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CALCULATION OF MULTISPAN FRAME STABILITY WITH
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Abstract: The paper considers the methodology of determining the critical value of the load
acting on a flat multi-span frame, taking into account geometric nonlinearity. The elements of the
frame have arbitrary stiffnesses constant along the length. The problem is solved in two stages. At the
first stage, the strain calculation of the frame is performed, the main goal of which is to obtain the
values of longitudinal forces in the struts. At the second stage, loss of stability of the first kind is
considered in relation to the longitudinal bending of the props under the action of vertical forces. In
both calculations, practically the same system of nonlinear equations of displacement method is
solved. The compact notation of generalized stiffness matrix coefficients obtained earlier by the
authors facilitates the development of the algorithm and computer programs designed for solving the
problems set in the paper. The algorithm is implemented in Excel spreadsheets. To verify the obtained
results, test calculations for both stages of the calculation have been performed. Using the proposed
methodology, the stability of a flat free one-story frame with a periodic structure has been calculated.
In the ANSYS software package, the calculations of this frame according to the deformed scheme
were performed, with the subsequent determination of the value of critical longitudinal force in the
struts. Comparison of the results of calculations by the offered technique and in the ANSYS program
complex shows their practically complete coincidence: the difference in the values of longitudinal
forces in the frame struts with allowance for geometric nonlinearity is less than 0.01 %; the calculation
results of the first two critical forces differ by 0.06 %. The proposed methodology allows us to use a
unified approach to the formation of systems of solving nonlinear equations, both in the strain
calculation and in the calculation of stability. In addition, this approach releases from the use of
expensive computer programs, the use of which requires special training.

Keywords: strain calculation, rod stability, displacement method, multi-span frame, stability
equation, critical longitudinal forces, Excel, ANSYS.

PO3PAXYHOK BATATONPOJIbOTHOI PAMU HA CTIMKICTbD 3
YPAXYBAHHSM 'EOMETPUYHOI HEJIHIMHOCTI

banayk II. . banayk I'. 1 SApemenko O. 0.

1 . . .
Ooecvka depoicasna akademis 0yOieHuymea ma apximexmypu

AHoTamisi: Y cTarTi pO3IIANAETBCS METOAWKA BHU3HAYEHHS KPUTHYHOI'O 3HAYECHHS
HABaHTAXXEHHS, IO [li€ Ha IUIOCKYy OaraTomporoHOBYy paMy 3 YypaxyBaHHSM T'€OMETPHYHOI
HeNiHIHHOCTI. EneMeHTH pamu MaroTh JIOBUIBHI KOPCTKOCTI, MOCTiMHI TO AoBkuHi. [locTaBieHe
3aBIaHHS BUpIIIyeThCs y Ba eranu. Ha mepmomy etami BHKOHYETbCA JedopMaIliiiHui po3paxyHOK
paMu, OCHOBHOIO METOIO SIKOTO € Ha0yTTs 3Ha4eHb MO3J0BKHIX 3ycHJb Y KosloHax. Ha npyromy erari
PO3TIIAJA€TECS BTpaTa CTIHKOCTI MEPIIOT0 POAY CTOCOBHO IO3JOBXKHBOTO BUTHHY KOJIOH Mij Ai€I0
BEPTUKAIBHUX CWI. B 000X po3paxyHKax BUPINIYETHCS MPAKTUIHO OJHAKOBA CHCTEMa HENIHIMHHX
piBHSHB crocoOy mepeMimieHb. PaHime oTpuMaHuii aBTOpaMM KOMIIAKTHHH 3allUC y3arajlbHEHUX
KOe(ili€HTIB MaTpULi >KOPCTKOCTI CYTTEBO IOJIETIIYE PO3POOKY aIrOpPUTMY Ta KOMII'TOTEPHHX
mporpaM, MpPU3HAYEHUX JUIs BUPINICHHS TMOCTAaBICHHX Yy POOOTI 3aBaaHb. Peamizamis anroputmy
BUKOHAHO Yy 3araibHOA0CTynHUX Tabmuisax Excel. [Iyis Bepudikanii oTpuMaHuX pe3ysibTaTiB BUKOHAHI
TECTOBI PO3paxyHKH O0OX eTamiB po3paxyHKy. 3a 3alpONOHOBAHOI0 METOAMKOI BHKOHAHO
PO3paxyHOK Ha CTiHKICTh TUIOCKOI BUILHOT HIECTH TMPOTOHOBOI OJJHONOBEPXOBOI CHMETPUYHOI paMH.
Ha mepmomy etarmi o04uciieHh Ha paMy JIi€ CHCTEMa 30CEPE/PKEHUX BEPTHKAIBHHUX CHII y By3JlaX Ta
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PIBHOMIPHO pO3IOAIICHE HAaBAaHTAKEHHS y BCIX MPOJbOTaxX. BHACTIMOK BUKOHAHHS JehOpMaIliitHOro
pO3paxyHKy BU3HAUYCHO BHYTPIIIHI 3yCHJUIA B eleMeHTax Mozeii. [Ipu po3paxyHKy CTIHKICTh HA pamy
i€ NUIe TpUBeACH] BY3JIOBI BEPTHKAIBHI CHIIM, 3HAYCHHS SKUX MPOIOPIIHI MO3I0BXHIM 3yCHIIISAM
y KOJIOHaX, OTPUMaHUM IEpIIOMY eTami. B pe3ynbTari BAKOHAHOTO PO3PaxyHKY BU3HAYEHO KPUTHYHI
3HAYeHHsS TO3/J0BXKHIX 3yCHiIh y KOJOHAaX, IO BIANOBIJAIOTH OBOM TMepmuM (opMaM BTpaTH
ctifikocti. Y mporpamHoMy komrimiekci ANSYS BUKOHAHO po3paxyHKH Ii€i pamu 3a 1e(opMOBaHOO
CXEMOI0, 3 TOAAJBIINM BU3HAYCHHSM BEIMYMHUA KPUTHUYHOTO TO3[JOBKHBOTO 3yCHIUIS B KOJOHAX.
[lopiBHSIHHSA pe3ydbTAaTiB PO3PaXxyHKIB 3a 3alpONOHOBAHOI METOAMKOI Ta Yy MPOrpaMHOMY
koMmiutekci ANSY'S mokasye iX mpakTHYHO MOBHUH 30ir SIK y 3HAUEHHSIX MO3I0BXHIX CHJI Y KOJIOHAX
pamMu 3 ypaxyBaHHSM T'€OMETPUYHOI HETIHIHHOCTI, TaKk i B pe3ysbTaTax OOYHUCICHb MEPUIMX IBOX
KPUTHYHUX CHJI. 3amporioHOBaHA METOJIWKA JI03BOJISIE BHUKOPHCTOBYBATH €OWHHNA MIXiA 10
(hopMyBaHHS cHCTEM HENHINHUX PiBHIHD, K Y AepOopMamiiHOMY pO3paxyHKy, TaK i B pO3paxyHKy Ha
CTIHMKICTB.

KawuoBi ciaoBa: nedopmauiiHuii po3paxyHOK, CTIMKICTh CTPHXKHS, METOJ IE€pEeMilIeHb,
OaraTormporoHoBa pama, piBHSIHHS CTIHKOCTi, KpUTHYHE MMO370BXKHE 3ycmints, Excel, ANSYS.
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1 INTRODUCTION

Widespread construction structures include multi-span frames of industrial and
residential buildings. It is possible to distinguish several decisive factors determining the
bearing capacity of such frames consisting of flexible compressed and compression-curved
elements: possibility of stability loss of separate elements or of the whole structure;
consideration of geometrical deformations of frame elements. It is a complicated
mathematical problem of obtaining the exact solution of set tasks considering these factors for
multi-span frames. There are several ways of its solution. In some cases, additional
hypotheses are introduced, allowing to essentially simplify the frame calculation scheme and,
as a consequence, to obtain an exact solution. In other cases, approximate calculation methods
are used, which are implemented with the use of modern computing software complexes.
However, for multi-span flat frames of a periodic structure subjected only to the vertical load,
it is possible to combine these ways - without changing the frame calculation scheme, to
obtain the exact solution of the task in view of the above factors.

2 ANALYSIS OF LITERATURE DATA AND PROBLEM STATEMENT

The issue of determining the critical load at loss of stability in multi-span frames with
regard to nonlinearity is reflected in numerous works of domestic and foreign scientists.

Works [1-5] are devoted to development of methods of engineering calculation of spatial
frames for stability taking into account physical and geometrical nonlinearities. The modern
state of the problem of accounting geometric nonlinearity in structural models is considered in
[6].

In a number of works to solve this problem, the classical method of displacements is used
with subsequent determination of critical load from nonlinear equations. For this purpose,
approximate methods are used in which geometric assumptions are introduced into the
mathematical model in frame models [7-9]. Other works use the correction of model element
stiffnesses [5, 10, 11]. In works [1, 2, 9, 12] and many others, the engineering methods of
stability calculation are oriented to the use of modern computer software, although for flat
frames of periodic structure it is not always economically feasible.

The closest to the problem considered in this article is the engineering method of
calculation [12], which allowed to simplify the testing of frame rods for stability without
using modern software computing complexes for this purpose. However, there are no
proposals for the use of engineering methods to account for geometric nonlinearity in the
calculation of multispan frames for stability in the literature.

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

The purpose of this work is to develop a technique for determining the critical value of
the load acting on a flat multi-span frame, taking into account geometric nonlinearity.

4 RESEARCH RESULTS

Consider a flat multi-span frame of periodic structure under the action of a system of
vertical loads (Fig. 1). In the general case, the elements of the frame have arbitrary
geometrical and physical-mechanical characteristics constant along the length of the elements.
On the example of such a frame, let's develop a technique for determining the critical value of
the load, taking into account geometric nonlinearity. In order to achieve the set task, we shall
sequentially perform two calculations - strain calculation of a flat multi-span frame under the
action of a vertically placed combined load system and calculation of the stability of the same
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frame under the action of vertical forces. All calculations will be performed by means of
displacement method.
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Fig. 1. Model of a flat multi-span frame

As a result of the first calculation, let's determine the longitudinal forces in vertical bars
of the frame, with due account for geometric changes of the given model. Let's consider an
elastic statement of the problem under the assumption of small deformations [14]. Let us
perform the calculation step by step. At the first step, we define the internal forces in the
frame according to the nondeformed scheme, and perform the subsequent calculation by the
method of successive approximations, taking into account the values of longitudinal forces in
the compressed rods of the frame obtained during the previous iterations.

Given that the unknowns of the displacement method are angular and linear
displacements, this model of the frame has the number of unknowns of the displacement
method equal to n+1, where n is the number of columns. The basic system of the
displacement method of the model is shown in Fig. 2.
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Fig. 2. The basic system of displacement method in strain calculations

The system of canonical equations of the displacement method in matrix form has the
form:

M (v) P v) . fn (v) Mna (v) Z, R,

Py () PP v) .. K (v) G (v) Z, R,

Y UO I 4% (79 RPN A (% R AL (OB | R R,
M (V) T (V) o Ran (V) Nana ()| 200 ] | Ry ]

Let us construct the unit diagrams necessary to determine the coefficients of the system
of canonical equations. At their construction we will take into account the longitudinal
bending from the action of the system of forces, and the influence of compressive forces will

be taken into account by means of the corresponding nonlinear functions ¢,(v;), @,(v;),
7,(v}):
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where v, =a,H, =H, /R /El .
For the considered frame model, we will represent the symmetric matrix of the
coefficients of equation (1) with dimensions (n+1)X(n+1) in the block form:
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»,(v;) =

r-1,1 (V) r1,2 (V) """"" r.1,n (V) r-l,n+l (V)
Py (v) rz,z(V) --------- K (v) rz,n+1(V)
......... @)

M) 1) a0 [fna(v)

M (V) T (V) e rn+l,n(v)‘ rn+l,n+l(v)‘

The physical meaning of the elements of blocks I (symmetric ribbon matrix of size nxn)
and Il (column of size n) are the reaction moments in the superimposed rigid links; the
elements of blocks 11l (transposed block Il) and VI (one element) are the reactions in the
superimposed linear links.

Taking into account the introduced coefficients of variation of the model characteristics
and (lengths of struts and beams); and (values of bending stiffness of struts and beams); and
(values of concentrated forces and intensity of uniformly distributed load), let us define all its
design characteristics:

H, =Hh; L=Lk;
Elg; =Elgs;; Ely =Elppi; ©)
F=Ff, 6=0z

Taking into account the symbols introduced for the constants a=4El_ /H,;

b=4El,, /L, ; c=12El. /H®; d=—6El. /H?, formulas of 4 generalized coefficients of

the specified blocks [13], we obtain a compact notation of any of the elements of the block
matrices of the general equation (1):

S. P, P, b p
ii hi ¢2 (V|)+ ki71 + ki i,i-1 2 ki
6El S; .
Mo =——Hizc @, (v;)=d -h—iz¢4(vi), (4)
S S Sh
Moiine :C.{Egnz(vl)+h_2°’772(‘/2)+"'+h_§772(v”)}'

At the first step of the deformation calculation in the system of canonical equations (1)
all nonlinear functions ¢,(v,), ¢,(v;), n,(v,) are taken as singular (5). We find the

displacements of nodes in the model in the elastic formulation of the problem, followed by
determination of all internal forces in the rods.
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e fe o hho G| Z] [ R]
I’2,1 I’2,2 rZ,n I’2,n+l ZZ RZ
== .. | (5)
P AT A M || Z, R,
rn+l,l rn+1,2 rn+l,n rn+1,n+1 _Zn+1_ _Rn+1_

On the second and subsequent iterations of the strain calculation, the influence of the
compressive forces obtained earlier for each rod of the model is taken into account by

calculating (correcting) the corresponding nonlinear functions of longitudinal bending ¢,(v;),
o, (v;), n,(v;). We determine anew the values of all coefficients (4) and solve the system of

equations (1). The number of such iterations depends on the convergence of the
computational process. As the criterion of convergence, we choose the value of maximum
difference in longitudinal forces of each rod in the last two iterations of the calculation.

Now, let's proceed to the second calculation, the goal of which is to determine the critical
forces in the problem of loss of stability of the first kind as applied to the longitudinal bending
of columns. In contrast to the previously considered calculation scheme, in the second
calculation we will consider only the system of vertical concentrated forces in the nodes. The
values of these forces are obtained in the deformation calculation and are equal to the values
of longitudinal forces in the columns. The basic system of displacement method in the
stability analysis is illustrated in Fig. 3.
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Fig. 3. Basic system of displacement analysis in stability analysis

Let us connect the vertical forces equal in magnitude to the longitudinal forces, obtained
in the deformation analysis. They will change in proportion to a single parameter F;:

F=f-F,.. .F="f-F;. ., F=f-F. (6)

We shall equate the weight coefficients of the system of equations (1) to zero due to the
nodal application of the load:

0 L0 e 0 a0 Z ]
1 ) ) ) .. G (v) P} w1 z,
=0. (7)
r.v) r,v) .. r.@v) r.WMI| Z,
M (V) T2 (V) R (V) Gapna ()| 200

The search for critical forces consists in determining the roots of the general stability
equation, which we will obtain by equating the determinant of the coefficient matrix of the

system (7) to zero, provided that the displacements Z, #0:
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All nonlinear parameters v; of functions ¢,(v;), @,(v;), n,(v;), included in the general
stability equation (8), are reduced to the same argument v,. Then all coefficients r,, (v) of the
determinant will be functions of only one parameter v, :

ik (v) =D;, (V) - 9)
Equation (8) will take the following form:

D(v,) =|®;, (v,)| =0. (10)

The
smallest positive value v, determines the critical value of any of the vertical forces of the

system
2
_ViElg

ikp T H2
i

By determining the parameters v,, we find the values of the critical forces F ;.

(11)

5 NEGOTIATING THE RESULTS OF THE STUDY

The compact form of recording the generalized stiffness matrix coefficients [13], made it
possible to carry out the deformation and stability calculations in flat multi-story frames of
periodic structure using a unified method of forming the equations of the displacement
method (1).

A numerical implementation of the proposed method has been performed. For this
purpose, an algorithm has been developed and a program in Excel tables has been written.
Solving of the system of solving transcendental equations (1) of the deformation calculation is
performed by the method of successive approximations. The stability equation (8) is solved

by choosing the parameter v,. The program makes it easy to analyze the influence of force,

geometric and physical-mechanical parameters of model elements on the values of
longitudinal forces in the supports of the previously mentioned frames.

To verify the calculation results, a number of test frame calculations for deformation
calculation and stability with exact or approximate solutions have been performed [1, 7].

Stability analysis with a geometrical nonlinearity of a flat free frame of a periodic
structure (Fig. 4), the model of which was considered in [13].

A physical model of the system “steel structure - fire-retardant coating” has been
developed (Fig. 6).
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Fig. 4. Model of the frame

Initial data of the model: all columns (height of 6 m) and all ledgers (span of 12 m) are
made of steel with modulus of elasticity £= 2-10" kN /m?. The columns have a rectangular
cross-section (a=0.2 m; b=0.5 m), the moment of inertia of the cross-section of the transom is
2.5 times greater than the moment of inertia of the column cross-section.

At the first stage of the calculations, a system of concentrated vertical forces at the nodes
acts on the frame + and uniformly distributed load with intensity g =72 kN /m in all spans.

As a result of the deformation calculation, the internal forces in the elements of the
model are determined. The maximum compression force occurs in the second and sixth
columns. The values of longitudinal forces in the columns are presented in Table 1 (taking
into account the symmetry of the model).

Table 1
Values of longitudinal forces in the frame columns
Ne N, N, N, N,
1 kN 680,08 1525,72 1452,04 1468,33
2 proportionality 1,00 2,44 2,24 2,28
parameter f;

In the stability analysis, only the vertical forces (6) are applied to the frame. Their
magnitude is proportional to the values of longitudinal forces in the columns, obtained in the
deformation calculation (line 2 of Table 1). As a result of the performed calculation, critical
values of longitudinal forces in the columns, corresponding to the first two forms of stability
loss, were obtained (Fig. 6). The results of the calculations are summarized in Table 2.

Table 2
Critical value of the longitudinal force (in kN)
Ne as per the proposed ANSYS
methodology
1 | first form of instability 4955,85 4952,74
2 second form of instability 14921,6 14927,1

In order to verify the obtained results, the deformation and stability calculations of this
frame model were performed in the ANSY'S software package.

1957

Fig. 5. Longitudinal force diagram (in kN)
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Fig. 6. The first and second forms of frame stability loss (ANSY'S)

Comparison of the results of calculations by the proposed method and in the ANSYS
software package shows their almost complete coincidence: the difference in the values of
longitudinal forces in the frame struts with allowance for geometric nonlinearity is less than
0.01 %,; the results of calculations of the first two critical forces differ by 0.06 %.

6 CONCLUSIONS

A methodology for determining the critical values of longitudinal forces in the stability
problems of flat multi-span frames by displacement method with regard for geometric
nonlinearity is proposed. It allows to use a unified approach to the formation of the systems of
the solving nonlinear equations both in the deformation calculation and in the stability
calculation. At the first stage, calculation of a frame under the action of a system of
concentrated and distributed forces is performed, the ultimate goal of which is to obtain
values of longitudinal forces in the frame struts with allowance for geometric nonlinearity. At
the second stage of calculations, the critical value of longitudinal force in the frame struts is
determined. The algorithm of the proposed method is implemented in the program, which is
written in Excel spreadsheets. The verification of the obtained results is confirmed by test
calculations for both stages of the calculation. Stability calculations for a flat free one-story
frame of periodic structure have been performed using the proposed methodology.
Calculations of this frame by the deformed scheme with the subsequent determination of the
critical longitudinal force have been performed in the ANSYS software package. The
calculation results are compared.

For planar frames of a periodic structure, the suggested method makes it possible to solve
the set problems with the same accuracy more economically efficient, since the calculations
do not involve the universal computational complexes (ANSYS, LIRA and others).
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