated
masses located on it, Q. are generalized forces.

The Kkinetic energy of the system is equal to the sum of the kinetic energies of the
concentrated masses:
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1 r
T(t)= EZlmj[vj (85, ) +V; (5,01, 5)
]=
(r is the quantity of concentrated masses). Taking into account formulas (1) — (3) we obtain
aT r n n i
Pk ij [q)i,l(sj)zwk OD,(s))+D; , (Sj)zwk OD,,(s)] (i=12,...n). (6)
ow, j=1 k=1 k=1
Changing the order of summation by j and k, we obtain
oT
—=> f.w/(t), 7
ow Z W (£) (7)
where
fi = ij[q)i,l(sj)q)k,l(sj) +®,, (Sj)q)k,z (Sj)] - (7a)

i=1

The potential energy of each of the frame rods consists of the potential bending energies of
the rod in the planes xy and xz of the local coordinate system and the potential energy of
rotation around the axis of the rod. Therefore, the potential energy of the frame is determined
from the ratio

u@)= %{j. E(s)J,(s)[V) (s, )] ds + JL. E(s)J, (s)[V)(s,t)]*ds + JL-G(S)J ; (S)[@'(S,t)]zds} . (8)

Here the stroke means a derivative by s, J (s) is the polar moment of inertia of the cross

section relative to the center of intersection, E(s) and G(s) are the moduli of elasticity and
shearing of the material of the frame rods, L is the total length of the frame rods. After
substituting the relationship (1) into (8) and differentiation by w, we get

ou

—=§ r.w(t), 9

5 : — ik k() ( )
where

Tk

I
O

(93, ()0}, ()00, ()5 + [ E(9)J, ()01, (5)] (5)ds +

. (%)
+[G(8)3,(5)®; 5 (5)D 5 (5)ds.
0
The work of the external distributed transverse load is determined as follows:
L
V =T, (s,t)V, (s,1) + 0, (s,t)v, (s,1)]ds, (10)
0

(a,,9,,v,,v, are components of loads and deflections of rods in the corresponding local

coordinate systems). Generalized forces can be found from the relations Q =0V/ow,
(i=12,...,n). From (1) it follows that

Q)= I[qy (8,1)®;,(8) +0,(s,1)®; ,(s)]ds (1=1.2,...,n). (11)
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Making in (11) integration by parts, we obtain

Qi(t)=—j[Q( s,t) '1() +Q,(s,1t) Q”st(u 1,2,..,n). (12)

Here Q,(s,t) and Q,(s,t) are components of the transverse force in the cross sections of the

rods.

We limit ourselves by solving problems of dynamic stability under the action of vertical
variable forces applied to concentrated masses. The influence of the longitudinal forces that
arise in the rods of the frame on their bending deformation is taken into account by the ratio

[5].
Q,(8:1) ==N(s,)v( (s). Q,(5,1) =—N(s,1)v;(s) .

We consider the case when the forces acting on concentrated masses change
synchronously by time

P,(t) = (a+Bcosyt)R ; (j=1,2,...,1), (13)

(o and B are positive scalar parameters). It is assumed that o is less than the critical value, i.e. that
the structure under the action of static forces aPOJ (j=L12,...,r) is in a position of stable

equilibrium. From (13) it follows that for the longitudinal forces in the rods of the frame there is the
following relationship:

N(s,t) = (a+Bcosyt)N,(s), (14)

where N,(s) is the system of longitudinal forces in the rods of the frame caused by forces

R, (1=12,..,r).
It follows from (13) and (14), that

QM= ((HBCOS\VUJN (S)[Vy (8) i (8) +V, ()i ,(9)]ds (i =1,2,....,n) .

Using the expansion (1), we obtain

Q. (t) =(a+Pcos wt)znzsikwk 1) (=L2,..,n), (15)
S, = JL' No(s)[CD{'l(s)CD[(’l(s) + CI);‘Z(S)CDLYZ(S)]dS (i,k=12,...,n). (15a)

Substitution of (7), (10) and (15) into the Lagrange equation (4) leads to a system of
differential equations

D BV )+ [ —(a+PBcosyb)s, [w, (1) =0 (i =1,2,..,n), (16)
k=1 k=1

which in matrix form can be written as follows:
FW+[R—(a+Bcosyt)S]w=0. (17)

If =0, i.e. when forces P, (j=12,..,r) are constant, the system of equations (18) in this
case

FW+[R—aSw =0, (18)
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determines the free vibrations of the frame, the rods of which are loaded with longitudinal
constant forces. Substitution w=W sinQt into (18) allows us to construct the equation of

frequencies of free vibrations of such a frame:
det(R—aS —Q°F)=0. (19)

To study the dynamic stability of the structure, it is necessary to use a system of
differential equations (17) with coefficients that periodically depend on time. By multiplying

this system by R™, we bring it to the following form:
CW+[E —(0.+Bcosyt)Aw=0. (20)

Here C=R'F, A=R"S, E is the unit matrix. The boundaries of the main domains of
instability in the first approximation are determined from equality [5]

det[E—(ai%BjA—%wzC}zo. (21)

Note that in [5] the main domains of instability are areas in the plane of parameters , v
(at a fixed value a), boundaries of which at B =0 converge at points y, =2Q, (€, is one of

the frequencies of free vibrations of the frame loaded by constant longitudinal forces. In (21)
the plus sign corresponds to the lower boundary of the area, and the minus sign — to the upper
one.

We will demonstrate the proposed technique on a specific example.

Example. The spatial problem of dynamic stability of a IT-shaped frame with two masses

M, and M, under the action of two vertical forces P,(¢) and P,(¢) is considered (Fig.1).

P, (5 P, (1)

q2 Q_‘i
J’Mg / ."Mg /
Y2 () Y3 * qi
:;j f" = Z3 X3
= |@ O I
X1
LV e ==
Zy ’7 L2

Fig.1. Frame scheme

The drawing shows the axes of the local coordinate systems X,,Y,,z, (k=12,3) on each
of the frame rods. Material point system M,, M, has three degrees of freedom. They
correspond to the axes of the generalized coordinate system ¢, ¢, d,. Construction
parameters: |, =1, =6 m, |, =10 m. Material point masses: m, =m, =507". Bar cross-section
dimensions (Fig. 2): b=0.3m, h=05m, 6,=0.01m, 8,=0.02m. Steel modulus of
elasticity E =2-10°MPa, shear modulus G =0.8-10° MPa.
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A1

zZ
Fig. 2. Cross-section of frame rods
To build functions @ (s)(i=1,2,3) we use the boundary element method [10]. We apply

to the point M, force F,(F =1xH) in the direction of the axis @,. Fig. 3 schematically
depicts the deformed state of the frame caused by the action of this force.

q3
4q:
oM @ /‘__il’zl q;
Zy Y3 /
V2 Va2 (x2) “ X3
D] y1xD) 3 V3 (x3)
X7
Vi

Z]
Fig. 3. Deformed state of the frame under the action of force F

Analytical expressions of functions y,(x), Y,(X,), Ys(X;) have the following form:

y,(x,) =1.73676- 10~*x, —2.14557-10°x;

Y,(X,) =1.2758-107*x, —6.35216 -10°x +5.94676-10°x; ;

Y5 (X;) =—1.65993 -10° +2.53013 -10* x, +1.84731-107* x% — 3.60596 -10°x..

Notice, that z,(x) =0, ©,(x)=0 (i =1,2,3). Thus, the components of the function ®,(s)
are presented as follows:

D, (s)=y,(s)at s<l;

D, (s)=Y,(s—l)at |, <s<l +1;;

D, (s)=Yy,(s-1, 1) at s> +1;;

D,,(s) =D,4(s) =0 atall s.

We apply to the point M, force (F, =1«H) in the direction of the axis q,. Fig. 4 shows the
deformed state of the frame caused by this force.
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/ J’3:7
Z, Toxsl) 25 (x5)
z; (xp)
D ©)
X7
Yi

Z; §

Fig. 4. Deformed state of the frame under the action of force F,
Analytical expressions of functions z,(x.), v;(x) (i = 1,2,3) have the following form:

z,(x)=-1.96667 -107 - x* +1.64014- 107" - x/;
0,(x) =3.14744 .10 x;;
z,(x,) =-2.86665 -107°+1.57372-10°x,+2.67950 -107*x; —2.33619- 10°x?;
0,(x,) =7.36569 -10° —1.43481-10"x,;
Z,(x,) =—1.08878 -107 +6.21784-10°x, — 4.93534 -107* x — 2.33692-10°x;
0,(x,) =-1.37543-10" +3.43858 - 107" x,,

wherein y.(x)=0(=12,3).

We now apply to the point M, the force F,(F, =1xH) in the direction of the axis q,.
The deformed state of the frame caused by this force is shown in Fig. 4.

22

z; (xp)

@ 3

X

Yi

f?—— pavs
Z]

Fig. 4. Deformed state of the frame under the action of force F,

Analytical expressions of functions z,(x.), ®,(x) (i=12,3):

z,(x) =-8.42278-107"x/ +2.57682-107° - x°, ®,(x,)=-3.63105-107"x;;
z,(x,) =—1.78359-10 —1.81553-10°x, —3.09121-10*x? + 2.57601-10°x3;
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0, (x,) = 6.49016-10° +1.32498-10" x,;
2,(X,) =—3.89547 107 + 7.55014 10X, +4.55755-10“ x? —1.61615-10* X{;
®,(x,) =1.81553-10° —3.63105-10*x,, y.(x)=0 (i=1,2,3).

Function components @, (s) (k =2,3) are presented as follows:

D, ,(s)=0atall s;

D, ,(8)=12,8), D, 5(5)=0,(s) at s<I;

D, ,(8)=2,(s-1,), D, ;(s)=0,(s—1) at |, <s<l +I,;

D, ,(8)=12,(s—1,—1,), D ;(5) =0O,(s—1I,—1,) at s> 1, +1,.

Next, we proceed to the definition of the elements of the matrices F, Rand S, using

formulas (7a), (9a), (15a). Solving equation (19), we find the frequencies of free vibrations of
the frame with a system of weights loaded with longitudinal constant forces R,; (R, ; are

cargo weights M, j=12). Then, using (21), we construct the boundaries of the main
domains of instability (Fig. 5).

Q
20,
12F

10+

8 4
20,
6 4

20,
4

2,,

f f
0 0.2 0.4 0.6 0.8 1 p

Fig. 5. The main regions of instability of the frame

5 DISCUSSION OF RESEARCH RESULTS

When designing buildings and structures, it is necessary to take into account the
possibility of the occurrence of resonances between the dynamic loads acting on the structure,
caused by seismic and industrial influences, and free vibrations of the structure. But besides
the usual resonances, it is necessary to take into account the parametric resonances associated
with the frequencies of the variable longitudinal forces created by the indicated dynamic
influences. For this, domains of dynamic instability should be constructed in the space of
these parameters. When these parameters enter into the domains, the appearance and buildup
of transverse vibrations of structural elements is observed, i.e. the phenomenon of dynamic
stability loss occurs.

6 CONCLUSIONS

The article proposes a method for constructing domains of dynamic instability for a
structure in the form of a steel frame. When the parameters enter into these domains, the
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the emergence of spatial vibrations of the structure is observed.
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CUTTING STONE BUILDING MATERIALS WITH CUT WHEELS
OF CUBIC BORON NITRIDE

A. Bespalova', O. Dashkovskaya', O. Faizulyna®, V. Lebedev?, T. Chumachenko?
'Odessa State Academy of Civil Engineering and Architecture
2Odessa Polytechnic National University

Abstract: The advantage of cutting stone building materials with SSM (synthetic superhard
materials) wheels is that, first of all, it is possible to obtain high processing productivity and
dimensional stability, which are 3..5 and 50...100 times higher than those of traditional tools based on
carborundum, respectively.

The study of the process of cutting stone materials with CBN (cubic boron nitrite) wheels is
aimed at establishing force dependences, determining the cutting power and heating temperature of
the cutting disc during operation.

The forces were measured using a tensometric dynamometer UDM-50. To measure and calculate
the cutting temperature, a thermoelectric method based on the formation of practically not inertial
microthermocouples during cutting was used.

The temperature to which the CBN cutting wheel on a metal base is heated is a limiting factor in
processing, since when heated to a temperature of 600°C, the strength of the wheel decreases by half,
which can cause its rupture under the action of centrifugal forces, as well as loss of stability and
jamming during cutting. In the present study, the wheel temperature was measured after one minute of
continuous operation.

The values of the component of the cutting force PY, depending on the processing modes, can
reach values of the order of 70 N. The values of the component of the cutting force PZ, depending on
the processing modes, can reach values of 45 N. The cutting power can be 2800W.

The temperature resistance of the wheel (heating time of the wheel up to 600°C) when cutting dry
IS maximum 28 minutes, when grinding with cooling of the cutting zone with negative temperature air
from a Ranque-Hilsch tube, the temperature resistance is 35 minutes, with ejector cooling of sprayed
coolant 37 minutes and with jet-pressure cooling it is 40 minutes. The maximum cutting length is
respectively 0.7: 0.8; 0.9 and 2m. The cutting power is 600...2800W.

Keywords: stone building materials, cutting, synthetic superhard materials, cut-off wheel, cubic
boron nitride, cutting forces, wheel temperature.

PO3PIBAHHA KAM’SAHUX BY AIBEJIbBHUX MATEPIAJIIB
BIAPIBHUMU KPYI'AMMU 3 KYBIYHOI'O HITPHUAY BOPY

Becnaiosa A. B.!, Jlamkoscbka O. ILY, ®daiizyauna O. AL,  JleGenes B.T.,

2
Yymayenko T. B.
'00ecvra depacasna axademis Gydienuymea ma apximexmypu
200ecwiuii nayionanvhbiii yrisepcumem «OQdecbka noximexHiKa»

Anotamin: [lepeBara po3pizaHHs Kam’ sHUX OyniBenbHUX MatepianiB  kpyramu CHM
(cuHTeTHYHI HAATBEpIi Marepiajii) MoJisArae, Hacammepell, y MOXKJIMBOCTI OTPUMYBaTH BHCOKY
MPOJYKTHBHICTh OOpOOKHM Ta pO3MIPHOI CTIMKOCTi, IO MEPEeBUIIYIOTh AaHAJOTIYHI TOKAa3HUKH
TPaJUIIIHHNX THCTPYMEHTIB Ha OCHOBI KapOopyHay BinnmoBiaHO B 3...5 1 50...100 pa3zis.

HocnipkeHHs: mpouecy po3pi3aHHs kaMm sHUX MatepianiB kpyramu 3 KHB cnpsmoBane Ha
BCTaHOBJICHHSI CHJIOBHX 3aJIe)KHOCTEH, BU3HAYEHHS IMOTY>KHOCTI Pi3aHHS 1 TeMIepaTypd HarpiBaHHS
BIJIPI3HOTO JUCKY ITij] 4ac poOOTH.
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Cwii  BHUMIPIOBAIHCS 3a JOIOMOTOI0 TEH30METPHYHOTO auHamomerpa YJM-50. [lns
BUMIPIOBAaHHS Ta PO3PaxyHKY TeMIIepaTypH pi3aHHS y poOOTI BUKOPHUCTAHUN TEPMOCIEKTPHIHUN
METOJ, 3aCHOBAaHH Ha YTBOPEHHI MPAKTUYHO Oe31HEepLiHHIX MIKpOTEpPMOIapiB y MpoLeci pi3aHHs.

TemmepaTypa, A0 sIKOi HarpiBaeTbCs PIKYYMHA KpPyr Ha METaJIEBid OCHOBI, € JIMITYyIOUNM
(hakTopom 00pOOKH, OCKITBKY TPHW HArpiBaHHI A0 Temieparypu 600°C MimHICTH KpyTra 3MEHIITYEThCS
BJIBIYi, II[0 MOXE BUKIIUKATH HOTO PO3PUB IiJ] JII€I0 BIALICHTPOBUX CHJI, a TAKOXK BTPaTy CTIHKOCTI Ta
3aKJIMHIOBAHHS TpU pi3aHHL. Y IbOMY JOCHTIDKEHHI TeMIlepaTypa Kpyra BHMiploBaiacs TMicis
XBUJIMHH Oe31epepBHOI poOOTH.

3HaueHHs CKJIaI0BOi cHiH pizaHHS PY B 3a/eXHOCTI Bif peXuMiB 00pOOKH MOXYTh JOCSTATH
3HaueHb nopsaaky /ON. 3HaueHHs cknafoBoi cuinu pizanHs PZ, 3anexHo Bifg pexuMiB 00poOKH,
MOXyTh nocsratdl 3HadeHb 45N. [loTyxHicTs pizanHa Moxke cTaHOBUTH 2800BT.

TemneparypHa crifikicte Kpyra (wac HarpiBaHHsS kpyra go 600°C) mpu pospizaHHI BCyXy
CTaHOBHTh MAKCHUMaJbHO 28 XBWJIMH, MpH HUTIQYBaHHI 3 OXOJOIKECHHSM 30HM Pi3aHHA MOBITPSM
HETaTHUBHOI TeMIiepaTypu 3 TpyOku Panka-Xinma TemnepaTypHa CTIMKICTh ckianae 35 XBUIMH, 1 IpU
CTPYMEHEBO-HAIIIPHOMY OXOJIO/KEHHI cTaHOBUTH 40 XBUIMH. MakcuMaibHa JOBKHWHA Pi3y CTAHOBUTH
Bixmoigao BenuumaK 0,7: 0.8; 0,9 Ta 2M. [loTy)HicTh pizanHsa ctaHoBUTH BenndauaA 600...2800BT.

Karouosi ciioBa: kam’siHi Oy/iBeNbHI MaTepiain, po3pi3aHHs, CHHTETUYHI HAATBEP/l MaTepiany,
BiJIpi3HUI KpyT, KyOiuHMIA HITpHU O0pY, CHIIH pi3aHH:, TEMIepaTypa Kpyra.
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1 INTRODUCTION

During the reconstruction and repair of buildings and structures and the restoration of old
buildings or cultural monuments, it becomes necessary to cut, form new holes in the walls,
make cut slots, correct deformed parts, eliminate those structural elements that have collapsed
or have undergone significant wear over time and chemical influence of the external
environment.

Also, it is often necessary to strengthen structures that have great destruction. In this
case, it is necessary to introduce auxiliary structures into walls, foundations and floors, for
which it is necessary to punch openings and nests in them, where reinforcing elements are
inserted. Such work is often performed in shell limestone, concrete, reinforced concrete, hard
materials - granite, basalt, etc. by cutting or making cuts to the required size with cutting
wheels made of synthetic superhard materials. (SSM-synthetic diamond, cubic boron nitride).

The advantage of cutting stone building materials with SSM wheels is that, first of all, it
is possible to obtain high processing productivity and dimensional stability, exceeding those
of traditional tools based on carborundum by a factor of 3...5 and 50...100, respectively. For
example, if the productivity of cutting hard stone with carborundum discs is on average
100...150cm*/min, then with diamond and CBN discs it is 400-600cm®/min. At the same time,
the accuracy of the operation and the quality of the processed surface are significantly
increased. The surface obtained after cutting does not need further polishing, which is very
important when carrying out repair work.

The negative aspects of this process are the limitation of the operating time of the wheel
due to its heating, which leads to a loss of strength and an increase in the consumption of the
layer from the SSM due to the high heating of the cutting wheel and to the loss of the ability
to control the process due to intense dust formation, which sharply reduces the visibility of the
production area. All this makes it necessary to periodically interrupt the cutting process.

The process of cutting stone materials with diamond cut-off wheels is currently well
studied, while the process of cutting these materials with CBN wheels is practically not
studied, although CBN has a number of significant advantages.

CBN is a superhard synthetic material consisting of nitrogen and boron atoms forming a
tetragonal crystal lattice similar to the crystal lattice of diamond. It has high hardness - up to
9500kgf/mm? (about 5% less than diamond), high heat resistance (1400°C), chemically inert
with respect to carbon-containing materials and more durable than diamond (bending strength
up to 100kgf/mm?), (Table 1 [1]).

Table 1
Comparative properties of abrasive materials.
Material Microhardness *10°, MPa Temperature stability,°C
Diamond 1000 650—700
CBN 850-950 1100-1300

The tool life of CBN discs is 2-3 times higher than that of diamond discs.

Since CBN has a high temperature stability, then obviously the operating time of the
cutting wheel on a metal bond will depend only on heating of the wheel to a temperature of
600°C at which the strength of the metal disk decreases by 2 times and there is a real danger
of the disk breaking.

Therefore, the study of the process of cutting stone materials with CBN wheels should be
aimed at establishing power dependencies, at determining the cutting power and heating
temperature of the cutting disc during operation. To do this, it is necessary to determine the
patterns of change in cutting forces, cutting power, heating temperature of the cutting disc,
and also to determine the productivity (length of the cut) for the period of operation before the

Bespalova A., Dashkovskaya O., Faizulyna O., Lebedev V. Chumachenko T.
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disc is heated to a temperature of about 600°C.

2 LITERATURE REVIEW

It should be noted that in the modern literature there is no clear data on cutting with these
wheels. It is noted that the contact temperature of grinding is generally lower than when
grinding with conventional ceramic wheels. There is little information on cutting forces,
temperature, and cutting power when cutting with CBN wheels of stone and ceramic
materials, and they are contradictory.

So in work [2] new CBN wheels are considered and some questions of their application
are considered. However, the issues of cutting stone materials are not considered.

In work [3] the process of grinding with CBN wheels is considered in detail.

However, the process of cutting stone materials with these wheels is not considered. The
authors of [4] consider the issues of grinding high-ductility alloys with CBN wheels.
However, this work does not touch upon the issues of cutting stone materials.

Work [1] is devoted to the study of processing by grinding with CBN wheels of
aluminum alloys. The cutting of stone materials and ceramics has not been investigated.

The article [5] discusses the issues of grinding without cooling with CBN wheels of
various alloys. However, the issue of cutting of stone materials and ceramics is not
considered. In addition, the authors measure not the grinding temperature, but the average
temperature of the part before and after grinding, which provides little information of process.

The authors of the research in publication [6] consider the issues of grinding with highly
porous CBN wheels, but the issues of cutting stone materials and ceramics are not considered.

In [7], the process of grinding with highly porous CBN wheels is considered in terms of
minimizing the number of edits, and high porosity is considered as a means of delivering
coolant to the cutting zone. The issues of cutting stone materials and ceramics are not
considered.

The issues of grinding difficult-to-machine materials with CBN wheels - titanium and
nickel alloys, as well as the issues of determining the most advantageous porosity of the
wheel from the point of view of maintaining grain holding forces by the binder are considered
in [8]. It was shown that the best results were shown by a porosity of 30%. The issue of
cutting stone materials and ceramics has not been studied.

The authors of [9] investigate the process of profile gear grinding with highly porous
abrasive wheels. Data on a decrease in cutting power and an increase in the accuracy of
ground gears have been recorded. However, in this work only abrasive wheels are considered
and there is no information about the cutting of stone materials and ceramics.

In [10], numerical and mathematical models are considered for determining the
thermomechanical state of structurally inhomogeneous materials. Simulation of
thermomechanical processes makes it possible to obtain a criterion relation for the condition
of a balanced state of a defect depending on the gradients of the contact temperature.
However, the work does not specifically address the processes of cutting with CBN wheels.

The purpose of work [11] is to study the processes of heat transfer during abrasive
processing of parts by constructing the temperature field of the system grinding wheel -
workpiece for various characteristics of the grinding mode. But in this work, the issue of
modeling the cutting process in relation to stone materials is not considered.

It can be concluded that, despite the large number of works carried out on the study of
the grinding process with CBN wheels, the issues of cutting stone materials have not been
clarified. The issue of grinding ceramics has practically not been considered.

It can be argued that at present there are no recommendations for cutting stone materials
with CBN wheels that would provide the highest thermal resistance of the wheel.
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3 RESEARCH METHODOLOGY

Based on the foregoing, in this work, mathematical modeling of the process of stone
materials by CBN circles was carried out with a point experimental verification of the results.

The main goals set in this work are as follows:

1. Investigate the energy characteristics of the process - cutting power and cutting forces.

2. Investigate the thermodynamic characteristics of the process - temperatures, heating of
the circle and the thermal resistance of the circle

3. Determine the processing performance depending on the characteristics of the wheels
and cutting modes.

Methodological features of the study.

Measuring cutting forces.

In this work, the cutting forces, in addition to mathematical modeling, were determined
experimentally, which made it possible to check the mathematical model and obtain real
values of the forces.

The forces were measured using a tensometric dynamometer UDM-50.

The principle of operation of the device is as follows: A general view of the
dynamometer and a cross-section of a general view are shown in Fig.1 and Fig.2
respectively.

N

N

\ I
o e

Fig. 1. Longitudinal section of the general view of the dynamometer

Fig. 2. Cross section of the general view of the dynamometer

The principle of operation of a two-component dynamometer for measuring the
components of the cutting force is as follows.

The dynamometer is installed on the machine, after which the workpiece 19 is fixed on
the loading tool 1, the preload of the strain gauges 9 and strain gauges 14 is carried out using
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the pins 10 and pins 15; rigid fixation of the prismatic guides 11 and the prismatic guides 16
is carried out using the tightening bolts 13 and the tightening bolts 18. Under the action of the
cutting force, which is decomposed into the measured components, the corresponding load
tables 1 and 2 move. The load tables 1 and 2 move longitudinally through the steel balls 12
and 17 along the prismatic guides 11 and 16 act on the strain gauges 9 and strain gauges 14.
The signal is output to a detachable chassis (not shown in the drawing) connected to an
amplifier.

The device makes it possible to provide the ability to accurately measure the components
of the cutting force regardless of the position of the workpiece on the loading table relative to
the center of the dynamometer, which ultimately increases the ease of use and visibility of
tests.

We calibrate the device with weights along the vertical and horizontal components. The
signal from the amplifier is fed to the ADC, after which it is displayed on the tablet.

Cutting temperature measurement.

To measure and calculate the indicated data, a thermoelectric method based on the
formation of practically not inertial microthermocouples during cutting was used.

Considering that almost all stone materials are non-conductive in temperature
measurements, the method of artificial thermocouple is applied. One electrode is a steel foil
and a constantan foil is used as the second electrode. The thickness of the foil leaves is from
6...20 microns, and the distance between them is of the order of 40 microns or less, depending
on the thickness of the capacitor paper, which isolates them from each other. In order for a
stable formation of a thermal junction to occur during cutting, the thermoelectrodes are
annealed at a temperature 1000...1100°C for 30 min. The ends are brought to the surface and
welded together during cutting. As a result, a thermal spike with a thickness of 2...3 microns
appears and, therefore, a thermocouple of the "iron-constantan™ type is formed, which has a
very low inertia. Since most CBN discs are made on a metal basis, the closure of the lobes of
such a thermocouple can be carried out directly by the wheel. In addition, you can use a single
lobe thermocouple of the thermo-lobe type — a cutting metal wheel. In this case, due to the
simplification of the design of the thermocouple, the signal pickup circuit is complicated for
which rotating current collectors or radio channel ones can be used, which is not difficult in
modern conditions.

Such a thermocouple is calibrated according to the reference method described in [12].

The test sample consists of two halves (Fig 3). The plane of the connector is located
normal to the ground surface and normal to the trajectory of the heat source (cut surface)
Between the thermoelectrodes there is an insulator (capacitor paper) with a thermal
conductivity of no more than 0.1 W/m? x deg.

a) b)

Fig 3. a) 1, 2 — halves of a stone specimen, 3, 4 — thermoelectrode foil, 5-insulator;
b) 1, 2 — halves of a stone specimen, 3 — thermoelectrode foil
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Thermoelectrodes in the form of a foil are brought out to the surface of the sample and,
when cut, are connected to each other, forming a thermal junction, the thickness of which is 5-
10 microns, thus forming a low-inertia microthermocouple, which provides the following
characteristics of the measuring system:

— sensitivity - from 1 to 150 mV/100°C;
— frequency range 0 +~ 2 MHz;
— the duration of the transmitted pulse from 1 ps.

The signal amplified in voltage by 2000 times is fed to an analog-to-digital converter
with a frequency of at least 200 MHz, where it is converted into a digital code, and then fed to
a computer. A conversion takes place on the computer, as a result of which a thermal impulse
and the maximum digital value of the temperature in degrees Celsius are recorded on the
display.

A heat source with the same intensity acts on the cut surface of the stone and the end face
of the embedded thermocouple in the cutting zone, and the heat dissipation due to the
inequality between the thermal activity coefficients of the stone being cut and the embedded
thermocouple is different and leads to a corresponding difference in contact temperatures in
the grinding zone of the processed material and the embedded thermocouple. The input signal
of such a thermocouple does not correspond to either the contact temperature of the cut stone
or the embedded thermocouple.

Using the data [17], we determine the true temperature of the circle by the expression:

e, teé,
T =T

n )
2-g,

1)

where ¢, and &, respectively, are the coefficients of thermal activity of the stone and micro-
solder, j/m?°C s*>: g — coefficient of thermal activity of the stone; & — coefficient of

thermal activity of thermal junction.

In the case of using the circuit according to Fig. 3,b, a thermocouple "thermoelectrode
foil — metal circle™ is created during cutting. This scheme requires careful calibration of such
a thermocouple and a more complex current collector rotating device.

The results of measurements of forces, power, cutting temperature and maximum
cutting length are shown in Fig. 4, 5, 6, 7 [13].

PY,Z, N QW
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-
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‘) —
10 200
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5 15 25 35 45 55 . .
S mm/min Fig. 4. Dependence of cutting forces Py, Pz
] T and cutting power N versus minute feed.
— -PY PZ e Q Wheel LO 250/160 100%
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As can be seen from the graphs given, the force PY can be in the region of 52...72N,
depending on the minute feed and the cutting speed. The cutting force Pz has values from 45
to 20N, also depending on the cutting modes. Accordingly, the values of thermal power have
the following values: 1200...2800W.

The temperature to which the CBN wheel is heated for a cutting wheel on a metal base is
a limiting factor in processing, since when heated to a temperature of 600°C, the strength of
the wheel decreases by half, which can cause its rupture under the action of centrifugal forces,
as well as loss of stability and jamming during cutting.

In the present study, the wheel temperature was measured after one minute of continuous
operation. The temperature measuring system allowed the temperature to be monitored
continuously during cutting.

It should be noted that in this case we are talking about the contact temperature. In order
to get the temperature of the circle, it is necessary to take into account the expression 1.

When cutting with CBN wheel without cooling, the time of its heating to a temperature
of 600°C is in the range from 4 to 28 minutes, depending on the value of the minute feed. It
should be noted that the longest cut length during heating to the critical temperature occurs at
the minimum feed.

Cooling of the cutting wheel with a Ranque-Hilsch tube is shown in Fig. 5, curve 2.

Cooling occurs as follows.

Air cooled to -40°C leaves the "cold shoulder” of the Rank-Hilsch tube. The Ranka-
Hilsch tube is a cheap and small-sized device that, when connected to a compressor, creates
an air flow with a temperature of -40°C. The use of other cooling media, such as liquid
nitrogen or solid carbon dioxide, complicates and increases the cost of the cooling process.

For industrial use, this temperature reduction is simple and minimally energy intensive.

The vortex effect of a tube (Rank-Hilsch effect) is the effect of the separation of a gas or
liquid into two fractions when twisted in a cylindrical or conical chamber (Fig. 8). A swirling
flow with a high temperature (+110°C) is formed at the periphery, and a cooled flow swirling
in the opposite direction (—40°C) in the center (Fig. 6). An explanation of this effect is given
in the sources [14, 15].

Compressed
Air Supply

Control Valve

-40"C +110°C
-

= PEe ) :

Cold Air Hot Air

Vortex Spin
Chamber

Fig. 8. Ranque-Hilsch tube [14]

The tube is connected to the pneumatic system of the workshop (pressure 6 kg/cm?), as a
result of which cold and hot air can be obtained without any additional devices.

A jet of cold air is supplied tangentially to the wheel, thus replacing the "warm"
boundary layer. Contact heat exchange is carried out between the wheel and the new
boundary layer. As can be seen from Fig. 6, curve 2, the time of the heat resistance of the
wheel increases to 35 min and the length of the cut increases to 0.8m. This increase has large
values in the region of small feeds.

Ejector cooling of the cutting zone has almost the same effect as cooling with a Ranque-
Hilsch tube.
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The use of jet-pressure cooling - curve 4 provides a sharp increase in both the thermal
resistance and the length of the cut almost 2 times compared with the previous cutting
methods.

4 RESULTS

As a result of the study of the process of cutting stone materials with wheels of CBN, it
was established:

The values f the component of the cutting force PY, depending on the processing modes,
can reach values of the order of 70N. The values of the component of the cutting force PZ,
depending on the processing modes, can reach values of 45N. The cutting power can be
2800W.

When compared with cutting with diamond wheels, these values are about 10% higher.

The temperature resistance of the wheel (heating time of the wheel up to 600°C) when
cutting dry is maximum 28 minutes, when grinding with cooling of the cutting zone with
negative temperature air from a Ranque-Hilsch tube, the temperature resistance is 35 minutes,
with ejector cooling of sprayed coolant 37 minutes and with jet-pressure cooling it is 40
minutes. The maximum cutting length is respectively 0.7: 0.8; 0.9 and 2m.

The cutting power is 600...2800W.

5 CONCLUSIONS

Cutting stone building materials with CBN wheels allows good cutting results without
cooling. When using means of cooling the working area, the thermal resistance of the wheel
can reach 40 minutes, which allows you to make long cuts without interruption.

Despite the fact that CBN wheels are somewhat more expensive than diamond wheels,
they can be recommended for use since the wear of these wheels is much lower than diamond
wheels, and the characteristics of the cutting process differ slightly.
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UDC 624.012.45

EXPERIMENTAL STUDIES OF DEFORMABILITY AND
FRACTURE RESISTANCE OF AIRFIELD SLABS ON MODELS

l. Korneieva®, D. Kirichenko', O. Shyliaiev*
'Odesa state academy of civil engineering and architecture

Abstract. The results of experimental studies of deformability and crack resistance of models of
aerodrome slabs made of reinforced concrete and steel-fiber concrete, made on the basis of serial slab
PAG-18 taking into account the scale factor, are presented. Two series of slabs were tested - two
models of reinforced concrete and two models with one-percent dispersed reinforcement. The load
was applied in steps, the instrument readings were recorded twice at each step and the crack opening
width was measured starting from the moment of the first crack formation. Dial gauges, deflectometer
and microscope MPB-3 were used as measuring instruments. In accordance with the normative
documents acting in Ukraine, one of two possible loading schemes was considered - with the loading
by the concentrated force applied in the span part of a plate which had a hinged support along its short
sides. Plate models were tested on a specially made stand. Each load step ended with a five-minute
dwell time, at the beginning and the end of which readings were taken on the measuring instruments.
The deformations at the same levels were measured with dial gauges. The process of crack formation
was observed with a Brinell tube in the places of the greatest crack opening.

Breaking load for fiber concrete slab was 1.52 times higher than for reinforced concrete slab, and
the moment of cracking initiation was 1.22 times higher. The process of cracking in the fiber concrete
slab begins at higher loads than in the reinforced concrete slab. The initial crack opening width of the
slabs is almost the same, and the final crack opening width of all the cracks in the fiber concrete slab is
significantly lower than in the reinforced concrete slab.

The deformations in steel-fiber concrete slabs when the load is applied in the span, both for
compressed and stretched fibers, are higher than in reinforced concrete slabs. The experimental studies
indicate that dispersed reinforcement of airfield slabs with steel fiber leads to their higher crack
resistance.

Keywords: reinforced concrete, fiber concrete, airfield slab, deformability, crack resistance,
experimental studies

EKCIHEPUMEHTAJIBHI JOCJIIIKEHHSA
JTE®OPMATHUBHOCTI I TPIIIUHOCTIMKOCTI
AEPOAPOMHUX IIVIMT HA MOJAEJIAX

Kopueera I. B.", Kipiuenko JI. O.', Inasies O. C.'

1 . . .
Odecvra deparcagna akademisi OyOi6HUYMBA MA APXIMEKMypu

AHoTanisi. HaBeneHO pe3ynbTaTH eKCIIEPUMEHTAIbHUX MOCHIUKEHb Ae(GopMaTHBHOCTI Ta
TPIIIMHOCTIMKOCTI MOJIENIel aepOAPOMHUX TUTUT 3 3aJ1i300€TOHY Ta cTalediOpoOETOHY, BUTOTOBICHUX
Ha OCHOBI cepiliHoi Tutu [TAI-18 3 ormsimy Ha MacmTaOHMIA dakTop. BunpoOyBano 2 cepii rumT —
JIBI Mojemi 13 3aji300€TOHYy Ta JBI MOJENI 3 OJHOBIICOTKOBHM JHMCIIEPCHUM apMyBaHHSIM.
HaBanTakeHHsI NpUKIazaiocs CTYNCHSAMH, Ha KOXHIA cTymeHi nBidi (ikcyBajmcs IOKa3aHHS
NpUIAJiB, a TAKOX, IMOYHHAIOYM 3 MOMEHTY YTBOPEHHS MEpIIOl TPIIWHK, BUMIpIOBanacs IMUpUHA
PO3KpUTTA TPIMMH. B  SKOCTI BHMIPIOBabHHX MPHJIAJIB BUKOPHUCTOBYBAIUCS IHIUKATOPU
TOJMHHUKOBOTO THITy, HporuHoMipu Ta Mikpockon MIIB-3. BimnosimHo no amirounx B YkpaiHi
HOPMAaTUBHHUX [JOKYMEHTIB, PO3IVITHYTO OAHY 3 JABOX MOXIIMBUX CXEM HaBaHTaKCHHA — IpPHU
HABaHTAXXEHHI 30CEPE/DKEHOI0 CHJIOD, MPHKIAJICHOI B TPOTOHOBOI YACTHHW IUTUTH, sIKa Maja
HIapHipHEe OOMUpPaHHS 32 KOPOTKMMH CTOpOHaMH. Mojeni IUIMT BUIPOOOBYBATHUCS Ha CIELiajbHO
BUTOTOBIEHOMY cTeHAl. KokHa CTymiHb HaBaHTa)KeHHS 3aKiHUyBajacsi I SITUXBHJIMHHOIO
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BUTPUMKOIO, HAa TMOYATKy 1 B KIHII SKOi 3HIMAUCS IOKa3aHHS Ha BUMIPIOBAILHUX MPHIAIaX.
Hedopmariii Ha THX K€ PIBHAX BHMIPIOBAIM 3a IOMOMOIOH IHAMKATOpPa TI'OAMHHUKOBOTO THITY.
IIpomec TpIIIMHOYTBOPEHHS CIOCTEPIraBCs 3a JAOTIOMOTOI0 TpyOKH bpiHemns y micisx HaiOiIbpImoro
PO3KPHUTTA TPILIKH.

PyitniBHe HaBaHTakeHHsS I (hiOpoOeToHHOI muTH BUsSBWIOCS B 1,52 pasm Oinmbine, HOK A
3a1i300€TOHHOI, @ MOMEHT MOYaTKy TPIIIMHOYTBOpeHHS — B 1,22 pasu. Ilporec TpimmHOYTBOpEHHS ¥
¢$i0poOEeTOHHIN TJINTI MOYMHAETHCS NMPU OLTBII BHCOKMX HABaHTAKEHHSX, HDK Yy 3ali300€TOHHIN.
[ToyaTkoBa MHUPUHA PO3KPHUTTS TPIILKH Y MIUTAX MPAKTUYHO OJTHAKOBA, a KiHIEBA IIMPHUHA POZKPHUTTS
BCIX TpimuH y hiOpoOETOHHIM TUIHTI iICTOTHO HM)KYE, HIXK Y 3a1i300€TOHHIH.

Hedopmariii B immTax i3 cranediOpoOeToHy MpH 101aTKy HABAHTAXEHHS B IIPOTOHOBOI YACTHHH,
AK JUIl CTUCHEHUX, TaK 1 Uil pO3TATHYTHX BOJIOKOH BHILE, HDK y 3ami3o0eToHHil mnutu. [IpoBeneni
EKCIIEpUMEHTANTBHI JIOCTIKCHHS CBIIYaTh MPO Te, IO JUCIIEPCHE apMyBaHHs aepOAPOMHUX IUIUT
cTaneBoro ¢GidPOro MPU3BOIUTE IO X OLIBIIT BUCOKOI TPIIIMHOCTIHKOCTI.

KawouoBi ciaoBa: 3amizoberon, ¢iOpoOeToH, aepoapoMHa IUIMTa, JeOPMATHBHICTS,
TPIIIUTHOCTIHKICTE, €KCTICPUMEHTAITbHI JOCI HKCHHS.
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1 INTRODUCTION

Airfield slabs PAG are designed to form both temporary and permanent coatings for
airfields and roads. Currently, such slabs are widely used for the arrangement of air transport
runways, roads located on construction sites, bases for cranes and other industrial mechanisms
and equipment. Being highly resistant to aggressive environments, the plates are widely used
for arrangement of port areas, are a reliable coating for construction areas where special
machinery on crawler tracks is actively moving. PAG slabs have proven themselves in the
most adverse hydrogeological and climatic conditions, in regions where the temperature drops
to - (50-60) C°.

Structurally, the slabs are a solid reinforced concrete product of flat rectangular shape.
The upper surface of the slabs is corrugated, which provides an increased coefficient of
traction with the wheels of moving road and air transport. The construction of the boards
includes special end caps that allow to weld the boards together. Depending on the thickness
of the plate elements, which can be 140, 180 and 200 mm, we distinguish plates PAG-14,
PAG-18, PAG-20.

Such slabs can be used repeatedly, which creates a significant economic effect.

Airfield slabs have a number of unique properties: high strength, frost resistance, low
abrasion, high durability and crack resistance, seismic stability, etc.

Among the many mentioned factors determining the efficiency and durability of PAG
slabs, the deformability and cracking resistance play the most important role, the study of
which is given much attention during experimental studies. This paper describes the results of
the experiment, which was conducted in the scientific laboratory of the Department of
Structural Mechanics of the Odessa State Academy of Civil Engineering and Architecture -
deformability and crack resistance of models of airfield slab PAG-18 under the span scheme
of loading - one of the two schemes of loading, recommended by the acting in Ukraine norms
[1, 2].

2 LITERATURE ANALYSIS AND PROBLEM FORMULATION

Most of the publications related to the calculations of airfield and road slabs, the authors
proceed from the calculation scheme of the slab on a deformable elastic base [3 - 6]. The
calculation results essentially depend on the accepted models of the slab, the base, and the
model of their interaction.

The slab model is usually characterized by Kirchhoff hypotheses. In the vast majority of
publications, the model of the interaction between the slab and the base is assumed to be
bilateral: the motions of the contact points of the slab and the base are assumed to be the
same. Models of the base are characterized by a variety. Currently, a significant number of
such models are proposed, reflecting in different ways the actual behavior of the soil. The
following schemes are most widely used: models with one and two bedding coefficients,
models of elastic homogeneous isotropic half-space and half-plane, various combinations of
these models. In this case, it is believed that since the pavement is built under a powerful
artificial foundation, it experiences only elastic deformations, and the calculation of the
pavement is made on this basis.

The problem of deformability and crack resistance of airfield slabs is not reflected in the
domestic literature. If we talk about the publications of foreign authors, it should be noted the
works [7 - 10], where the main attention is paid to the issues of crack resistance.

Despite the use of the slab model on an elastic base in theoretical studies of the stress
state of airfield slabs, the experimental studies in the normative documents of most countries
consider two loading schemes - when the load is a concentrated force applied in the middle of
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the span, and when the load is a concentrated force applied on the console. In both cases, the
slab has a hinged support. This approach, in particular, is reflected in the aforementioned
Norms of Ukraine [1, 2] and in GOST 25912-2015 [11], the standard which applies to
prestressed reinforced concrete slabs made of heavy concrete and designed for the
construction of precast fast-building pavements of airfields, roads, storage areas, including
those recommended for use in harsh conditions of temperature and humidity cold climate and
permafrost soils, and is valid in 7 countries of the former USSR.

3 RESEARCH GOAL AND OBJECTIVES

The purpose of this work is to experimentally investigate the deformability and crack
resistance of airfield slab models made of reinforced concrete and steel-fiber concrete under
the span loading scheme.

To achieve this goal, it was necessary to solve the following tasks:

1. Analyze modern methods of studying the deformability and fracture resistance of
airfield slabs.

2. Develop a design and produce models of an airfield slab based on the serial slab
PAG-18.

3. Develop a test stand design.

4. Perform experimental studies of the deformability and fracture resistance of airfield
slab models.

5. Perform processing and analysis of the experimental data obtained.

4 RESEARCH RESULTSS

Model of an airfield slab was made taking into account the scale factor on the basis of a
serial slab PAG-18. The specimens are reinforced with a spatial framework consisting of two
meshes (Fig. 1). For reinforced concrete and steel-fiber-concrete slabs, 5 mm diameter
reinforcement of Vr-1 type was used.

S|

3
I

l 1375

Fig. 1. General view of the slab

To conduct tests, a stand is made, the frame of which is four supporting pillars connected
in pairs by beams. The model of the slab rests on the beams. The load was applied along the
width of the slab in steps - 0.05 of the destructive load, along two concentrated vertical strips.
Each stage of the load ended with a five-minute dwell time, at the beginning and end of which
readings were taken on the measuring instruments. All tests were performed using a 100 kN
jack and a 5-t dynamometer. The lower plane of the jack transmits the load to the two-level
cross-beam system, and through it the load is distributed to the plate (Fig. 2).
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Fig. 2. Test stand

The implemented load application diagram is shown in Fig. 3.
I

__2_2'_0;%; 350 230 350 ’{’} 225

| 930
) 1375

Fig. 3. Load application scheme

On the upper and lower surface of the plate, there were dial gauges with a base of 36 cm,
the first four - in the compressed zone, and 5 and 6 - in the tensile zone (Fig. 4). The load cells
were glued on the axis of symmetry under 2 and 4 indicators.
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Fig. 4. Indicator layout
The main results of the tests are shown in Table 1.
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Table 1
Test results.
Start of cracking . . L .
Bearing capacity, | Limit moment at failure,
Slab model Load, kN Moment, kN KNMm
kNm
Reinforced 12,10 212 21,77 3,81
concrete
Fiber 14,52 2,54 2742 4,80
concrete

On the basis of indicator readings, plots of the dependence of the relative longitudinal

strain on the load in reinforced concrete (Fig. 5) and fiber concrete (Fig. 6) slabs according to
indicator readings were plotted.

25.00

0.00
-4,00 -2,00 0,00 2,00 4,00 6,00 8,00 10,00
Strain, £104

Fig. 5. Relative longitudinal deformation in the reinforced concrete slab according to indicator readings

30,00

. 25.00

Load, kN

——1

-2

=

-4,50  -4,00 -3,50 -3,00 -2,50 -200 -1,50 -1,00 —0,50? 0,00 0,50
Strain, £-10*

Fig. 6. Relative longitudinal deformation in the fiber concrete slab according to indicator readings
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Plots of the dependence of the relative strain on the load in the compressed zone of
reinforced concrete and fiber concrete slabs are shown in Fig. 7, 8, respectively.

25,00

Load, kN

-3,50 -3,00 -2,50 -2,00 -1,50 -1,00 -0.50 v 0,00 0,50
Strain, £104

Fig. 7. Deformations in the compressed zone of the reinforced concrete slab according to
indicator readings

30,00

25,00

Load, kN

| 0.00- 52
450 -4,00 350 3,00 -250 200 -1,50 -1,00 -0,50 0,00 0,50

Strain, £10*

Fig. 8. Deformations in the compressed zone of the fiber concrete slab according to the
readings of indicators and strain gauges

Using the readings of two deflectometers, we plotted the deflections versus load for
reinforced concrete (Fig. 9) and fiber concrete (Fig. 10) slabs, which have the same character
as the deformation plots.
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Fig. 9. Deflections in a reinforced concrete slab
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Fig. 10. Deflections in the fiber concrete slab
5 DISCUSSION OF THE RESULTS OF THE STUDY

Table 2 shows the sequence of crack formation in reinforced concrete and fiber concrete
slabs with increasing load, and Table 3 shows the crack opening width.
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Table 2

Sequence of crack formation in the slabs with increasing load.

Ne of load step Load, kN Ne of crack cl(\)/lr:qr;rn;gsrz dh;;ggf 2:n
RC SFC
slab slab RC slab SFC slab RCslab | SFCslab | RCslab | SFCslab
0 0 0,00
1 1 4,03
2 2 8,06 7,26
3 3 12,10 12,10 1 18
4 4 14,52 14,52 2,3 1 10 22
5 5 16,94 16,13
6 6 19,35 17,74 2,3 15
7 7 21,77 19,35
8 13,00 20,97
9 14,00 22,58
10 15,00 24,19
11 16,00 25,81
12 17,99 27,42
Table 3
Crack opening width with increasing load.
No of crack Bending moment, kKNm Initial prack opening End c_rack opening
width, mm width, mm
RC SFC
slab slab RC slab SFC slab RCslab | SFCslab | RCslab | SFCslab
1 1 2,12 2,54 0,05 0,05 0,7 0,3
2 2 2,54 3,10 0,1 0,1 0,2 0,15
3 3 2,54 3,10 0,1 0,05 0,3 0,1

Before the first crack appears, the deflection of the reinforced concrete slab is 19.6 % for
the reinforced concrete slab and 11.0 % for the fiber concrete slab from that recorded at the
end of the tests.

The breaking load for the fiber concrete slab was 1.52 times greater than for the
reinforced concrete slab, and the moment of the beginning of cracking was 1.22 times greater.

6 CONCLUSIONS

As follows from the given results, the cracking process in the fiber concrete slab begins
at higher loads than in the reinforced concrete slab. The initial crack opening width in the
slabs is almost the same, and the final crack opening width of all the cracks in the fiber
concrete slab is significantly lower than in the reinforced concrete slab.

The deformations in steel fiber concrete slabs when the load is applied in the span, both
for compressed and stretched fibers, are higher than in reinforced concrete slabs.

According to the given results, it can be seen that at the initial stages of load application
in the span of the plates, the deflections increase linearly. The curves get non-linear for
aerodrome slabs of reinforced concrete when the load reaches the level of 1025 kN, for
steel-fiber-concrete slabs - 15+30 kN. In reinforced concrete slabs the non-linearity starts a
little earlier and is more clearly expressed.

I. Korneieva, D. Kirichenko, O. Shyliaiev
72 https://doi.org/10.31650/2618-0650-2021-3-2-64-74




111, Ne2, 2021
Crop. 64-74 | Page 64-74

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

Thus, the experimental studies indicate that dispersed reinforcement of airfield slabs with
steel fiber leads to their higher crack resistance.
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BJIACHI YACTOTH KOJIMBAHD IIVIACTUHMU, SAKA ITOALJIAE
ABOILIAPOBY I1EAJIBHY PI/IUHY 3 BIVIBHOIO IIOBEPXHEIO
Y ITPAMOKYTHOMY KAHAJII

JIumap O. o.

1 . . . . . .
‘Muxonaiecokuti HAYIOHANTbHUU acpapHUU yHIeepcumem

AHoTauis: JlocmiKeHo aHATITHYHO 1 9ACeNbHO YaCTOTHUH CHEKTP ITIOCKUX KOJMBAHB MPYKHOT
TUTACTHHH, AKa TOUISE IBOMIAPOBY 11€aTbHY PIAMHY 3 BITHHOIO MOBEPXHEI0 B MPSIMOKYTHOMY KaHaJi.
Jis 1OBINBHOTO 3aKpilUIeHHS KOHTYPIB MPSIMOKYTHOI IJIACTHHM MOKa3aHO, L0 YaCTOTHHH CHEKTP
PO3TIISIHYTOI 3a/1a4i CKIaJaeThCsl 3 ABOX HAOOPIB YaCTOT, SIKM OMUCYIOTh KOJIMBAaHHS BUIBHOI MOBEPXHi
piowHM 1 TpyxHOi MacTuHU. PIBHSHHA 3B’S3aHUX KOJNWBAHb IUIACTHHH Ta PLAWHU TPEACTaBIEHI y
BUTJISI/II CUCTEMH IHTETpO-IUQepeHIiaNbHUX PiBHSIHD 3 TPAHHYHUMH YMOBAMH 3aKpiIUICHHS KOHTYPIB
IUTACTUHU Ta YMOBOIO 30epekeHHs 00’eMy pimuuu. [Ipu po3B’s3aHHI KpaioBOi 3aj1avi Ha BJAaCHI
3HaueHHA (OpMa TMPOTHHY IUIACTHHH TIPEICTABIAETHCS CYMOIO (yHIAaMEHTAIBHUX DillIeHb
OJTHOPITHOTO PIBHAHHS U HE3aKPIIUIEeHOi IUIACTHHHA 1 YaCTKOBOTO PO3B’S3aHHS HEOIHOPIITHOTO
PIBHSHHS y BUIJSIII PO3KIAAaHHS 32 BJIACHUMH (YHKIISIMH KOJHMBaHb iJ€ajdbHOI PIOUHU Yy
NpSIMOKYTHOMY KaHaii. OTpUMaHO y BUTJISIAI BU3HAYHUKA YETBEPTOTO IMOPSIKY YaCTOTHE PiBHSHHS
BUIBHMX CyMICHHX KOJIMBAaHb IUTACTHHH Ta PIIUHMA. Y BHIAIKy 3aTHCHEHUX KOHTYPIB IUIACTHHHU
MPOBEJCHO WOro CHPOIIEHHS 1 MPOBEAEHI JCTadbHI YHMCEIbHI JOCHIHKCHHS IEPIIOr0 1 JPyroro
HaOOpiB YaCTOT BiJ OCHOBHHX MEXaHIYHHX MapaMeTpiB cUCTeMHU. Bin3zHauaeTbesi ciaaOkuit
B3A€MOBIUIMB KOJIMBAaHb IUIACTUHH HA KOJHMBAaHHS BUILHOI MOBEpXHI Ta HaBHakW. [lokaszaHo, mIo 3i
3MEHIIEHHSM MacH IUJIACTUHHM YacTOTH JAPYroro Habopy 3pOCTaloTh 1 MpUHAMAaroTh HaWOUIbIIe
3HAYCHHS JUIS O€3iHEepLiHHUX IUTacTUH abo MeMOpaH. 3MEHIICHHS 4YacTOT Jpyroro Habopy
BiIOYBa€ThCs 31 30LMBIMICHASM TITHOWHY 3allOBHEHHS BEPXHBOI PiAMHM ab0 31 3MEHIIICHHSM TIIHOMHH
3aMIOBHEHHS HIDKHBOI PiMUHM. 3 ypaxXyBaHHSAM JIBOX WICHIB PSAAY Y YaCTOTHOMY PIiBHSHHI OTPUMAHO
HaOJIMKeHI (GOPMYJI Il IPYroro HabOpy YacTOT Ta MOKa3aHO iX €(EeKTHBHICTh. 31 30LIBLICHHIM
YUClla WISHIB pSy 4YacCTOTHOTO PIBHSHHS TIONEpeAHi KOpeHi Mepimoro i apyroro HabopiB
YTOYHIOIOTBCS Ta 3’ SIBISITUCS HOBI.

KirouoBi ciioBa: TigponpykHicTh, MPSIMOKYTHA TIACTHHA, IUIOCKI KOJMBAHHS, 1/IealbHa PiIHA,
BiJIbHA ITOBEPXHSI, BIACHI YaCTOTH CYMICHUX KOJIMBAaHb TUIACTHHH 1 PiIUHU.

EIGENFREQUENCIES OF OSCILLATIONS OF A PLATE WHICH
SEPARATES A TWO-LAYER IDEAL FLUID WITH A FREE
SURFACE IN A RECTANGULAR CHANNEL

O. Lymar!
'Mykolayiv National Agrarian University

Abstract: The frequency spectrum of plane vibrations of an elastic plate separating a two-layer
ideal fluid with a free surface in a rectangular channel is investigated analytically and numerically. For
an arbitrary fixing of the contours of a rectangular plate, it is shown that the frequency spectrum of the
problem under consideration consists of two sets of frequencies describing the vibrations of the free
surface of the liquid and the elastic plate. The equations of coupled vibrations of the plate and the fluid
are presented using a system of integro-differential equations with the boundary conditions for fixing
the contours of the plate and the condition for the conservation of the volume of the fluid. When
solving a boundary value problem for eigenvalues, the shape of the plate deflection is represented by
the sum of the fundamental solutions of a homogeneous equation for a loose plate and a partial
solution of an inhomogeneous equation by expanding in terms of eigenfunctions of oscillations of an
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ideal fluid in a rectangular channel. The frequency equation of free compatible vibrations of a plate
and a liquid is obtained in the form of a fourth-order determinant. In the case of a clamped plate, its
simplification is made and detailed numerical studies of the first and second sets of frequencies from
the main mechanical parameters of the system are carried out. A weak interaction of plate vibrations
on vibrations of the free surface and vice versa is noted. It is shown that with a decrease in the mass of
the plate, the frequencies of the second set increase and take the greatest value for inertialess plates or
membranes. A decrease in the frequencies of the second set occurs with an increase in the filling depth
of the upper liquid or a decrease in the filling depth of the lower liquid. Taking into account two terms
of the series in the frequency equation, approximate formulas for the second set of frequencies are
obtained and their efficiency is shown. With an increase in the number of terms in the series of the
frequency equation, the previous roots of the first and second sets are refined and new ones appear.

Keywords: hydroelasticity, elastic isotropic rectangular plate, ideal incompressible fluid,
rectangular channel, flat oscillations.
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1 BCTYII

Jns 6e3mexku TpaHCHOPTYBaHHA Ta 30€piraHHs piAKUX BaHTAXIB BEIMKI pe3epByapH
MOAUISIIOTh Ha BIJICIKK. Y IHMX BiJICIKaX MOXYTh OYTH PIIMHMU PI3HOI HIUIBHOCTI. Y IOMY
BUIA/IKy BUHHMKA€ 3ajada MpO BIUIMB MPY)KHHUX 1 MAcCOBUX XapaKTEPUCTHK IUIACTHH, sSKa
MOAUTSIE PIAMHKM PI3HOI IIUIBHOCTI, HA YaCTOTHUM CHEKTP 1 CTIMKICTh KOJMBaHb MEXaHIUYHOT
cuctemMu. Y paHillie po3MITHYTHX POOOTaX B OCHOBHOMY OyIIM JOCHIIPKEHO YMOBHU CTIHKOCTI
KOJIMBaHb IUIACTUHHU y pa3i 3aTUCHYTUX KOHTYpIB IU1acTUHU. OHAK y pe3yJsbTaTi ceHCMIUHUX
BIUIMBIB a00 BUHUKHEHHS aBapiiiHOi a00 Mo3amTaTHOi CUTYyaIlil Kpail 3aTHCHYTUHN TUIACTHHU
MO’Ke NMPUMHATH OBUIbHE 3aKpIIJIEHHs, HAIIPUKJIAJ, CTaTH BUIBHUM a00 onepTuM. Y LbOMY
BUHUKAE NOTpeda y IOCHiPKEHHI HOBOTO YAaCTOTHOTO CHEKTpa Ta ii CTpykTypu. B maniii
CTaTTi AOCIIPKEHO AHATITUYHO 1 YUCENbHO YAaCTOTHUM CIEKTpP MJIOCKHUX KOJUBAaHb MPYXKHOI
TUTACTHHH, SIKa TOLIISE IBOIIAPOBY i7iealibHy PIIUHY 3 BUIBHOIO TIOBEPXHEIO B MIPSIMOKYTHOMY
KaHami. s JOBUIBHOTO 3akpillJIeHHs KOHTYpIB IpPSIMOKYTHOI IUIACTMHM IIOKa3aHo, LIO
YaCTOTHUI CHEKTpP PO3IIISHYTOI 3a/ladi CKIAa€ThCs 3 JIBOX HAOOPIB YACTOT, SIKU OMHCYIOTh
KOJIMBaHHS BUIbHOI IOBEPXHI PiIUHU 1 MPYXKHOI IUIACTUHU. Y BUIIAJKY 3aTUCHEHUX KOHTYPIB
TUTACTHHHM TPOBEJICHO HOTO CIIPOIICHHS 1 ETaIbHI JOCIIPKEHHS NEPIIOTo i Ipyroro Habopis
YacTOT BiJl OCHOBHMX MEXaHIUHUX IapaMeTpiB cUCTeMHU. PO3risHyTH BUNAIKU BIAPOJKEHHS
mwiacTuHn B MeMOpany. [lokasanuii ciaOkuii B3a€MOBIUIMB KOJMBaHb IUIACTUHU abo
MeMOpaHU Ha KOJIMBAHHS BUIBHOI ITOBEPXHI PiIMHU Ta HABITAKH.

2 AHAJI3 JITEPATYPHUX JAHUX I IOCTAHOBKA IMPOBJIEMH

VY naHiil po0OTI y3arajbHIOIOTHCS pe3yNbTaTH cTarTero [1—7] Ha BUNAJOK AOCIHIHKEHHS
9aCTOTHOTO CIIEKTPa KOJIMBAaHb MPYXKHOI TUTACTHHH, SIKa TOUISE IBYIIAPOBY i7I€albHy PiIUHY
3 BUIbHOIO MOBEpXHEr0. Y cTaTTi [1] y JiHiiiHIi MOCTaHOBIL PO3TISHYTO IUIOCKY T1IPONPYKHY
3aJady Mpo CTIWKICTh KOJMBaHb 3aTHCHYTOI TOHKOI 130TPOIHOI MPSIMOKYTHOI IJIACTUHH, SKa
poO3AiNif€e ieanbHl HECTHCIUBI PITUHU B MNPAMOKYTHOMY KaHaii. [lnactuHa cxuibHa 10
pO3TATYIOUMX a00 CTHCKAIOUUX 3YCHJIb B CEepeAuHHIA moBepxHi. OTpUMaHO Yy BUTIIAII
BHU3HAYHMKA YETBEPTOIO MOPAIKY YACTOTHE PIBHSHHS BUIBHUX CIIJIBHUX KOJMBAaHb IUIACTHHU
1 piIMHH Ta TpoBeAeHO Horo cnpoimieHHs. IlokazaHo, 10 BOHO pO3MaJa€eThCS Ha JBa
PIBHSHHS, 1110 OMUCYIOTh HECUMETPUYHI Ta CUMETPUYHI YaCTOTH BUIBHUX KOJIMBaHb (HEMapHi
Ta MapHl YacTOTH) 1 MOXKe OyTH MpeACTaBICHO B €AUHIN popmi ans mux yactoT. OTpuMaHo
HaONMKEH1 Ta TOYHI YMOBH CTIMKOCTI CHUIbHUX KOJHMBAaHb TUIACTUHU Ta PIAMHU. Y LIl CTaTTi
HABE/ICHO JIOCUTH MOBHHM OTJISA JIITEPAaTypHHX MaHWUX IMI0A0 i€l mpobiemu. J[omOBHUMO
fioro yuiie 1eSKMMU OCHOBHUMH Ta OCTaHHIMM poOoTaMu. Y po6oTi [2] po3risHyTO 3a/1a4a,
aHasioriyHe [l], y BuUmaaky omepTux 1 BUIBHMX KOHTYypiB. PoGotu [1, 3—6] mpucsueHi
NEePEeBaXHO IMUTAHHSA CTIHKOCTI CHUIBHUX KOJMBAaHb IUIACTWUHU Ta piauHU. Y cTarTi [§]
MPEJICTABICHO aHAJIITHYHE PIIIEHHS Ul aHalli3y BUIBHUX KOJMBAHb TOBCTHX NMPSMOKYTHHUX
130TPOINHUX MJIACTUH Yy MOETHAHHI 3 00MEKEHO0 PIAMHOIO IS PI3HUX IPaHUYHUX YMOB. Jlist
PO3IIIsAy TEOpii 3MILIEHHS AOBUIBHOTO MOPSAIAKY BUKOPHUCTOBYEThCS YHi(ikoBaHa ¢dopmyia
Kappepu (CUF). IIpobnema BnacHUX 3Hau€Hb OTPUMYETHCSA 3a JONOMOTrOI0 (DYHKIIOHAITY
eHeprii, BpaXxoBYIOUH KIHETUYHY €HEpPTil0 MIIACTUHU Ta PIIUHU, a TAKOXK MOTEHIIHHY €HEeprito
miacTuHd. MeTos PiTiia BUKOPHCTOBYETHCS TSI OLIIHKH 3MIHHUX MEePEMIIIeHb, a QYHKIIIT, SKi
BUKOPHUCTOBYIOThCS B psinl PiTma, MoXyTh OyTH HajamITOBaHI JAJs BpaXxyBaHHS JOBUIbHOI
BiOpallii 3 KJIaCHYHUMHU TI'paHUYHUMH ymoBamu. IIpoanarnizoBaHo 301KHICTH PO3B’ 3Ky Ta
MIPOBEJICHO TMEPEBIPKY PE3YJIbTATIB 3 YpaxyBaHHSIM BIAKPHUTOI JITEpaTypu Ta MPOrpaMHOTO
3abesneueHHs 3D kinnesux enementiB. CTarTd [9] mpucBsueHa BUBUYECHHIO BUIBHUX KOJIMBaHb
JIBOILIAPOBOI 1/I€aIbHOI PIAMHH Y MPSIMOKYTHOMY KOHTEIHEp1 3 MPYXKHOI O1YHOIO CTIHKOIO. 3
BUKOPUCTaHHAM HOPMaJbHHUX (OPM MHPOBENEHO JOCHIIKEHHS JBOBHUMIPHOI TiJpONPYXKHOI
CHCTEMH.
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Benukuii muxn poOiT MpUCBSYEHUN TiAPONPY)KHUM KOJMBAHHSAM i€alibHOI PIAMHH B
KPYroBUX Ta KOAKClaJIbHUX LUJIIHApPAX 3 KOPCTKUMHU Ta MPYKHUMHU ocHOBamu. Lle pobotu
[10-14] Ta Gararo inmmx. iH. Ctarts [10] npucBsiueHa KOJMBAHHSIM 3aTHCHYTOI KPYTrOBOi
IUIACTUHU B 1JI€abHIM pIAUHI, SIKA 3HAXOIUTHCS B IKOPCTKOMY MPSIMOMY KPYrOBOMY
MWIHAPUIHOMY pe3epByapi. Y il CTaTTi JaHO TOPIBHSHHS AHANITUYHHUX PE3YJbTATIB 13
pesyibTaTtamu, orpuManuMu B cuctemi ANSYS. V poGoti [11] mpoBoaaTbest JOCITITKEHHS
HECUMETPUYHUX BUILHUX KOJMBaHb 3aTUCHYTOI KPYIJIOi JIACTUHHU MPH KOHTAKTI 3 17[€alIbHOI0
HEC)KMMaeMor pianHOW. 3 BUKOpUCTaHHSIM psaniB dyp’e — beccens Ta BapiariiiHOTrO
MIPUHIIMITY BUBEICHO MPUEIHAHY Macy PIAMHHU Ta OTPUMAHO YaCTOTHE PIBHSHHS 3B’sI3aHUX
KOJMBaHb IUIACTUHU Ta piauHU. [IpoBeneHO MOPIBHSAHHSA OTPUMAaHUX pE3yJibTaTiB 13
pesynbratamu podotu [10]. V crarti [12] BuBeneHO 4acTOTHE PIBHSHHS OCECHMETPHYHUX
KOJIMBaHb Ba)KKOi JBOLIAPOBOI 1/1€aIbHOI PIAMHU B )KOPCTKOMY KUTbIIEBOMY LMIIHAPUYHOMY
pe3epByapi 3 IpYy>KHUMH BEPXHBOIO 1 HIDKHBOIO OCHOBAMH Y BUTJISIAI 3aTHCHEHUX KUIBIIEBHX
IJIACTHH 1 TPOBEIEHO JOCTIHPKEHHS 4YacTOTHOTO crekTpy. PoGora [13] mpucssueHa
JOCTIPKEHHI0O YAaCTOTHHX PIBHSHb HECUMETPUYHHMX Ta CUMETPUYHHMX BIIACHUX KOJUBAHBb
BaYKKOT 1/1€aIbHOI JIBOIIAPOBOI PITUHU Y )KOPCTKOMY KPYTOBOMY LIMIIIHAPUYHOMY pe3epByapi
3 MPYKHUMH OCHOBAMH y BHIJISIII 3aTHUCHYTHX KPYTOBUX IUiacTHH. Ha mpukiami ogHOpiaHOT
pPIOMHHA 3 BUIHHOIO TMOBEPXHEI0 Ta NPY)KHUM THOM Y BUIIIAAI MEMOpaHW aHAIITUYHO Ta
YHCENBHO JIOCIIIKEHO YacTOTHHM crekTp. [lokazaHo, 110 BiH CKIIaAaeThes 13 IByX HaOOpiB,
SIK1 BIJITIOB1/Ial0Th KOJMBAHHIM BUIBHOT TTOBEPX1 PHIIUHU Ta KOJMBAHHAM MEMOpaHH.

Haii6inpm 3aranbHuii MaTeMaTUYHUN TiAXiA OO0 BUPILMIEHHS 3a/adyl Opo JUHAMIKY Ta
CTIMKICTh pyXy TBEpIOro Tijia 3 BiJCIKaMH, IO MICTATh 0araToIIapoBy ifealbHY piauHY,
po3AiNieHy MPYKHUMU IJIACTUHAMH, HaBeJIeHO y cTaTTi [14].

VY naHHii cTaTTi MPOJOBKEHI IOCITIDKEHHs, sKi Oyiau posmouari y podorax [1-4].
JlocipkeHO aHaNITHYHO 1 YHUCENbHO YAaCTOTHUN CHEKTP IUIOCKMX KOJHMBAaHb MPY>KHOI
TUTACTHHH, SIKa TOIIISE IBOIIAPOBY i7iealibHy PiTUHY 3 BUIBHOIO TIOBEPXHEIO B MIPSIMOKYTHOMY
kaHami. [lokazaHo, 110 YaCTOTHUI CHEKTP PO3IIISIHYTOI 3a7adi CKJIAJA€ThCs 3 ABOX HAOOPIB
9acTOT, SIKU ONUCYIOTh KOJIMBAHHS BUILHOT MOBEPXHI 1 MPYKHOI TIACTUHU. J[JIs1 3aTHCHYTHX
KOHTYPIB IUIACTUHU AOKJIAAHO IPOBEICHO AOCTIIKEHHS IIUX JBOX HAOOPiB Y4acTOT.

3 META TA 3ABJAHHSA JOCJIIKEHHS

JlocnmiguTy aHaMITUYHO 1 YMCENIbHO YacCTOTHMH CHEKTpP IUIOCKUX KOJMBAaHb MPY)KHOI
IUIACTHHU, SIKa MOJLJISE IBOIIAPOBY 17I€aJIbHY PIIUHY 3 BUIBHOIO IOBEPXHEIO B IPSIMOKYTHOMY
kaHam. Iloka3aTu 1uis JOBUIBHOTO 3aKpIiIUIEHHS KOHTYPIB MNPSMOKYTHOI IJIACTUHH, IO
YaCTOTHHUM CHEKTP PO3TJIAHYTOI 3a/1adl CKIIAJAEThCA 3 JBOX HAOOPIB YACTOT, SIKM OMHUCYIOThH
KOJIMBAaHHS BIJIbHOI MMOBEPXHI PIAMHU 1 MPY)KHOT IUIACTUHU. Y BUIAJKY 3aTUCHEHUX KOHTYpIB
TUTACTHHH TIPOBECTH HOTO CIPOIIEHHS 1 BUBYATH BIUIMB OCHOBHUX MEXaHIUYHUX MapaMeTpiB
CHCTEMH Ha NepuIMii 1 Apyruil Hablp yacToT. PO3MIAHYTH BUNAAKHU BiPOJKEHHS IJIACTUHU B
MeMOpany. [loka3zaTu B3a€EMOBIIUB KOJMBaHb IJIACTMHM a00 MeMOpaHu (Iepiioro Habopy)
Ha KOJIMBaHHA BUJIBHOI MOBEPXHI PIAMHU (Ipyroro Habopy) Ta HaBIAKU.

4 PE3YJBTATHU JOCJIT’)KEHb

PO3riIstHEMO TUTOCKI KOJMBAHHS MPYXHOI TMPSMOKYTHOI TUIACTHHH, SIKA& TOPH30HTAIBHO
HOAIJISIE TBOIIAPOBY i/IealibHy HECTHCIUBY piinHY 3 TycTHHOW p (i =1,2) B npsMOKyTHOMY
kanami mmpunoro b(b=2a). IlnactiHa Mae TOCTIHHY 3rHHAJIBHY JKOpPCTKicTh D i

JIOTTYCKA€EThCSl HASBHICTh PO3TATYIOUMX Ta CTUCKAIOUMX 3yCUJIb B CEPEAMHHIM MOBEPXHI
iHTeHcuBHOCTI T . KOHTYpHM TiacTMHM MOXYTh MaTH JIOBUIBHE 3aKpilJICHHS, HAINPHUKIIAJ,

OyTH 3aTHUCHEHi, omepTi abo BUIbHI. BepXHs piauHa HIUIBHOCTI p; 3allOBHIOE KaHA [0
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rubuan N, a HIDKHS pigMHa miibHOCTI P, mo raubuau h, (puc. 1). BepxHs piguHa Moxe
MOBHICTIO 3aIIOBHIOBATH KaHaJ 800 MaTH BUTbHY TTOBEPXHIO.

Z
T §¢
| f—— —|—— —|
;E_\__g__:_:_:_ X
Wl — — — |
- R e _/
. 3 b o

Puc. 1. [IpsMoKyTHa IJIACTUHA PO3/ILUISAE NBOMIAPOBY 1€aNbHY PIAUHY 3 BIIbHOIO MOBEPXHEIO

BrnacHi 4acToTH CiIbHUX KOJIMBAaHb MPYXKHOI MJIACTUHU 1 ABOIIAPOBOI iI€alibHOI PIAMHU
3 BUIBHOIO TIOBEPXHEIO 3HAXOATHCS 3 CHCTEMH IHTETPO-Tu(epeHIIAILHUX PIBHSHS [3, 7]

*

d'w_pd’w _o'\
-P L , 1

dx*  dx® D ; n Wt @
l a a

w, == [wy,dx, [wdx=0 ()
a—a -a

1 TPAaHUYHUX YMOB
(£,00) =0 (j, p=12). (3)
75

Tyr P=T/D,q=(g9Ap—ko*)/D (D=0), Ap=p,—p,, kK =p5,, W(X), py, &
BIJIMOBIAHO (hOpMa HOPMaJIbHOTO MPOTUHY, HIUIBHICT 1 TOBIIMHA IUIACTUHU;  — HEBiAOMa
YacToTa CHUTPHMX KONMBaHb IUIACTMHHM 1 pigmHM, &, = p, cothx,, + p, cothx,, ,
k. =zn/bb =20p,/(0* —0c?)sinh 2k, o2 =gk, tanhx,

KBaJpaT YacTOTH KOJIMBaHb BUIbHOI MOBEPXHI BEPXHBOI DPITUHM B BHIAJKY aOCOIIOTHO
KopeTkoi mactuan; £, 1 £, — nudepeHianbHi onepatopu TpaHiYHUX YMOB 3aKPIIICHHS

a’=a -b, x, =hk

1 'n?

IJIACTUHHM HA KOHTYPi y;; HANPHUKIAJ, Y BHIAIKY JKOPCTKOTO 3alIEMJIEHHS IUIACTHHH
omepatop £, Oyme ommmmunmm, a £, =d/dX; y;(j=12) - To3HaueHHA KOHTYpY,
npudomy iHaekc J =1 Bimnosigae koTypy X=-a,a j=2 — X=a.

V pasi BiACYTHOCTI BUJIbHOI TOBEPXHI (BUIIaJOK TIOBHOT'O 3alIOBHEHHS KaHaJy) Yy pIBHAHHI
(1) TpeGa moknactu @’ =a_ (b, =0) [1,2,...].

VY pobotax [3, 6, 7] moka3zaHo, 1110 opmMa IpOruHy IIACTUHUA MA€ BUTJIS

w= Z(Wk W — a’i ai:d Jﬂf (4)

e WE (k =l,_4) — ¢yHIaMeHTallbHA CUCTEMa PO3B’3KiB OJJHOpIAHOTO piBHSHHS (1),
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wgzziajwfdx, Efnzéjwfl//ndx, v (X)=cosk (x+a), d = (DK? +T)k? + gAp—k,? .

Y ¢opmyny (4) BXOAUTh HOTHPHM HeBiZOMi KoHcTanTu A. 3 TDaHMYHHX YMOB

3aKpilIeHHs MIACTUHH (3) MAEMO YOTUPH JiHIHHUX OJHOPIAHUX PIBHSAHHS BiHOCHO A .

4 0
Z(S‘}pk—wzzanEfnSjpnjA%O (p.j=12). 5)
n=1

k=1

nme4g{m_@DL,gmqpﬂmyh,%:ﬁﬂﬁﬁ_hmy

3 pIBHOCTI HYJIO BH3HAYHUKA OIHOPIAHOI CUCTeMH (5) BUILUIMBAE YACTOTHE PIBHSIHHS
BJIACHUX CIUJIBHUX KOJIMBaHb MPYXHOI TUTACTHHH 1 PiTTHA

lea”  |=o0. (6)
g, k=1

ac

(i=1 p=12k=14),

jpn

0
—q0 2 0
Ch=Ln—-o E o E L
n=1

ik T

Cp+2,k = SO a)zzanESnsjpn (J =2, p =12k :ﬂ)
n=1

CKOpHUCTaBIIMCH PO3BMHEHHAMH (QYHKIIH W, B psijl MO MOBHIil i OpTOroHanbHiit cuctemi

a
GyHKLIHA Y, Ta yMOBOIO I w,dx =0, piBHAHHSA (6) MOHA IIEPENUCATH TaK

—a

le.” |0, @)
g, k=1

Jc

Cu =ZﬁnEl?n£j1n’ Cau =£Oj2k _wzzanEI?nSjZn (=1 k :1’_4)’
=] -1

o0

C3k ZZﬁnEI?nSjln' C4k = Sojzk _wzzanE:nSjZn (J =2, k :ﬁ)
n=1

n=1 =

Tyr B, = kndn/(a)za: —k.d,).

Cnin 3a3Hayarty, 110 YaCTOTHE PiBHAHHSA (6) OUIBLI 3pyuHille /Ui TOYHOCTI YHUCEIbHUX
PO3paxyHKiB, a (7) — s aHAITHYHUX JOCHTipKeHb [1-7].

Brnacui ¢opmu KoIMBaHb MIACTHMHHU 3HAXOJSATHCS Ha IMiJICTaBI YaCTOTHUX PIBHSHB (6)—
(7), cuctemu piBHSIHB (5) Ta GOPMU NPOTUHY IJIACTUHH (4).

Ha mincraBi po6iT [12—13] MokHa CTBEpIXKyBaTH, 10 YACTOTHUN CHEKTP PiBHSHB (6)—
(7) ckmamaeThcsi 3 JIBOX HAOOPIB YACTOT, KM OMUCYIOTh KOJWBAaHHS BIIBHOI MOBEPXHI 1
NPY>KHOI IJIACTUHH.

Cnig 3a3HayaTd  CKJIAIHICTh PO3B’3KIB YacTOTHUX piBHSIHBb (6)—(7) TOMy, 110

byHnamenTanbHa cucTeMa W, 3aJeKUTh BiJl 3HaKa BEMMYUHUA AP — kocoz. B pobotax [1, 2]

oy posrmsHyro Bumagok Ap=0 (p, =p,), ToMy y IbOMy BHIAJKy PO3IJISIHYTa 3ajadya
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CYTTEBO CIIPOIIYETHCS.

IIpu BifcyTHOCTI BitbHOI OBepXHi y piBHsiHHI (2)—(7) Tpeba moknactu &, = a, .

Cuctema piBHsiHHS (4)—(7) BUNMcaHa sl JOBUIBHHX CIIOCOOIB 3aKPIIUICHHS KOHTYPIB
IUTACTUHU. PO3TsiHEMO HaWOUIBII MOIIMPEHI Ha NPAKTULI CIIOCOOM  3aKpIllICHHS:
3aTHUCHEHUH, OTIEPTUH 1 BUTbHUI KOHTYD.

VY pa3i 3aTHCHEHUX KOHTYpIB IUIACTHMHU KoedimieHTH dYactoTHOro piBHSIHHA (7)
3aIUIIYThCS TaK

Cy = Zﬁ Ekn’ 2k — 12k’ Cy = ZIB E ( 1) £0j2k (k =1._4), (8)
OCKUIbKM ~ BenmamHn £, 1 SOJ-Zk matote Burman £, =1 £, =(-1)", £, =0,
d Wk

jZk[ ]

7i

Hnst oneproro kparo omeparopu £, Ta 3HauYCHHS QyHKUIA £ £0j2k OyayTh Matu

jpn?
surms: £y =1, €5, = dz/d X, L5, =L Ly, = (D" Ly, =K1, £y = (D)™ ks,

Lo W 1=d>w /d X2|y,- , @ Juis BiUTbHOrO Kparo £ =d?/dx?, £ =d*/dx®, £, =-k?,
—d2 WE o [WO] = M
dx? | " T dye
i i
[TpoBoasiun 3a aHanoriero 3 podoramu [6, 7] MEepETBOPEHHS 3 PSAAKAMH Ta CTOBIISIMH
BU3HAYHMKA PIBHAHHA (7) Ul 3aTUCHYHHUX, ONIEPTUX Ta BUIBHUX KOHTYpPIB IJIACTUHH, MOXHA
NpHUBECTH HOro 10 OJOKOBOrO BUIJSILY 3 JBOMa HYJIBOBUMH OJokamu. B pesynbrarti
OTPUMAEMO, 1110 PiBHSAHHSA (7) IJs 3aleMIIEHUX, ONEPTUX 1 BUIBHUX KOHTYPIB PO3MAaTa€eThCs
Ha JIBa PiBHSHHS, SKi OMHCYIOTh HECUMETPHYHI Ta CHMETPUYHI YaCTOTHU CYMICHHX KOJIMBAHb
IJJACTUHU Ta PIIMHHU 3 BUIBHOIO MOBEpXxHEI0. J[s 3MimaHuX crocoOiB 3aKpiIyICHHS JTBOX
KOHTYpIB TUIaCTUHH piBHSIHHSA (7) HE PO3MAJaEThCs HAa HEMapHi Ta mapHi yactotu [2, 6, 7].
Haii0inbie crpomienHs piBHAHHS (7) MU OTpUMaEeMO Ul 3aTUCHYTUX KOHTYpIB [2, 6, 7]. Y
L[bOMY BUIIaJIKy BOHO CIIPOIIY€ETHCS 1 pO3MAAAETHCS HA JBA PIBHSAHHS, SIKI OMUCYIOTh HEMapHi
(n=2m-1) it mapui (N=2m) wacroTu i i PiBHAHHSA MOXKYTh OYTH 3aIMCaHi B €UHIN Gopmi

Lo =(D"KE, £,,=0, £,,=0, L, IW]1= [2,3,6,7].

JUIA ITUX 9aCTOT

nla)a

. . .. —27h /b
I3 piBEstaEs (9) ciiz, mwo 3 3pocranns h /b koedimient b nparue xo myms sx e 2™ a
koediwient a;, mparne go a,. Takum umHoM, npu h /b >1 BrBoM BinbHOI MOBepxHi Ha
YaCTOTHUH CIIEKTP MOXKHA 3HEXTYBATH 1 piBHAHHA (9) B 1IbOMY pa3i Ma€ BUIJIST

o0 kn 3
Zz—kd_o

@ a, —K O

abo

i =0, (10)

n=1 ’a d

ne & =a +kk, d =(Dk?+T)k>+gAp.
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JliBa uactuna piBHstHEs (10) € MOHOTOHHO 3POCTArOUO0 (DYHKI[EI mMapaMerpa @ Ha

intepsarni (k. d /a,, k..,d ,/a ) (n=12,..), ska npuiiMae Ha HHOMY 3HAYCHHS Bl —o0 O

. Orxe, MDK JBOMa IOCIIJOBHHMMHU 3HAUYEHHIMHU kn(]n / a, JCKHWTh TUIBKM OJHMH KOPIHb
piBasHHA (10). [um 3a3manerigp BH3HAYAIOTHCS IHTEPBAIM, B SKHUX 3HAXOIATHCS BIACHI
yactotd. KBamparu Bucokux dactorT (N>>1) OyayTh Majao BiAPI3HATHCS BiJ BEIHYHHH
o =K, [(Dkn2 +T)k? + gAp] / (a, +k k,). 3 i€l piBHOCTi BUILIMBAE, IO 3ANEKHICTE @ Bil
D, T i Ap e niniliHo0O, HAOLIbIIE 3HAUCHHS a),f oyme npu K, =0, T06TO M35 Ge3iHepIiiHOT
miactuHu. KBagpaT 4vacTtoTu a)f cnabo 3anexuTh Bin rambuH 3amoBHeHHs N i h, i

3MEHIIYEThCA TIpU X 3MmeHmIeHHI. [IpoBeneHi uwcenbHl nocmipkeHHs piBHIHHA (10)
MIATBEPISATH 11l TIONIEPEIHI BUCHOBKHU.

Ha BigMminy Bix piBHsHHSA (10) 3HaMEeHHUK piBHSAHHSA (9) MpencTaBiIseTbes K KyOi4HOTO
MHOTOWIEHA BiTHOCHO @’ i y IbOMY pa3i JOCHTH BAaXKO BiJOKDEMHTH KODiHHS IBOTO
piBHsaHHA. [IpoTe, MOXHa 3pOOHUTH Tak: CIIOYaTKy po3rIsiHYTH piBHsIHHS (10) 1 Ha floro ocHOBI
MIPOBECTHU JIOCIIPKEHHS APYroro Habopy 4acToT. BIuimB BijbHOT MOBEpXHI 1€l HaOip 4acToT
Oyne He3HayHuM. lle M03BOJIMTH BiTOKPEMHUTH YacTOTH Apyroro HaOopy BiA mHepmioro, a
MOTIM IPOBECTH JIOCIIPKEHHSI IEPIIOro Habopy 4acToT.

5 YHUCEJBHI JOCIAIIKEHHSA BJIACHUX YACTOT CYMICHUX
KOJIMBAHD IVIACTUHMU I PITUHU

VY 6e3po3mipHOoMy BUTIIsAAI yacToTHE piBHIHHA (9)—(10) OyayTh MaTH BUIIISL:

o n

_ =0; 11
nz_ll(én + 7nk, —b:)Qz —ﬂn[(ﬂ'znz +7§)”2n2 +(1-p.) 9 ()
3 _ n =0. (12)

= (é +7znko)£22 —zn [(nznz +y§)7z2n2 +(1—,012)@]

n

Tyr &, =4a,/p, = p, COth g, +cothx,,, IZ0 =k,/p,b, Q° = a)zpzbs/D’
6: = 2,01292/(92 —gzntanhx,, )sinh 2, &, =7nH;, 7, :TbZ/D’ Pu=p/ps: §= gb4/D’
b=2a.

SAxmo y piBHAHHI (12) yTpuMaTu JBa WIEHH pAAYy, TO OTPUMAEMO HAOIMIKEHHIO
dopmyny kBajapata yactotu. Tak, 1 Henapuux yactor (N =1,3) maemo

_ 67 417° +5y5 +(1—py,)/ 7" |

Q? : (13)
Kys
ne kg, = py, (coth x, +3coth x, ) +coth «,, +3coth i, + 47k, &, =7H,, i, =3k,
Ky =7H,, K, =3k,,, a nis mapanx (N=2,4):
27| 687° +5y; +0.5(1— 7’
o = [ 7o ( plZ)/ } . (14)

kl4

Tyt ky, = py,(coth i, +2coth x,) +coth i, + 2coth i, +87k,, Ky, =27H,, Ky, =2k,
Ky =27H,, Ky =2k

V pasi Bupomxenns miactunn B Mem6pany (D =0) y HoBux 6e3po3mipaux 3mMinHHX Q

Jlumap O. O.
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i T wacrori pisrstaus (11)—(14) 3amumryTses Tak:

= n

—— = =0; 15
;(én+7znk0—b:)Qz—ﬂn<T7r2n2+1—p12) (15)
3 _ n _0, (16)

S (&, + 20k, ) —an(Tatn +1-p,)

ne O’ =w’b/g, T=T/gpb*.

Jlnst nenapuux yacrot (N=1,3) maemo

_ 6%[417[2 +5y¢ +(1—p12)/7r2]

o° , a7
K
a nus napaux (N=2,4):
27| 5T +0.5(1- p,,)/7°
o = [ ( plZ)/ :I . (18)

kl4

Crnix Bigmitutu, mo dopmymu (13)—(14) i (17)—~(18) miaTBEpmXKYyIOTH MONEpeIH]
BHUCHOBKH, SIKH OYyJIH 3p0o0JieH1 3 MpUOIN3HOT POPMYIH JIJIsl BACOKHX YacTOT.

31 30iMbIOICHHAM KUTBKOCTI WiE€HI1 psiy TOmNepenHi KOopeHi OyayTh YTOYHIOBAaTHCA 1
3 ABIIATUCS HOBI.

YucenpHi nocmipkeHHs 4actoTHuX piBHsAHBb (11)—(12), (15)-(16) i dopmyn (13)—(14),
(17)~«(18) Oyam mpoBemeHi JUIA HACTYMHHMX 3HA4YCHb OE3pO3MIPHHX IMApaMeTpiB:

P, =0,051 2 y2=0.50,T=0,05,1,2; §=110,100; H,=0.5,1,1.5; k, =0, 05,1, 3
ypaxyBaHHAM JIECATH-IBALATH WICHIB Y PAMY [IUX PiBHSHb.
Ha puc. 2-5 npencrasieni, y sumagky mem6panu (D =0), rpadiku 3anexHocri

KBaJ[paTa MepuIoi 6e3po3MipHoi HecuMeTpHuHOi yacTotH Q° Bijx Ge3po3mipHOro Harsry T
(puc. 2), Bix 6e3po3mipHii rmbuan H, (puc.3) i Big 6e3po3MipHiii minekHOCTI p), (puc.4, S),
a Ha puc.3 momano mie rpadik KBaapaTta Jpyroi 6e3po3mipHoi uwactoru. Ha puc.2, 4, 5
H,=H, =1 i3nayennsam Kk, =0 Binnosigae BepxHiii rpadik, K, =0.5 — cepenniii rpadix u
IZO =1.0 — HwxHiil rpadik.

I'padiku Ha puc. 2, 4, 5 gyxe 6IU3bKI O APYroro HabOpy YaCTOTHOT'O CIIEKTPY, a rpadik
Ha puc. 3 TOYHO BIANOBiJAae TepmoMy HaOopy. UuciaeHHI AOCTIIHKEHHS MOKa3aiu, IO
JO/aBaHHS PIAMHE 3 BUIGHOIO MOBEPXHEI0 JO piAuHM 31 miiteHicTIO P, =0 (puc.2)

MPU3BOANUTH J0 3MEHUIEHHSI KOJMBaHb IJIACTUHM (APYyroro Habopy) 1 MOSBH HOBUX YacTOT
KOJIMBaHb BUIbHOI MOBEpPXHi (mepiioro Hadopy, puc. 3). Bee e He cymepeunts (izHuHOMY
smicty. Ilpu monmaBanHi piamHM 31 IMUTBHICTIO P, >0 BigOyBaeTbcs CyTTEBE 3MEHIICHHS

4acTOT KOJIMBAaHb JPYTrOro Habopy, IO MOXKE MPU3BECTH JO BTPATU CTIMKOCTI TMOJIOKCHHS
piBHOBaru miactTuHu (nuB. puc. 4-5) [5, 7]. Takox Bim3HAYa€THCS CINAOKUN B3a€MOBILIUB
KOJIMBaHb IJIACTMHM Ha KOJMBAHHS BUIHHOI MOBEPXHI Ta HaBMaku. Tak, Hampukiazd, rpadiku
Ha puc. 3 (mepmmii Habip) ¢ TOYHICTIO 0 TPETHOTO 3HaKa 30iraloThCs 3 AHAIOTIYHUMU
rpadikamu npu BiICYTHOCTI KOJMBaHb TUIACTUHHU.

JIumap O. O.
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T HI
Puc. 2. 3anexHicTh KBaapara rnepuioi 6e3po3MipHol Puc. 3. 3anexHicTh KBajpara nepuioi i aApyroi
qactotu Bix T npu p, =0 (BUManOK BiACYTHOCTI 6e3posmipHoi yactotu Bix H, mpn py, =1,
BEPXHBOI PIMHU) H, =05k, =1, T =10 (nepumit Habip yactor)

80

== ST
= (o=

S
2 e —
R — it e Y 20 — -
1 2 3 4 0 1 2 3 4 3
PLy Py
Puc. 4. 3anexHicTh KBaiparta nepiroi 6e3po3MipHoOl Puc. 5. 3anexxHiCTh KBaparTa mepoi
YacTOTH Bif p,, IpU T =0.1 (apyruii HaGip uacToT) 6e3p0o3MipHOT YacToT Bin o, mpu T =1 (apyruii

Ha0ip JacToT)

Cnin  3a3HauuMTH, 10 Trpadikk  3aJeKHOCTI KBajgpara mepmoi 06e3po3mMipHoi
Hecumetpuunoi uwactotn Q° Bin ¥, (D#0) skicHO He BiApi3HAIOTHCA Bin Tpadikis y

Bunagky D=0 1 rpadiku An8 CUMETPUYHUX 1 HECUMETPUYHMX YacCTOT TaKOX SKICHO HE
BIJPI3HAIOTHCA 1, K MPABUJIO, 3HAYEHHS MApHUX YacTOT MPUOIU3HO B I’SITh pa3iB Ounblie
BI/IMOBIIHMX 3HAUY€Hb HemapHuX 4dactoT. OTpumani npubnusni Gopmynu (13)—(14) 1 (17)-
(18) ¢ mocraTHBOI Al MPAKTHKM TOYHICTIO MOXKYTh OYTH 3aCTOCOBaH1 JJIsl 1H)KEHEPHUX
PO3paxyHKIB.
Ha ocHOBI mpoBeiIeHNX aHAIITUYHUX 1 YUCENBHUX JOCITIKEHb MOYKHA 3pOOUTH HACTYITHI
3arajibHi BUCHOBKH SIK JIUISI TAPHUX, TaK 1 JUTsl HEMapHUX YacTOT:
1. YacToTHHIl CHEKTp pO3IJISAHYTOI 3ajJada CKIAJA€TbCs 13 JBOX HAOOPIB YacTOT, SKH
BIJIMOB1/Ial0Th KOJIMBAaHHSIM BUIHHOI MOBEPXHI 1 KOJMBAHHSM IIJIaCTHHU. BigzHauaeThes
cJ1a0bKuil B3a€MOBIUIMB KOJMBAHb IJIACTUHU HAa KOJMBAHHS BUTbHOI TOBEPXHI Ta HABIAKH.

2. 3BanexHicTh KBajpaTa 6€3p0O3MipHOI YaCTOTH Bif BemuuH T i y niuiiina,
3. 3i 3MEHIIEHHSIM MacH IUTACTHHH YacTOTH JIPYroro HabOpy 3pOCTaloTh 1 NMPHIMAIOTh
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HaiiOlIbIe 3HaUCHHS JUIs1 O€31HEePIIMHNX MIacTUH a00 MeMOpaH.

4. Otpumano HabOmwxeHi GopMyan IS JIpPyroro HaOOpy YacTOT Ta IOKa3aHO iX
e()eKTUBHICTD.

5. 31 3MCHIICHHSAM IIUIPHOCTI BEPXHBOI PIAMHM YacTOTH APYroro HabOpy 3pOCTaroTh i
NpUKRMalOTh HAMOIIbIIE 3HAYSHHS TPU BIICYTHOCTI BEPXHBOI PIUHM, a 31 30UIBIICHHSIM
IIUTBHOCTI BEPXHBOI PIIMHU YaCTOTH CMANA0Th W MPU MAJIOMy HaTATy MeMmOpaHu abo
MaJliii 3rMHAIbHINA KOPCTKOCTI Ta MAJIOMY HATSTY IJIACTUHU MOXKYTh OOEpPHYTHCS B HYJIb,
10 MPHU3BEAEC JI0 BTPATH CTIMKOCTI TUIOCKOT (popMHU piBHOBAru MeMOpaHu abo0 TUIACTHHH.

6. 3MeHmeHHS dYacToT JApyroro Habopy BigOyBaeTbcsi 31 30UIBIICHHSAM TJIMOMHU
3allOBHEHHS BEPXHbOI PIIMHU ab0 31 3MEHIICHHAM TNIMOWMHU 3alOBHEHHS HHKHBOT
piauHU.

7. 31 30UTbIIEHHSAM WICHIB PSAAY YaCTOTHOTO PIBHSHHS TOMEPEIHI KOpPEHI MepIioro i
JIpyroro HaboOpiB OyayTh YTOYHIOBATHCS Ta 3 SBIATUCSA HOBI. J[Js OTpUMaHHS TOYHOCTI
YOTHPHOX 3HAYHUX MUPP T0CTaTHLO BpaxyBaTu 10—20 uieHiB psaay.

6 OBI'OBOPEHHS PE3YJIBTATIB JOCJIKEHb

JlocmikeHo aHaJITHYHO 1 YMCEIhbHO YAaCTOTHHUH CIEKTP IUIOCKHX KOJIMBaHb MPYKHOL
IUTACTUHM, SIKa TOUISE JIBOILAPOBY i/IealIbHY PIIUHY 3 BUIBHOIO IIOBEPXHEIO B IPSIMOKYTHOMY
KaHaii. PiIBHSHHS BUIBHUX CYMICHHUX KOJIMBaHb IUIACTHHHM Ta PIAMHU MPEJICTABICH] y BUTIISII
CUCTeMHU 1HTEerpo-AudepeHiiaJbHIX PIBHIHDb 3 TPAHUYHUMU YMOBAMH 3aKpIIJIEHHS! KOHTYpPIB
IUTACTUHH Ta YMOBOIO 30epeskeHHsi 00’emy pimuHu. [Ipu po3s’sizaHHI KpaiioBoi 3amadi Ha
BJIACHI 3Ha4yeHHS (opMa NPOTMHY IUIACTUHHU MPEACTAaBIAETHCS CYMOK (YyHAaMEHTAIbHUX
pillleHb OHOPIAHOTO PIBHSHHS JJs HE3aKpIIJICHO! IUIACTHMHU 1 YacTKOBOTO PO3B’SI3aHHS
HEOJIHOPITHOTO PIBHSHHS Yy BUIVISIAI PO3KIAJaHHS 3a BIACHUMU (YHKIISIMU KOJIMBaHb
i1eanbHOT PIAMHU Y MPSMOKYTHOMY KaHaimi. OTpUMaHO y BHIUIAJI BH3HAYHHKA YETBEPTOTO
NOPSAKY YacTOTHE PIBHAHHSA BUIBHMX CYMICHHUX KOJIMBaHb IUIACTMHM Ta piguHu. [lis
JOBIJIBHOTO 3aKPIIUICHHS! KOHTYPIB MPSMOKYTHOI TJIACTUHU MOKAa3aHO, 10 YaCTOTHUH CHEKTP
PO3IIISIHYTOT 3a/1a4a CKJIAJA€eThes 13 ABOX HAOOPIB 4acTOT, SIKM BiANOBIAAIOTH KOJMBAHHIM
BUIbHOI MOBEPXHI 1 KOJMBAHHSAM IUIACTUHHU. Y BHUIAJKY 3aTHCHEHUX KOHTYpIB IUIACTUHU
IIPOBE/IEHO MOTO CIIPOLICHHS 1 MPOBE/IEH] AeTalbHI JOCHIKEHHS NepIIoro 1 Apyroro HabopiB
4acTOT BIJ OCHOBHUX MEXaHIYHUX IapaMeTpiB cucTteMu. BinzHadaerbes —crnaOkuit
B3a€MOBIUIMB KOJIMBaHb IUIACTMHU HA KOJIMBAaHHS BUIbHOI MOBEPXHI Ta HaBmaku. OTpUMaHO
HaOKeH1 GopMyIH JUIsl Ipyroro Habopy 4acToT Ta MoKa3aHo ix epexTuBHICTh. [lokaszaHo,
10 31 3MEHIIEHHSM Macu IUIACTMHHM YacTOTU JAPYroro Habopy 3pocTaloTh 1 MpUIIMalOTh
HanOUIbIIE 3HAUEHHS JUIs Oe31HepIiHUX MIacTUH a60 MeMOpaH. 31 3MEHIIEHHSIM IIIIbHOCTI
BEPXHBOI PIAMHU YacTOTH JPYroro HabOpy TaKOX 3pOCTalOTh 1 MpHUIIMalOTh HalOiIbIIe
3HAYEHHS MPU BIJACYTHOCTI BEPXHbBOI PIIUHH, a 31 30LJBIICHHAM IIUIBHOCTI BEPXHbOI P1IUMHU
YacTOTU CHANAIOTh M MpU MaJloMy HaTAry MeMOpaHHu a0o Mailii 3rMHaJbHIN )KOPCTKOCTI Ta
MaJIOMY HATATy TUIACTHHHA MOXXYTb OOCpHYTHCSI B HYJb, IIIO TPU3BENE IO BTPATHU CTIHKOCTI
wiockoi (opMu piBHOBarM MemMOpaHH a0o0 IUIACTUHM. 3MEHIIEHHS 4acTOT Jpyroro Habopy
B1J1I0yBa€ThCS 31 30UIbIIEHHSM IIMOMHU 3alIOBHEHHSI BEPXHbBOI PIAMHU a00 31 3MEHLICHHSIM
ITTMOMHU 3aIIOBHEHHS HWXKHBOI PiIMHU. 31 30UIBIIEHHSAM WICHIB Psiy YaCTOTHOTO PIBHSHHS
MOTNIEPETHI KOPEHI MEPIIOro 1 IPYyroro HabopiB OyAyTh YTOUHIOBATHUCS Ta 3’ SIBISTUCS HOBI.

/. BUCHOBKHA

VY JiHiIfHIA MOCTaHOBLI PO3IJSHYTO TIAPONPYXKHY 3aJady NpO IUIOCKI KOJMBaHHS
MPYXHOI IMJIACTUHHU, KA MOJLISE JBOIIAPOBY 17€alIbHy PIAUHY 3 BUIBHOIO MOBEPXHEIO B
OpsMOKYTHOMY KaHaii. [lnacTuHa Mae JOBibHE 3aKkpillJIeHHS KOHTYpPIB 1 CXWJIbHA [0
pO3TATYIOUMX ab0 CTHUCKAIOUMX 3yCUJIb B CEPENMHHIA MOBEpXHi. AHANITUYHO 1 YUCEIHbHO
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JOCIIIPKEHO YaCTOTHUN CHEKTP CYMICHHX BIJIBHHMX KOJMBAaHb MPY)KHOI IJIACTUHU 1 PIAMHU 3
BUIBHOIO MOBepxHero. [1oka3zaHo, 0 YaCTOTHUH CHEKTP PO3MISHYTOI 3a/1a4a CKJIQJAETHCS 13
JBOX HAOOpIB YACTOT, SIKM BIJNOBIJAIOTH KOJMBAHHSAM BUIBHOI MOBEPXHI 1 KOJUBAHHIM
IUIACTUHH. Y BHIAAKY 3aTHCHEHHMX KOHTYPIB IUIACTUHH IPOBENCHI JETaNbHI JOCIiIKCHHS
Mepuioro i JIpyroro HaOOpiB 4acTOT BiJi OCHOBHHUX MEXaHIYHUX IMapaMeTpiB CHUCTEMHU.
Binsnauaerbcs cnaOkuii B3a€MOBILUIMB KOJMBaHb IUIACTHHU HA KOJMBAHHS BUIBHOI MOBEPXHI
Ta HaBnaku. OTpuMaHO HaOIMXKeHi GOPMYIH AJIS IPYroro HabOpy 4YacTOT Ta IMOKa3aHO iX
€(heKTUBHICTbD.
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SOME PROBLEMS OF OPTIMIZATION AND CONTROL OF THE
NATURAL FREQUENCIES OF AN ELASTICALLY SUPPORTED
RIGID BODY

S. Bekshaev!
'0desa state academy of civil engineering and architecture

Abstract. The article analytically investigates the behavior of the frequencies and modes of
natural vibrations of a rigid body, based on point elastic supports, when the position of the supports
changes. It is assumed that the body is in plane motion and has two degrees of freedom. A linear
description of body vibrations is accepted. The problems of determining such optimal positions of
elastic supports at which the fundamental frequency of the structure reaches its maximum value are
considered. Two groups of problems were studied. The first group concerns a body supported by only
two supports. It was found that in the absence of restrictions on the position of the supports to
maximize the fundamental natural frequency, these supports should be positioned so that the basic
natural vibrations of the body are translational. Simple analytical conditions are formulated that must
be satisfied by the corresponding positions of the supports. In real practical situations, these positions
may be unreachable due to the presence of various kinds of restrictions due to design requirements. In
this paper, optimization problems are considered taking into account a number of restrictions on the
position of supports, typical for practice, expressed analytically by equations and inequalities. For each
of the considered types of constraints, results are obtained that determine the optimal positions of the
supports and the corresponding maximum values of the main natural frequencies. The approach
applied allows us to consider other types of restrictions, which are not considered in the article. In the
second group of problems for a body resting on an arbitrary number of supports, the optimal position
of an additional elastic support introduced in order to maximize the fundamental frequency in fixed
positions and the stiffness coefficients of the remaining supports was sought. It was found that this
position depends on the value of the stiffness coefficient of the introduced support. Results are
obtained that qualitatively and quantitatively characterize this position and the corresponding
frequencies and modes of natural oscillations, including taking into account practically established
limitations. The research method uses a qualitative approach, systematically based on the well-known
Rayleigh theorem on the effect of imposing constraints on the free vibrations of an elastic structure.

Keywords: vibrations, rigid body, elastic support, natural frequency, optimization.

JESKI 3AJAYI ONTUMI3ALIL I YIIPABJIHHS BJIACHUMU
YACTOTAMMU IIPYKHO OIIEPTOI'O TBEPAOI'O TIJIA

bexmaen C.5.!

1 . . .
Ooecvra deparcasna akademis 6yOieHuYymMea ma apximexmypu

AHoTanisi. Y poOOTi aHANITHYHO OCIIIKYETHCS MOBEMIHKA YacTOT 1 OpPM BIIACHUX KOJHMBaHb
TBEPJIOTO Tija, OMEPTOTO Ha 30CEpEeKEHI NMPYXKHI OMNOPH, 33 YMOBU 3MiHH IOJOXEHb IUX OMOP.
[lepenbauaeThbest, MmO TINO 3MIMCHIOE TUIOCKOTApalIeIbHUA pyX 1 Mae JBa CTyHeHI CBOOOU.
[puiimaeThbest THIMHUN OMUC KONMBaHb Tina. Po3risiHyTO 3a/iadi BU3HAYCHHS TAKHX ONTUMAIBHHX
MOJIOKEHb TIPYXHHUX OTOp, TMPH SKUX OCHOBHA YacTOTa BIACHWUX KOJIMBaHb KOHCTPYKIII Jocsrae
MaKCUMaJIbHOTO 3HaYeHHs. BuB4ueHo nBi rpynu 3ana4. Ilepma rpymna cTocyeTbes Tijla, ONEPTOTO JIUIIE
Ha 7ABi omopu. BcraHoBieHO, 1m0 3a BiACYTHOCTI Oynb-sIKHX OOMEXEHb Ha MOJOKEHHS OIop AJIs
MaKCUMAaJbHOTO TiJIBUIIEHHS OCHOBHOI YacTOTH IIi OMOPH TOBHHHI PO3TAIIOBYBATHCS TakK, 100
OCHOBHI BJIaCHI KOJIMBaHHA Tina Oynu noctynaibHUMHA. ChOpMyIbOBaHO MPOCTi aHAJIITUYHI YMOBH,
SKMM MAIOTh 3a/I0BOJBHATH BiAIMOBIIHI MOJOXKEHHS OHOp. Y pealbHUX MPAKTUYHUX CUTYalisx i

S. Bekshaev
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TIOJIOXKEHHSI MOXYTh BUSBHUTHCS HEAOCSIKHUMH Yy 3B 3Ky 3 HAsABHICTIO PI3HOMAaHITHHUX OOMEKEHb,
00yMOBIICHUX MPOEKTHUMH BUMOTaMHU. Y poOOTi pO3IIIIHYTO NMpoOIeMu onTuMizamii 3 ypaxyBaHHIM
HU3KH XapaKTepPHHUX IS TPAKTHUKKA OOMEKEHb Ha TMOJOXKEHHS OMOp, AKi aHATITUIHO BHUPAXKAIOTHCS
piBHAHHSME a00 HepiBHOCTAMH. [l KOXHOTO 3 PO3MNIAHYTHX BHAIB OOMEXKEHb OTPHUMAaHO
pe3yJIbTaTH, SKi BU3HAYAKOTh ONTHUMAJLHI TMOJOXKEHHS OMOp Ta BIAMOBIAHI MaKCHMMadbHI 3HAYCHHS
OCHOBHHUX BJIACHHUX YaCTOT. 3aCTOCOBaHMN MiJXiJ MO3BOJSIE PO3MISHYTH iHII BUAM OOMEKEHb, HE
po3TNsAHYTI y crarti. Y [Ipyriil Tpym 3amad A Tija, OMepPTOro Ha JIOBUIBHE YHCIO OIIop,
PO3IIYKyBaJIOCS] ONTHMANbHE TOJOXEHHS OJAaTKOBOI MPY)KHOI OMOPH, SKa BBOJUTHCS 3 METOIO
MaKCUMaJbHOTO MiJBUILCHHS OCHOBHOI 4YacTOTH MpH (HIKCOBAaHMX MOJOXKEHHSAX 1 KoedilieHTax
JKOPCTKOCTI 1HIIMX Omop. BCcTaHOBIEHO, IO 1€ MOJOXKEHHS 3aJICKUTh BiJ BEIMYUHHA KOedillieHTa
YKOPCTKOCTI BBeZleHOI ormopu. OTpuMaHO pe3yiabTaTH, SKi SKICHO Ta KiJBKICHO XapaKTepH3YIOTh Iie
MOJIOKEHHS Ta BIAMOBIAHI 4acTOTH Ta ()OPMU BIACHHX KOJHMBAaHb, Y TOMY YHCII 3 ypaxXyBaHHSIM
MPakKTUYHO OOyMOBIEHHX OOMexeHb. MeToN MOCHi[HKEHHS BUKOPUCTOBYE SIKICHMHM TMOXiHd, LIO
CUCTEMAaTUYHO CITMPAETHCS Ha BiIOMy TeopeMmy Penes mpo BIDIMB HakiIaJaHHS B’sI31 Ha BiIBbHI
KOJIMBAaHHS MIPY>KHOI KOHCTPYKIII Ta 11 HAaCIiAKH.

KarouoBi ciioBa: konmuBaHHs, TBEP/E TLI0, IPYKHE 3aKpiIJIeHHs, BJaCHA 4acTOTa, ONTUMI3allisl.
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1. INTRODUCTION

During the operation of engineering structures, instruments and equipment experiencing
dynamic effects, significant forces and displacements can occur in the elements of these
structures, which can make it impossible to use them. If the structure contains elastic elements
and is subjected to periodic loads, such conditions can be associated with the occurrence of
resonance phenomena. One of the ways to eliminate these phenomena is to purposefully
control the spectrum of natural frequencies of the structure by choosing its elastic-geometric
characteristics. In particular, it is possible to influence this spectrum by choosing the location
of the elastic constraints available to the designer. In the proposed work, some problems of
controlling the natural frequency of an elastically fixed rigid body are considered. A feature of
the approach used is the predominant use of qualitative methods.

2 LITERATURE ANALYSIS AND PROBLEM STATEMENT

There is a large number of studies devoted to the problems of control and optimization of
the characteristics of engineering structures, in particular the frequencies of their natural
vibrations [1]. Most of them use algorithms based on some of the many general mathematical
optimization methods [2]. For the problems of controlling the frequency spectrum of an
elastically fixed rigid body, were used numerical methods based on an enumeration of options
[3]. At the same time, the solution of some problems can be found on the basis of simple
qualitative considerations dating back to Rayleigh [4], without using complex mathematical
methods and the associated formalization. A similar approach has been successfully applied in
solving some problems of controlling the natural frequencies of elastic rod systems by varying
the positions of the supports [5, 6]. In the present work, it is used to solve some problems
related to the search for the positions of elastic supports of an absolutely rigid body, which
provide the maximum of its fundamental natural frequency. Some results concerning the
influence of the position of the supports of an elastically fixed rigid body on its natural
frequencies are presented in article [7]. This work can be considered as its continuation and
uses the conclusions obtained in it.

3 THE PURPOSE AND OBJECTIVES OF THE STUDY

The aim of this work is to study the behavior of the fundamental frequency of an
engineering structure installed on point elastic supports when the position of the supports
changes. In particular, positions are sought in which the frequency reaches its maximum,
including under some limitations typical for practice. A mechanical model of a structure in the
form of an absolutely rigid body, supported on linear elastic supports of finite rigidity, is used.
It is assumed that it is possible to describe the model as a linear elastic system with two
degrees of freedom. A similar model for the case of two supports was considered in various
works, in particular in [8-10], but without any connection with optimization. As in [7], the
study is based on the qualitative results of the theory of oscillations.

4 RESEARCH RESULTS

4.1. Model description. The model of the structure is considered, shown in Fig. 1 a. The
support points, like the center of mass of the model, are located on one straight line,
hereinafter called the axis of the model.

S. Bekshaev
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Fig. 1. The base model BM (a) and its coordinates (b)

It is assumed that during free oscillations, the displacements of the points of the model
are parallel to the plane of the drawing, and the displacements of the points of the axis are
perpendicular to the axis, so that the model has two degrees of freedom. The mass of the
model is equal to, the moment of inertia about the axis passing through the center of mass and
perpendicular to the plane of the figure is equal to.

On the model axis, we introduce the coordinate axis with the origin at its center of mass.
The support numbered has a stiffness coefficient and a coordinate.

Along with the base model (BM), which has specific limited dimensions, we will also
consider an extended model (EM) of the structure, which includes the points of its axis,
unrestrictedly extended in both directions. The movement of the EM is completely determined
by the movement of the BM.

4.2. Preliminary results. In what follows, we use the notation

C=>rc;, S=>c¢X%, Q=>c X, j=12...,N, (1)

j=12,...,N, N — number of resilient supports. In what follows, it is assumed everywhere

that S<0. This can always be provided by choosing the direction of the axis x. All
considerations are carried out from the point of view of an observer positioned so that the axis
X is directed to the right.

The article systematically uses

4.2.1. Rayleigh’s theorem on the effect of imposition of constraint on the natural

frequencies of an elastic system [4]: Let A, and A, be the squares, respectively, of the first
(fundamental) and second natural frequencies of the elastic structure, A; — the square of the
fundamental frequency of the reinforced structure, formed from the original by imposing one
constraint. Then the relations are satisfied

A <A<, (2)

Equalities in (2) can be realized only if the constraint is established at the node of the
vibration mode corresponding to one of the frequencies \/Z or JE

The following results are also used [7].
4.2.2. Properties of frequencies and modes of free vibration of the model. The
frequencies and modes (eigenforms) of free vibrations are determined by the system

(C—Mr)Y +sq>:o}

SY +(Q-J1)d=0 )
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where Y and @ are the amplitude values of the displacement y of the center of mass G and
the angle ¢ of inclination of the model axis (Fig. 1 b). The eigenforms satisfy the
orthogonality relation

MYY, +JD,®, =0, 4)
where Y, is the vertical displacement of the center of mass, @, is the angle of inclination of

the axis of the k-th eigenform corresponding to the frequency (/A .

If, during free vibrations @ #0, the corresponding mode has a node — the point of the
EM axis, which remains stationary (point O in Fig. 1 b).
Relation (4) shows that for Y, =Y, #0 ®, and @, have different signs, i.e. if the center

of mass is not a node of any of the modes, the nodes of two simple modes are located on
opposite sides of the center of mass. It also follows from (4) that one of the two modes
corresponding to simple frequencies is horizontal (® =0, Y #0) if and only if the other has a
node at the center of mass (Y =0, ® #0).

Equations (3) show that such modes can be realized if and only if S=0.

As seen from Fig. 1 b, Y, =+r®,, where 1, is the distance of the center of mass from

the node of the k-th mode, the "+" sign is chosen if the node is located to the left of G, """, if
to the right. Then the orthogonality relation (4) can be rewritten as

J
AR ()

If the mode has a node, the square of the corresponding frequency is

k_zcjsz (6)
S J+Mr?]

where r is the distance from the node to the center of mass G, X =r+X; is the distance

from the node to the j-th support.

4.2.3. Change in natural frequencies when changing the position of the supports. If
the mode corresponding to a simple frequency has a node, an increase in the distance of any
of the supports from the node leads to an increase in this frequency. So, it follows that
extremal values of frequencies can be reached when the movable support is in a node of the
corresponding mode, or this mode does not have a node (the axis is horizontal).

The following results are for a two-support model.

4.2.4. Qualitative features of eigenforms. The modes of free vibrations of a two-
support model can be of three types. A mode of the 1st type has an external node located on
one side of both supports, or does not have a node (horizontal). The form of the 2nd type has
an internal node located between the supports. A special mode has a node located on one of
the supports.

If one of the two modes of the model (as a system with two degrees of freedom) is of the
1st type, then the other is of the 2nd type. If one of the two modes of the model is special,
then the other is also special with a node on the opposite support.

4.2.5. Criterion of form type. The fundamental mode is a mode of the 1st kind, if
J < Mab, of the 2nd kind, if J > Mab, and special, if J =Mab.

4.2.6. Criterion of node position. If ca>c,b, the fundamental mode has a node to the
left of the center of mass. If ca=c,b, one of the two modes of the model (depending on the

sign of J —Mab) does not have a node (the axis is horizontal), and the other has a node in the
center of mass.

S. Bekshaev
92 https://doi.org/10.31650/2618-0650-2021-3-2-88-102




III, Ne2, 2021
Crop. 88-102 / Page 88-102

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

4.3. Optimization. The position of the supports is considered optimal if in this position
the fundamental frequency of the model reaches its maximum.

4.3.1. Optimization of a two-support model, N =2, x, =-a, x, =b. The values of
M, J, ¢, and ¢, are specified. Optimal values of a and b are sought.

The imposition of one constraint prohibiting the rotation of the body leaves it with one
degree of freedom, corresponding to the translational vertical (VT) oscillatory motion with a
frequency whose square is equal to

}"VT = C1'\‘:|Cz (7)

and which does not depend on the position of the supports, A,;(a,b)=const. Hence, on the
basis of Sec. 4.2.1, it follows A, <A <A,, i.e. A, =A,(a,b) as a function of the support
positions cannot exceed A, . In accordance with Sec. 4.2.6, translational oscillations with

frequency a/xw will occur if and only if cia=c,b. So this equality determines the optimal

position of the supports, provided that the translational motion will be the fundamental one,

i.e. at J <abM. If the design requirements do not allow this inequality to be ensured, the
fundamental vibrations will occur in the mode of the 2nd type. This can be the case if the

project establishes restrictions on a and b, in particular, on the distance {=a+b between
the supports. In this case, the fundamental frequency will be less than /A, , but, as can be

seen from the inequalities A, <A <A,, a/xw is the lower boundary of the second

frequency of the two-support model.
To find the optimal positions of the supports, we will use the following graphical
representation.

Fig. 2 shows the coordinate plane, the point of which with coordinates a and b
corresponds to the position of the supports A and B. Lines are the graphs of the
dependencies b=(c,/c,)a and b=J/Ma. Solid lines divide the plane into three areas, the
points of which cannot correspond to the optimal positions. In the area I, inequalities
c,b>ca and J <abM are satisfied, which, in accordance with Sec. 4.2.5 and 4.2.6, means
that in these positions the fundamental mode of the EM has a node to the right of both
supports (see the top row in the table on the right in Fig. 2), and in accordance with Sec. 4.2.3,
the frequency can be increased by moving the supports away from the node, i.e. increasing a

and decreasing b . In this case, the corresponding point of the plane moves in the directions of
the "arrows of growth"” shown in area I.

oVl
N

Z b=1J/Ma
111
//

Fig. 2. Mapping a set of two-support models on a plane ab

b
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In the area Il, inequalities c,b<ca and J <abM are satisfied, which means that in

these positions the fundamental mode of EM has a node to the left of both supports (see the
second row in the table on the right), and the frequency can be increased by moving the
supports away from the node, i.e. decreasing a and increasing b. In this case, the
corresponding point of the plane moves in the directions of the "arrows of growth" shown in
area Il.

Finally, in area Ill, the inequality J >abM is fulfilled, which means that in these
positions the fundamental mode of the model has a node between the supports (see the bottom
row in the table on the right), and the frequency can be increased by moving the supports
away from the node, i.e. increasing both a and b. In this case, the corresponding point of the
plane moves in the directions of the arrows shown in the area Il1l. The dashed line does not
separate qualitatively different fundamental modes.

Thus, the maximum of the frequency of the EM can occur only in the positions
corresponding to the solid lines. It should be kept in mind that the points lying on the curve
b=J/Ma, according to Sec. 4.2.5, correspond to special modes. For the left branch, the

fundamental mode has a node on the right support B (X,=a+b, X,=0,r=b) and,
according to (6), the following equality is satisfied

- YeX: c(ath)+c, 02 c(a+b) ¢ (1+§)=&(1+ Mazjzi(lJrLj ®)

J+MrZ J+MPB2 Mab+Mp2 MU b)) M T ) MU vp?

The right branch corresponds to the modes with a node on the left support A
(X, =0, X, =a+b, r=a) and, accordingly

X2 ¢ .0 2 2 2
. D eX] ¢ 0% +c,(ath)’  c,(a+h) —i(ng):i(H Mb} c, (1+L) )

LTI EME . J+Ma? | Mab+MaZz M M T )" MU Ma?

The relations (8, 9) show that the fundamental frequency of the model corresponding to
the curved line increases monotonically when approaching the branch point at which

ca=chb=J=Mab=M(c,/c,)b*=M(c/c,)a’, A =Ayr. (10)

Thus, the EM has infinite number of optimal positions corresponding to the points of the
solid half-line. For these positions A =X, =Ayr.

In real structures, in contrast to EM, there are restrictions imposed on a and b, which
separate a certain permissible area on the plane a b. To find the optimal positions, this area
should be superimposed on the plane a b with the shown solid lines. If a solid rectilinear
segment falls into it, then the corresponding positions will be the solution to the problem.
Otherwise, the optimal positions should be sought on the border of the permissible area,
taking into account the directions of the "arrows of growth" A (Fig. 2).

Consider the following optimization problems.

4.3.1.1. Problem 1. It is required to find the optimal positions of the supports under the
given limitations

a<a, b<b, (11)

where a, and b, are given constants.
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b

b=1J,/Ma

4
\< \\
// S~

Qi ﬂl

~

a

a) b)

Fig. 3. To the determination of the optimal positions of the supports of the two-support model under the
limitations

a)—forthecase a<a,, b<b, Db)—forthecase a<a, b>b

Let us consider separately the cases c,b >ca, and c,b <ca,. Let us introduce the
notation

Jap = Ma:l.b.l.’ Ja = M(Cl/cz)alz’ Jy=M (CZ/Cl)blz'
Let’s assume at the beginning that c,b, > ca, (Fig. 3a). Then J_, > J,. Let’s select three
areas on the plane ab: J>J,, J,<J<J,, J<J,. In fig. 3a, they are separated by

dashed curved lines. The admissible area (11) is a rectangle with sides a, and b, .

At J >J, (line 1) none of the solid lines falls into the admissible area (point (a,,b;)

turns out to be in the area Il according to Fig. 2). Therefore, in accordance with the directions
of the "arrows of growth" in Fig. 2, the optimal position is a,, =a, b, =b. The

fundamental mode has an inner node (is a mode of the 2nd type).
In the case J, <J < J, (line 2), a part of the admissible area is cut off by line b=J/Ma

, above which at c,b>c,a optimal positions there cannot be (area I in Fig. 2). Therefore, in
accordance with the directions of the “arrows of growth” the optimal position is a,, =a,,
b, =J/Ma,. In this case, according to (8), A=A, =(¢/M)(1+Ma’/J) and the

fundamental mode has a node on the right support.
Finally, at J <J, (line 3), a solid rectilinear segment falls into the admissible area, the

boundaries of which have coordinates a,,, =a}(J/M )(C,/C), @, =a,. In this case, there

are infinite number of optimal positions of the supports, the coordinates of which are
determined by the relations

f\] c C
Vc—i S aopt S aia bopt = éaopt ' (12)

These provisions correspond to purely translational natural oscillations with a frequency
equal to \/Ay; -
The case c,b, <ca is considered in a similar way, but now the permissible area is

represented by another rectangle (Fig. 3 a). Omitting reasonings similar to those for the
previous case, we present the results:

ab !
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J 2‘]ab = aop’[ :ai’ bopt :bl' (13)

2
Jy,<J<J,= b, =b,a,=3/Mb, & = IS/I_Z(“ MJbl J node on the left support.  (14)

<by <b, ag, = &b Max = Myt = Cll\;—% the mode is horizontal. (15)

4.3.1.2. Problem 2. It is required to find the optimal positions of the supports under the
given limitations

a<a, bx>b. (16)

Let us first consider the case c,b, > ca,, which corresponds to the permissible area in the
form of a half-strip, bounded by bold straight lines (Fig. 3 b) above the straight line
b=(c,/c,)a. The dash-dotted line shows the graph of dependence b=J_, /Ma.

At J > J,,, the boundary hyperbola b=J/Ma (line 1 in Fig. 3 b) intersects the vertical

border of the permissible area at a point P and, in accordance with the directions of the
"arrows of growth™ (Fig. 2), this point corresponds to the optimal position of the supports.
At J <J, (line 2), the "arrows of growth" lead to the corner of the permissible area. So

in the case c,b, >ca,

h —J c, Ma; :
J2J,= a, =a, 0y ~Ma,* A=A =M 1+ 7| node on the right support,  (17)
J<dp = au=a, by, =h. (18)

In the case c,b <ca, the permissible area (bounded by thin lines in Fig. 3 b) is
intersected by a straight line b=(c,/c,)a. The plane is divided by two dashed lines into three

parts.
When J >J_, the line b=J/Ma (line 2) intersects the vertical border of the permissible

area at a point Q that, as above, corresponds to the optimal position of the supports.
At J,<J<J, (line 3), a segment of the straight line b=(c/c,)a falls into the

permissible area, the lower boundary of which depends on J. This segment corresponds to
the optimal positions of the supports, at which the fundamental vibrations will be vertical and
translational.

When J <J,, the entire part of the straight line b=(c;/c,)a that belongs to the

permissible band becomes available. Thus, for c,b <ca,

J C Ma?
‘]Z‘Ja = aopt:a'l’bopt:Mai’x‘:kmax:Vl[l_'_ J j’ (19)
JC C C, +C
J,<J<), = ’VC—:SaOptSai, b"p‘:c_ia"p“ xmaxzxwzlvz, (20)
J,c, ¢C C c +cC
‘JS‘]b = Vbc_izc_iblsaoptgam boptzc_iaopt’ }\'max:)\’VT:TZ' (21)

At J <J,, the optimal position of the supports corresponds to a horizontal mode.
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4.3.1.3. Problem 3. It is required to find the optimal positions of the supports under
the given limitation

a+b=(=const. (22)

The position of the supports, at which the natural vibrations are translational, is
determined by the equality c,a = c,b, whence, taking into account (22)

L U - U (23)
C, +C, C, +GC,

This position is optimal if at the same time J <abM , i.e.

JsMm—492 2 (24)
(c,+¢,)
Let us show that, under the condition (22), equality c,a=c,b still provides a maximum

for the fundamental frequency, even if it is realized through a rotational mode (of 2nd type),
i.e. when the inequality opposite (24) is satisfied. To do this, recall (Sec. 4.2.6) that for

c,a=Cc,b, the rotational mode has a node in the center of mass G (X, =a, X, =b, r=0) and
it corresponds to the frequency determined by the equality

c.X?2 2 2 2 2 2
%=%R=§:’ S :é{q( %ﬁ) +%( qg:j}=(q%f . (25)

J + Mr? J J c +C, c +C, C,+C,)J

moreover, Ay <>Ap < J<>abM. Let’s move the supports, breaking the equality
c,a=Cc,b, but not changing (=a-+b=const.. In this new position, we will install the rigid

hinge at the same distances a and b from the supports. The formed system with one degree
of freedom has a "rotational” frequency, the square of which

2 2 2 2
ar 8 +C,b _ca +Cb”

A 26
J + Mr? J R (26)

according to Sec. 4.2.1, is greater than the square of the fundamental frequency A, of the
system before the introduction of the hinge, from which it follows that as a result of the
moving of the supports A, <A <Ay, i.e. Ay isthe maximum of .

Thus, the solution to the problem is determined by relations (23), and

xwzq&%,ﬁJsM GG
A = (6+c.) (27)
B YT SN VR )

"o(erg)d T (c,+¢,)°

4.3.1.4. Problem 4. It is required to find the optimal positions of the supports under the
limitation expressing by inequality

a+b<(=const. (28)
If J=M(cc,/(c, +c,)?)¢%, for any a and b, for which a+b=¢"<¢, the inequality
J>M(cg,/(c,+¢,)?)L? holds, whence, according to (27), for these a and b
A <cC,0? [(c,+¢,)d <cc,t?/(c,+¢,)d . Therefore, the maximum of frequency is reached
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when equality is satisfied in (28) and a and b are determined by relations (23). In this case
Aax = Mg (25).
If J <Meyc,?/(c, +¢,)? , we define ¢, =/ (c, +¢,)?/Mcc, < (. Forany (¢, there is the

optimal position of the supports (23), described in Sec. 4.3.1.3, providing a translational
fundamental mode. From here

C,(, <a. < C,( _G,

C,+GC, 29
C1+C2_ opt—C1+C2’ opt C2 opt * . ( )

A

4.3.2. Multi-support model.
Problem 5. The values of M, J, X;, ¢; are specified, j=1,2,...,N. The optimal

position of the additional (N +1)-th support with a given stiffness coefficient ¢ is sought.

Let us denote U — the original N -support model, U* — the model formed from U by

introducing an additional support, A and A" — respectively, the squares of their frequencies.
The system (3) should be replaced with system

(C+c—MA)Y +(S+cx)@ =0 (30)
(S+cx)Y +( Q+cx? —JK*)CD =0’
where X is a coordinate of the introduced support.
Based on Sec. 4.2.1, we conclude that for any position of this support
X - C+c
7\,1 S )\’VT = T . (31)

Let us determine c, =MA,—-C — the value of the stiffness coefficient of the
introduced support, at which, in accordance with Sec. 4.2.2, translational natural vibrations of
the EM U™ with a frequency 4/7% are possible.

If c<c, =MA,—C, A,; <A, and the optimal coordinate of the movable support in
accordance with Sec. 4.2.1 is equal to

X =—§, A

opt c 1max

C+c
M

=My = (32)

If c2c,=MA,-C = A{; 2A,, the value \/?; cannot be exceeded by the
fundamental frequency of U”* after the imposition of one constraint by virtue of Rayleigh’s
theorem (Sec. 4.2.1), i.e. M:ﬁ is the second frequency of the EM U". We’ll show
that in this case the optimal position of the support of the EM U” is the node of the second
mode of the EM U corresponding to the frequency \/E (if it exists).

If we place an additional support of stiffness ¢ in the node of the second mode of EM
U, to which the natural frequency \/Z corresponds, this mode and the corresponding
frequency, and, consequently, the distance r, from the node, do not depend on the value of c.
Therefore, as relation (5) shows, also the value of r, and, consequently, the other mode of the

model U™ do not depend on c. The corresponding frequency is determined according to (6)
by the equality
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K*_ZCij+cX2

, 33
SRV (33)

where X is the distance from the node of the 1st mode of U to the introduced support (to the
node of the 2nd mode of U ). From here it can be seen that with growth of ¢ this frequency

increases monotonically and indefinitely and at some moment becomes equal to W»z . Thus,

the frequency \/E becomes double, since it corresponds to two linearly independent modes,
and, consequently, any linear combination of them, in particular, corresponding to vertical
translational oscillations. Therefore A{, =A,, whence, taking into account (32), it follows
that the corresponding value of ¢ is equal to ¢, = MA,-C.

With the growth of ¢ above c,, the fundamental mode, without changing its
configuration, becomes the second, because the corresponding frequency, determined from
(33), becomes higher than % which, thus, becomes the fundamental for U*, 1] =A,. By

the node of the

second mode of the EM U is the optimal position of the additional support in the EM U . Its
coordinate is

__S___ S
Xopt = C "ML, —C (34)

cr

virtue of inequality (2), Sec. 4.2.1, A; =\, =7, . Therefore at c>¢

Imax * cr?

The results (32), (34) make it possible to represent schematically the graph of the
square of the fundamental frequency A, of the model U" as a function of the position of the
additional support.

If the second equation of system (30) is divided by x and X is tended to oo, we
obtain the equalities

lim®x=-Y, lim®=0. (35)

X—>o0 X—>+o0

From the first equation, taking into account (35), we come to the conclusion

X — 100 = (C—=MA")Y +cY +cxd —0, (36)
whence

. .._C

fim 2 = 37 @)

Based on the results obtained, you can sketch a schematic graph of dependence of 1]
on the coordinate x of the support (Fig. 4), which allows you to find its optimal position.

x  Fig. 4. Schematic graph of
the dependence of the
square of the fundamental
frequency on the position x
of the movable support
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If the fundamental mode of EM U has a node, then it is to the left of the center of
mass G . To verify this, consider the first of equations (3). In accordance with Rayleigh’s
theorem (Sec. 4.2.1) A, <A, =C/M = C—-MA, >0. In combination with the condition

S <0 (Sec. 4.2), this means that the fundamental mode of EM U has Y and ® of the same
sign, i.e. that the node is to the left of the center of mass.

The function A;(x) has two extrema: the node of the fundamental mode of EM U , to
which the minimum A . =2, corresponds, and a point with a coordinate x,, determined
from (32), if c<c,, and from (34), if c>c_ (the node of the second mode of EM U ), to
which the maximum A;

Imax

cr?
*
Imax

=Ayr, respectively ;.. =X\, corresponds. According to Sec.

4.2.3, the function A;(x) has no other extrema, and these two extrema separate the areas of
monotonicity. In fig. 4, the solid line corresponds to the case ¢ >c, , and the dashed line —to

the case ¢ <c,. The results obtained make it possible to find the optimal positions of support

under various constraints.
Example. Consider the problem of maximizing the fundamental frequency for the

case N=2, x,=-a, X,=b, S=—(ca—c,b). The optimal position of the third support is
sought taking into account the limitations —a < x<b.

If J <Mab, the node of the second mode falls inside or on the right border of the
allowed range —a < x <D, and the node of the first mode is outside it or on the left border.

If, in this case ¢ < (ca—c,b)/b, the maximum of the function A;(X) according to (32)
occurs at x>b, and A;(x) monotonically increases in the admissible range, whence

Xopt =01 A =21 (D).

1max

If (ca-cb)/b<c<c,=MAi,—(c +¢,), according to (32) x,, =(ca—c,b)/c<b,

7\‘Imax :}\’t/T :(C1+C2 +C)/M )
Finally, if c>c, =MA,—(c, +¢,), the optimal position is a node of the second mode
and Al =X, .

In the case J > Mab, only the node of the first mode, which corresponds to the
minimum of A;(x), falls inside the permissible range —a<x<b, and when the support

moves to both sides from this node, A;(x) monotonically increases within this range. It
follows from this

—a, if A;(-a)>2;(h),
Xot =1 D, If A7 (-2) <1 (b),
—a and b, if A; (-a)=2;(h).
And in this case A}, = max{kj(—a),kj(b)}.
5 RESEARCH RESULTS DISCUSSION
The performed research made it possible to find the position of elastic supports, which
provides the maximum of the fundamental natural frequency of an elastically fixed rigid

body. In particular, the conditions are described under which the maximum of frequency is
achieved with purely translational vibrations of the body. These results greatly facilitate the
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determination of these positions and do not require cumbersome calculations using a formal
mathematical optimization technique. They also make it possible to qualitatively trace the
behavior of the natural frequency with some changes in the parameters of the model. The
approach used allows its optimization taking into account various limitations..

6 CONCLUSIONS

A practically convenient approach for determining the position of elastic supports, which
maximally increases the natural frequency of an elastically supported body, is proposed. It
makes it possible to qualitatively characterize this position depending on the given design
parameters. The results obtained can be used in the design and operation of various
engineering structures in order to create conditions that ensure their reliable operation. They
allow us to outline the directions for further research, including in consideration additional
degrees of freedom of the body and a wider variety of elastic connections.
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YK 531.36, 531.38

PO CTABLIIBALIIO HECTIMKOI'O OGEPTAHHSA ¥
CEPEJOBMUIII 3 OITOPOM I'TPOCKOIIA JIAT'PAH/KA 3A
JAOHHOMOI'OIO APYT'OI'O I'NPOCKOIIA TA ITPYKHUX
IHITAPHIPIB

1
Cesarenkxo 1. 1.
1,1]0Heubkuﬁ HayionanbHul yHieepcumem imeni Bacuna Cmyca

AHoTauisi: Po3rmsHyTO MOXIMBICTH CTaOLmi3amii HECTIHKOTO PIBHOMIPHOTO OOEpTaHHS B
CEpEelOBHILI 3 OMOPOM «CIUISTYOro» Tipockomna Jlarpanka 3a AOMOMOIOIO APYTOTO TipocKoma, SIKUi
ob0epTraeTscsi Ta NPYXKHUX cepuyHnx TmapHipiB. «Crusauity ripockon o0epTaeThCsi HaBKOIIO
HEPYXOMOi TOYKM 3 TPYXHHUM BiJHOBITIOBAFHUM C(HEPHYHUM IMApHIPOM, a APYTHH TipOCKOI
3HAXOJUTHCS Haa HUM. [1ipockonmyM TakoXX 3’€lHaHi MPY)XHUM BiJHOBIIOBAILHUM C(hHEpUIHUM
HIAPHIPOM 1 X 00epTaHHS MiATPUMYIOTHCS MOCTIHHUMH MOMEHTaMH, CIPSIMOBAaHUMH Y3JI0BXK iX oceit
obepranns. [lokazano, mo crabimizamis Oyae HEMOXIIHBA 32 BiICYTHOCTI MPYXHOCTI y 3arallkHOMY
nrapHipi 1 30iry IHeHTpy Mac APYroro Tipockomna 3 HOoro IeHTpoM. 3a JONOMOIOK KiHETHYHOTO
MOMEHTY JIPYrOro Tipockomna i KoedillieHTIB MpYy>KHOCTI MapHIpiB, HA MiJICTaBi iIHHOPHOTO MiAXOAY,
OTpUMaHi y BHIJIAMII CHUCTEMH TPhOX HEpIiBHOCTEW yMOBM cTabimizamii Ta 3HalIeHi YMOBH Ha
KoediIlieHTH TPYXHOCTI TPHU SKUX cTapiri KoedilieHTH ux HepiBHOcTed momatHi. Ilokaszano, mio
ctabimizamist 3aBkaAu OyJe MOXKIIMBA MPH JOCUTh BEJIMKWH KYyTOBHH IIBUAKOCTI 0OEpPTaHHS APYTroro
ripocKomna B MPUITYIIEHHi, [0 [EHTP Mac APYroro ripocKoma i MeXaHIYHOI CHCTeMH 3HaXOIAThCS
HIDKYE HEPYXOMOI TOYKH. PO3TISHYTO TaKkoXX MOMIHMBICTH CTaOimi3arii HECTIHKOTO pPiIBHOMIpHOTO
o0epTaHHA «CIUISIYOro» Tipockoma Jlarpamka 3a JOMOMOTOK JAPYrOro TipOCKONa Ta NPYKHHX
chepuvHUX IApHIpiB OpH BiACYTHOCTI aucunanii. «Cruissuniiy Tipockom 00epTaeTbes 3 KYTOBOIO
MIBUJIKICTIO, SIKa HE BiAmNOBinae kpurepiro Maesckoro. [lokazano, mo crabimizaris Oyze HEMOXKITUBA
3a BIJACYTHOCTI TPYKHOCTI y 3arajJbHOMY IIapHipi i 30iry mEeHTpy Mac IpYyroro TipocKoma 3 HOTo
ueHTpoM. Ha migcraBi iHHOPHOTO MiAXOAY OTPUMAHO Y BHIJISAII CUCTEMHU TPHOX HEPIBHOCTEH YMOBHU
crabimizarii 3a JOMOMOTO KIHETHYHOTO MOMEHTY JPYroro TipocKoma i KOoedillieHTiB MpYKHOCTI
HIapHipiB. 3HaiiIeHO YMOBY Ha KiHETWYHHUI MOMEHT IEPILOro ripockora i KoegilieHTH NPy HOCTI
NpU AKX cTapii KoegilieHTH X HepiBHOCTeH jpoxaaTHi. [lokazaHo, M0 MpyM BUKOHAHHI YMOBU Ha
KiHETHYHHMI MOMEHT IEpIIOro TipocKoma cTadimizaiis 3aBxau Oyje MOKINBA TPHU JOCHTH BEJIUKUAN
KyTOBUH MIBUAKOCTI 0OEPTaHHS JPYroro TipocKoma MpH IbOMY LEHTP Mac JPYroro TipocKoma Moe
3HAXOJ/IUTHCS 1 BUILIE HEPYXOMOT TOUKH.

KarouoBi cioBa: nuHaMidYHO CHMETPUYHI TBEPJi Tija, CEPEAOBHUINE 3 OMOPOM, CTalii3aris,
ACHMITOTHUYHA CTIAKICTE.

ON STABILIZATION OF UNSTABLE ROTATION IN THE
RESISTING MEDIUM OF THE LAGRANGE GYROSCOPE USING
THE SECOND GYROSCOPE AND ELASTIC HINGES

Ya. Sviatenko *
'Donetsk national university of Vasyl Stus

Abstract: The possibility of stabilizing an unstable uniform rotation in a resisting medium of a
"sleeping” Lagrange gyroscope using a rotating second gyroscope and elastic spherical hinges is
considered. The "sleeping" gyroscope rotates around a fixed point with an elastic recovery spherical
hinge, and the second gyroscope is located above it. The gyroscopes are also connected by an elastic
spherical restorative hinge and their rotation is supported by constant moments directed along their
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axes of rotation. It is shown that stabilization will be impossible in the absence of elasticity in the
common joint and the coincidence of the center of mass of the second gyroscope with its center. With
the help of the kinetic moment of the second gyroscope and the elasticity coefficients of the hinges, on
the basis of an alternative approach, the stabilization conditions obtained in the form of a system of
three inequalities and the conditions found on the elasticity coefficients at which the leading
coefficients of these inequalities are positive. It is shown that stabilization will always be possible at a
sufficiently large angular velocity of rotation of the second gyroscope under the assumption that the
center of mass of the second gyroscope and the mechanical system are below the fixed point. The
possibility of stabilizing the unstable uniform rotation of the "sleeping" Lagrange gyroscope using the
second gyroscope and elastic spherical joints in the absence of dissipation is also considered. The
"sleeping™ gyroscope rotates at an angular velocity that does not meet the Mayevsky criterion. It is
shown that stabilization will be impossible in the absence of elasticity in the common joint and the
coincidence of the center of mass of the second gyroscope with its center. On the basis of the
innovation approach, stabilization conditions were obtained in the form of a system of three
irregularities using the kinetic moment of the second gyroscope and the elastic coefficients of the
hinges. The condition for the angular momentum of the first gyroscope and the elastic coefficients at
which the leading coefficients of these inequalities are positive are found. It is shown that if the
condition for the angular momentum of the first gyroscope is fulfilled, stabilization will always be
possible at a sufficiently large angular velocity of rotation of the second gyroscope, and in this case the
center of mass of the second gyroscope can be located above the fixed point.

Keywords: dynamically symmetric rigid bodies, resisting medium, stabilization, asymptotic
stability.
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1 BCTYII

JUis  KOHCepBaTHMBHHX MEXaHIYHHX cUCTeM edekT crabinmizamii HeBpPiBHOBaXEHOTO
ripockorma Jlarpanxa ApyruM TipOCKOIIOM, SIKHH O0OepTaEeThCs, OYB PO3TIIIHYTHH B poOOTax
[1-3] ta mocmimkenuit B OaraThox iHmmx [2] (muB. ¢.5 i 85). B crarmsax [4-6] Oyna
pO3MIISIHYTa MOXKJIMBICTh CTaOULTI3alii TBEPAMMH TijdaMH, SKi 00EpTa€ThCsA, HECTIMKOTo
obepranHs ripockomna Jlarpanxka 3 JTOBUIPHOI BiCECUMETPUYHOKO MOPOKHUHOIO, M0 MiCTUTh
iIeanpHy piauHy. Y mmx pobortax Oynum mpoBeaeHI aHATITHYHI 1 YUCENbHI JOCTIDKEHHS 3
ypaxyBaHHS OCHOBHOI'O Ta JIOJIATKOBUX TOHIB KOJIMBAHb 1/1€aTHHOI PIMHM B €IINCOTAANBHOT 1
HAJTHIPUYHOT TOpoXKHUHAX. B po6oTi [7] po3risiHyTa MOKIMBICTH cTabumi3allii ripockormna 3
WIIHAPUYHOI  MOPOKHUHOIO 32  JIOMOMOTOK  MOAUTY  IMJIIHAPUYHOI  MOPOKHUHU
0e3MacoBUMHM TIONEpeYHUMHU mneperopogakamu. [loka3aHo, 1m0 BBEJEHHS HaBiTh OJHIET
MIEPEropoIKM MOKE ICTOTHO CTabilli3yBaTH HECTilike 00epTaHHs TipoCKoIa.

Ha nanuii yac € JOCUTH BEJIMKA KUIBKICTh POOIT, B IKMX MPOBOJAATHCS Pi3HI JOCIIHKEHHS
JUHAMIKH TBEPJIOTO TiJIa, T CUCTEMU 3B’ SI3aHUX TBEPIUX TUI, IO OOEPTAIOTHCS Y CePETOBHUIITI
3 omopoM, Hampukian, [8—18]. HaiiGinbpm Bmamuii ornsg cydacHoi jiTepaTypd MO LUM
3amayaM HagaHwii B podortax [9, 10, 13—17]. HaBenemo numre aesiki poOOTH, siKi OJIM3BKI 10
pO3TIIsIHYTO1 y AaHiil crarTi 3agadi. B po6orti [9], Ha miacTasi kpurepito JIbenapa-Ilinapa B
IHHOPHOMY BUTJISI/I, OTPUMAHO YMOBH ACUMIITOTHYHOI CTIMKOCTI pIBHOMIPHOTO OOEpTaHHS
HECUMETPUYHOTO TBEPJOro Tijla y cepeAoBHIli 3 omopoM. Lli ymMoBM 3amucaHo y BUTISIL
CHCTeMH TphOX HepiBHOcTel. [IpoBeaeHO aHANITHYHI MOCT/DKEHHS LHUX HEPIBHOCTEH.
OTpuMaHO YMOBH JJisi BEIMYUH MOCTIHHOIO MOMEHTY 1 MOMEHTY iHEpIii TPEThOi T'OJIOBHOT
oci, SIKi mpH [ii BiJHOBIIOBAJFHOTO MOMEHTY JOCTaTHI JUISI aCHUMOTOTHYHOI CTIHKOCTI
piBHOMIpHOTO 00epTaHHs TBEpAOIo Tia y cepefoBuili 3 onopoM. B crarri [10] orpumano y
BUTJISIZI CHCTEMH TPHOX HEPIBHOCTEH YMOBH AaCHMIITOTHYHOI CTIMKOCTI pPIBHOMIpHOTO
o0epTaHHA y CepeZIOBHILII 3 OMOPOM JABOX BAXKKHUX ripockomiB Jlarpanxka 3’€HaHUX MPYKHUM
chepuunnM mmapHipoMm. OOepTaHHS TiPOCKOIIB MIATPUMYETHCS MOCTIHHUMH MOMEHTaMH B
iHepLianpHii cucTemi koopauHat. Y MoHorpadii [15] npeacraBnenuil ynigikoBanuii i 1oope
pO3pO0IEeHNH MiAXia 10 JUHAMIKH KYTOBHX PYXiB TBEpIMX TiJI, IO 3a3HAIOTH MOMEHTIB
30ypeHHs pi3HOi (izmunHoi mnpupoau. CTporumi miAXiA, 3aCHOBaHUM Ha Mpoueaypi
YCEpPEeIHEHHS, 3aCTOCOBYEThCA JO T 3 JOBUIBHUMHM efincoigamu iHepuii. JleTanbHO
pO3IISIAETbC  Jisl  PI3HUX  MOMEHTIB  30ypeHb, SK 30BHIINIHIX (TpaBiTauiiHuUil,
aepoAMHAMIYHUM, COHSYHUM THCK), TaK 1 BHYTPIIIHIX (3aBIASKU B A3KIH P1IKHI B pe3epByapax,
IPY)KHUM 1 B’SI3KONPYKHUM BIACTUBOCTAM Tina). B craTtri [16] mocnmimkyroTbes 30ypeHi
o0epTaibHl pyXd TBEPIOTO TiNa, ONMM3bKI M0 BUMAnky Jlarpama, mia Ji€l0 TOBLIBHO
3MIHIOBAJIHOTO B Yaci KpyTHOTO MOMEHTY. ¥ crarTi [17] BUBUaeThcs HOBUH Kilac 00epTaHb
JUHAMIYHO CHMETPUYHOIO TBEPAOTO Tijla HABKOJIO HEPYXOMOi TOYKH 3 ypaxXyBaHHSAM
HECTaIllOHAPHOTO 30ypPIOI0YOr0 MOMEHTY 1 TOBIJILHO 3MIHIOBAHOTO 3 YaCOM BiJHOBIIIOIOUOTO
MOMEHTY.

B po6oti [12] mpoBeneHi AOCTIIHKEHHS BIUIMBY JAUCHUIATUBHOTO 1 JBOX MOCTIMHHUX
MOMEHTIB Ha CTIMKICTh cTallloHapHUX pyxiB ripockomna Jlarpanxa. Ilepmmii MomeHT
MOCTIMHUNA B 1HEpLIaJNbHINA CHCTEMI BIJUIIKY, a JIPYyruil B HEiHeplialbHii, TOOTO B cUCTEMI
BIJUIIKY, sIKa 3B’s3aHa 3 TBEPAUM TUIOM. I3 1€l poOOTH Ciigye HECTIHKICTh PIBHOMIPHOTO
o0epTaHHs y CEPENOBHIII 3 OMOPOM CIUIsIYOro” ripockona Jlarpanxka, sSIKMid 3HAXOIUTHCS
TIIBKU T TI€F0 TOCTIHHOTO MOMEHTY B CHUCTEMI BIAJIKY, SIKa 3B’s3aHa 3 TBEPIUM TUIOM. Y
3B’SI3KY 3 LIMM BUHUKAE MUTAHHSA MIPO MOXKJIIMBICTH CTab1I13a1li] HECTIMKOro 0OepTaHHs TaKOTro
ripockomna, JAPYrUM TipOCKOIOM, SKHHA OOepTaeThCs 1 3B’SA3aHUIl 3 MEpIIUM MPYKHUM
chepuuHuM mapHipoM. 3 derBepToi Teopemu TomcoHna-Tera-Ueraesa [18] (muB. c. 178)
CIiJye, IO B LbOMY BHIAJAKY IIEHTP Mac pPO3MJIAHYTOI MEXaHIYHOi CHUCTEeMHM IOBHHEH
3HAXOUTHUCS HIKYE HEPYXOMOI TOUKH.
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B ocnHoBy manoi po6otu BkmameHo crarti [10-13]. ¥V crarti orpumaHo, Ha MmiJICTaBi
kputepito Jlbenapa-Illinapa B 1HHOpPHOMY BHIJISII, YMOBH cTaOUTI3aIlii HECTIMKOTO
piBHOMIpHOTO OOEpTaHHS Yy CEpeAOBHUII 3 OMOpoM  cIuisiuoro” ripockoma Jlarpamxka 3a
JIOTIOMOTOI0 JIPYroro Tipockoma, sikuii obepraerbes. «Crumstuuiiy Tipockon o0epTaeTbes
HABKOJIO HEPYXOMOi TOYKH. [[pyruii ripockon 3HaxXoauThca Haja HUM. ['ipockonu 3’enHaHi
MPY>KHUM CEPUYHHUM IIIAPHIPOM, a X 00epTaHHS MIATPUMYIOTHCS TOCTIHHUMH MOMEHTAaMU B
cucTeMax KOOpAMHAT, sIKi 3B’s3aHi 3 TBepAuMHU Tinamu. [lokaszano, mio craOimizamis Oyxe
HEMOXJIMBA TIPU BiJICYTHOCTI TMPYXKHOCTI B IIApHIpi 1 CHIBMaAiHHI IEHTPY Mac APYroro
ripockona 3 iX CHUIBHOIO TOYKOIO 3 MEPUIMM TripockornoM. OTpUMaHO y BUTJISAI CUCTEMHU
TPHOX HEPIBHOCTEH YMOBHM cTaOimi3alii BiIHOCHO KIHETHYHOTO MOMEHTY JIPYroro TipOoCKOIa.
3HaliZIecHo yMOBH Ha KOe(illi€eHTH MPYKHOCTI MIAPHIPIB MPU SKUX CTAPINi KOS(IIIEHTH IHX
HEpIBHOCTEW JOJaTHI. 3BIIKU CIIAYyE, 110 CTAOUTI3aIlig 3aBXau OyJe MOKJIWBA IIPH JTOCUTH
BEJIMKIi KyTOBii HIBHAKOCTI 0O€pPTaHHS APYroro ripocKora B MPUIYIICHHI, 110 HOTO LEHTP
Mac 1 IEHT Mac MEXaHIYHOI CHCTEMH 3HAXOAAThCS HWK4Ye HepyxoMoi Touku. IIpoBeneHo
MOPIBHSHHS OTPUMAHMX YMOB cCTa0umi3amii 3 aHAJIOTIYHMMM YMOBaMH IIPH BiJCYTHOCTI
IUcHIIali.

2 NMOCTAHOBKA 3AJJAYI. OCHOBHI PIBHAAHHSA

Y BeTymi 3a3Hadanocd, 1o 3 pobotu [12] Ta 3 yerBeproi Teopemu Tomcona-Tera-
UYeraeBa [18] (muB. c. 178) ciimye HECTIMKICTh PIBHOMIPHOTO OOCpTaHHS y CEPEHOBHUII 3
oropoM “cruisidoro” ripockomna Jlarpanxka. Y 1pOMYy BHIAJKY PO3TJISHEMO MOXJIHMBICTH
crabimizamii HeCTIKOro o0epTaHHs TaKOTro TipOCKOIa 3a JOIMOMOTOI0 APYroro ripocKora Ta
npyXHUX mapHipiB. Hexail nuramiuno cumerpuyni TBepai Tima S, 1 S, 3B’s3aHi B Touni O,

HpY>XHUM BiTHOBIIIOBaJIbHUM chepuuHuM mapHipom L, =Kk, s, xC, / (|sl||cz|), k,>0. Tino S,
Mae HepyxoMy Touky O, B sIKiff TakOXk Ji€ MPYXKHUHN BIJHOBIIOBAIBHUM CEPUUHUIA IIAPHIDP
L =k vxs / |Sl|, k,>0. Koxne tBepae tino S, (i=1,2) 3HaXOAWUTHCS MiA MAI€I0 CHIM
TXKIHHA, JucunatiBHOro Momenty M, =De; (D, =diag(D,,D,;,D;), D;>0;
1=1,2,j=13), mo Mojentoe cepe/oBUIE 3 ONOPOM i mMocCTiliHOro Momenty M, =Qe},
SAKUM CIIPSIMOBAHMM B3J0BXK OCl CUMETpIi TBEpAOro Tula S, Ta HMIATPUMYE HOTO pIBHOMIpHE

obepranHs. TyT @, — KyToBa MIBUJKICTh TBEPAOIO TiNa S, .

Puc.1. Cucrema 1BOX ripOCKOIIIB 3 1BOMA MPY>KHUMH IIapHipamMu
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PiBHsHHS oOepTaHHS [BOX BaXKHX, NPYKHO 3B’si3aHMX TipockomiB Jlarpamwxka, 3
ypaxyBaHHIM JUCHITATHBHMX 1 MOCTIHHUX MOMEHTIB, MaTuMyTh Bursiz [10, 11]:

(3 @) +ms x (@, xs, +@, xC,) =(mc, +m,s,)gxv+L — L, + M, - Da; O

(3, @,) +mC, x(@; xS, +@,%C,) =m,C,gxv+L,+M,, —D,m,.

Tyr J, =diag(A, A, C,) — tensop inepuii TBepzroro Tina S;BimHOCHO ToukH O,; TOUKOIO

no3HaueHa abcomorHa moxinHa; s, =00, ;c, :@ ;m. 1 C, — maca 1 HeHTp Mac Tina S;;
v=-g/|g|, g — BeKTOp IPHCKOPEHHS BUILHOIO Naginms, § =|g|.

3B’SKEMO 3 KOKHHM i3 Till S, He3MiHHO Gasuc €je5e} 3 BepuuHow B TouliO,, oci SKOro
HAIpPaBUMO 1O TOJOBHUX OCSX TeH30pa iHepuii J, i BBelmeMo Hepyxomuii Gasuc eesed,
BEKTOp €5 sIKoro 36iraeThest 3 Bektopamu v . Hexail s, = S€5, C, = Ce}.

BekropHi pisasnns (1) B mpOEKIisX Ha OCi PyXoMoro 6asucy €,e,e} MpHuitMyTh BUIIISL:

11

AP +(C - A1')q1r1 +u(p, - qzrz)a;; —(d, + pzrz)a;i +( p22 + qzz)azs =
= (aig - kl)agzl -k, (aifa;(l) + ae,zga;g + 0(53?0(;2) -Dypy;

Ailql -(C, - Al) p.r — (P, - qzrz)allzl —-(q, + pzrz)allll +( pz2 + qzz)allsl =
= (_aig + k1)a§11 +k, (a;fallf + agoﬁlg + aszgallg) -Dyq;;

. - . . (2)
A B, +(Cy = AL, + al(Py — o) gy — (G + pif) s + (P +07 ) ] =
= (azg - kl)agzz -k, (aéfazzf + 0(;30(223 + aégazzg) —-D,,p,;
AéQz - (Cz - Az) p.r, - u[( P, — qlrl)a;i - (ql + plrl)alllz +( p12 + qlz)azli =
= (8,9 +k ) g +k,(az05 +omay;, + o) — Dy,
Cr.=-D,r+Q, i1=12. (3)

Jlo cuctemu piBHsIHB (2) TOTPIOHO 100aBUTH PIBHSIHHS [T HATPSIMHUX KOCHHYCIB [3]:
Gyy = —Chts) + N0ty G = Pyt — ity 5 Gy =—Cy0tap + Gz, Gy = Pily, —Ni
Gy =—0i0l + 0ty Gy = Pty — N ; gy =— Py + 0ty G =— Pyt + 0y
dsi(a) =P a;g + qialig ,
me p,, O, I — TpoeKIii BeKTOpa KYTOBOi MBHAKOCTI @, TBEpAOTo Tima S, Ha oci ejelel,

Ji=diag(A, A, C), A=A+sim,, A=A, a=mc+ms, a=mc,, 4=53,.

PiBHsiHHS (3) BIIOKPEMITIOETHCS BiJl IHIIUX PIBHAHB 1 HOr0 XapaKTEpUCTHUUHE PIBHSHHS
Ma€ OJIMH AIWCHUIH B1Jl'€MHUHN KOPiHb.

[Ipunyctumo, mo 3 He30ypeHOMy pyci Tio S; 00epTa€eThbCs 3 KyTOBOK HMIBUIKICTIO @y
HaBKoJI0 BepTukaii. Hexall @, = a)Oie;.

Cucrema (2) — (3) nonyckae 4aCTUHHHIA PO3B’SI30K:

pi=0,=0, I =y, :&;
i3
o) =cosayt, ayy =+sinayt, oy =0; (4)

i0 H i0 i0 .
o, =—Sina,t, a,, =tcosayt, a,y =0;
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ay =0, ap =0, oo =+1.

30epirarour KOJUIIHI TO3HAYECHHS, 3aIMILIEMO PIBHAHHS 30ypEeHOr0 pyXYy:

AP, +(C— A+ 1 (B — 0,0, )as — (A + ;P )ery | =

= (&g kK)o —kya5; — Dy py;

AG —(C,~ A)wo. p, — u[(p, @,0,)0 —(G; + oy, P;)ah | = )

=—(a,9 —k)ogs —kyatz, — DG

i3 = @005 = G, 0‘42 =~y 045 + ;- (6)
Tyr i,k=12, j=3-i, o =C0s¢;, oy =—sing,, ay; =sind;, a =C0Sd, ¢ = —4,
¢ =yt

IlepeiinemMo 10 HOBUX 3MIHHHUX P/, O, &3, Oy [9]:

P = p;sing +0; cosg, -'=pi005¢—0l.5in¢.:
al, = SiNg + 0y COS @, at, = o) COSh — oy SiNgh .

Hexait ), =q/—ip), y, =ay; +iay,, Tomi cucrema piBHsaHb (5) i (6) Moxe Oyrn
Hpe/CTaBIeHa TAKUM YHHOM:

AY, +(iéi + Di1)7i +,U77j =(ag-k —ki)r, (i=12, j=3-1). (7)
Tyt i gami cinig Bigpi3HATH HYOKHIM iHgeke | =1,2 Bix ysBHOT OJUHHIL; éi =Caw,, k;=0

3 YMOBH CTABLII3AIIII HECTIMKOI'O PIBHOMIPHOI'O OBEPTAHHSA
I'TPOCKOITA

[pencraBuBiy mrykaHi QyHKmii y Burissgi aexp(At), samumeMo XapakTepuCTHIHE
piBHAHHSA 30ypeHoro pyxy (7) y BUTJISAL:

F k, — uA?
=0 8
k, — 1A’ F, ®)
abo
4+(a3+ib3) (a2+|b) +(8, +ib ) A+a, +ib, =0, (9)
1e:

Fo= A2 +(iC +D, ) A-ag+k +k.;

&= A1,D21+A£D11 >O1b3 = AL’C~2 +A;éwbz =C~1D21'+'(§2D11’bo =0;

8, = AN - =(A+cim )(A +cim, )+ Asim, > 0;

52 :_éléz +(Aé +A{+2H)k2 +k1Az' + D11D21_(a1A£ +A[az)g ; (10)
51 = D11(k2_a29)+D21(k1+k2_aig);
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bl 262(k1+k2_aig)+él(k2_azg)’a0 :k1k2_[(a1+a2)k2+kla2]g+a13~292-

3 piBHsAHHA (8) ciifye, MO SAKIIO LEHTP Mac APYroro ripockorma 306iraerses 3 Toukow O,
(c,=0,a,=0, £=0) i BincyTHIl IpYyXHUH BiIHOBIIOBaILHUII MOMEHT K, =0, TO B IIbOMY
BUIIQ/IKY 1I€ PIBHSAHHS PO3MAJa€eThCsl Ha /1Ba PIBHAHHS 1 BIACYTHIN B3a€MOBILIUB MEPILIOTO Tija
Ha Jpyre 1 cTadiaizalis CTae HEMOKIIUBOIO.

st Toro, mo6 Bci Hyni piBHSHHS (9) Jexanu y BiIKPUTIN JiBil MiBIUIONIMHI, 3TiTHO
kpurepito JIbenapa—Illinapa, 3anucanoro B iHHOpHOMY BUTIIA [19] (muB. ¢.34), HE0OXiaHO 1
JOCTaTHRO, 00 MATPHUIL ChOMOTO MOPSZIKY, CKIIaaeHa 3 KoedilieHTiB MHOrowieHa (9) Oymna
IHHOPHO-TIO3UTUBHOO, TOOTO OyJIM MO3UTUBHO BU3HAYEHI MaTpULi A, A;, A 1 A,

|1:|A1|233:A1’D21+A;D11>0; (11)
a, —b, -4,

l,=[A,|]=[0 a, —b,|>0; (12)
CH _bz _51
8 _ba _5-2 bl 0
0 8 _bs _5'2 b1

I;=|As|=|0 0 a, -b, -&[>0; (13)
0 a -b -& O
8 -b, -4 0 0
a, b, -4 b a 0 0
0 4, _bs -4, b1 8 0
0 0 a -b -4 b a

l,=[A]=[0 0 0 a -b, -4 O0|=al,>0 (14)
0 0 b, -4 0 O
0 a -b, -4 0 0 0
a, b -4 0 0 0 0

Tak sx |, >0, To acUMOTOTHYHA CTIHKICTb PIBHOMIPHUX 00€pTaHb B CEPEAOBHIII 3

OmopoM JABOX ripockomiB Jlarpamxka, 3B’S3aHMX NPYKHHM COHEPUYHUM IIApHIPOM,
BU3HAYAETHCS TpboMa HepiBHOCTsMU (12) — (14).

3 mepiBHocti (11) BumHOo, mo mnpu wactkoBid amcunanii (D, =D, =0,D,;#0)
ACUMITOTUYHA CTIHKICTh HEMOKJIMBA.
CrabinmizyBaTu HecTiiike piBHOMiIpHE 0OepTaHHs MEpLIOro TIpOCKONa MOXKHA 3a

JOTIOMOT0I0 KiHEeTHYHOro MOMeHTy apyroro ripockona C, (C,=C,m,,) Ta koediuieHTin

npyxHocrti k; Ta K, .

Takum unHOM, yMOBH CTabimi3arii BITHOCHO KiIHETHYHOTO MOMEHTY C, 3aITuIIyThes Tak:

1,C2+1,,C, +1,, >0; (15)
1.,Ch +1,C3+...+1,C, + 15 >0; (16)
(f74(f;‘ + 1. Cl . +1,C,+ f70)a0 >0 (17)
Caarenko . 1.
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Tyr:
l, =Dy (Dyi” +AD,,) >0, Iy = _2D11D21(~:1(A1’Az; —4);
|54=D121(k2+k1_ga1)(lvl2D11+A.L2D21); (18)
I = D5 (1D, + A’D,, ) [ k3D, + (98, —k, —k, )" Dy |. (19)

[H11 KOCdiIiEHTH HE HABEIEHO Yepe3 IXHIO TPOMI3IKICTb.
JluckpumiHaHT KBaJpaTHOI HepiBHOCTI (15) Mae BUTIISAL!

D= —4D11D21u2 (A1'D21 + AZ'Dll)Z c~:12 —4D, (H2D11 + A1,2D21)(A1'D21 + A;Dll)x
X(A&’Dzlen +((_ga1 +k, + kl) Aéz + 2A2'k2u+(k2 _azg)uz) Dy, +
+((—g81 +k, + kl)l’lz + 2A1'k2|,t+A1'2 (kz - azg)) D,, + A;D121D21)

iopu a <0, a,<0 Bix Bix’emHuil. Tak sk |, >0, To B bOMy BUNaAKy HepiBHICTH (15)
3apkau BUKOHaHA. CIiJl 3a3HAYUTH, MO I[IEHTP MAac MEXaHIYHOI CHUCTEMH BH3HAYAETHCS
BupasoM (&, +a,)/(m +m,). TakuM YHHOM, KOJIM LEHTP Mac MEXaHi4HOI cHUCTeMH Oye

3HAXOJIUTHUCS HIKYE HEPYXOMOi TOUKH, TO B IbOMY pa3i HepiBHICTH (15) Oyae BuKoHaHA.
3HaliIeMO yMOBH Ul BEJIMYMHHU KOe(DIllieHTIB MPYKHUX MOMEHTIB K, Ta K, mpu sKux

HepiBHocTi (15) — (17) OyayTh BHUKOHYBaTHCh NPU JOCUTH BEIMKUX 3HAYEHHAX KYTOBOI
HIBUJIKOCTI @0y, .

I3 (18) cnigye, mo xoediuient |, Oyne nomatuim mpu Kk, +K, > a9, a i3 (19) cninye, mo

|,, Gyne nomaruim mpu. kk, —[(a, +a,)k, +ka,]g+aa,9*>0.
TakuM YHHOM, MAEMO CHCTEMY HEpiBHOCTEIA:
k, +k, >a,0;
{1 : >0 2 (20)
kK, _[(31 +a,)k, + k1az] g+aa,g”>0.

[lpu BukoHaHHI cucTeMu HepiBHOcTeW (20) i mpu IOCHUTH BEIMKHX 3HAYEHb KYTOBOI
HIBUJIKOCT1 JIpyroro ripockona Jlarpanxa, MokiauBa cTabiimizamisi HecTIHKOro oOepTaHHs
MEPILOTro rpoCcKoIa APYTrUM TipOCKOIIOM, SIKUH 00epTa€eThCs.

Cucremu nepiBHocTel (20) 3aBxau Oyne Bukonana mpu k >a,0,a +a,<0 i a,<0.

3BIIKM CHiZly€, 0 KOJM LEHTP Mac JAPYroro ripocKoIy i MEeXaHI4YHOI CUCTEMH 3HaXOIAThCS
HIKY€ HEPYXOMOI TOUKH, TO cTalLIi3alisg Oy/1e MOXKIMBa.
Tak, manpuxman, mpu k =0 1 a +a,>0 cucrema HepiBHOcTeil (20) HecywmicHa,

ockineku a,g <K, <a,a,9 / (31 +a2) i 3Binku crigye, mo a° <0. Takum unnom, ipu K, =0

cuctemu HepiBHocTeit (20) oTpumye BU:

k, >a,9;
k, >aa,9/(a +a,); (21)
a+a, <0.

IIpu ¢,<0 (c,=-C,) i ¢ >0 HepiBHicTh & +8,<0 exBiBaleHTHa HEPIBHOCTI
€, >S+C,m/m,3 sIKOi CIiye, MO HEHTP Mac APYroro Tijia MOBHHEH 3HAXOMMTHCS HHKYC
HEpyXOMOi TOYKM Ha BiAcTaHi C, M, /M,, W0 Ja€ MOXIMBICTH CcTabini3yBaTH HeCTilike
obepTtaHHs nepmoro ripockorna (Puc. 2).

Caarenxko 4. 1.
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Puc. 2 Buno3mineHna cucremMa JBOX TipOCKOIIIB 3 JBOMa NPY>KHUMH HIapHIpaMu

4 BUMNAJOK BIICYTHOCTI JUCCUIIATHUBHOI'O I IOCTIHHOI' O
MOMEHTIB

JomycTtumo, 1mo uid “CIuIA4oro” ripockona S, He BUKOHYETbCA KpUTepii MaeBckoro,

10610 @, <4Aa,g/C’. Un MoxkHa y pasi BiJCYTHOCTi JMCHMIIATHBHOTO Ta MOCTiHHOIO
MOMEHTIB CTabll1i3yBaTu HecTiiike o0epTaHHs LBOro ripockona Jlarpamxka 3a J0OMOMOTOr0
JAPYroro TipOCKOIa, IO 00EPTAETHCS Ta MPYKHUX MOMEHTIB.
VY pasi BiICYyTHOCTI AUCUTIATUBHUX (Dij =0,1=12;j=13) i mocriiitnux momenTiB (Q, =0)
cucteMa piBHAHBb (2) — (3) momyckae po3B’s3ku (5), ne I =a@,. B npomy Bumaaky
a4, =a, =b, =0 i xapakrepuctuune piBHAHHA (9) MaTUME BUI

a At +ibA* +3,4% +ibA+a, =0, (22)
ne koediieHTn piBHAHHSA (22) BU3Ha4a0Thes 3a popmynamu (10) B AKMX MOTPiOHO MOKIACTH

D; =0. CriliKicTh KOHCEPBATHBHUX CHCTEM BU3HAYAKOTHCS THM, 1O KOPEHi piBHSAHHS (22)

NOBUHHI 3HaXOJIUTHUCS Ha ysiBHiKoci. s mporo B piBHSAHHI (22) mokmagemo A =i i me

PIBHSAHHS IPUIIME BUTJISI:

QA +ib A+ 84" +bA +3,=0. (23)

Jns toro, moO Bci Hymi piBHAHHA (23) Oynu pi3Hi 1 JeXanu HaJIildCcHIM ocl, 3TiHO
kputepito JIbenapa — lllinapa, 3anucanoro B iHHopHOMY Burisiai [3] (nuB. c. 48), HEOOX1IHO 1
JOCTaTHBO, 100 MaTPHISI CbOMOTO MOPSAIKY, sIKa CKIaJeHa 3 Koe(illi€HTIB IbOTO PIBHSHHS
Oyna IHHOPHO- MO3UTUBHOO, TOOTO 00 OynM MO3UTUBHO BU3HAYECHI MAaTpULIA,, A,, A; 1

A,:

I, =|Al=4a,>0;
a‘4 a3 aZ

I, =|A,]=| 0 4a, 3a,>0; (24)
4a, 3a, Z2a,

Caarenko . 1.
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a, -b, -a, b 0
0 a -b, -a b
l;=|As|=|0 0 & -b, —-4|>0; (25)
0 a -b -4 O
8 _bz _51 0 0
a, a a @&a 4a 0 0
0 a a a a a o0
0 0 a a a a a
l,=|A,|]=|0 0 0 4a, 33, 2a, a|>0. (26)
0 O 4a, 3a 2a, a O
0 4a, 3a 2a, a 0 O
4a, 3a, 2a, a4 0 O O

Tak six |, >0, TO cTiiiKicTh piBHOMIpHUX 00€pTaHb JABOX MPY’KHO 3B’SI3aHUX TIPOCKOMIB
Jlarpamxa BU3HAYAETHCS TPbOMa HepiBHOCTAMU (24) — (26).
Tak sk 1 panimie, cTaOuTi3yBaTH HECTiHKe pPIBHOMIpHE OOEpTaHHS MEPILIOro TipocKoma

MOJKHa 3a JIOHOMOTOI0 KiHEeTHYHOro MoMeHTy npyroro ripockoma C, (C,=C,am,,) T1a
Koe(ilieHTiB MPYKHOCTI chepuuHmx mapHipiB K, Ta K, .

Takum unHOM, YyMOBH cTabini3anii BiTHOCHO KiHETHYHOTO MOMEHTY C, 3amHIIyThCS Tak:

1,,C2+1,C, + 1, >0; (27)
1,Cl+1,C3+..+1,C, +1,>0; (28)
1, CE+1,Co+..+1,C,+1,,>0. (29)

., =3A7 (AA —s7a ) =3A" (A +cim, ) (A, +cim, )+ Asim, >0,

I3 :261(3/“2_3-4)3-4;

l;, =3A(AA —sfal) =3A% (A +cim, )( A +cim, )+ Asim, >0, 1, =2C, (34 ~a,)a,;
Ly = (AA - 1*) [ BAYCE +8(AA + 1) (K, +k, —a,0) A +(k, —2,9) A+ 21k, | |

Dis =—32( AA, - 1) [ C2(AA +21° )+ 3A2A, (K +K, ~a,) +3A” (k, ~2,0) +
+3A? (2uk, - Kag) |,

I54 :Allz (élz_sp‘i(aig_kl_kz)); (30)
|76:A.L'z(a19_k2_&)2(612_4A1l(a19_k1_k2))- (31)

[Hmi koedilieHTH He HaBEeEHO Yepe3 TXHIO TPOMI3IKICTb.
HepiBHicTs (27) Oyne HeBipHOIO TTpH

l,,>0, 1,,>0, Dis>0 (32)
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1 X, <C,<X,, ne X, 1 X, 10JaTHI KOpPEH1 KBaApaTHOro piBHAHHA (27). JlomaTHICTh KOPEHIB
BU3HAYa€ThHCS HEPIiBHICTIO (32).
106 6ymu I, >0 1 |, >0 HeoOXiqHO MOKIACTH

C2>4A(a g-k,—k). (33)

I3 nepisHocTeit 4A/(a, g —k, —k ) <C? <4Aag crifye, o MpH JTOCHT BEJHKiit
KyTOBIH IIBUIKOCTI @), Oyle MOXJIMBa cTa0Li3allis.

Takum YMHOM, Y BUITAKy HasBHOCTI JMCHIIAI] cTa011i3a1lis MOXKIIMBA TUTBKH TOJ1, KOJIH
HEHTP Mac JpYyroro Tijla 3HAXOAMTHCS HW)KYEe Hepyxomoi Touku (auB. Puc.2), a npum
BiJICYTHOCTI IUCHUTIAI] IIEHTP Mac APYTroro Tiia MOKE 3HAXOJUTHCS BUIIIEC HEPYXOMOI TOUYKHU
(muB. Puc.1). Y npoMy € IpUHIUIIOBA Pi3HUL B IUX JABOX BHUITAIKaxX

5 OBI'OBOPEHHS PE3YJIBTATIB JOCJI’KEHb

3 uerBeptoi Teopemu Tomcona-Tera-UeraeBa Ta iHIIMX pPOOIT CIigye HECTIHKICTH
PIBHOMIpPHOTO OOEpTaHHS y CEpelOBUIIl 3 OMOPOM CIUIT4Oro” ripockomna Jlarpamxka, sikuii
3HAXOAMTHCS [ €0 MOCTIHHOTO MOMEHTY, CIPSIMOBAHOTO Y3I0BX HOro oci o0epTaHHs. Y
3B’SI3KY 3 IMM BUHUKAE MUTAHHSA PO MOXKIIMBICTH CTab1i3a1li] HECTIMKOTr0 0OepTaHHS TaKOTO
ripockomna 3a JOMOMOIOI JPYroro Tipockoma Ta MNpYXHUX chepudyHux mmapHipiB. J[is
BUpIIICHHS IIi€l 3a7ada Oyiau OTpuUMaHi pIBHSHHS OOEpTaHHS y CEpeloBHUINA 3 OMOPOM
CHCTEMH JBOX ripockoriB Jlarpanka, siki 3’€IHaHI MPYXKHUM BiJTHOBIIOBAJILHIM CHEPUIHUM
mapHipoM. OOepTaHHS [HMX TiIpOCKOMIB MiATPUMYIOTHCS TOCTIHHUMH MOMEHTaMH,
CIPSIMOBaHUMH Y3JIOBXK iX oceil obepraHHs y He3OypeHomy pyci. Ha migcraBi kputepiro
JIrenapa-1llinapa B iHHOpPHOMY BH/JIi OTPUMAHO Yy BUTJISA/I CUCTEMH TPHOX HEPIBHOCTEH YMOBU
crabimizamii 3a JOMOMOrol KiHETHYHOTO MOMEHTY JAPYroro TipocKoma i KoedilieHTiB
MPYXKHOCTI IIAPHIPIB Ta 3HAWIEHI yMOBU Ha KOe(Dili€EHTH MPYKHOCTI MPH SKUX CTapuii
koedimieHTH X HepiBHOcTel nonaTHi. [lokazaHo, mo cTadumizamis 3aBxkau Oyae MOMKIHBA
IIPU TOCUTH BEJIMKHI KyTOBHMH IIBUIKOCTI 00€pTaHHS JAPYyroro ripocKona B NPUITYLIeHHI, 110
LIEHTP Mac JPYroro TipoCKoIa 1 MEXaHIYHOI CUCTEMH 3HAXOATHCS HUKYE HEPYXOMOI TOUKH.
Po3rnsHyTi ymMOBH cTabimizamii «cmisiuoro» ripockon Jlarpanxka 3a J0MOMOIOI0 Jpyroro
ripockona Ta MPYKHUX IIAPHIPIB MpU BIACYTHOCTI aucunanii. Ha mizcraBi 1HHOpPHOTO
HiAX0/ly OTPUMAHO Y BUTJIS/II CUCTEMH TPhOX HEpiBHOCTEH yMOBHU cTaliii3allii 3a 10IoMOroro
KIHETUYHOTO MOMEHTY JAPYroro ripockomna i Koe(ili€HTIB NPYKHOCTI IIapHIpiB. 3HaeHO
YMOBY Ha KIHETHYHUH MOMEHT IEpIIOro Tipockomna 1 KOoe(ilieHTH MpPYKHOCTI MPHU SIKUX
cTapin KoedilieHTH X HepiBHOCTEeW aonaTHi. [lokazaHo, 10 Mpu BUKOHAHHI YMOBU Ha
KIHETUYHUI MOMEHT MEpIIOTo Tipockomna cTalimizaiis 3aBkau Oyae MOKIWBa MpPU JOCUTh
BEJIMKUN KyTOBUM IIBUIKOCTI 00€pTaHHS APYroro ripockona Mnpu boMy LEHTpP Mac APYyroro
ripocKoIia MOXKe 3HaXOAUTHCS 1 BUILE HEPYXOMOI TOUKU. Y IIbOMY € MPUHLUIIOBA PI3HULS Y
HasIBHOCTI Ta BIJICYTHOCTI TUCUMALI].

6 BUCHOBKH

Posrnsinyro  MoxJIMBICTH  cTabimizamii  HECTIMKOro piBHOMIpPHOrO oOOepTaHHA B
CEPENIOBHUIIIl 3 OTIOPOM «CILITYOTO» Tipockora Jlarpanxa 3a J0MOMOTOI0 JPYroro ripocKora,
AKUI 00epTaeThCsl Ta MPYKHUX chepruuHuX MmapHUpiB. «CIUSUU» TipOCKON 00epTaeThCs
HABKOJIO HEPYXOMOI TOYKH 3 TIPYKHUM BiTHOBIIIOBAJILHUM CHEPUIHUM IAPHIPOM, a JAPYTHMA
TipPOCKOI 3HAXOAWUTHCS HAJ HUM. ['IpOCKOMM TakoX 3’€IHaHI MPYKHUM BiJIHOBIIOBAJILHUM
chepuyHUM MIApHIpOM 1 1X o0OepTaHHA MIATPUMYIOTBCS TIOCTIMHUMH MOMEHTaMH,
CIIPSIMOBAaHUMH Y3/IOBX I1X oceil obepranna. Ha mincraBi kpurepito Jlbenapa-lllinapa B
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IHHOPHOMY BHJ OTPHMAaHO Yy BHIJIAZI CHCTEMH TPhOX HEpPIBHOCTEH YMOBH cTadimizaii.
ITokazano, mo crabum3aiis OyJe HEMOXJIMBAa 3a BIJCYTHOCTI MPYXHOCTI y 3arajJbHOMY
mapHipi 1 30iry LEHTpy Mac ApYyroro TipocKona 3 UM IMIapHIpoM. 3a JIOTIOMOIOI0
KIHETUYHOTO MOMEHTY JPYIroro ripockomna i KoedimieHTiB MPYKHOCTI IIapHIpiB, HA IMICTaB1
IHHOPHOTO MiAXO0y, OTPUMaHI y BUIISII CUCTEMH TPhOX HEPIBHOCTEH YMOBHU crabimizarii Ta
3HaiIcHI yMOBH Ha KOe(]IIIEHTH MPYKHOCTI MPHU SAKUX CTapIii KOe(illi€eHTH IUX HEPIBHOCTEH
nonatHi. Ilokazano, mo crabimizaris 3aBxau Oyne MOXIMBA HPU JOCUTb BEIHKUA KyTOBHMA
IIBUJIKOCTI 0OepTaHHs APYroro ripockona B MPUIYIIEHHI, IO IIEHTP Mac JIPyroro ripockomna
1 MexaHIYHOi CHUCTEeMH 3HAXOAATHCS HIDKYE HEpyXoMmoi ToukH. I[IpoBeneHO NOpiBHSIHHSA
OTPUMAHHMX YMOB CTaOUII3aIlii 3 AHAIOTTYHUMH YMOBAMH TP BiJICYTHOCTI IMCHITAIII].
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