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Abstract. The problem of evolution of the rigid body rotations about a fixed point continues to 

attract the attention of researches. In many cases, the motion in the Lagrange case can be regarded as a 

generating motion of the rigid body. In this case the body is assumed to have a fixed point and to be in 

the gravitational field, with the center of mass of the body and the fixed point both lying on the 

dynamic symmetry axes of the body. A restoring torque, analogues to the moment of the gravity 

forces, is created by the aerodynamic forces acting on the body in the gas flow. Therefore, the 

motions, close to the Lagrange case, have been investigated in a number of works on the aircraft 

dynamics, where various perturbation torques were taken into account in addition to the restoring 

torque. 

Many works have studied the rotational motion of a heavy rigid body about a fixed point under 

the action of perturbation and restoring torques. The correction of the studied models is carried out by 

taking into account external and internal perturbation factors of various physical nature as well as 

relevant assumptions according to unperturbed motion. 

The results of reviewed works may be of interest to specialists in the field of rigid body 

dynamics, gyroscopy, and applications of asymptotic methods. The authors of this papers 

present a new approach for the investigation of perturbed motions of Lagrange top for 

perturbations which assumes averaging with respect to the phase of the nutation angle. 

Nonlinear equations of motions are simplified and solved explicitly, so that the description of 

motion is obtained. 

Asymptotic approach permits to obtain some qualitative results and to describe evolution 

of rigid body motion using simplified averaged equations. Thus it is possible to avoid 

numerical integration. The authors present a unified approach to the dynamics of angular 

motions of rigid bodies subject to perturbation torques of different physical nature. These 

papers contains both the basic foundations of the rigid body dynamics and the application of 

the asymptotic method of averaging. The approach based on the averaging procedure is 

applicable to rigid bodies closed to Lagrange gyroscope. 

The presented brief survey does not purport to be complete and can be expanded. 

However, it is clear from this survey that there is an literature on the dynamics of rigid body 

moving about a fixed point under the influence of perturbation torques of various physical 

nature. The research in this area is in connection with the problems of motion of flying 

vehicles, gyroscopes, and other objects of modern technology. 

Keywords: rigid body, Lagrange’s case, rotation, perturbation torque, restoring torque. 
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Одеська державна академія будівництва та архітектури 

Анотація. Проблема еволюції обертань твердого тіла навколо нерухомої точки продовжує 

привертати увагу дослідників. В багатьох випадках рух в випадку Лагранжа може розглядатися 

як породжувальний рух твердого тіла. В цьому випадку тіло має нерухому точку і знаходиться 

в гравітаційному полі з центром мас тіла та нерухомою точкою, які обидва лежать на осі 
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динамічної симетрії тіла. Відновлюючий момент аналогічний гравітаційному моменту 

створюються аеродинамічними силами, які діють на тіло в потоці газу. Таким чином, рухи 

твердого тіла, які близькі до випадку Лагранжа, досліджуються в численних роботах з динаміки 

літальних апаратів, де різні збурення розглядаються разом з відновлюючим моментом сил. 

В багатьох роботах досліджується обертальний рух твердого тіла навколо нерухомої точки 

під дією збурюючих та відновлюваних моментів сил. Уточнення досліджуваних моделей 

проводиться з розгляданням зовнішніх та внутрішніх збурюючих факторів різної фізичної 

природи так і різних припущень відносно породжувального руху. Результати приведених робіт 

можуть бути корисними для спеціалістів з динаміки твердого тіла та застосувань 

асимптотичних методів. 

Автори цих статей представляють новий підхід для дослідження збурених рухів вовчка 

Лагранжа для збурень, які припускають усереднення по фазі кута нутації. Нелінійні рівняння 

руху спрощуються та розв’язуються, та описується рух тіла. Асимптотичний підхід дозволяє 

одержати деякі якісні результати та списати еволюцію руху твердого тіла з допомогою 

спрощених усереднених рівнянь. Потім здійснюється чисельне інтегрування. Автори 

представляють уніфікований підхід до динаміки рухів твердого тіла під дією моментів сил 

різної фізичної природи. Ці статті представляють як базові основи динаміки твердого тіла так і 

застосування асимптотичного методу усереднення. Підхід, який базується на процедурі 

усереднення застосовується до твердих тіл, близьких до гіроскопа Лагранжа. 

Наданий короткий огляд не претендує на повноту і може бути розширеним. Однак з цього 

огляду ми бачимо наявність літератури з динаміки твердого тіла, що рухається навколо 

нерухомої точки під дією збурюючих моментів сил різної фізичної природи. Дослідження в цій 

галузі знаходять застосування в динаміці літальних апаратів, гіроскопів та інших об’єктів 

сучасної техніки. 

Ключові слова: тверде тіло, випадок Лагранжа, обертання, збурюючий момент, 

відновлюючий момент. 
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1 INTRODUCTION 

At present in dynamics of a rigid body with fixed point there is bibliography on the 

theoretical researches of the perturbed motions, that are close to Lagrange case, and on the 

applications to dynamics of space vehicle and flying machines, of gyrosystems and other 

engineering objects. Here the brief survey is given, that is devoted to the investigations results 

for indicated problems. Only the papers are mentioned here, that are the most close to the 

results of author and his colleagues. 

2 LITERATURE DATCAE ANALYSIS AND TARGET SETTINGS 

One of the significant areas of investigation in mechanics is a rigid body’s motion about 

a fixed point. As one of the fundamental problems in dynamics it caught interest of well-

known scientists throughout the history of its development. 

A high volume of works exists regarding the perturbed motions close to Lagrange top, as 

well as application in the problems of flying vehicles’ entry into atmosphere [1, 2], rotating 

projectile’s motion [3], gyroscopy [4-8]. 

Problems in terms of their theoretical aspect attract attention of specialists in the field of 

theoretical mechanics. The framework of dynamic unperturbed rigid body models – Lagrange 

case – allows rigorous formulation of the problems. The refinements of the models under 

investigation takes place taking into consideration the perturbation torques of different 

physical nature, both internal and external, and the corresponding suppositions regarding the 

unperturbed solution. 

The mathematical description of symmetrical top motion in the field of gravity is a 

solved problem in the dynamics of a rigid body. Solution to this problem was first obtained by 

Lagrange and published in 1788. Many advanced treatises of classical mechanics include this 

problem [3, 5-10]. 

3 PURPOSE AND OBJECTIVES OF RESEARCH 

We consider the evolution of the dynamics of rigid body motion about a fixed point under the 

various perturbation torques. The basic method applied in these studies is the Krylov-Bogoliubov 

asymptotic averaging method. 

4 RESEARCH RESULTS  

The motions similar to Lagrange case were analyzed in several works in dynamics, in the 

given works perturbation torques were taken into consideration with restoring torque.  The 

investigations of rigid body dynamics can find application in the area of astronautics. 

V.S. Aslanov’s monograph [2] studies the rigid body’s motion in the atmosphere under 

the action of biharmonic air dynamic torque and small perturbations. In this paper, he notes 

the resemblance between the heavy rigid body and the rigid body in a resisting medium 

(planet atmosphere). 

Numerous works [1, 2, 5, 11-22, 27, 29-31, 37, 39, 42-44] have analyzed the perturbed 

motions of a rigid body similar to Lagrange top. 

Works [5, 11] describe the first approximation for the averaging procedure for slow 

variables of a perturbed motion of a rigid body close to Lagrange’s case. In many cases, 

applied problems permit averaging over the phase of nutation angle. A perturbed motion close 

to Lagrange’s case is analyzed taking into consideration the torques that affect the rigid body 

from external medium. 
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Paper [12] investigates the evolution of the rigid body’s motion under the effect of an 

unsteady perturbation torque, the rigid body being close to the Lagrange gyroscope. The 

concept of the given problem is analyzed in article [13], when restoring and perturbation 

torques vary slowly in time. The primary objective of this study is to broaden the results of 

works [5, 11-13] for the problem of dynamically symmetric rigid body motion under the 

action of restoring and perturbation torques independent or dependent on slow time.  

Paper [14] considers the perturbed fast rotation of a rigid body which is close to regular 

precession in the Lagrange case. Work [15] describes a more general occurrence of the 

evolution of rotations, where the value of the restoring torque is dependent on the nutation 

angle. 

Paper [16] analyses the perturbed motion of the rigid body, similar to regular Lagrangian 

precession, affected by slowly time-varying perturbation torque, as well as restoring torque, 

dependent on the nutation angle. Papers [17, 18] research the evolution of rotations of a rigid 

body, similar to regular precession, influenced by a restoring torque, dependent on slow time 

as well as nutation angle; and by a perturbation torque that slowly varies in time.  

We presented in [20] some new qualitative and quantitative results of fast motion of a 

heavy top subject to small perturbation top subject to small perturbation torques. We 

suggested a new procedure of  the averaging method, different from works [5, (sections 4.8.2, 

11.3, 11.3.2), 14]. Works [5, 11-20] provide an overview of the received results in rigid body 

dynamics, as well as a bibliography.  

Paper [21] analyzed a symmetric rigid body’s motion, similar to the case of Lagrange, 

influenced by perturbation torques, Newtonian force field and gyro moment vector. It has 

been endeavored to utilize the averaging procedure in regard to the nutation phase angle, 

proposed in works [5, 11]. The averaging procedure suggested for investigation of the 

Lagrange’s top fast rotation in works [5, 14] was applied for analysis of rigid body’s 

rotational motion in article [22], in presence of Newtonian field of force, gyro and 

perturbation torques. 

When axisymmetric magnetized body moves in constant field, close to regular 

precession, the following equations coincide: motion of the satellite to motion of the Lagrange 

gyroscope. It is known that a dynamically symmetric satellite moves the same way as a heavy 

rigid body in the Lagrange case, once the satellite possesses a magnetic torque moved along 

dynamic symmetry axis [23]. 

The resemblance of the problem of Lagrange’s top motion in case of potential 

perturbations to the problem of satellite’s rotation can be observed. The latter’s mass center 

repositions in the equatorial plane’s circular orbit, being affected by the Earth’s magnetic field 

[24-26]. Article [27] indicates new results of negligibly asymmetric heavy top’s motion, 

subject to small viscous damping. 

While studying a heavy unbalanced gyrostat’s motion with an arbitrary torque of internal 

interaction [28], equations of motion first integrals coincide with corresponding first integrals 

of rigid body motion in Lagrange’s case. 

Paper [29] considers heavy symmetric rigid body’s motion, the body having a fixed point 

under effect of frictional forces originated from the surrounding dissipative medium. 

In the works [5 (Sections 4.8.2, 11.3), 14-18, 22] the perturbed fast rotational motions of 

a rigid body, close to regular precession in Lagrange’s case, were studied for different orders 

of smallness of the projections of the perturbation torque vector. In work [5 (Section 4.8.3)], 

the perturbation torques are small compared to the restoring one. In contrast to work [5 

(Sections 4.8.1, 11.1, 11.2), 11-13, 21, studies 14-18, 22] considered the case of a rigid body 

that rotates rapidly about the axis of dynamic symmetry, and therefore the unperturbed 

solution was not the trajectory of motion in Lagrange case, but rather some simpler solution. 

In paper [30] the author analyzed lower-order resonances throughout Lagrange top’s 

motion, having small mass asymmetry. In article [31] a case similar to Lagrange top was 
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explored, where secondary resonance effects in the spherical motion of a heavy asymmetrical 

rigid body with moving masses were investigated.  

Interest to rigid body rotation about a fixed point attracts a wide circle of specialists, and 

not only in rigid body dynamics, but also in control theory [32], hydrodynamics [33], physics 

[34], and elasticity theory [35]. 

Dissipation is an important factor of determination of heavy symmetric top’s motion.  In 

work [36] dragging is estimated with simple models, and is investigated as torque in Euler 

equations to be solved numerically. In article [37] the authors considered rotation about a 

fixed point of a heavy dynamically symmetric rigid body with arbitrary asymmetric cavity 

completely filled with ideal fluid in a resisting medium. The condition of asymptotic stability 

of the uniform rotations of an asymmetric rigid body in a resisting medium was obtained in 

[38]. Paper [39] studies heavy symmetrical top’s motion, with a cavity filled with viscous 

fluid, when the axis of the top is diverged from vertical. 

In article [40] authors compute in the Lagrange case the Euler angles of precession ψ and 

proper rotation φ in actual form through hypergeometric functions. The motion of 

symmetrical rigid body without weight under viscous dissipation was studied. Author of work 

[41] considers an analytical solution for the dynamics of axially symmetric rotating objects. 

This work provides the gyroscopic effects theory, elaborating on their physics and utilizing 

mathematical models of Euler’s form for the motion of non-fixed spinning objects.  

Paper [42] investigates the question of monoaxial attitude control of a rigid body subject 

to nonstationary perturbations. The control torque includes a dissipative and a restoring 

component. The paper analyzes cases of linear and non-linear restoring of perturbation 

torques. Article [43] explores a top’s global asymptotic stabilization to a constant rotation 

about axes of symmetry. Paper [44] studies heavy Lagrange’s top’s motion with imbalance of 

equatorial moments of inertia.  

Results and diverse methodologies applied in the rigid body dynamics, as well as 

investigation of the Lagrange top was studied in works [3, 5-10, 45]. A series of books and 

papers are dedicated to dynamics of a rigid body in a resistant medium (see, for example, 

works [5, 7, 8, 11-14, 17, 18, 21, 22]). 

It becomes evident from the given analysis that there exists numerous papers on dynamics 

of a rigid body under the action of perturbation torques of diverse physical nature. The 

research in the given field is linked to problems of motion of gyroscopes, flying vehicles, as 

well as other modern technology devices. 

5 CONCLUSIONS 

For all cases of motion considered in the paper, the authors present and analyze they basic 

equations of motion. As a result of analysis of solution of the obtained equations, establish some 

quantitave and qualitative features of the motions and provide a description of the evolution of the 

body motion. The presentation is illustrated by some examples. 
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