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PO CTIMKICTh PIBHOMIPHOI'O OBEPTAHHS Y
CEPEJOBMUIII 3 OTIOPOM HECUMETPUYHOI'O TBEPAOI'O
TIJIA I JI€I0 TOCTIMHOIO MOMEHTY Y IHEPUIAJIBHIN
CUCTEMI BIVIIKY

Kononos 10. M.l, JoBromuii O. A.l, Yeio A. X.2

IHcmumym npuwzad%toz mamemamuKd 1 MEXAHIKU Hal/ﬂOHa]leOZ akadefmz HAayK YKpCllHu
2 . . o . . .
,ZZOH@L;bKuu HAYIOHANbHUU YHIeepcumen IMEHI Bacuna Cmyca

AHoTanisi: Y TpUNYyIIEHHi, OI0 HEHTP Mac HECHMETPHUYHOTO TBEPAOTO TiJla 3HAXOJUTHCSA Ha
TPETii TOJIOBHIN OCi iHepIii TBEPAOTo Tila, OTPUMAaHI YMOBH aCHMIITOTUYHOI CTIHKOCTI piIBHOMIPHOTO
o0epTaHHsA AUHAMIYHO HECHMETPUYHOTO BAKKOTO TBEPAOTO TiJla 3 HEPYXOMOIO TOuYkoro. Lli ymoBm
OTpHMaHi y BWIVIAI CHCTEMH TPhOX HEpiBHOCTEH Ha mincTtaBi kpurepito Jlbenapa-lllumapa,
3alMCaHOrO B IHHOPHOMY BHIJISII. TBepe TijI0 3HAXOAUTHCS MiJl €K CHJT TSDKIHHS, TUCUITATUBHOTO
MOMEHTY 1 MOCTIHHOTO MOMEHTY B IHEpIliaNbHIA cucTteMi BimmiKy. JlocmimpkeHo o0epTaHHS
HECHMETPUYHOTO TBEPJOTO TiJia IOBKOJA EHTPY Mac. PiBHOMipHe oOepTaHHS HAaBKOJIO LIEHTPY Mac
HECHMETPUYHOTO TBEPJOrO Tila OyAe HECTIMKHM 3a BiICYTHOCTI TOCTIHHOTO MOMEHTY. Po3rmsHyTo
BUTIAJKU BIJICYTHOCTI MuHamigHOi abo mucuratuBHOI HecuMmerpid. [lokazaHo, IO TOJOXKEHHS
piBHOBard TBEPIOTO Tina Oyle CTIMKUM TUTBKH TPU Aii BiJHOBIIOBAIHHOTO MOMEHTY. JlnHamiuHa
HECHMETpisl OUTBII CYTTEBO BIUIMBAE Ha CTIHKICTh 0OEpTaHHS HECUMETPHYHOTO TBEPIOTO Tijla, HiX
JMUCUIIaTHBHA HecuMmeTpis. [IpoBeneHo MOCiKeHHS! YMOB CTIHKOCTI U Pi3HUX TPAaHUYHUX BUTIA/IKIB
MaJInX a00 BEMUMKUX 3HAUYEHb BEJIUYMH BiIHOBIIOBAJIBHOIO, MEPEKHAAIBHOrO ab0 IMOCTIHHOIrO
MOMEHTIB. 3a3HAuYa€ThCs, MO 3 JOCHTh BEIMKHUX 3HAYCHHSX MOAYJS BiTHOBIIOBAJILHOTO MOMEHTY
o0epTaHHS HECHUMETPHUYHOTO TBEPJOTO Tijia OyAe acHMOTOTHYHO CTIHKMM. SIKIIO OCHOBHH MOMEHT
iHepmii € HaWOLTBIMM a00 HaWMEHIINM MOMEHTOM iHEpIii, TO TPH JIOCHTh BEIHKUX 3HAYEHHSX
KyTOBOI MIBHIKOCTI, SIK TpW il TMEepeKuIabHOTO MOMEHTY, TaK 1 TpW il BiJHOBIIOBAIBHOTO
MOMEHTIB, O0EpTaHHS HECHMETPUYHOTO TBEPAOro Tila OyJe acHMMITOTHYHO cTiiikuM. [IpoBeneHo
aHANITUYHI TOCIPKEHHS BIUIMBY TUCUTIATHBHOTO, TIOCTIHOTO, TIEPEKUIAIBHOTO 1 BiTHOBIFOBAIIEHOTO
MOMEHTIB Ha CTIMKICTh PIBHOMIpHMX OOEpTaHb HECHUMETPHYHHX Ta CHMETPUYHHX TBEPANX TiJL
[TokazaHo, IO MpH BiJICYTHOCTI AWHAMIYHINA Ta JUCHNIATUBHIN HECUMETPIl OTpUMaHi YMOBHU CTIHKOCTI
301rar0THCS 3 BIJOMUMHU.

KaiouoBi cjoBa: nuHaMIYHO HECHMETPHYHE Ta CHMETPUYHE TBEPAO TLIO, CEPEIOBHIIC 3
OTIOPOM, TIOCTIHHUI MOMEHT B iHEpIlialibHIi CHCTEMI BiJUTIKY, ACHMIITOTUYHA CTiHKICTb.

ON THE STABILITY OF UNIFORM ROTATION IN A RESISTING
NONSYMETRIC RIGID BODY UNDER THE ACTION OF A
CONSTANT MOMENT IN INERTIAL REFERENCE FRAME

Yu. Kononov?, O. Dovgoshey', A. K. Cheib?
"Institute of Applied Mathematics and Mechanics of the National Academy of Sciences of Ukraine
Vasyl’ Stus Donetsk National University

Abstract: Assuming that the center of mass of a rigid asymmetric body is on the third main axis
of inertia of a rigid body, the conditions for the asymptotic stability of uniform rotation of a
dynamically asymmetric solid rigid body with a fixed point are obtained. These conditions are
obtained in the form of a system of three inequalities based on the Lénard-Shipar test, written in
innormal form. The rigid body is under the action of gravity, dissipative moment and constant moment
in the inertial frame of reference. The rotation of a rigid asymmetric body around the center of mass is

Kononos 1O. M., Josrommii O. A., Ueib A. X.
6 https://doi.org/10.31650/2618-0650-2022-4-1-6-22
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studied. Uniform rotation around the center of mass of a rigid asymmetric body will be unstable in the
absence of a constant moment. Cases of absence of dynamic or dissipative asymmetry are considered.
It is shown that the equilibrium position of a rigid body will be stable only under the action of the
reducing moment. Dynamic asymmetry has a more significant effect on the stability of rotation of an
asymmetric rigid body than dissipative asymmetry. Stability conditions have been studied for various
limiting cases of small or large values of restoring, overturning, or constant moments. It is noted that
for sufficiently large values of the modulus of the reducing moment, the rotation of the asymmetric
solid will be asymptomatically stable. If the axial moment of inertia is the greatest or the smallest
moment of inertia, then at sufficiently large values of angular velocity, both under the action of the
overturning moment and under the action of the reducing moment, the rotation of the asymmetric solid
will be asymptomatically stable. Analytical studies of the influence of dissipative, constant,
overturning and restorative moments on the stability of uniform rotations of asymmetric and
symmetric solids have been carried out. It is shown that in the absence of dynamic and dissipative
symmetries, the obtained stability conditions coincide with the known ones.

Keywords: dynamically asymmetric and symmetric rigid body, medium with resistance, constant
moment in inertial frame of reference, asymptotic stability.

Kononos 0. M., Josrommii O. A., Ueib A. X.
https://doi.org/10.31650/2618-0650-2022-4-1-6-22 7
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1 BCTYII

B nanuii yac € 1ocuTh BeJMKa KUTBKICTh POOIT, B IKUX MPOBOAATHCS Pi3HI JOCIIKEHHS
JUHAMIKM TBEPAMX T, M0 00EpTAIOThCS y cepepoBulli 3 onopoM. HaBegemo nuie po6oTH,
SIK1 HAWOJIMOKY1 10 PO3TIIsiAyBaHol 3a1adi. Y pobotax [1, 2] po3TiissHyTO KijbKa MPUKIIAJIB Py-
XiB TBEPIMX TiJT 3 MaJIOI0 HECUMETPIEIO 1 3aIIPOTIOHOBAHO aJITOPUTM BUBUCHHS TAKUX CHCTEM.
[Toka3aHo, moO Maja JAMHAMIYHA HECHMETpis TBEpJOro TUIa MPU3BOAMTH [0 IOSBU
JI0JJAaTKOBOTO 1HTEpBaJly HECTIHKOCTI, JOBXHHA SKOTO MPSIMYE 10 HYJS MPU NPSIMYBaHHI J10
HyJIs BenuuuHU jaebanancy. B crarrsax [3, 4], Ha miacraBi kpurtepito JIbenapa-lllimapa B
IHHOPHOMY BHIJISIZII, OTPUMAHO YMOBH AaCHMIITOTUYHOI CTIHKOCTI PIBHOMIPHOTO 0OepTaHHS
MiJT TI€F0 TOCTIMHOTO MOMEHTY HECUMETPUYHOTO TBEPJOTO Tija y cepenoBuii 3 omopom. Lli
YMOBU 3allUCAaHO Yy BUIJISAI CHUCTEMH TpbOX HepiBHOCTeW. I[lpoBeneHo aHamiTH4HI
JOCIIJDKeHH LUX HepiBHOcTed. OTpUMaHO yMOBM Ha BEJIMYMHHM IIOCTIHHOTO MOMEHTY 1
MOMEHTY 1HEpIlii TPEThOi TOJOBHOI OCI, sIKI MPHU Jii BiJHOBIIOBAILHOTO MOMEHTY JOCTATHI
JUI aCUMIOTOTHYHOI cTiiikocTi. [loka3zaHo, 110 MpHU JTOCUTH BEITUKOMY HOCTIHHOMY MOMEHTI
Oyze crioctepiraThcs aCHMITOTHYHA CTIMKICTh TPHU il BiJHOBIIOBAIEHOTO MOMEHTY, SIKIIIO
o0epTaHHs TBEpJOro Tijla BigOYBaeThCS HABKOJO OCI HAMOIIBIIOrO MOMEHTY iHepmii 1
HaMEHIIOTO 3 MOABOEHUX. JlaHO y3arajgbHEHHS OTPUMAHHX YMOB CTIHKOCTI Ha BHIIAJOK
HAsBHOCTI B TBEPAOMY TiJli MOPOKHUHH 3 1/1€albHOI HECTHCIUBOI PIAMHH, IO 3I1HCHIOE
noteHmianpHui pyx. [lokasano, mo mpu BiACYTHOCTI IUCHMALii, OTpUMaHi YMOBH CTIHKOCTI
30iraroThCs 3 BiJOMUMHU. BIUIUB i1€anbHOT piAMHM Ha CTiiKiCTh oOepTanHa A3urd Jlarpanxa y
CEPEIOBUINI 3 OMOPOM pO3TIIIHYTO B poOoti [5]. Haifbinpmn Boaymid OrIsy cydacHol
JiTepaTypu MO pO3TIsAyBaHO! 3aaaui HagaHuit B poborax [3—11]. Y monorpadii [6]
npezcTaBieHui yHipikoBaHUH 1 700pe po3poOiieHUi MiAXix 10 ITWHAMIKK KYyTOBHX PYXiB
TBEPAUX TUI, IO 3a3HAIOTh MOMEHTIB 30ypeHHs pi3HOi ¢i3uuHoi npupoau. CTporuit miaxif,
3aCHOBaHUI Ha MPOIEIypl YCePETHECHHS, 3aCTOCOBYETHCS JIO Til 3 JOBUIBHUMHE €JITICOiTaMu
iHepuii. JleTtalpHO pO3INIANA€eTbes JAisl  PI3HUX MOMEHTIB  30ypeHb, $K 30BHILIHIX
(rpaBiTauiiiHUi, aepoJMHAMIYHUM, COHSYHMUN THUCK), TaK 1 BHYTPIMIHIX (3aBASKU B'SI3KiH
piiMHI B pe3epByapax, NPYXKHHM 1 B'A3KONPYXHHMM BIacTUBOCTAM Tina). B crarti [7]
JIOCJIIJDKYIOThCS 30ypeHi oOepTaibHI pyXH TBEPIOTO Tiia, OMM3bKi A0 BUManaky Jlarpanxa,
I Ji€l0 TOBUIBHO 3MIHIOBAJBHOIO B 4aci KpyTHoro momeHty. HoBuii kmac obepTaHb
JUHAMIYHO CHMETPUYHOTO TBEPAOTO Tijla HABKOJO HEPYXOMOi TOYKM 3 ypaxyBaHHSIM
HECTaI[IOHAPHOT'0 30ypIOI0YOr0 MOMEHTY 1 MOBUIBHO 3MIHIOBAHOT'O 3 YaCOM BiJHOBIIIOIOYOTO
MOMEHTY BHBYAETHCS y poOOTi [8]. 3a JOMOMOTO0 METOHy YyCepeIHEeHHs B cTaTTi [8&]
oJiepKaHo HaOJIMKEHUH po3B’A30K cUCTeMM piBHSAHB Eiinepa pyxXy B cepeloBHILi 3 ONOPOM
TBEPAOTrO TUIa 3 MOPOKHUHOIO, 3alIOBHEHOIO DPIJMHOK BENUKOi B'SI3KOCTI. Y poboti [9]
JOCIIJKYIOTBCSL O0OypeHi pyxH TBEpAOro Tija, Oau3bKi A0 BUnaaky Jlarpanka, mia aiero
BITHOBJIIOBAIBHOTO Ta OOYypIOIOUOTO MOMEHTIB cuil. Jlyig aHamizy HeNiHIHHOI CcHUCTEeMHU
PIBHSHb pPYXY BHMKOPHCTA€TbCS METOJA YycepeqHeHHsA. HaBeneHo yMOBH MOXIIMBOCTI
YCEepEeIHEHHsI PIBHSAHb pyXy Mo (a3l KyTra HyTalii Ta OMHWCAHO TPOLEIYPY YyCEepeTHEHHS
MOBUIBHUX 3MIHHUX OOYpPEHOTo pyxy TBEpJOro Tila y nepiiomy HaOmwkeHHi. B crarti [10]
PO3TIIIHYTO PyX HAaBKOJO IEHTPY Mac cdepoina i3 MOpOKHUHOK, 3alOBHEHOIO B'S3KOIO
pinnHOI0. MOMEHT CHJI, IO JIFOTh T10 3 OOKY B'S3KOT PiAMHU B MOPOXHMHI, BU3HAYAIOTH 32
METOJIMKOI0, po3pobieHoto B podorax @.JI. HopHOychkO. ACUMNTOTHYHUN MIAX1J A03BOJISE
OTPUMATH JIeSKI SKICHI pe3yJabTaTh Ta ONUCATH HEINIHIHHY €BOJIOLII0 KYTOBOTO pyXy 3a
JIOTIOMOTOI0 CIPOIIEHHUX yCEePEIHIX piBHSIHB. 3a JONMOMOTOI0 METOAy ycepeaHeHHs: KpunoBa—
Boromo6oBa y po6ori [11] onepkano HaOaM>KeHUI pO3B 30K CUCTeMH piBHAHB Eifnepa pyxy
TBEP/OrO TiIa y CEPEeOBHUIII 3 OMOPOM 3 JOJATKOBUMHU 30ypeHUMH 4ieHaMHu Juis chepoina,
3aII0BHEHOTO B’A3KOI0 P1IMHOIO BEIHMKOI B'SI3KOCTI.

B cratTi [12] mpoBeneHi TOCTIPKEHHS BIUTUBY JUCUIIATUBHOTO MOMEHTY 1 MOCTIHHOTO
MOMEHTY B I1HEpUialbHId CHCTEMi BIJUIIKY Ha CTIHKICTh CTalllOHApHUX PYyXiB TipOCKOIa

Kononos 10. M., Josrommii O. A., Uei6 A. X.
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Jlarpanmxka. Y poGoti [13] 1sa 3amava Oyna y3araabHEHa Ha BUMAJOK CTPYHHOTO MIJBICY i
piBHOMIpHHX 00epTaHb Tripockona Jlarpanxa.

VY mii poboTi y3araabHEHI 3ajadi, siki Oynu po3risHyTi y ctarti [12] Ha BHImamok
pPIBHOMIpHOTO OOEpTaHHS HECMMETPHUYHOTO TBEPAOro Tina i y crarri [3] Ha BHUIAmOK
MOCTIHHOTO MOMEHTY B HEIHEpPIiaIbHUI CUCTEMI Ta JOIOBHEHI PEe3yJIbTaTH, K1 OyiH paHiiie
orpuMaHi y pobotax [14, 15]. Y npumymieHHi, 1o HEeHTp Mac HECUMETPUTYHOTO TBEPIOTO
TiJIa 3HAXOJUTHCA HAa TPETIM TOJOBHIA OCI 1HEpIii TBEPAOro Tija, OTPMMAHO, Ha ITICTaBi
kpurepito Jlbenapa-lllunapa B I1HHOPHOMY BHIJIAJI, YMOBH AaCHMIITOTUYHOI CTIHKOCTI
PIBHOMIPHOTO 00€p-TaHHA HABKOJIO HEPYXOMOi TOYKH HECHMETPUYHOTO TBEPJOro Tiia.
[TpoBeneHo aHAMITHYHI JOCTIKEHHS BIUIMBY AMCUNIATHBHOTO, OCTIIHOTO, MEPEKUIATEHOTO
1 BIJHOBJIFOBAJLHOTO MOMEHTIB Ha CTIMKICTh PIBHOMIPHMX OOEpTaHb HECHUMETPUYHUX Ta
CUMETPUYHUX TBEPIUX TiJ.

2 IOCTAHOBKA 3AJJAUYIl. OCHOBHI PIBHAHHA

PosrisiHeMo Bakke NUHAMIYHO HECHMETPHYHE TBEPIE TLI0, SIKE 00EPTA€EThCS HABKOJIO
HEepPyXOMOi TOUKH, B IPUIYIIEHHI, [0 Ha HBOTO Ji€ qucunatuBHui MomeHT M = -Do

(D:diag(Dl, D,,D;); D, >0; i:ﬁ), 110 MOJICIIIOE OIlip CEepeOBHUINA Ta IMOCTIHHUN

MOMCHTH Mp = P’Y, KU IMATPpUMYE CTAlly KYTOBY MBHIAKICTH BJIACHOI'O O6CpTaHHH

TBEpAOro Tijna. byneMo BBakaTH, IO Ha TPETi TOJOBHOI oci iHepuii TBepAoro Tina
3HAXOJHUTHCSA IEHTP Mac TBEPAOro Tiia i TBEpAO TiIO B HE30ypeHOMY pycCi piBHOMIpHO

00epTaeTbcs C KyTOH IIBUAKICTIO @, HaBKOJIO MLi€i Bicli. Tyr ®— KyroBa IIBUAKICTh
TBEPJIOTO Tijla, y — OOUHUYHHIA BEKTOpP BUCXIHOI BEpTHKai, P — 10oBiNbHA cTama.
PiBHSIHHS pyXy TBEpaOro Tijla MaroTh Burisia [3, 12, 14]

J®+mx(Jm):yx%+Py—Dw; 1)

vy+oxy=0, 2)

ne J=diag(J,,J,,J;)— Tensop inepuii TBeporo Tina st Hepyxomoi Toukm; V =T'(K-y) —
noteHuiHa enepriga (I'=mgc, m — maca TBeporo Tia, C — BiICTaHb B/l HEPYXOMOI TOUKHU
JI0 LIGHTPY Mac TBEPJOTO Tijla, g — NPUCKOPEHHS BIIBHOIO MaAiHHA); K — OIMHUYHUN BEKTOD
TPETHOI TOJIOBHOI OCl; Y — OJAUHUYHUNA BEKTOP BUCX1AHOI BEPTHKAIL.

PiBHsAHHS (1) Bupaxae TeopemMy Mpo 3MiHY KIHETUYHOTO MOMEHTY J® , a PIBHSIHHA (2) —
YMOBa CTaJIOCTI BEKTOpa y B IHEPIIaJIbHIN CUCTEMI BIJIIKY.

[Ipoektyroun piBHAHHS pyXy TBepaoro Tina (1) — (2) Ha royioBHIN oci iHepIii TBEPAOTrO
TiJa U1 HEPYXOMOi TOUKH, OTPUMAEMO:
Jioy +(J;-J,)0,0, =Ty, - Diay;
3,0, +(J; — J3)wy0, =Ty, - D,w,; 3)
Jy0,+ (3, - )0, = Py, — Dy,
N+ @y —wsy, =0;
Vot gy — s =0 4
Vst @y, —ay, =0.

P
71=7.=0, 3= &= 0,=0, v,=aw, =a)=5, (5)
3
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V1= }/2=0, 73=—1, W= w,= 0, W, =W, = O=—"0 (6)

SKi BIJIOBIJAIOTh PIBHOMIPDHMM OOEpTaHHAM TBEPAOTO Tijla 3 KYTOBOIO IIBHAKICTIO @
HABKOJIO BEPTUKAIBHO PO3TAIIOBaHOI TpeThol rosioBHOI oci. [lpu 1bomy po3B’sizky (5)
BIJIIIOBia€ BUIAAOK "CIUIAYOi" I3UTH, HA AKY i€ nmepekuaaibauii MoMeHT (I" >0, IEHTp Mac
TBEPJOTO Tila mnepedyBae BuIlle HEPyxoMmoi Touku (c>0), a po3B’s3ky (6) — BUMamOK
CTaTUYHO BPIBHOB@KEHOI [3UTH, Ha fAKYy Ji€ BIAHOBMIOBaIbHUI (T <0, LEHTp Mac
3HAXOJUThCSA HIDKYEe HepyxoMol Touku (c<O0). Takum ymHOM, pO3B’s3Ky (5) Bimmosimae
BUMAJOK ' >0, a po3B’s3Ky (6) Bignosigae I'<0.

3 ACHUMIITOTUYHA CTIMKICTH PO3B'SI3KIB (5) — (6)

JIOCHiTUTH aHANITUYHO 1 YMCENbHO YAaCTOTHUH CIEKTP IUIOCKMX KOJIMBaHb MPYKHOI
TUTACTHHY, SIKA TOALISE TBOMIAPOBY i€aIbHY PIAHHY 3 BUIBHOIO MIOBEPXHEIO B IPSIMOKYTHOMY
kaHami. [lokasatu Ui JOBIIBHOTO 3aKpIIUICHHS KOHTYPIB TMPSMOKYTHOI IUIACTHUHH, IO
YaCTOTHUHN CHEKTP PO3IMIITHYTOI 3a/1adil CKIAJa€ThCs 3 JBOX HAOOPIB YaCTOT, SIKM OIHCYIOTh
KOJIMBaHHS BUILHOI MOBEPXHI PiJIUHU 1 npy>I<H01 IUIACTUHU. Y BUIIAJKY 3aTHCHEHUX KOHTyplB
IUTACTHHU TPOBECTH MOTO CIPOIICHHS 1 BUBYATH BIUIMB OCHOBHUX MEXaHIYHUX IMapaMeTpiB
CHCTEMU Ha NEepUIHid 1 Apyruid HaOlp yacToT. PO3MIsIHYTH BHUIIAQJAKHU BiPOJKCHHS IJIACTUHU B
meMmOpany. [loka3atu B3a€MOBILIMB KOJIMBaHb IUIACTHHH a00 MeMOpaHu (mepmoro Habopy)
Ha KOJIMBAHHA BUTLHOI MOBEPXHI PIAMHU (Ipyroro HabOpy) Ta HABIAKH.

4  PE3YJIBTATHU JOCJIIAKEHb

BBaxatoun B 00ypeHoro pyxy y, =14+, @, = @+ o (3HaK IUIIOC BiANIOBIJA€ PILICHHIO

(5), a 3mak minyc — (6)) i, 30epiraroud mas IHIIAX 3MIHHHAX TX KOJHINHI TO3HAYCHHS,
3aMuIIeMo JIiHeapu30BaHi PIBHSIHHSA 30ypeHOro pyXy:

o +(J;-3,)0,0-Ty, Py, + Do, =0;

3,0, +(J; - J3)o0+Ty, =Py, + D0, =0; (7)
J,0+D,0-Po =0,

Nt o,—wy, =0;

7, — @ + oy, =0; 8)
6=0.

Ipu munamiyneoi (J,=J;) 1 mucumaruBHOi (D, =D;) cumertpii piBusuus (1) — (2)
301raroThCsl 3 PIBHAHHAMHU poOoTH [12]. V 3B'SI3Ky 3 UM BCi OCHOBHI BJIACTMBOCTI PIBHSHb

iei poboTu mepeHocsaThest 1 Ha piBHAHHA (1) — (2), a caMe: XapakTepUCTUYHE DPiIBHSIHHS
cucreMu (1) — (2) 3aBkau Mae OIWH HYJbOBUM KOpPEHb, OOYMOBJICHHH HAasIBHICTIO

reOMETPUYHOTO iHTerpana y. +y;+y;=1 i omun HeratusHuil kopinb —D,/J,; mepme i
npyre piBHAHHA cuctemMu (1) 1 cucremu (2) BIIOKPEMIIOIOTHCA BiJl IHIIMX PIBHSHb.
Po3B's3anns (5) — (6) acCUMITOTUYHO CTiHKi, SKIIO BCi KOPEHI XapaKTEePUCTUIHOTO PiBHSIHHS
MalOTh MO3UTHBHY JIMCHY YaCTHHY 1 HECTIHKI, SIKIIO X04a O OJAMH KOPiHb Ma€ MO3UTHUBHY
pEeYoOBYy YacTUHY. ACHUMNOTOTHYHA CTIMKOCTI MO 3MIHHOi J, BUIUIMBAE 3 ACUMITOTHYHOL
CTIKOCTI IO 3MIHHMM J;, ¥, 1 T€OMETPUYHOIO IHTErpaa.

3 mepumx ABOX PiBHSHb CUCTEMH (8) BUCIIOBUMO @, @, 1 MiICTaBUMO iX 1 iXHI MOXiJIHI
B Tepii JBa piBHAHHA (7):

Kononos 10. M., Josrommii O. A., Uei6 A. X.
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{J271+D271+F171_‘]s?}2_[3272:O, )

1, + Dy, + Ty, + 7 + I517/1 =0.
Tyt
I, :(J3—Jl)a)2—F, r, :(JS—JZ)a)Z—F, J.=Jw, J=J,+J,-3,>0,
D, =Dw-P (i=12).
OcHOBHa BIZIMIHHICTh OTPUMAaHUX PiBHAHB (9) BiJ aHAJOTIYHUX PiBHSAHB poOIT [5, 6] monsrae
B TOMY, 10 uepe3 auHamiuHoi (J, # J;) 1 qucunatusHoi ( D, # D,) HecumeTpii HEMOXKINBO

CIIPOCTHUTH LI PIBHAHHS IUIAXOM BBEICHHAM KOMIUIEKCHOI (yHKuii y, +iy,. Ciig Takox

3a3HAYUTH, [0 CUCTeMa piBHAHB (9) omucye pyx JiHIMHOI MEXaHIYHOI CHUCTEMH 3 JBOMa
CTYNEHSIMU CBOOOJH, IO 3HAXOAMTHCS MiJ JE0 CHJI JOBUIBHOI CTPYKTYPH: JHCHUIIATHBHHX,
MOTEHIIIHHUX, TIPOCKOMIYHMX 1 TUPKYISIiHHUX [3, 12].

XapakTepucTHaHe piBHAHHS U1t cuctemu (9) Oyae MaTH BUTIIS!

(A2, +DA+T,) (A%, +D,A+T)+ (I A+D)(JA+D,)=0
9K

At +al’+a, 1’ +al+a, =0, (10)
e a,=J,J,>0, a,=J,0,+J,D,>0,

a,=J2+JI,+J,I,+DD,=(2),J,-J.,J)&’-(J,+J,)[+DD,, (112)

a =(D,+D,)J,+DI,+D,I’, =(J,D, +J,D,)0" —(D, + D,)I —2JPw,

a, =T, +DD,=(J,-3)(J;—J,)0" +[(J - I, + D,D,1&’ — (D, + D,) P+ P* +T°.

s Toro, mo6 Bce Hyini piBHAHHS (10) jekanu y BIAKPHUTIH JiBill MiBIJIOLIMHI, 3T1IHO

kputepito JIbenapa - lllinapa, 3anucanoro B iHHOpHOM Burisl [16] (cm. ¢.34), HeoOXiaHO 1
JIOCTaTHBO, II00:

1) Oynu nonatHi Bei KoediwieHTH @; (a00 MOJIOBMHA IUX KOE(DILIEHTIB);

2) Oynu iHHOPHO JOJaTHUMH MaTpulli Aj, Aj, TO6TO

a4 a'2 aO
l,=|A3|=|0 a, a|=(a,8,-aa,)a—aa; >0; I, =|Af|=a,>0.
a, a 0

Takum YMHOM, YMOBH aCHMITOTHYHOT CTiiKOCTi po3B’s3kiB (5) — (6) 3anuIIyThCs Tak:

3 >0, 8 >0, (a,8,-a3,)a —a,a; >0.
Jns pimenns (5), To6To konu nie nepekuaaibauii MomeHT (I > 0), BOHM MarOTh BUTIISII:

(F-(3;-3)e*)(r-(3;-3,)0" )+(D; - D, )(D; — D,) Do’ =

i (12)
=I*+Jo’T+(D,-D,)(D,-D,) &’ +(J, - J,)(J; - J,)®" >0,
(D, +D,)I"<(J,, —2JD,) &, (13)
(3,-3,)’D,D,I'* +bT+h, >0. (14)

Tyr

Kononos 0. M., Josrommii O. A., Ueib A. X.
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b =[(J,-23,)D, +(J,-23,)D, ] W,,0° +23(J, - J,)J ,Po— (D, +D,)D,D,J;,,  (15)
by, = P| 20°3,3,,0° ~43°3,3,Pes” + (3,0} —JD,D, + J,D7 ) J,0+ I5P |
J=3-3,, 3,=J3,D,+3,D,>0.

Tak six w=P/D,, To cucremy HepiHocteii (12) — (14) 3pydHO 3anucaTy e Tak:

(ro; -(3;,-3,)P*)(rD; - (3, -J,)P*)+(D, - D, )(D, - D, ) D;P* =

= D{T? + JD?P’T +(D, - D,)(D, - D,) D2P? + (3, - J,)(3, - J,)P* >0, (19

(D, +D,)DIr <(J,, —2JD, ) P?, (17)

(J,-J,)’DD,Dir* + D, I +TI, = p,P*+ p,P?+p, >0. (18)
Tyr

T, ={[(3,-23,)D, +(J5—-23,)D,]3,, +2(J, - 3,)J,,D,} IP* - J,, (D, + D,)D,D,D;

Ty =2(J4d,, —23,J,0,)3°P* +[ 2D,D,J; - J,,0, (D, - D,) J,, |J,,D;P?, (19)

p, =23%(3,3,-23,3,D,),
P, :{[32(33—2J2)Df+((J1+J2)33—4JlJ2)D1D2+2(Jl—J2)j12D3+Jl(33—2J1)D22]JI“+
+(9,D? = JD,D, - 3,,0; + 9,07 ) 3,0} D,

po =T[ (3,-3,)°T=3,,(D,+D,) |D,D,D, J=3-J;, I, =3,D, +3,D, >0.

Tak sk B HepiBuocti (12) — (14) i (16) — (18) Ta B nmo3nayenns (15) i (19) crama P
BXOJUTh B MapHUH CTYIEHi, TO I[i HEPIBHOCTI mMpH il mepekuaaabHoro Momenty (I'>0)
BU3HAYalOTh YMOBU aCHUMIITOTUYHOI CTiMKOCTi pimeHHs (5), a mpu Aii BiAHOBIIOBAJIBLHOIO
mMomeHTy (I" < 0) — pitensst (6).

I3 nepiBaocti (17) cminye, mo npu Al NEPEeKUJAIBHOIO MOMEHTY CTIMKICTH Oyne
HeMoxuuBa, ko D, > J,,35/23,J, .

[Mpu muaamivynoi cumerpii (J, = J,) HepiHOcTi (16) — (18) OTpUMYIOTH BUTIISA:

(rDZ-(J,-3,)P?) +(D,~D,)(D,-D,)DP? =

i (20)
= DT + JDIPT +(D; - D, )(D; — D, ) P + (3, = 3,)°P* > 0,
(D, + DZ)D32F<[J1(D1+ DZ)—Z(ZJI—J3)D3]P2, (21)
D,I [+, =p,P*+ p,P?+p,>0. (22)

r,=[(3,-23,)JP*-DD, |(D,+D,)*,

I, =2[(33(D1+D2)—2J1D3)]JZP4+[2D1D2J3—J1(D1+DZ)D3—J1(D1—D2)2]><
x(D, +D,)DiP? p, =2J%[(J,(D,+D,)-2J,D,)],

D, ={(J3—2J1)(D1+D2)2JF+[J1(D12—(Dl+D2)D3+Dg)—JDlDZ](D1+D2)D3}Ds,
p, =—(D,+D,)’D,D,DI", J=2(J,-J,).

Kononos 10. M., Josrommii O. A., Uei6 A. X.
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HepiBrocti (20) 1 (22) 3 TOYHICTBIO JO JPYroro CTYIEHS MaJOCTI BITHOCHO
P/P, (| P/ P0| < 1) , ie P,— xapakTepHe 3Hau€HHS NOCTIHHOIO MOMEHTY 3alUIIyThCs TaK:

DT + JDZPT" + (D, - D,)(D, - D,)D?P? >0, (23)

p,P?+p, >0. (24)

HepieHocri (23), (21) i (24) 3 TOYHICTBIO 10 MEPLIOTO CTYIEHs ManocTi BixHOoCHO P/Py

MAarOThb BUTJIAT:

D/ +JDZPT" >0, (25)
(D, +D,)DT' <0, (26)
(D, +D,)?’D,D,DII' < 0. (27)

Lle MO>XITMBO TUTBKH MIPH i1 BiIHOBIIIOBAJIHLHOTO MOMEHTY.
IIpu nucunarusHoi cumerpii (D, = D,) cucrema nepiBuocteit (16) — (18) 3amumerses

HAaCTYITHUM YHUHOM:

(rD; - (J,-3,)P?)(ID; - (J, - J,)P*)+(D, - D;)° D;P* =

- (28)
= Dir? +JD2PT +(D, - D,)’ D2P? +(J, - J;)(J; —J,)P* > 0,
2D,DiT <[ (J,+J,)D, —2JD, |P?, (29)
(J,-3,)?DDr* + DI, +T, = p,P*+ p,P*+ p, >0, (30)

e
1“1=—2D1{[(J1—J2)2D3—(J1+J2)JD1]JP2+(J1+J2)D13D32},
T, =2[(3,(3,+J,)D,-23,3,D,) | I?P* +[2D,J, - (J, + J,)D,] (J, + J,) D7 D;P?,
p, =2J%[(J,+J,)I,D,-23,,D, |,
P, ={2[(J1—J2)2D3—(Jl+JZ)JD1]JF+[2JSDl—(Jl+32)D3](Jl+JZ)DlDS}DlDS,
po =T[ (3,-3,)°T'-2(J, +3,)D} | /D3,
D = p; —4p,p, ={4[ I°D] +(3,~J,)*(D,~2D,)D, |J°T° +
+4] 23,00} — (37 —6J,J, + 7 +(J, +J,)35)D,Dy - (J, - J,)*D; | ID,D,I +
+[(,+3,)D,-23,D,] D{DZ} (3, +3,)* D,D3.
Mpu T'<0, D, >2D, u (J,—-J,)*D2 +(J2 —6J,,+ 32 +(J,+J,)J;)D,D, —23,ID? >0
oynemo matu D >0.

Hepierocti (28) i (30) 3 TouHicTBIO 1O ApYroro crymeHs Mmanocti BiaHocHo P/Py
3aMUIIYThCS TaK:

DiT? + JD2P’T +(D, - D,)’ D2P* >0, (31)
p,P’+p, >0, (32)

€
p, ={2[ (3, -3,)°D, = (3,+J,)ID, ]I +[23,D, - (3, +J,) D, |(3, +J,) DD, | DD,

Kononos 0. M., Josrommii O. A., Ueib A. X.
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po =T (3, -3,)°T-2(3, +J,)D} | D3,

D= p; —4p,p, ={4[ I°D} +(3,~J,)*(D,—2D,)D, ]3I +

+4] 23,007 - (37 —6J,J, + J; +(J, +J,)35)D,Dy —(J, - J,)* D; |ID,D,I +
+[(,+93,)D,-23,D,T DD} } (3, +3,)°D,D;

Hepisrocti (31) i (32) 3 TounicTbio 10 mepmioro crymeHs manocti BigHocso /T,
OTPUMYIOTh BUIJIS:

JD?Pr +(D, - D)’ D2P? >0, (33)
p,P?-2r(J,+J,)D/D; > 0. (34)
IMpu nii BiHoBmoBambHOrO MomeHTy (I'<0) mepiBHocti (33), (29) i (34) OyayTh
BUKOHaHi, skmo 2J;>J,+J,, (J,-J,)°D,;—(J,+J,)ID, <0, 2J,0,—(J,+J,)D,>0.
Tax, nanpuxia, npu (J;+J,)/2< 3, <3, +3,—(3,-J,)° D, /(3,+3,) Dy,
D, <(J,+ J2)2 D1/2 (J,-J,)*, D,<23,D,/(J,+J,) ue 6yae moxnuso.
Jlnst mepeBipku oTpuMmanux HepiBHocTed (12) — (14) po3risHeMo BHIIAJOK JUHAMIYHOT

(J, =1J,) i nucunartusuoi cumerpii (D, = D,). B upomy Bunazaky cucrema HepiBaocti (16) —
(18) orpumae Burnsa:

(rDZ -3, -3,)P?)" +(D, - D, )’ DiP? >0; (35)
D,DII <[ J,D,—(2J,-J,)D, |P*; (36)
D,[\C+T, = p,P* + p,P* + p, =4J, (DD} + I?P? )x -
x| (35D, - J,D,)P* ~I'D/D, | > 0.

Tyr
I, =—4J,D} (D7D +J%P? ),
I, =-4J,P*(DD; +J°P*)(J,D;-J,D,),
p, =43, (3,-23,)° (3,0, -3,D,),
p, =43,D/D, | (3,0, - 3,0,) D, ~(3,-23,)°T |,
p, =—4J,D/DST.
Hepigrocti (36) i (37) MOKHO MeperucaTy Tax:
DDST <[ 3,0, ~(23,-3;) D, ]DP* =| J; (D~ D)+ (3,0, - 3,D,) D, |P?, (38)
D?DT <(J,D, - J,D,) D,P?. (39)

I3 mepiBuocteit (38) i (39) cninye HepiBHICTH (39) i3 KO BUIIMBAIOTH BiIOMiI yMOBU
crifikocTi aust ripockorna Jlarpamka npu I'>0 1 I'<0 [12]:

(3,0, —J,D,) 0 — DT >0. (40)

Kononos 10. M., Josrommii O. A., Uei6 A. X.
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5 NOCJILIKEHHSI YMOB CTIMKOCTI (12) — (14) I (16) — (18)

3 mepiBuocreit (12) — (14) cmigye, mo npu (J;—J,)(J;—J,) >0 1 nocurs Benmkux
3HAYEHHAX @ Il HEPIBHOCTI OyayTh BUKOHAHI, TaK SK BiAMOBIIHI KOS(IIIEHTH MPU CTAPILINX
CTYNEHSAX Yy LMX HEPIBHOCTAX IO3UTUBHI. TakuM 4YMHOM, SKIIO MOMEHT iHepuii J, €

HaOLIbIIMM 200 HAMEHIIMM MOMEHTOM I1HEpIIii, TO MPU TOCUThH BEIMKHX 3HAYCHHAX @, 5K
npu aii nepekupanbHoro Momenty (I'>0), Tak i mpu aii BiIHOBIIOBAJIBHOTO MOMEHTY
(' <0) piBHOMipHE 00epTaHHS HECHMETPHYHOIO TBEPIOrO Tijla Y CEPEIOBHIII 3 OMOPHOMY

OyJle aCHMITTOTUYHO CTIMKUM.

I3 mepiBnocreit (12) — (14) i (16) — (18) cmigye, mo BOHU OyAyTh BHKOHAHI MpH
JIOCTaTHBO BEJIMKHUX 3HAYCHHSX MOJYJIS BiTHOBIIIOBAJIbHOI'O MOMEHTY.

ITpu uyactkoBoi aucunauii (D, =D, =0, D, #0) acumnToTH4Ha CTIHKICTh HEMOXKIIUBA,

TaK SIK He BUKOHYeThCs HepiBHicTb (14) (b, =b, =0).

Ha mincrasi ymoB criiikocti (12) — (14) MOXHO JOCITIKYBAaTH CTIHKICTh ITOJIOKEHHS
piBHoBaru. [[ns uporo B HepiBHOCcTi (12) — (14) Tpeba moxnactu @w=0 (P=0). I3 mux
HEpIBHOCTEH BHIUIMBAE, M0 TOJIOKEHHS pIiBHOBaru Oynae CTIMKUM TUTBKM TpH  Ail
BIJIHOBITIOBAILHOT'O MOMEHTY, & TAKOX T€, [0 IPH BiJICYTHOCTI mocTiitHoro momeHnty (P =0)
YMOBH CTIHKOCTI OyAyT BUKOHAHI TUILKU MPH [Iii BiTHOBIIOBAILHOIO MOMEHTY.

HepiBaocti (16) Oyne HEBHKOHAHA IIpH (l"D,o,2 —(J,—J,)P? )(FD; -(J,— JZ)PZ) <0,
(D;-D,)(D,-D,)<0, a i3 mepiBuocri (17) cmin HacrymHa yMOBH HecTilKoCTi

PIBHOMIpHOTO OOEpTaHHS HECHMETPUYHOTO TBEPJOTO TUIa TPH i€ TEePEKUIATLHOTO
MOMCHTY:

D, >J,,/2J a6o J, <[J,(2D,-D,)+J,(2D,-D,)]/2D,. (41)

HepiBnicTs (16) BigHOCHO I' Mae po3B's3Ku:

{0<I'<T}u{T'>T,} npu D>0,0<T,<T, il'eR nmpu D<O,
ne D=[(3,-3,)°P*~4(D,~D,)(D,~D,)D; |, Ty, =(-JP+D)P /2D

Jlns BukoHaHHs HepiBHOCTI (16) mocTaTHRO, IOO

(rD; - (3, -3,)P?)(I'D; - (J, - J,)P*)>0 i (D,-D,)(D,-D,)>0.

Tak, manpuknan, npu I'>0 1 J, > J, > J; Mu maemo
{0<I<(3,-3)P?/D;}u{l> (3, -J,)P*/Di}.

Takos /7t BUKOHAHHSA HepiBHOCTi (16) noctarsbo, mo6 JI'>0,(D,-D,)(D,~D,)>0
i (J,-3,)(J,-J,)>0. Tak, manpukmazx, npu I'>0 i J, <J;,J, <J,(J >0) us uepiuicts

Oy/Jie BUKOHAHA.
HepiBnicTs (18) BigHOCHO I' Mae po3B's3ku:

{0<F<F1}U{F>F2} npu D>0,0<I,<I', iT'eR mpu D<O,
ne D=b’-4b,(J,-J,)’D,D,D, = J; (q4P4+q2P2+q0)/D4,

A, =(J5-23,) D +2[(3,-23,)(3,-23,) D, +2(3,-23,)(J,-J,) D, | D, +
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+(3,-23,)" D2 —4(3,-23,)(3,-3,)D,D, +4(3,-J,)" D?,
d, =2D,D,D?[ —(J,-2J,)ID7 —(J,—2J,)ID; +2J°D,D, +
+2(3,-23,)(3,-3,) DD, +2(J,-23,)(3, - J,) DD, +2(3, - 3, )° Dg]

_bliﬁ

—D2D2D!(D,+D,), T, = .
qO 1 =2 3( 1 2) 1,2 2(J1_J2)2D1D2D32

Jnst BukoHanust HepiBHOCTI (18) nocratpo, mob6 I,T>01 T, >0.
3Benemo HepiBHocti (16) 1 (18) o Jgpyroro moOpsAKY MAJIOCTI  BiTHOCHO
P/P, (|P/ P0| < 1), ne P,— xapakTepHe 3Ha4eHHs MOCTIHHOrO MOMeHTY P . VY 1boMy BUIaIKy

cucrema (16) — (18) orpumae Bursm:

[ (D, -D,)(D, -Dy)+JT |D;P? + DT >0, (42)
(D, +D,)DT <(J,, - 2JD;, ) P?, (43)
p,P*+p, >0. (44)

Tyr
P, = {[Jz(Js ~23,)D] +((J;+3,)3,-43,3,) DD, +2(J, - 3,) J,,D, + 3,3, = 2J,)D; |IT +
+(9,D -JD,D, - 3,0, +3,D} ) 3,,D,} D;,

p, =T'[ (3,-3,)’T = J,,(D,+D,) | D,D,D; .

Cucrema HepiBHOCcTed (42) — (44) ¢ TOYHICTIO 0 MEPLIOTO MOPSAKY MaJOCTi BiJHOCHO
P/R (|P/ P0| <« 1) 3anuIIeThCst HACTYITHHUM YHHOM:

DiT* >0, (45)
(D, +D,)DT <0, (46)
F[(Jl—JZ)ZF—le(DlJrD2)]>O. (47)

3 uepiBHOCcTEl (45) — (47) BUIUIMBAE, 1O 3 TOYHICTIO IO TEPIIOTO CTYIEHS MajoCTi
HOCTIHHOIO MOMEHTY PIBHOMIpHI 00epTaHHs HECUMETPHUYHOTO TBEPJIOTO Tija B CEPEOBHUIII 3
ormopoM OyayTh AaCHUMITOTHYHO CTiKi mpu Aii BigHOBIIOBaIbHOro MoMeHTy (I'<0) i
HECTIHKI MpH Aii mepeKkuIaIbHOro MoMeHTy (I'>0).

3anumiemMo HepiBHOCTI (42) — (44) 3 TOUHICTIO JO MEPIIOTO CTYMEHS MajoCTi BiTHOCHO

/T, (JT/T,| <1), ne T',— xapaxtephe 3nauenns momenty I'):

Jr+(p,-D,)(D,-D,)>0, (48)

(D, +D,)DI <(J,, —2JD, ) P?, (49)
{{[(J3 ~23,)D, +(3,-23,)D,]3;, +2(3, — 3,)3,, D, } IP? — 3, (D, + DZ)D1D2D32} D, + 50
+[ 2D,D,3,-3,,0,—(D,-D,)J,, |3,,D;P* >0.

Mpu [ <0, J,<(3,+J,)/2 i (D,~D,)(D;—~D,)<0 mepisuicts (48) He BHKOHYeTHCA.

TakuM 4MHOM, IpU A1 BIHOBIIIOBAJILHOTO MOMEHTY, Ipu J, <(.]1 +J,) / 2 1 KoY 3HA4YEHHA

Kononos 10. M., Josrommii O. A., Uei6 A. X.
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MomeHTy D, 3Haxommtbes Mixk Momentamu D, 1 D, abo D, i D;, To 3 TOuHiCTIO IO APYroro
CTYIIEHsl MAJIOCTI MOCTiiiHOTO MOMeHTy P/P, i mepioro cryneHs MaiocTi Bi/IHOBIFOBAIBHOTO
momenty [/T,, piBHOMIpHI 00epTaHHS HECHMMETPHYHOrO TBEPAOrO Tina OyIyTh
HECTINKHUMU.

3 rtouHicTio 10 mepiuoro crymenst maiocti [/ Hepiaocti (16) i (18) orpumyroTh

BUTJIAL :
jD§P2F+(D3 - Dl)(D3 - Dz) D32F’2 +(J;—J,)(J; —JZ)F’4 >0, (51)
{{[(33 —235)Dy +(J3 - 2J1)D,] 35 +2(31 - 35)312D3} IP? = Iy (Dy + D2)D1D2D32} Dl +

) (52)
+2(J5d1p —2313,D3) 3%P* +[ 2D1D,J5 - 31,03 —(Dy — Dy ) Iy |91, D5P% >0,

Takum ymHOM, mdiHiMHA cucteMa HepiBHOcTeH (50), (17) 1 (51) BigHOCHO I' ommcye
CTIMKICTh PIBHOMIPHOTO OOEpTaHHS HECUMETPHUYHOTO TBEPIOTO Tija MPH Ji€ Majoro
epeKUIaIbHOro abo BifHOBIIOBaIBHOrO MOoMeHTy /T .

JInst cCUMETpHYHOTO TBEpAOro Tima i3 HepiBHOCTI (40) BurumBae, 1mo oOepTaHHS
cratuuHo crifikoro ripockona (I"<0) mpu J,D,—J,D, >0 3aBxau criiike, a oOepTaHHA
“cruistyoro” ripockona (I'>0) crilike mpM JOCHTh BENUKIH KyTOBid mBUAKOCTI. [lpu
J;D,—J,D; <0 obepranHs “cruisiaoro” ripockomna 3aBXIM HECTiKe, 00epTaHHsS CTaTUYHO
CTIHKOTO TipOoCKoma CTiliKe 3a JOCHTh Manoi Kyrosoi mBuakocTi. Omke, npu J,D, —J,D, <0
JVICUTIATHBHUNA 1 TMOCTIHHUI MOMEHTH ICTOTHO JAeCTaOuTi3yloTh CTIMKICTh PIBHOMIPHHX
BEpTUKAIBHUX 00epTaHb ripockona Jlarpamxka. [Ipu J,D, —J,D, >0 1i MoMeHTH He MalOTh
JKOJTHOTO BIJIUBY Ha CTIHKICTh OOEpTaHHS CTaTUYHO CTIMKOrO TIpOCKOIa 1 3MiHIOIOTh
KPUTUYHE 3HAYEHHS KYTOBOI MIBUAKOCTI “CIuistyoro” ripockona. IIpn KpUTHYHUX 3HAYEHHSIX

v 2 2 . .
nocriiHoro mMomenry P =D, D3F/ (J;D0,—J,D;), srizHo 3 Teopico AHmpoHOBa—Xompa
(miB.,Hamp. [17]), Big BepTHKaJIbHUX OOepTaHb, A KOTPUX BIIOYBA€TbCs 3MiHa CTIHKOCTI,
BIITATy’)KYIOTbCS NEPIOAMYHI pyXy TipocKoma, BIAMNOBIAHI IHIIMM ¢opMmaMm  Horo
CTalllOHApPHUX PYXiB, BIAMIHHHX BiJl BEpTHKaIbHHX 00epTaHb. I3 HepiBHOcTei (16) — (18)
BUIUJIMBAE, 10 711 HECUMETPUYHOTO Tija ICHY€E JAEK1IbKa KPUTUYHUX 3HAYEHHSIX MOCTIHHOTO
MomenTy. Hanpukiaz, i3 nepisaocti (17) mu maemo P? = (D, +D,)DIT'/(J,, —2JD, ). Takum
YUHOM, HaBITh 13 yMOBHU (40) BUAHO, 10 HAsIBHICTh MMOCTIHHOIO MOMEHTY MO’K€ Ha/aBaTH SIK
cTabu1i3yr04y, TaK 1 JecTabuIi3y0qy /Ail0 Ha pIBHOMiIpHE 00epTaHHS CUMETPUYHOTO TBEPJIOTO.
ToMy BIUIMB MOCTITHOTO MOMEHTY Ha pIBHOMiIpHE 00€pTaHHS HECUMETPUUHOTO TBEPOTO Tija

OUITBII CKIAJHIIIUH, 10 MH MOXeMo Oauutu 13 HepiBHOcTel (12) — (14) 1 (16) — (18) Ta ix
JIOCTIIKEHHS.

6 CTIMKOCTI OGEPTAHHS HABKOJIO IIEHTPY MACC (I'=0)

B npomy Bumanky cucrema HepiBHoctel (16) — (18) orpumae BUTIIA:

(J,-J,)(J,—J,)P? +(D, - D,)(D, - D,)D? >0, (53)
2JD, < J,,, (54)
2(333,, —23,3,0;)3?P* >[ (D, - D, )J,, +J,,D,—2D,D,J; |J,,D5 . (55)

I3 mepiBHOCTI (54) BUIIIMBaE Bke BijomMa ymoBa HicTiiikocTi (41), a 13 HepiBHOCTI (53)
chinyroTe Taki ymoBu Hectiiikocti: (J;—J,)(J;—J,)<0 i (D,—D,)(D,-D,)<0, To6To0,
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KOJII MOMEHT iHepLii J; He € Hi HaliOLIbIIMM HI HalfMEHIIIMM MOMEHTOM iHepuii 1 ko Dy
HE € Hi HaUOUTBIITNM Hi HAWMEHIIINM TUCUTIATHBHAM MOMEHTOM.

3a 1OCUTh BENUKOI KyTOBOI IMIBHAKOCTI @, Tobro P, i3 (53) i (55) BiamomigHO
BUIUIMBAIOTh HACTYITHI YMOBH HECTIHKOCTI:

o (J,-3)0J,-3,)<0,

e D,>J,J,/233,.

Jlns BukoHaHHs HepiBHocreir (53) — (55) nocrarhbo, mo6 (J,—J,)(J;—-J,)>0,
(D,-D)(D,-D,)>0, 2JD,<J,, J,J,>2JJ,D,, J,D,<2D,D,J,—(D,~ Dz)j12 %
3aralbHOMY BHIIQJKy IOCTIAWTH CYMICHICTh IIMX HEPIBHOCTEH JOCTaTHBHO CKJIATHO. Tomy
PO3IIITHEMO HU3KY YaCTKOBHX BHUITAJIKIB.

3Bexemo Hepisaocri (53) i (55) xo mepuroro mopsiaky masocti BigsocHo P/Py .Y mpomy
Bunajky cucrema (53) — (55) orpumae BUIIS L

(D,-D,)(D,-D,)>0, (56)
J,—2JD,>0, (57)
J,D —JD,D, -J,,D, +J,D? > 0. (58)

HepiBHocTi (56) — (58) OymyTh BukoHaHi komu MoMeHT D, Oyne HaiiGinpmumm abo
maivenbmy, J; > (2(3, +J,)D, - J,,)/2D, 1a D, <(J,D7 -ID,D, + 3,0} ) /J,, .

[Tpu nunamivnoi cumerpii (J, = J,) cucrema (53) — (55) orpumae BurIsa:

(J3—Jl)2P2+(D3—Dl)(D3—D2)D§>0, (59)
D, < Jl(D1 + DZ)/Z(ZJl —JS) , (60)
p,P>+p,>0. (61)

Tyr
p, =23[(3,(D, + D,)-2J,D,)],
p, =| 3,(D? (D, +D,)D,+ D} )-JDD, |(D,+D,) D3, I=2(3;-J;).

Jns BukoHauHs HepiBHocTed (59) — (61) nocraraeo, mo6 (D,—-D,)(D,-D,)>0,
D, < J,(D,+D,)/2(23, - J;) , J5>23,D,/(D,+D,), J,(Df —(D, +D,) D, +D; ) > JD,D, .
I3 uepiBHocTi (61) BUmIMBaAE, WO KoM MOMeHT iHepuii J, >2J,D,/(D,+D,), o npu

JUHAMIYHOI CHUMETpil 1 JOCUTh BEJIMKHUX 3HAUYEHHSAX @ PIBHOMipHE 0OEpTaHHS HaBKOJIO
[IEHTPY Mac HECHMETPUYHOTO TBEP/OTO TiJIa y CEPEIOBHILI 3 ONMTOPHOMY Oy/ie aCHMIITOTHYHO
CTIMKHUM.

[Tpn mucunarusroi cumetpii (D, = D,) cucrema HepiBHOCTEH (53) — (55) 3ammmeTses

HAaCTYITHUM YMHOM:

(3,-3,)(3,-3,)P? +(D,-D,)* D >0, (62)
D, <D,(J,+J,)/2J, (63)
p,P’+p,>0, (64)

ne p, =23%[(3,+3,)3,-23,3,D, ],
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P, =[2J3D1 —(3,+3,) D3](J1 +J,)DD;.

Jlns BukoHaHHs HepiBHOcTe# (62) — (64) nocrarheo, mo6 (J,—J;)(J;—-J,)>0,
D, <D,(J;,+J,)/23, J,>23,3,D,/(3,+J,), I,>(J,+J,)D,/2D,.

I3 wHepiBHOcTelr (62) 1 (64) BummBae, mo komun (J,—J)(J;—-J,)>0 i
D,<J,(J,+J,)/23,J,, To npu NOCHTh BENMKHX 3HAYEHHAX @ PIBHOMIpDHE OOEpTaHHS
HECHMETPUYHOTO TBEPJIOTO TiJla y Cepe/JOBHILLI 3 OIIOPHOMY Oy/le aCUMITOTUYHO CTIHKUM.

7 OBI'OBOPEHHS PE3YJIBTATIB JOCJIAKEHD

Ha migcTaBi mpoBeAeHUX aHAIITHYHUX AOCHIHKEHb YMOB aCHMIITOTHYOI CTIMKOCTI pi-
BHOMIpHUX 00OEpTaHb y CEpPEeOBHUIII 3 OIIOPOM HECHMETPHYHOI'O TBEPJOTO Tijla MOXKHA 3pO-
OWTH HACTYITHI BUCHOBKU:

1. Tllpu nii mepeKuAaTbHOTO MOMEHTY CTIHKICTh Oyae HEeMOXIJIHMBa, KOJIH
J,(2D,-D,)+J,(2D,-D,) >2J,D;,.

2. Ilpu nuHaMiyHOI CUMETpil 3 TOYHICTBIO MO MEPLIOrO CTYNEHS MajOCTi MOCTIHHOTO
MOMEHTY CJiJI, 1110 00epTaHHs TBEPAOIo Tijia 13 AUCUIIATUBHOIO HECUMETpiel0 OyayTh
CTIMKUMH TIpH [Aii BIAHOBIIOBAJFHOTO MOMEHTY 1 HECTIHKMMH TpH  Aii
HEePEeKHIAIbHOTO MOMEHTY.

3. Slkmio momeHT iHepii J, € HalOUIBIIMM 200 HAWMEHIIMM MOMEHTOM iHEpLii, TO NpH

JOCUTh BEIIMKUX 3HAYEHHSX KYyTOBOI IIBHJKOCTI, SK TPU il MEPEKUIAITHLHOTO
MOMEHTY, TaK 1 MpHU Ail BIAHOBIIOBAJLHOTO MOMEHTIB, OO€pTaHHS TBEPIOTO Tila
OyAyTb CTIHKAMHU.

4. Tlpu 1oCTaTHHO BEIMKHX 3HAYCHHSX MOIYJIS BiIHOBIIIOBaJHbHOIO MOMEHTY OOEpTaHHS
TBEPJOTO Tijla OyAYTh CTIHKUMH.

5. Tlpu yacTKOBOI AicHMAlLlil ACHMITOTUYHA CTIHKICTh HEMOXKIIHBA.

6. Ilpu BimcyTHOCTI OCTIHHOrO MOMEHTY YMOBH CTIHKOCTI OyJIyT BHKOHAHI TITBKH TIPH
Iii BiTHOBIIIOBAJILHOTO MOMEHTY. [lonoxkeHHs piBHOBaru Oye CTIHKUM TiIbKY TpU Jil
[OTO MOMEHTY.

7. TlonoxxeHHs piBHOBaru Oyze CTIMKUM TUIbKU MPH 111 BiAHOBIIOBAILHOIO MOMEHTY.

8. 3 TOYHICTIO JI0 TMEPIIOTO CTYIEHS MaJOCTi MOCTIHHOrO MOMEHTY 00epTaHHS TBEPIOTO
Tina OyAyTh CTIHKMMHU HpHU Aii BiTHOBIIOBAJIBHOTO MOMEHTY 1 HECTIMKMMHM HpU il
HEePEeKHIAIbHOTO MOMEHTY.

9. Ilpu nocuTh BETMKOI KyTOBOI IIBUAKOCTI OOEpTaHHs TBEPJOrO Tia HABKOJIO LIEHTPY
Mac Oyne HecTiMKuM, KOJIM MOMEHT J, iHepuii Hi € HallOUIbIIUM Hi € HaliMEHIINM
MOMEHTOM 1HEpIIii.

10. Ilpu mocuTh BEIMKOi KyTOBOi IIBUAKOCTI OOEpTaHHS TBEPOrO TiIa HABKOJO LEHTPY
Mac Oyzne CTiHKUM, KolM MOMEHT J, iHepuii € HaifOimpmuM abo HalMEHIINM

MOMEHTOM iHepllii, € aucunatuHa cumetpis i D, < J;(J,+J,)/2J,, .

11. lunamiuHa HecumeTpis OUIbII CYTTEBO BIUIMBAaE Ha CTIAKICTb 0OOepTaHHA
HECHUMETPUYHOT'0 TBEPIOTO Tijla, YUM AUCUIIATUBHA HECUMETPIs.

12.V Bumajoky AWHAMIYHOI 1 JUCHITATUBHOI CHMETpii OTpHMaHi YMOBH CTIHKOCTI
30iratoTbes 3 BIJOMUMH YMOBaMH JUIsl CHMETPHYHOTO TBEPJIOTO TiJa.
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PROBLEMS OF EVOLUTION OF RIGID BODY MOTION
SIMILAR TO LAGRANGE TOP

D. Leshchenko', T. Kozachenko'
'Odesa state academy of civil engineering and architecture

Abstract. The problem of evolution of the rigid body rotations about a fixed point continues to
attract the attention of researches. In many cases, the motion in the Lagrange case can be regarded as a
generating motion of the rigid body. In this case the body is assumed to have a fixed point and to be in
the gravitational field, with the center of mass of the body and the fixed point both lying on the
dynamic symmetry axes of the body. A restoring torque, analogues to the moment of the gravity
forces, is created by the aerodynamic forces acting on the body in the gas flow. Therefore, the
motions, close to the Lagrange case, have been investigated in a number of works on the aircraft
dynamics, where various perturbation torques were taken into account in addition to the restoring
torque.

Many works have studied the rotational motion of a heavy rigid body about a fixed point under
the action of perturbation and restoring torques. The correction of the studied models is carried out by
taking into account external and internal perturbation factors of various physical nature as well as
relevant assumptions according to unperturbed motion.

The results of reviewed works may be of interest to specialists in the field of rigid body
dynamics, gyroscopy, and applications of asymptotic methods. The authors of this papers
present a new approach for the investigation of perturbed motions of Lagrange top for
perturbations which assumes averaging with respect to the phase of the nutation angle.
Nonlinear equations of motions are simplified and solved explicitly, so that the description of
motion is obtained.

Asymptotic approach permits to obtain some qualitative results and to describe evolution
of rigid body motion using simplified averaged equations. Thus it is possible to avoid
numerical integration. The authors present a unified approach to the dynamics of angular
motions of rigid bodies subject to perturbation torques of different physical nature. These
papers contains both the basic foundations of the rigid body dynamics and the application of
the asymptotic method of averaging. The approach based on the averaging procedure is
applicable to rigid bodies closed to Lagrange gyroscope.

The presented brief survey does not purport to be complete and can be expanded.
However, it is clear from this survey that there is an literature on the dynamics of rigid body
moving about a fixed point under the influence of perturbation torques of various physical
nature. The research in this area is in connection with the problems of motion of flying
vehicles, gyroscopes, and other objects of modern technology.

Keywords: rigid body, Lagrange’s case, rotation, perturbation torque, restoring torque.

MPOBJIEMM EBOJIIOIIII PYXY TBEPJIOI'O TLIA, BJIU3bKOI'O
10 BOBYKA JIATPAHKA

Jlemenko 1. )1.1, Ko3auenxo T. O.

Y00ecvra deporcasna axademis 6ydisnuymea ma apximexmypu

Anotanis. [Ipobnema eBomro1ii 00epTaHb TBEPAOTO Tijla HABKOJIO HEPYXOMOI TOUKH MPOJOBKYE
MpUBEPTATH yBary JOCHiTHUKIB. B OaraThox BHIajKax pyx B BUMaAKy JlarpaHka MOXe po3riisigaTucs
SIK TIOPOJKYBILHUI PyX TBEPAOTO Tijla. B 1[bOMY BHIIA/IKY TiIO Ma€ HEPYXOMY TOYKY 1 3HAXOIMTHCS
B IpaBiTallifHOMYy TOJi 3 LEHTPOM Mac Tijla Ta HEPyXOMOIO TOYKOIO, sIKi oOMIBa JieXkaThb Ha OcCi

D. Leshchenko, T. Kozachenko
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IuHaMigHOT cHMeTpil Tima. BigHOBIIOIOYMIT MOMEHT aHAJOTIYHUN TpaBiTAIlifHOMY MOMEHTY
CTBOPIOIOTHCS ACPOJMHAMIYHMMHU CWJIAMH, SKI JIIOTh Ha TUIO B MOTOI ra3y. Takum YWHOM, PyXH
TBEPAOTO TiNa, sIKi OMM3bKI 10 BUMAAKy Jlarpamka, TOCHiIKYIOTECS B UCIEHHUX POOOTaxX 3 TUHAMIKA
JTANBHUX anaparis, A€ pi3Hi 30ypeHHS PO3TISIAIOTHECS Pa30M 3 BiAHOBIIOIOYHMM MOMEHTOM CHJI.

B GaraTrox poboTax IOCHIIKYEThCS 00epTabHUN PyX TBEPAOTO Tija HABKOJIO HEPYXOMOI TOUKU
MiJ Ji€r0 30ypIOIOYMX Ta BiJHOBJIIOBAHMX MOMEHTIB CWJI. YTOYHCHHS JOCIIIPKYBaHHX MOJCIeH
MIPOBOANTHCSA 3 PO3TJSIIAHHSAM 30BHINIHIX Ta BHYTPIMIHIX 30yproroumx (akTopiB pizHOi (izudHOT
MIPUPOIU TaK 1 Pi3HUX MPHITYIIEHb BiTHOCHO OPOHKYBAIBHOTO pyXy. Pe3ynbraTn mpuBeneHux poOitT
MOXYTh OyTH KOPHUCHMMH JUIsS CHEIHaNiCTIB 3 JUHAMIKM TBEPAOrO TUIa Ta 3acTOCYBaHb
ACUMIITOTHYHUX METOJIIB.

ABTOpY TIMX CTaTel MPEACTaBISIIOTh HOBUM MIAXi[ JUTSL JOCTiKEHHS 30ypeHuX pyXiB BOBUKA
Jlarpamxka amns 30ypeHb, SKi MPUITYCKaIOTh ycepeAHeHHs mo ¢a3i Kyra HyTanii. HeniHiiiHi piBHSIHHS
PYXY CHpOIIYIOTECS Ta PO3B’A3YIOThCS, Ta OMUCYETHCA PYX Tia. ACHMOTOTHYHUH TiAXiA T03BOJISIE
ONlep’KaTH JesKi SKICHI Pe3yJibTaTH Ta CIUCATH EBONIOMII0 PYyXy TBEPAOTO Tija 3 IOTIOMOTOIO
CIPOLICHUX YCEpeNHEHHX piBHSAHb. [loTiM 3OifCHIOETbCS 4YHCENIbHE IHTEIpYBaHHS. ABTOpHU
MPECTaBISIIOTh YHI()IKOBAaHUHM MiAXiJ J0 AWMHAMIKM PyXiB TBEPAOIO Tijlia MiJl JIEF0 MOMEHTIB CHII
pizHO1 (hizmunoi mpupoan. Lli cTaTTi mpeacTaBnsioTh Ak 6a30Bi OCHOBH AMHAMIKK TBEPAOTO Tijla Tak i
3aCTOCYBaHHS ACHMIITOTHYHOTO MeTony ycepemHeHHs. [linxinm, skuii Oa3zyeTbcs Ha mpomenypi
yCepeTHEHHS 3aCTOCOBYETHCS 10 TBEPIUX TiJl, OMIM3BKUX 10 Tipockoma Jlarpamxka.

Hananwif KopoTKHii OTIIsi HE IPETEH/Iy€E HA TOBHOTY 1 MOXe OyTH posmmpeHuM. OHaK 3 I[OTO
orsily MW Oa4MMO HAasBHICTh JITEpaTypyd 3 OUHAMIKKM TBEPAOTO Tijla, M0 PYXaEeTbCS HABKOIO
HEPYXOMOI TOUKH ITiJT €0 30yPIOI0YMX MOMEHTIB CHJI Pi3HOI (PizuuHOol mpupoan. JLOCiIKSHHS B i
rainy3i 3HaXxoAATh 3aCTOCYBaHHS B JIMHAMIlli JIITAIILHUX anapariB, TIPOCKOMIB Ta iHIIUX 00’ €KTiB
Cy4acHOI TEXHIKH.

KawuoBi caoBa: TBepme Tino, Bumamok Jlarpamxka, oOepraHHsA, 30YpIOIOUMiI MOMEHT,
BIJIHOBJIFOIOYHNHA MOMEHT.

bimmii [1. B., JJoboxa B. B.
24 https://doi.org/10.31650/2618-0650-2022-4-1-23-31
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1 INTRODUCTION

At present in dynamics of a rigid body with fixed point there is bibliography on the
theoretical researches of the perturbed motions, that are close to Lagrange case, and on the
applications to dynamics of space vehicle and flying machines, of gyrosystems and other
engineering objects. Here the brief survey is given, that is devoted to the investigations results
for indicated problems. Only the papers are mentioned here, that are the most close to the
results of author and his colleagues.

2 LITERATURE DATCAE ANALYSIS AND TARGET SETTINGS

One of the significant areas of investigation in mechanics is a rigid body’s motion about
a fixed point. As one of the fundamental problems in dynamics it caught interest of well-
known scientists throughout the history of its development.

A high volume of works exists regarding the perturbed motions close to Lagrange top, as
well as application in the problems of flying vehicles’ entry into atmosphere [1, 2], rotating
projectile’s motion [3], gyroscopy [4-8].

Problems in terms of their theoretical aspect attract attention of specialists in the field of
theoretical mechanics. The framework of dynamic unperturbed rigid body models — Lagrange
case — allows rigorous formulation of the problems. The refinements of the models under
investigation takes place taking into consideration the perturbation torques of different
physical nature, both internal and external, and the corresponding suppositions regarding the
unperturbed solution.

The mathematical description of symmetrical top motion in the field of gravity is a
solved problem in the dynamics of a rigid body. Solution to this problem was first obtained by
Lagrange and published in 1788. Many advanced treatises of classical mechanics include this
problem [3, 5-10].

3 PURPOSE AND OBJECTIVES OF RESEARCH

We consider the evolution of the dynamics of rigid body motion about a fixed point under the
various perturbation torques. The basic method applied in these studies is the Krylov-Bogoliubov
asymptotic averaging method.

4 RESEARCH RESULTS

The motions similar to Lagrange case were analyzed in several works in dynamics, in the
given works perturbation torques were taken into consideration with restoring torque. The
investigations of rigid body dynamics can find application in the area of astronautics.

V.S. Aslanov’s monograph [2] studies the rigid body’s motion in the atmosphere under
the action of biharmonic air dynamic torque and small perturbations. In this paper, he notes
the resemblance between the heavy rigid body and the rigid body in a resisting medium
(planet atmosphere).

Numerous works [1, 2, 5, 11-22, 27, 29-31, 37, 39, 42-44] have analyzed the perturbed
motions of a rigid body similar to Lagrange top.

Works [5, 11] describe the first approximation for the averaging procedure for slow
variables of a perturbed motion of a rigid body close to Lagrange’s case. In many cases,
applied problems permit averaging over the phase of nutation angle. A perturbed motion close
to Lagrange’s case is analyzed taking into consideration the torques that affect the rigid body
from external medium.

D. Leshchenko, T. Kozachenko
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Paper [12] investigates the evolution of the rigid body’s motion under the effect of an
unsteady perturbation torque, the rigid body being close to the Lagrange gyroscope. The
concept of the given problem is analyzed in article [13], when restoring and perturbation
torques vary slowly in time. The primary objective of this study is to broaden the results of
works [5, 11-13] for the problem of dynamically symmetric rigid body motion under the
action of restoring and perturbation torques independent or dependent on slow time.

Paper [14] considers the perturbed fast rotation of a rigid body which is close to regular
precession in the Lagrange case. Work [15] describes a more general occurrence of the
evolution of rotations, where the value of the restoring torque is dependent on the nutation
angle.

Paper [16] analyses the perturbed motion of the rigid body, similar to regular Lagrangian
precession, affected by slowly time-varying perturbation torque, as well as restoring torque,
dependent on the nutation angle. Papers [17, 18] research the evolution of rotations of a rigid
body, similar to regular precession, influenced by a restoring torque, dependent on slow time
as well as nutation angle; and by a perturbation torque that slowly varies in time.

We presented in [20] some new qualitative and quantitative results of fast motion of a
heavy top subject to small perturbation top subject to small perturbation torques. We
suggested a new procedure of the averaging method, different from works [5, (sections 4.8.2,
11.3, 11.3.2), 14]. Works [5, 11-20] provide an overview of the received results in rigid body
dynamics, as well as a bibliography.

Paper [21] analyzed a symmetric rigid body’s motion, similar to the case of Lagrange,
influenced by perturbation torques, Newtonian force field and gyro moment vector. It has
been endeavored to utilize the averaging procedure in regard to the nutation phase angle,
proposed in works [5, 11]. The averaging procedure suggested for investigation of the
Lagrange’s top fast rotation in works [5, 14] was applied for analysis of rigid body’s
rotational motion in article [22], in presence of Newtonian field of force, gyro and
perturbation torques.

When axisymmetric magnetized body moves in constant field, close to regular
precession, the following equations coincide: motion of the satellite to motion of the Lagrange
gyroscope. It is known that a dynamically symmetric satellite moves the same way as a heavy
rigid body in the Lagrange case, once the satellite possesses a magnetic torque moved along
dynamic symmetry axis [23].

The resemblance of the problem of Lagrange’s top motion in case of potential
perturbations to the problem of satellite’s rotation can be observed. The latter’s mass center
repositions in the equatorial plane’s circular orbit, being affected by the Earth’s magnetic field
[24-26]. Article [27] indicates new results of negligibly asymmetric heavy top’s motion,
subject to small viscous damping.

While studying a heavy unbalanced gyrostat’s motion with an arbitrary torque of internal
interaction [28], equations of motion first integrals coincide with corresponding first integrals
of rigid body motion in Lagrange’s case.

Paper [29] considers heavy symmetric rigid body’s motion, the body having a fixed point
under effect of frictional forces originated from the surrounding dissipative medium.

In the works [5 (Sections 4.8.2, 11.3), 14-18, 22] the perturbed fast rotational motions of
a rigid body, close to regular precession in Lagrange’s case, were studied for different orders
of smallness of the projections of the perturbation torque vector. In work [5 (Section 4.8.3)],
the perturbation torques are small compared to the restoring one. In contrast to work [5
(Sections 4.8.1, 11.1, 11.2), 11-13, 21, studies 14-18, 22] considered the case of a rigid body
that rotates rapidly about the axis of dynamic symmetry, and therefore the unperturbed
solution was not the trajectory of motion in Lagrange case, but rather some simpler solution.

In paper [30] the author analyzed lower-order resonances throughout Lagrange top’s
motion, having small mass asymmetry. In article [31] a case similar to Lagrange top was
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explored, where secondary resonance effects in the spherical motion of a heavy asymmetrical
rigid body with moving masses were investigated.

Interest to rigid body rotation about a fixed point attracts a wide circle of specialists, and
not only in rigid body dynamics, but also in control theory [32], hydrodynamics [33], physics
[34], and elasticity theory [35].

Dissipation is an important factor of determination of heavy symmetric top’s motion. In
work [36] dragging is estimated with simple models, and is investigated as torque in Euler
equations to be solved numerically. In article [37] the authors considered rotation about a
fixed point of a heavy dynamically symmetric rigid body with arbitrary asymmetric cavity
completely filled with ideal fluid in a resisting medium. The condition of asymptotic stability
of the uniform rotations of an asymmetric rigid body in a resisting medium was obtained in
[38]. Paper [39] studies heavy symmetrical top’s motion, with a cavity filled with viscous
fluid, when the axis of the top is diverged from vertical.

In article [40] authors compute in the Lagrange case the Euler angles of precession v and
proper rotation ¢ in actual form through hypergeometric functions. The motion of
symmetrical rigid body without weight under viscous dissipation was studied. Author of work
[41] considers an analytical solution for the dynamics of axially symmetric rotating objects.
This work provides the gyroscopic effects theory, elaborating on their physics and utilizing
mathematical models of Euler’s form for the motion of non-fixed spinning objects.

Paper [42] investigates the question of monoaxial attitude control of a rigid body subject
to nonstationary perturbations. The control torque includes a dissipative and a restoring
component. The paper analyzes cases of linear and non-linear restoring of perturbation
torques. Article [43] explores a top’s global asymptotic stabilization to a constant rotation
about axes of symmetry. Paper [44] studies heavy Lagrange’s top’s motion with imbalance of
equatorial moments of inertia.

Results and diverse methodologies applied in the rigid body dynamics, as well as
investigation of the Lagrange top was studied in works [3, 5-10, 45]. A series of books and
papers are dedicated to dynamics of a rigid body in a resistant medium (see, for example,
works [5, 7, 8, 11-14, 17, 18, 21, 22]).

It becomes evident from the given analysis that there exists numerous papers on dynamics
of a rigid body under the action of perturbation torques of diverse physical nature. The
research in the given field is linked to problems of motion of gyroscopes, flying vehicles, as
well as other modern technology devices.

5 CONCLUSIONS

For all cases of motion considered in the paper, the authors present and analyze they basic
equations of motion. As a result of analysis of solution of the obtained equations, establish some
quantitave and qualitative features of the motions and provide a description of the evolution of the
body motion. The presentation is illustrated by some examples.
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YK 539.3

AHTHUIIVIOCKA 3ATAYA JUIA OJHOMIPHOI'O
IPE3OEJEKTPUYHOI'O KBA3IKPUCTAJIA 3 MIZK®A3HOIO
TPILIMWHOIO 1111 BINIMBOM BHYTPILLIHBOI'O
EJIEKTPUYHOI' O 3APALY

Bimmii /1. B.', JIoGoga B. B.!

1 - . . .. . .
ﬂHZI’lpOGCbKUH HAYlOHATbHUU YHI6epcUmenl IMEHL Onecsa FOH'{apa

AHoTtanis: Y pmaHif cTarTi  gOCHiIKEHO MiK(asHy TpImUHY Y I €30€IeKTPUIHOMY
KBa31KpUCTaJi, sIKa 3HAXOJUTHCS IiJ BILIMBOM MEXaHIYHOTO HAaBAHTAXKEHHS Ta €JIEKTPUYIHOTO 3apsiy,
MPUKIIAJCHOTO Oe3mocepeHbo 0 11 OeperiB. Po3rissHyTO JBa TIOB’S3aHI  OJHOBUMIpHI
KBa31KpUCTAJIUHI HAMiBIPOCTOpPU Ta TYHENbHA TpIIIMHA B3IOBXK IX Mexi posainy. BuBueno
HaTNpyXeHO-Ie(OPMOBAHUN CTaH IMOOTU3Y ENEKTPONPOBITHUX TpaHeW TpimuHU. BBaxkaerscs, mo
MOJISIpU3allisl MarepiaiiB CIpsMOBaHA B HANpSAMKY (QPOHTY TPIIMHA 1 B LBOMY 3K HaNpsSMKY
pO3TallyBaHHSI aTOMIB € KBa3iMepiOJUYHUM, a MEPICHAUKYISPHO (POHTY TPIIMHU PO3TAlIyBaHHS
aTtoMiB € mepionnyanM. [IpuKTamatoTeCs PiIBHOMIPHO PO3MOMAiNEH] aHTHUILTOCKI ()OHOHHI Ta (ha30HHI
3CYBHI HaBaHTa)XCHHS TMapalielbHO OeperaM TpimuHU. Ha TpaHsxX TpIIMHE TakoK Mae MicIe
EJIEKTPUYHMU 3apsi.

3a monmoMoror BEeKTOpHOI (YHKIIi1, TOIOMOpPGHOI ¥ BCiii KOMITIEKCHIHN TUIOMKHI, KpiM 00xacTi
TpIIWHU, OyIYIOThCS MAaTPUYHO-BEKTOPHI MPEACTABICHHS IS MOXITHUX CTPUOKIB MepeMillieHb i
HanpyXeHb. 330BOJBHSIOUHN IPaHIYHI YMOBHU Ha IpaHIX TPILIMHH, 32 JOMOMOTOIO [TUX HPEACTaBICHb
(dopMyeThCsl 3amada JIHIMHOTO CHpshKeHHS Pimana-IinpOepTa 3 BIANOBITHUMH J10JIATKOBUMHU
yMOBaMH Ha TPIMIHMHI Ta YMOBaMH Ha HecKiHUeHHOCTI. [lo0ymoBaHo aHAMITUYHE pillIeHHAS IIi€i 3amad4i.
AHaI3yI0ud OTpUMaHHMK DPO3B’SI30K, OJEPKYEMO aHANITHYHI BUpa3u AN (OHOHHHMX 1 (a3oHHHX
HanpyXeHb, CTPHOKIB MepeMillleHb Y3I0BX MEXi pPOo3Aily MarepiaiiB B 0oONacTi TPILIMHHU, IO Mae
CJIEKTPUYHMH 3aps.

UuncenbHuil aHali3 po3B 3Ky NPOJEMOHCTPYBaB ICTOTHHUH BIUIMBY €JIEKTPUYHOTO 3apsay
TpimuHn Ha (HOHOHHMH 1 (Da3oHHMH HampyKeHO-1e(OPMOBAHHMI CTaH B OKOJi TPIIIMHHU. AHAMI3
NPOBOAMBCA JJIs1 KOMOiHAaLiT pi3HUX KBasikpucTaniyHuX marepianiB. OCHOBHI pe3yibTaTH pO3B’s3KiB,
T00TO (hOHOHHI Ta (a30HHI HANPYKEHHS B3IIOBX MEXI PO3IUTy MaTepiaiiB Ta cTpUOKH (OHOHUX i
(da3oHMX 3MIIICHb, NpEACTaBiIcH] y rpadiuHoMy BUIIsLAI. 3pOOJICHO BHCHOBKH IIOJO BILIUBY
EJIEKTPUYHOTO 3apsily TPILIMHU Ha TIOBEAIHKY SIK caMoi TPIlIMHY, TaK 1 MaTepialy B 11 OKOJIi.

Kuarouogi cioBa: mixkdaszHa TpimuHa, KBa3ikpucTa, 3a/ja4a JJIHIHHOTO CIIPSHKEHHS.

ANTIPLANE PROBLEM FOR ONE-DIMENSIONAL
PIEZOELECTRIC QUASIC CRYSTAL WITH AN INTERFACE
CRACK UNDER THE INFLUENCE OF INTERNAL ELECTRIC
LOAD

D. Bilyi', V. Loboda’
'Oles Honchar Dnipro National University

Abstract: The paper considers two coupled one-dimensional quasicrystalline half-spaces and a
tunnel crack along their interface. The stress-strain state in the vicinity of the electrically conductive
faces of the crack is investigated. It is believed that the polarization of materials is directed in the
direction of the crack front and in the same direction the arrangement of atoms is quasi-periodic, and
perpendicular to the crack front the arrangement of atoms is periodic. Uniformly distributed antiplane
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phonon and phason shear loads parallel to the crack faces are applied. The electric charge on the crack
faces also takes place.

A matrix-vector representations for the derivatives of displacement jumps and stresses are
constructed through a vector function that is holomorphic in the whole complex plane, except of the
crack region. Satisfying the boundary conditions on the crack faces, using matrix-vector
representations, the Riemann-Hilbert linear conjugation problem with corresponding conditions at
infinity is formed. An analytical solution of this problem is constructed. Analyzing the solution, we
obtain analytical expressions for the phonon and phason stresses, the jumps of displacements along the
interface between the materials in the crack region that has an electric charge.

Numerical analysis of the solution demonstrated the essential influence of the electric charge of
the crack to the phonon and phason stress-strain state in the vicinity of the crack. The analysis was
performed for a combination of different quasicrystalline compounds. The main results of the
solutions, i.e. phonon and phason stresses along the materials interface and the phonon and phason
displacement jumps are presented in the graphic form. Conclusions are made regarding the influence
of the electric charge of the crack on the behavior of both the crack itself and the material in its
vicinity.

Keywords: interface crack, quasicrystal, the problem of linear relationship.

binmit 1. B., JlJo6ona B. B.
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1 BCTYII

KBasikpucranu, ski Bmepiie mpeactaBieHi B poboTi [1] — me Haa3BUYalHWKN Kiac
MartepialiB 3 pi3HUMH BIACTUBOCTSIMH, SIKi paHilIe HE CIOCTEPIrajich B TAaKUX KOMOIHAINX,
yepe3 110 iX MOCHICHO BUBYAIOTh OCTAHHI JIEK1IbKa JECATUIITh. B MOPIBHSAHHI 31 3BUMAMHUMH
KpUCTalaMu Ta Hekpuctanamu, kBaszikpucrtanu (gani KK) Bimpi3HSAIOTBCS CBOEIO MIIHICTIO,
HU3BKOIO  TEIUIOBIAYEI0, BHCOKOK 3HOCOCTIMKICTIO, TOINO. 3 TakuM HabopoMm
XapaKTEPUCTHK BOHU 1A€AITBHO MIiIXOAATH Ui Pi3HUX HOKPUTTIB, HANPUKIAI: IBUTYHIB,
AQHTHUIIPUTAPHUX CKOBOPIJIOK, COHSYHUX IIaHENeH, TEPMOCICKTPUYHUX IIePETBOPIOBAYIB,
KOHTEHHEPIB 3 sIIEPHUM ITaJTUBOM Ta BOJIHEM.

3 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

CyuacHmii piBeHb [OCTI[UKEHb Ta TOJOBHA IapaJurMa MEXaHIKH pyWHYBaHHS
KBa31KpUCTAIIIB MIpe/icTaBieHi B poOoTi [2]. Tam ke 1 Bka3aHi ocHOBHI npobiemu. OcoOauBy
3aliKaBJIEHICTh JAaHUM MaTepiajioM BHKIMKAaE T€ IO 0araro KBa3iKpUCTATIB MalOTh
I’ €30€JIEKTPUYHI BIIACTUBOCTI, 110 YCKJIATHIOE 1X PO3TIsi, ajie 1 BIIKPUBAE HOBI MOXKIIUBOCTI
3actocyBaHHs. B po0Ooti [3] mpencTaBieHHI OCHOBHI TOJIOKEHHS Il KBa3iKPHCTATIB 3
ypaxyBaHHSM I1"€30€JIEKTPUIHOTO €PEKTY.

[Ipu po3risimi KOMIO3UTHHX MarepialliB MH OTPHUMYEMO NpPOOJIEeMy TPIIUHE MK IBOMA
M'€30€TEKTPUYHIME KBa3iKpUCTANIaMH, SKa 1O [BOTO 4Yacy BHBYEHAa HeAOCTaTHBO. llpm ormsai
aKTyalbHOI JIiTepaTypu BHUSBICHHI poOOTH [4, 5], e aHaTITHYHO-YUCETHPHUM METOAOM AOCIHiIKEHO
€JIEKTPUYHO HENPOHUKHY TPIIIMHY B OAHOBHMIPHOMY TE€KCaroHaJbHOMY TEPMOEIEKTPOIPYKHOMY
KBa3ikpucTamidyHOMy OiMatepiami. B poboti [6] posrmsayti MikdasHi TpimuHu THmy I mix
3BUYAMHHUMU IIPYKHUM MATCpPlaiOoM Ta KBa3lKPpUCTAJIIOM, aJI€ PO3IIdAaBCd NPHU IbOMY KBa31KpHUCTAI
0e3  m'esoenekTpuyHOro  edexry.  TpilmHa  MDK ~ OJHOBUMIPHMMH  IT'€30€JICKTPHYHHUMHU
KBAa3UKpUCTAIaMU 3 CIICKTPOIIPOHUKHHUMHU Ta eJ'ICKTpOi3OHLOBaHI/IMI/I YMOBAMH Ha 6eperax TplI]_II/IHI/I B
AHTHUILTOCKOMY BHITaJIKy BHBUYAIACh y poOoTi [7].

IIpobnema MIOCKOro e1eKTPUYHOIO HaBaHTAXXEHHS B MPOBIAHIA MiXK(a3HIN TPILMHI B
KOMOIHAIIl 3 aHTUIIOCKUM MEXaHIYHUM HaBaHTAXEHHSIM po3MUIAHyTa B poOoTi [8]. B Hil
BUSIBJICHA, XapaKTepHa JUId TPIIIMHU Ha MEXI MOJILTY MaTepialliB KOJIMBaJIbHA OCOOIUBICTh HA
KIHUMKax TpilivHu. BaxnuBoro € pobota [9], B sKii poO3risiHyTa B3a€MOJIs TYHENIbHOT
IPOBIAHOT TPILIMHHU Ta BiJJIaJIEHOTO CMYTOBOTO €JIEKTPO/Ia, PO3TAIIOBAHOTO Ha MEX1 PO3JILTY
JIBOX TT'€30€NeKTpuyHuX MaTtepiamiB. Hemomasuo B po6oTi [10] Oyino po3rasHyTo B3a€MO/Iit0
€JIEKTPOIPOBIAHOT MXK(A3HOT TPIILIMHHU MIX JIBOMA I’ €30€JIEKTPUYHIUMHU KBa31KPUCTATaMU.

4 TJIb TA 3AJAYI JOCJILTKEHHS

OCHOBHOIO METOIO ISl JaHOI CTATTI € BHUBYEHHS TPINIMHU Y I €30€NEKTPUIHOMY
KBa31KPUCTAaII, KA 3HaXOUTHCS T11]T BIUIMBOM MEXaHIYHOTO HABAHTAKEHHS Ta €JICKTPUIHOTO
3apsay, IPUKIAIEHOTO Oe3MmocepeHbOo 10 ii Oeperis.

IMocranoBka 3agavi. PosrmsHemo tpimmuy (c,b) B mrommHi (X, X,). Bics X,
CHIBHAJA€ 3 KBA3IMEPiOAMYHUM HANpsIMOM OJHOMIPHHUX I1’€30€JEeKTPUUYHUX KBa31KPHUCTAIIB.
BBakaetbcs, 10 CyMapHHUH eNeKTpHuYHUil 3apsa TpimwHU nopiBHioe D,. Bimarepian

HAaBaHTAKCHNWH Ha HECKIHYEHOCTI 3CYBHHMH HAINPYXKECHHSIMH O, =7,, Hyp=17,. Tyr 7, -

(OHOH HamnpyXeHHs 7, - (ha30H HAIPYKEHHS.

binuii /1. B., JIoboma B. B.
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Puc.1. Cxemarnasae 300paykeHHSI TYHEIBHOI TPIIIMHA MK JBOMA OJHOMIpPHUMH KBa31KPHUCTATIYHUMHI
MIiBIIPOCTOPAMH 3 I1’€30€TICKTPUIHHM e(HEKTOM.

3a npecTaBlIeHUMH YMOBAMHU HAaBaHTAXEHHS B PO3IJITHYTOMY Tl BUHUKAE aHTUILUIOCKA
nedopmaris. BuzHavanbHi CIIBBITHONIEHHS B TaKOMY BHIIAKy OyJeMO pPO3IIISIATH IS
KOHOI MBOOJIACT] Y BUTIIAII:

Oj; us,j
Hisp=Qyw,; ¢ (J=12), 1)
D; P
Cus R3 —€15
e Q= R, K, -€.]|, 2
elS é15 511

i =1,2- 11t BEepXHBOTO 1 HUKHBOTO MaTepiajiB BiAMNOBIIHO;

0, - KOMIOHEHTH (JOHOH HaNpyKEHHS;

H., - komnonenTu (a3zon HanpyKeHHS;

C. . K, - npyxHi KoHCTaHTH y (OHOHHUX i (PA3OHHMX MOJIAX, BiAMOBINAHO;
R, - npyxHa KoHCTaHTa 3B’ 13Ky (DOHOHHMX i (h)a30HHHUX MOJIIB;

€5, 0,s - m'ezoenexTpuyni crai;

&), - MieNeKTpUYHa MPOHHUKHICTS.

Jlnst 3pydHOCTI OTpUMaHHS PO3B’SI3Ky 3a/ladl BBEJIEMO BEKTOPH TIEPEMIIIECHb 1
€JIeKTPUYHOTO MOTEHII1aTy Ta HAMPY>KeHb 1 EeKTPUYHOTO 3MIIIEHHS

u:[u3,W3,(0]T, tj:|:0-3j’H3j’Dj:|T. <

BpaxoByroun BBeleHI BEKTOpH, 3amuiieMo piBHSHHS (1) y BEKTOpPHO-MaTpUYHOMY
BUTJIAAL

t;=Qu; (j=12). (4)

Tak K pO3MNIAHYTHUH KBa3iKpUCTal Mae€ II’€30€JeKTPUYHI BIACTUBOCTI, HEOOX1IHO
BpaxyBaTH (OHOH, ()a30H Ta €JIEKTPOCTATUYHI PIBHSIHHS PIBHOBATU y BUMAJIKY aHTUILUIOCKOTO
HaBaHTaXXCHHS

binmit 1. B., JlJo6ona B. B.
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00y 00y _y Hy Hy o D, D,

=0, =0, 5
OX,  OX, ox,  0OX, oX,  OX, ©)
1 HacTynH1 GOPMYIH 3B’A3KY €EKTPUYHOTO MO 1 MOTEHIay ¢
E =-¢.. E,=-0,. (6)

Bpaxosytoun Bumie nmpeacrasieHi ciiBBigHomenHs (1), (5) 1 (6) orpuMyeMo piBHSHHS:
C, VU, +RV*W, +€,V’p=0
R.Vu, +K,V°W, +d.p =0 (7)
€5V 2U; + K, V2w, + 4,0 =0,

ne V° =(82/ ox; )+(82/ 8X§), =12 — iHAeKc BioOpakae 3aJIeXKHICTh JUI1 BEPXHBOIO Ta
HIDKHBOTO MaTepialliB BiJIIOBITHO.
BBeneMo HOBI BEKTOPH:

T

V’:[u3'1W3'1D2]Tv P :[Gslesz’(/"] : (8)

PosrmsnyBumm  piBHsHHA (7) 3poOMMO BHCHOBOK, mo ¢yHkmii Uy, ¢ Ta W,
3aJJ0BOJIbHSIOTH PIBHSHHAM AU, = 0, Ap=0, AW, = 0, BiamoBizHO, IO BKa3ye Ha Te IO IIi

(GYHKLIT SBISIOTHCSA TapMOHIYHUMHU. L{e 103BOIIsIe mpecTaBuTH BEeKTOp U, B SIKUH BXOIATH ITi
¢yHKIIi B SIKOCTI KOMIIOHEHT, SIK JIWCHY YaCTHHY JOBUIbHOI, aHATITUYHOT BEKTOP-(PYHKIIT

®(2)=[D,(2), D, (Z),CI)3(Z)]T KOMILIEKCHOT 3MiHHOT Z = X, +1X,

u=2Re®(2)=®(2)+®(7). 9)

BukopucToBytoun BekTop U BNy (8) i IizicTaBisioun #oro B (4), oTpuMaemo:

t, =—iB®'(z) +iB®'(Z), t, = B®'(z)+ B®'(Z), (10)
ne B=iQ.

MosxHa noMiTuTH, 10 Ha ocHOBI (9) Ta (10) BexTOopHM (8) MOKHA 3aMUCaTH Y TaKOMY
BUTJISIIL:

V' =M®' (z)+M®'(Z), P=N®'(z)+ N®'(Z), (11)

ne M :[Mii]i,jzl,z,s’ N :[Nii]i,jzl,z,s’(i =12} =1'2’3);
My =My, =1;M;, =My, =My, =M, =0;

M;; =B;;, N; =B, (i=12j=123);
N, =1;
Ny, =N,, =0.
Marpui M ta N marors Burmsiz
1 0 O
M=0 1 0| (12)
B, B, B

binuii /1. B., JIoboma B. B.
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Bll BlZ Bl3
N=|B, B, B,|. (13)
0 0 1

BpaxoByroumn, 1m0 po3risgacTbcs TPIIMHE MIDK JBOMa KBasikpuctaisamu (Puc. 1),
sanuiemo npeacrasienns (11) ais koxHoro 3 060x nisnpocropis X, >0 ta X, <0 B popmi

V(m) _ M(m)q)r(m)(z) + M(m)&)r(m) (7) , P(m) — N(m)(l)'(m)(Z) + N(m)&)r(m) (7) , (14)

e M(m), N™ MaTpHIli, IKi BianoBigaroTe MaTpumsiMm M, N ; (I)(m)(Z) — HEBU3HA4YEH] ITIOKHA
o BeKTOp (YHKIII aHATITHYHI y BEPXHbOMY Ta HUXHBOMY ITIBIIPOCTOpaX, BiATMOBIAHO;
iHgekck M=1 Ta M=2 BIAHOCATBCA JIO BEPXHHOI Ta HIKHBOI YAaCTHH KOMIIO3UTY,
BIJIIIOBITHO.

Bumaratoun, mo6 piBHICT PO =p® Oyna cripaBeJUIMBa Ha BCil ocl X;, 3 PIBHSAHHS
(14) onep>kyemMo HACTYIIHY PIBHICTb

N (x +i0)+ NY@ (x —i0) = N®@® (x, —i0)+ N®®® (x, +i0). (15)

Jlns cnpomienHs 3anucy Oynemo BHKopHcToBYBaTH F (X, +i0)=F*(x,), mo o3Hauae

rpaHu4He 3HauYeHHs QyHKIIT F (z) npu X, — 0 3BepXy 4uM 3HM3Y, BIANIOBIIHO.

PiBusiaug (15) nmepenuinemo B Gpopmi:
NU'® (x, +i0) - NP (x, +i0) = N@@'? (x, -10)— NU&' (x, -i0).

[Tpunycrumo, 1o JiBa Ta mpaBa YacTHHA OCTaHHBOI PIBHOCTI NMPEACTaBIAIOTH COOOIO
TpaHUYHI BUPaA3u s PYHKIIT

N Y@ (z) _N@p'® (z)
Ta
N(z)q)'(z)(z)_ N @ (Z), (16)

AKl aHATITHYHI B BEpPXHIM Ta HIDKHIA IUIOIMIMHAX, BiAmoBinHo. lle mepenbauvae icHyBaHHS
byHKIit H(z), AQHAIITUYHOI HAa BCIM TUIOUIMHI 1 PIBHOI BUIIEBKa3aHUM (QYHKIISAM IS
BIMMOBIAHAX HAMIBILIOIIUH.

BpaxoBytoun, 1o H(Z)‘Hw — OTa Gasyrounch Ha Teopemi JliyBiis 3Haiimemo, 1o

KoxkHa 3 QyHkuii (16) piHa 0 115 Oyap skoro Z ais KoXHOi 3 HamiBIuomuH. OTxe, 3 (16)
OJIEPIKYEMO

7 (2)=(8°) N (2 a0 ®
@ (2)=(N¥) N®@"(2) naa x, <0. (18)

3 OTpUMaHHUX pIBHOCTEH MOXEMO 3HAWTH CTpHOOK IpU MPOXOKEHHI uepe3 00JacTb
TPIIIMHYU JJI1 HACTYITHOI BEKTOp QYHKIIIT

(v (%)) =v® (% +i0) ~v® (%, ~i0),

A came 3 nepmioi popmynu (14) orpumaemo

binmit 1. B., JlJo6ona B. B.
https://doi.org/10.31650/2618-0650-2022-4-1-32-44 37



https://doi.org/10.31650/2618-0650-2022-4-1-32-44

1V, Nel, 2022
Crop. 32-44/ Page 32-44

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

v (x £i0)= MY (x £i0)+ MW@' ™ (x, Fi0).

[TincTaBuBIIM 11i BUpa3H B OCTaHHIO (HOPMYITy, OJIEPKYEMO

(v (%)) = MU (x, +i0) + MO ®) (x, ~i0) -

~MP'? (x, -i0)- MP@'® (x, +i0). (19)

BuxopucroByroun, 1o Ha ocHOBI (18)

@' (x,-i0) = (N®) U@ (x ~i0)
Ta MiACTaBIIA0YHY 1iel Bupa3 pasoM 3 (17) B (19) mpu X, — +0, Bu3HaunMo ctpubok B popmi

(v'(x))=D@'?(x, +i0)+ D™ (x —i0), (20)
e D=MY_ |\7|(2>(N<2>)_1 NG

BBeneMo HOBY BeKTOp-(hYHKIIIO

DO (z), x,>0,
W(z)= ——q (21)
-D®" (z), x,<0.
Toni (20) Mmo>kHa 3amycaTH Tak
(v (%)) =W"(x)-W"(x). (22)
PosrnsnyBImm npyry dopmyny i3 criiBBigHomenHs (14) orpumaemo:
PP (x,0)= N (x +i0)+ NU@'™ (x —i0). (23)

Ha ocHosi (21) orpumaemo
@' (x, +i0) = D™W (x, +i0),
@'Y (x —i0)= —(IZ_)’l)AW (x,—i0).

[TincTaBuBImIM OTprMaH1 BeKTOp-(pyHKLIT B (23), 3anuiieMo OTpUMaHui BUpa3 y BUTIISAIL

P(l)(xl,O):SW+(x1)—§W‘(x1), (24)
e S =N®D™, npuuoMy L0 MaTPHUIIO MOKHA IPEICTABUTH Y BULJISAI
1 SR
S:[Mm(,\,m) _M<z>(N<z>) } | (25)
YucenbHUI aHali3 MoKasye, [0 MaTHIA S Mae TaKky CTPYKTypy
Sll SlZ Sl3 isll I 512 Sl3
S= S21 Szz S23 = i521 iszz Sy | (26)
S31 S32 S33 S3l 532 is33

Iie Bcl S; € MIHACHUMU.

Ha ocHoBi nipencrasnens (22), (24) ananoriudo a0 po6otu [13] orpumyemo:

binuii /1. B., JIoboma B. B.
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rosy (%,0)+HY (%,0)+ir,EM (x,0) = F (x)+7,F (%), (=1, 3), (27)
it (U5 (%)) ity (W5 (%)) +55 (D, (%)) = " (%) = Fy (%), (28)
ne fTa tij € JTIMCHUMU 1 BXOJIATH B IKOCTI KOMIIOHEHT y HaCTYITHI MaTPHII
rll l IrlS itll It12 t13
R= -y 1 _irls , T= it21 itzz tys |, (29)
r, 1 O it, it,, O
IPUIOMY
S.,S;, —S,.S S, —S,,S
rlj_: 22 31D 21 32' r13:§SIl ZZDSIZ 21, r31:_523/513,a
T=RS. (30)

AHATITHYHUI  aHAMi3  eJleKTPUYHO  3apsyikeHoi  Tpimmuu. s 3agadi,
npoiTtocTpoBaHiit Ha Puc. 1, rpaHnyHi yMOBU MOXHa cOPMYBaTH y BUTIISAL

ot (%,0) =HE (%,0) = E” (%,0)=0 ana c<x <b, (31)
(02)=0, (Hy)=0,(D,)=0, (u;)=0, (E;)=0, Wy =0 iz x ¢(c,b), (32)

a HasBHICTh CYMapHOTO €JIEKTPUYHOro 3apsay BenuuuHd Dy Ha TpiumHi NpUBOIUTH 10
HACTYITHOTO PiBHSHHS:

T(Dz (%,))dx = Dy (33)

c

I'pannuni  ymoBu (32) 3 BHUKOpPHUCTaHHSAM MpeAcTaBieHb (28) 3ale3nedyroTh
HEIePEPBHICTh GyHKUIN F; (z) ma BimpisKax X, ¢ (C, b) mexi moniny marepianis, a ymosa (31)

3 BUKOPUCTaHHAM (27) Aa€ piBHSHHS:
F(x)+7,F (x)=0mm c<x<b. (34)

YMOBH Ha HECKIHYCHHOCTI [ist GpyHKUiH F, (z) BUTIKAIOTh 13 (27) 1 MarOTh BUTJIS

Fi(2)

=7, +i6;, (35)

71—

ac
Iz +H, . rj3E
5, =

=  (i=123).

]

1+;/J. _1+}/j

BpaxoByemo Takoxk, 1110 TOBUHHA BUKOHYBAaTUCh YMOBA siKa BUTIKae 3 (28), a came

O T

{Fl+ (x)-F (xl)} dx, = jl{it11 (ug (%)) +ity, (W5 (%)) +ti5 (D, (x1)>}dx1 : (36)

Toni B cuily yMOB OJJTHO3HAUYHOCTI MEPEMIIIEHD MTPU 00X0/11 KOHTYPY TPIIIMHUA MAEMO

{it11 (ug (%)) +ity, (w5 (xl)>} dx, =0. (37)

O ——— T
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[Tpu BpaxyBaHHI Takox yMOB (33) oTpumMaemMo

{Ff (%)-FR (xl)} dx, =t;3Dp - (38)

O T

Po3B’s30k 3amaui (34), (35) Ta (38) 6ynemo posmrykyBaTtu y ¢opmi [11]

Fy(2)= U ( j , (39)
J(z—c)(z-b)\z-b
ne Cy,C; - JOBUIbHI KOHCTAHTH.

Ipu posknajenni Ha 6eskinednocti F;(z) orpumaemo

b+c . 1 .
3 mpencrasinens (35) i (38) orpuMaemMo HACTYIHI PIBHSIHHS
oF =fj +i&j ,

b+c . it;3D
c0j+clj{7+|(b—c)gj}=%.

T

Bymemo posrmsmaru Bumagok koiu Dy #0 i BpaxoByroum 1€ MOXeMO 3ammcaTtH
HACTYITHI BUPA3H JUII KOHCTAHT

C,; =7, +io;,
it,.D b .
Cszltléﬂo_Cle: ;Cﬂ(b—c)gj] (42)

3 BpaxyBaHHSIM BUIIIE€ BKa3aHUX CITIBBITHOLIEHD (41) 0JiepKy€eMO pillIeHHs

it..D
It, b+c igjl} o
( j | 42)

°+(fj+i&j){z——
z-Db

Jz-o)z-b)

Taxox 114 3py4HOCTI MOKJIMBUNA HOTO 3amuc B popmi

Fi(z)=

z———lgl i
Fi(z)=1( +i5)) (z bj , (43)

} zb Zm/zczb

Sk 1 B BUNAAKY BIZICYTHOCTI €JEKTPUYHOTO 3apsay Ha TPILIUHI, po3risiHyToMy B [12, 13],
MO’KEMO MOMITHTH OCUWISILIIMHY CHHTYJISIPHICTh HANpy>KeHb B Oe3mocepeiHiil OJU3bKOCTI J10
BEPILINHU TPILMHH.

[lincraBnstoun Bupasu (43) B npexncrasieHHs (27) ta (28), 3HaxoauMo (POHOHHI 1
(da30HHI HamNpy>KEHHs, a TaKOXX CTPUOKH MEpeMillleHb 1 EJIeKTPUYHOTO MOTEeHIIady Ha
TPIIIKHI.
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5 PE3VJIBbTATHU JOCIIIXEHb

I[IpesncraBieHe BHILE PIillICHHS BUKOPHCTAEMO I AOCITIIKCHHs BILIMBY 3apsiny D, Ha

TPIIIMHI Ha HANPYXCHHS B OKOJI ii BEpPIIMHM Ta CTPUOKM mepeMilieHb ii Oeperis.
HocmipkenHs OyneMo TPOBOJWMTH Ha NpPHKIaAl OiMarepiady CKOMIIOHOBAHOTO 3 JIBOX
OJTHOMIPHHMX I1’€30€JCKTPUYHUX KBa3IKPUCTATIB 3 PI3HUMH XapaKTEPUCTHKAMH  JUIs
HIDKHBOTO Ta BEPXHBOT'O MaTepiajiB:

c{) =355x10°1a, eQ =17K/»", K =0.15x10°a, R =1.765%10°11a,
80 =17 K I v, £V =15.1x10"° K? | (Hm®) mis BepxHBOTO MaTepiay,
¢ =5.0x10°Ma, e =-0318K/n", K =03x10°Ila, R® =1.2x10°1Ia,
&9 = 016K/ M*, &P =8.25x10" K? [ (Hm®) 115t HIKHBOTO MaTepiaiy.
Pesynpratn otpumani s ¢ =-0,05xm, b=0,05x npu cTaTHYHOMY MEXaHIYHOMY
HABaHTAXEHHI O, = 10°H /»° i npu 3MiHHIH BeTHYHHM eleKTpuyHOro moms. Ha Bcix

pucynkax niuii | sinnosigators D, =0, Il - Dy =5-10"° K/ m, Il - D, =1-10"* K/ m.
6 OBI'OBOPEHHS PE3YJIBTATIB JOCJIIJKEHHS

Ha puc. 2(a) noka3aHa 3miHa (DOHOH HamNpyXEHHS O,, B OKOJII IMPaBOi BEPLIMHU
TpimuHu. [IpociigKOBY€ETbCS HE3HAUYHE 3POCTAHHS IOTO HANPYKEHHS 31 3POCTaHHSAM
BEJIMYMHH EJICKTPUYHOTO 3apsay. Mae Miclie TakoX 3pOCTaHHS O, A0 HECKIHYEHOCTI IpHU
HaOJIMKCHHI J10 BEPIIMHM TPILITUHU.

Ha puc.2 (0) naBemeno 3MiHy ¢ason Hanpyxkenus H,, mpu 30imbmienHi 3apsmy

tpinua D,. SIk i B momepeaHbOMY BHUMAAKy MPH HPHOIMKEHHI 10 BEPLIMHM TPILIMHA

3HAYCHHS HAMPY>KEHHS 3pOCTAIOTh J0 HECKIHYEHOCTI 1 HE MOXKYTh OyTH BU3HAUEHHI B CaMiid
BEPILMHI TPIIUHU (0coONMuBii Toull). Takok MOXHa 3a3HAYUTH, IO MPHU THUX K€ 3HAYCHD
€JIEKTPUYHOTO 3apsiy, 110 1 Ha pHUc 2(a), po301KHICTh Y 3HAUEHHAX (pa30H HANPYXKEHHS IS

pisaux D, mpakTnyHO HemowmiTHa.

23,1l Hy3,ITa
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(a) (©)
Puc. 2. 3mina goHoH (a) Ta Gazon (0) HanpykeHHS B OKOJIi BEPIIMHY TPILIMHK NP NPHUKIIAJICHOMY Ha
HECKIHUCHOCTI HaNpPYKeHHI 0,; 1 PI3HUX 3HAYEHHSX eNEKTPUYIHOro 3apsiay D,
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Ha puc. 3 naBeneni GoHOH Ta ()a30H PO3ZKPHUTTS TPINIMHUA TPH PI3HUX 3HAYECHHSIX
enektpuyHoro 3apsay D, . Jlerko moMituTy 1o ctpubok (u3> HECYTTEBO 301IBIIYETHCS IPU
301IbILIEHH] €EKTPUYHOTO 3apsiay, a <W3> HaBIIaKU 3MEHIIYEThCS JUTsl BKazanux D .

BaxmBo BiI3HAYMTH TaKOXX CHMETPUYHICTH rpadikiB BiIHOCHO CEpPEIUHH TPIILMHH,
0 TOBOPHUTH MPO CHMETPUYHICTH BIUIMBY SIK 30BHIIIHBOTO HANPYXKEHHS, TaK 1 3apsay Ha
($oHOH 1 (ha30H POZKPUTTS TPILIUHH.

LUEYR] {wikm

1.5 1077

1=

1, = ¥

5.% 1078
| 228x107 o

AR 002 0002 o

Xp. M Xl M

~0.04 -0.02 0.02 0,04 -0.04 -0.02 0.0z 0.04

(a) (6)

Puc. 3. Ctpuboxk nepemimeHs <u3> (a) Ta <W3> (6) npu pizHuX 3HaYeHHAX D .

7 BHCHOBKH

B po6ori npeacTaBieHe pimieHHs 3a7a4i aHTUINIOCKOTO HABAaHTAXKEHHS 111 OJTHOMIPHOTO
I’ €30€JIEKTPUYHOrO  OiMaTepiajJbHOr0 KBa3IKpUCTaly 3 TPIIIMHOIO MiJl BIUIMBOM SIK
MEXaHIYHOTO HaBaHTA)KEHHS MPHUKIAJEHOr0 Ha Oe3KIHEYHOCTI TaK 1 €JIEeKTPUYHOTrO 3apsanry
PO3MOAIICHOT 0 B3I0BXk OeperiB TpilinHU. BuBeneHuii aHaMITHUHUMN aarOpuT™ pillleHHs, SKUH
BKJIIOYMB B cede:

*  chopMybOBaHI MpEICTaBICHHs Al HANpPYXEHb Ta eleKTpuyHoro mons (27), a
TaKOX JUIS TOXIJHUX BiJ CTpUOKA MEpEeMIllIeHb Ta EIeKTPUYHOro 3mimieHHs (28) uepes
BEKTOP-(QYHKII0, TOJIOMOP(]HY Y BCiif KOMIUIEKCHIHM MIIONIMHI, KpiM 00J1aCcTi TPILLUHH;

*  Ha ocHOBI npezcTasiieHb (27) Ta (28) oTpumana 3a1aya JiHIHHOTO cripsikeHHs (34) 3
yMOBaMH Ha HeckiHueHocTi (35) Ta ymoBamu OanaHcy 3apsay TPILIMHY ;

*  moOYIOBaHO aHAMITHYHHM PO3B’ 30K (43) 11i€i 3a1a4i 1 HA HOTO OCHOBI 3HAWEH] BC1
HEOOXI/HI eJIeKTPOMEXaHIYH1 KOMIIOHEHTH Ha MEXI1 MOy MaTepiais.

Ha 6a3i orpuManoro po3B’s3Ky IMpOBEICHA YKCENbHA UTIOCTPAllisl BIUTMBY 30BHINTHBOTO
HaBaHTAXEHHS 1 3aps1y TPILIMHU Ha (POHOH 1 (a30H HANPYKEHHS Ta BIAKPUTTS TPILIHHH.

BcranoBneHo, mo Tak SK KBa3iKPUCTAIM MAalOTh I1"€30€JEKTPUYHI BIACTHBOCTI, TO
€JIEKTPUYHUM 3apsij TPIIIMHYU BIUIUBAE HA yCl XapaKTEPUCTUKH HANPYKEHO-1e(OPMOBAHOTO
cTaHy O6iMaTepialbHOIO KBa3iKpUCTAIIYHOTO 3’ €JTHAHHS.

Jliteparypa

1. Shechtman, D.; Blech, I.; Gratias, D.; CahnJ. W. Metallic phase with long-range orientational
order and no translational symmetry. Physical Review Letters 1984, 53 (20), 1951-1953.
DOI: 10.1103/PhysRevLett.53.1951.

binuii /1. B., JIoboma B. B.
42 https://doi.org/10.31650/2618-0650-2022-4-1-32-44



https://doi.org/10.31650/2618-0650-2022-4-1-32-44

MexaHika Ta MaremMaTHuHi meromu /
Mechanics and mathematical methods

2.

10.

11.

12.

13.

1V, Nel, 2022
Crop. 32-44 | Page 32-44

Fan T. Y. Mathematical theory of elasticity of quasicrystals and its applications. Beijing: Springer,
2011.

Rao K. R. M.; Rao P. H.; Chaitanya B. S. K. Piezoelectricity in quasicrystals. Pramana-Journal of
Physics, 2007. 68 (3). 481-487. DOI: 10.1007/s12043-007-0051-3.

Zhao M. H.; Dang H. Y.; Fan C. Y.; Chen Z. T. Analysis of a three-dimensional arbitrarily shaped
interface crack in a one-dimensional hexagonal thermo-electro-elastic quasicrystal bi-material,
Part 1: Theoretical solution. Engineering Fracture Mechanics, 2017. 179. 59-78.
DOI: 10.1016/j.engfracmech.2017.04.019.

Zhao M. H.; DangH.Y.; FanC.Y.; ChenZ T. Analysis of a three-dimensional arbitrarily
shaped interface crack in a one-dimensional hexagonal thermo-electro-elastic quasicrystal bi-
material, Part 2: Numerical method. Engineering Fracture Mechanics, 2017. 180. 268-281.
DOI: 10.1016/j.engfracmech.2017.05.042.

ShiW. C.; Li H. H.; Gao Q. H. Interfacial cracks of antiplane sliding mode between usual elastic
materials and quasicrystals. Key Eng. Mater., 2007. 340-341. 453-458.

DOI: 10.4028/www.scientific.net/KEM.340-341.453.

HuK.Q.; JinH.; YangZ.; Chen X. Interface crack between dissimilar one-dimensional
hexagonal quasicrystals with piezoelectric effect. Acta Mech., 2019. 230. 2455-2474.
DOI: 10.1007/s00707-019-02404-z.

Wang X.; Zhong Z. A conducting arc crack between a circular piezoelectric inclusion and an
unbounded matrix. Int. J. Solids Struct.,, 2002. 39. 5895-5911. DOI: 10.1016/S0020-
7683(02)00474-2.

Onopriienko O.; Loboda V.; Sheveleva A.; Lapusta Y. Bond zone model for a conductive crack at
the interface of piezoelectric materials under anti-plane mechanical and in-plane electric loadings.
Z Angew Math Mech., 2019. e201800230. DOI: 10.1002/zamm.201800230.

Sheveleva A.; Loboda V.; Lapusta Y. A conductive crack and a remote electrode at the interface
between two piezoelectric materials. Applied Math. Modeling, 2020. 87. 287-299. DOI:
10.1016/j.apm.2020.06.003.

MycxenumBunu H. 1. HekoTopble OCHOBHBIE 3a/laud MAaTe€MaTUYECKOW TEOpUU yHpYyroctu. M.:
Hayxka, 1966. 707 c.

Rice J. R. Elastic fracture mechanics concept for interfacial cracks. Journal of Applied
Mechanics, 1988. 55, 98-103. DOI: 10.1115/1.3173668.

bimuit [I. B., KomapoB O. B., Jloboga B.B. Awntmmnocka 3amada s OJHOMIPHOTO
I’ €30€JIEKTPUYHOr0 KBaszikpucraia 3 Mik(asHoro Tpimmuaoro. Bulletin of Zaporizhzhia National
University. Physical and Mathematical Sciences, 2021. No 1. 5-14. DOI: 10.26661/2413-6549-
2021-1-01

References

1

Shechtman, D.; Blech, I.; Gratias, D.; CahnJ. W. (1984) Metallic phase with long-range
orientational order and no translational symmetry. Physical Review Letters. 53 (20). 1951-1953.
DOI: 10.1103/PhysRevLett.53.1951.

Fan T. Y. (2011) Mathematical theory of elasticity of quasicrystals and its applications. Beijing:
Springer.

Rao K. R. M.; Rao P. H.; Chaitanya B. S. K. (2007) Piezoelectricity in quasicrystals. Pramana
Journal of Physics. 68 (3). 481-487. DOI: 10.1007/s12043-007-0051-3.

Zhao M. H.; Dang H. Y.; Fan C. Y.; Chen Z. T. (2017) Analysis of a three-dimensional arbitrarily
shaped interface crack in a one-dimensional hexagonal thermo-electro-elastic quasicrystal
bimaterial, Part 1: Theoretical solution. Engineering Fracture Mechanics. 179. 59-78.
DOI: 10.1016/j.engfracmech.2017.04.019.

Zhao M. H.; Dang H. Y.; Fan C. Y.; Chen Z. T (2017) Analysis of a three-dimensional arbitrarily
shaped interface crack in a one-dimensional hexagonal thermo-electro-elastic quasicrystal
bimaterial. Part 2: Numerical method. Engineering Fracture Mechanics. 180. 268-281.
DOI: 10.1016/j.engfracmech.2017.05.042.

ShiW. C.; Li H. H.; Gao Q. H. (2007) Interfacial cracks of antiplane sliding mode between usual
elastic  materials and  quasicrystals. Key Eng. Mater. 340-341. 453-458.
DOI: 10.4028/www.scientific.net/KEM.340-341.453.

binmit 1. B., JlJo6ona B. B.
https://doi.org/10.31650/2618-0650-2022-4-1-32-44 43



https://doi.org/10.31650/2618-0650-2022-4-1-32-44

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

1V, Nel, 2022
Crop. 32-44/ Page 32-44

7 HuK.Q. JinH.; Yang Z.; Chen X. (2019) Interface crack between dissimilar one-dimensional
hexagonal quasicrystals with piezoelectric effect. Acta Mech. 230. 2455-2474.
DOI: 10.1007/s00707-019-02404-z.

8 Wang X.; Zhong Z. (2002) A conducting arc crack between a circular piezoelectric inclusion and
an unbounded matrix. Int. J. Solids Struct. 39. 5895-5911. DOI: 10.1016/S0020-7683(02)00474-
2.

9 Onopriienko O.; Loboda V.; Sheveleva A.; Lapusta Y. (2019) Bond zone model for a conductive
crack at the interface of piezoelectric materials under anti-plane mechanical and in-plane electric
loadings. Z Angew Math Mech. €201800230. DOI: 10.1002/zamm.201800230.

10 Sheveleva A.; Loboda V.; Lapusta Y. (2020) A conductive crack and a remote electrode at the
interface between two piezoelectric materials. Applied Math. Modeling. 87. 287-299.
DOI: 10.1016/j.apm.2020.06.003.

11 Muskhelishvili N. I. (1975) Some Basic Problems of the Mathematical Theory of Elasticity.
Noordhoff. Groningen.

12 RiceJ. R. (1988) Elastic fracture mechanics concept for interfacial cracks. Journal of Applied
Mechanics. 55. 98-103. DOI: 10.1115/1.3173668.

13 Biliy D.V.; Komarov O.V.; Loboda V.V. (2021) Antyploska zadacha dlya odnomirnoho
p yezoelektrychnoho kvazikrystala z mizhfaznoyu trishchynoyu [Antiplane problem for a one-
dimensional piezoelectric quasicrystal with an interface crack.] Bulletin of Zaporizhzhia National
University. Physical and Mathematical Sciences. No 1 5-14. DOI: 10.26661/2413-6549-2021-1-
01 [in Ukraine]

Binuii JImurpo Bosiogumuposuy

Juinposcekuit Hamionansauit YaiBepcuteT iMeHi Onecst ['oruapa
acrmipaHt

np. larapina, 72 [duinpo, Ykpaina, 49010
biliy.dmitry@gmail.com

ORCID: 0000-0001-6873-576

Jlo6ona Bosoaumup BacuisoBny

Juinposcbkuit Hauionansnuii YHiBepcurtet imeni Onecst 'onuapa
JOKTOp (hi3MKO-MaTEeMaTHYHUX HAYK

np. larapina, 72 [dninpo, Ykpaina, 49010

loboda@dnu.dp.ua

ORCID: 0000-0002-0432-629X

Jna nocunany.

Bimuit 1. B., Jlobona B. B. AHTHmiocka 3ajmada Al OJHOMIPHOTO IT'€30€JIEKTPHYHOIO KBa3iKpHCTala 3
MDK(a3HOIO TPIIIMHOIO MiJ BINIMBOM BHYTPIIIHBOTO €JIEKTPUYHOTO 3apsay. MexaHka Ta MaTeMaTH4HI METO/H,
2022. Tom 4. Bum. 1. C. 32-44

For references:

Bilyi D., Loboda V. (2022). Antiplane problem for one-dimensional piezoelectric quasic crystal with an interface
crack under the influence of internal electric load. Mechanics and Mathematical Methods. 4 (1). 32-44

binuii /1. B., JIoboma B. B.
44 https://doi.org/10.31650/2618-0650-2022-4-1-32-44



https://doi.org/10.31650/2618-0650-2022-4-1-32-44
mailto:biliy.dmitry@gmail.com
https://orcid.org/0000-0001-6873-5765
mailto:loboda@dnu.dp.ua
https://orcid.org/0000-0002-0432-629X

IV, Nel, 2022
Crop. 45-63 / Page 45-63

MexaHika Ta MaremMaTHuHi meromu /
Mechanics and mathematical methods

VK 539.3

BU3HAYEHHSA HAIIPY’KEHD Y TOBCTUX IIVIMTAX IIPU
JIOKAJII3OBAHUX HABAHTAKEHHAX

Coasp T. 5.}, Coasip O. I

1 . . . . .
Inemumym npuxiaonux npobnem mexauixu i mamemamuxu im. A.C. [liocmpueava HAH Yxpainu

AHoTtauisi: Po3risiHyTO 3a7ady AOCHiIKEHHS HANpYKeHb Y IUIUTaX, siKi nepeOyBaloTh Mij €0
30CepePKeHNX CHII 1 JIOKAJbHO PO3IIOIUICHOT0 HABAaHTAKCHHS. BH3HaueHHS Hampy>KeHb IIPOBEICHO
Ha OCHOBI CITIBBIIHONIEHb TPUBUMIPHOI Teopii MPYKHOCTI 3 BHKOPHCTAHHSM JIBOX METOMIB. Y
MepUIOMY BUKOPUCTaHO CUMBOJIUHUI MeTon JIyp’e 3 T0JaTKOBUM 3aCTOCYBaHHIM (OPMYI PO3KIIATY
Bamenko-3axapuenko. Po3B’s130k moOyoBaHO y BUIIISAL PSAIB, SIKi €KCIOHEHILIANBHO 30iraloThCs y
BiJaIeHNX BiJ TPHUKIAACHUX CcWi1 TodkaX. OmHak 11 psaau 30iraroThcs MOBIIBHO B OKOJMI
MPHUKJIAJICHOTO HABAHTAXCHHS. Y 3B’A3KYy 3 IIMM PO3B’S30K 3ajadi moOyIOBaHO IHIIMM METOJOM, 3
BUKOPUCTAHHIM 1HTETPajJbHOTO IEPETBOPEHHS XaHKENs. 3ampOlOHOBAaHO TIiIXiJl 3HAXOMKCHHS
OCOOJIMBUX 1HTETpalliB, SKi BUHUKAIOTh Yy 3aJa4ax Teopii mpyxHocTi Mg miuT. llicis mepeTBopeHb
OTPUMAHO CHIiBBITHOIICHHS AJII BU3HAYCHHS HANpPYXEHb, B SKi BXOJATH IHTErpajyl Bil (yHKIIIH
eKCIIOHEHIIAJIbHO 3aracarouMx Ha HecKiHYeHHocTi. HaBemeHo Tako)X CIIBBIOHOIIEHHS I
BU3HAYCHHS HANpYXXeHb y TUIMNTAaX HAa OCHOBI HAOMMKEHHWX DPIBHSIHB, SIKi 0a3yrOThCS Ha TiMOTe3ax
Kipxroda-Jlssa. [Jnst mporo BUNaAKy B aHANITHYHOMY BHUTIISAJII HABEACHO PO3B’S3KH ISl HANIPYKEHb
IpyY il 30CepelKeHNX CUII Ta MPH JIOKAIBHO PO3IOJiIEHOMY HaBaHTakeHHI. Ha ocHOBI oTpuMaHHX
CHIBBiIHOIIIEHh BUKOHAHO PO3PaXyHKH HaNpyXeHb y IUTUTI, KA mepe0yBac B yMOBAx 3THHY MiJl €0
CHUCTEMH CaMO 3pIBHOBaXXEHHX CHJ a0o0 Tij i€l pO3MOIUICEHOTO HaBaHTaXKEHHS. BcTaHOBIEHO
BUTIAKH, KOJIM HAIIPYKSHHS, SIKi 3HAW/ICHI Ha OCHOBI eIeMEHTapHUX (POpMyII, IO OTPUMaHi Ha OCHOBI
piBastHb Kipxroda-JlsBa 3 70cTaTHHOIO AJIs1 MPAKTUKU TOUHICTIO MOXKYTH OYTH 3aCTOCOBaHI B 3a/1a4ax
3TUHY IUIAT. 30KpeMa BCTAHOBJIICHO, IO BH3HAUEHI HAMPYXXEHHS HA MPOTWICKHIN Mexi Bif
NPUKJIAJICHOTO JIOKAJbHO HABAaHTAKEHHS BUSBIINCH PO3TATYBAIBHUMH 1 BOJHOYAC TPAKTUYHO
TOYHHMH, SIKIIO 00JacTh Aii 3ycHib Oilbla 3a TOBIIMHY IUIMTH. [IpH 1IbOMY 3HAWICHI HANpPYKESHHS
MiJ] TPUKJIAJICHUM HaBaHTAXXCHHSIM BU3HAYAIOTHCS 3 OLIBINMMU IoXuOkamu. OHAK I HAIIPYKCHHS €
CTUCKYBAJILHUMH 1 HE € OCHOBHUMH B PO3paxyHKax Ha MII[HICTh OETOHHUX MaTepialiB.

KarouoBi cioBa: 1mra, HampyKeHHs, TPUBUMIpHA 3a/laya Teopii NPYXKHOCTi, pIBHSHHS
Kipxroga-Jlssa, cumBomiuauii po3s’sa3ok JlsBa, Qopmyna posknangy Bamenko-3axapueHko,
NEPETBOPEHHS XaHKEIS.

DETERMINATION OF STRESSES IN THICK PLATES UNDER
LOCALIZED LOADS

T. Solyar!, O. Solyar*
'Pidstryhach Institute for Applied Problems of Mechanics and Mathematics, NASU

Abstract: The problem of invesigating the stresses in the plates, which are subjected to the action
of concentrated forces and locally distributed load is considered. The stresses were determined on the
basis of the relations of the three-dimensional theory of elasticity using two methods. The first uses the
symbolic Lurie method with the additional application of Vashchenko-Zakharchenko expansion
formulas. The solution is constructed in the form of series, which exponentially converge at points
distant from the applied forces. However, these series converge slowly in the vicinity of the applied
load. In this regard, the solution of the problem is constructed by another method, using the Hankel
integral transformation. The approach to find special integrals appearing in problems of the theory of
elasticity for plates is proposed. After transformations, the relations for determining the stresses that
include the integrals of the functions exponentially attenuating at infinity are obtained. The relations
for determining the stresses in the plates on the basis of approximate equations using the Kirchhoff-
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Lev hypotheses are also given. For this case, the solutions for stresses subjected to the action of
concentrated forces and under locally distributed load are given in analytical form. There are cases
when stresses found by the elementary formulas, obtained on the basis of Kirchhoff-Lev equations
with sufficient accuracy for practice, can be applied in plate bending problems. In particular, it is
found that the determined stresses at the boundary opposite to the applied local load turn out to be
tensile and at the same time practically accurate if the force is greater than the thickness of the plate. In
this case the stresses found under the applied load are determined with larger errors. However, these
stresses are compressive and are not essential in the calculation of strength of concrete materials.

Keywords: Plate, stress, three-dimensional problem of the theory of elasticity, Kirchhoff-Lev
equation, symbolic Lev solution, Vashchenko-Zakharchenko expansion formula, Hankel
transformation.
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1 BCTYII

Y TexHimi Ta OYIIBHHUIITBI INMPOKO BHUKOPUCTOBYIOTHCSA IUIACTHHYATI EIIEMECHTH
KOHCTPYKLIN, sKi mnepeOdyBalOTh B YMOBaxX 3THHY. TOMYy JOCHIKCHHIO HaIlpy>KEHO-
nehOopMOBAHOTO CTaHy MiJ JI€I0 3rUHHUX HABAaHTAXEHb MPUCBSIYCHO 3HAYHY KUTBKICTh POOIT.
[Ipu npocnmimkeHHI HAmNpyXeHb Yy IUIUTaxX Ta OOOJIOHKax B JITEparypi, SK MPaBUIIO,
BHKOPHCTOBYIOTh HAOJMKEHI Teopii, sKi 0a3yloThCAd Ha TEBHUX TINOTE3aX. 30KpeMa,
HaOIIbII 3aCTOCOBHOIO € TEXHIYHA Teopis, sika Oa3yeThcsi Ha rimote3ax Kipxroda-Jlsasa.
OnHak mpH JTOCIIDKCHHI HANpyXXeHb OIS JIOKAJIbHO MPHUKIIAJACHUX HaBaHTAKEHb BHHHUKAE
CKJIQJIHUN HANpY>KEHUH CTaH, SKUH MOXE ICTOTHO BIAPI3HATHCS Bil JIHIMHOTO, SKUI
NpUKUMAIOTh B TEXHI4HIA Teopii. ToMy Juis JDOCTOBIPHOTO BH3HAYCHHS TaKHX HAIPY)KCHb
HEOOXiTHO BHKOPHCTOBYBAaTH TPUBHUMIpPHY Teopito mpyxHocti. Lli piBHAHHA 3HAYHO
CKJIQIHIIII 32 PIBHSHHS TEXHIYHOI TEOpii, TOMy BOHH B JIITEpaTypi BUKOPUCTOBYIOTHCS TITHKH
B OKpeMHX BHIaaKax. Hikue po3riisiHyTo 3a7adi BU3HAUYCHHS HANPYKEHb Y TOBCTUX IUIATAX
Ha OCHOBI TPUBUMIipHOT Teopii. OTprMaHi pe3yibTaTh MOKYTh OyTH BUKOPUCTAHI TAKOXK 1 17151
JIOKaJIbHO HABAHTA)KEHUX MOJIOTUX 00OJIOHOK.

2 AHAJIB JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

Metoau po3paxyHKy HampyX)eHO-1e()OpMOBAHOTO CTaHy IUIACTHH pi3HOI (opMHU Ha
OCHOBI TeXHIUHOi Teopii HaBeneHo B mpausax [11, 12]. Jnsg mumactuH npsaMOKyTHOI (opmu
epexTHBHUM BUsBUBCS MeToa psniB @yp’e [1, 7]. [Ipu posrisaai muactuH ckiagHoi Gopmu,
nociallIeHuX OTBOpaMH BHUKOPHCTOBYIOTHCS YMCIIOBI METOIM, SIKI 0a3yroTbcs Ha MeToJax
CKiHYeHHMX abo rpaHmyHuxX enemeHTiB [9, 10, 13]. Orpumani pe3yapTaTd Ha OCHOBI
IOPUKIAJAHUX TEOpid € JOCTaTHbO TOYHMMHU Ui TOHKHMX IUIACTUH, HAaBaHTa)KEHUX
PO3MOIIJICHIM HAaBaHTAXCHHSIM.

JocmipkeHHss 3a1ad Mpo MPYXHY pPIBHOBAry IUIACTHH Yy TPUBHMMIPHIM MOCTaHOBII
po3mIstHYTO B Tipatsix [4, 6, 8], Jusa po3B’s3yBaHHS TaKUX 3a/1ad BUKOPHUCTOBYIOTH METO]]
IHTErpaJIbHUX TepeTBOpeHb. HampykeHHs 1 MepeMillleHHs BU3HAYaIOThCS 4yepe3 HEBIACHI
IHTerpaiy, sKl € TOBUIbHO 301KHUMHU. JIJIsi NEesSKWX BHUIAIKIB, KOJM IIap HABAHTAKECHUM
30CepeKCHIMH CUJIaMH, B [8] 3alpormoHOBaHO CrmOCi0 OOYMCIEHHS IHTErpaliiB METOJIOM
mumikiB. OHaK Taki po3B’sI3KM BUPAXXEH1 Yepe3 psiau, SKI BUSBIINCH MOBUIBHO 301)KHUMHU B
OKOJI1 MPUKJIAZCHUX CHUIL.

Jlns obuncieHHs IHTErpajiB, Kl BUHUKAIOTh B 3a/ladax Teopii MPYXHOCTI /Ui 1apy, B
[6] 3amponoHOBaHO HAOIMXKEHHUH METOA, y SKOMY i (YHKILIi, 110 € MHOXXHUKOM JUIs
MIJIHTErpaIbHUX (PYHKIIIH

u
f(uy=——
W u+shu

BUKOPUCTAHO aHpOKCI/IMaHiIO BUTTIAAY
f.(u) = (-1.55u+1/2)e ™" +2ue™.

Ha ocHoBi wi€i anpokcumariii B [6] HaOIM)KEHO OTPUMaHO BUpPA3M Ul HEpeMillleHb 1
HampyXXeHb Yy Iapi, 110 3HAaXOOUThCS MiA 1€ 30CEPEHKEHUX CTUCKYBAJbHUX CHJI, B
aQHATITUYHOMY BUTJISIII.

CuMBOIYHMIA METOJ] TOOYAOBH pO3B’S3KIB PIBHAHBb TEOPil NPYXKHOCTI I IIapy
3anporoHoBaHui B podotax Jlyp’e [4]. Ha ocHOBI iboro merony B [3] 3anporoHOBaHO METO
OJTHOPITHUX PO3B’SI3KIB, SIKUH BUKOPUCTOBYIOTH MPH JIOCIIKEHHI HallpyXeHb O OTBOPIB.
JloBeIeHO MOXIIMBICTb, 3@ JONOMOTOI0 OJHOPIIHUX PO3B’SI3KIB 3aJ0BOJBHUTH KpaioBi
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YMOBH TSl ISSIKOTO KJIACY IUIOCKHX 3a7a4 ISl MPSIMOKYTHOT 00J1acTi, a TAKOXK 3a7a4 PO 3THH
OPSIMOKYTHOT TUTHTH.
Y mpami [5], Ha ocHOBI cuMmBodiuHOrO Meroay Jlyp’e, MoOymoOBaHO HEOAHOPIIHI
PO3B’SI3KH 3a/1a4 TEOpil IPYKHOCTI ISl IUTHT, HABAHTAXEHHUX PO3IOIICHUM HABAHTAKECHHSIM.
Posrismaerses ToBcTa IuactuHa —h<zZ<h. Hexaii miacruna nepebyBae mim miero
3yCHITb, IPUKJIAJICHAX JI0 MEXi pu Z = £h

T =Tyz =0, 6, =04,
ne 6, =6, (X, Y)—Bigomi QyHKII.

[Toxnanemo, 1110 NPUKIIaeHE HABAHTAKEHHSI € CAMO3PIBHOBAXKEHUM.
IIpuiimemo:

Ot :qi pl
e q=0.5(c5++c5_), p=0.5(c, —0c_).

[ToGynyemo edexkTuBHMIA PO3B 30K MOCTABICHOI 331a4i Ta BAKOHAEMO Ha OCHOBI HHOTO
JOCIIKeHHS HAIPYKEHb MIPH JIOKAII30BaHUX HABAHTAXXCHHSX Y MIapi.

3 b TA 3AJAYI JOCJIIUKEHHS

Jlns po3B’si3yBaHHS 3a1adi OKPEMO PO3IJIIHEMO CHMETPHYHY ¥ aHTHCUMETPHUYHY
CKJIAJIOBI.
CuMeTpuYHMii BUNAAOK. PO3riIsHEMO BUIIAIOK, KOJIM IIpU Z =+ 3a1aH0 HAPYKEHHs

Gz=q,‘EXZ=’L'YZ=0. 1)

Toni, Ha ocHOBI [4], MaeMO BHpa3u ISl TEpEMIlICHb, SIKI 3alKMCaHi Y CUMBOJIIYHOMY
BUTJISLIL

2 _
_ DO RES) o N R0 g v o @
2G ox d°A 2G A G A
e
A—1+Sin2d f _cosdCsind
—_ y O——1
d

f,(d,g) =cosdgcosd +csindcsind — (1—-2v)cosdcsind/d ,
f,(d,c) =[-d cosdsindg+dgcosdgsind —2(1—v)sindgsind ]d 2,
2 2
(-_',:i; d2=h2 a_+a_ .
Hanpy>xenHs Bu3HauaroThes 3a popmynamu [4]
u v 2 0% £(d,0) fo(d,C)

=2G| —+ 0 |=-h 1 +2v-0 , 3
ox [ax 1—2VJ o d’A | . )
2 fd0)

TX
¢ oxey  d2A
IlepemilieHHst V Ta HampyXeHHs G, OTPUMYIOTBCS 13 CHIBBIJHOWICHb st U, Oy
HUIIXOM 3aMiHu B HUX O/OX Ha 0/0y ta 0/oy ua O/0X.
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48 https://doi.org/10.31650/2618-0650-2021-4-1-45-63



https://doi.org/10.31650/2618-0650-2021-4-1-45-63

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

IV, Nel, 2022
Crop. 45-63 / Page 45-63

MakcuMalibHI  Hamnpy)KEHHsSI JIOCATAlOThCS HAa TPAaHUYHUX IUIOIIMHAX IUIACTHUHH.
3anuineMo BEIMYUHH, Ki BXOISTE y po3B’si30k ipu Z=h (£ =1):

sin 2d sin2d

fi=1-(1-2v) =2(1-v)-(1-2v)A, fy= 2d =A-1,
f,=—2(-v )sm d
To6to npu £ =1 maemo
2 1 1 1
GX=01 |:—2(1—V)ﬂ+(1—2V)?j|q+2\/(1—gjq,
Ty =010 [—2(1—v)i+(1—2v)i}q 4)
v d2A d2]”
ne
OX oy
TyT BUHUKAIOTH (PYHKILIIT BUTIISITY
SIChSN
d A

ne f(d,C) - uina ¢pynkuis aprymenty d, npudomy f(—d,C) = f(d,().
st Hel cnpaBeayiuBHi po3kiian [5]

f(Ot.'C)
F= Zl - q. +0,5(0,£)0p,

ne o — kopeHi piBHsHHs A =1+(sin2a/2a) =0, npugomy Rea; >0,
GyHKLIT §; — PO3B 30K PIBHAHHSA (d —q )qI g mpu i>1 ta d2q0 =q.
Jlnst po3TIIIHYTOI 33/1a4i B [5] OTpEMaHO pO3B’A30K Y BUTIISII:
hZ

h
u 2—5_“:1"_0 5f1(0 C)QO] W:_Edz[FZ“LO’SfZ(O’C)qO]’

o, =—0;[F +0, 5f1(0 g)qo]+2vd2[Fo+o,5fo(o,§)qo]:

Ac

3 Z J(OH : C)
' cos?q;

AHTI/ICI/IMeTpI/I‘lHa 3ajaa4a. P03FHHHCMO BHUIIaA0K, KOJIX HpI/I = ih 3a4aHO Hapr)KeHHH
=0, Ty = =Ty =0. (%)

To;u, Ha OCHOBI [4], MaeMO BHpasu ISl TEpeMIleHb, SIKI 3aMHCaHi Y CUMBOJIIYHOMY
BUTJISAIL
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h? 6 ¢,(d,6) h 9,(d,0) 1-2v ¢(d,C)
SN U AL VARVYSRLLER &1\l kA s S , 6
2Gox dZ " G d% ¢ 26 d% " ©)

Aac

sin2d
¢A¢@=ar2w@x¢@+ww@xs=r-;d

¢,(d,g) =2(1—-v)cosdccosd +dcsindgcosd —dsind cosdg,

@o(d,g) =cosdsindg/d, y(d,c) =gcosdgcosd +sindgsind .

Hal'[p}’)KCHHH BU3HAYArOTHCA 3a CHiBBiI[HOI_HeHHHMI/I

o, _ZG@: ﬁe}—@f cplégéC)q_ZVtPo(g,C)q’ @)
Ty =-8,0, (Pl(gd;)

IIpu £ =1 maemo

0oy = (1—2v )S'”Zd 1= 201-v)— (1-2v)5, ¢,(d,c) = 2(1—v)cos’d |

@o(d,c) = S';jd =1-3,

5, =07 2(1—v)d—2§51— 2v)3 q _zvlgs q-

1 1 1
=-07| 2(1-v)—5=—(1-2v) =5 [g—2v| -1+= |q.
TyT BUHUKAIOTH (DYHKILI{ BUTIISATY

_9(d.,9)
d2s

ne ¢(d,§) - uina gynkuis aprymenty d , mpuuomy ¢(—d,&) =¢(d, ) .
Jns Hel cnpaBeanuBuil po3knan [S]

P,

Z;,('S’I(Eg) Py +Apg +Bd?py

ne B; —kopeni piBusas A =1-(sin2B/2B) =0, npugomy Ref; >0,

GyHKIIT P; — pO3B’SI30K PIBHAHHS (d2 —B,Z) p;j=p mpu i>1 ta d4p0 =p.
Tyr A, B —koedimientu po3kiany B psia B okoi Toukn d =0

odQ_A B

d%  d* d?
Toni
u:—ial(d)lﬂnl), WLE (@, +0,),
2G 2G
Oy :—612(®1+(01)+2vd2(®0 +0)0), Tyy =—8182(<Dl+0)1), 8)
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Aac

<NOH (NS .

O = )
.2 i
ia sin“f;

J

Tyr
®; = AP +B;d?py,

_ 3, 5.8 ¢
A =31-v)¢,B, =0.5(v-2)¢3+0.3(2+3v)¢,
A, =3(1-v), B, =1.5v{?-0.3(8—3v).

Hist 3ocepexxkenoi cumim. Po3risHeMo BMIANOK, KOIM 30cepemkeHa cuia By
MpUKJIaIeHa 10 BepxHboi Mexi turactuau B T. (0,0,h). Toxmi

p=g =%6(x)6(y>.

Ha ocHoBi [5] oTpumaemo Bupasu ams pyHKITIH, yepes siKi BUIIIE 3alIUCaHO PO3B’A30K

q; = —CKy (a;p)/h?, i >0, gy =clnp/h?,

b =—cKo(Bip), i>0, d2p,=clnp/h?, p, = Sinp(p? —1)/h?,
i 0\Fi 0 0 4

ne Ky(X)— dynxuis Maxnonansiga, p=r/h, ¢ = (]/27:)( F’O/Z) :

HampyxeHnHs, mo BiANOBIJAIOTh CHUMETPUYHIA W aHTHUCUMETPUYHIA CKJIaJJOBUM Ha
BEpXHill Mexi1 OyyTh

oy =—07 [F+0,5%,(0,5)0p ] +2vd?[Fy +0,54(0,8)dy | = —07F, + 2vd * Ry + vd30,,
Ty =010, [F +0,5%,(0,8)p ] = ~010, [ + v ].
0'3 =—6§ (®1+(01)+2Vd2((b0 +(00), Tiy =_6162 (CD]_-I-(D]_).

Kopeni 0;,; € xommuekcanmmu uucinamu. @Dynknii MaxnoHanbga NpH  BEITHKHX

3HAYCHHSX apryMeHTy mMaioTh Burisia K, (z) ~exp(—Rez). To6To,

F; ~exp(-Re(oy)p), @; ~exp(—-Re(B,)p),
npudomy [8]
Re(oy) =2.165, Re(B;) =3.749.

3BiicM BWIUIMBaE, 00 NOpu p>3 CKIAJOBUMHU Fj, D j Y HaBeACHHX BHINE

CHIBBITHOIIIEHHSX MOXXHA HEXTyBaTH. T00TO, 1Jis BU3SHAUEHHS HAMPYXKEHb MpU p >3 MAEMO
MPOCTi HAOMMKEHI CITiBBIIHOIICHHS

oy = v@%qo, Tiy =—Vv0,0,0y ,
0% =02 [ 3(1-v) Py + (-0.4+1.4v)d2p, |+ 2v(~15d2p, +0.7p),
o8, =010, 30-v) Py + (-0.4+1.4v)d2py |,
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6t —cd = —[3(1—v)af Po +3v(02 +62) po] —02(=0.4+1.4v)d?py +1.4vp =

X

3(8l p0+va )p0+81(04 14v)d Po+1.4vp.

Bu3HayeHHsI HAaNpy:KeHb i3 3aCTOCYBAHHSIM IHTErpajibHOr0 NepeTBOPEHHS
XaunkeJs.

HaBenenuii Bumie po3B’S30K 3amMcaHO B pAgaxX, fAKi y BHIAAKY JIOKaJi30BaHHX
HaBaHTaKEHb 30iraloThCs MOBUIBHO. TOMY HMKYE OTPUMAHO PO3B’SI30K 3 BUKOPHCTaHHSAM
IHTErpaJIbHOTO IMepeTBOpeHHs XaHkensd. [Ipm BHKOpHCTaHHI AAHOTO MIAXOXY HEOOX1THO
PO3IIIAAATH BUIMAAOK, KOJIM IUIACTUHA HABAaHTA)KEHA CHCTEMOIO CaMO3PiBHOBAXEHUX CHII
(TIIBKHM Y IBOMY BUTIAJIKY J1aJli OTPUMYIOTHCS 301KHI 1HTErpaJin)

N N
p= ZPiS(X—Xi)S(y— ¥i), 4= ZQiS(X_Xi)S(y_ Yi)
i=1 i=1

IIpUIOMY BUKOHYKOTBCS YMOBU piBHOBaFI/I

N N N
2.R=0, > xR=0, > yR=0. 9)
i=1 i=1 i=1
306pa3zumo [5]
1 &7 1A
==Y R[AI(r)dn, g==-"Q [AJo(Ar)d2,
2 5 2nig

i=1

ae :\/(X—Xi)sz(y—Yi)2 :
Bpaxyemo, 110 [4]

f(d)p= Z ka(lxh)Jo(kr)dk f(d)q= ZQ' jxf(mh)ao(xr)dx

1 1

Toxi Hanpy>kXeHHS, [K1 BIAMOB1IaI0Th CUMETPUYHIN CKIIa10BiH OyayTh
— 02F, + 2vF +2vq+(1-2v)2 L — a0,
=-01h 0 q Vldz!rxy__lzl’
ae

i jml(mhg) 30 )d

)” A(irh)
1 Mo(mh 5 or
= gq J =y o

3Biacu pu £ =1 maemo

o5 = 2(1- V) ZZQJ Jo(mpi) -1

dn-
2n h2 i=1 0 T]A(n)

N
- hzZQ.IA( (e )dn+2va-+ (=206

A(M) =1+sh2n/2n, p;=r/h. (10)
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Tyr mig iHTerpalioM [0JaHI CKJIAIOBi, sKi 3a0e3meuyroTh 30DKHICTH 1HTETPAiB.
AHAJIOTIYHO JIJI1 aHTHCUMETPHYHOI CKJIaJIOBOi 3 BAKOPUCTAHHIM YMOB piBHOBar# (9) Mmaemo

oo 20~ V)Z o(npi)—1+o,25n2p?d
T e — nd(n)

2nhzz fg() o(npi)—1]dn+2vp+(1—2v)alzd_p2,

d(Mm) =1-sh2n/2n. (11)
3anuiieMo moxiaHi, yepes siki BA3HAYAIOThCS HAPY/KCHHS:

01do(yp) = —Jl(vp)v% ;

2 2
6fJo<vp)={Jo(vp)—M}(y§j -3,
w [Up o

1(3’9)} v2En ) 1En
w ] p ’

01020 (vP) =—{Jo(vp) +J;(mp

ne p=y&2+n’.

Bunagoxk po3nogiieHoro HaBaHTa)KeHHsl. PO3MIITHEMO BHIIAIOK, KOJIM I[UIACTHUHA
nepeOyBae i Ji€r0 3yCHIlb, SIKI PO3MOAUICH] M0 OKpEMHX 00IaCTsAX, IPUYOMY MPHUKIATCHE
HaBaHTa)XCHHs caMo3piBHOBakeHe. Hexail

N N
p ZZPjS(rj) » 4= ZQjS(rj),
=1 =

ne s(r)— Bigoma ¢yHKIs, KA BiAMiHHA BiJ HYJS B 001acTi r < R, R —3anana BenuyuHa.
3o00pa3zumo ¢yHkiio S(r) y BUTIISIL IHTErpaia XaHKels

s(r) :Txé(x)Jo(xr)dx,
0

e

0 R
5(0) = j rs(r)d o (Ar)dr = j rs(r)J,(Ar)dr .
0 0

Toni
R ) 2] IE (g 2 2
- hZZQ. j (n/h) () o(npi)dn+2vq+(1—2v)af;iz,
3_2;1 h:)gpj (n/hy2 20(1P1) Els(+c))25n pizdn_
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prs(ﬂ/h)— Jo(pp) ~1]dn+2vp+(1-2v)a2 L.

on h2 d?

30erMa, PO3IIAHEMO BHUIIA/I0K, KOJIH

Toni
5(0) = jr(l r?/IR?)J,(Ar)dr = (r =Rt) = th(l t2)J, (ARt)dt .

Bukopucraemo interpan Burisiay [2]

1 2

J w4 1] 3 J
[pa-p?)3op)dp =220 Jl(v){y—g——} R WEO
0 Y Y Y Y Y
Toni

s[M)_Rr2 R _ Jo() | ,(¥)
S(hj_R S(khj,ne S(y)=-2 YZ +4 y3 :

JU1st 1boro BUNaaKy QyHKIIs [y BU3HAYAETHCS 3 PIBHIHHS

d%p, = @-r?/R%), r<R,
0 0, r>R.

P03B’s130K 11bOTO piBHAHHS HA0Yy/1€ BUTIISAY

(5] () (3 ()

I (S
ut w2 1 u® ut u? 17
1672 T VTt 576 64 64 576’ !
f,(u) = fy(u) =
=(Inu+1), u>1, 1+3u° Inu, u>1.
4 48

[ToxizaHi, yepe3 AKi BU3HAYAIOThCS HANPYKEHHs, Oy1yTh
4 2 2
R r 0 r R r r
a12 Po = [F) 512 f (Ej ( j 8}; — f ( j: (Fj [ f2 (Ej EJZ + fy (Ej} )
? L (r r r
o7d®pg :8_21,2 fl(ﬁ) = fi (EJEJZ + fll(ﬁj ,

ne &=xIr,
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ut u? u? 1
' -t =t ugla ' ' +—, USl,
_fHWw _J 96 16 32 B0
u 1 1
“hut+—+—, u>l ———, U>],
8 u: 16 8u- 24u
2
1 1
- ——+—, U<l . ‘ —=, u<l],
Cayo @ T Cot ] ]2
n(U)=—"-"= p(U) =2 2= =1
—, u>1, —— u>1
A 2u

Ha Benukux BifCTaHSX BiJl MPUKIAJEHOTO HABAHTAXKEHHS HAIPY)KEHHS MOXYTh OyTH
pO3paxoBaHi Ha OCHOBI HaBEJICHUX BHIIE HAOIM)KCHHUX CITIBBIHOIIICHD

Oy = Vag%’ Tf(y =—Vv0,0,0y,

oy :_alz(Alpo + Bld2p0)+2v(A0d2po + Bop)’

Tf(ly =_‘31‘92('°‘1F)0Jr Bldzpo)- (12)
Tyt npu £ =1 maemo

A = —g, B, =0.7, A =3(-v), B,=—0.4+14v.

V BUNAJKy ITIaJKOTO HABAHTAKEHHS YTOUHEHI 3HAYEHHS JUIS HANPY)KEHb Gy HABEJICHI B
mpari [5]

oS =vo5Q,+0%, (13)
ne

oy = %(612 +v8§)q :

Po3rnsHeMo TakoX BUMAJOK, KOJIM JUId JaHOI 3a7jayl BUKOPUCTOBYETHCS TEXHIYHA TEOPis
3TUHY IUINT, sika 6a3yeTbes Ha rinoresi Kipxroga-Jlgsa. Toal HanpykeHHS BU3HA4YalOThCS 32
¢dopmynoro[11 ]

oy =—A 8 Py +2vAyd® py = —3(L-v)O7 po —3vdpy =-3(8] +v&3 ) by (14)

4 PE3VYJBTATU NJOCJIAKEHDb

Po3rnsiHyro BHMAgOK, KOJIM IUIaCTHMHA HaBaHTaXEHa 3YCHIULIMM Ha BEpPXHIA Mexi
IJJACTUHU, TPUIOMY

o, (X, y,h) ==0ps(r) +0.50,8(11) +0.50s(r,) ,
Jie 0y — MAKCUMAJIbHUN TUCK.

Tyt ¢GyHKUisA S BIAMIHHOIO Bl HyJIs B TPhOX 00JACTSAX 3 LIEHTPOM B Toukax (—X;,0),
(0,0), (x.,0).
Po3paxyHku BHKOHaHO mpu X, =06h Ta pi3HMX 3HayeHHSAX paniyciB obnacrteil

HaBaHTaxeHHs. Ha puc. 1 HaBCICHO BiIlHCCCHi A0 MaKCUMAJIbHOT'O TUCKY HAIIPpY>XXCHHA G, Ha
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BepxHiit Mexi rutactuan ipu Y =0, Z=h (kpuBa 1) Tanpu y =0 (kpuBa 2), komu R/h=0.5.

RIh=0,5, y=0

15

1

0.5
—
X .05 /

o

S8
P

1 <

-1.5

27

2.5

0 2 4 6 8 10 12 14 16 18
x/h

Puc. 1. BinnocHi Hanpysxenns npu R/h=0.5

Tyt anst mopiBHAHHS KpuBOIO 1' HaBeleHO poO3paxoBaHi HampyxeHHs npu Z=h Ha
OCHOBI HaOJIMKEHUX CITIBBIJTHOIICHB, SIKI YTOYHIOIOTH Teopito Kipxroda-Jlsisa.
AHajorivHi pe3ynbTaTé po3paxyHkiB mpu R/h =1, 2, 3 HaBeneHo Ha puc. 2-4.

R/h=1,y=0

0.5

e
\/

-

0.5

iR
Sy
\\s
N
N
\
RR

‘\
N

-1.5
0 8 10 12 14 16 18

x/h

N
IS
o

Puc. 2. BinHocHi Hanpysxennst mpu R/h =1

R/h=2, y=0

N
bx_l 1//\ _—

0 2 4 6 8 10 12 14 16 18
x/h

Puc. 3. BigHocHi Hanpysxennst ipu R/h =2
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RIh=3, y=0

6™\

AN,

N
/

. /’
PN

0 2 4 6 8 10 12 14 16 18
x/h

Puc. 4. BignocHi Hanpyxenus mpu R/h =3
CymapHe HaBaHTa)K€HHs, sKe NPUKIaJeHe 10 MIacTuHH Oyne Q) = O.5nR2q0 . Bigaeceni

1o BenuuuHU Q) HampyXKeHHs HaBeAEHO Ha puc. 5-9.

R/h=0,5
3

r_

.

0 2 4 6 8 10 12 14 16 18
x/h

Puc. 5. BinnocHi Hanpyxenns npu R/h=0.5

R/h=1

0 2 4 6 8 10 12 14 16 18
x/h

Puc. 6. BinnocHi nanpysxenns mpu R/h=1
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0.6

AN,

0 \k/\\ 1N
bxm ///\/

W

-0.6

-0.8
0 2 4 6 8 10 12 14 16 18

x/h

Puc. 7. BignocHi HanpyxeHHs npu R/h =2

R/h=3
0.5

T\
o\ 2
o\
w N //\\

& _0.: /\ — —==
. 4\ g

0.3 / 1
0.4 / !

0.5

2 4 6 8 10 12 14 16 18
x/h

Puc. 8. BingnocHi Hanpyxenus mpu R/h =3
3 puc. 5-8 BUIHO, 110 MaKCUMallbHI HANpPY)KEHHS, SKi BIJHECEH1 /10 BEIMYMHU TMOBHOI
CHJIH JUTS BUMAAKIB, Ko R/h>1 BusBuiucek 61n3KUMH 3a BETHYHHOLO.
BuxoHaHo po3paxyHOK HampyXeHb @pH PI3HUX BIACTaHAX MDK MPUKIAJACHUMU
obmactsMu nii 3ycuns. Ha puc. 9 xpusum 1, 1', 1", 1" BianosimatoTs BigHeceHi mo Q
Hanpyxenuss npu Z=h,x, =6h, 8.5h, 11h, 3.5h HaBemeni pesymbraté po3paxyHKiB.

Amanorivni qani 11s HKHBOT Mexi iacTunu ( Z =—h) HaBeneno Ha puc. 9 kpuBumu 2.

Comap T. 4., Comsip O. L.
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0.6

04 AY L
02 P~ L -

~
-
——————

-0.2 i
//’, /(
)
1

0.4~

-0.6

0.8
0 2 4 6 8 10 12

x/h

Puc. 9. Po3nozin BiTHOCHUX HANpy>KeHb 3aJIEKHO BiJI BIICTaHI MK IPUKJIAJACHUMH 3yCHIUIIMH

3 pucyHKa BHJIHO, IO NpH 30LIBIICHHI BIACTaHI MK MPUKIAICHUMH 3YCHIUISIMHU
MaKCHMaJIbHI HaPY>KEHHS JCII0 3POCTAIOTh 33 BEIMYHNHOIO.

3 HaBeJICHUX BHINE PUCYHKIB BHIHO, 1m0 pu R/h>1 nHanpyxenns Ha oOMIBOX Me)ax
MOXKYTh PO3pPaxOBYBaTHCh HA OCHOBI CIIPOIIEHUX HAOIIMKEHUX CITiBBIIHOIICHb. BHKOHAHO
pospaxyHku 3a Teopiero Kipxroga-Jlssa npu R/h=2, pesyasraru skux naseneni na puc. 10
kpuBumu 1', 2'.

0.6

2
\\<
0.2 / \ \
2 / ------
x //\ /—’__
° 0 p / \.__/
V. T /
-0.4 %"'\
1
0.6
08, 1 2 3 4 5 6 7 8 9 10

x/h

Puc. 10. [TopiBHsIHHS pe3ysbTaTiB po3paxyHKiB 3a TOYHOIO Teopiero Ta Teopieto Kipxroga-Jlssa
npu R/h=2

Amarorivni pe3ysnbrati po3paxyskis npu R/h =1 306paxeno Ha puc. 11.
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0 1 2 3 4 5 6 7 8 9 10
x/h

Puc. 11. [TopiBHIHHS pe3yNbTaTiB po3paxyHKiB 3a TOYHOIO TeOpi€ero Ta Teopieto Kipxroda-
JIssea ipu R/h=1

3 puc. 10 BUgHO, 110 HANPYKEHHS MiJ MPUKIAACHUM HaBaHTaKeHHsSM (kpuBi 1 1 1')
JICIIO BIJIPI3HAIOTECS MK COOOK0 — MaKCHMalbHE BimxwieHHs nocsrae 14%. OmHak i
HaNpy>KeHHsI € CTUCKYBAJIbHUMH 1 JUIsi OETOHHUX MaTepiajiiB BOHU HE € OCHOBHUMHU. B Toit ke
Yyac HaNpYKEHHS Ha TNPOTWICKHIM Mexi rmtu (npu Z=-h), obumcieHi 3a Teopieto
Kipxroda-JIsBa BUSBUINCH PO3TATYBAJILHUMM 1 BOJHOYAC IPAKTUYHO TOYHHUMHU.

Ipu R/h=1 pospaxoBani 3a TEXHIYHOIO TEOPI€I0 HANMPYXKEHHS IIiJl MPHUKIAJICHUM
HABAaHTAXXCHHSM YK€ ICTOTHO BIAPI3HSIOTHCS Bin TouHUX (AuB. puc. 11), B To# xe yac, sK
po3paxoBaHi HAOMMIKEHO pPO3TATYBAIbHI HANpPY)KEHHS Ha MPOTHICKHIH MeEXi IUIUTH
BUSIBUWIMCH TAKOX MPAKTHYHO TOUHUMHU.

3BiJICM BMIUIMBA€, L0 NMPH PO3paxyHKax Ha MILHICTh OCTOHHMX IJIMT B OKOJI OIOP
OCHOBHI JJI1 PO3paxyHKIB pO3TATYBajJbHI HANpy>KEHHS MOXYTh OyTH BHU3HAY€HI Ha OCHOBI
TEXHIYHOI Teopil IUIUT 1 y BUMAJKY, KOJM HABAHTAXXEHHS IMPHUKIAJCHO JIOKATI30BaHO MpPHU
R>h. HaBenemo 1me pe3yiabTaTd po3paxyHKiB IPH BHCOKOJIOKATi30BAHOMY HAaBaHTAXKEHHI,
ko R/h=0,5.

15

1/ /N

0 » :’nm--_ ___—g ---------- x ----- —

2.5

0 1 2 3 4 5 6 7 8 9 10
x/h

Puc. 12. TTopiBHsIHHS pe3ysIbTaTiB pO3paxyHKIiB 32 TOYHOIO Teopiero Ta Teopieto Kipxroda-Jlssa
npu R/h=0.5.
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HaBeneni Ha puc. 12 nmaHi BKa3yloTh, IO 1 B LBOMY BHUMAAKy JUISI HaOJIMKEHOTO
PO3paxyHKy pO3TATYBAIBHUX HATPYKEHb MOXKE OYTH BUKOPUCTaHA TEXHIYHA TEOPist 3STUHY.

HaBenemo pesynbraTd po3paxyHKIB HalpyKeHb G, 3aleXHO BiJ KoedilieHTa
[Tyaccona. Ha puc. 12 HaBemeHo BimHOCHI HanpyxenHs npu Z=-h 3a 3HaueHb
v=0; 0.2; 0.3, 0.5, R/h=2. IllTpuxoBuMH KPUBUMHU HABEIECHO HANPYKEHHS, SKi
pO3paxoBaHi 3a TEXHIYHOIO TEOPIETO.

05

A
"\
. / \\

//—_—_ I
A

2 4 6 8 10 12 14
x/h

0.2
0

Puc. 13. 3anexHicts HanpyXeHp Big koedirienra [Tyaccona

5 OBI'OBOPEHHS PE3YJIBTATIB JOCJI/KEHHS

3arponoHOBaHO J[BA IMiJXOAW 10 BU3HAYEHHS HANpPY)KEHb Y IUINTI, sKa mepedyBae mij
JI€10 JIOKAJII30BaHOTO HABAHTAKEHHS. Y MepIIOMY — PO3B’A30K 3allMCaHO Y BUTIISAAL PSIB, SKI
€KCIIOHEHIIAJIbHO 301raroThcs Mo3a o01acTio i HAaBaHTAXXEHHs. Y JAPYroMy — pPO3B’SI30K
3alMCcaHo Yepe3 IMBUAKO30DKHI iHTerpaiu. BUKOHaHO nOCHiIKeHHs HalpyKeHb B 1Iapi Ipu
Tii 30CepeKEHNX CHJI Ta BiJ Ail JIOKaJi30BaHO PO3MOJIJIEHOTO HaBaHTakeHHs. [IpoBeneHo
MOPIBHSHHS Pe3yJbTaTiB PO3PaXxyHKy HAIPYKEHb 32 TPUBUMIPHOIO TEOPI€I0 MPYKHOCTI Ta Ha
OCHOBI TEXHIYHUX TEOPIiH.

BcraHoBneHo Bumajnku, KOJM HANpyXeHHs, fKi 3HalJEeHI Ha OCHOBI €JeMEHTapHUX
¢dbopMyi, 1m0 oTpuMaHi Ha OCHOBI piBHSAHb Kipxroda-JIsBa 3 n0oCTaTHBOIO AN MPAKTHKU
TOYHICTIO MOXXYThb OYyTH 3aCTOCOBaHI B 3ajjayaxX 3rMHY IUIMT. 30KpeMa BCTAHOBJIEHO, IO
BHU3HAUEH1 HANPY)XEHHsI Ha MPOTUJIEKHIM MEX1 BiJl MPUKJIAJEHOTO JIOKAJIbHO HAaBAHTAXKECHHS
BUSBWINCH PO3TATYBAIBHUMHU 1 BOJHOYAC MPAKTMYHO TOYHHMHM, SKIIO 00NAcCTh Aii 3yCHIIb
Oulplla 3a TOBIUMHY MIUTH. I[Ipy 1bOMY 3HaAWJEH!I HANPY)KEHHA MiJ MPUKIAJIEHUM
HaBaHTAXEHHAM OOYMCIIOIOThCA 3 OuIbluMH HoxuOkamMu. OJHAK I HANpYXEHHS €
CTUCKYBAJIbHUMH 1 JJ11 OETOHHUX MaTepiajiiB BOHU HE € OCHOBHUMH.

BcranoBrneHo, 1110 HanpysKeHHs ICTOTHO 3ayiexath Bix koediuieHta [lyaccona. 3okpema,
P 3pOCTaHHI I[bOT0 KoedillleHTa MaKCUMaJIbH1 HANPY>KEHHS TaKOXK 3pocTatoTh. O0uncieH1
3a TEXHIYHOIO TEOPI€I0 PO3TATYBaIbHI HANPYKEHHS BUSBUIMCH TAaKOXK OJIM3BKUMHU JI0 TOUHHX
MpH BCiX 3HaueHHsAX kKoedimierTa [lyaccona.
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6 BHUCHOBKU

Po3po6iieHo MeTOIMKY TOCIIIPKEHHS HAMPY)KEeHb Y TJIUTaX, SKi IepeOyBaroTh i T1€r0
MIPUKIIQJICHUX CUCTEMH 30CEPEPKEHUX CHII 1 JIOKAIbHO PO3IIOAITICHOTO HaBaHTaKeHHs. J{iist
BH3HAYCHHS HAIIPY>KEHb BUKOPHUCTAHO CITIBBITHOIICHHS TPUBUMIPHOI TE€OPii MPy>KHOCTI. 3
BUKOPUCTAHHSIM CUMBOIIYHOTO MeTony Jlyp’e Ta popmyn po3knany Bamenko-3axapueHKo.
PO3B’A30K MOOYA0BAHO Y BUTJISL PAJIIB, SIK1 €KCIIOHEHIIIAIBHO 301ral0ThCsl Y BIJAIICHUX BiJT
MPUKIIAJACHUX CHII TouKaxX. [lo0ymoBaHO TakoXK po3B’sI30K 3a/1a4i iIHIIIMM METO/I0M 3 BUKOPHC-
TaHHSIM IHTETPAILHOTO IEPETBOPCHHST XaHKelsl. 3alpOIIOHOBAHO MMiAXI 10 3HAXOHKECHHS
0COOJIMBHX 1HTETrpaliB, SIKi BUHUKAIOTh Y 3a/1a4ax Teopii npykHocTi A muT. HaBeneHo
TaKOX CITIBBIHOIICHHS JUIsl BU3SHAYCHHS HAIPYXXCHb Y IUTUTAaX Ha OCHOBI HAOJIM)KEHUX
piBHSHB, sKi 0a3ytoThes Ha rimoTe3ax Kipxroga-JIssa. Ha ocHOBI 0OTpuMaHMX CIiBBiIHOIICHD
BUKOHAHO PO3paxyHKH HAIIPYKEHb Yy TUINTI, sIKa epe0yBae B yMOBaxX 3TUHY M1 JI€0
CHCTEMH CaMO 3piBHOBKEHHX CHJI a00 MiJ €0 PO3MOAIICHOTO HABAHTAXKEHHSI.
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YK 539.3

JOCJIIKEHHS TE®@OPMYBAHHS BATATOILHAPOBOI
TPAHCBEPCAJIbBHO-I30TPOITHOI IIVIMTU HA ’KOPCTKIH
OCHOBI 3A BE33I'MHOBOIO YTOYHEHOIO
KOHTHUHYAJIBHOIO MOJIEJIJIIO

I'yproBuii O. r. Tunuyk C. o.!

1 . ..
Hal/ﬂOHaﬂle/lu YHl6epcumeni 800H020 ZOCHOO(JPCI’}’IS(I ma npupoéoxopucmysaHHﬂ

AHoTamnisn: Bucokorouna ominka HampyxeHo-aedopmoBaHoro crany (HAC) Gararomaposux
IUIUT Ha JKOPCTKHX OCHOBaX INpH [il CTallioHAPHOTO IMOMEPEYHOrO HABAHTAXKECHHS € aKTyalbHOIO
3a/la4er0, OCKIIBKK JI0 HEi 3BOJATHCS PO3PAXyHKH MIITHOCTI Ta Ae)OpMaTUBHOCTI PI3HOTO POAY
OMHOPIMHMX Ta OaraTomapoBuX NOKPHUTTIB. Lle po3paxyHOK IOPOKHBOTO OJSTy Ha BIJHOCHO
XKOPCTKUX MOCTOBHX KOHCTPYKIIifX, a00 Ha HeJAeGOpMiBHOMY MiJCTHIAIOUOMY IHapi 4M 3aXHCHUX
0araTomapoBuX IMOKPHUTTIB IJIOCKUX E€JIEMEHTIB KOHCTPYKIIH OUIBIIOI KOPCTKOCTI, HIX TMOKPHUTTS,
tomo. OO0’eqHaHHA MarepialiB 3 130TPOIMMHUMH Ta TPAHCBEPCAIBHO-130TPOMHUMHE (Di3UIHUMU
XapakTepucTUKaMu B 0OaraTomrapoBuii MakeT JO3BOJISIE CTBOPIOBATH  OaraTo(yHKIIOHATbHI
koHCTpyKIii. HAC Takux KOHCTPYKIIiH, 3BaKatOUd HAa iX CTPYKTYPHY HEOIHOPIAHICTH Ta BiTHOCHO
HU3BKY TIOTIEPEYHY JKOPCTKICTh OKPEMHX MIapiB, CYTTEBO IIOB’SI3aHUI 3 BIUIMBOM JedopMariiit
MOMEPEYHOTO 3CYBY Ta JedopMaliii MONepevyHOro OOTHCHEHHS. TOMy aKTyaldbHOIO € 3ajada
yrounenoro mojemosanns HJC mut, sika 6 BpaxoByBana 1i BuaM aedopmamiii. IpynTyrouncs Ha
posknamanHi HJIC mmutm Ha 3ruHOBI Ta OE33THMHOBI  CKIIQIOBI, MPOTIOHYETHCS ONTHMI3aIlis
PO3paxyHKOBOI cxeMu JehopMyBaHHsI MPSIMOKYTHOI 0araTroiapoBol INIMTH Ha XKOPCTKil ocHOBI. CyTh
OINITUMi3alii MoJyisirae B PO3MIISAl TaKoi PO3paxyHKOBOI cxeMu IunTH, B skiii HJIC miuTu nmoBHICTIO
orucyBaBcs O JHIe OAHOIO CKJIAIOBOO, a came 0e33ruHoBoro ckiamooto HIC. [lnst mporo 3amicts
peasibHOI KOHCTPYKIii OaraTomapoBoi IuTH, IO JaedopMyeTbcs O€3 BiIPpUBY Bil OCHOBH,
MPOTIOHYETBCSL PO3TIISAATH PO3PAXYHKOBY CXEMY IUIUTH, SKa YTBOPEHAa CHMETPUYHOIO J00YI0BOIO
BiJIHOCHO MOBEPXHI KOHTAKTY JaHOI IUTUTH 3 OCHOBOIO. Y IbOMY BHITJKy IUIUTA OYyJe JBOCTOPOHHBO
CHMETPHYHO HABAaHTA)KEHOIO BiTHOCHO CEpPEAMHHOI MOBEPXHI IUIMTH, a TOBIIMHA TUIUTH 301UIBIIATHCS
BiBoe. HIIC mmtu Oyzae 6e33ruHOBHUM, IO CYTTEBO CIPOIIYE HOro MOJietoBaHHs. J{Jis 0€33rHHOBOTO
HJIC nmobGynoBaHa B py»Hil TIOCTAHOBIII JBOBUMIpHA, BUCOKOTO CTYIICHS iTEpaIlifHOr0 HAOIVKEHHS,
ame TpUBHMIpHa 3a xapakrtepoM BimoOpaxkenHs HJIC monens nedopmyBaHHS OaraTormapoBHX
NPSMOKYTHHX IUTHT Ha KOPCTKIH OCHOBI 3 i30TPOITHMMH Ta TPaHCBEPCATBbHO-130TPOITHUMH IIapaMu,
sIKa JIOCTaTHBO TIOBHO BpaxoBye jaedopMaliii monepeuyHoro 3cyBy Ta MOMEPEYHOTO OOTHCHEHHS MpH
MONIEPEeYHOMY HABAaHTAXKEHHI IUIMTH. BHWKOHAHO METOAOM CKIHYEHHHMX PpI3HHIB PO3PAaXyHKH
OJTHOPITHUX Ta JIBOIIAPOBUX TPAHCBEPCATBHO-I30TPOITHUX IUIUT HA KOPCTKIMl OCHOBI M HIi€ro
PIBHOMIPHO PO3IOJIIEHOTO 110 MOBEPXHI IUIUTH Ta JIOKAIi30BAHOTO MOINEPEYHUX HABAHTAKCHb.

KirouoBi cioBa: OaratomapoBa IUIMTA, JKOPCTKa OCHOBA, IOIEPEYHHMH 3CYB, IONEPEYHE
OOTHCHEHHS, KOHTHHYaJIbHA MOJIEITb.

INVESTIGATION DEFORMATION OF A MULTILAYERED
TRANSVERSAL-ISOTROPIC PLATE ON A RIGID FOUNDATION
BY UNFLEXURAL REFINED CONTINUAL MODEL

O. Gurtovyi', S. Tynchuk®
National University of Water and Environmental Engineering

Abstract: The high-precision estimation of the stress-strain state (SSS) of multilayered plates on
a rigid foundation under the action of stationary transverse loading is an urgent task. As its includes

I'yprowmii O.I"., Tuauyk C.O.
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the calculations of strength and deformability of various homogeneous and multilayer coatings. This is
the calculation of road surface on relatively rigid bridge structures, or on a non-deformable underlying
layer or calculation protective multilayer coatings of flat structural elements of greater rigidity than
coatings, etc. The combining of materials with isotropic and transversal-isotropic physical
characteristics into a multilayer package allows creating of the multifunctional designs. The SSS of
such structures due to their structural heterogeneity and the relatively low transverse stiffness of the
individual layers is significantly associated with the effect of transverse shear deformations and
transverse compression deformations. Therefore, the problem of refined modelling of SSS of plates,
which takes into account these types of deformations, is an urgent one. Based on the decomposition
the SSS of plate into the flexural and unflexural components, it is proposed to optimize the design
diagram of deformation a rectangular multilayer plate on a rigid foundation. The essence of
optimization is to consider such a design diagram of the plate, in which the SSS of plate would be
fully described by only one component, namely the unflexural component of SSS. To do this, instead
of the actual design of the multilayer plate, which is deformed without separation from the foundation,
it is suggested to consider the design diagram of the plate, which is formed by supplementing it with a
symmetric one about the contact surface of the foundation. In this case, the plate will be symmetrically
loaded with respect to the middle surface of the plate, and the thickness of the plate will double. The
SSS of plate will be unflexural, which greatly simplifies its modeling. For unflexural SSS, a two-
dimensional and high-degree iterative approximation but three-dimensional by the nature reflection of
SSS, model of deformation of multilayer rectangular plates on a rigid foundation with isotropic and
transverse-isotropic layers is constructed in an elastic formulation. This model takes full account
deformations of transverse shear and of transverse compression at transverse loading of a plate.
Calculations of homogeneous and two-layer transverse-isotropic plates on a rigid foundation under the
action evenly distributed and localized transverse loads on the surface of a plate are performed by the
finite difference method.

Keywords: a multilayered plate, a rigid foundation, transverse shear, transverse compression,
continual model.

I'yprosuit O.I'., Tunuyk C.O.
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1 BCTYII

Po3poOka 1 umcioBa peamizalis YTOYHEHHMX METOAMK PO3PAXyHKY aHI30TPOIMHHUX
OaraTomapoBuX IUITUT Ha KOPCTKiI OCHOBI € BOXJIMBOIO 33/1a4€I0 1H)KEHEPHHUX PO3PaxyHKIB
JTOPOKHIX TIOKPUTTIB Ha HeAe(OpPMIBHUX (CKEJIBHMX) OCHOBAX, IOKPHUTTIB JOPOKHBHOTO
MOJIOTHA 3aJi300€TOHHUX MOCTIB, 3aXMCHUX 0araro(QyHKI[IOHAIbHUX MOKPUTTIB IUIOCKUX
KOHCTPYKITIA. | OCKIIBKH III TOKPHUTTS MOXYTh MaTH JIOCHUTh 0OaraTo miapiB, BaKJIWBHM
ABIISIETBCA PO3POOKAa KOHTHHYAIBHUX 3a XapaKTepOM pPO3PaXyHKOBHUX MOJEJIEH, B SIKUX
MOpsIIOK AU EpEeHIIIOBaHHS PO3PaXyHKOBHX PIBHSIHb HE 3aJIeKHUTh BiJl KIJIBKOCTI IIapiB.
Moneni nedhopMyBaHHS TUIMT HA XKOPCTKIA OCHOBI MAarOTh CBOIO CIEIU(IKY, OCKUTBKH B HUX
nepeBaxkae Oe33rnmHoBa ckiagoBa HJIC 1 BakiuMBY poJib BiIrparoTh, OKpiM aedopmariiit
MOTIEPEYHOT0 3CYBY, TAKOX JehopMallii MonmepeyHoro 0OTUCHEHHS.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

Edextn 00THCHEHHS Ta MOMEPEYHOTO 3CYBY B TPAHCBEPCAIBHO-I30TPOIHUX IUIUTAX Ta
IUIACTUHAX Ha MPYXKHUX OCHOBaX Ta B KOHTAKTHMX 3a7ayax [yl IUIMT BCECTOPOHHBO
nocnipkyBanack B. I'. Ilickynosum Ta B. K. Ilpucsxniokom, B. 1. 11IBa0’tokoM, ocTaHHIM,
30kpema, B [1]. [Toka3ano, 1110 BpaxyBaHHs IONEPEYHOT0 OOTUCHEHHS cyTTeBO yrouHtoe HJIC
IUTAT, @ TAaKOX YCYBA€ Ti MPOTHPIYYS B PO3MOALUII KOHTAKTHUX 3yCHIIb, IO XapakKTepHi s
YHUCTO-3CYBHMX Teopiil. [IpoTe HUMHU 3aCTOCOBYBAJIMCh 3TMHOBI YTOUHEHI MOJENI IUIACTHH, a
ocHoBu Oymm gedopmiBHMMHU. 3amadi  aedopMyBaHHS IUIMT HA OJKOPCTKIM  OCHOBI
posrnsganuck B yrouHeHid moctranoBui O. I'. T'yptoBum [2], a B TpUBUMIpHIM MOCTaHOBIII
O. B. Mapuykom [3]. OcranHiii MmiIXil BHUKOPHCTAHO JIsI PO3PaxXyHKY OaraTomrapoBOTO
nopoxkuporo mnonotHa mocta O. B.Mapuykom Tta b. B.I'puneBunpkum [4]. Iligxomu ans
noOyJOBH YTOYHEHUX MOJEJEeH B TOMY YHMCII iT€paliiHUX 3a CBOIM 3MiCTOM, BHKJIQZCHO B
[5,6]. IIpoTe 1i Mozeni SABJIAIOTHCSA 3TUHOBUMHM 3a CBOIM 3MIiCTOM. A mipu JepopMyBaHHI ITUT
Ha HenedopMiBHIM OCHOBI nepeBaxkae Oe3z3rnHoBa kommnoHeHTa HJIC. Tomy akTyanbHOMWO €
po3pobOKa Ta unciaoBa peaiizailisa 6e33ruHoBoi yrouHeHoi moneni HJIC GaraTtormapoBux miut
Ha JKOPCTKUX OCHOBAX, IPHYOMY BAXIJIMBUM (PaKTOPOM € ii KOHTHHYyaThbHA KOHIICTIIisI.

3 [LJIb TA 3AJAYI JOCHALTKEHHS

Metoro pobotu € po3pobka yrouHeHoi Mmoxeni OezsrunoBoro HJIC mwmr Tta ii
3acrocyBaHHa g gociiikeHHs HJIC OararomapoBux 130TpONHMX Ta TPaHCBEPCAIbHO-
130TPOIHUX TUTUT, IO ONUPAIOTHCS HA JKOPCTKI OCHOBH, 3a Jii MONEPEYHUX HaBAaHTaXKEHb,
30KpemMa JIOKaJi30BaHOTO HaBaHTAKCHHSI.

4 PE3YJbBTATHU JOCJITKEHHSA

Ipynryrouncs Ha posknagandi HJIC muurtd Ha 3rMHOBI Ta OE33TMHOBI CKIAIOBi,
MIPOMOHYETHCSL  ONTHUMI3AIlSl  PO3PaXyHKOBOI  cXeMH  JAeQOpPMYBaHHS  MNPSMOKYTHOT
OararomapoBoi IUIMTH Ha >KOPCTKid ocHOBi. CyThb ONTHMI3allil MOJSATrae B o3Il Takoi
po3paxyHkoBoi cxemu TuTH, B sikii H/IC mmti moBHICTIO omucyBaBcsi O JWIe OIHOIO
CKJIaIoBOIO, a came 0e33ruHoBo0 ckiagoBoo HJIC. [lns 1mporo 3amicTh peanbHOI
KOHCTpPYKLIi 6araromapoBoi miutu (puc. 1, a), mo nepopmyeTscs 6€3 BIAPUBY BiJ OCHOBH,
MIPONOHYETHCSI PO3TJISIATH  PO3PAXYHKOBY CXEMY IUIUTH, $Ka YTBOpPEHAa CHMETPUYHOIO
T00YA0BOIO BiTHOCHO TTOBEPXHI KOHTAKTY JAaHOI TUTUTH 3 OCHOBOK. Y I[bOMY BHITAJKy TUTUTA
Oyze TBOCTOPOHHBO CUMETPHUYHO HABAHTA)KEHOIO BIAHOCHO CEPEIMHHOI MOBEPXHI IUIMTH, a
TOBIIMHA TUTUTH 301IBIIUTHCS BABOE (puc. 1, 0).

I'yprowmii O.I"., Tuauyk C.O.
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Puc. 1. Bapiaatu onTuMizamii po3paxyHKOBOI CXeMH TUTUTH:
a) 33/1aHa PO3paxyHKOBa cxema; 0) ONTUMI30BaHa PO3paxyHKOBA CXeMa IUIUTH 32 YMOBU KOB3KOTO KOHTAKTY 3
OCHOBOIO; B) ONTHMIi30BaHAa PO3PaxyHKOBA CXeMa IUIUTH 32 YMOBH YKOPCTKOTO KOHTAKTY 3 OCHOBOIO

Po3p’s3anns 3agaui 3 BuszHaueHHS HJIC miMTH BHKOHAEMO HAOIMKEHO, 3BEICHHSIM
TPUBHMIPHOI 3a7adi J0 JBOBUMIpHOi. 3acTOCyeMO IJIsl IBOTO METOJ TiloTe3, 30Kpema
KOHTHHYaIbHHUM miaxin [5], 3apaBum rinoretnyHo ¢yHkiii po3noainy HJC 3a monepeuHoro
KOOPJMHATOI0 Z . 3aCTOCOBYIOYHM KOHTHHYAJIBHE IO TOBIIHMHI TUIACTHHH MOJICITFOBAHHS,

TaHTeHIiaTbHi 10 moBepxHi X, 0X, CKIamoBi BekTOpY 3Mimens U (X in2) (i,] :1,_2) st K-

ro mapy OyaeMo [IyKaTH NUISIXOM IHTErpyBaHHS 110 TONEpPeYHid KOOpAWHATI Z
crniBBinHomens Komri y Burnsani [6, 7, 8, 9 ta iH.]:

z 4
(k) _ (s) (s) — P i1 9
U; _ui—jus’idz+.|‘2ei3dz,s_Ii, k,i, j=12, (1)
6 G
me U(X;) — wHeBinomi (yHKUIi TaHreHUianbHUX 3MIillEHb HA JOBUIBHIA TOBEpXHi

z=¢, =const B mapi I; (i, ] =1 2); ud (x j» Z) — HOpMaJIbHi JIO IUIONIMHY TUIMTH 3MilllEHHS,

a ey (X;, ) — BimHOCHI TMoOmepe4Hi JOTHYHI JAedopmaiii B JOBiNBHIA TOUNI mapy S, mo

3a/IaI0THCA TIMOTETUYHO. TyT 1 gam audepeHIitoBaHHS MO3HAYEHO HUKHIM 1HJIEKCOM TICIIS
KOMH. 3aCTOCOBYETHCS TAKOXK IM1ICYMOBYBAHHS 32 HUXKHIMH 1HJIEKCaMH, 1110 TOBTOPIOOTHCS.
BijnocHi aeopmartii monepeunoro 3cyBy € BU3HauaeMo i3 3akoHy I'yka, TonepeiHbo
3a[aBIIM TIMNOTE3U NPO XapakTep PO3MOAUTY MO TOBUIMHI IUIMTH MOMEPEYHHUX JOTHUHUX
HATIpYXeHb G4 .
Toni Bupas (1) mae Burnsaz:
z z
u® =u, - I ugf?dz + J.4ai(§i)30-i3§)dz )
S G
HopmanbHi  3MmimieHHs uék) IpU TOMEPEYHOMY HaBaHTAKEHHI BH3HAYATHMEMO

HaOJMKEHO 13 crmiBBiAHOIIEHHS [7, 8, 9 Ta 1H.]

ul =wx)+ [ alolldz; s=1,, k, (3)
9,

W

ac (1)}/HKI_IISI IIpOTHH1B W(Xj) BU3HAYAECTHCA B JOBUILHOMY MIapl |3 Ha JOBUIbHIM ITOBCPXHI1

z2=5,=const; o (X,z) — rimoteTmuHo 3amaHa (yHKIiS TOMEPEIHHX HOPMATBHUX

Hanpy>XeHb B S -My LIapi.
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3anexHicTh (3) OTpUMaHO IHTErPYBAaHHSAM 3a KOOPAMHATOIO Z cmiBBigHomeHHs Ko
€5 = Uy 5. BiMITMMO, 110 y TiOTETHYHOMY NPEICTABICHH] ul 3a (3) Hextyerbes edexToM
ITyaccoHa B 3al€KHOCTI Ul €33 3aKOHY ['yka, TOOTO NPUIAMAETHCS HAOIMKEHO €55 X 800,03, .

[inoTe3n U1 HOTUYHHUX HANPYKEHb Oj3 Ta U HOPMAIBHHUX HANPYXEHb O35 B IUIHTI
3HaYHO TIPOCTIIIE 3aJaBaTH, pO3IIIAAAI0YM  JIBOCTOPOHHE CUMETpHYHE Oe33THHOBE
HaBaHTaXeHHS P(X;) .

OCKUTBKH Y BHIIAJKy YXOPCTKOi OCHOBH Jedopmarii OCHOBM BiJCYTHi, KOOPAWHATHY
noBepxHi0 X, 0X, cyMiCTEMO 3 MOBEpXHEI0 KOHTAaKTy IuMTH i ocHOBH (puc. 1, 6). Toxi
¢ynkuis nporuny Ha uiid mosepxui W(x;)=0 mpu z=45, =0, i omke W He yBiline y Bupas

(3) st smimens U, o cnporrye 3anesxuocti (2), (3).

B pesynbrari 3amicTs criiBBigHOIIEHHS (3) U1 HOPMAJIbHHUX 3MillIEHb uék) OTPUMAEMO

4
©) — [46) 5) _
Uy _I 30302, s=1;, k. 4)
0

B onrtumizoBaHiii cxemi Bigmnanae morpeda y BU3HAUCHHI (YHKIIT BiAOPY OCHOBH Yp SIK
nrykaHoi HeBimoMoi ¢pyHkuii. CumeTpuvHa ckianoBa (PyHKIIT HABAHTAXXECHHS [) HE 3aJCKUThH

BiJI BiATIOpY OCHOBM Yg i CTAaHOBHTb

P= P Q)

a Biamip ocHoBH Yy (X,) Oy/e BU3HAUCHO SIK HANPYKEHHS Og, (X, 0) Ha moBepxui 2 =0.

VY po3paxyHKOBii cxemi 3 puc. 1, 0 Ha MOBEPXHI KOHTAKTY IUIUTH 3 OCHOBOKO Z =0
MOJICITIOEThCSl KOB3KMI KOHTAakT 0e3 Teprs (0,; =0) Ta Ge3 BigpWBY IUIMTH BiJg OCHOBH.

I'paHn4HI yMOBHM KOHTaKTy Il BCIX TPbOX KOMIIOHEHTIB BEKTOpa 3MilIeHb U, Ta It

HANPYKEHHS O, MalOTh Ha MOBepxHi Z =0 BUIIIL:
o _n ® ) —
u;’ =0; u” #0; o3 =0 (mpu z=0). (6)

s MozenmoBaHHS OPCTKOTO KOHTAKTY IUIMTH 3 OCHOBOK B PO3PaxyHKOBIM cXeMi
(puc. 1, B) BcepenuHi MIUTH MOTPIOHO JOAATKOBO BBOJUTH BiJTHOCHO TOHKUM, y TIOPIBHSHHI 3

IHIIMMHK [IapamMu, TOBIIMHOK N, ,,a0COMOTHO” KOPCTKH Mpomapok, no3nauenuii kK =0.
,»AOCOIIOTHA” JKOPCTKICTh MPOMIAPKY (BIIHOCHO OPCTKOCTI 1HIIKX IapiB) 3a0€3MeUyeEThCs
NpHIHATTAM BigHOCHO Bemukux MomyniB npyxsocti E@ =E'®@ =nE; G9 =G'® =nG;
v=v'=0, 1e n~10°,a E i G — HaifGinpuIi 3HaYeHHs MOJYJIiB IPYKHOCTI Ta 3CYBY i3 ycix
HasBHUX JJIS MaTepiajy IapiB IJIMTH, IO PO3IIIAIAEThCSA. Y I[bOMY BUIIAAKY TPAaHUYHI YMOBHU
npu Z=xh,/2 mMatumMyTh BUIIIS:

ud =0; u® =0; ¥ %0 (npu z==h,/2), (7)

X04a Ha MOBepXHi Z =0 3aIHmAThCA CipaBeAuBIME yMoBH (6), mpote U® — 0 BHacmigoK

BIJIHOCHO BEJIMKO1 KOPCTKOCTI MTPOIIAPKY.

Mix mapaMu IUIMTH BUKOHYIOTHCS YMOBM >KOPCTKOT'O KOHTAakTy 0€3 MpOKOB3yBaHHS.
[Ipore, BBOASUM 10aTKOB1 BITHOCHO TOHKI MPOIIAPKH 33JaHOi Majoi BIAHOCHOI ’KOPCTKOCTI,
MO>kKHa 03 3MiH Y OCTaHOBII 3a7a4i PO3IIAAaTl TAKOXK 1HIII YMOBU KOHTAKTy MIXK IIapaMH,
MOJIENTIOI0YHN e(PeKTH MTPOKOB3YBaHHs 0€3 TEPTs, KOB3aHHS 3 TEPTSIM, PO3IIApyBaHHS, TOIIIO.
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I[Ipu posrmsai  G6e3srmHoBoro HJIC ontumizoBanoi (puc. 1,06, B) ABOCTOPOHHBO
OOTHCHYTOI ~HONEPEeYHHM CHMETPUYHHMM 3aJaHMM  HaBaHTAXEHHIM  P(X) = p,(X)

OararomapoBoi mutH Uit otpuMaHHs HJIC 00O0B’A3KOBMM € BpaxyBaHHS IOIEPEYHOTO
o0tucHeHHs (&, # 0), OCKIIBKH IHAKIIIE OTPUMAEMO TPHBIAIbHO-HYIbOBUI PO3B’SI30K 3a1a4i.

Tomy npuiiMmeMo Fil‘IOTGSI/I JUIS TIOTIEPEYHUX HOPMANbHUX HANpPYXKEHb Ol 1 HAlpyKeHb

MOTIEPEYHOTO 3CYBY 0' )y BUIJIAI, 3a1IPONOHOBAHOMY B poOoTi [7], SIK Tiepiue HaGIIKEHHS
6e33runoBoro HJIC:

O-i(;) = fi(k)(z)ﬁi (Xj); O-sgg) = f3(k)(z)[;’3(xj)+ P, (8)

1 SKi 3aJIOBOJIBHSIIOTH YMOBAM JKOPCTKOTO KOHTAKTy INapiB Ta yMOBaM Ha 30BHINIHIX
MOBEPXHSX JUIS IUX HAMPYKEHb.
Tyr B,(X;) — HeBinomi pyHKuii 3mMimeHsb (GyHKLIT MONEPEIHOrO 3CYBY Ta NONEPEUHOTO

obtucuenns); f*(z) — obrpyntoBano 3amami cremeHesi ampokcumanii Mo Z, IO

MOACITIOIOTH CaMO3p1BHOBa)KeHI/H/I 10 TOBHII/IHI IIJIUTHU pO3HOI[1JI HaIIpy>XCHHA Gl(sk)

CI/IMeTpI/I‘{HI/IH BlI[HOCHO z=0 pO3l'IO,I[1J'I HaIIpy>XCHb O'?()I?f) .

o®

a3a

Ta

=0 (a=13) BummBae, WO NOPSLOK ANPOKCHUMALLi

HAIPYKCHb IMONIEPEYHOr0 OOTUCHEHHS 0'3(3) MOBUHEH OyTH HA OJUHUITIO OUTBIINM, HIXK O'(k) .

I3 piBHSHB piBHOBaru

@OyHKIIT po3MOIiTy HaPYKEHb 110 BUCOTI IUTUTH 3alUIIeMo y BUTIIAAL [7]:

£00 = J' A(§>[f0<s)(z)—coz+c06§ —d, /b,] dz;
—b,

g“—ju@+ﬂﬂd,s=f_, ©)

_bn

ne yuxuis £ (2) B (9) mae Burms;
2 2 by
f(2) =R, J' I e dz?; Ry =H j 4edz; r=1s; k=1n,
~b, b, by
a koediuieHTH B (9) MarOTh BUTIISL:
bn

= | AQ dz; d—jNWmm 6= [ AQzdz [o; t=1n;

_bn 11 mn _bn
| A (19 -ab)az

Coi =—

n

b
n
-b,

n n

Z
(t)
I AJJJJ dZ
b

Ta 3a710B0MbH0TE yMoBam ™ (z=+H/2)=0.

IIpnaomy An‘}ﬁp i a%

mip — Koedilientn 3akony I'yka; z=b,— koopauHata TOUOK Ha
BepxHiil moBepxHi mapy N (b, =H/2),a z=-b,— koopauHaTa TOUOK HA HIWKHIN TOBEPXHI

CUMETPUYHO T0OYIO0BAHOT TUIUTH.
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®ynkuii f* orpumani npoueypoo MOCTiIOBHUX YTOUHEHD, 3a KOO TP MOYATKOBHX
rinorezax o) (%, 2)=0, ol (X, z) = p 3a (2) BU3HAYATHCH DYHKILi 3MilIEHb uék) , ui(k) ,a
naini i3 cmiBBigHOmEeHb Kommi — gedopmartiit €up- 3a mumu gedopmarisimu i3 3akony I'yka

3HAXONMIINCh BHpPA3H I HANPYKEHb Ojj )(I j=1 1, 2). Bupasu s HampyxKeHs 0'()

MiJCTABIAINCH B PIiBHAHHS piBHOBarM o) =0, i3 SKUX {HTErpyBaHHSM 3a MOIEPEUHOIO

KOOPAMHATO Z 3HaXOIWJIHUCh YTOLIHeHi BHUpa3y MNOINCPCYHUX AOTHYHUX HAIIPYKCHb O'(k)

i3
(k) (k )

I[lincraHOBKa yTOYHEHUX O, B TPETE PIBHSAHHA piBHOBaru o,;, =0 Ta iHTErpyBaHHs HOro

3a Z J03BOJIMJIO 3HANTH yTOUHEHI BUpa3y /ISl MONIEPEUYHUX HOPMAJIbHUX HANpyKEHb agé) .

BigMitumMo, 110 pi3Hi IPOIEAYpH MOCIITOBHUX YTOYHEHb JJII OTPUMAaHHS HEKJIACUYHHUX
koHTHHYaNbHUX Mojeneit HIC mnacTuH 3acTocoByBanach Takox B poborax [6, 10, 11 Ta iH.],
OJTHAaK y X poOOTaX BUKOPHCTOBYBAIUCH 1HIII IOYATKOBI T1ITOTE3H.

OyYHKIIIT BUIIKUX HAOIMKEHD 3aMUCYIOTHCS Y BUTIIAIIL:

- [ A2 faer a0 [ A2fanier o013

-by,

# = j (dz jA‘”dz k=L n r=Lk; s=Lr p=11;

(9= [ (40 + 1)z 1=12. (1)
—b,

[TizcTaBuBIIM yTOYHEHI BUpa3W I HANpYyXeHb B piBHAHHSA (4) Ta (2), oTpuMaemo, 3
BpaxyBaHHSM 3akoHy ['yka, HOpMalbHI uék) 1 TaHTeHLIaJbHI ui(k) KOMIIOHEHTH BEKTOpa
3MIIIEHb MO BiJHOIIEHHIO N0 KOOpAMHATHOI (cepeamHHOI) moBepxHi X, 0X, (puc. 1) mis
BUMNAJAKY O0€33ruHOBOrO JegopMmyBaHHS IUIMTH. IlpW 1bOMYy KOMIOHEHTH 3MIlEHb
TIpe/ICTaBIeHi CyMaMu JIOOYTKIiB TiMOTETUYHO 3ajaHuMX creneHeBux Qynkmii wlo, y®)
MOTepedHoi KOOpAMHATH Z Ta IIyKaHuX (yHKOid p¢, fiy 1 V; KOOpAMHATHOI NOBEpXHI
X 0X,.

TakuM YHHOM, KOMIOHEHTH 3MillIEHD B KIHEMATHYHIH MOAEII MAarOTh BUTIIS:

(k) _ (k) (k) . 1 9.
_!//St (Z)yt+lr//33 (Z)p’ t—l, 21
() _— (k) k) () 1 4
U =V, — iy (Z)7t,i Ve (D) Py v (DB 1=14. (11)
OTtxe, TpuBuMipHa 3amada HJIC 3Benena no yrouneHoi noBumipHoi 3amaui HIAC 3

IIYKaHUMH (QYHKIISIMH JJBOX KOOPIUHAT X, X, .

Jns migBuieHHs: TOYHOCT1 anpokcumariii 6e33ruaoBoro HJC y mozaens (11) BkimroueHi
3ampornoHoBani B [7, 12] QyHkmii, mo MonaemoTh e(eKTH BiJ MONEePeUHUX 3CYBHHX
nedopmariii Ta Big aedopmariiii mornepeyHoro OOTHCHEHHsI y BUIUX HaOmmkeHHsX. L[li
anpOKCHMYIOUi 32 KOOPAWHATOIO Z (PYHKIIT MarOTh BUTJIS;

z
(k) _ (s) §(s) (k) (s) .
Vi, = I AN Fo T A V2 I33333d21
0

= Ja i i = [yl =Tk 1-T3.
0

I'yprowmii O.I"., Tuauyk C.O.
70 https://doi.org/10.31650/2618-0650-2022-4-1-64-74



https://doi.org/10.31650/2618-0650-2022-4-1-64-74

IV, Nel, 2022
Crop. 64-74/ Page 64-74

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

k)22t+l

DyHKuii [‘//3|,3]=af — HemapHoro crtemens Z, a Gymkuii [y v, ]=a®z”

HapHOTO CTeTeHs Z .

3a BapiamiiHuM TOpuHOUNIOM JlarpaH)ka OTPUMaHO PO3PAXYHKOBI pIBHSHHSA B
y3araJlbHEHUX 3YCWUISAX 3 BIAMOBIAHMMHU TPAaHUYHUMHU YMOBaMH, a TaKOX Au(epeHIianbHi
PO3paxyHKOBI1 PIBHSIHHA Y BITHOCHO (DyHKIIIH 3MimmeHb. CucTeMa Ma€e BUTIISI:

[L]-[u]=[p]. (12)
ne [u]— MaTpHI IIYKaHUX (DYHKIIIH, SKa Ma€ BUTIISA
[

T
ul=, vo, 7 Birs Bar 1T
L| — marpuns audepeHnianbHUX oneparopis,

p] — MaTpHLA, 10 BPaXOBYE 3a/1aHE 30BHILITHE HABAaHTAXKEHHS [) 1 Ma€ BUTIIAL

pl=[py. P, Py Ps s Ps, TP

OCKUTBKM MOJIeIb KOHTHHYaJIbHA, 3araJlbHUN TOPSIOK Ju(depeHIitoBaHHs pO3paxyH-
KOBOI CHCTEMHU DIBHSHB HE 3aJIC)KHUTh BiJl KUTBKOCTI MIAPIB B TUIMTI, a 3aJICKHUTH JIMIIE BiJ
CTYIICHsI 3aCTOCOBAHOIO I PO3B’s3aHHS 3aj7ayi HAOMMKCHHS B TINOTE3aX IMOMEPEYHOrO
3CYBY Ta MOMEPEUYHOTO HAOIMKECHHS.

5 OBI'OBOPEHHA PE3VYJIBTATIB JOCIAXKEHHS

PozpaxynkoBa cucreMa piBHSHB (12) peanizoBaHa METOAOM CKIHUEHHUX PI3HUIIb.

HocmimpkyBaBcs npu muitinapuaHoMmy aedopmysanni BrumB Ha HJIC TpaHcBepcaibHO-
I30TPOMHUX TUIUT XapakTepy HABAHTAKCHHS Ha MPHKIAIl TUIMT HA YXOPCTKIH OCHOBI TpHU
YKOPCTKOMY 3aIeMyIeHHI KpaiB (Tadm. 1). Po3risHyTO 1Ba BUMAAKK MPUKIIATAHHS PIBHOMIPHO
PO3MOJIICHOT0 HaBaHTaKEHHs: | — Mo BCi JOXKHUHI IUIUTH; 2 — Ha TOJOBHUHI JTOBXHHU
noceperHi IMTH. KOHTAKT TUIAT 3 JKOPCTKOIO OCHOBOIO — KOB3KHM, a Ha KpasxX IUIMTa €
KOPCTKO 3amiemiieHoro. Y Bapiatax 1, 2 (tabn. 1) poO3IJIsHYTO OAHOIIAPOBY
TpaHCBepcanbHO-i30TponHy mmty 3 E=2-10°MIla; E’'=2.10°MIla (E/E’'=10);
v=0,25, v'=0,01. [{na cxem 4, 5 — ABOXIIAPOBY ILIUTY 3 TPaHCBEPCATLHO-130TPOITHUMHU
mapamn  ((E®/E'™ =10)) ommaxoBoi ToBmmmm h =h,=0,5n 3 npyxHEME

xapaktepuctukamu: E® =1.10°MIla; E® =2.10°MIla; v =v? =0,25;

V'® =@ =0,01. B po3paxyHKy 3aCTOCOBAHO PO3PAXYHKOBi CXEMH ILIHT, IO CHMETPHUHO

n00yI0BaHi BiTHOCHO MOBEpXHI KOHTakTy 3 ocHoBow (a/h=4; a/H =2). 3acrocoBano
MOJIeJIb IPYTOro iTepamiitHoro HabIKEHHS.

I'yprosuit O.I'., Tunuyk C.O.
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Taoauns 1

3mimenns i HanpyxeHHs B mmtax (a/ h=4) 3 xopcTko 3amemnennmu kpasmu 3a
KOB3KOT'0 KOHTAKTY 3 OCHOBOIO

Bapiantu cxem it ta 2/h U:’? ul# Emropu 61# 1
HaBAHTAKCHH x=al2 | x=al4 | x=al4 x=al2
1 2 3 4 5
(D I
IEEEERERRRR) 1,0 9,52 7,08 -1,31
£= 0,5 5,02 2,68 0,32
-~ | 0 0 0 0,85

0
lad| a2 | a4
1 a

Z
@ T Frﬁgrﬂ 1,0 8,33 4,48 -1,67

= = o5 | 360 1,98 0,40
3 St | 0 0 0 0,72
| a/4| a2 | a/4
1 a i
Oy,
I EEEEEEEERERAR) 1,0 39,05 23,82 -6,23
= i 0,5 35,60 20,24 5,64
RIKKKEEKIEE, | o | . o
Xy ]

0
| /4| a2 | a/4
1 a

@ T FW‘%QWW 1,0 32,85 17,64 -5,71

< 0,5 29,40 15,59 490 S
b7} 0 0 0 5,86
{ ad| a2 | a4 L0,25
1 ‘ o 0,03
20100 __

[Toka3zano (Tabum. 1), 110 B OJHOPIJAHIN IUIUTI PH TUCKPETHOMY HaBaHTa)XKEHHI (BapiaHT
2) BimHOCHI TIOmepeyHi 3MimenHs U = U,E / ph 3MeHIytoThCst TIOpiBHAHO 3 BapianToM 1. Y
JBOXINAPOBIN IJINTI, 32 HASBHOCTI CIa0LIOro HIDKHBOro mapy (Bapiantu 5 i 6), BigHOCHI
smimenns U =u E® /ph 36imbuyroThes B mATH pasiB Ta Maibke B jecaThb pasis

30UIBIIYIOTHCS BiZIHOCHI HANPYXKEHHS 0, = 0y, / P 'y nopisrsuni 3 HAC oanopiaHoi minTy.

6 BHUCHOBKH

[ToOynoBaHo BapiaHT YTOYHEHOI CTPYKTYpPHO-KOHTHHYaJIbHOI MOJeNi 3 TiNoTe3aMu
iTepaliifHoro THIy Ta peaqi30BaHO METOJMKY BHMCOKOTOYHOTO pO3pPaxyHKy B MPYKHiH
nocranoBii HIC monepeyHo HaBaHTa)KEHUX 0araTonIapoBHX MPSMOKYTHHX TOBCTHX IUIHT Ha
KOPCTKIM OCHOBI 3 130TPONHHMMH Ta TPAaHCBEPCAIbHO-130TPONHUMHU IIapamu. Mojaenb
6e33runoBoro H/IC BpaxoBye nedopmallii monepeyHoro 3cyBy Ta MONEPEYHOIO OOTHCHEHHS.
3 BapiauiiiHoro npuHuuIy JlarpaHxa OTpUMaHO CUCTEMY PO3PAaXYHKOBHX PiBHSHb.

I'yprowmii O.I"., Tuauyk C.O.
72 https://doi.org/10.31650/2618-0650-2022-4-1-64-74



https://doi.org/10.31650/2618-0650-2022-4-1-64-74

IV, Nel, 2022
Crop. 64-74/ Page 64-74

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

BcranoBineno meBHi ocobmuBocti HJIC: B TpaHcBepcambHO-130TPONHIA — IUIUTI
HAINpY>KEHHS O, O,, JIOKAII3yIOThCs OLI1 HaBaHTa)KE€HOI BEPXHBOI OBEPXHI IIUTH, TOJ1 SIK

B 130TPONHUX IUIMTaX O; 0 BHUCOTI NEpepi3y IUIMTU PO3MOAUIAIOThCA piBHOMIpHImIE. I3
3pocTaHHAM criBBigHOmeHHs E/E’ noxamnizanis i abCcoMIOTHI 3HAYSHHS O, 3pOCTAOTh, IO

MO>K€ TIPU3BECTH JI0 PyWHYBaHHS TOBEPXHI ILTUTH.

[Ipu cTHCKY TJIMTH 1 KOB3KOMY KOHTAaKTI 3 OCHOBOIO B TUIMTI OLJIT OCHOBH 3’ SIBJISTFOTHCS
HANPY)KCHHSI PO3TATY, M0 MOXE OYyTH HEOE3NMeYHWM Mjsi IIUTH abo miapy 3 KpUXKOTO
Marepiary.
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CALCULATION OF MULTISPAN FRAME STABILITY WITH
REGARD TO GEOMETRIC NONLINEARITY

P. Balduk', G. Balduk®, E. Yaremenko®
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The paper considers the methodology of determining the critical value of the load
acting on a flat multi-span frame, taking into account geometric nonlinearity. The elements of the
frame have arbitrary stiffnesses constant along the length. The problem is solved in two stages. At the
first stage, the strain calculation of the frame is performed, the main goal of which is to obtain the
values of longitudinal forces in the struts. At the second stage, loss of stability of the first kind is
considered in relation to the longitudinal bending of the props under the action of vertical forces. In
both calculations, practically the same system of nonlinear equations of displacement method is
solved. The compact notation of generalized stiffness matrix coefficients obtained earlier by the
authors facilitates the development of the algorithm and computer programs designed for solving the
problems set in the paper. The algorithm is implemented in Excel spreadsheets. To verify the obtained
results, test calculations for both stages of the calculation have been performed. Using the proposed
methodology, the stability of a flat free one-story frame with a periodic structure has been calculated.
In the ANSYS software package, the calculations of this frame according to the deformed scheme
were performed, with the subsequent determination of the value of critical longitudinal force in the
struts. Comparison of the results of calculations by the offered technique and in the ANSYS program
complex shows their practically complete coincidence: the difference in the values of longitudinal
forces in the frame struts with allowance for geometric nonlinearity is less than 0.01 %; the calculation
results of the first two critical forces differ by 0.06 %. The proposed methodology allows us to use a
unified approach to the formation of systems of solving nonlinear equations, both in the strain
calculation and in the calculation of stability. In addition, this approach releases from the use of
expensive computer programs, the use of which requires special training.

Keywords: strain calculation, rod stability, displacement method, multi-span frame, stability
equation, critical longitudinal forces, Excel, ANSYS.

PO3PAXYHOK BATATONPOJIbOTHOI PAMU HA CTIMKICTbD 3
YPAXYBAHHSM 'EOMETPUYHOI HEJIHIMHOCTI

banayk II. . banayk I'. 1 SApemenko O. 0.

1 . . .
Oo0ecvka Oeporcasra akademis 6y0ieHUYMEA mMa apXimexmypu

AHoTamisi: Y cTarTi pO3IIANAETBCS METOAWKA BHU3HAYEHHS KPUTHYHOI'O 3HAYECHHS
HABaHTAXXEHHS, IO [li€ Ha IUIOCKYy OaraTomporoHOBYy paMy 3 YypaxyBaHHSM T'€OMETPHYHOI
HeNiHIHHOCTI. EneMeHTH pamu MaroTh JOBUIBHI KOPCTKOCTI, TMOCTiKHI 1o goBxuHi. [loctaBnene
3aBIaHHS BUpIIIyeThCs y Ba eranu. Ha mepmomy etami BHKOHYETbCA JedopMaIliiiHui po3paxyHOK
paMu, OCHOBHOIO METOIO SIKOTO € Ha0yTTs 3Ha4eHb MO3J0BKHIX 3ycHJb Y KosloHax. Ha npyromy erari
PO3TIIAJA€TECS BTpaTa CTIHKOCTI MEPIIOTO POAY CTOCOBHO IMO3AOBKHBOTO BUTHMHY KOJIOH MijA AI€l0
BEPTUKAIBHUX CWI. B 000X po3paxyHKax BUPINIYETHCS MPAKTUIHO OJHAKOBA CHCTEMa HENIHIMHHX
piBHSHB crocoOy mepeMimieHb. PaHime oTpuMaHuii aBTOpaMM KOMIIAKTHHH 3allUC y3arajlbHEHUX
KOe(Ili€HTIB MaTpULi KOPCTKOCTI CYTTEBO IIOJIETIIYE PO3POOKY alropuTMy Ta KOMII'FOTEPHHUX
mporpaM, MpPU3HAYEHUX JUIs BUPINICHHS TMOCTAaBICHHX Yy POOOTI 3aBaaHb. Peamizamis anroputmy
BUKOHAHO Yy 3araibHOA0CTynHUX Tabmuisax Excel. [Iyis Bepudikanii oTpuMaHuX pe3ysibTaTiB BUKOHAHI
TECTOBI PO3paxyHKH O0OX eTamiB pO3paxyHKYy. 3a 3alpOIOHOBAHOIO METOAMKOI BHKOHAHO
PO3paxyHOK Ha CTiHKICTh TUIOCKOI BUILHOT HIECTH TMPOTOHOBOI OJJHONOBEPXOBOI CHMETPUYHOI paMH.
Ha mepmomy etarmi o04uciieHh Ha paMy JIi€ CHCTEMa 30CEPE/PKEHUX BEPTHKAIBHHUX CHII y By3JlaX Ta
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PIBHOMIPHO PO3IMO/IiIeHE HABAHTAXCHHS y BCIX MPOJIbOTax. BHACIIOK BUKOHAHHS JedhOopMaIliiHOro
pO3paxyHKy BU3HAUYCHO BHYTPIIIHI 3yCHJUIA B eleMeHTax Mozeii. [Ipu po3paxyHKy CTIHKICTh HA pamy
i€ NUIe TpUBeACH] BY3JIOBI BEPTHKAIBHI CHIIM, 3HAYCHHS SKUX MPOIOPIIHI MO3I0BXHIM 3yCHIIISAM
y KOJIOHaX, OTPUMaHUM TMEPIIOMY eTami. B pe3ynbTaTi BAKOHAHOTO PO3PaxyHKY BU3HAYEHO KPUTHYHI
3HAYeHHsS TO3/J0BXKHIX 3yCHiIh y KOJOHAaX, IO BIANOBIJAIOTH OBOM TMepmuM (opMaM BTpaTH
ctifikocti. Y mporpamHoMy komrimiekci ANSYS BUKOHAHO po3paxyHKH Ii€i pamu 3a 1e(opMOBaHOO
CXEMOI0, 3 TOAAJBIIMM BU3HAYCHHSM BEIMYMHA KPUTHUYHOTO MO3JOBKHBOTO 3yCHJUIS B KOJOHAX.
[lopiBHSIHHSA pe3ydbTAaTiB PO3PaXxyHKIB 3a 3alpONOHOBAHOI METOAMKOI Ta Yy MPOrpaMHOMY
koMmiutekci ANSY'S mokasye iX mpakTHYHO MOBHUH 30ir SIK y 3HAUEHHSIX MO3I0BXHIX CHJI Y KOJIOHAX
pamMu 3 ypaxyBaHHSM T'€OMETPUYHOI HETIHIHHOCTI, Tak i B pe3ynbTaTax OOYMCICHb MEPLIMX IBOX
KPUTHYHUX CHJI. 3amporioHOBaHA METOJIWKA JI03BOJISIE BHUKOPHCTOBYBATH €OWHHNA MIXiA 10
(hopMyBaHHS cHCTEM HENHINHUX PiBHIHD, K Y AepOopMamiiHOMY pO3paxyHKy, TaK i B pO3paxyHKy Ha
CTIHMKICTB.

KawuoBi ciaoBa: nedopmauiiHuii po3paxyHOK, CTIMKICTh CTPHXKHS, METOJ II€pPEMilICHb,
OaraTormporoHoBa pama, piBHSIHHS CTIHKOCTi, KpUTHYHE MMO370BXKHE 3ycmints, Excel, ANSYS.
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1 INTRODUCTION

Widespread construction structures include multi-span frames of industrial and
residential buildings. It is possible to distinguish several decisive factors determining the
bearing capacity of such frames consisting of flexible compressed and compression-curved
elements: possibility of stability loss of separate elements or of the whole structure;
consideration of geometrical deformations of frame elements. It is a complicated
mathematical problem of obtaining the exact solution of set tasks considering these factors for
multi-span frames. There are several ways of its solution. In some cases, additional
hypotheses are introduced, allowing to essentially simplify the frame calculation scheme and,
as a consequence, to obtain an exact solution. In other cases, approximate calculation methods
are used, which are implemented with the use of modern computing software complexes.
However, for multi-span flat frames of a periodic structure subjected only to the vertical load,
it is possible to combine these ways - without changing the frame calculation scheme, to
obtain the exact solution of the task in view of the above factors.

2 ANALYSIS OF LITERATURE DATA AND PROBLEM STATEMENT

The issue of determining the critical load at loss of stability in multi-span frames with
regard to nonlinearity is reflected in numerous works of domestic and foreign scientists.

Works [1-5] are devoted to development of methods of engineering calculation of spatial
frames for stability taking into account physical and geometrical nonlinearities. The modern
state of the problem of accounting geometric nonlinearity in structural models is considered in
[6].

In a number of works to solve this problem, the classical method of displacements is used
with subsequent determination of critical load from nonlinear equations. For this purpose,
approximate methods are used in which geometric assumptions are introduced into the
mathematical model in frame models [7-9]. Other works use the correction of model element
stiffnesses [5, 10, 11]. In works [1, 2, 9, 12] and many others, the engineering methods of
stability calculation are oriented to the use of modern computer software, although for flat
frames of periodic structure it is not always economically feasible.

The closest to the problem considered in this article is the engineering method of
calculation [12], which allowed to simplify the testing of frame rods for stability without
using modern software computing complexes for this purpose. However, there are no
proposals for the use of engineering methods to account for geometric nonlinearity in the
calculation of multispan frames for stability in the literature.

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

The purpose of this work is to develop a technique for determining the critical value of
the load acting on a flat multi-span frame, taking into account geometric nonlinearity.

4 RESEARCH RESULTS

Consider a flat multi-span frame of periodic structure under the action of a system of
vertical loads (Fig. 1). In the general case, the elements of the frame have arbitrary
geometrical and physical-mechanical characteristics constant along the length of the elements.
On the example of such a frame, let's develop a technique for determining the critical value of
the load, taking into account geometric nonlinearity. In order to achieve the set task, we shall
sequentially perform two calculations - strain calculation of a flat multi-span frame under the
action of a vertically placed combined load system and calculation of the stability of the same
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frame under the action of vertical forces. All calculations will be performed by means of
displacement method.

* x* ¥ L
Fljgl‘ F15g“ Fi+1 g‘-ﬂ Fn
 ITIP RN AARARRL TR R TR RN,
L
H,

Fig. 1. Model of a flat multi-span frame

As a result of the first calculation, let's determine the longitudinal forces in vertical bars
of the frame, with due account for geometric changes of the given model. Let's consider an
elastic statement of the problem under the assumption of small deformations [14]. Let us
perform the calculation step by step. At the first step, we define the internal forces in the
frame according to the nondeformed scheme, and perform the subsequent calculation by the
method of successive approximations, taking into account the values of longitudinal forces in
the compressed rods of the frame obtained during the previous iterations.

Given that the unknowns of the displacement method are angular and linear
displacements, this model of the frame has the number of unknowns of the displacement
method equal to n+1, where n is the number of columns. The basic system of the
displacement method of the model is shown in Fig. 2.

¥ Flr., FhL o F¥

T T (& |
IFERTY /RPNy Zoni

Zr Zi Z s Zn

Fig. 2. The basic system of displacement method in strain calculations

The system of canonical equations of the displacement method in matrix form has the
form:

n,(v) () o () L) || 2, R
(V) L) o () ()] Z, R,
M1 (v) rn,z(V) rn,n(V) Mons (v) Z, R,
M1 () Mi12 (v) .. Miin (v) Miina (v) _Zn+1_ L le_

Let us construct the unit diagrams necessary to determine the coefficients of the system
of canonical equations. At their construction we will take into account the longitudinal
bending from the action of the system of forces, and the influence of compressive forces will
be taken into account by means of the corresponding nonlinear functions ¢,(v;), ¢,(v;),

m,(v)):
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where v, =;H; = H,/F /El; .
For the considered frame model, we will represent the symmetric matrix of the
coefficients of equation (1) with dimensions (n+1)X(n+1) in the block form:

1 (v) P (V) e Mn (v) lna (v)
1 v) PP (V) n (v) lna (v)
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»,(vi) =

(2)

L) (V) Y GO L))

M (V) L (V) rn+1,n(v)‘ rn+1,n+1(v)‘

The physical meaning of the elements of blocks I (symmetric ribbon matrix of size nxn)
and Il (column of size n) are the reaction moments in the superimposed rigid links; the
elements of blocks Ill (transposed block Il) and VI (one element) are the reactions in the
superimposed linear links.

Taking into account the introduced coefficients of variation of the model characteristics
and (lengths of struts and beams); and (values of bending stiffness of struts and beams); and
(values of concentrated forces and intensity of uniformly distributed load), let us define all its
design characteristics:

H =Hh; L =Lk
Elg =Elgs; Ely =Elyp; ©)
Fi = Fofi; 0, =0,

Taking into account the symbols introduced for the constants a=4El_ /H, ;

b=4El, /L, ; c=12El./H?; d=-6El./H?, formulas of 4 generalized coefficients of

the specified blocks [13], we obtain a compact notation of any of the elements of the block
matrices of the general equation (1):

S P P b p,
ii hi (02(V|)+ ki_l + ki i > ki
6El,, s
fsa =_|-|—i2C§”4(Vi)=d ’h—iz%("i)i (4)

S S S,
Moini :C'{Egnz(vl)+h_23772(vz)+---+h_:772(vn)}-

At the first step of the deformation calculation in the system of canonical equations (1)
all nonlinear functions ¢,(v;), ¢@,(v.), n,(v;) are taken as singular (5). We find the

displacements of nodes in the model in the elastic formulation of the problem, followed by
determination of all internal forces in the rods.
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e fe o hn G| Z] [ R
r2,1 I’-2,2 rZ,n r2,n+1 ZZ RZ
== .. | (5)
e ho oo Lo ool Z, R,
rn+1,l rn+1,2 rn+1,n rn+l,n+l _Zn+1_ _Rn+1_

On the second and subsequent iterations of the strain calculation, the influence of the
compressive forces obtained earlier for each rod of the model is taken into account by

calculating (correcting) the corresponding nonlinear functions of longitudinal bending ¢, (v;),
o,(v;), n,(v;). We determine anew the values of all coefficients (4) and solve the system of

equations (1). The number of such iterations depends on the convergence of the
computational process. As the criterion of convergence, we choose the value of maximum
difference in longitudinal forces of each rod in the last two iterations of the calculation.

Now, let's proceed to the second calculation, the goal of which is to determine the critical
forces in the problem of loss of stability of the first kind as applied to the longitudinal bending
of columns. In contrast to the previously considered calculation scheme, in the second
calculation we will consider only the system of vertical concentrated forces in the nodes. The
values of these forces are obtained in the deformation calculation and are equal to the values
of longitudinal forces in the columns. The basic system of displacement method in the
stability analysis is illustrated in Fig. 3.

* {\ Zn+]
(( /( v \ /(/( —
\‘/Z 1 \‘/Z i Zirt Za
/7777
7777

Fig. 3. Basic system of displacement analysis in stability analysis

Let us connect the vertical forces equal in magnitude to the longitudinal forces, obtained
in the deformation analysis. They will change in proportion to a single parameter F;:

F=f F;. .F=f-F;. . F=f-F. (6)

We shall equate the weight coefficients of the system of equations (1) to zero due to the
nodal application of the load:

M () P v) .. Mn (v) Mna (v) i Z ]
Pyl ) ) ) .. o () 6o w1 z,
=0. (7)
r.v) r,v) .. r.@v) r.WMI| Z,
M (V) T2 (V) v R () Gapna ()| Z00

The search for critical forces consists in determining the roots of the general stability
equation, which we will obtain by equating the determinant of the coefficient matrix of the

system (7) to zero, provided that the displacements Z, #0:
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ra(v) ) o n,(v) i (V)
L) L() o L () L)
D(V)= =0. (8)
Y% J Y (0 PR O (% B Y ()
L) T (V) (V) Fea (V)

All nonlinear parameters v; of functions ¢,(v;), ¢,(v;). n,(v;), included in the general
stability equation (8), are reduced to the same argument v,. Then all coefficients r,, (v) of the
determinant will be functions of only one parameter v, :

L (V) =D, (v,). 9)
Equation (8) will take the following form:

D(v,) =|®;, (v,)|=0. (10)

The
smallest positive value v;,, determines the critical value of any of the vertical forces of the
system
_ Viz,kaICi
ikp T H-2

By determining the parameters v,, we find the values of the critical forces F, .

(11)

5 NEGOTIATING THE RESULTS OF THE STUDY

The compact form of recording the generalized stiffness matrix coefficients [13], made it
possible to carry out the deformation and stability calculations in flat multi-story frames of
periodic structure using a unified method of forming the equations of the displacement
method (1).

A numerical implementation of the proposed method has been performed. For this
purpose, an algorithm has been developed and a program in Excel tables has been written.
Solving of the system of solving transcendental equations (1) of the deformation calculation is
performed by the method of successive approximations. The stability equation (8) is solved

by choosing the parameter v,. The program makes it easy to analyze the influence of force,

geometric and physical-mechanical parameters of model elements on the values of
longitudinal forces in the supports of the previously mentioned frames.

To verify the calculation results, a number of test frame calculations for deformation
calculation and stability with exact or approximate solutions have been performed [1, 7].

Stability analysis with a geometrical nonlinearity of a flat free frame of a periodic
structure (Fig. 4), the model of which was considered in [13].

A physical model of the system “steel structure - fire-retardant coating” has been
developed (Fig. 6).
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Fig. 4. Model of the frame

Initial data of the model: all columns (height of 6 m) and all ledgers (span of 12 m) are
made of steel with modulus of elasticity £= 2-10" kN /m?. The columns have a rectangular
cross-section (a=0.2 m; b=0.5 m), the moment of inertia of the cross-section of the transom is
2.5 times greater than the moment of inertia of the column cross-section.

At the first stage of the calculations, a system of concentrated vertical forces at the nodes
acts on the frame + and uniformly distributed load with intensity g =72 kN /m in all spans.

As a result of the deformation calculation, the internal forces in the elements of the
model are determined. The maximum compression force occurs in the second and sixth
columns. The values of longitudinal forces in the columns are presented in Table 1 (taking
into account the symmetry of the model).

Table 1
Values of longitudinal forces in the frame columns
Ne N, N, N, N,
1 kN 680,08 1525,72 | 1452,04 1468,33
2 proportionality 1,00 2,44 2,24 2,28
parameter f;

In the stability analysis, only the vertical forces (6) are applied to the frame. Their
magnitude is proportional to the values of longitudinal forces in the columns, obtained in the
deformation calculation (line 2 of Table 1). As a result of the performed calculation, critical
values of longitudinal forces in the columns, corresponding to the first two forms of stability
loss, were obtained (Fig. 6). The results of the calculations are summarized in Table 2.

Table 2
Critical value of the longitudinal force (in kN)
Ne as per the proposed ANSYS
methodology
1 | first form of instability 4955,85 4952,74
2 second form of instability 14921,6 14927,1

In order to verify the obtained results, the deformation and stability calculations of this
frame model were performed in the ANSY'S software package.

197

Fig. 5. Longitudinal force diagram (in kN)
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Fig. 6. The first and second forms of frame stability loss (ANSY'S)

Comparison of the results of calculations by the proposed method and in the ANSYS
software package shows their almost complete coincidence: the difference in the values of
longitudinal forces in the frame struts with allowance for geometric nonlinearity is less than
0.01 %,; the results of calculations of the first two critical forces differ by 0.06 %.

6 CONCLUSIONS

A methodology for determining the critical values of longitudinal forces in the stability
problems of flat multi-span frames by displacement method with regard for geometric
nonlinearity is proposed. It allows to use a unified approach to the formation of the systems of
the solving nonlinear equations both in the deformation calculation and in the stability
calculation. At the first stage, calculation of a frame under the action of a system of
concentrated and distributed forces is performed, the ultimate goal of which is to obtain
values of longitudinal forces in the frame struts with allowance for geometric nonlinearity. At
the second stage of calculations, the critical value of longitudinal force in the frame struts is
determined. The algorithm of the proposed method is implemented in the program, which is
written in Excel spreadsheets. The verification of the obtained results is confirmed by test
calculations for both stages of the calculation. Stability calculations for a flat free one-story
frame of periodic structure have been performed using the proposed methodology.
Calculations of this frame by the deformed scheme with the subsequent determination of the
critical longitudinal force have been performed in the ANSYS software package. The
calculation results are compared.

For planar frames of a periodic structure, the suggested method makes it possible to solve
the set problems with the same accuracy more economically efficient, since the calculations
do not involve the universal computational complexes (ANSYS, LIRA and others).
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MODELING OF WELDING PROCESSES FOR TRANSFERRING
TECHNOLOGIES TO EXTRATERRESTRIAL CONDITIONS

N. Kobzar', Ye. Chvertko'
National Technical University of Ukraine “Igor Sikorsky Kyiv Polytechnic Institute”

Abstract: The process of computer modeling occupies an increasingly important niche in
scientific and technical evolution. Modeling of welding processes provides an opportunity to make
preliminary calculations without wasting materials and to avoid rough work. Welding modeling is the
latest technology, which is used not only for economically feasible optimization of the process, but
also to predict its consequences, including thermal impact and possible deformations in the future
during structure operation. Modern software provides a wide range of possibilities, from
characterizing the external conditions under which welding takes place, namely: temperature, gravity,
pressure, etc. up to highlighting the processes that occur with the material after welding, even after
years.

Relatively recently people have begun to experiment with different technological processes in
conditions, different from the usual ones, namely Earth. Welding is no exception and is being
experimented with from underwater to space. Modeling of such processes is crucial, it doesn’t just
simplifies the work of welders, but also saves lives.

With the advent of a new goal - to perform quality welding in space - new challenges have
emerged in all areas. The astronaut's suit (spacesuit) should be more adapted to work with molten
metals, gloves should be more mobile for the astronaut to perform manipulations, a helmet with the
function of protecting the eyes from bright radiation. Creating power generators of a completely new
era, not adapted from terrestrial conditions is also a challenge. Pre-flight training of astronauts expands
the range of skills and knowledge required. Design and development of new welding machines, taking
into account important factors of work - weight, limited size, ease of use, technological versatility (one
machine performs several functions), the maximum possible automation, possible work in vacuum and
weightlessness. The question of simplicity of adaptation of this or that technology under conditions
different from terrestrial remains actual.

Keywords: welding, extraterrestrial conditions, modeling, thermal exposure.

MOIEJIOBAHHSA 3BAPIOBAJIBHUX ITPOLECIB IS
3ACTOCYBAHHSA TEXHOJIOT'TA Y TIO3A3EMHUX YMOBAX

Ko63ap H. ., Ygseprko €. mt

1 . o . o . . . o . . o . . . 7
Hayionanehuii mexuiunuil ynigepcumem Yxpainu «Kuiscoxuu norimexuivnuii incmumym imeni leops
Cikopcvko2o»

Anortanis: [Iponec KOMIT'IOTEPHOTO MOAETIOBAHHS 3aiiMae BCe BaXUIMBILIY HIlly B HAYKOBIiH i
TeXHIUHINA eBoJIroIil. MoefoBaHHS MPOIIECIB 3BaPIOBAaHHS HAJa€ MOXKIIMBICTD 3MIHCHUTH MOMEPEIHI
po3paxyHkHu Oe3 BHTpaT MarepiaiiB i YHHMKHYTH YOPHOBOi poOOTH. MoperoBaHHSI 3BaplOBaHHS €
HOBITHBOIO TEXHOJIOTI€I0, SIKY BUKOPHCTOBYIOTh HE TIJIbKH JUII €KOHOMIYHO-IOLIIBHOTO PO3PaXyHKY
mporiecy, aje i Juis TMPOTHO3yBaHHS HOT0 HACHIJKIB, 30KpeMa TEPMIYHOTO BIUIMBY Ta MOXKIIHMBHX
nedopmaniii y MailOyTHpOMYy Hpu ekciuryaTauii KoHCTpykuii. CyyacHi mporpamu Ui po3paxyHKiB
MAalOTh MIMPOKUH CHEKTP MOKJIMBOCTEH, Bijl BCTAHOBIIIOBAHHS XapaKTEPUCTUKH 30BHILIHIX YMOB IpH
SKUX BiZOyBaeThCs 3BapIOBAHHS, a caMe: TeMIleparypa, TpaBiTallisi, THCK 1 T. J. O BHCBITIIOBaHHS
MPOIIECiB, SIKi BiIOYBAIOTHCS 3 MATEPiajIOM ITiCHIsl 3BAPIOBAHHS, HABITh Yepe3 POKH.

BinmHOoCcHO HemO#aBHO JIOAM TIOYAIM EKCIIEPUMEHTYBAaTH 3 PI3HUMH TEXHOJIOTIYHHMH
MpOLIECaMH, 3MIHIOIOUYH YMOBH, IO BIAPI3HAIOTHCS Bl 3BUYAMHUX — 3€MHUX. 3BapPIOBAHHS HE CTAJIO
BUKJTIOUYEHHSIM. 3aHYPIOBAITUCH Y BOJIY, 200 HABIIAKH JIETIIM B KOCMOC. MOJIEINIOBaHHS TAKUX MPOIIECiB
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€ HaJBaXJIMBHM, BOHO HE TUIBKH 37aTHE CIIPOCTUTH POOOTY 3BaplOBAIBHHKAM, ajie i BPATYBAaTH
KHUTTA.

3 THOsBOIO HOBOI IIiJli - BUKOHAHHS SKICHUX 3BapIOBAIBHUX POOIT Yy KOCMOCI - 3’SBHJINCH HOBI
3ajadi Mo Bcix mepeciyHux cdepax. KocTiom kocMonaBTa (ckadaHap) MOBHHEH CTaTH OiibIn
aJaNTOBaHUM TIi7i pOOOTH 3 PO3IUIABICHUMH METallaMH, PYKaBHII OiTII MOOUTBHI AT BUKOHAHHA
aCTPOHABTOM MaHIMyJALiH, MONOM 3 (PYHKII€I0 3aXHUCTy O4el BiA SCKPaBOTO BUIIPOMIHIOBAHHSI.
CTBOpEeHHSI TeHEepaTopiB JKWUBICHHS 30BCIM HOBOI €MOXHM, a HE aJanToBaHi i3 3eMHHX YMOB.
[linroToBKa KOCMOHABTIB IIeped ITOJIbOTOM PO3IIMPIOE CHEKTP IMOTPIOHMX HABHYOK 1 3HAHB.
[IpoexTyBanHS 1 po3pO0OKa HOBUX 3BapIOBAILHUX alapaTiB, BPaXOBYIOUH BaXKJIUBI (akTOpu poOOTH -
Bara, OOMEEHiI PO3MIpH, 3pYUHICTh y BHKOPHCTaHHI, YHiBepCaJlbHICTb y pOoOOTI (0JHA MarnHa
BHUKOHY€ JeKijbKa (YHKIIi), MAKCHMAIBHO MOXUIIMBAa aBTOMATH3AIlisl, MOXKJIMBAa poOOTa y BaKyyMi i
HEBAaroMocCTi. AKTyaJTbHUM 3JIUIIA€THCS MUTAHHSA IPOCTOTH aNamnTarlii Ti€i 9u iHIMO0i TEXHOJOTIT Mmif
YMOBH, BiJIMiHHI BiJl 3eMHUX.

Karouogi ciioBa: 3BaproBaHHsl, 103a3eMHi YMOBH, MOJICTFOBAHHS, TEPMIUYHUHN BILTUB.
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1 INTRODUCTION

Only 53 years ago (in 1969), Soviet cosmonauts Valery Kubasov and Georgy Shonin
performed welding in space for the first time using "Vulkan" system developed by the E.O.
Paton Electric Welding Institute. In total, they conducted three experiments — manual metal
arc, electric beam and plasma (compressed arc) welding. In 1984 (38 years ago) an extremely
important experiment was conducted on welding, cutting, soldering and spraying in open
space by Svetlana Savitskaya and VlIadimir Janibekov. These experiments launched a new,
completely unexplored field of research [1].

Space missions, which are set by modern progressive teams and companies (for example,
SpaseX) build an idea of space exploration at a very fast pace. Adapting the growing
manipulation of the lunar surface is a matter of time, not simply an opportunity, as it was
before. Mankind is currently actively studying the topic of colonization of the planets, which
offers great opportunities. Among them are new resources, new conditions for human
adaptation, new territories for life, etc.

Modern tools for forecasting and modeling provide researchers with opportunity to assess
the problems they will face in certain conditions. In particular, when studying and analyzing
welding work in conditions other than Earth's, it is possible to use models to identify
problems or, conversely, the benefits using different approaches.

2 STATE OF ART ANALYSIS AND STATEMENT OF THE PROBLEM

Welding is an important and widespread technological process for the production and
repair of structures for various purposes. However, most welding processes involve the use of
heat sources, so in most cases, when joining metallic materials, we face the effects of the
thermal cycle. In particular, thermal exposure leads to the formation of a heat affected zone
(HAZ) - the area adjacent to the joint zone, in which due to heating and further cooling
changes in structure, mechanical properties, chemical composition are observed [2].
Depending on the technology and technique of welding, thermal exposure leads to the
formation of residual deformations and stresses, which also lead to changes in the
characteristics of the structural material. Depending on the operating conditions, such changes
may even cause local damage and failure of the structure as a whole [3].

In the general case, the thermal effect of the welding process on the structure is
determined by technology (welding with or without melting the metal, the formation of the
connection gradually along the joint or simultaneously), material (heat capacity, thermal
conductivity, melting point, etc.), geometry of parts (shape, mutual location), energy
characteristics of the heat source (power, energy density, heat input) and the environment [2].
The environment, in particular, will determine the initial temperature of the parts and the
conditions of cooling and heat dissipation from the heating zone. In addition, it will affect the
need to apply protection to the welding zone.

It is obvious that when performing welding work in extraterrestrial conditions, the
characteristics of the environment will differ at least from the terrestrial ones. In addition, a
number of welding methods are gravitationally dependent, so there will be an impact on the
technology as such. Therefore, modeling, in particular, thermal welding cycles for conditions
other than terrestrial, is a relevant and interesting task.

3 RESEARCH AIM AND OBJECTIVES
The aim of the study is to model and visualize the temperature fields in the welded joint

for cases where welding is performed in extraterrestrial conditions.
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The objectives of the study are to determine the parameters for model construction and
compare, in particular, the values of the width of the HAZ under different welding conditions.

4 RESULTS

Analysis was performed for welded structures located in three most different conditions,
namely: the Earth, Mars and the Moon.

Simulation is carried out using a specialized software environment.

The structure consists of a plate and a pipe (one-sided T-joint). Dimensions of the plate:
150 x 150 mm, thickness 50 mm. Pipe dimensions: outer diameter 400 mm, thickness 20 mm,
height 400 mm. The pipe is located on the plate with a shift relative to the point of
intersection of the axes of symmetry of the plate, which makes it possible to estimate the
temperature effect in more remote areas without increasing the size and, consequently, speeds
up calculations.

Simulation was performed for single pass welding without beveled edges and without
preheating. The joint is formed in the sector of the pipe between the radii drawn at an angle of
45°,

The material of the parts an analog of 2024-A1CuMg2 alloy (solidus temperature 640°C,
liquidus temperature 500°C, latent heat - 0.922 J/kg) [4]. 2024 type alloys, alloyed with
copper and magnesium, are one of the most common in the production of aerospace structures
[5].

Aluminum alloys for aviation and space use, in particular 2024, are sensitive to heat
treatment, the heat affected zone is limited by the isotherm of 200°C [6].

The thermal impact of the process was assessed for the time stamp, which indicates the
intermediate result, immediately after the end of welding and at the thirty second after the
start of welding, when the introduction of heat into the weld is stopped, but its distribution in
parts continues.

The model is built for the case of fusion welding using a heat source of medium density ~
105 W/cmz2 at a temperature of 8000°C. To do this, the model uses the type of welding ARC
welding with the following parameters [7]:

» Welding speed - 5 mm/s

* Voltage - 17 V

* Electric current - 100 A

Heat input is 340 J/mm, i.e. is within the values recommended for arc welding of
aluminum alloys sensitive to heat treatment [8].

Other parameters of modeling of welding in the conditions of the Earth, the Moon and
Mars are given in table 1 (data taken from open sources).

Table 1
Simulation parameters for different conditions
Conditions of welding | Starting Starting part Gravity on the structure,
temperature, °C temperature, °C m/c?
Earth +20 +20 9.80665
Mars -123 (minimal) -123 3.721
Moon +116.8 (maximal) |+116.8 1.63444

Models in all cases of the image at zero coefficient of deformation.
The screenshots show the moments of maximum heating and completion of modeling
(state of the structure after 30 seconds from the beginning of the process).
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In the upper left corner is a column of temperature fluctuations, and their distribution by
color. The color changes depending on the results that are displayed on the model, so for
different simulation parameters, the same temperature can be indicated by different colors.

Results of simulation for different conditions are given on Fig.1 - 3.

Temperature [°C]
1500 51

Fig. 1. Modeling of welding in terrestrial conditions: a — 5 s after the beginning of the
process; b - completion of the welding process; ¢ — 30 s from the beginning of welding
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Fig. 2. Modeling of welding in Mars conditions: a — 5 s after the beginning of the
process; b - completion of the welding process; ¢ — 30 s from the beginning of welding
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Temperature [°C]
640.00

Fig. 3. Modeling of welding in Moon conditions: a — 5 s after the beginning of the
process; b - completion of the welding process; ¢ — 30 s from the beginning of welding
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5 DISCUSSION OF RESULTS

The model for terrestrial conditions shows that after 3 seconds from the start of welding
the most active temperature effect occurs in the area of 40x21x20 mm, and after 5 seconds
this area expands to 60x21x20 mm. 30 seconds after, the entire surface of the structure, except
for the most remote part of the corner with a bisector of 20 mm - was in conditions of adverse
temperature effects.

Models for the conditions of Mars and the Moon show a similar nature of heat
distribution, but differ significantly in temperature values.

In this simulation it is possible to observe changes in temperature in several processes,
namely - heating, welding effects, heat distribution in the structure and the cooling process.
Since all three simulations reflect a process that lasts about 7 seconds, it is obvious that
further changes in the picture are the process of cooling parts with the simultaneous spread of
heat from the hottest zone. At the lowest external temperature (-123°C - Mars) after 3 seconds
the highest temperatures are observed in the area of 42x22x21 mm. After 12 seconds the
temperature in the whole structure will rise, but at the same time its most remote edge has a
temperature lower by an average of 110°C. After welding (the time interval is marked as the
time after the 7th second), the part of the structure close to the weld has an average
temperature of + 14°C, the average temperature throughout the structure ranges from -30°C to
-3°C, and the most remote plate angle of 18x42x35 has the smallest influence, its temperature
-46.34°C.

Given the sensitivity of the material to thermal cycles (susceptibility to quenching), it can
be predicted that the reproduction of modern technological approaches to its welding will lead
to deterioration of performance due to high values of cooling rates. Therefore, it will be
advisable to either carry out pre-heating and associated heating, or switch to solid-phase
welding technology, in which the temperature of the heat source is lower than the melting
point of the metal structure.

For the conditions of the Moon on the third second the maximum temperature influence
has a site of 47x15x23 mm. After 12 seconds the whole structure is under the influence of
temperature changes, the temperature difference between its most remote edge and the
average of the structure is 150°C. After welding (the time interval is marked as the time after
the 7th second) the entire surface of the part was significantly affected, while the area
adjacent to the far corner, measuring 20x40x36 mm has an increase in temperature by only
2°C. Thus, it is possible to transfer modern technological techniques without significant
changes.

6 CONCLUSIONS

Modeling of the extraterrestrial welding process has shown that the general patterns of
heat distribution from the heat source in the part remain unchanged. At the same time, the
dimensions of the zone heated above the temperature threshold and the average temperature
of the structure differ significantly. In some cases, it is possible to directly transfer modern
technological techniques to extraterrestrial conditions.
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ON THE OPTIMAL POSITION OF THE INTERMEDIATE
SUPPORT OF THE COMPRESSED THREE-SPAN ROD AND ITS
QUALITATIVE FEATURES

S. Bekshaev'
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The optimization problem is considered, which consists in maximizing the main
critical force of a three-span longitudinally compressed rod supported at the ends on absolutely rigid
hinge supports due to the optimal choice of the position of one of the intermediate supports. It is
known that in many cases this position is a node of the buckling form, which corresponds to the
second critical force in the spectrum of the two-span rod formed by removing the moving support. A
range of recent studies have described cases where the maximum critical force is reached at other
positions. This, in particular, occurs at a finite stiffness of one or both end supports of the rod. The
proposed work seeks the optimal position of the rigid intermediate support, provided that the second
intermediate support has a finite stiffness and a fixed position. The compressive force is assumed to be
constant along the length of the rod, bending stiffness can vary according to the length of the rod
according to arbitrary way. It is established that under certain conditions the solution of this problem
can be reduced to the solution of another, previously studied problem, which seeks the maximum
critical force of a two-span rod by changing its length, at which some segment of the rod adds or
removes at one end of the rod with the transfer of the corresponding hinged support at the end of the
newly created rod. The paper founds and describes the characteristic qualitative features of the
buckling forms, which correspond to the maximum of the main critical force, in particular the absence
of deformation of the bending of the end span adjacent to the moving support. The limitations in
which the approach proposed in the paper leads to the determination of the desired optimal position of
the movable support are studied. The results are obtained mainly on the basis of the systematic use of
qualitative methods and allow to obtain qualitative estimates for the localization of the moving support
and the value of the corresponding critical force. An example illustrating the proposed approach and
the reliability of the results of its application are considered.

Keywords: compressed rod, critical force, optimization, buckling form, length effect, qualitative
sign.

PO ONTUMAJIBHE MOJIOXKEHHS MPOMIKHOI OITIOPU
CTUCHEHHOI'O TPUITPOJIITHOI'O CTEPKHSA TA HOI'O
AKICHI OCOBJINBOCTI

Bexmaes C. 5I.*
Y00ecvra deporcasna axademis 6ydisnuymea ma apximexmypu

AHoTamin: Y poOoTi po3risyiaeTbes 3ajada ONTHMI3allii, sika TMOJSATrae y MaKCUMAaIbHOMY
MiABUIEHHI OCHOBHOI KPUTHYHOI CHJIM TPUIPOJIITHOTO LIAPHIPHO ONMEPTOro MO KiHLAX Ha aOCOIOTHO
JKOPCTKI IIApHIPHI OMOPH TO3JIOBKHBO CTUCHEHOTO CTPIIKHS 332 PaxyHOK ONTHMAaJIbHOTO BHUOODY
MOJIOXKEHHSI OJHIET 3 MPOMDKHUX Omop. Bijomo, 1mo y 0ararbox BUMAIKaX TaKUM ITOJIOKEHHSIM €
By301 (popMHu BTpaTH CTIMKOCTi, IO BiJNOBiZa€ APYriidi 3a HOMEPOM KPUTWUYHIA CHJII B CHEKTpi
JBOIIPOTOHOBOTO CTPHIKHSA, YTBOPEHOT'O BUAAJICHHSIM OIOPH, L0 MEePEeMilIy€eThCsl. Y psilii JOCTIHKEHb
OCTaHHIX POKiB OyJIM ONMHMCaHi BUMAJKH, KOJIM MAKCUMYyM KPHTUYHOI CHIIM JOCSTAETHCS MPH HIIUX 11
nontokeHHsAX. Lle, 30kpemMa, Mae Miciie Ipy CKiHYEHi! MKOPCTKOCTI OfIHi€T a0 000X KIiHIIEBHX OTIOP
CTPWIKHS. Y 3allpoOnoOHOBaHiil poOOTI PO3LIYKYETHCS ONTHMAJIbHE IOJIOKEHHS JKOPCTKOI MPOMIXHOT
OIOpH 3a YMOBH, IO JIpyra HPOMDKHA OIopa Mae€ CKIHYEHY YKOPCTKICTh Ta (HIKCOBAHE IMOJIOKEHHS.
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Cruckaroya cujia repeadavaeThes MOCTIHHO 332 JOBKUHOK CTPHIKHS, 3TMHAIbHA KOPCTKICTh MOXKE
3MIHIOBATHCA 32 JJOBXKUHOIO CTPIXKHS 33 JOBUIBHUM 3aKOHOM. BCTaHOBIIEHO, IO TIPM MEBHUX yMOBAaX
PO3B'SI3aHHSI BOTO 3aBJaHHS MOXKE OyTH MPHBEACHO AO PO3B'I3aHHS 1HINOI, paHille JOCHTiIKEHOI
3ajadi, B SKild pO3IIYKYETbCS MAKCHMyM OCHOBHOI KPHUTHYHOI CHJIM JBOIIPOTOHOBOT'O CTPHIKHS 3a
paxyHOK 3MiHM MOTO [OBXHHH, TPH SAKIH Ha OJHOMY 3 KIHIIB CTPWXXHS TPHUETHYETHCS abo
BUAAJSETHCS JesAKa AUISHKA CTPIKHS 3 TIEPEHECCHHSM BiAMOBIAHOI IIApHIpHOI OMOpHU y KiHEUb
HOBOCTBOPEHOI'O CTPHXHs. B poOOTI BUSBIEHO 1 ommcaHO XapaKTepHi AKiCHI 0COOMUBOCTI (opMm
BTpaTH CTIHKOCTI, SIKi BIAIOBIJAlOTh MAaKCHMYMYy OCHOBHOI KPHUTHYHOI CHIIM, 30KpeMa BiJICyTHICTh
nedopmariii BUTHHY KpaifHbOTO IIPOJIBOTY, IO IMPHMHUKAE IO OTOPH, SIKa IepeMilryeTscs. Busdueno
OOMEXEHHS, Yy SKHX 3alpolOHOBaHUK y pPOOOTI MiAXil NPHU3BOAUTH 10 BU3HAYEHHS MIYKAHOTO
ONTHMAJILHOTO TOJIOKEHHS MepeMillyBaHoi onopH. Pe3ynapraTh OTpUMaHO B OCHOBHOMY Ha Ii/ICTaBi
CHUCTEMaTHIHOTO BHUKOPUCTAHHS SKICHUX METOMIB 1 JO3BOJISIOTH OTPUMATH SKICHI OIIHKH IS
JoKaji3amii omopw, W0 MepeMillyeThcs, 1 3HAUeHHA BiAMOBIAHOI KpUTH4HOI cwin. PosrmsHyTo
MPUKIIAJ, O LTI0CTPY€E TPOTMIOHOBAHUH MiJIXi[l Ta JOCTOBIPHICTh PE3YJIbTaTiB HOTO 3aCTOCYBAHHS.

Karo4oBi ci1oBa cTucHYTHH CTpHKEHb, KPUTUYHA CHJIA, ONITHMI3amis, ¢opMa BTpaTH CTIHKOCTI,
BILIMB JOBXXHWHH, HKiCHa O3HakKa.
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1 INTRODUCTION

Further abbreviations are used: CRF — critical force; BF — buckling form; 2nd BF — BF,
which corresponds to the second CRF by number in the spectrum of CRFs.

For reliable operation of many engineering structures containing compressed elements, it is
necessary to ensure their stability. In this regard, the task of finding ways to improve the stability of
such elements, both at the design stage and during the operation of the structure, acquires great
practical importance.

One of the ways to increase the stability of multi-span rods is to vary the position of their
intermediate supports in order to increase their CRF. At the same time, the optimal positions
of the movable supports, which provide the maximum of the main CRF of the rod, have some
qualitative features. In particular, for a number of simple cases it has been established [1, 2]
that the optimal position of the internal support is the node of the 2nd BF in the spectrum of
the rod formed by the removal of the movable support. However, it cannot be guaranteed that
this conclusion will be valid under various support conditions, just as it is impossible to
guarantee the existence of a node at the 2nd BF of the rod. These circumstances prompted
research, the results of which are presented in this paper.

2 LITERATURE ANALYSIS AND PROBLEM STATEMENT

As recent studies [3 — 7] have shown, under certain conditions, in particular, with finite
stiffness of the extreme supports, the node of the 2nd BF, even if it exists, does not provide
the maximum CRF. Under these conditions, the search for the optimal position requires a
different approach and, in some cases, leads to the appearance of special semi-curved BFs
with rectilinear horizontal sections. The cases considered so far have been limited to rods with
absolutely rigid intermediate supports. At the same time, in practice, rods with elastic
intermediate supports can be encountered, the optimization of which has its own features, and
the study of these features is of great theoretical and practical interest. The results presented
below refer to the solution of some of the problems that arise in this case. This solution is
based on the use of qualitative methods.

3 THE PURPOSE AND OBJECTIVES OF THE STUDY

In this paper, the problem of determining the optimal position of an absolutely rigid intermediate
support is considered using the example of a three-span rod (Fig. 1a), in which one intermediate
support has a finite rigidity and a fixed position.

o ¢ D LpPp o Cc D p L
~ L4 A A LA A& B

a) b)

Fig. 1. The rod S to be optimized (a) and its components (b)

The ends of the rod are hinge supported on rigid supports. The distribution of bending stiffness
along the length of the rod is assumed to be arbitrary. The compressive force in all sections is the
same. We look for the optimal position of the rigid support. The optimal position is understood as such
a position of the support, in which the main CRF of the rod reaches its maximum value.

4 RESEARCH RESULTS

4.1. Preliminary results. The following notations are used:

S. Bekshaev
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(MN) is a single-span rod, hinged at the ends M and N on absolutely rigid supports;
P(MN) is the main CRF of the rod (MN), A is the node of the 2nd BF of the rod (OL), A
and A, are the nodes of the 3rd BF of the rod (OL), numbered from left to right;

Further, the following results are systematically used.

4.1.1. The imposition of one constraint on a rod system containing compressed elements
cannot decrease any of its CRFs and cannot make the CRF higher than the next one by
number in the spectrum of the system before the constraint is imposed [1].

4.1.2. Let us agree to say that a constraint is established in a generalized BF node or that
a constraint is orthogonal to a BF, if the work of the reaction of the constraint on this BF is
equal to zero.

The number of CRFs, which are strictly less than some CRF, does not change as a result
of imposing a constraint, if this constraint is not orthogonal to at least one of the BFs
corresponding to this CRF.

In order to the multiplicity of the CRF not to decrease after the introduction of the
constraint, it is necessary and sufficient that this constraint be imposed in the generalized
node of each of the BFs corresponding to this CRF, which, therefore, will be the CRF of the
system formed after the constraint has been set. In particular, for a simple CRF to be
preserved in the spectrum after a constraint is set, it is necessary and sufficient that the
constraint is superimposed in the generalized node of the corresponding BF [1].

4.1.3. The reaction R of the intermediate hinged support is considered positive when it is
directed upwards. The slope angle 0 of the rod cross section is positive if it is turned clockwise. Then,
for a sufficiently small displacement of the support to the right, the simple CRF increases if RO >0,
and decreases if RO < 0. If, at a certain position of the support, the CRF reaches an extremum, in this
position RO =0 [8].

4.1.4. The CRF of a two-span rod OD with an elastic intermediate support (Fig. 1 b on the left)
changes with a change in the length of the segment with the transfer of the extreme hinged support to
the end of the elongated or shortened rod. In [9], the existence of such a value C, of the stiffness

coefficient of the intermediate support was established that at ¢ > C_ the main CRF of the rod reaches

a maximum at a certain length |CD| ; this maximum is greater than P(OC).
D D D
2 > B

type 1 type 2 type 3

Fig. 2. Typical configurations of the BF of the rod at the end adjacent to the hinged support

The behavior of the main CRF of the rod OD with a change in its length is determined by the
configuration of the end segment of the corresponding BF, adjacent to the movable support (Fig. 2),
and this CRF with increasing length decreases for type 1 BF, increases for type 2 BF, and reaches a
maximum for BF of the 3rd type, which has a zero slope of the end cross section. The value C, is
equal to the stiffness coefficient of the elastic support, which provides the maximum increase in the
main CRF of the two-span rod OD (Fig. 1b on the left), provided that C is the node of the 2nd BF of
the rod (OD). It is defined by the equalities

11
P(OC) = P(CD) = ccr/ (|oc|+|co|j' L
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In particular, for a rod with the bending stiffness EJ constant along the length
¢, =2n°EJ / |OC|3. Generalizations of the results of [9] concerning the relationship between

the CRFs and the length of the rod are presented in [10].
4.1.5. The main BF of a two-span rod, hinged with its ends on rigid supports, with an elastic
intermediate support, has no nodes inside the segment containing a node of the 2nd BF of the rod,

devoid of an intermediate support (Fig. 3) [11].
A
e ° ———————

Fig. 3. Characteristic configurations of the main BF of a two-span rod. A — node of the 2nd BF of a single-
span hinged rod, C, <C,

4.2. Determination of the optimal position of the support D. Mentally position
ourselves so that the elastic support C (see Fig. 1 a) is to the left of the node A of the 2nd BF
of the rod (OL), and when searching for the optimal position of the support D, we restrict

ourselves to the right segment CL, since it is less stable (P(OC) > P(CL)).

4.2.1. Approach idea. The idea of finding the optimal position of the support D uses the mental
division of the optimized rod into two parts (Fig. 1b). As noted in Sec. 4.1.4, at sufficiently high
values of the stiffness coefficient C of the elastic support, the CRF of the left segment OD reaches its
maximum value at a certain position D* of the support D and, accordingly, at a certain length of the
segment OD. If the cut D is located to the left of D", the CRF of the segment OD is less than its
maximum. By moving the cut to the right, we will increase the CRFs of both the segments OD (until
it reaches the maximum) and the right rod (DL), and it is natural to assume that the CRF of the rod

S will also increase. When the moved cut is in the position D* that ensures the maximum CRF of the
segment OD, the BF of this segment will belong to the 3rd type (see Sec. 4.1.4, Fig. 2), and its
smooth conjugation with the undeformed segment DL forms a semi-curved BF of the optimized rod
S, since “splicing” segments OD" and D*L is a superimposition of a constraint orthogonal to the
corresponding BF of a split rod (Sec. 4.1.2). As follows from Sec. 4.1.3, the corresponding position of
the support D satisfies the necessary condition for the extremum of the CRF of the rod S . Further,
some sufficient conditions are established under which this position ensures the maximum of the main
CRF of the rod S . In what follows, we will call the point D" a conjugation point or a singular point
of a semicurved BF.

4.2.2. Theorem. If at ¢>c, the main CRF corresponds to a semi-curved BF, then the
optimal position of the support is the conjugation point of this BF.

The existence of a semi-curved BF for ¢ >c_ follows from what was said in Sec. 4.2.1.

Therefore, to prove the theorem, it suffices to prove that this BF corresponds to the maximum
of CRF, if it is also the main one.

If the considered main CRF is a multiple, then (regardless of the configuration of BFs
corresponding to it) the movement of the support can be carried out by first removing the
support, thereby reducing the main CRF and not changing the 2nd CRF (Sec. 4.1.1), and then
installing it in a new place, after whereby the main CRF becomes no higher than the initial
multiple CRF, i.e. that this initial CRF is the maximum, which was to be proved.

Next, we consider the case when the considered CRF is simple.

First, let us prove that the installation of a movable support at the conjugation point of
the BF provides a local maximum of CRF.
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Let D* be a singular point of a semicurved BF. Moving the support to the right of D*
can be done in two steps. On the first, keeping the support in position D*, an additional
support is placed on the right in a straight segment. This support does not distort the
semicurved BF and does not change the corresponding main CRF of the rod S . At the second
step, the support that was in D" is removed, which leads to a decrease in the CRF. Thus, it
has been established that when the support is displaced to the right of D*, CRF decreases.

With a small displacement of the support to the left, we consider two cases: the first case

is that the CRF of the rod (D’L) is less than or equal to the CRF of the entire rod S, the
second is that the CRF of the rod (DL) is greater than the CRF of therod S .

In the first case, with a small displacement of the support D from the position D", a rod
is formed, cutting which on the support D, we get two rods — OD and (DL), each of which
has CRF less than the CRF of the original rod. By imposing a constraint that eliminates the
cut, it is impossible to increase the main CRF above the second one in the spectrum (Sec.
4.1.1), whence it follows that as a result of the displacement, the CRF decreased.

In the second case, we note that the spectra and BFs of the rod S and the two-span rod
OD (Fig. 1b on the left) continuously depend on the position of the support D . The same
conclusion is also valid for the rod S formed from S by setting a rigid clamping, combined
with the support D . Then there is such a neighborhood of the point D* that when moving the
support D to any of its points to the left of D

a) the main CRFs of rods S and S remain simple,

b) the main CRF of a two-span rod OD decreases when the support D moves to the left
and it corresponds to a BF of the 2nd type,

c) CRF of rod (DL) remains greater than CRF of the rod S and the reaction of the

displaced support at buckling of the rod S along the main BF remains directed downward,
i.e. in the direction of the transverse displacement of the cross section C.

Let us consider a two-span rod OD (Fig. 1b on the left), introduce elastic clamping in its
cross section D, and watch the change in its main CRF and the BF corresponding to it with a
continuous increase in the clamping stiffness. The following statements are true.

I. At no finite value of the clamping stiffness, the slope of the cross section D of the
main BF vanishes. Otherwise, the rod OD, in the absence of clamping, would have a main
BF of the 3rd type, which contradicts statement b) above.

I1. At no value of the clamping stiffness, the deflection in the cross section C of the main
BF of the rod OD vanishes. Otherwise, with some clamping stiffness, the main BF of the
single-span rod OD, formed by removing the elastic support C, would have a node at C,
which would imply the existence of two internal inflection points of the main BF of this rod.
This would mean that its main CRF is higher than the 2nd CRF of the rod (OD). At the same
time (Sec. 4.1.1), one constraint in the form of clamping introduced in the cross section D of
the rod (OD) cannot raise the main CRF above the 2nd CRF of the rod (OD).

II1. For any finite clamping stiffness in the cross section D, the slope of this section in
the main BF of the rod OD has the same direction as the rectilinear segment CD. This
follows from the fact that at zero clamping stiffness in the main BF (type 2) of the rod OD,
these directions coincide, and with a continuous increase in clamping stiffness, this
coincidence is preserved, because otherwise, one of statements I or Il would not hold.

In consist of the rod s, the fragment OD can be considered as a rod elastically clamped
on the support D, since joining the segment DL, provided that CRF of (DL) > CRF of S,
at buckling is equivalent to the introduction of elastic clamping in the section D.

Statements I - III lead to the conclusion that with a small moving of the support D to the left of
D", the main BF of the rod S can be schematically represented in the form of Fig. 4, where the
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arrows indicate the directions of the reactions of the supports. As can be seen from the figure,
condition RO > 0 is satisfied in the section D of the rod, which, in accordance with Sec. 4.1.3, means
that the main CRF of the rod S decreases when the support D moves to the left.

Fig. 4. BF of the rod S with a small displacement of the support D to the left from D*

Thus, the main CRF of the rod S decreases when the support D is moved both to the
right and to the left from the position D*, which implies that when the support D is placed in

the position D*, the main CRF has a local maximum (which does not exclude the possibility
of other local extrema, among which may be the desired absolute maximum of the CRF).
Let P(D) be the main CRF of the rod S corresponding to the position of the support in

D. If, for some position D to the left of D", the inequality P(D)>P(D") was satisfied,

between D and D* there would be a position D’ providing the minimum CRF, for which,
according to Sec. 4.1.3, one of the equalities 6=0 or R=0 would hold. The first is
impossible due to the following circumstances.

If, for 6=0, the corresponding main BF was deformed on both sides of the support D',
the installation of a rigid clamping on this support would preserve P(D’) in the spectrum
(Sec. 4.1.2), but would make it double, because it would correspond to two linearly
independent forms having a horizontal segment on one side of the support. This would mean
the existence in the spectrum before the introduction of a rigid clamping CRF smaller than
P(D"), i.e. P(D") would not be the main one.

If the value P(D’) corresponded to a semi-curved BF, the part of the rod either to the left
or to the right of D’ would remain horizontal. If the left segment is not deformed, the right
part (D'L) must have a zero slope of BF in the cross section D', which is impossible, since
the BFs of a hinged single-span rod (D’L) are solutions of a 2nd order linear differential
equation [12], for which the only solution vanishing at the boundary together with the first
derivative, is the identical zero.

If the right section is not deformed, the inequality P(D’) > P(D") must be satisfied,
because the corresponding BF is the BF of a rod formed from the S by imposition of
constraints that prevent deformation of the section D'L (Sec. 4.1.1, 4.1.2). This inequality
contradicts the assumption that P(D") is minimum.

Equality R=0 means that D' is the node of the corresponding BF, which, taking into
account the minimality of P(D’), should be the main one for the rod formed from S by
removing the support D . But according to Sec. 4.1.5 (see Fig. 3), the main BF of such a rod
does not have nodes in the segment CL.

Thus, the assumption that there is a position to the left of D that ensures the minimum
of the main CRF of the rod S leads to a contradiction, from which it follows that as the
support D moves continuously to the left from D* to C, the CRF P(D) monotonically

decreases and, therefore, cannot exceed P(D").
For any position D to the right of D", the inequality P(D) > P(D") is satisfied due to
the same circumstances as the inequality P(D') > P(D") above. Thus, for all positions of the

S. Bekshaev
102 https://doi.org/10.31650/2618-0650-2022-4-1-96-106



https://doi.org/10.31650/2618-0650-2022-4-1-96-106

1V, Nel, 2022
Crop. 96-106 / Page 96-106

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

support D, both to the right and to the left of D", the relation P(D") > P(D) is satisfied,

from which the validity of the theorem follows.

Remark. The requirement to locate the support C to the left of the node A is essential.
Otherwise, it can be proved that the semi-curved BF described in Sec. 4.2.1, which can exist
at a sufficiently high stiffness ¢ and for P(OC) < P(CL), provides a local maximum of main

CRF, which may not be absolute.
4.2.3. Limitations. The proved theorem describes the sought-for optimal position only
under the condition that the considered CRF is the main one. This condition is satisfied, in

particular, if the length of the rod S is such that the segment D*L is more stable than OD",
P(D’L) > P(D"), because in this case, the loss of stability occurs due to the buckling of the
segment OD". Elongation or shortening of the rod S due to the segment DL does not affect
the value of its CRF, equal to P(D"), determined by the buckling of the curved segment OD*
P(D")
remains in the spectrum of the CRFs of the rod S, but becomes not the main one, but one of
the senior ones. For example, if the length of the rod S is such that the node A of the 3rd BF
of the rod (OL) is located to the right of the elastic support C, at any position of the support
D, the CRF of the rod S will be less than the 3rd CRF of the rod (OL) (because the
supports C and D do not fall into the nodes A and A, of its 3rd BF, (see Sec. 4.1.2) equal

to the CRF of the rod (OA). In this case, the CRF P(D") of the rod S corresponding to the

semi-curved BF described in Sec. 4.2.1 will be present in the spectrum of CRFs of the rod S,
but will not be the main one, because according to Sec. 4.1.4 P(D")> CRF (OC) > CRF

(OA).

4.2.4. Limit length. The following considerations can be used to determine ‘D*L

of the semi-curved BF, however, if ‘D*L

exceeds a certain limit value ‘D*L

. )
lim

. Let

lim

P(D") be a simple main CRF of the rod S . If you increase its length by moving the support

L, you will find its position when its 2nd CRF, decreasing, becomes equal to P(D"), which,

thus, will become double and, with a further increase in the length of the rod S, will become
the second in its spectrum (due to a change in number). This position marks the limit length

‘D*L . Then, from two linearly independent BFs of the rod S corresponding to P(D"), one

lim
can form a BF having a node at D* or at C. This BF will belong to the spectrum of the rod
formed from the S by removal of the support D . As a result of the removal of the constraint,
the main CRF will become smaller and P(D") will be the second in the spectrum of the two-
span rod (without support D), which corresponds to the BF with the node in D*. Zero
deflection in the section D" of the 2nd BF of a two-span rod, compressed by force P(D"),
can serve as a condition for determining the limiting length. Instead D", you can take the

cross section C, but in a different rod, removing the support C and keeping the support D .
4.2.5. Example. The results of the work are illustrated by a numerical example in which the rod

S (Fig. 5 a) has a constant bending stiffness along its length, EJ =const., c, :anEJ/€3,

c=2c,.
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Fig. 5. Optimal prismatic rod S (a) and its main semi-curved BF (b)

As a result of the analysis of the exact equation of CRFs, got on the basis of exact expressions for
the influence functions of a compressed prismatic rod [12], the optimal position of the support D was
found at a distance 1,701-( from the left end of the rod. The corresponding value of CRF is

P =1181-P., where P, =n’EJ/(?, and the BF corresponding to it, normalized so that the
reaction of the elastic support is equal to 1, calculated on the basis of the same expressions, is shown
in Fig. 5 b; ordinates are given in ratio to 63/7c3EJ , abscissas - in ratio to (. This form retains its

configuration and remains the main one until the distance |DL| exceeds the limit value

|DL|Iim =1,036-( calculated from the considerations given in Sec. 4.2.4.

5 RESEARCH RESULTS DISCUSSION

The results of the work reveal some little-known aspects of the operation of
longitudinally compressed rods. On their basis, answers can be obtained to a number of
questions that arise during the operation and design of structures containing compressed
elements. In particular, the presence of undeformed zones in the case of buckling of optimal
rods gives the designer important and useful information, since in some cases it makes it
possible to achieve savings due to these zones. If it is necessary to strengthen the structure, it
also makes no sense to establish any constraints in these zones, since, as follows from the
results of the work, these constraints will not be able to increase its critical force.

6 CONCLUSIONS

The problem of determining the position of an intermediate hinged support of a three-
span rod, which ensures the maximum value of its main critical force, is considered, provided
that the second intermediate support has a fixed position and finite stiffness. It is shown that
the solution of the formulated problem depends on the stiffness and position of the
intermediate elastic support, on the length of the rod, and also on the value and distribution of
the bending stiffness, and qualitatively different solutions correspond to different
combinations of these parameters. The conditions that must be satisfied by the stiffness and
position of the elastic support are specified, under which the buckling of the optimal rod
occurs in a semi-curved form, in which the segment of the rod on one side of the movable
support remains undeformed. The results obtained allow us to better understand the behavior
of compressed rods and can be used in the design and operation of engineering structures
containing compressed elements.

The subject of further research should be a more complete and accurate determination of
combinations of rod characteristics that provide qualitatively different solutions and the
extension of conclusions to multi-span rods and more complex bar systems.
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