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BIIVIUB JUHAMIYHOI HECUMETPII HA CTIMKICTb
OBEPTAHHS Y CEPEJIOBHIIII 3 OITOPOM TBEPJIOI'O TLIA
I AIEI0 MOCTIMHOI'O MOMEHTY Y IHEPHIAJIBHIN
CHUCTEMI BIIUIIKY

Kononos 0. M.}, Uei6 A. X.2

IHcmumym npuwzad%toz mamemamuKd 1 MEXAHIKU Hal/ﬂOHa]leOZ akadefmz HAayK YKpCllHu
2 . . o . . .
,ZZOH@L;bKuu HAYIOHANbHUU YHIeepcumen IMEHI Bacuna Cmyca

AHoTanisi. Y TpUNyIIeHH], M0 LEHTP Mac HECUMETPUYHOTO TBEPAOro Tija 3HAXOIAUTHCS Ha
TPeTii TOJOBHIN Oci iHepmii TBEpAOTO Tiia, JOCTIMKEHI paHille OTpUMaHI YMOBH aCHMITOTHYHOI
CTIHKOCTI PiBHOMIpPHOTO OOEPTaHHSA y CEPENOBUIIIL 3 OMOPOM IWHAMIYHO HECHMETPUYHOTO TBEPIOTO
Tina. TBepae Tino 00epTAEThCS HABKOJIO HEPYXOMOI TOUYKi, 3HAXOAWUTHCA Mid i€ CHIT TSDKIHHS,
JUCHIIATHBHOTO MOMEHTY 1 MOCTIHHOrO MOMEHTY B iHepIialibHill cucTeMi BiIJIiKy. YMOBH CTiHKOCTI
MIPEJICTaBICHI Y BHIJISIII CHCTEMH TPhOX HepiBHOCTeW. llepmra i mpyra HEpiBHICTH MalOTh IMEPILY
CTYIICHb BiJTHOCHO TMHAMIYHOTO JicOallaHCy, & TPEThs HEPIBHICTh Ma€ TPEThIO CTyNeHb. [lepma i Tpets
HEPIBHICTh MalOTh APYTHI CTYMIHb IOJ0 MEPEKUAATHHOTO ad0 BiTHOBIIOBAILHOIO MOMEHTY, a Apyra
HEpPIBHICTh — Tepmuil cTymiHb. llepmma Ta TpeTs HepiBHICTh MalOTh YETBEPTHI CTYIiHb BiTHOCHO
MOCTIHHOTO MOMEHTY, a JApyra HEpIiBHICTh Ma€ JApPYruil CTymiHb. HaWOinmpm ckIagHOIO IS
JOCITI/DKEHHST € TpeTs HepiBHICTh. [IpoBeneHi aHANITHUYHI JOCTIJKCHHS BIUIUBY JUHAMIYHOTO
nebamaHcy, BiTHOBIIOBAIBHOTO 1 TMEPEKUIAILHOTO MOMEHTY Ha YMOBHM ACHUMIITOTHYOI CTIHKOCTI.
OTpuMaHi YMOBH aCHMIITOTHYOI CTIHKOCTI PiBHOMIPHOTO OOEPTaHHA y CEPEIOBHINI 3 OIOPOM
HECUMETPUYHOTO TBEPJOIO Tijla MPH JOCUTh MaTUX 3HAYCHHSX JMHAMIYHOMY nebanaHcy. Bumucasi
JOCTaTHI yMOBH CTIHKOCTI ¢ TOYHICTBIO JI0 APYTOro MOPSIIKY MajlOCTi BiAHOCHO MOCTIHHOTO MOMEHTY
1 MepLIOro MOPSAKY MAJOCTi BiZIHOCHO BiJIHOBIIIOBAJIBHOIO 1 MEPEKUIAIBHOTO MOMEHTIB. OTpuMaHi
YMOBH HECTIMKOCTI MIPH JOCUTH BEIIMKOMY JUHAMIYHOMY JeOanaHci. JlociikeHo BIUTUB TUHAMIYHOTO
Jie0aaHCy Ha YMOBH CTIMKOCTI 00epTaHHS TBEPJOro Tijla HABKOJIO LeHTpy Macc. [lokaszaHo, 110 npu
BiJICYyTHOCTI JTUCUIIATHBHOI HECHMETPii JJIsi aCUMIIOTHYHOI CTIMKOCTi JOCTaTHBO, 100 OCHOBHIA
MOMEHT iHepIlii TBepAOro Tijia OyB OLTBIINI 32 MOABIHHUI €KBaTOPiaJbHUI MOMEHT 1 BUKOHYBaJIOCS
BiJloMa HEOOXiIHA YMOBA CTIHKOCTI JUIsl CHMETPUYHOTO TBEPIOTO TiJa.

Kuaro4oBi cjioBa: AMHaMiYHO HECUMETPUYHE TBEPIO TLIO, PIBHOMIpHE 00CpTaHHS, CEPEIOBHILE 3
OTIOPOM, ITOCTIHUI MOMEHT B 1HEpIliaJIbHIA CUCTEeMI BIJUTIKY, aCHMIITOTHYHA CTiHKICTb.

INFLUENCE OF DYNAMIC ASYMMETRY ON THE ROTATION
STABILITY IN A RESISTING MEDIUM OF A ASYMMETRIC
RIGID BODY UNDER THE ACTION OF A CONSTANT MOMENT
IN INERTIAL REFERENCE FRAME

Yu. Kononov!, A. K. Cheib?
"Institute of Applied Mathematics and Mechanics of the National Academy of Sciences of Ukraine
“Vasyl’ Stus Donetsk National University

Abstract. Under the assumption that the center of mass of an asymmetric rigid body is located on
the third principal axis of inertia of a rigid body, the previously obtained conditions for the asymptotic
stability of uniform rotation in a medium with resistance of a dynamically asymmetric rigid body are
investigated. A rigid body rotates around a fixed point, is under the action of gravity, dissipative
moment and constant moment in an inertial frame of reference. The stability conditions are presented
as a system of three inequalities. The first and second inequalities have the first degree relative to the

Kononos 0. M., Hei0 A. X.
6 https://doi.org/10.31650/2618-0650-2022-4-2-6-18
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dynamic unbalance, and the third inequality has the third degree. The first and third inequalities are of
the second degree with respect to the overturning or restoring moment, and the second inequality is of
the first degree. The first and third inequalities are of the fourth degree with respect to the constant
moment, and the second inequality is of the second degree. The third inequality is the most difficult to
study. Analytical studies of the influence of dynamic unbalance, restoring and overturning moments
on the conditions of asymptotic stability are carried out. Conditions for the asymptotic stability of
uniform rotation in a medium with resistance to an asymmetric rigid body are obtained for sufficiently
small values of dynamic unbalance. Sufficient stability conditions are written out up to the second
order of smallness with respect to the constant moment and the first order of smallness with respect to
the restoring and overturning moments. Instability conditions are obtained for sufficiently large
dynamic unbalance. The effect of dynamic unbalance on the stability conditions for the rotation of a
rigid body around the center of mass is studied. It is shown that in the absence of dissipative
asymmetry, it is sufficient for asymptotic stability that the axial moment of inertia of a rigid body be
greater than the double equatorial moment and that the well-known necessary stability condition for a
symmetric rigid body be satisfied.

Keywords: dynamically asymmetric rigid body, uniform rotation, resisting medium, constant
moment in inertial frame of reference, asymptotic stability.

Kononos 10. M., Hei6 A. X.
https://doi.org/10.31650/2618-0650-2022-4-2-6-18 7
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1 BCTYII

B nanuii yac € 1ocuTh BeJMKa KUTBKICTh POOIT, B IKUX MPOBOAATHCS Pi3HI JOCIIKEHHS
JUHAMIKHA TBEPAMX Ti, M0 00EPTAIOTHCS y cepeoBuIli 3 onopoM. HaBeaemo mume po6oTH,
K1 HAaHOMMKY1 10 po3TisayBaHoi 3amadi. Y poOorax [1, 2] po3risHyTO KilbKa MPHUKJIAIIB
PYXiB TBEpPAMX TIA 3 MaJOI0 HECHMETPI€I0 1 3alpOIOHOBAHO AITOPUTM BUBYECHHS TaKHX
cucreM. IlokazaHo, 10 Maja AMHaAMiYHAa HECUMETpis TBEPAOro TUIA MPU3BOAUTH JI0 HOSBU
JI0JJAaTKOBOTO 1HTEpBaJly HECTIHKOCTI, JOBXHHA SKOTO MPSIMYE 10 HYJS MPU NPSIMYBaHHI J10
HyJIsl BeIMUuHU Jebanancy. B crarti [3] mpoBeneH1 JOCHIIKEHHS BIUIMBY JUCHIIATUBHOIO
MOMEHTY 1 MIOCTIHHOTO MOMEHTY B iHEpIiaJibHill cHcTeMi BiJUIIKY Ha CTIHKICTh CTalllOHAPHUX
pyxiB Tipockoma Jlarpamxa. Y po6oti [4] us 3amaya Oyna y3arajJbHEHa Ha BHUIIAJOK
piBHOMipHHX 00epTaHb Tipockona Jlarpamxka Ha cTpyHHOMY mizaBici. B crartsax [5, 6], Ha
migctaBi  kpurepito  JIpenapa-Illimapa B 1HHOPHOMY BHWIJISII, OTPUMAHO YMOBH
ACUMITOTUYHOI  CTIHKOCTI  pPIBHOMIPHOTO OOEpPTaHHA y CEpPENOBHUIN 3  OMOPOM
HECUMETPUYHOIO TBEPJOro Tija. PiBHOMIpHOro oOepTaHHsS TBEPAOrO Tijla MiATPUMYETHCS
NOCTIHHMM MOMEHTOM Yy HEiHepIliaJibHIi cucTeMi BiUTIKY. YMOBH CTIHKOCTI 3allMCaHO Y
BUIJISAI  CHUCTEMH TpPbOX HepiBHOCTeH. [IpoBeneHO aHaMITHYHI — JOCHIDKEHHS IIUX
HepiBHOCTEH. OTpMMaHO YMOBM Ha BEIMYMHHU IOCTIHHOTO MOMEHTY 1 MOMEHTY iHepIil
TPEThOi rOJIOBHOT OC1, SIK1 MPH Aii BIIHOBIIIOBAJIBHOIO MOMEHTY JAOCTATHI /Il aCUMITOTHYHOT
ctifikocTi. [TokazaHo, o P JOCUTH BEIMKOMY IOCTIHHOMY MOMEHTI Oyjie CIoCTepiraTucs
aCHUMIITOTUYHA CTIMKICTh MpPH il BITHOBIIOBAJIBHOTO MOMEHTY, SKIIO OOEpTaHHsS TBEPJOIrO
Tija BiIOyBA€ThCS HABKOJIO OCI HAWOUIBIIOTO MOMEHTY iHEpINii i HAWMEHIIIOTO 3 TO/IBOEHHUX.
JlaHo y3aranbHEHHS OTPUMAaHHX YMOB CTIHKOCTI Ha BUIAJOK HAasBHOCTI B TBEPAOMY Timi
MOPOXKHHUHU 3 1/1ealIbHOI HECTUCIIMBOI PIAMHY, IO 31IHCHIOE IOTeHIianbHui pyx. [TokazaHo,
IO MpHU BIJCYTHOCTI AMCHIIALI{, OTPUMaH1 YMOBH CTIHKOCTI 30irarotbes 3 BijoMumu. CTaTTs
[7] y3arampHiO€e pe3ynbTaTi cTarTi [3] Ha BHUMANOK PIBHOMIPHUX OOEpTaHb JUHAMIYHO
HECUMETPUYHOIO BA)XKOrO TBEpJOro Tina. B HIH, y nOpumymieHHdi, Mo IeHTp Mac
HECUMETPUYHOIO TBEPJOTO Tij1a 3HaXOJUTHCS Ha TPETiH rOJOBHIM Oci 1Heplii TBEpIOTOo Tija,
OTpUMaHI yYMOBM AaCHUMIITOTHYHOI CTiHKOCTI pPIBHOMIPHOTO OOEpTaHHA JIUHAMIYHO
HECUMETPUYHOI0 Ba)KKOro TBepAoro Tija. L{i ymMoBM oTpuMaHi y BHUIVISIAI CUCTEMH TPhOX
HepiBHOCTeH. TBepae TiMO 3HAXOAMTHCS MiA €K CHII TSOKIHHA, AMCUIATMBHOTO MOMEHTY 1
MOCTIMHOTO MOMEHTY B 1HEpIiaJIbHIA cucTeMi BiIiKy. [loka3aHo, 1110 MOJI0KEHHS PIBHOBArd
TBepJoro Tina Oyae CTIMKUM TIABKM TMpH Aii BiJHOBIIOBAILHOTO MOMEHTY. /luHamiuHa
HECHUMETpisl OUTBIN CYTTEBO BIUIMBAE HAa CTIMKICTh OOEPTaHHS HECHMETPUYHOTO TBEPAOTO
Tijla, HDX JUCUTNIATHBHA HecuMeTpis. [IpoBeneHo MocTiAKeHHS yMOB CTIHKOCTI JUIsl Pi3HUX
TPaHUYHUX BHIAAKIB Maiux a00 BENUKUX 3HAYCHb BEIMYHMH BiTHOBIIOBAIHHOTO,
NEepeKnabHOrO a00 MOCTIHHOTO MOMEHTIB. 3a3HAYa€ThCs, 1110 3 JJOCUTh BETUKUX 3HAUEHHSIX
MOJyJIsl BiJIHOBIIOBAJILHOTO MOMEHTY OOepTaHHS HECHMETPUYHOTO TBEPAOTO Tila Oyxe
ACUMIITOTUYHO CTIMKMM. SIKIIO OChOBHH MOMEHT iHepIii € HalOuIbIuM ab0 HalMEeHIIUM
MOMEHTOM 1HEPIIii, TO MPHU JOCUTHb BEIIMKUX 3HAYCHHSIX KYTOBOi IIBUJKOCTI, K TpH il
NEepeKUabHOTO MOMEHTY, Tak 1 Tpu Jii BiJHOBIIOBAILHOTO MOMEHTIB, OOEpTaHHs
HECHMETPUYHOTO TBEPJOTO TiIa Oyae acUMOTOTHYHO CTiiikuMm. [IpoBeneHO aHamITHYHI
JOCIIJKEHHSI BIUTUBY JMCHIIATUBHOTO, MOCTIHHOTO, MEPEKUJAIBHOTO 1 BiJHOBIIOBAJILHOTO
MOMEHTIB Ha CTIHKICTh PIBHOMIPHMX OO€pPTaHb HECHMETPUUYHUX Ta CUMETPUYHUX TBEPAUX
ti1. [TokazaHo, 110 IPpU BiJICYTHOCTI JMHAMIYHINA Ta JUCHUIIATUBHIM CUMETpii OTpUMaHi YMOBHU
CTIAKOCTI 30iraroThCs 3 BIZOMHUMH. Y poOoTi [8] y3araJbHIOETBCSA 3amada, sika Oyma
posrisgHyTa B [7], Ha BMIAJOK MOCTIMHMX MOMEHTIB B IHEpLialbHIA 1 HeiHepLialdbHIN
cuctemax BUTIKY. HalOuibin Branuil orys cydacHoi JIiTepaTypy MO po3MIIsiiyBaHOl 3aaaul
HagaHuii B podotax [5-8, 10-12]. YV monorpadii [9] npencrasnenuit yHidpikoBaHuii i 100pe
pO3pobsieHUI MiAXiA [0 JUHAMIKM KYTOBUX PYXIB TBEpAMX TUI, IO 3a3HAIOTH MOMEHTIB
30ypeHHst pi3HOi (izuunHoi mnpupoau. CTporumi miAXiA, 3acCHOBaHWUM Ha Mpoueaypi

Kononos 10. M., Yeib A. X.
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YCEpEeIHEHHs, 3aCTOCOBYETHCS JIO TUI 3 JOBUIBHUMH emincoinamu iHepii. JleTaibHO
pO3TISAAETbC il PI3HUX  MOMEHTIB  30ypeHb, SIK 30BHIIIHIX (TpaBiTaliiiHUN,
aepoJIMHAMIYHUM, COHSIYHUHN TUCK), TaK 1 BHYTPIIIHIX (3aBASKH B’ SI3Kii piAMHI B pe3epByapax,
NPY)KHUM 1 B’SI3KONPYXHHUM BIAacTUBOCTAM Tina). B crarti [10] po3rasHyTO pyX HABKOJIO
HEHTpy Mac cdepoiga i3 NOPOKHUHOIO, 3aTIOBHEHOIO B’S3KOI0 PiIUHOI. MOMEHT cuil, 0
JIIOTH T1JI0 3 OOKY B’SI3KOT PiJMHM B TOPOXKHHMHI, BU3HAYAIOTh 32 METOJHKOI0, PO3POOJICHOIO B
poborax @. JI. YepHOyChKO. ACHUMNOTOTHYHHUMA MIAXiA JT03BOJSE OTPUMATH JEAKl SKICHI
pe3yJbTaTH Ta ONUCATH HENiHIHHY €BOJIOIII0 KYTOBOTO PYyXy 3a JIOTIOMOTOI0 CIIPOLICHUX
ycepenHix piBHsHb. B ctarTi [11] mocmimkyroTbes 30ypeHi oOepTanbHI pPyXH TBEPIOTO Tija,
CXOX1 Ha BUMANOK a3uru Jlarpawka, mijjaHi MOBUIPHO 3MIHHMM Y 4Yaci MOMEHTaM CHII
BITHOBJICHHS Ta 30ypeHHS. BigHOBIIOIOUMI MOMEHT TaKOX 3alie)KUTh BiJl MaJloro KyTa
Hytamii. s po3B’si3yBaHHS 3a7a4i BUKOPUCTOBYETHCS METOJ| yCEpPEIHEHHS. BCcTaHOBICHO
YMOBH MOXJIMBOCTI ycepenHeHHs (1o ¢asi Kyra HyTallli) piBHSHb pyXy TBEpAOro Tija,
noB’si3aHuX 13 BunaakoMm Jlarpamka. OTpUMaHO yCEepPEIHEHY CHUCTEMY PIBHSHB y MEPIIOMY
HAOMMKEHHI. ACHUMITOTHMYHUN MiAXiA AO3BOJSE OTPUMATH JEsAKi SIKICHI pe3ylabTaTH Ta
OMKCATH EBOJIIOIIID PyXy 3a JOIMOMOTOI0 CIPOIICHUX YCEPEOHCHHX PIBHSIHB. Y BHUIAAKY
00epTanpHOr0 PyXy Tijla, 3aHYPEHOr0 B JIHIWHO-IHUCUIIATUBHE CEPEIOBUIIE, MPOBOIUTHCS
YUCeNbHE IHTETPYBaHHS yCEPEIHEHOI CHUCTEMH piBHSHb. BHBYAEThCSI HOBHM KIac
o0epTanbHUX pyXiB A3urH Jlarpanxa A HeCTaIl[lOHAPHOTO MOMEHTY 30ypEeHHS, a TaKOX IS
MOMCHTY BiJHOBJICHHS, SIKHH TOBUIBHO 3MIHIOETHCS 3 4acOM 1 3aJIe)KHTh BiJl Majioro Kyra
HyTauii. ¥ po6oti [12] po3rasiHyTo pyX HaBKOJIO IIEHTPY Mac Maibke JUHAMIYHO C(EepPHUUHOTO
TBEPJOTO Tilla 3 MOPOXHUHOIO, 3aIlIOBHEHOIO PIJMHOI0 BUCOKOI B’SI3KOCTi, Ha Ky MdIIOThH
MOCTIiHI HEPYXOMi 00epTabHI MOMEHTH TiJla. MOMEHT CHJI, 110 iI0Th Ha TBEPJE TLI0 3 OOKY
B’SI3KO1 PITUHU B TOPOKHHHI, BH3HAYAETHCS 332 METOJIUKOI, PO3POOJICHOIO B poOOTax
@. JI. YepHoycpko. OTpuMaHi aCUMITOTUYHI Ta YUCENbHI PO3B’A3KU OMHUCYIOTH €BOJIOIIIO
pyXy TiJa miJ Ai€r0 MaJIMX BHYTPIIIHIX 1 30BHIIIHIX MOMEHTIB.

VY naHiif cTaTTi NPOAOBXKYIOTHCS JOCHIPKEHHS YMOB AaCHUMOTOTHYHOI CTIMKOCTI
PIBHOMIpHHX 00EpTaHb Y CEPEIOBHUIIIBI 3 OIIOPOM HECHUMETPHYHOTO TBEPJOTO TiJIa, SIKU OyIu
panime oTpumaHi y po6oti [7]. 3 ypaxyBaHHAM NEPEKUIAIBLHOTO 1 BiJIHOBIIOBAIHHOTO
MOMEHTIB, a TAKOX IPH 1X BIJICYTHOCTI, MPOBEICHO aHATITUYHI JOCIIKEHHS BILTUBY MaJIOTO
1 BEJIMKOI'0 JTUHAMIYHOTO Ai0anaHCy Ha YMOBHU CTiHKOCTi. JlOCHIKEHO BIUIMB JWHAMIYHOTO
nibanaHCy Ha CTIMKOCTI 1 HECTIMKOCTI MPHU BIJICYTHOCTI JUCUIIATUBHOI HECUMETPII.

2 MOCTAHOBKA 3AJAYI. OCHOBHI PIBHAHHSA

PosrnsineMo Bakke MTUHAMIYHO HECHMETPHUUYHE TBEpJE TLI0, sIke 00EpTaeThCsS HABKOJIO
HEPYXOMOI TOYKH, B IIPUIIYIIECHHI, 110 HA HBOTO Ji€ JucunatuBHUi MoMeHT M, = —-Do

(D:diag(Dl, D,,D;); D, >0; i :1,_3), 0 MOJIENIOE OMip CEepeqoBHINa Ta MOCTIHHMIA

mMomeHTH M =Py, sKkuil miaTpuMye cTamy KyTOBY IIBHIKICTH BIIACHOTO OO€pTaHHS

TBepJoro Tina. bymeMo BBaxkaTH, IO HA TPETIH TOJIOBHOI OCI 1HEpIii TBEpAOTO Tija
3HAXOJUTHCS IIEHTP Mac TBEPAOTO Tila 1 TBEpAO TiIO B HE30ypeHOMY pyci PiBHOMIpPHO
00epTaeTbcs € KYTOIO IIBHIKICTIO ), HaBKkojo Iie€i Bici. Tyr @ — KkyroBa HMIBUAKICTBH

TBEPJOro TUIa, Y — OJUHUYHUN BEKTOP BUCX1AHOI BepTUKall, P — 10BiIbHA CcTaja.
PiBHSIHHS pyXy TBEpIOTO Tijla MarOTh BUTIIs [3, 5, 7]

J(b+mx(Jm)=yx%+Py—Dm; (1)

Yy+oxy=0, 2)

Kononos 10. M., Hei6 A. X.
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ne J=diag(J,,J,,J;) — Tensop inepuii TBepaoro Tina aus Hepyxomoi Toukn; V =T'(K-y) —
noTeHuiHa eneprisa (I'=mgc, m — maca TBepAOro Tijia, C — BiACTaHb BiJl HEPYXOMOiI TOUKH
JI0 LICHTPY Mac TBEPJOTO Tija, § — MNPUCKOPEHHS BUIBHOTO MaAiHHA); K — OAMHUYHUN BEKTOP
TPETHOI F'OJIOBHOI OCi; Yy — OAWHUYHHUIA BEKTOP BUCX1IHOI BEPTHKAJII.

PiBusnns (1) Bupaxae TeopemMy mpo 3MiHy KIHETHYHOTO MOMEHTY J® , a PiBHSIHHA (2) —
YMOBA CTAJIOCTI BEKTOpa Y B iHEpLiaNbHIN CHCTEMI BIIUTIKY.

[TpoekTyroun piBHSHHS pyXy TBepnoro Tina (1) — (2) Ha TONIOBHIN Oci iHepIlii TBepAOTO
TiJIa JUIE HEPYXOMOI TOYKH, OTPUMAEMO:
oy +(J;-J,)w,0, =Ty, -Day;
3,0, + (I, = Jy) 0,0, =—T'y; — D,w,; 3)
Jy0,+ (3, - ) o, = Py, — Dy,
N+ @3 — w3y, =0,
7, + gy — @y =0; 4

Vst @y, —ayy, =0,

Cucrema (3) — (4) momyckae po3B’si3KH:

P
71:7220, 73:1, w, = a)2:0, W; =, :a):E’ (5)
3

P
7/1=72:0’ 7/3=_11 Cl)l=a)2=0, a)3:a)0=a)=F’ (6)
3

AK1 BIAMOBIJAIOTH PIBHOMIPHUM OOEpTaHHSM TBEPJOro Tijda 3 KYTOBOK IIBUIKICTIO @
HaBKOJIO BEPTHUKAIBHO PO3TAIIOBAHOI TpPeThoi rosnoBHOI oci. Ilpu mpomy po3p’ssky (5)
BI/INOBIZa€ BUNAOK "CIUISIUOi" A3UTH, Ha Ky Ai€ nepekuaansauil MomeHT (I' >0, neHTtp mac
TBEpJIOrO Tija mepeOyBae BHile Hepyxomoi Touku (C>0), a po3s’s3ky (6) — Bumagok
CTaTMYHO BpIBHOBAXEHOI /J3WUIM, Ha sKy Ji€ BigHoBmoBanbHMA (I'<0, unentp Mac
3HAXOJUTbCA HMXKYe Hepyxomoi Touku (C<0). Takum umHOM, po3B’s3Ky (5) Biamoninae
Bumanok I' >0, a po3B’si3ky (6) BignoBigae I'<O0.

Beaxkaroun B 00ypeHOro pyxy 7, =+1+0, @, = w+0 (3HaK IIIOC BIANOBIA€ PINICHHIO
(5), a 3mak minyc — (6)) i, 30epiraroud ajas IHIIUX 3MIHHHUX iX KOJHIIHI TO3HAYCHHS,
3aMuIIeMo JiHeapru30BaHi PIBHSAHHS 30ypeHOro PyXy:

o+ D27}1+[(J3_‘]1)a)2 _F}Vl_‘]a)yz ~(D,0=P)y, =0,

)
3,7, + D7, +[ (J5=3,) & ~T |y, + Jay, +(Dw—P) y, = 0.

Tyr J=J,+J,-J,>0.

OcHOBHa BiIMIHHICTh OTPUMaHHUX PIiBHSHb (7) BiJl aHAJOTIYHUX PIBHSAHb poOIT [3, 4]
ToJIsirae B ToMy, 1o uepe3 aunamiuny (J, # J;) Ta gucunarusuy (D, # D) Hecumerpiro He
MOXXHa CHPOCTHTH Ii PIBHSHHS IUISIXOM BBEICHHSIM KOMIUIEKCHOT QyHKUIT 7, +iy,. Ciig

TaKOXX 3a3HAUMTH, IO chcTeMa pPiBHAHB (7) omucye pyX JIHIMHOI MEXaHIYHOI CHCTEMU 3
JIBOMa CTYNEHSIMHM CBOOOJAM, IO 3HAXOMUTHCS TiJ €0 CHJI JOBUIBHOI CTPYKTYPH:
JMCUTIATUBHUX,, TOTCHIIHUX, TIPOCKOIMIYHUX 1 IUPKyIsiitauX [1, 3-5].

Kononos 10. M., Yeib A. X.
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3 ACHMIOTOTHYHA CTIMKICTB PO3B’S3KIB (5) — (6)

VY po6orti [7] Oynu oTprMaHi HACTYITHI YMOBH aCUMIITOTHYHOI CTIMKOCTI po3B’s3KiB (5) —

(6):
(ro; -(J,-3,)P*)(ro; - (3, - J,)P*)+(D, - D,)(D, - D,) D;P’ = ©
=D;T'?+JDIP’T +(D, - D, )(D; - D, ) DZP? +(J, - J,)(J, — J,)P* >0,
(D, +D,)Dr <(J,,~2JD,)P?, 9)
(J,-3,) D,D,D? + DI, [ +T, = p,P* + p,P* + p, >0, (10)
IS
I ={[(3,-23,)D,+(3,-23,)D, ]3,,+2(3, - J,) 3, D, } IP* —
-J,,(D,+D,)D,D,DZ,
I, =2(J4J,, -23,,D,)3°P* +[2D1D233 ~J,D, (D, - Dz)jlz]leDSZPZ, (11)

p, =2J3%(J3,9,, -2J,,D;),

P, ={[J2(J3—232)Df+((Jl+J2)J3—4J132)D1D2+2(J1—J2)512D3+
+J1(J3—2J1)D§]JF+(J2D12—J~D1D2—J12D3+J1D22)J12D3}D3,

o =r[(Jl—JZ)Zr—J12(D1+ D,) |DD,D;, J=J-J, J,,=J,D,+J,D,>0.

Tak sk B HepiBHOCTI (8) —(10) Ta B mo3naueHus (11) crama P BXoauTh B HapHHiA
CTYIEHi, TO Ii HEPIBHOCTI MpH 1ii mepekugarbHoro MoMmeHty (I'>0) BH3HA4YaIOTh YMOBHU
ACUMITOTHYHOI cTiiikocTi pimenns (5), a mpu il BimHOBIIOBagbHOrO MoMeHTy (I'<0) —
pienHs (6).

ITpoBeneMo AocCmiXKEHHs BIUIMBY AMHAMIYHOTO qubaniaHCy Ha yMOBH cTiiikocTi. Hexai
J,=J,(1+¢), ne £>-1, Toni cucrema HepiHoctei (8) — (10) OTpUMYIOTH BUIIISL:

2 ~
(rD; —(3,-3,)P?) +(D,-D,)(D;~D,)D;P* + &,z =

= DT +2(J,-J,)DPT +(D, - D,)(D, - D,) D2P? +(J, - J,)* P* + (12)
+[(3,—-35)P*-DiT |3,P? >0,
(D,+D,)DiT <[ J,(D,+ D, )+2(J,-2J,) D, |P*+J, (D, - 2D,) Pz, (13)

Tyl + o+ (Dl 4Ty ) e+ (Dol 2 4+ T+ T, )68 4 (Tl + Ty ) £° =
= PioP’ + PooP? + Pog +( PP + PP + Py ) £+ (14)
+( PP’ + PP + Py ) 6° +(PisP® + Py ) P26 > 0.

8, = DIl ~ (3~ 3,)P* |3,P?, Ty =—|(3,-23,) P*+DD,D; |(D,+D,)" D,
T ={2(3,-23,) [3,(D, +D,)-23,D, ]P* +
+ 3,((D,-D,)* ~(D,+D,) D )+22,0,0, | (B, + DZ)D§} P?,

Kononos 10. M., Hei6 A. X.
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Iy ={(3:-23,)[ 3,(2(D,~D,) D, +5(D, +6D,) D, + D} )~ 3D, (D, + D, ) | P* -
~(D,+D,)D/D,D?},
FOl:2{(J3—2Jl)[(J3—4J1)(JSD1—2J1D3)—2J1J3D2]P2+
+[Jl((D1—DZ)DI—(D1+DZ)D3)+J3D1D2]D1D§}P2, r,,=J,D,D,D?,

{2[ -J,D, |D, +[ (34, 8J1)Dl+(J3—4J1)D2]D1}J1D3P2,
o =12 34( 2J3—5J1)Dl—2J1(2J3—5J1)D3+JlJ3D2]P2—
-(D,+D,-D,)D/D;}J,P?,
I, =2J7(D,-D,)D,D,P?, I'y, =2J7(J,D, —2J,D,)P*, (15)
P =2(3,-23,)°[3,(D,+D,)-23,D, ],
P ={[ 3:(D,~D,)’ +23,0,D, |, ~[ (3,23, T+ 3,0 |(D,+D,)}(D,+D,)D,,

Poo :_(Dl + Dz)z D1D2D§F’
Py =2(J5—23,){3;[ 3,0, - 23, (2D, + D,) |- 23, (3, -43,) Dy},

={(3;-24,)[23,(D,-D,)D, +J,D; —(J,-6J,)D,D, - (I, -5J,) D} |+
z[J D,D, +J ((D -D,)D, (D1+D2)D3)]D1D3}D3, Py = —(D, + D,) DD, DT,
23,{3,[(23,-53,)D,~J,D, ]-2J,(23,-5J,)D,},
{[ (3,0 3J,)D,) D, —(J;-4J,)D,D, —(31,-8J,) D} |+

+(D3 +D, - Dl) D1 Ds} J1D3’ P2 = ‘]1D1D2D§F2’ Pas = 2‘]12 (‘]3D1 - 2‘]1D3)1
Py = 2Jf(D3 — D1) D,O,I.

3 TOYHICTBIO JIO MEPIIOTO MOPSIKY MaJOCTi AUHAMIYHOTO Aebanancy & HepiBHicTh (14)
OTPUMYE BUTJIAJ

Tyl + Do+ (Dl + T ) €= PigP + PP + Py +( PP + PP + Py ) £ 0. (16)

TakuM 4MHOM, 3 TOUHICTBIO JIO MEPILIOTO MOPAIKY MAJIOCTI JUHAMIYHOIO Je0alaHCy cucTeMa
HepiBaocreit (12) — (14) Oyne mpexacraBiena y Burisiai HepiBaocter (12), (13) i (16), me
3HaueHHs KoedimieHTiB Iy, Too, I'yy, Doty Pags Pags Poos Pazs Pors Po; HaBezeHO B (15).

HepiBrocti (12) 1 (14) 3 TOYHICTBIO 10 JPYroro MOPSIKY MAanoCTi BiJIHOCHO
P/P, (| P/ F{)| < 1) , e P,— XxapakTepHe 3HaU€HHsI HOCTIHHOTO MOMEHTY, 3alUIIyThCS TaK:

D32r2+2(J1—J3)P21“+(D3—Dl)(Ds—DZ)PZ—FJ1P25>0, a7
P2oP? + Poo +( P,P? + p01)5+(p22P2 + poz)g2 + Pye’ >0, (18)

TakuM YMHOM, 3 TOYHICTBIO JIO JPYroro MOPSJAKY MajoOCTi MOCTIHHOTO MOMEHTY CHCTeMa
uepiBaocreit (12) — (14) Gyne mpexacrasiena y Burisiai HepiBaocten (17), (16) i (18), me
3HAYCHHA KOCPIUIEHTIB Pay, Pog, Poys Pogs Poz» Pop» Pos IPMBENEHI B (15).

Kononos 10. M., Yeib A. X.
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HepiBrocti (12) 1 (14) 3 TOYHICTBIO [0 TEPIIOTO TMOPSAKY MAaJOCTI BiTHOCHO
/T, (|F/ FO| < 1) ne I'; — xapakTepHe 3HaYeHHs IOCTIHHOIO MOMEHTY, OTPUMAIOTh BUTISL!

2(3,-3,)DIr +(D, - D,)(D, ~D,) D +(J, - J,) P>+

+[(3,-35)P* = DiT |3,6 >0,

[l +T g +(Tl + T ) e +(Fl+ T, ) €2 + (Tl + g, ) € > 0. (20)

(19)

TakuM YHHOM, 3 TOYHICTBIO MO MEPIIOr0 MHOPsAKY MajiocTi BimHocHo [/ cucrema
HepiBHocteit (12) — (14) Oyne mpexacraBieHna y Burisiai HepiBaocten (19), (13) i (20), me
3HaueHHs koedimieHTiB Iy, Lo, [y, T, 15, T, s, g HaBeneHo B (15).

VY BHUNAAKy BiJCYTHOCTI IMCHUMATHBHOE HECUMETpIi (D2 = Dl) cucTeMa HEpiBHOCTEH

(12) — (14) crporryeTbes 1 3aMUCYETHCS HACTYITHUM YHHOM:
(ro; - (3, —Jl)PZ)2 +(D,-D,)’ DP? + &6 = DiT? +2(J, — J,)D2PT +
+(D,-D,)’ D;P*+(J,—J,) P +[(J,-J;)P* ~ DT |J,P?e >0,
2D,DIT" < 2[ J,D, +(J,-2J,) D, |P? +J, (D, - 2D;) P’¢, (22)
Tyl + o+ (Dl + Ty ) &+ (Dol 2 + Tyl + Ty )68 4+ (Tl + T ) £° =

(21)

= PP’ + PP’ + Poo +( PP+ py,P? + p01)g+( p,P*+ p,,P? + p02)32 + (23)
+(PP? + Py )PP > 0.
Tyr
g, = Dr-(J,-J,)P*|3,P,
Ty =4{[23,(3;-43,) D, — J,(3,-63,) D, |(J,-23,) P* +(2J,D, - J,D,) D{D; } P?,
T =4(J3D1—J1D3)[(J3 -2, P?+ DD} |P?,
Ty =-2[(J;-23,)(3,-6J,)P*+ D12D32]D2D3,
o =4{[ 35(3;-23,)(3,-6J,) D, -2, (3, -2J,) )D; |P?+
+(J,D, -2J,D,) D/ D} } P?,
r,=3,0/D;, I, =2[2(J,-3J,)D,—(J,-2J,)D, ]J,D,D,P?,
Ty, ={4[3,(235-53,) Dy —J;(J5—3J,) D, |P*~D/D; | J,P?, (24)
I, =2J2(D,~D,)D,D,P?, Ty, = 237(J,D, —23,D,) P,
Pio =4(35-23,)" (3,0, = 3,0, Py =4| (3,0, - 3,D,) D ~(J,-23, ' T | DD,
P =—4D/DiT, p,, =2(J,-2J,)[ J,(J,—6J,)D, -2, (I, -4J,)D, |,
Py =2[ (3,0, -23,D,) D, —(J;—2J,)(J,—6J,)T | DD;, Py = Poo /2,
P =4J,[3,(23,-53,)D, - J,(J,-33,) D, |,
P =3,{2[2(J,-33,) D, —(J;—2J,) D, [T -D,D;} DD,, py, = J,D/ DI,
Pag =237 (J3Dy —2J1D3), Ppg =23{ (D3 —Dy)DiDgT

Kononos 10. M., Hei6 A. X.
https://doi.org/10.31650/2618-0650-2022-4-2-6-18 13



https://doi.org/10.31650/2618-0650-2022-4-2-6-18

IV, Ne2, 2022
Crop. 6-18 / Page 6-18

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

4 JOCJIJKEHHSI YMOB CTIMKOCTI (12) — (14), (16) — (20) I (21) — (23)

I3 mepiBHocteit (13) BurutuBae, mo npu aii nepekugaapaoro Mmomenty (I'>0) criiikicTs
6yne nemoxumsa, komu J,(D,+D,)+2(J;-2J,)D, <0, D,<2D, npu >0 i D, >2D,
npu £<0.

I3 mepiBHOocTel (12) —(14) cmim, mo s AOCHTh MaldX 3HAYCHHSAX TUHAMIYHOMY
nebanancy ¢ (¢ <1) npu

(D;—D,)(D;—-D,)>0, (D,+D,)DiT <[ J,(D, +D,)+2(J )D, |P?,

[, [+T, >0 a6o p,,P*+ p,P’+py, >0 (25)

piBHOMipHE 00epTaHHs TBepaoro Tina Oyae criiikumM. C TOYHICTBIO JIO JIPYTOro MOPSAKY
MasocTi noctiiiHoro Momenty P/P, Gymemo MaTH HAaCTYIHi ZOCTAaTHI yMOBH CTiHKOCT:

(D;-D,)(D,-D,)>0, (D,+D,)DiT' <[ J,(D,+D,)+2(J,-2J,)D, |P?,

2 (26)
pZOP + pOO > 0

I3 HepiBHOCTI (12) cmig, mo s (D3 — Dl)( D,-D, ) <0 mpu JOCUTH BEITHKOMY
nuHamidHOMY aebanancy £ (6>0) i I'< (J3 - Jl) p? / D; piBHOMIpHE OOEpTaHHS TBEPIOTO
Tija Oyzae HecrtiikuM. JlaHe TBepKeHHS TakoXK OyJe AIMCHUM 1 IpH (D3 — Dl)( D,-D, ) >0.
V 3amac cTifiKocTi TakoX He Hae Bumagok —1l<e<01 I > (J3 — Jl) P2 / D; .

I3 mepiBaocti (13) takox BummmBae, mwo mia J, (D, +D,)+ 2(33 — 2J1) D, <0 npu
JOCUTb BEIMKOMY JuHamiuHoMy nebanancy ¢ (¢ >0) i D, <2D, obGepranHs TBepaoro Tina
Oyne HecriiikuMm. JlaHe TBep/keHHA Takox Oyzme miicamm 1 mpu  J,(D,+D,)+
+2(.]3 - 2Jl) D, >0. V 3anac criiikocTi He iine Bunagok —1<e <01 D, >2D;.

HepiBnicTs (14) BriIrO4ae B cob6i Oibll ckiagHuil, Hixk Ha HepiBHOCTI (12) i (13) BruB
TUHAMIYHOTO AebajaHcy 1 Mae TpeTid MopsAIoK ManocTi abo OimbIIOCTi BiAmoBinHO & . [lpu
', [+T, <0 i nocurs mManomy 3HauenHi & (¢>0) i I',I'+I;, <0, a Takox mpu £<0 i

I',I'+Ty, >0 piBHOMIpHE 0OepTaHHA TBEpAOro Tila Oyne HecTiMKuMM. JlaHe TBepIKEeHHs

Takox Oyze filicaum tinsku npu I ,I"+ Ty, <0. IIpu nocuts BenukoMy 3HadeHHi € (& >0) i
I',I'+I, <0 ( PP’ + Py < O) TaKOX BUHYKae HecTilkicTb. g I'>0 ne moxe Oytu npu
2),D,/J, <D, <D;, To6T0 KON 2J, < J,, a s <0 —mpu D, <D, i 2J,D,/J,<D,. ¥
3amac CTIMKOCTI Takoxk He e Bunanok —1<e<01 I';I'+T; >0 ( PP’ + Py > O) :

[Ipu BigcyTHOCTI HecuMeTpii (D2 = Dl) , 3riHo (21) — (24), ymoBu cTiiikocTi (25) 1 (26)
BIJIMOBITHO OTPUMYIOTH BHUTJISI;

D,DIT <[ J,D, +(J,-2J,)D; |P? >0,

(J,-23,)°(3,D, - 3,D,) P* +

) @7)
+[(J3Dl ~3,0,)D, —(J,-2J,) r} DZD,P? - D{DI >0,

D,DIT <[ J,D, +(J,-2J,)D; |P? >0,

[(3,D,-3,0,)D,~(J,-23,)'T" |P*~D{D;T >0. (28)

Kononos 10. M., Yeib A. X.
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IIpu nie BimHOBMOBanbHOrO MoMeHTy (I'<0) HOCTATHBOI YMOBOKO Uil BUKOHAHHS
HepiBHOCTEH (27) 1 (28) € BimomMa yMOBa JUIsi CHMETPUYHOTO TBEPIOTO Tina [3]

J,D,-J,D,>0. (29)
5 CTIMKOCTI OBEPTAHHS TBEPJIOI'O TIJIA HABKOJIO IIEHTPY
MACC (I =0)
B ipomy Bumaaky cucrema HepisHoctei (12) — (14) orpumae BUTIIS:
(J;-3)°P*+(D,-D,)(D,-D,)D; +J,(J, - J;)P’c >0, (30)
Jl(D1+D2)+2(J3—2J1)D3+J1(Dl—2D3)5>O, (31)

1:00 "'1:01‘5'4'1:‘02‘92 +1:03‘93 = PioP? + Py +( PP’ + pz1)‘9+ (32)
+( PP+ p22)52 +p,P%e* >0,

ne fOi :FOi/PZ , a 3HaueHHst KoediuieHTiB oy, I, Uops Tos 1 Pugs Pags Pags Pors Pazs Pazs Pas
npuBesieHi B (15).

I3 mepiBuocreit (30) — (32) cmig, mo IS JOCHTh MalWX 3HAYCHHSX JIMHAMIYHOIO
nebanancy ¢ (¢ <1) mpu

(D,=D,)(Dy~D,)>0, J,(D,+D,)+2(J;~2J,)D, >0,
2(3,-23,)°[J,(D,+D,)-23,D,]P* + (33)
+ 3,((p,-,)*~(D,+D,)D;)+23,0,0, |(D,+D,)DZ >0,

piBHOMipHE 00epTaHHsA TBepaoro Tina Oyne cTiikuM. C TOYHICTBIO JI0 JAPYrOro MOpSIKY
MaJIocTi moctiliHoro Momenty P/P, Gymemo MaTH HAaCTYIHi ZOCTAaTHI YMOBH CTiHKOCT:

(D, - Dl)(D3 -D,)>0, J,(D,+ D2)+2(\]3—2\]1)D3 >0, PP’ + Py >0. (34)

I3 HepisHocTi (30) ciij, 110 TIPH JOCHTH BETUKOMY JTUHaMiuHOMY nebanancy & (& >0) i
J, > J, piBHOMIpHE 00EpTaHHS TBEPAOro Tija Oyle HECTIMKUM. Y 3amac CTIHKOCTI TaKOXK HE
ine Bunagok —1<e<01 J;<J,.

I3 HepiBHOCTI (31) TakoXK BUILIMBAE, IO MPH JOCUTH BEIMKOMY JTWHAMIYHOMY Jie0anaHcy
g (¢>0) i D, <2D, obepranus TBepaOro Tija Oyie HeCTIHKUM. Y 3amac CTIHKOCTI TaKOX He

nne Bunanok —1<e<01 D, >2D,.

HepiBnicts (32), sk 1 paHiie, Mae TpeTii MOPSIIOK MaJIOCTi 200 OUIBIIOCTI BiIMOBITHO
¢. Ilpu T'y, <0 i nocurs Manomy 3HauerHi € (¢ >0) i I'y; <0, a Takox mmst £<0 1 'y, >0

BUHYKae HecTiiikictb. IIpu mocute Benukomy 3HaueHHi &£ (¢>0) i I';; <O piBHOMIpHE

o0epTaHHsS TBEPJOrO Tilla TakoX OyJe HEeCTiiKMM. Y 3amac CTIMKOCTI He WJie BHITaJ 0K
-1<e<01Ty,>0.

[Ipu BimCyTHOCTI IUCHIIATUBHOI HECHMETpIi (D2 =Dl), srimao (23) — (24), ymoBu

ctiiikocTi (30) — (32) oTpuMaroTh BUTJISI:

Kononos 10. M., Hei6 A. X.
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(J,-3,) P?+(D,~D,)" D2 +J,(3, - J,)P% >0,
23,D,+2(J,-2J,)D,+J,(D, -2D, )& >0,

Coo + L& +Tp8” + 058" = PioP? + Pyg +( PuP’+ p21)g+( PP’ + pzz)gz + PP’ >0,

ne 3HaueHHs KoeimieHTiB [y, I, Ty Do 1 Pags Pags Pazs Pors Pazs Pays Paz TpHBeseHsI B (19).
B 1ipomy Bumnaaky ymoBu ctiikocTi (33) 1 (34) BiAMOBITHO 3aIUIIYTCS HACTYITHUM YHHOM:

3,0, +(3,-23,)D, >0, J,0,-J,D, >0, (35)
J,D,—J,D, >0. (36)

Jlns BUKOHaHHS HepiBHOcTeH (35) mocraTHbo, 100 BUKOHYBAJIach HEPIBHICTE J, >2J; 1
BigoMa HepiBHICTH (29), a 1 HepiBHOCTI (36) TiNbKH HEPiBHICTH (29).
Sk Bxke Oyio paninre 3a3HadeHo, wo npu Iy, <0 1 gocuTs ManoMy 3HadeHHi & (& >0) i

I'y, <0, artakox g € <0 1 I'j; >0 BuHykae HecTiliKicTb. I3 cniBBigHOMIEHD (19) (D2 = Dl)
npu £>0, 4J,<J,<6J, 1 J;D,-23,D,<0 maemo I'j; <0 1 I';; <0O. Bapianr I'y, <O,
<0 1 I'; >0 HemoxnuB. TakuM 4MHOM, NPU JOCUTh MajJOMy 3HAuY€HHI JUHAMIYHOIO

nebanaHcy piBHOMIpHE 0OepTaHHS TBEPOro TiIa HABKOJIO IIEHTPY Mac Oyje HeCTIKUM npu
4),<J3,<6J,1J,<J,D,/D,.

6 OBI'OBOPEHHS PE3YJIBTATIB JOCJIAKEHD

Ha migcraBi mpoBeneHUX aHANITUYHHUX JOCTIIKEHb BIUIMBY AMHAMIYHOTO AebanaHcy,
BiJTHOBJIIOBAIBHOTO 1 TEPEeKUIATBbHOIO MOMEHTY Ha YMOBH AaCHMIITOTHYOI CTIHKOCTI
PIBHOMIpHHUX 0O€pTaHb y CEpEeJOBUIIl 3 ONOPOM HECHUMETPUYHOIO TBEPJOro Tila MOXKHA
3pOoOUTH HACTYITHI BUCHOBKH:

1. VYMoBM acUMNTOTHYOI CTIHKOCTI MPEACTABICH] Y BUTIIAAL CUCTEMH TPHOX HEPIBHOCTEH.
[lepuia 1 gpyra HEpIBHICTh MAIOTh MEPIIY CTYNEHb BIAHOCHO AMHAMIYHOTrO AedanaHcy, a
TPEThsl HEPIBHICTh — TPETHIO CTYNEHb. [lepia 1 TpeTs HepiBHICTh MatOTh APYTUH CTYIiHb
1010 MEPEKUJAIBHOT0 a00 BIJHOBIIIOBAJIbHOTO MOMEHTIB, @ Ipyra HEpiBHICTh — MEPILNN
cryninb. [lepma Ta TpeTs HEpiBHICTh MalOTh YETBEPTUH CTYMiHb BIIHOCHO MOCTIHHOTO
MOMEHTY, a Jpyra HEpiBHICTb Mae Jpyruil crymiHb. HalOuibln ckiagHoo  JUIs
JOCIIJIKEHHS € TPETS HEPIBHICTb.

2. Tlpm nii mepeKuIaIbHOTO MOMEHTY CTiiikicTh Oyne HemoxuBa, komu J,(D,+D,)+
+2(J;—2J,)D, <0, D, <2D, npu £>0 i D, > 2D, npu £<0.

3.  OtpumaHi YMOBH aCHMIITOTHYOI CTIHKOCTI MPH JOCUTHh MAJIUX 3HAYECHHSIX AUHAMIYHOMY

nebanancy. Bumnmcani 1ocTaTHI yMOBH CTIMKOCTI ¢ TOYHICTBIO 0 JIPYTOTO TMOPSIKY

MaJIoCTi HOCTIHHOTO MOMEHTY.

OTpumaHi yMOBU HECTIHKOCTI IPU IOCUTH BEIMKOMY AMHAMIYHOMY Je0aaHci.

5. Bummucani 1 JocaiKeHl YMOBU CTIHKOCTI 1 HECTIMKOCTI NMPHU BIACYTHOCTI TUCUIATUBHOL
Hecumertpii. [TokazaHo, 110 MpH i€ BiAHOBIIOBAJILHOTO MOMEHTY JOCTaTHHOIO YMOBOIO
CTIHKOCTI € BiZlOMa yMOBa AJIsl CHMETpUYHOro TBepaoro tina J,D, —J,D0, >0.

e

6. JlocmipkeHO BIUIMB TUHAMIYHOTO J1e0ajaHCcy Ha YMOBH CTiMKOCTI 0OepTaHHsS TBEPAOTO
TiJIa HaBKOJIO LIEHTPY Macc. Bumnucani 1 gociiikeH YMOBH CTIHKOCTI 1 HECTIHKOCTI NpU
BIJICYTHOCTI JaucunatuBHOi Hecumerpii. Tak, Hampukiag, Oyji0 IOKa3aHO, L0 MpH
JIOCUTh MaJIOMy 3HAa4Y€HHI1 JWHaMIYHOro JebajaHCy pIBHOMIpHE OOEpTaHHS TBEPIOTO
Tia Gyne Hecridikum npu 4J, <J, <6J, 1 J, <J,D,/D; .

Kononos 10. M., Yeib A. X.
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UDC 531.381

EVOLUTION OF ROTATIONAL MOTIONS IN A RESISTIVE
MEDIUM OF A NEARLY DYNAMICALLY SPHERICAL
GYROSTAT SUBJECTED TO CONSTANT BODY-FIXED
TORQUES

D. Leshchenko!, T. Kozachenko'
'Odesa state academy of civil engineering and architecture

Abstract. A satellite or a spacecraft in its motion about the center of mass is affected by the
torques of forces of various physical nature. It is influenced by the gravitational, aerodynamic torques,
the torques due to the light pressure, and the torques due to the motions of masses inside the body.
These motions may have various causes, for example, the presence of fluid in the cavities in the body
(for example, liquid fuel or oxidizer in the tanks of a rocket). Therefore, there is a necessity to study
the problems of the dynamics of bodies with cavities containing a viscous fluid, to calculate the
motion of spacecrafts about the center of mass, as well as their orientation and stabilization. The
mentioned torques, acting on the body, are often relatively small and can be considered as
perturbations. It is natural to use the methods of small parameter to analyze the dynamics of rigid body
under the action of applied torques. The method applied in this paper is the Krylov-Bogolubov
asymptotic averaging method.

The studies of F. L. Chernousko showed that solving the problems of dynamics of a rigid body
with a viscous fluid can be subdivided into two parts — the hydrodynamic and dynamic ones — which
can greatly simplify the initial problem.

We investigated the motion about its center of mass in a resistive medium of a nearly
dynamically spherical rigid body with a cavity filled with a viscous fluid at small Reynolds numbers,
subjected to constant body-fixed torque which is described by the system of differential equations,
considering the asymptotic approximation of the moments of the viscous fluid in the cavity. The
determination of the motions of forces acting on the body from side of the viscous fluid in the cavity
was proposed in the works of F. L. Chernousko. We obtained the system of equations of motion in the
standard form which refined in square-approximation by small parameter. The Cauchy problem for a
system determined after averaging was analyzed. The evolution of the motion of a rigid body under
the action of small internal and external torques of forces is described by the solutions which obtained
as a result of asymptotic, analytical and numerical calculations over an infinite time interval.

Keywords: nearly dynamically spherical rigid body, cavity, viscous fluid, constant torque,
resistive medium.
EBOJIIOIISA OBEPTAJIBHUX PYXIB B CEPEJIOBUIII 3
OINOPOM, BJIM3BKOI'O 10 AMHAMIYHO C®EPUYHOI' O
TTPOCTATA I AI€IO MOCTIMHUX MOMEHTIB B
3B’A3AHUX 3 TIJIOM OCAX

Jlemenko /1. I[.l, Ko3auenko T. O.
Y00ecvra depoicasna axademis 6ydienuymesa ma apximexmypu

Anoranisi. Ha cynyTHuk a00 KOCMIYHMI amapaT y CBOEMY pPycCi BIJIHOCHO IIEHTpa Mac [iIOTh
MOMEHTH CHJI pi3HOi (i3uuHOoi mpupoxau. Lle rpasiramiiini, aepoJuHaMiuHi MOMEHTH, a TaKOX
MOMEHTH, OOYMOBJICHI PYXOM JESIKHX Mac B Tim. Taki pyXd MOXKYTh OyTH BUKIHMKAaHI Pi3HUMHU
NpPUYMHAMH: HANPUKIAJ, HasBHICTIO PIAMHU B MOPOXHHMHAX B T (HaNpHUKIAA, PiKe ManuBo ado
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OKHCJIIOBaY B pe3epByapax pakeTHw). TakuM UYWHOM, € HEOOXiIHICTh BHBUCHHS 3a/ad TUHAMIKH
TBEPIUX TiJ 3 B’SI3KOK0 PIAMHOIO AJISL AOCIiKEHHS PyXy KOCMIYHHX amapatiB HaBKOJIO LIEHTPa Mac, a
TaKOX X opieHTamii Ta ctabimizarii. Bkasani MOMEHTH, 11O AIfOTh HA TUIO BIHOCHO Maji 1 MOXYTh
posrasaarucs sk 30ypeHss. s aHamizy TUHAMIKK TBEPAOTO TiNla Mia AI€I0 MPUKIAJCHIX MOMEHTIB
BUKOPUCTOBYIOTh METOJM MAJIOT0 mMapamerpa. MeToj, SKHH 3acTOCOBaHO y Lil poOOTI — MeTox
ycepennenns Kpunosa-boromto6osa.

3anmavi AMHAMIKH TBEPIOTO Tijla 3 TOPOKHUHAMH, IO MICTITH B’SI3KY PiAMHY, TPEICTaBIIAIOTH
3HAYHO OUTBIII TPYAHOIII, HIXK Y BUMIAAKY 11eanbHOl pinnHu. B pobortax @. JI. UepHOychKa MoOKa3aHo,
IO pO3B’A3yBaHHS 3aJady AWHAMIKM TBEPAOrO Tijda 3 OAHOPIAHOI B’S3KOI PIAMHOI MOXHA
pPO3KJIacTH Ha JBI YAaCTHHU — TiIPOAMHAMIYHY Ta JUHAMIYHY — IO JTO3BOJISIE CIPOCTHTH MOYATKOBY
3amaqy. ACHUMNOTOTHYHHUI pPO3B 30K OyB OAep)KaHWU Ui OMUCY EBONIONII TBEpAOTO Tila 3
MOPOKHUHOIO, 3aTIOBHEHOIO PIAMHOIO BEJIHMKOI B’ I3KOCT1, HA BEJTMKOMY MPOMIXKKY 4acy.

PosrnsimaeTbess pyx BiIHOCHO IIEHTpa Mac B CEPENOBHUINI 3 OMOPOM OJHM3BKOTO A0 TUHAMIYHO
c(hepHIHOTO TBEPIOTO TiJIa 3 TIOPOKHWHOIO, 3alIOBHEHOIO B’S3KOI0 PIMWHOIO TPH MAaIMX YHCIIAX
PefiHonpaca mig Ji€ro MOCTIHHOTO MOMEHTY B 3B’SI3aHHX 3 TUIOM OCSX, SIKUH OMHCYETHCS CHUCTEMOIO
TudepeHLifHNX PIBHSIHD 3 ypaxyBaHHSM B acCHUMOTOTHYHOMY HaOJIM)KEHHI MOMEHTIB CHI B’SI3KOi
PiOVHE B TOPOKHUHI TiNla. BU3HAYeHHS MOMEHTIB CHII, IO JIIFOTH HA TiJIO 31 CTOPOHH B’ A3K01 PIIMHA B
MTOPOKHUHI, Oy0 3ampornoroBano B podorax @. JI. UepHoycrka. OTprMaHO CHCTEMY PiBHSHB PYXY B
CTaHIapTHIA ¢GopMi, YTOYHEHY B KBaJApPaTHYHOMY HAOJNMKCHHI 33 MaJIuM IapaMeTpOM.
[IpoanamizoBano 3amauy Kommi ans cucremu, BU3HAYEHOI Tichs ycepemHeHHs. EBomomis pyxy
TBEPAOTO TiJa MiJ i€f0 TaKWX BHYTPINIHIX 1 30BHINIHIX MOMEHTIB CHIJI ONMHUCYETHCS PO3B’A3KaMH,
OTPUMaHMMH B pE3yNbTaTi AaCHUMNTOTHYHMX, aHANITHYHMX 1 YHCENBbHUX PO3PaxyHKIB Ha
HECKIHYCHHOMY IHTEpPBaJIi yacy.

KuarouoBi ciioBa: 6im3pKe 10 TUHAMIYHO C(EepUIHOTO TBEPE TiJIO, TOPOXKHUHA, B’ sI3Ka piauHAa,
CTallMii MOMEHT, CEPEIOBUILE 3 OIIOPOM.
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1 INTRODUCTION

The problems of the dynamics of rigid bodies with cavities containing fluid are among
the classical problems of mechanics: a fundamental study of the rotational motion of a rigid
body having a cavity, filled with a homogeneous ideal fluid, was carried out by
N. Ye. Zhukovskii [1]. The interest to the problems of the rotation of rigid bodies with fluid-
containing cavity has arisen in connection with the development of the rocket and space
technology as well as geophysical and astrophysical applications.

2 ANALYSIS OF LITERATURY DATA AND RESOLVING THE STUDY

The presentation of the results on the dynamics of rigid body motion about the center of
mass with fluid-filled cavities is given in books by N. N. Moiseyev and V. V. Rumyantsev
[2], and I. A. Lukovsky [3].

The problems of rigid body dynamics with cavities containing a viscous fluid are
significantly more difficult that in the case of ideal fluid. An important contribution to the
solution of these problems has been made by the works of F. L. Chernousko et al. [4, 5].
These studies showed that solving the problems of the dynamics of the rigid body with
viscous fluid in cavity can be separated into two parts: the hydrodynamic and dynamic ones,
which represents a considerable simplification of the original problem. An asymptotic
solution was obtained describing the evolution of the motion of a body having a cavity with a
fluid of high viscosity over a long-time interval.

In the paper [6], the initial period of rotational motion of a body with a cavity containing
a fluid of high viscosity was investigated. The article [7] is devoted to studying the stabilizing
effect of a viscous fluid in a cavity on the rotation of a top around the given axes. In [8], the
oscillations on an elliptic orbit of a satellite with moments of inertia close to one another and
a spherical cavity filled with a viscous fluid are studied. In papers [9-11] the fast rotational
motions about the center of mass of a dynamically asymmetric satellite with a cavity filled
with viscous fluid under the action of gravitational and light pressure torques, and medium
resistance were investigated.

In [12], the inertial motion of a rigid body with a spherical or ellipsoidal cavity filled
with a viscous fluid was studied by the asymptotic method. A numerical analysis of the
change in the vector of the moment of momentum of a rigid body with a cavity filled with a
viscous fluid was performed in [13]. The article [14] presents the analytical and numerical
results obtained in the study of systems containing a rigid body with a cavity filled with a
viscous fluid. In [15], an approach was proposed for modeling the dynamics of a rigid body
with cavity filled with a high-viscosity fluid.

The problem of deceleration of rotations of a dynamically symmetric body with a cavity
filled with lightly viscous fluid was investigated in [16]. In paper [17], the problem of time-
optimal deceleration of a dynamically asymmetric body with cavity filled with viscous fluid
in a resistive medium was studied.

The papers [18, 19] study the motion about the center of mass of a nonsymmetric rigid
body influenced by two small perturbation torques: a constant one in the body-fixed axes and
a linear dissipative one or, alternatively, a constant one and a torque involving the terms
quadratically depending on the angular velocity.

In the works [20-22] analytical solutions are obtained for the problem of a rigid body
close to symmetrical one, as well as of a body with arbitrary inertia characteristics by a torque
which is constant in the body-fixed axes.

In paper [23], the analytic solution has been introduced for the rotation of a rigid body
having spherical ellipsoid of inertia subjected to a constant torque.

D. Leshchenko, T. Kozachenko
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The motion of a close to dynamically spherical rigid body with a cavity filled with a
viscous fluid at low Reynolds number was investigated in [24]. Qualitative and quantitative
results of motion in a resistive medium of a nearly dynamically spherical rigid body with a
cavity containing fluid of high viscosity was studied in [25]. In paper [26], the motion about
the center of mass of a nearly dynamically spherical rigid body with a cavity filled with a
fluid of high viscosity and subjected to constant body-fixed torques was considered. In work
[27] the case of a rigid body motion investigated in [24] was extended in the presence of the
third component of the gyrostatic moment.

Consider the motion in space of a rigid body with a spherical cavity filled with a fluid of
high viscosity relative to the center of inertia.

We assume that the torques which is constant in the body-connected axes have the form

M?® =g*M, =const, i=1,2,3, (1)

where 0< ¢ <<1 is a small parameter.
We assume that the torque of the resistant forces is proportional to the angular
momentum of the body with a “frozen” fluid [4, 11, 16, 17, 28]

M =—¢’ Ao, )
where A is a positive coefficient of proportionality that depends on the properties of the

medium and on the shape of the body and J =diag(A, B,C) is the tensor of inertia of the

body with a fluid in the cavity, 0 <& <1 is a small parameter.
We write the equations of motion for the system under consideration in projections onto
the principal central axes of inertia by [4, 5]

Ad—p+ (C-B)gr=¢&’M, -’ AAp+
dt . 3)
Pro 2 2
+—2-p|C(A-C)(A+C-B)r'+B(A-B)(A+B-C :
e PLC(A-CX( )r*+B(A-B)( )9’ |
Here, A, B, and C are the principal central moments of inertia of the system, p, q, r
denote the projections of the absolute angular velocity @ onto the principal central axes of
inertia, o is the density of the fluid, and v is the kinematic coefficient of viscosity. The first
expression on the right-hand side of (3) defines, in the asymptotic approximation, the torque
of forces of a viscous fluid in the cavity of the body [4, 5], P, >0 is the scalar coefficient
depending on the shape of the cavity. In the case of a spherical cavity of radius b, we have
according to [4, 5]
B 8zb’
° 525°
The other equations are obtained from (3) by cyclic permutation of symbols A, B, C
and p, q, r.
The Reynolds number is assumed small: Re=1°T,"v*<<1 [4, 5]. Here | is a

(4)

characteristic linear dimension of the cavity, T. is a characteristic time scale of the relative

motion, which inversely proportional to the characteristic angular velocity @ . If | and T. are

taken as the units of measurement of length and time then following [4, 5] the kinematic
coefficient of viscosity of the fluid is a large parameter v=1/Re>>1 and v <<1. We

assume that the nondimensional quantity v ~ ¢.

D. Leshchenko, T. Kozachenko
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3 PURPOSE AND TASKS THE STUDY

Consider the case of a nearly dynamically spherical rigid body, when the principal
central moments of inertia of a "frozen" rigid body are close to one another and represent
them in the form

A=J,+eA, B=J,+eB, C=J,, (5)

where 0< & <<1 is a small parameter of the same order just as in (1) — (3). If £ =0 equations
of motion (3) describe the motion of a spherically symmetric rigid body. Assume also that
there are estimates

|A-B|=0(s,), |A-B’

=0(ed,), J.~J,. (6)
Then, following (2.4), (2.5), the expressions hold
A-B=g(A-B)=¢’J,, A-C=cAd, B-C=¢B. (7

After the transition to slow time 7 =&t and transformations of system (3), taking into

account relations (5) — (7), we obtain a perturbed Euler system of the form (terms of order &?
and higher are discarded):

dp B’ A

—=—/1-¢—|gr+&f (p,q,r), 0) = p,,

i ‘]o[ ejojq ef,(p.q,r) p(0) = p,

dq A B’

—=——|l-e—|pr+efy(p,a.r), q(0)=q, 8
i JOL eJO]p ef,(p.a,r), a(0)=q, 8
dar A -B’

I = pq+ef,(p,q,r), r(0) =r,.

T Jy

Here, r is the slow variable in slow time 7. The system of differential equations (8) is an
essentially nonlinear system in which the frequency depends on the slow variable r. In (8)
perturbations were introduced

£f,(p,q,r) =mp{A'[J,—s(A'+2B)]r* + (A - B")[J, - &(A - B)]g*} +

M, A
Zil-e)—edp,
+& Jo( gJO) erp
£f,,(p.0,1)=mq{B'[J, —£(2A"+B")|r* - (A'=B)[J, +&(A'-B")] p’} +
+8%(1—8JE)—€1Q,

0 0

9)

et (p,q,r)=-mr{B'[J,—£(2A'-B")]q* + A'[J, - £(2B' - A)] p*} +

+& M, _ er,
0
where, m= pP,/vJ? . The torque of the influence of the viscous fluid in the rigid body cavity
is small [4, 5].
The solution of the system (8) for £ =0, v =0 has a form

D. Leshchenko, T. Kozachenko
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_J,awsing
B'r

Here, a=./pZ+(p,/w)’ is the amplitude (slow variable), @=wr+¢, is the phase,

w=rAB' J,» AB'>0, g, is the initial phase, cosg, = p,/a, sing, =—q,\B'/ A" /a by
assumption.

We pass from the slow variables p, g, r to the new slow variables a, r and the phase
@ . We use the change of variables for this:

p=acose, Q= , r=r,. (10)

_Jyawsing
B'r
We differentiate expressions (11) by virtue of perturbed system. After series of
transformations, we get the system in standard form

p=acosp, Q= , r=r. (11)

acosp-agsing=-aw(r)sing+ef,

asingo+agb005(p=aw(r)COSgo—,/%gfzq, (12)

p-B-A az,/%sin(pcow+gf2r, w(r):JL«/A'B’,

‘]0 0

ef,, :gi]ﬂw(r)sin ¢+g%(l—gi)—g/lacosw+
0 0 0

+macosps A'[J, —g(A' +2B)|r* +(A'-B)[J, - (A -B) a? 2 sin? :
¢ 0 0 Br ¢

€ty _ .2 ‘f‘B W(I’)COS(/)—F&‘%(].—SJE)—F&‘E& /%Sin(o—

0 0 0

—ma\/gsin ¢{B'[J,—£(2A'+B)]r* - (A'=B)[J, + (A’ - B")]a’ cos’ g},

£t =—malrA'[J, — e[ (2A'~B))sin’ o+ (2B~ A)cos” ¢ || +g%—g)ﬂl’.

0

We solve equations (12) with respectto a and ¢ , and get a system

. B .
a=ef,, Cosgo—gfzq"ﬁsm(p,
(13)
) 1 . 1 B’
(pzw(r)—ggfzpsm ¢"g‘9f2w/ﬁ COS .

We substitute (11) into the third equation (8) for the variable r. Taking into account the
change of variables and standard transformations we obtain the following system of
equations:

<'51:<9Maw(r)singoc05go+i Ml(l—EA)COS(/)—Mz(l—EE),/ESin(p -
J J J, J, VA

0 0

—gla+ ma{r2 [ Acos? p(J, —eA') —2: A'B'+ B'sin” (J, — B') |+
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[ -1AYA
+a2%[Jo—g(A’+ B’)]sin® g cos? go},
poB-A az\Esingocostrg%—gﬂr—
J, B J,
—maer'{JO—g[(ZA’—B')sinz(/)Jr(ZB’—A’)cos2 go]}
p=w(r)—¢ V\G(r) (A'sin® ¢+ B'cos® p) —m(A'—B')sin (/)COSgo{r2 [J,—&(A'+B)]+ (14)

0

+a’ {(J0 +&(A'-B")cos’ p+(J,—&(A - B'))g:sin2 (0}}—

& A . B', |B’
— | M A-c—)sinp+ M, (1—c—),[—COS@ |.
aJi Nl ‘Jo) o+ M, Jo)‘/A’ 40}

Here, the quantity w(r) = r\/A'B’/J0 has the meaning of the perturbed frequency of the
transformed system. After the averaging of the system (14) over the phase ¢ [29] we find:

a=ca+ma(fgr’+aa®),

15
r'=cr—m7a2r+g%. (15
0

Here we have introduced the notations
c=—el, P= %(A’ +B)[J,—&(A'+ B)]|-eA'B,

(A,_ B')Z ' ' ' 1 ' '
QZT[JO_‘C"(A+B)]’ }/=—A ‘]O_Eg(A+B) .
We transform system (15) to the form:
X=2X(c+mpBy+max),
(16)

. eM
y =2(yc+myxy+ ] 3\/)_/)

0

The variables x=a’ y=r”>0are introduced here, r :ﬁ. Note that in system (16)

x, y are slow variables.
It can be directly observed that, in the first approximation the equations for x and y in

(16) include only constant in the body-connected axis torque M,. The terms containing the
perturbation torques M,, M, drop out upon averaging.

4 BASIC RESULTS

System (16) was solved numerically with the initial conditions x(0) =1, y(0)=1 and
task parameters P, =0.48 m’,v=1000m?s, £=0.1, p=1260 kg/m°, 1=1.25 rad/s. We
obtain

D. Leshchenko, T. Kozachenko
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X(t) =1+ (2c+1.21(x + p))t + (c(2c +3.63(x + p)) +

+(0.13c +0.73y +0.12M,) + (1.21a + 0.858)*)t* + O(t®),

y(t) =1+ (2c+1.21y +0.2M )t +

+(0.73y(a + B+ y +4.97¢) + 0.02M,(9y +C) + (1.41c +0.12M,)*)t* + O(t?).

17

The plots of the changing values a? and r? of the squared equatorial and axial
component of the angular velocity vector of the rigid body are constructed and represented in
two cases.

In the first case (Figs. 1,2) J, =1, A'=5.1, B'=5, in the second case (Figs. 3, 4)
J,=3, A'=13 B'=1.

5 DISCUSSION OF THE RESULTS OF THE STUDY

How we can see from the plots in both cases variable y=r® decreases on the interval of
time [0;10] and [0;20] asymptotically approaching zero (Figs. 2, 4).
The variable x =a* decreases in case 1, asymptotically approaching zero (Fig. 1). In the

second case in the presence of dissipation and a small constant torque x =a’® decreases to
zero (Fig. 3), and under the action of only the internal torque in the interval [0;20] increases

reaching the value x =2.

1

ne 2l

1

|
0.6+
X
0.4+
0.2+

0 23 3 7.5 10
T
Fig. 1. Comparison of the graphs x = a®under the action of internal torque (— =)
and (— ) of both internal and small constant torque M, =-0.135
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Fig. 2. Comparison of the graphs y = r? under the action of internal torque ( — =)
and (—— ) of both internal and small constant torque M, =-0.135

2
I____-r—"
1.5
/
e
x 1+
0.5
I:I T T T
1] 3 10 15 20
Fig. 3. The plot of variable x = a®under the action of internal torque ( — =)

and (&= ) of both internal and small constant torque M, =-0.135

IERERN

0.6
¥ \
0.4+ \

0.2
——
— — e
0 3 10 15 20
T
Fig. 4. The plot of variable y = r? under the action of internal torque (— =) and

() of both internal and small constant torque M, =-0.135
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6 CONCLUSIONS

The motion of a nearly dynamically spherical rigid body in a resistive medium with a
cavity filled with viscous fluid at low Reynolds number under the action of constant body-
fixed torques is investigated. A system of equations of motion in standard form which refined
in the quadratic approximation by small parameter is obtained. The Cauchy problem for the
system determined after averaging is analyzed. The evolution of the rigid body motion is
described by solutions obtained asymptotically, and numerically.

Results summed up in this paper make it possible to analyze motions of artificial
satellites and celestial bodies under the influence of small internal and external torques
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PARAMETERS AFFECTING THE TEMPERATURE OF THE
DIAMOND CUTTING DISC WHEN CUTTING BUILDING
MATERIALS

A. Bespalova', O. Knysh!, O. Dashkovska®, O. Faizulyna®, T. Chumachenko?
'Odessa State Academy of Civil Engineering and Architecture
?Odessa Polytechnic National University

Abstract. The cutting of natural and artificial building materials is most often carried out with
metal-based diamond cutting discs at cutting speeds of the order of 50-80 m/sec. The cutting process is
accompanied by considerable heat release and heating of the diamond disk. At a temperature of about
600°C, the tensile strength of a disc is reduced by a factor of 2 and graphitization of diamond grains
occurs. Thus, when cutting stone and building materials with a diamond circle, the disk heating
temperature should not exceed 600°C. In the work, mathematical modeling of the heating of a
diamond cutting disk on a metal base was performed while cutting ceramic materials to determine the
time of continuous operation to a critical temperature of 600°C. The simulation results presented in the
graphs showed the dependence of the heating temperature of the disk on the diameter of the latter, the
speed of rotation, the minute feed, the grain size and the thickness of the disk.

Almost all elements of the cutting modes affect the disk temperature, although to a different
extent. The vertical feed has the greatest influence. With an increase in the diameter of the cutting disk
and a decrease in the rotational speed, the total cutting force, power and heating of the disk in 1 min.
and increase with one revolution. The operating time to the critical temperature is significantly
reduced. With an increase in the thickness of the cutting disk, the total force and cutting power
increase. The simulation results showed that the grain size of the cutting disk significantly affects the
important parameters of work. Therefore, if there are no special requirements for surface roughness, it
is more profitable to work with a coarser-grained disk.

According to the simulation results, it can be said that in order to ensure the maximum thermal
resistance of the disk, it is necessary to choose disks with a grain size of at least 25 and work at a
vertical feed rate of no more than 0.05 m/min.

It is shown that by selecting appropriate process characteristics the time of continuous operation
can be of the order of 10 — 12 min without the use of forced cooling.

Keywords: diamond cutting disk, disk temperature, the speed of rotation, the minute feed, the
grain size, the thickness of the disk.

ITAPAMETPH, 11O BIIVINBAIOTH HA TEMIIEPATYPY
AJIMA3ZHOI'O BITPI3HOI'O AUCKY IIPU PI3AHHI
BYAIBEJIBHUX MATEPIAJIIB

BbecnanoBa A. B.l, Kuum O. I.l, JlamkoBcbka O. H.l, ®daiizyauna O. A.l,

2
Yymauenko T. B.
'00ecvra depoicasna axademis 6ydienuymsa ma apximexmypu
?Hayionanshuii ynisepcumem «Odecoka noiimexHiay

AHoTanisi. Po3pizaHHsS [OpUpPOAHMX Ta WTYYHUX OyIiBEeNbHUX MarepiaiiB HaludacTime
3MIHCHIOEThCS QIMA3HUMH Di3aJIbHUMH JIUCKAMH Ha METaJIeBiii OCHOBI INPH MIBHUIKOCTSX pi3aHHS
osm3bpko 50-80 m/c. Ilporiec pizaHHS CYyNPOBOKYETHCS 3HAUHUM BUIUICHHSAM TEIUIA 1 HarpiBaHHIM
anMazHoro aucka. Ilpu remneparypi 6mm3pko 600 °C MiHICTH AMCKa HA PO3PUB 3HIKYETHCA B 2 pa3u
1 BimOyBaeThesl Tpadituzalis anMaszHux 3epeH. Tak, mpu pi3aHHI KaMEHIO Ta IHIMMX OyaiBeIbHHX
MarepialiiB alMa3HUM KpPYroM TeMIlepaTypa HarpiBy JHMCKa He TOBHHHA mnepesuiryBatd 600°C. YV

A. Bespalova, A. Knysh, O. Dashkovska, O. Faizulyna, T. Chumachenko
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poOOTi TIpOBEIEHO MaTeMaTHYHE MOJICTIOBAHHS HArpiBy ajiMa3HOTr'O BiJPi3HOTO IMCKa HA METalIeBil
OCHOBI TiJ Yac pi3aHHS KEpaMidHMX MaTepiajliB JUId BH3HAYCHHs dacy Oe3mepepBHOI poOOTH IO
KPUTUYHOI TEMIIEPATyPH.

PesynpTatn MopnenmtoBaHHs, MpeNCTaBlieHI Ha rpadikax, MOKa3ald 3aJeXHICTh TeMIepaTypH
HarpiBy IMCKa Bif] llaMeTpa OCTaHHBOTO, IIBUAKOCTI 00epTaHHs, XBUJIMHHOI TOAaqi, po3Mipy 3epHa Ta
TOBIUHU JUCKA. [IpakTHYHO BCi €JIeMEHTH PEKHUMIB pO3pi3aHHs BIUIMBAIOTH HA TEMIIEpaTypy Kpyra,
X04 1 pi3HOIO Mipor. Haiibinpmmii BB Mae BenW4yMHA BepTUKanbHOi mopadi. [Ipu 30inbmieHHi
JiameTpa Bigpi3HOTO Kpyra Ta 3MEHIICHH] YacTOTH 00epTaHHs CyMapHa cuja pi3aHHs, MOTY>KHICTb Ta
HarpiBaHHS Kpyra 3a 1 XB. 1 0luH 000pOT 3pocTaroTh. Yac poOoTH 10 KPUTHIHOI TeMIIepaTypH 3HAYHO
3HIKY€eThCs. [Ipu 30imbImIeHHI TOBHIIMHH BIAPI3HOTO Kpyra 3pOCTae CymMapHa CHiIa Ta TMOTYKHICTh
pizanHsa. PesynpTaT MOJenmoBaHHS MOKa3ald, MO0 BEIMYMHA 3EPHHUCTOCTI BiAPI3HOTO Kpyra 3HaYHO
BIUIMBAE Ha BaXJIMBI mapameTpu pobotn. Tomy, AKIIO HeMae OCOOIUBHUX BHMOT IOJI0 HMIOPCTKOCTI
MTOBEPXHi, BUT1IHIIIE MPAIFOBATH OINBII KPYIMTHO3EPHUCTHM KPYTOoM. 3a pe3ylbTaTaMi MOJIEITIOBAaHHS
MOJKHa CKa3aTH, 10 JUis 3a0e3MeveHHs] MAKCUMAaJIbHOT TEIUIOBOI CTIHKOCTI KpyTa Cilii BUOMpaTH KPyTH
3epHHUCTOCTI HE MEHIIE 25 i mpaloBaTH NpH MBUAKOCTI BEpTUKAIBbHOI oAayi He Oinbme 0,05 m/xB.

[lokazano, mo mpu miAOOpi BIAMIOBIAHUX XapaKTEPUCTHK IMPOIECy dac Oe3mepepBHOI poOOTH
Moxke OyTH B Mexkax 10 — 12 xBuimuH 0e3 3acTOCyBaHHS IPHUMYCOBOT'O OXOJIO/XKEHHSI.

KarouoBi cioBa: anmasHuil BiApi3HHMI AMCK, TeMIlepaTypa AHMCKa, IIBUAKICTH OOepTaHHS,
XBHJIMHHA T10/1a4a, 36PHUCTICTh, TOBIIMHA ANCKA.
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1 INTRODUCTION

In the process of repair and restoration of buildings, it is often necessary to cut openings
and mortice where reinforcing elements are inserted. Such works are often performed in shell
limestone, concrete, granite, basalt, and ceramic materials.

Currently, diamond abrasive discs are widely used for these purposes. The main
advantage of diamond tools is, first of all, the possibility of obtaining high machining
performance and dimensional stability, exceeding those of traditional carborundum-based
tools.

The cutting of solid building materials is carried out by diamond discs with a rotation
speed, which, and, consequently, the cutting speed is 35-50 m / s. Due to the high intensity of
the cutting process, the cutting process is accompanied by significant heat release.

It should be noted that the disc, on which the diamond abrasive coating is applied, is
made of ordinary low-alloy steel of the 9xfm steel type, (0,9% carbon and up to 1%
chromium, vanadium and molybdenum). These steels have high enough tensile strength to
withstand large centrifugal forces, but low heat resistance. The strength characteristics of
these steels when heated to temperatures of 500 — 600°C decrease by almost 2 times, which
can cause jamming or even breakage and rupture of the tool during operation.

In addition, the graphitization of diamond cutting grains, i.e. the transformation of
tetragonal carbon into hexagonal also occurs at a temperature of about 600°C, which can lead
to the loss of the diamond-bearing layer.

Thus, when cutting stone and building materials with a diamond disk, the heating
temperature of the wheel should not exceed 600°C. Therefore, the working time of a diamond
cutting disk is the time during which it heats up during continuous operation to a temperature
of 600°C. The longer this time, the higher the efficiency of the diamond disk.

At present, there is no database on the appointment of cutting modes with synthetic
diamond disks, which would determine the patterns of heating and cooling of the diamond
cutting wheel during operation.

There is no methodology for determining the operating time up to the critical temperature
and the issues of increasing the operating time resource up to the critical temperature have not
been considered.

Diamond disk are produced in various sizes and different grain sizes, so the experimental
study of this issue is very laborious and lengthy. In addition, there is no reliable technique that
would allow these measurements to be made.

2 LITERATURE REVIEW

Despite the large amount of literature on cutting stone and ceramic materials with
diamond disks, there is practically no information about the parameters of the cutting process
that allow you to control the temperature of the disc during operation. This does not make it
possible to develop an optimal cutting technology, determine the time of the disc to the
critical heating temperature, and also does not make it possible to develop an effective method
for cooling the disc.

A large number of works are devoted to the energy of the cutting process, the wear of
cutting discs and ways to maintain the energy characteristics of the process in certain
parameters.

In [1], the author considers in detail the process of cutting natural stones with a diamond
disk tool. The author very skillfully determines the characteristics of diamond grains, the
number of actually cutting grains in the contact spot of the disk with the product. On this
basis, the author determines the individual and total cutting forces. However, there are no
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thermal calculations either in relation to the workpiece, or in relation to the heating of the
diamond disk on a metal base.

In [2], general issues of progress in abrasive processing are considered, but there are no
data on the heating temperature of diamond wheels on a metal bond.

In [3], the issues of wear of a diamond cutting disk are considered, depending on the
content of boron carbides in the diamond-bearing layer. The issues of heating the disk during
processing are not considered.

In [4], the author uses electrical, chemical and optimal energy sources to bind, form and
cut materials in the processing of hard-to-cut materials. The author explains in detail how
each of these advanced processes works. Thermal issues are not affected.

The work [5] explores issues — energy nature — the dependence of cutting forces and
cutting power on specific conditions and processing modes. However, the issue of energy
costs for heating the circle is not considered.

In [6], the wear of diamond sectors is considered. Using mathematical methods, the
authors predict disk wear depending on the amount of chips removed. Thermal effects are not
considered in the work.

In [7, 8] considers the energy characteristics of the process. Cutting forces and power are
associated with the amount of chips removed, which can make it possible to reasonably assign
cutting modes.

In [9], the influence of the disk periphery speed on wear is considered. These studies also
make it possible to prescribe the mode of cutting more reasonably. Thermal issues are not
considered.

In [10], the issue of automatic control of the saw speed and feed per tooth is considered,
which makes it possible to increase the efficiency of the cutting process. Thermal issues are
also not considered and, in addition, the results of the study of the cutting process with a
circular saw cannot be fully transferred to the cutting process with a disc.

In [11], the dependences of the specific energy of cutting and the specific energy of
drilling. Thermal issues are not affected.

In [12], the issues of wear of a diamond cutter by measuring the cutting force are
considered. Despite the thoroughness of the experiment carried out on modern equipment, the
results cannot be applied to the topic of this work.

It can be concluded that at present there is no data in the literature on the heating of a
diamond disk on a metal base during operation.

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

In the present work, mathematical modeling has been carried out, which makes it
possible to determine the safe operation time up to the critical temperature. In addition, some
ways of increasing the time resource are modeled. Thus, it is possible to create a database of
preferred operating modes and experimentally refine the mathematical model pointwise.

To achieve the goal of the work, it is necessary to solve the following tasks:

1. Determine the cutting forces of a single grain during the cutting process.

2. Determine the thermal power developed by a single grain when cutting a building
material.

3. Determine the shape of the contact spot of the wheel with the product, determine the
number of grains acting in the contact spot and the value of the total heat flux during cutting.

5. Develop a block diagram and a calculation program (in the MathCad environment),
which makes it possible to determine the total cutting forces, the contact temperature of the
cut, and the circuit for heating the disk with this temperature.

6. Based on the data obtained, determine the heating temperature of the section of the
circle in contact with the product, the temperature along the radius of the circle, the cooling of
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the heated circle by the air flow and the increase in the temperature of the disc for each
revolution.

4 RESEARCH RESULTS

The studies were carried out using mathematical modeling and direct experiments. The
material used is tiles and briquettes made of zirconium oxide.
The amount of grain deepening into the material:

P, =7,15x H, xh?,

where H, is the hardness of the material being cut on the Vickers scale, h — the average
depth of the grain in the material. The multiplication P,V, (disc speed) gives the value of the

thermal power of cutting by a single grain. To determine the last value, the technique
described in [13] was used. Thermal pulse from a microthermocouple makes it possible to
determine: the number of actual cutting grains in the arc of contact between the disc and the
product, the distance between the cutting grains, and the specific number of cutting grains. By
measuring the actual cut of the material in each pass and dividing this cut by the number of
grains, it is possible to determine the average depth of grain penetration into the material
being ground or cut.

If we dwell on the example of cutting a ZrO, briquette with vertical feed, as shown in
Fig. 1, then the following notation can be introduced.

i Vven

Fig. 1. Scheme of cutting a ZrO, ceramic sample with a diamond cutting disc on a metal base.
D, -disc diameter, V, - disc speed, V,,, - vertical feed speed, n - rotation frequency

The chord of the sector of the part of the circle currently within the sample, ab=C. « —
sector angle, L, — length of the contact arc equal to L, = 2arcsin(C/D,)-R.

cont cont
For an approximate calculation, we determine the contact area of the cutting edge of the
disc with the product. It will obviously be equal to F, =L, xS and, when projected onto a

plane, will be an elongated rectangle. If we take the time interval from point a to point b, then
the time of thermal exposure from point a to point b can be considered as a short period of
time equal to z=L_,/V, . Thus, we reduce the problem to an instantaneous flat source. The

errors arising from the use of this model can be determined in the future with experimental
measurements.

The atmosphere in which the cutting disc operates consists of a boundary layer of air that
exists around the disc, regardless of its structure and porosity. [14]. This, in turn, means that
when cutting, the air intensively blows over the disc and a significant decrease in temperature
can be expected, especially since heat is released within one revolution of the disc from most
of its surface. To determine the amount of heat carried away from the surface of the disc, we
determine the heat transfer coefficient for these conditions.
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To estimate this amount, it is necessary to find the coefficient of convective heat transfer
between the moving medium and the blown surface (wall).

The amount of heat transferred in the process of heat transfer is determined by the
Newton-Richmann equation:

Q=a(t,—t)F,

where o — is the heat transfer coefficient, W/(m*K); t,, t, — are the average temperatures of
the liquid and the wall, °C; F — is the wall surface, m?; Q — is the heat flux (amount of heat),
W(J); ¢ —is time, sec.

Heat transfer coefficient « — characterizes the intensity of heat transfer between the
surface of the body and the environment. The coefficient o shows how much heat is

transferred from a unit of the wall surface to the liquid per unit time with a temperature
difference between the wall and the liquid of 1 degree (K),

g e )

Determining « is the main task of calculating heat exchangers. The easiest way to
determine the heat transfer coefficient is through the Nusselt criterion using the expressions:

oo Nulx A 1)

and

Nu = 0.008Re’” x Pro

where
Re=l _ P
vV.ooou
the Reynolds criterion, which characterizes the hydrodynamic flow regime during forced
motion and is a measure of the ratio of inertia forces and viscous friction;
pr=y
a A
the Prandtl criterion, which characterizes the physicochemical properties of the coolant and is
a measure of the similarity of temperature and velocity fields in the flow;
where — | is the defining size, m; p — is the heat carrier density, kg/m?; At—t, -t —

temperature difference between the wall and the coolant, °C; 1 — is the thermal conductivity
coefficient of the coolant, W/(m-K); « — is the dynamic coefficient of viscosity, Pa-sec; ¢ —

is the heat capacity of the coolant, J/(kg-K); = — is the process time, sec, @ — is the speed of
the coolant, m/sec.

The calculation of the Nu criterion for an air flow velocity of 30 - 50 m/sec and for an air
temperature of 20" C =293 K, according to the above formulas (1), is 51,34. Accordingly,
the heat transfer coefficient o will be, according to formula 1, a = 445W/m?” °K .

In order to determine the amount of heat carried away from the surface of the contact
spot of the disc with the product, it is necessary to multiply the length of the arc of the contact
of the disc with the product and the value of the transverse feed.

The calculations were carried out by changing the parameters in the MathCad program
and are shown in Fig. 2.
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Fig. 2. Dependence of the cutting parameters on the change in the grain size of the disc

The simulation results showed that the grain size of the cutting disc significantly affects
the important parameters of work. The total cutting force decreases despite the fact that the
unit cutting force increases. This is explained by the fact that with an increase in grain size,
the number of simultaneously working grains sharply decreases. Therefore, if there are no
special requirements for surface roughness, it is more profitable to work with a coarser-
grained disc, despite its higher cost. According to the change in the total cutting force, the
laws of change in the cutting power and the heating temperature of the disc for 1 minute of
work follow the same pattern. The temperature of the disc for one revolution slowly
decreases, but quite naturally, the operating time increases to the critical temperature (Fig. 3).
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cadpas Ty, 2C =8 T14, min

Fig. 3. Dependence of the cutting parameters on the change in the diameter of the cutting disc
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The total cutting force, power and heating of the disc for 1 min. increase. The heating
temperature of the disc for 1 revolution increases. The operating time to the critical
temperature is significantly reduced (Fig. 4).
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Fig 4. Dependence of the cutting parameters on the change in the rotational speed of the cutting disc

Reducing the rotational speed causes an increase in the total cutting force, cutting power,
heating temperature of the disc for 1 revolution. The operating time to the critical temperature
increases significantly (Fig. 5).
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Fig 5. Dependence of the cutting parameters on the change in the rotational speed of the cutting disc

With an increase in the thickness of the cutting disc, as expected, the total force Pz and
cutting power increase. All other parameters remain unchanged. The reason for this is that the
intensity of the heat flux remains unchanged (Fig. 6).
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Fig. 6. Dependence of the cutting parameters on the change in the rotational speed of the cutting disc
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With an increase in vertical feed, the total cutting force increases. The load on the cutting
grain increases by increasing the average value of the penetration of the grain into the
material. The cutting power and the heating temperature of the wheel increase in 1 minute.
The heating of the disc for 1 revolution also increases. The operating time to the critical
temperature is significantly reduced.

5 DISCUSSION OF RESEARCH RESULTS

Mathematical modeling has shown that the metal disk - the basis of the diamond wheel,
heats up significantly during operation.

Almost all elements of the cutting modes affect the disc temperature, although to a
different extent. The vertical feed has the greatest influence.

The speed of the disc and the change in its diameter have almost the same effect, since
the cutting speed depends on both the speed and the diameter of the disc.

Changing the grain size of the cutting disc significantly affects its heating. The
dependence here is quite complex, since an increase in the grain size increases the unit cutting
force and thermal power from each individual grain. However, this reduces the number of
grains simultaneously involved in the work. In our case, a smaller number of more powerful
heat sources take part in heat generation. However, an increase in the power of each single
source cannot compensate for a decrease in their number. This phenomenon must be checked
on other discs, for example on a ceramic bond.

According to the simulation results, it can be said that in order to ensure the maximum
thermal resistance of the disc, it is necessary to choose discs with a grain size of at least 25
and work at a vertical feed rate of no more than 0.05 m/min.

6 CONCLUSIONS

As a result of the mathematical modeling, the following issues were resolved:

1. The cutting force of a single grain during the cutting process is determined.

2. The thermal power developed by a single grain when cutting a ceramic material is
determined.

3. The shape of the contact spot of the disc with the product is determined, the number of
grains acting in the contact patch and the value of the total heat flux during cutting are
determined.

5. A calculation program has been developed (in the MathCad environment), which
makes it possible to determine the total cutting forces, the contact temperature of the cut, and
the scheme for heating the disc with this temperature.

6. Based on the data obtained, the heating temperature of the section of the circle in
contact with the product, the temperature along the radius of the circle, the cooling of the
heated disc by the air flow and the increase in the temperature of the circle for each revolution
were determined.
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CALCULATION OF ANNULAR PLATES ON AN ELASTIC BASE
WITH A VARIABLE BEDDING FACTOR

M. Surianinov?’, Y. Krutii*, D. Kirichenko®, O. Klimenko!
'Odesa state academy of civil engineering and architecture

Abstract. The application of the analytical method — the method of direct integration — to
calculations of building structures in the form of circular plates and plates on a continuous variable
elastic base is considered. It is noted that there are no proposals for a general analytical method for
calculation of annular plates on a variable elastic base in the literature. And the need for such a method
is obvious, since it makes it possible to estimate the accuracy of finite element analysis.

A detailed description of the algorithm of the direct integration method is not given in the paper,
and all the calculation formulas for the circular plate are taken from the authors’ already published
article. The results of numerical implementation of this algorithm for specific examples are
considered. In order to verify the results of calculations by the author’s method, computer modeling of
the considered circular plates in PC LIRA-SAPR and their calculations by the finite element method
have been performed.

The reaction of the foundation is described by the Winkler model with a variable bedding factor.
The calculation of a concrete slab that is rigidly pinched on the inner contour and articulated on the
outer contour is performed. And calculation of a steel plate with rigid pinching on the outer contour
and articulated on the inner contour. In the first case, the bedding factor is assumed constant, and in
the second case, it changes according to the linear law. The calculations showed that the discrepancy
between deflections calculated by the finite-element method and the author’s method does not exceed
1%, and the results of radial and circumferential moments calculation differ more considerably,
amounting to 10%. The authors explain this difference by the inaccuracy of the numerical analysis
associated with a semi-automatic method of constructing a finite-element mesh, which should be made
finer. The densification of the mesh in the manual mode of its partitioning significantly reduces the
discrepancy between the results of calculating the deflections, radial and circumferential bending
moments by the finite-element method and the author’s method.

Keywords: direct integration method, annular slab, elastic foundation, Winkler model, variable
bedding factor, finite element method, PC LIRA-SAPR.

PO3PAXYHOK KIJbIEBUX IIJIUT HA IIPYKHIA OCHOBI 31
SMIHHUM KOE®IIIEHTOM IOCTEJII

Cyp’sininos M. ., Kpyriii FO. C.%, Kipiuenxo JI. O.', Kaivenxo O. M.

1 . . .
Ooecwvka depoicasna akademis 0yOieHuymea ma apximexmypu

AHoTamis. Po3risgaeTscs 3acTOCYBaHHS —aHANITUYHOTO METOLYy — METOLy MpsIMOTO
THTETpYBaHHS — JI0 PO3PAaXyHKIB OyJliBEIbHUX KOHCTPYKIH y (OpPMi KiJIbIIEBUX TUIACTHH Ta TUTUT HA
Oe3nepepBHiM 3MiHHIA TpPYXHiIH OCHOBI. 3a3HAa4aeThCsA, WIO MPOMO3MINI IMOAO0 3araJbHOTO
AQHATITUYHOTO METONy PO3paxyHKY KiJIbIIeBUX IUIACTUH Ha 3MiHHIH NpPYXHiH OCHOBI y jiTepaTypi
BIJICYTHI. A HEOOXIIHICTh TAKOT'O METOYy OYCBHIHA, OCKLUIBKH J03BOJISE OI[IHUTA TOYHICTh CKIHUEHO-
€JIEMEHTHOT'O aHaJi3y.

JetanbHuil BUKIaM anropuTMy METOAY MPSIMOTO iHTETpyBaHHA y POOOTI HE HABOIUTHCSA, MPOTE
pO3paxyHKOBI (opMynu IS KiJIbIIEBOI IJIACTMHH B3STI 3 BXKE OMYOJIKOBAHOI CTaTTI aBTOPIB.
PosrisgaroTecst pe3yibTaTH YMCEIbHOI peaizaiii 1[bOro aJlroOpuTMy IS KOHKPETHHX MPHKIAIIB. 3
MeTol0 BepHudikauii pe3ynabTaTiB PO3paxyHKy aBTOPCBKMM METOIOM, BHKOHAHO KOMII IOTE€pHE
MoJIeNIOBaHHs po3risiHyTHX KinbueBux IiactuH y IIK JIIPA-CAIIP Ta iX po3paxyHKH METOIOM
CKIHYEHUX €JIEMEHTIB.
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Peax1iiss ocHOBH OnUCY€EThCsSI MOAEIUTI0O Binkiepa 31 3MiHHUM KoedirieHToM mocteni. Bukonano
PO3paxyHOK OCTOHHOI IUTUTH, SIKa KOPCTKO 3allleMiIeHa 32 BHYTPILIHIM KOHTYPOM i1 HIapHIpHO — 3a
30BHIMHIM. [ po3paxyHOK CTaneBOi IUIMTH 3 >KOPCTKHUM 3aTHCKOM II0 30BHINTHBOMY KOHTYPY 1
IapHIPHAM TI0 BHYTPIIIHBOMY. Y TEPIIOMY BHIAIKY KOe(DIli€HT MOCTeN MPUHHSITO MOCTIHHIM, a ¥
JpyroMy BHMAAKy BiH 3MIHIOETHCS 3a JIHIMHUM 3aKOHOM. BUKOHaHI po3paxyHKHM MOKa3aiH, IO
PO30LKHICTh y pe3ysibTaTaXx OOYHMCICHHS MPOTHHIB METOJIOM CKIHYCHHMX CJIEMCHTIB 1 aBTOPCHKHUM
MeToloM He mepeBumrye 1%, a pe3yiapTatd OOYHMCIEHHS pamialbHUX 1 OKPY)KHHX MOMEHTIB
BIJIPI3HAIOTHCS 3HaUHO, mocsratou 10%. [Ipudomy 110 BiIMIHHICTH aBTOPH TOSICHIOIOTH HETOYHICTIO
YHCENBHOTO aHali3y, MOB’S3aHOI 3 HAMiBaBTOMATUYHHUM METOJOM MOOYJOBU CKiHYEHO-EIIEMEHTHOI
CITKH, SIKy cIifi poOuTH ApiOHINION. 3TYIMICHHS CITKA B PYYHOMY PEXHMI 11 pO30UTTS CyTTEBO 3HIDKYE
PO3ODKHICTP MK pe3ylbTaTaMH OOYMCIIEHHS MPOTHHIB, padiajbHUX Ta OKPY)KHHX MOMEHTIB, IO
3THHAIOTh, METOJOM CKIHYCHUX EJIEMEHTIB 1 aBTOPCHKUM METOAOM.

KarwouoBi cjioBa: MeToj NpsAMOro iHTErpyBaHHsS, KiJbIIeBa IUTUTA, MPYXHA OCHOBA, MOJICIb
Binknepa, 3minHMi koedimieHT TmocTem, MeTonm ckinueHuX enementiB, IIK JIIPA-CAIIP.
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1 INTRODUCTION

Nowadays, the construction of circular-shaped engineering structures has become
widespread. These include television towers, smoke and ventilation stacks, radio relay towers,
support towers for wind power plants, and cylindrical tanks. The foundations of such
structures, their floor slabs, and the bottoms of cylindrical tanks are often circular plates. And
such plates are based on an elastic foundation, the reaction of which can be variable.

From a mathematical point of view, the problem of calculating such structures is very
complicated, since its solution is reduced to the solution of differential equations with variable
coefficients.

There are different models of elastic foundations. The simplest one is the Winkler model.
For beams on a constant elastic base, this model allows us to obtain the exact solution, but
there is no such solution for slabs. The problem becomes even more complicated if the elastic
foundation is variable. A universal analytic solution has not yet been constructed. That is why
approximate calculation methods are used, principally the finite-element method. However, it
is well known that results obtained by this method are often far from reality, so the
construction of an analytical solution remains relevant.

2 LITERATURE ANALYSIS AND PROBLEM FORMULATION

The main results in the construction of the theory of plate bending belong to Simeon
Poisson, Louis Navier and Gustav Kirchhoff. In 1820, a report by L. Navier presented the
differential equation for transverse bending of a plate in general form [1]. In 1828, in [2], for
the first time was obtained the solution of the bending problem for an elastic thin
axisymmetric circular plate under the action of a uniform transverse load and a concentrated
transverse force in the center for two cases of boundary conditions — free resting and rigid
pinching of the plate outer contour. It was in this work that Poisson’s value, now called
Poisson’s coefficient, was introduced. Further development of the theory of plate bending is
displayed in the works of Kirchhoff, who derived the variational equation for the plate, which
allows to construct the differential equation and the boundary conditions of the problem.

Much research has been conducted from the theory of calculating circular and annular
plates on different models of elastic foundations. Obtaining an exact solution of such
problems is associated with mathematical difficulties. In this connection, numerical methods
are still the only possible means of obtaining acceptable results in terms of accuracy and time
consumption when solving practically important problems.

The main results obtained by scientists from various countries during the previous two
centuries in the area of circular and circular plate calculation have been systematized by
K. G. Chizhevsky [3]. Here are calculations of loaded circular and circular plates for strength,
stiffness, stability and vibrations.

Many interesting works appeared at the end of the last century and the beginning of this
century. For example, the solution of the static stability problem for a three-layer circular
plate with a symmetrical cross-section structure is presented in [4]. In this paper, the system
of differential equations describing the plate in question is obtained, and the finite difference
method is used to determine the critical loads and the forms of stability loss. The results
obtained are compared with the data of finite element analysis.

In [5], a new algorithm for calculating bending strength for reinforced concrete circular
elements without taking into account the axial force is developed and a practical table for
determining the areas of longitudinal reinforcement is proposed. The table has a universal
character, since it can be applied to any size of section and any concrete strength class below
C50.
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The plane problem of the theory of elasticity for an annular plate of a constant thickness,
the middle surface of which coincides with the coordinate plane of the cylindrical coordinate
system, is considered in [6]. To describe its three-dimensional stress state, three harmonic
functions are used, which express the general solution of the Lyame equations in the
cylindrical coordinate system. A mathematical model describing the flat stress-strain state of
the plate in the polar coordinate system has been developed.

The study [7] is based on the full system of 20 equations in curvilinear non-orthogonal
coordinates of linear thin shell theory, previously used in the static calculation of the long
unfolding helicoid. In this paper, this system is applied to determine the stress-strain state of
circular and annular plates under an external axisymmetric surface load acting both in the
plate plane and from the plate plane. The results obtained for an annular plate in non-
orthogonal coordinates extend the class of problems that can now be solved analytically. They
can be used as the first terms of expansion series of unknown displacements in case of
application of the method of small parameter to a long unfolding helicoid.

However, there are no proposals in the literature regarding a general method for the
calculation of circular plates on a variable elastic base

3 RESEARCH GOAL AND OBJECTIVES

The purpose of this paper is to apply the analytical method to the calculation of building
structures in the form of circular plates and slabs lying on a continuous variable elastic base.

The mentioned method is proposed in [8-10], and is called the "direct integration
method".

Here the method is used to calculate an annular plate with two variants of boundary
conditions: rigid pinch along the inner edge of the plate and hinged fastening of the outer
edge, and vice versa — hinged fastening inside the plate with rigid fastening outside.

4 RESEARCH RESULTS

Consider a circular plate (plate) of constant cylindrical stiffness D, lying on a variable
elastic base and under the action of a continuously distributed arbitrary transverse load (Fig.
1). The abbreviations adopted here are as follows: a and b are the radii of external and
internal circles of the plate, r is radial coordinate (0<r<a), q(r) is arbitrary transverse

load, R(r) is the reaction of elastic base. The internal forces acting in the plate are radial M,
and circumferential M, bending moments, radial transverse force Q, .
For the bedding factor k(r) and q(r) loads are taken representations [12]:

k(r):kO[AO+Al(£)+AZ(£j2+...+AS(£)Sj; 1)

q(r):qO{BO+Bl(£)+Bz(gjz+...+ Bp(g)p], (2)

where k,, ¢, are the values of bedding factor and load at some characteristic point of the

plate.
For the bending of circular and circular plates, the following formulas for the deflection
function w(r) were obtained in [12]:

w(r) =W (r); 3)
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W(r) = A X, (r) + 4, X, (r) + Y, (1) + 4,Y, () + X, (r), (4)

where W (r) — dimensionless function and A, — arbitrary dimensionless constants.

A detailed description of the algorithm of the direct integration method and all the
computational formulas for the circular plate are given in our paper [12]. Here we will
consider the results of numerical implementation of this algorithm for several specific
examples. In order to verify the results of calculations by the author’s method, computer
modeling of all considered examples in PC LIRA-SAPR and calculations by the finite
element method have been performed.

q(r)
Jdo )
%FéééEg 2 gééé%éL‘Rﬁ'}
# a 7

Fig. 1. Circular plate on a variable elastic base under the action of an arbitrary transverse load

Consider a concrete slab (E =1,5-10"kPa, 1£=1/6) of thikcness h=0,12m, outer radius
a=1,8m, inner radius b =0,9m, which is under the action of a uniformly distributed constant
load q=80kPa. The slab is rigidly pinched along the inner contour and hinged along the
outer contour.

The bedding factor (Fig. 2) is constant: k(r) = const =5000kH / m®.

I§§§§k§_==§§§§§=

k

*k(a)

A A4
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k(x)—k(())(l ( k(O)JaJ

Fig. 2. Laws of change in the bed coefficient

The results of calculations by the author’s method (AM) and by the finite element
method (FEM) in PC LIRA-SAPR are shown in Table 1, and their graphical interpretation is
shown in Fig. 3.
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Table 1
Concrete slab calculation results

W, M Discre- M, Discre- M, Discre-
h FEM AM pf%y FEM AM p(a%y FEM AM pg%y
09 |0,0000 |[0,0000 | 0,000 |-10,050|-10,168 | 1,156 |-1,6680 |-1,6946 | 1571
0,9429 | 0,0051 | 0,0052 | 0,400 |-7,2124 | -7,4469 | 3148 |-1,5852 | -1,6271 | 2576
09857 | 0,0186 | 0,0187 | 0,390 |-4,8106 | -5.0962 | 5604 |-1,4247 | -1,4788 | 3661
10286 | 0,0377 | 00379 | 0380 |-2,8568 |-3,0756 | 7,113 |-1,2171|-1,2754 | 4574
10714 | 0,0603 | 0,0605 | 0,369 |-1,2351|-1,3486 | 8418 |-0,9783 | -1,0369 | 5651
11143 | 0,0842 | 00845 | 0358 | 01039 | 01144 | 9154 [-0,7287 | -0,7789 | 6,450
11571 | 0,1077 | 0,1081 | 0345 | 1 2057 | 1,3381 0,936 |-0,4787 | -0,5138 | 7027
12 |01298 | 01302 | 0,330 | 2,1082 | 23430 | 10,02 |-0,2321 | -0.2514 | 7,682
12429 | 0,1491 | 0,1495 | 0313 | 2,8677 | 3,1468 | 8,860 | 0,0005 | 0,0006 | 7911
12857 | 0,1647 | 0,1652 | 0,292 | 3,5693 | 3,7644 | 5182 | 0,2166 | 0.2360 | 8,201
13286 | 0,1761 | 0,1766 | 0,270 | 4,1656 | 4,2088 1,026 | 0,4120 | 0,4499 | 8425
13714 | 0,1832 | 0,1832 | 0,000 | 4,3326 | 44908 | 3223 | 0,5833 | 0,6383 | 8614
14143 | 0,1848 | 0,1847 | 0,218 | 4,4142 | 46202 | 4,458 | 0,7278 | 0,7980 | 8,789
14571 | 0,1811 | 0,1810 | 0,264 | 4,3408 | 46053 | 5743 | 0,8429 | 09264 | 9,010
15 | 01723 | 01722 | 0,326 | 4,1408 | 44532 | 7,014 | 0,9322 | 1,0216 | 8,753
15429 | 0,1585 | 0,1584 | 0345 | 3,8272 | 41705 | 8,232 | 0,9906 | 1.0819 | 8440
15857 | 0,1401 | 0,1400 | 0,356 | 34159 | 3:7626 | 9215 | 1,0157 | 1,1060 | 8,163
16286 | 0,1176 | 01175 | 0374 | 2,9127 | 3,2345 | 9,995 | 1,0249 | 10929 | 6218
16714 | 00915 | 0,0914 | 0,396 | 2,4491 | 25906 | 5461 | 0,9948 | 1,.0417 | 4,500
17143 | 0,0626 | 0,0625 | 0,409 | 1,8131 | 1,8346 1,170 | 0,9222 | 0,9519 | 3125
17571 | 0,0319 | 00318 | 0,432 | 0,9174 | 0,9701 5,430 | 0,8105 | 0,8228 | 1492
18 | 0,0000 |0,0000 |0,0000 | 0,0000 | 0,0000 | 0,000 |0,6491 | 0,6542 | 0,781

0,2 10

0,15 S

0,1 0
0,05 5 0 0,5 15 2

0 -10

0,5 1 1.5 2

0,05

48

== [Iporn6 (Mmm)

-15

—p— Moment Mr

Fig.3. Deflections and radial bending moments
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As follows from Table 1, the values of deflections practically coincide when
calculating the ring plate under the above conditions by the author’s method and with the help
of the LIRA-SAPR PC [13-14], and the discrepancy of bending moments is quite significant,
and even reaches 10%.

Now consider a steel plate (E =2,0-10°kPa, 1 =0,33) of thickness h=0,03m, outer
radius a =0,9m, inner radius b =0,45m, which is under the action of a uniformly distributed
constant load g =30kPa . The plate is rigidly pinched along the outer contour and articulated
along the inner contour. The bedding coefficient varies according to the linear law:
k(o) = 4000kH / m®, k(a) =5000kH / m*® (Fig. 2).

The results of calculations by the author’s method (AM) and by the finite element
method (FEM) in PC LIRA-SAPR are shown in Table 2, and their graphical interpretation is
shown in Fig. 4.

Table 2
Steel plate calculation results
W, M Discre- M, Discre- M, Discre-
r,m pancy pancy pancy

FEM AM (%) FEM AM (%) FEM AM (%)

0,45 10,0000 | 0,0000 | 0,000 |0,0000| 0,0000 | 0,000 |-0,0652| -0,0665 1,904
0,4714 10,0013 | 0,0013 | 0,220 |0,0650| 0,0661 | 1,737 |-0,0384| -0,0391 1,845
0,4929 |0,0026 | 0,0026 | 0,190 |0,1147| 0,1167 | 1,725 |-0,0148| -0,0151 1,834
0,5143 |0,0036 | 0,0037 | 0,311 |0,1527 | 0,1549 | 1,427 | 0,0055| 0,0056 1,696
0,5357 |0,0046 | 0,0047 | 0,329 |0,1815| 0,1832 | 0,942 | 0,0232| 0,0235 1,258
0,5571 |0,0055 | 0,0056 | 0,358 0,2004 0,2035 | 1,504 | 0,0384 | 0,0387 0,848
0,5786 |0,0061 | 0,0062 | 0,324 0,2103 0,2169 | 3,049 | 0,0509 | 0,0515 1,207
0,6 0,0065 | 0,0066 | 0,314 |0,2120| 0,2244 | 5,505 | 0,0610 | 0,0620 1,618
0,6214 |0,0068 | 0,0069 | 0,303 |0,2084| 0,2263 | 7,915 | 0,0683 | 0,0701 2,574
0,6429 |0,0069 | 0,0070 | 0,282 |0,2024| 0,2224 | 8,988 | 0,0711| 0,0756 5,975
0,6643 |0,0067 | 0,0068 | 0,270 |0,1914 | 0,2127 | 9,993 | 0,0716| 0,0786 8,936
0,6857 |0,0065 | 0,0065 | 0,000 |0,1766| 0,1967 | 10,23 | 0,0708 | 0,0786 9,960
0,7071 |0,0060 | 0,0060 | 0,001 |0,1563| 0,1737 | 10,00 | 0,0696 | 0,0754 9,861
0,7286 |0,0054 | 0,0054 | 0,001 |0,1298| 0,1431 | 9,285 | 0,0680| 0,0686 8,397
0,75 10,0045 | 0,0046 | 0,126 |0,0967 | 0,1043 | 7,241 | 0,0543 | 0,0581 6,496
0,7714 10,0038 | 0,0038 | 0,005 |0,0536| 0,0567 | 5462 |0,0411| 0,0433 5,120
0,7929 |0,0029 | 0,0029 | 0,006 10,0002 -0,0002 | 3,096 | 0,0237 | 0,0242 2,144
0,8143 |0,0021 | 0,0021 | 0,004 |-0,0668| -0,0669 | 0,196 | 0,0003 | 0,0003 1,537
0,8357 |0,0013 | 0,0013 | 0,006 |-0,1414| -0,1435 | 1,447 |-0,0282| -0,0284 | 0,529
0,8571 |0,0006 | 0,0006 | 0,009 |-0,2237| -0,2301 | 2,768 |-0,0610| -0,0620 1,580
0,8786 |0,0002 | 0,0002 | 0,012 |-0,3134| -0,3267 | 4,067 |-0,0973| -0,1007 | 3,395
0,9 0,0000 | 0,0000 | 0,000 |-0,4100| -0,4331 | 5,321 |-0,1374| -0,1444 | 4,872

M. Surianinov, Y. Krutii, D. Kirichenko, O. Klimenko
https://doi.org/10.31650/2618-0650-2022-4-2-43-52 49



https://doi.org/10.31650/2618-0650-2022-4-2-43-52

1V, Ne2, 2022
Crop. 43-52 / Page 43-52

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

0.2
0,15
0.1

0,05 0 0,5 1 1,5 2

0 0.5 1 15 ?
-0,05 2

== Mporub (Mm) == Moment ML

Fig.4. Deflections and circumferential bending moments

And in this case, the differences in the values of deflections calculated by the two
methods are practically absent, and the differences in the values of radial and circumferential
bending moments reach 10%.

5 DISCUSSION OF RESEARCH RESULTS

The results of calculations by the finite element method in PC LIRA-SAPR, which are
given in Tables 1 and 2, were obtained with a semi-automatic breakdown of the finite-element
grid. This means that a partitioning step of 0,1r was chosen along the radius, and the

partitioning along the circumference of each plate was carried out automatically. With this
approach, the difference in the results of calculating the deflections of FEM and the author’s
method was insignificant, while the difference in the results of calculating the radial and
circumferential moments reaches 10%. The authors of paper [15] have shown that when the
mesh is thickened in the circumferential direction, the results obtained by the two methods in
determining the radial and circumferential bending moments converge considerably.
Therefore, we should recommend a "manual”, finer grid breakdown in finite element
calculations of similar structures, regardless of the software used.

6 CONCLUSIONS

Thus, the high accuracy and efficiency of our proposed analytical method — the method
of direct integration — for calculations of building structures in the form of circular plates and
plates which lie on a continuous variable elastic base have been shown.

The results of calculations show that the discrepancy between the results of deflections
calculation by the finite element method and the author’s method does not exceed 1 %, and
the results of radial and circumferential moment calculation differ more considerably,
reaching 10 %. This difference is caused by inaccuracy of numerical analysis associated with
the method of constructing a finite-element mesh which should be made finer. This
recommendation becomes especially important if the design of a slab and its reinforcement is
based on modeling and finite element analysis with the use of an engineering computer
program.
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STUDY OF A CONCRETE COLUMN FOR STABILITY UNDER
ASYMMETRIC CORROSION

V. Fomin®, I. Fomina®
'Odessa State Academy of Civil Engineering and Architecture

Abstract. Reinforced concrete became widespread due to its many positive properties: durability,
fire re-sistance, resistance to corrosive effects, high resistance to static and dynamic loads, low
operating costs for maintaining buildings and structures, and relative cheapness of manufacturing. The
presence of widespread large and small aggregate used in the production of reinforced concrete makes
it applicable in all corners of the globe and even beyond its borders.The emergence and development
of building structures, including reinforced concrete, is inextricably linked to the conditions of the
material life of society, the development of productive forces. The appearance of reinforced concrete
coincides with the period of accelerated development of industry, transport and trade in the second
half of the 19th century. The period of emergence of reinforced concrete (1850-1885) is characterized
by the appearance of the first structures made of reinforced concrete in France (Lam-bo, 1850;
Quanier, 1854; gardener Monier, 1867-1880), England (Wilkinson, 1854), the USA (Hiatt, 1855-
1877).

Buildings and structures and their structures during operation experience force and non-force
effects of the environment. With a symmetrical effect of the medium, centrally compressed rods
remain centrally compressed, and with an extracenteral one, extracentric eccentricity appears. First,
the rod experiences off-center compression. Further deformation will lead the rod to longitudinal
bending, and under the action of a transverse load to longitudinal-transverse bending.

In steel structures, the environment causes corrosion, in concrete — corrosion and neutralization.
In a physically linear formulation, these problems are solved, but it is necessary to take into account
the real diagrams of steel and concrete, and to solve problems according to an unformed deformed
scheme. Given the impact of the environment, new challenges arise with constructive and induced
heterogeneity. Noncentrally compressed elements are part of statically definable and indeterminate
structures: these are beams, threehinge systems, frames and trusses.

This is a new topic, a new formulation of the question, tasks that require the development of new
methods.

Keywords: spatial stability, longitudinal force and torque, impact of an aggressive environment,
corrosion.

TOCALKEHHSI BETOHHOT KOJIOHU HA CTIAKICTH ITPU
HECUMETPUYHOMY BILIMBY KOPO3Ii

®omin B. M.}, ®omina L. 1.}

1 o .
Ooecvra depoicagrna akademis OyisHUYMEA Ma apXimexmypu

AHoTanisi. Po3noBciompkeHHs 3a1i300€TOH OJlepXaB YHACHiIOK 0araTboX HOro MO3UTHBHUX
BJIACTUBOCTEW: JIOBrOBIYHOCTI, BOTHECTiHKOCTI, OMOpPY KOPO3IMHUM BIUIMBAaM, BHUCOKOMY OIOpPY
CTaTUYHUM 1 TMHAMIYHAM HaBaHTAXKEHHIM, MAJIMX €KCIUTyaTallIfHUX BUTPAT HAa yTPUMaHHS OyJIUHKIB
1 copyzl, BiIHOCHO{ JeIIeBU3HN BUTOTOBJIEHHs. HasiBHICTH pO3MOBCIOAKEHOI0 BEIUKOTO 1 ApiOHOrO
3al0BHIOBaYA, 110 i/le Ha BUTOTOBJIECHHS 3a1i300€TOHY, pOOUTH HOro 3aCTOCOBHUM Y BCiX KyTOYKax
3eMHOI KyJIi 1 HaBiTh 32 ii MexkaMu. BUHUKHEHHS 1 PO3BUTOK OYIiBEITbHUX KOHCTPYKIIIH, Y TOMY YHCII
3aJ11300€TOHHUX, HEPO3PUBHO TIOB’SI3aHO 3 YMOBAMH MaTepialIbHOTO KHUTTS CYCIIJIbCTBA, PO3BUTKOM
nponykTuBHuUX cui. [losBa 3ami300eToHy 30ira€erbcs 3 MEpiogoOM IPHCKOPEHOIO PO3BHUTKY
MPOMHCIIOBOCTI, TpPaHCIOPTY ¥ TopriBimi B japyrii nonoBuHi XIX cr. Ilepiog BUHHKHEHHS
3amizo0erony (1850-1885 pp.) XapakTepu3yeThCs IOSBOIO MMEPIIMX KOHCTPYKIIH 3 apMOBaHOTO
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oerony y ®panmii (Jlam6o, 1850 p.; Kyanwse, 1854; camiBauk Monbe, 1867-1880 pp.), Anrmii
(Yinkincon, 1854 p.), CIIIA (Tiarr, 1855-1877 pp.).

ByniBni Ta ciopyau Ta iX KOHCTpYKUii B MepioJ eKcIulyaralii BiI4yBalOTh CHJIOBI Ta HE CHIIOBI
BIUTMBU HaBKOJHMIIHBOTO cepeaoBuia. [Ipu cuMeTpuuyHOMY BIUIMBI CepeJOBUINA LCHTPAIbHO CTUCII
CTPWIXKHI ~ 3QJIMINAIOTHCS  IICHTPAJbHO CTUCHYTUMH, a TPH MO3aIlCHTPOBOMY 3’ SBISETHCS
Mo3aneHTpoBUi ekcueHTpucuTeT. CrodaTKy CTPIKEHb BiAdyBae Mo3ameHTpoBe cTucK. [lomambrna
nedopMartisi IpuBeie CTPIKEHb 10 MO3/A0BKHBOIO BUTHHY, a TIPH Aii MONEePeYHOr0 HaBaHTAKEHHS 10
MO3/I0BXKHBO-TIONIEPEYHOTO BUTHHY.

VY crameBUX KOHCTPYKIIISIX CEPENOBHUINE BUKIUKAE KOPO3il0, y OETOHHHX — KOpO3if0 Ta
HelTpanizarito.

VY ¢iznyHO NMiHIWHIA MOCTAaHOBII IIi 3aBIAaHHS BHpINICHI, ajle HEOOXIAHO BpaxyBaTH peasibHi
Iiarpamu ctaii Ta OeTOHY, 1 BHUpINIYBaTH 3aBJIaHHS 32 HE(OPMOBAHOIO 1e(hOPMOBAHOIO CXEMOIO. 3
ypaxyBaHHSIM BIUTUBY CEpEAOBHUINA BHHHMKAIOTH HOBI 3aBJaHHS 3 KOHCTPYKTHBHOIO 1 HaBEIEHOIO
HEOJHOpiAHICcTIO. HeleHTpeHHO CcTHCHi eneMeHTH BXOJATh A0 CKJIaay CTaTHYHO BHM3HAYHUX 1
HEBM3HAYCHUX KOHCTPYKIIiH: 1e Oaiku, TpumapHipHi cucremu, pamu Ta (epmu. s HAX TOTpiOHO
PO3pOOIIATH METOAMKY PO3PAXyHKY.

Ile HOBa TeMa, HOBa IOCTAaHOBKA MHWTAaHHS, 3aBAaHHS, IO MOTPEOYIOTH PO3POOKH HOBHX
METOJIHK.

Ku1040Bi cj10Ba: mpocTopoBa CTIHKICTh, MO3M0BXKHS CHJIA, EKCIIEHTPHCUTET, BIUTHB arpPECUBHOTO
CEepeIOBHIIA, KOPO3isl.

V. Fomin, I. Fomina
54 https://doi.org/10.31650/2618-0650-2022-4-2-53-64



https://doi.org/10.31650/2618-0650-2022-4-2-53-64

1V, Ne2, 2022
Crop. 53-64/ Page 53-64

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

1 INTRODUCTION

In the process of operation, buildings and structures are affected by the external
environment for a long time and, as an example, corrosion. This greatly complicates the
durability and functionality of objects.

2 ANALYSIS OF LITERARY DATA AND PROBLEM STATEMENT

When studying the spatial stability of frames, it is necessary to take into account not only
the effect of compressive longitudinal forces on structural elements, but also torques. The
problems of loss of stability of rods under the action of torques, as well as under the joint
action of longitudinal forces and torques, were considered earlier, but cases of constant length
cross-sections, i.e. constant bending stiffnesses, were considered. A similar problem for a rod
of constant cross-section is considered in the [1-13]. Analysis of recent studies or
publications. The need to consider the cases of variable cross-sections when taking into
account the impact of an aggressive environment on reinforced concrete structures is
explained by the fact that the depth of the damaged zone depends on the abscissa X cross-
section of the rod [2,3]

h(X,t) = hoe*ﬁvo/[lo(t)fx] 1 (1)

In here 1,(t) =v,t — corroded length (t — column operating time in years). Parameter
values h,, # and v, depend on the type and intensity of the aggressive environment [3].

When calculating non-centrally compressed concrete elements, it is necessary to take into
account the random eccentricity of the longitudinal force due to factors not taken into account
in the calculation, including the heterogeneity of the properties of concrete in cross-section.
For elements of statically indeterminate structures (for example, pinched at the ends of walls
or pillars), the value of the eccentricity of the longitudinal force relative to the center of
gravity of the reduced section is taken to be equal to the eccentricity value obtained from the
static calculation of the structure. In the elements of statically determined structures,
eccentricity is found as the sum of eccentricities—determined from a static calculation of a
structure and a random one. The main purpose of these restrictions is to prevent the use of
elements whose bearing capacity would be provided only by stretched concrete, since with
any accidental crack, the balance of forces in the cross-section is disturbed. An exception can
be made in some cases for structures working on compression with higher values of
eccentricities (as well as for bendable structures), when their destruction does not pose an
immediate danger to human life and the safety of equipment (for example, elements lying on
a solid base, etc.). The main one for non-centrally compressed concrete elements is the
calculation of the strength of the compressed zone without taking into account the resistance
of concrete to the stretched zone The resistance of concrete to compression is represented by
stresses equal to Ph, evenly distributed over the part of the actual compressed zone, which is
conventionally called "compressed" [4].

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

The purpose of the study is to determine the stability conditions of a reinforced concrete
rod (column) of variable cross-section under the action of compressive longitudinal force. To
achieve this goal, you need to solve the following tasks: First, it is necessary to divide the
corroded part of the column into a series of sections with a cross-section constant in length.
Thus, the column appears to be a system of sections with a cross-section constant in length of
each section, rigidly connected to each other. Secondly, it is necessary to determine at each

V. Fomin, I. Fomina
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site additional bending moments caused by the action of torque. Next, it is necessary to
determine the given moments of inertia of the cross-section with respect to the main central
axes of the cross-section and to draw up differential equations of spatial bending for each
section of the column. The solution of each of these equations is a linear combination of
trigonometric functions.

4 RESEARCH RESULTS

As an example of stability research, consider a concrete column of rectangular cross-
section, rigidly pinched in the ground. The colon will be exposed to asymmetrical corrosion.
The lower section of the side face of the column will be subjected to corrosion (Fig. 1). The
cross-section in the lower section is shown in Fig. 2, where C is the center of intact cross-
section, C1 is the center of the intact part of the corroded section). The upper edge of the
corrosion zone will move upwards at a constant rate vO0.

X
P h/2 %
|
|
L |
d, o :
{ I
|
|
i
LA |
I
y ! d, I
7
Fig. 1. Column under the influence of corrosion Fig. 2. Column cross-section

The depth of the damaged area is determined by the formula:
h(t) =he ™. (1)

Here t, is the time counted from the moment t, of the beginning of the corrosion process
in a given cross-section of the rod. Obviously

t,=—. 2

Taking into account (2), the formula (1) takes the following form:
h(x,t) = hyg #/~") | ©)

(x — abscissa cross-section). Here t is the time counted from the beginning of the corrosion
process in the column. Since the length |, of the first (corroded) section of the column is

L (t) =Vt
then formula (3) can be written as:
h(x,t) = hoe—ﬁ"/o/[ll(t)_x] . )
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Fig. 3. Location of transverse force centers

In Fig. 3, the dashed line shows the axis on which the centers of the cross-sections of the
intact part of the column are located. A solid line shows the deformed position of this axis.
Through y1 are the ordinates of the movements of the axis points in the first (lower) section,
and yy is equal to the distance of CC; in each section, i.e.

_h(x,t)
—
The resulting stress-strain state of the column can be considered as a longitudinal bend of

the rod with the initial curvature of the axis. Following [2] we make a differential equation for
the first section:

()

0

EJ, “(';yl =PLy, (L)~ ¥, ~ o] (0<x<1,). (6)

X2
The moment of inertia of the cross-section J is determined by the formula:
d,[d, —h(x,y)F

12 ’

(d1 and d; are the width and height of the cross-section at t = 0). Note that time t plays the role
of a parameter in equation (6). For the second (upper) section of the column, we have the
following differential equation:

J,(xt) = (7

d2
EJ, dxy; =Ply, (1,0 -Y,] (L <x<I), ®)
where is J, =d,d} /12.

Note that the values of the critical forces are determined from the condition for the
existence of a non-zero solution in a system consisting of the equation:

d2
£, =PIl -] 0<x<l) (©)
and equations (8) under the following conditions:

y,(0,t) =0, %(O,t) =0, y,(I,,t) = y,(l,, 1), %(Il,t) = %(Il,t) . (10)
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Let’s replace the independent variable in equation (9) & =x/I (I — column height). As a
result, we get the following equation:

32—;;1+gf(§,t)y1:gf(§,t)D, (11)
where is
Pl2 12
f(&t)= =, D=y,(L1),
E, d,[d, —h(&,1)] . (12)

h(&,t) = he ?"Ma0=1 " 3 (1) = I (t)

Let’s approximate the function f(é, t) per segment 0 < & < 1;(t) polynomial using The
Lagrange interpolation formula [3]:

f(£ 1 Fe .02
(&.1)= Z (&.1) () 13)

0,(8) = (6 =& = &) (=G )(E = Gp)- (S = &),

(; :%i, i:O,l,...,nj.

Imagine @ (&) (i=0,1,...,n) as follows:
AGEDY IS (14)

where is b; (i,j=0,1..,n) — constant coefficients, unambiguously expressed through
& (i=041,...,n).
Substituting the representation (14) into formula (13), we get:

fEN=2 1,08, (15)
where is :

n bij . ]
fj(t)=Zf(§i,t)? (j=0,1..n), f,()=0(j>n).

We will look for a solution y;(&, t) Cauchy’s problems for equation (11) under initial
conditions:

dy; (0.t)
0,t)=0, —+——"-~2=0 16
y,(0,1) 0 (16)
in the form of decomposition by degrees of a small parameter &:
y1(§’t) :ngyl,k (f,t) (17)
k=0

and assume that the conditions (16) are met for each of the functions vy, (&,t) (k=0,12,...).
Substituting this decomposition into equation (11), we obtain:
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d* y 2 4y
— > ”+f(§ DYl = (£ )D. (18)
k=1
Equatlng the coefficients at degrees ¢ zero, we get a system of differential equations:
d’y d?y.
délzo = 01 ;1 = Df (gvt) - f (g!t)yl,O’
aty (19)
?ﬁk =-f (&)Y, (k>D).
From the first equation (19), taking into account the conditions (16), we get:
Yio (f,t) =0. (20)
With k = 1, equation (19) given (20) looks like this:
d?
i pr (). (21)
Substituting here (15) and integrating ¢ twice, we find:
y1,1(681t) = Dz fj(l)éj ' (22)
j=0
where is

f
f=1f®=0 f®=—22_ (2<j<n+2), {? =0 (j>n+2).

(J-Dij
At k = 2, using the decompositions (15) and (22), we get:
d2y1,2 . C j S ) gi
—L2-_DY 1Y 08 (23)
d& =0 i—0

Multiplying the power series standing in the right part (23) and integrating & twice taking
into account the conditions (16), we come to the following expression:

Y12 &t)= Dz fj(Z)éj ' (24)
j=0
where is
fo” = % =0, —(J Y > 10, (i22).

Note that a fairly rapid decrease in coefficients f j‘z) with an increase in j and the need to

calculate the sum of the series when & < 1 in the first section, it is possible to limit the
calculation of a small number of coefficients of the series (24). We do exactly the same thing
when k > 2. As a result, we obtain recurrence ratios:

j-2

O R (e2i22)
m:O

for decomposition coefficients:

£00 = £00 =0, f
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V(& =DY. 1967 (k=2.3..). (25)

In view of the considerable smallness of the ¢ for practical tasks, it is possible to limit
oneself to a small number of members in the decomposition (17). Thus, it can be considered
that the private solutiony, (&, &,t) Cauchy’s problem for equation (11) given conditions (16)

is constructed. It follows from (22), (24) and (25) that it can be presented in the following
form:

Y1(&,t)=DZ,(S,1), (26)

where is:
Z,(&0) = izlyk(f,t)gk, Zl,k(é:!t) = i fj(k)é:j .

Let’s move on to the second (not subject to corrosion) section. Differential equation (9)
after substitution &= x/1 will look like this:

2

d§22+k22y2:k22D1 (27)

where is:

/P d.d3
k=l |[—, J, =2 D=y (1).
2 £, T 12 Y, (@)

General solution of this equation:
Yy, (&,t) =C, cosk,& +C,sink,&+D, (28)

(Cy and C; are arbitrary constants that depend on the parameters t and P. To find these
constants, we use the third and fourth conditions (10):

Y2(4(1),1) =y, (4(0), &), ¥, (40, 0) = ¥, (4 (1), 1), (29)
(the stroke denotes the derivative of & 43(t) = 11(t)/1).

From (29) we get a system of equations:

C, cosk, 4, (t) +C, sink, 4 (t) = D[Z, (4 (t),t) -1,

k,[-C,sin, 4 (t) +C, cosk, 4, (t)] = DZ, (4, (t).1),
solving which we find:

D D
C=— 1), C,=—HkK,(P,1),
1= F(P,t) ” F,(P,t)

2 2

(30)

where is:

F(P,t) = [Z,(4 (1), t) ~ 1k, cosk, 4, (t) = Z, (4 (1), t) sin k, 4, (1),
F, (P, 1) =[Z,(4(1),1) ~ 1]k, sink, 4, (t) + Z, (4, (1), t) cos k, 4, (1).

Substituting the resulting expressions in (28), we will have:

(31)

Y, (&1)= kR[Fl(P,t) cosk,& + Fy (P t)sink,&]. (32)

2
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Recall that:
D=y,(Lt). (33)
Substituting here (32), we will have:
D[R (P,t)cosk, + F,(P,t)sink, 1] =0
and since D # 0, that:
F (P,t)cosk, +F,(P,t)sink, -1=0. (34)

This is the equation of critical forces.
Proceed to the determination of the deflections of the column under the action of the
longitudinal force P. Let’s make a substitution in equation (6) £ =x/I. As a result, we get the

following equation:
Z—;;wf(é,t)yl:sm (ED-9(E). (35)
In here g(&,t)=6h(&,t)/d,[d, —h(&, ). Like the function f(&, t), approximate the

function g(&,t) per segment 0 < & < 44(t) an interpolated Legendre polynomial. As a result, we
get:

g(f,t)=igj(t)<§", (36)
where is:
n bij . ]
9,(t)=>9(&.t)— (i=01..,n), g;,(t)=0 (j>n).
i=0 (&)

As above, we will look for a solution to yl,h(f,t) of the Cauchy problem for equation

(35) under initial conditions (16) in the form of a decomposition by degrees of a small
parameter é:

oo 6D =X e Vs (D). @)

Acting similarly to the above, we obtain:

Yipo(E0)=0, ¥, (&,1)=DZM (&) + 2 (&1),

o _ 38

ZPED =Y 9P Me, (38)

j=0

where is:

00 =g =0, g =12 (2<j<n+2), g =0 (j>n+2)

(J-Dij
1 & .
) =gk =0, g™ =- ff& k>2,j>2).

gO gl gj (J—l)] % m " j-m-2 ( J )

The desired decision can be written in the following form:

Y1.p(6:1) =DZ,(5,1) +Z,(S 1), (39)
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where is:
Z,ED =3 870D,

Let’s move on to the second section. As above, to find the constants C; and C; in (28),
we use the conditions (29). As a result, we get a system of equations:

C,cosk, (1) +C, sink, 4, (1) = v, , (4 (t).) - D,

-G, sin, A,(0)+C, cosk, A 0= ¥y, (h0).), “0)
stroke means derivative on &, solving which we find:
1 1
Cl = k_2 F3(P,t), Cz = k_2 F4(P,t) )
where is:
Fy(P.t) =Ly, , (4 (1), 1) - DIk, cosk, 4, (t) -y, , (4 (1), ) sink, 4, (1), 1)

Fy(P,1) = [y, , (4 (1), 1) = DIk, sink, 4, (t) + ¥, , (4, (1), t) cos k, 4, (1).

Substituting the resulting expressions in (28), we will have:

y,(&,1) =ki[F3(P,t) cosk,& + F,(P,t)sink,&]+D.

We now use equality (33), from which we obtain using (39) and (41):

_ Z,(A(0), )k, cosk,4, (1) + Z, (A (1), 1) sink, 4, (1) @2)
[Z, (A4, (t),1) 1]k, cosk, 4, (1) + Z, ‘(A (1), t) sin k4, (1)

5 DISCUSSION OF RESEARCH RESULTS

When designing and operating buildings and structures, it is necessary to take into
account the emerging eccentricity and the non-central action of the force, which increases
with prolonged corrosion exposure [14].

6 CONCLUSIONS

A method is proposed that allows to study the stability of concrete rigidly pinched
columns at the base with asymmetrical aggressive corrosion effects, which is necessary for
their timely strengthening to ensure the reliability of the structure.
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HHOPIBHAJIBHA XAPAKTEPUCTHUKA 3ACTOCYBAHHA
HNOJIIINPONIJIEHOBOI ®IEPU TA BA3AJIBTOBOI ®IBPU Y
JOPO’KHIX BETOHAX

Toamauos C. M.l, Beaivenko O. A.l, Jlopomenko M. A.l, Mokyeca 1O. 1.
p y

1 . . . . . .o .
Xapmecz;xuu HAYIOHAJIbHUU a@mOMO6lﬂbH0-aOp03/CHlu YHiIeepcumeni

Anoranis. [lupoke 3actocyBanHs (hiOpoOeTOHIB y OyaiBHHUITBI OOYMOBIEHO HH3KOIO iX
nepesar. OfHaK, He3Bakaloul Ha OaraTopiuHi JOCHIIKEHHsI B LbOMY HampsiMi, BUYCHI PiI3HUX KpaiH
OIMCYIOTh JaHi, oJiep>KaHi eKCIEPUMEHTAIBHO, Pe3yIbTaTH SKUX BIAPI3HAIOTHCA. Y NESKUX BHUIAAKAX
OTpUMaHi Pe3yabTaTH BINPI3HAIOTHCSA SK YHCEIHHO, TaK 1 NMPUHIHIIOBO. B ocHOBHOMY me ¢(iOpm
IITYYHOTO TOXOPKEHHS, SKi 3aCTOCOBYIOTH JUIsi BUTOTOBJICHHS (iOpoberoHiB. Halivacrime
3aCTOCOBYIOTH METAJEBY, MOJIMEpHY, 0a3aJIbTOBY, CKISIHY (iOpy. Y MeHIIii Mipi BUKOPUCTOBYIOTh
ByTJenieBy Ta momiaminHay ¢iopy. Cmin 3a3HaunTH, 0 e(eKTHBHICTH MomiaMimHoi (ibpu myxe
CyMHIBHA, HacamImepe] 4epe3 CXWIBHICTh I[boro Buay ¢iOpu mo HaOyxaHHS. B manuii 4ac BapTicTh
ByrjeneBoi (GiOpu OCHTH BHCOKA, IO € OCHOBHOKO IEPEIIKOJOK ii INMHPOKOTO 3aCTOCYBaHHS B
OeroHax. MertaneBa Ta ckiisiHa (iOpa MiANAOTHCA KOpPO3ii, a Ile HEraTUBHO BIUIMBA€E HA BIACTUBOCTI
O0etoHiB. OCKINBKM MOPOKHI Ta aepoapoMHI OETOHHM eKCIUTyaTylOThb B arpeCMBHHUX yMOBaxX, TO
3a3Ha4YeHi HEJONIKM He J03BOJISIIOTH 3aCTOCOBYBAaTH B HHUX METaleBYy, CKISHY, BYIJICIIEBY Ta
nomiamigHy ¢iopy. [Ipote, 3 aHamizy JiTeparypu BHUILIMBAE, IO HAWOUIBII MPOTHPIUYSI CTOCYIOTHCS
BHKOPHCTaHHSI 0a3ajbTOBOI Ta MOIiMporiieHoBoi ¢iopu. Hemae ennHOl nyMKkw, sika 3 IUX BUIB
(hiOpu OinpIn eeKTUBHA IS 3aCTOCYBaHHS B OeTOHAX. SIKy KibKicTh (iOpH CITiJi BBOAUTH y OETOHHY
CYMINI JUI OCATHEHHsI MaKCHMAJIbHOTO Pe3yJIbTaTy Takox HeBigomo. lle mpusseno mo Toro, mpo B
JOPOXKHIX Ta aepoIpoMHUX OeTOHax 0a3abTOBY Ta IONIMPOIIJIEHOBY (hiOpy 3aCTOCOBYIOTH IyXKe
pigko. Y cTaTTi HaBeICHO aHaJli3 Pe3yNbTaTiB 3aCTOCYBaHHS MOJIMPOMIEHOBOI Ta 0a3aapToBO1 (hidpu
y OeToHaxX, OTpUMaHUX JOCIiIHUKaMH Yy pi3HuX KpaiHax. [lokazaHo ekcnepUMeHTallbHI JaHi,
orpuMaHi apropamu. OCHOBHY YBary NpHIIJICHO TMOPIBHSUIBHOI e€()EeKTHBHOCTI 3aCTOCYBaHHS IIHX
BuniB (pidpu. Sk xpurepii oniHku ePEeKTHBHOCTI MPUHHATI MII[HICTh, MOPO3OCTIHKICTh 1 CTUPAHICTH
JOPOXKHIX OeTOHIB. BCTaHOBIEHO KiNbKiCHI 1HTEpBajdM 3acTOCYBaHHS KOXHOro Buay ¢iOpw.
[IpoBeneH1 AOCHTIHKEHHS TOKa3aJIH, 10 3a MII[HICTIO Ta MOPO30OCTIHKICTIO, @ TAKOXK 32 €EKOHOMIUHUMH
MMOKa3HWKAaMH, 3aCTOCYBaHHS TONIMPOIiIIEHOBOI (iOpH B JOPOXKHIX OeTOHaxX € OinbIn eheKTUBHUM,
Hix 0a3aTbTOBOI.

KarouoBi cioBa: ¢ibpoOeron, O0a3anbroBa (iOpa, mosinporijieHoBa ¢idpa, MIlHICTb,
MOPO30CTiIHKICTh, CTHPAHICTb.

COMPARATIVE CHARACTERISTICS OF THE APPLICATION
OF POLYPROPYLENE AND BASALT FIBER IN ROAD
CONCRETE

S. Tolmachov?, O. Belichenko!, M. Doroschenko®, Yu. Pokusa®
'Kharkov national automobile und highway university

Abstract. The widespread use of fiber-reinforced concrete in construction is due to a number of
their advantages. However, despite many years of research in this direction, scientists from different
countries describe data obtained experimentally, the results of which differ. In some cases, the results
obtained differ not only numerically, but also fundamentally. Basically, these are fibers of artificial
origin, which are used for the manufacture of fiber-reinforced concrete. The most commonly used
metal, polymer, basalt, glass fibers. To a lesser extent, carbon and polyamide fibers are used. It should
be noted that the effectiveness of polyamide fiber is very doubtful, primarily because of the tendency
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of this type of fiber to swell. At present, the cost of carbon fiber is quite high, which is the main
obstacle to its widespread use in concrete. Metal and glass fibers are subject to corrosion, and this
adversely affects the properties of concrete. Since road and airfield concretes are used in aggressive
conditions, these shortcomings do not allow the use of metal, glass, carbon and polyamide fibers in
them. However, it follows from the analysis of the literature that the greatest controversy concerns the
use of basalt and polypropylene fibers. The greatest controversy concerns the use of basalt and
polypropylene fibers. There is no consensus which of these types of fiber is more effective for use in
concrete. What amount of fiber should be introduced into the concrete mixture to achieve the
maximum result is also unknown. This has led to the fact that basalt and polypropylene fibers are used
very rarely in road and airfield concrete. The article presents an analysis of the results of the use of
polypropylene and basalt fibers in concrete, obtained by researchers in different countries. The
experimental data obtained by the authors are shown. The main attention is paid to the comparative
efficiency of the use of these types of fibers. Strength, frost resistance and abrasion of road concrete
are taken as criteria for evaluating the effectiveness. Quantitative intervals for the use of each type of
fiber are established.

Keywords: fiber-reinforced concrete, basalt fiber, polypropylene fiber, strength, frost resistance,
abrasion.
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1 BCTYI

3HAaHHS BIJIACTUBOCTEH OETOHY, TaKMX SK MIIHICTh, MOAYJIbh TPYKHOCTI, TEIJIOBE
PO3IIUPEHHS, TEIUIOBHIUICHHS, ycaJKa Ta IMOB3YYICTh € Ba)XJIMBUMH MpPU TPOCKTYBaHHI
JOPOXKHBOTO TMOKpUTTS. BucokoedexktuBHuii (piOpobeToH B JaHMi Yac MEPiOAHMYHO
BHKOPHCTOBYIOTh 3a KOPJOHOM Ui OyAiBHUIITBA TIOKPHTTIB aBTOMOOUIBHHMX JOPIT,
MaiIaH4MKiB, 3T THO-TTOCAAKOBUX CMYT, TPOTyapiB. Alie, B OCHOBHOMY, (hiOpoOETOH MIMPOKO
3aCTOCOBYIOTH IIPU OYIIBHHUIITBI Oy/IiBEINb 1 CIIOPY/I, @ TAKOXK Y KOHCTPYKIIISX, SIKI CXUJIBHI 10
Iii CTUPAOYMX, 3TUHAIOYMX, MHUKIIYHUX, YAApPHUX 1 TEPMIYHHMX BIUTUBIB. Takox HOTO
BUKOPHUCTOBYIOTh JUIsl PEMOHTIB 1 Tam, J¢ TOTpiOHHWI paHHIM [MOYaTOK eKCIuTyaTarlii
yknaneHoro (ibpodetony. B Vkpaini ¢iOpoOeToH MNPakTHYHO HE 3aCTOCOBYIOTH Y
JTOPOXKHBOMY Ta aepOAPOMHOMY OymiBHHITBI. [IpuyMHaMU 1BOTO € WOro BHCOKAa BapTIiCTh
MOPIBHSIHO 31 3BHYAaHUM OeToHOM. Y (iOpoOeTOHI PEKOMEHIYEThCS BHKOPHUCTOBYBATH
IIEMEHT BHCOKHX MapoK, IO TaKOX MOXE MPU3BECTH JIO MOAOPOKYAHHS OCTOHHOI CyMIillIi.
3acTocyBaHHS BHUCOKOMApOYHOTO IIEMEHTY TNPHU3BOJUTH 1O TMpoOIeM Yy MAaCUBHUX
KOHCTPYKLIAX 13 TemoBuauieHHsAM. [lle onHi€0 NPUYMHOIO € BiJIMIHHICTH TMOKA3HUKIB
MIITHOCTi, MOPO3OCTIMKOCTI Ta CTHPAHOCTI OETOHIB 3 0a3aJIbTOBOIO Ta IOJIMPOIiICHOBOIO
¢i6poro, onepkyBaHUX pizHUMU AociigHukamu. Li Bumm ¢idpu pekoMeHIOBaH1 110
3aCTOCYBaHHS Y JIOPOXKHIX Ta aepOAPOMHUX OCTOHAX JETKUMU HOPMATUBHUMH IOKYMEHTaMHU
VYkpainu. OHaK, OCKUTBKM BIJICYTHS €IMHA TyMKa PO €(PEKTUBHICTh 3aCTOCYBAaHHS ILUX
BUIB GiOpH B JOPOXKHIX OETOHAX, METOK JaHOTO JOCTIIKCHHS €: TOPIBHSUIbHA OIlIHKa
e(eKTUBHOCTI 3aCTOCYBaHHS IOJIIPOIIIICHOBOI 1 0a3ambToBOi (iOpW Ta MOCTIHKEHHS iX
BILJIUBY Ha BJIACTUBOCTI JOPOXKHIX OETOHIB.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

Ha nouatkoBomy eTamni A0CHiIKeHb OYyJI0 IPOBEEHO aHali3 JiTepaTypH, B sIKIH OMHCAHO
pe3yabTaT 3acTOCYBaHHsS 0a3ajabTOBOI Ta MOMINPOIIICHOBOI (GiOpH y BaKKUX OETOHAX.
OcHoBHa yBara B aHaji31 OyJja npu/iijeHa BIVIMBY (10py Ha MIIHICHI BJIaCTUBOCTI OETOHIB, iX
MOPO30CTIMKICTh 1 CTUPAHICTh, OCKIIBKH 111 MOKA3HUKH BU3HAYAIOTH JOBTOBIUHICTH TOPOKHIX
1 aepOIPOMHUX MOKPUTTIB.

Hanpuxnan, y po6oti [1] moka3ano, 1o BBeeHHS B 6eToH 2% 3a 00’eMoM 0a3aibTOBHX
BOJIOKOH JI03BOJISE TIJBUIIATA WOTO MIIHICTh. 30UTHIICHHS III€] KUIBKOCTI MPU3BOAUTH JI0
3HWKEHHS MIIHOCTI OeTOHy. 3HA4HOTO BIUIMBY Ha iHIII (i3MKO-MEXaHIuHI BJIACTMBOCTI
0eToHy (KpIM 3HOCOCTIMKOCTI Ta TPIIIMHOCTIMKOCTI) 3acTOCyBaHHsI 0a3anbToBOI (iOpu He
MaJio.

JlocmimkenHst MinHOCTI, TpoBeneHi mix kepirmunTBoM JI. M. JlBopkiHa Ha mimaHmx
6eronax cxiany Ll: TI=1:3 nmokasyiorh, mo npu BBeaeHHi 1,0 kr/M° 6a3anbToBO ¢bi16pu
MIIHICTh O€TOHY 3a 3rUHOM 3pocTac Ha 55%, a 3a cTuckoM — Ha 16% (tabm. 1) [2].

Taoaunsa 1

MinsicTts minjanoro 6eTony 3 6a3aabToBOI0 (HiOpOr0 AOBXKHUHOO 12 MM (32 JaHUMU
JI. W. IBopkina [2])

No Mirmicts 3a 3ruHOM, | MIIHICTE 38 CTHCKOM,
5 /;[ Bup Ta xinbkicts Gpidpu | MIla, y Bini 28 1i6 Mlla, y Bimi 28 ni6

1 0e3 Gidbpu 22,6 49

2 | 6azameroBa — 1,0 kr/m° 26,2 7,6

3 6azansToBa — 5,0 KI/M° 22,6 5,8

4 | 6asamsroBa — 10,0 kr/m° 14,7 5,6

Tommauor C. M., Beniuenko O. A., Jlopomenko M. A., ITokyca 1O. IT.
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V Toii e wac jojaBaHHs 0a3zanbToBOi (iGpM B KimpkocTi, mo mepesmiye 1 kr/m°,
MPU3BOJUTE JO PI3KOTO 3HWIKEHHS ITOKAa3HUKIB MIIHOCTI. Tak, Hampukiaj, 301TbIICHHS
BUTpaTH 6a3anbToBOi (Bibpy 10 5 Kr/M° (mpubaH3HO 1% Big MacH LEMEHTY), IPHU3BOIUTE 10
TOTO, 10 MIIHICTh 3a CTUCKOM (hiOpOOETOHIB HE 3pOCTaE, a MPUPICT MIMHOCTI 32 3THHOM
SHIDKYETBCS 710 18%. 36inbiuenns KinbkocTi 6asansToBoi ibpu 10 10 kr/m® (mpubmusHo 2%
BiJI Macl IIEMEHTY) MPU3BOAUTH N0 pizkoro (Ha 35%) mamiHHA MIIHOCTI 32 CTUCKOM Ta
IMOJAJIBIIOr0 3HMKEHHS MIIIHOCTI 34 3TUHOM.

Y 1poMy JOCIHIJKEHHI TaKOXK OYyJI0 IMOKa3aHo, M0 301IbIICHHS JOBXKUHH 0a3ajibTOBOI
¢i6pu 3 12 no 24 MM He NPU3BOAWTH JO 3MIHM BIACTHBOCTEH MIIHOCTI IMIIAHUX 1
IpiOHO3EPHUCTHX OCTOHIB.

Hocmimxenns, npoBeneHi B JepxmnopH/l y paMkax BUKOHaHHS HAayKOBO-IOCIIIHOT
po6otu (cnimpHO 3 XHAJLY) momo OIiHKM BIUIMBY pi3HUX BUAIB (iOpH, mokasaiu, IO
MakcUMalibHa e(EeKTUBHICTh 3acTOCyBaHHs 0a3anbToBOi (iOpu B mim@aHux OeToHax
JocAraeTbest pu BUTparti ¢pi6pu Ha piBHi 2% Bix Macu neMeHTy (mpubiauzxo 10 KF/Ms) [3].

[Tpu upomMy MinHICTH OETOHIB 3a 3rMHOM Y Bini 28 116 3pocTae Ha 43%, a 32 CTUCKOM —
Ha 37%. Ane Bxxe npu 30UIbIIEHHI BUTpaTH 0a3ayibToBO1 (i0pu moHas 2% BiJ Macu EMEHTY
(mo 4% Binm M) BiIOYBAa€EThCS Pi3Ke 3HMKCHHS MIITHOCTI MINIAHUX OCTOHIB 32 CTHUCKOM [0
piBHS MimHOCTI OetoHiB 0e3 ¢iopu. Ilpupict mimHOCTI 3a 3ruHOM (PIOPOOETOHIB TaKOXK
3HIKYETbC 10 19%. OnHak, y mbOMY K JOCHIDKCHHI OyJ0 BCTaHOBICHO, IO IIPU
MoJajIbIIOMy 301IbIIEHH] BUTpaTu 0a3anbToBoi Gidbpu 10 6% Big My 3HOBY CHOCTEPIraeThes
30iIbIeHHS MiITHOCTI iOpoOeToHIB 10 24% 3a ctuckom i 10 40% 3a 3ruHOM (Y MOPIBHSAHHI 3
oeToHamu 6e3 iopn).

Hocmimkennss BBy (iOpM Ha BJIACTUBOCTI CyMimieid Ta OETOHIB TOKa3aiu, IO
MaTepial, po3MipH Ta XapakTep pO3MOo/IiTy BOJIOKOH BiAIrparoTh BaXKIUBY poiib [4].

Jist oTprMaHHS MIIIHUX KOMIIO3UTIB HEOOXIHO, 00!

- BOJIOKHA OyJM pIBHOMIPHO PO3MOJIiieH] B 00’ €Mi CyMillll 1 HE TIOBUHHI TOPKATUCS OJUH
710 OJTHOTO;

- MaTepiasl 6eToHy OyB XiMIYHO IHEPTHHUM I110JI0 BiTHOLIEHHS J0 MaTepiajy BOJOKOH;

- BOJIOKHA MaJIM BUILMH y MOPIBHIHHI 3 0ETOHOM Ta PO3YMHOM MOJYJIb IPYKHOCTI.

Tam jxe 3a3HaueHo, 10 31 3MEHUIEHHSAM JOBXUHM (i0pu ii KUIBKICTb, sIKa MOXe OyTH
BBE/ICHA B O€TOHHY CyMIIll O€3 MOTIPIIeHHs] OTHOPIAHOCTI, 3pOCTA€ 1 HABIMAKHU. 3BEPTAE yBary
Te, W0 MpH 30LUIbIIEHHI KUIBKOCTI (iOpH, JOBXKMHM BOJIOKOH 1 3MEHIIEHHI iX Jiamerpa
3pYYHOYKJIAJAIBHICTh OETOHHOT CyMiIlli 3HWXKY€eTbesl. OTHAK 11eH BIUIMB MOKHA 3MEHIIUTH 3a
paxyHOK 30UTbIIEHHS BOAOLIEMEHTHOIO BiTHOLIEHHS a00 00’ €My pO3YMHHOI YaCTUHU OETOHY,
a TaKOXK 3aCTOCYBaHHSM IUTacTU(IKATOPIB.

3aranoM, sIK BBaKalOThb aBTOPH, (iOpOOETOH MOBUHEH BIJPIZHATUCS BiA 3BHYANHOTO
BHUIIIUM BMICTOM IIEMEHTY, BUTpara sikoro mae Oyrtu 350...550 kr/m°. OpHaK, y IBOMY
JOCHIJKEHHI HE CKa3aHo, SKI XapaKTepPUCTHKH MOBMHHI OYTH KPHUTEPISIMH OJEepXKaHHS
siKicHOTO (piOpoOeTOnYy.

AHaJlOTiYyHa JyMKa BHCJIOBJEHAa Y JOCHIDKEHHSX, MPOBEACHUX IiJ KEPiBHUITBOM
B. M. JlepeB’siaka [5].

Hanpuknan, BUCIOBICHO AYMKY PO Te, 1110 OeTOH 3 0a3anbToBO0 (iOpOI0 103BOJISE HA
30...40% 3MEHIIUTH TOBIIMHY MOKPUTTS MHiAJIOr 0€3 BTpaTH MILHOCTI, 30UIBLIINTH TEPMIH
fioro ciyx6u B 2...4 pasu. 3acrocyBaHHs 1poro Bumy ¢giopu B kinbkocti 0,1...0,4%, kpim
MIITHOCTI, JTO3BOJISIE€ MIiJBUIIUTA 3HOCOCTIMKICTh. TaKOXX 3a3HAu€HO, IO MpU 30UIBIICHHI
JIOBXXMHHM BOJIOKOH a00 3MEHIIECHHI iX aiamerpa miaBuiiyetbes B/II cymimi. Onrumizaris
MOKa3HUKIB 0a3anbToBOi (iOpH MMIOA0 LMX NapaMeTpiB JO3BOJIMJIA aBTOpaM BBaXKaTH
ONTUMAJILHUMHM JIJIsl 3aCTOCYBaHHS B OeToHax kiacy B25 3 Bucokopyxomux cymimeit (P4),
0a3abTOBI BOJIOKHA JOBXHHOIO 12 MM miamerpom 20 Mk npu ix BwmicTi 0,4%. Ha xainp,
aBTOPH HE BKA3YyIOTh ii TOYHOI KiJIBKOCTI.
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VY po0ori [6] m070 OIIHKHK BIUIMBY MOJIMPONiIEHOBOI (iOpH Ha BIACTHBOCTI OETOHIB
OyJ0 TOKa3aHo, IO MIIHICTh (iOPOOETOHIB 32 CTHCKOM TMOPIBHSIHO 3 OeToHaMu 0e3 ¢idopu
HE3HAYHO ITiIBUILYETHCS. AJie MIlHICTh 3a 3THHOM TpH BBeAeHHI 1 kr/M° mominpominenoBoi
¢i16pu  3poctae Ha 40%. KpiMm Toro, Oyno BCTaHOBJEHO, IO 3alPOBAKEHHS
MOJIIITPOIILJIEHOBUX BOJIOKOH CIIPUsiE 3HAYHOMY i IBUIIICHHIO CHEPTii pyliHyBaHHS OCTOHIB.

[To3uTuBHUN BIUIMB MOMINpOIIeHOBOT (idpu Oyno ToOKa3aHO Yy MOCHIIKCHHSX,
npoBenennx mix kepiBuuurBoM C. M. Comoakoro [7]. ¥V wmiii poGoTi 6y10 po3risHyTO aBa
Buau (pidpu: 3BHUUaiiHa, riaaaka Tta ¢irypHa. byjgo BCTaHOBJIEHO ONTUMaNIbHY KUTBKICTh JIBOX
BuaiB ¢iopu: 0,7...1,35 Kr/M° 11t 3BUYAiTHOT ¢i6pu ta 3,5...7,0 Kr/M° st ¢birypHoi ¢i0pu.
BigmiueHo, 1m0 MiIHICT Ha TPHUBEASHHI TNoJinpomiieHoBoi ¢idpu 10 CKIaLy
apionozepaucToro 6erony (Dmax=20MM) MilIHICTh 32 CTHCKOM MOXe€ 3pocTatu Ha 6...22%,
a 3a 3ruHoM — Ha 17...23%. IlinBuIlIeHHIO MIITHOCTI 3a CTHUCKOM crpusie dirypHa ¢ibpa, 1o
CTBOPIOE CTPYKTYpHUH Kapkac ycepeauHi OeTOHy. A WiABUIICHHS MIIHOCTI 3a 3THHOM
00yMOBJICHO BIUIMBOM 3BUYaiiHOi (iOpu. Ilpu mpoMy 3a3Ha4eHO, IO MOAYJb MPYKHOCTI
¢$i6pob6eToHIB 13 3BHUaiiHOIO (iOporo 3pocrtae B 1,5 pa3u, a B komOiHaIii 000x BuIiB Gidp —y
2 pasu. Ha 20...40% 3011b11y€eThCSl TPIIIMHOCTIMKICTD 1 301IbIIY€ETHCSI €HEPTisd pyHHYBaHHS
¢bi6poOeToHiB.

[TinBuIIEHHS TPIIMHOCTIAKOCTI Ta 3HWKEHHS BETUYMHU BHYTPIIIHBOTO HAMPYXKEHHS B
OeroHax 3 momnpomniieHoBoto (idporo mokazaHo B poboti [8]. Taka ¢idpa 3amoOirae
CeIMMEHTAIIli BEJIMKOT0 3all0BHIOBaYa, pO3IIAPyBaHHS CyMIIlll, 3HIDKYE IMIIACTUYHY yCaaKy Ha
MOYaTKOBOMY €Talli Ta BOJIOTE YCaJKy MpH TBepAiHHI OeToHy. KinbkicTe (iOpu BapiroBamacs
09..2,7 KI/ME. OpnHak npy HpOMY BiJJ3HAYEHO 3HAYHE 3HIDKEHHS MILIHOCT1 O€TOHY 32 CTUCKOM
— 110 20...30 %, a MiIIHICTb 32 3TUHOM 3pocTasia jmiie Ha 8 %.

VY nocmiKeHHSIX, MPUCBSIYEHUX BIUIMBY 0a3anbToBOI (ibpu, Oyno moka3zaHo, IO MpU
BBelEeHHI ii B KuUIbKocTi 2...6% Big MacH IEMEHTY MIIHICTb OCTOHIB 3a CTHCKOM HE
3MIHIOETBCSI, ajie¢ 3HAYHO IMiJIBUIYEThCS MILHICTh 3a 3ruHOM — Ha 15...33% [9]. Hemo
3HUKYEThCS CTHPAHICTh OeTOHIB (Ha 13%).

[TpotunexxHi pe3ynbraTé OoTpuMani y pob6oti [10], aBTOopu sKoOi mMoOKaszanu, IO TpU
BBeleHHI 1% Big Macu nemeHTy O0a3anbToBOi (1OpU MIIHICTE OETOHY 3a CTHCOKM
3011bIIyeTHCS HA 16 %.

Otpumano pi3Hi pe3ynpTatd BIIUBY (iOpu Ha Mopo3socTiiikicte. B pobGoti [11] Bimmideno

3HW)KEHHS MOPO30CTIMKOCTI O€TOHY NpH BBEACHHI MOJiNpomijeHoBoi (Gidpu. 3HMXKEHHS MILHOCTI
0eTOHIB IpU BBEJICHHI MOJINMpOoITiieHoBoi Gpidpy Bij3HAUEHO TaKkoX y poboTi [12].

3 HJIb TA 3AJAYI JOCJTIAKEHHSA

MeTor0 JaHOro JOCHIJDKEHHSI €: MOPIBHsUIbHA OIIHKa €(QEeKTUBHOCTI 3aCTOCYBaHHS
MOJIIPOMNiIEHOBOT 1 6a3anbToBOi PiOpH Ta AOCHIIKEHHS iX BIUIMBY HA BJIACTHUBOCTI TOPOXKHIX
OETOHIB.

4 PE3YJIBTATHU JOCJIIKXEHb

YV nmocnimxennsx BukopuctoByBaym 1iemeHT [ II/A-II-400 BupoOHunTBa IIAT
«lOT'uemenT». B sKocTi 3amoBHIOBayiB Juis OETOHIB 3aCTOCOBYBAJIM MICOK KBapHOBHUH
Mkp =2.2, a takox meOinp rpaHiTHUi ¢p. 5-10 mm BupoOGHHuUTBa TOB «Kopnopartis
Byrceki kap’epu», MukomaiBcbkoi 06sacTi. Y J0OCTIPKEHHSIX 3acTocoByBaiu nqob6aBky FK 59
noJikapOokcuaatHoro Tuny Bupoouuirrea Himerskoi ¢pipmu MC-Bauchemie.

Jniss  BUTOTOBIEHHA 3pa3KiB OCTOHIB BUKOPUCTOBYBAJIM IOJINPOMNiIEHOBY (ibpy
ToBIMHOIO 50 MKM 1 moBxkuHOIO 12 MM BupoOHuiTBa TOB MTC «Crieticaady», m. [{uimpo, a
TakoX OaszanpToBY (PiOpy ToBumIMHOIO 0,2 MM 1 A0BkHMHOIO 12 MM BHpOOHHMUTBA (ipmu
bayrex-YkpaunHa.
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3oBHIIHIN BUTIA (iOpHU MpencTaBieHo Ha puc. 1.

Puc. 1. 30BHIIIHIA BUMISA MOTINPONIJIEHOBO] 1 6a3anbToBoi (hibpH
(a — moninporineHoBa: 6 — 6a3aIbTOBA)

PosmnuB koHyca po3uMHHUX cymimed 3 (iOporo BHU3HAYaIM Ha CTPYIIYBAILHOMY
cronuky BiamosigHo n0 JICTY b B.2.7-187.

MIiLHICTh MIIAHOTO 1 APIOHO3EPHUCTOrO OETOHIB 3a CTUCKOM Ta 3a 3rUHOM BHU3HAUYaIM Ha
3paskax-ipm3max (Oankax) po3mipom 4x4x16cm sringro 3 JACTY b B.2.7-224, Ta
JNCTY b B.2.7-214. Cknagu OeToHiB: mimaHoro — i: n=1 : 3, apiOHO3EPHUCTOr0 BKa3aHO
HUXKYE.

Mopo3ocTiiikicTh 0€TOHY BHU3HA4alld 3a TPETIM MPUCKOPEHUM METOJOM JUisi OETOHIB
JIOPOKHIX 1 aepoIpOMHUX MOKPUTTIB BiAmosinHo 10 JACTY b B.2.7-47 1 JICTY b B.2.7-49.

Crupannicts Oetony BuzHavyanu 3rigHo JCTY b B.2.7-212 na ycranosui tumy «Koio
crupanus» JIKI-3 Ha 3paskax-kybax 3 peopom 70 MM. MOpO3OCTIHKICTh Ta CTHUPAHHICTh
OLIIHIOBAJIM Ha 3pa3Kax 3 ApiOHO3epHUCTUX OETOHIB ckiany: 11 — 350 KF/M3, m— 590 KF/M3, 1 —
1290 kr/v’.

B pgocmimkeHHSX OIIHIOBAIM MIIHICTH OCTOHIB 3a CTHCKOM 1 3a 3rHHOM. [l OLiHKH
BIUIMBY (10OpU HA MILHICTh MPOBOJAWIN AOCTIHPKCHHS Ha OE€TOHAX, B SIKMX BMICT 0a3aIbTOBOI
¢16pu BapiroBanu Big 1 1o 2% Bix Macu eMeHTy (Big 6 mo 12 Kr/M° IUIg mimja”Horo, i Big 3,5
10 7 xr/m® st JpiOHO3EpHUCTOTO OETOHIB), a MmojinpomniieHoBoi — Big 0,6 1o 1,2 K/,

HocnimkenHss BBy (iOpM Ha BIACTMBOCTI MIMIAHUX OETOHIB TOKa3aiH, IO
301UIbIIeHHs BUTpaTi 0a3aybToBOi G16pu B Mexax 1..2% Bege 10 MIABUINEHHS X MIIIHOCTI
(tabn. 2). Tak, npu BuTpati 6a3anpToBOi Pi6pHu 1% Big Macu LEMEHTY MILHICTh MiIAHUX
OETOHIB Ha 3rMH 1 Ha CTHCK IMPaKTUYHO HE 30UIbLIYeThCS. 3HauHE 30UIBLICHHS MILHOCTI
BiJI3HAYa€ThCs NP BUTpaTi 0azanbToBoi hibpu 2% Big Macu 1eMEHTy. MIlHICTh 3a 3THHOM
pH 1boMy 3poctae Ha 16% 1 18 y Bimi 7 Ta 28 116 BiANOBIAHO, MOPIBHAHO 3 OeTOHaMu 6e3
¢16pu. Ilpy 1bOMy MIIHICTH 32 CTUCKOM TaKOX 3pOCTaE, ajie 3HAYHO MEHIIIE, YiM 32 3THHOM:
Ha 8% y Bim 7 Ta 28 nio.

V Toi1 ke yac, B 0eToHax, 1110 MICTATh MOMINPOIIEHOBY (iOpy MILIHICTh Ha 3TUH 3POCTAE
Ha 12 i 15% y Bimi 7 i 28 1i6 Bke mpu BuTpati 1poro Buay diGpi 0,6 kr/m° (Tabm. 2).
MilHiCTh Ha CTUCK TaKOX 3pocTae Ha 12%.

[Ipu Butpati mnomimponiieHoBoi ¢idpu 1,2 Kr/M° MPUPICT MIHOCTI 3a 3TUHOM
3011bIIyeThes 710 36%. MILHICTD 32 CTUCKOM TaKoX 301IbIIyeThes Ha 25%.

[TimBuIIeHHs] MIITHOCTI 32 CTHCKOM MIIIaHUX OETOHIB 13 MOMIMPOIiJIEHOBOK (iOporo €
BYXJIMBUM TIO3UTUBHUM MOMEHTOM. Y TOM e Yac, TAKOTO 3HAYHOTO 301bIIIEHHS MIIIHOCTI 32
CTHUCKOM B 0eToHax 3 6a3abTOBOIO (hiOPOIO HE BiIOYBAETHCA.
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Taoaunsa 2
BnactuBocri nimanoro ¢idpobetony 3 pizHoO (hidporo
MirHiCcTb 3a MirHicTh 3a
Ne 3/m Bwupn ta kinbKicTs GiopH STHEOM, MHa, y CTHCKOM, MHa, y
BiI, mi0. BiLl, 110
7 28 7 28
1 6e3 hiopu 4,22 5,03 19,4 23,4
2 bazaneroBa — 1,0 % Bin My 4,30 5,21 19,6 22,8
3 OazaneToBa — 1,5 % Bin My 4,50 5,54 21,2 24,6
4 bazampToBa — 2,0 % Big My 4,88 5,92 21,0 25,4
5 noxinporinerHosa — 0,6 kr/m® | 4,71 5,78 21,6 26,2
6 noJinporinerosa — 0,9 KT/M° 5,03 6,25 23,0 27,8
7 moJimnporiiesosa — 1,2 KT/M° 5,74 6,86 23,0 29,2

e B yCi CKJIaau BBOOWIH cymnepruacTudikaTop momikapookcunaraoro tuiry Fk59 B kimbkocti 0,5%
BiJl MacH IIEMEHTY,
® pO3IUTIB KOHYCY PO3YMHHUX CcyMilel 3 pizHot (idporo OyB omHakoBuit (PK = 125...130 Mm)

5 OBI'OBOPEHHS PE3YJIBTATIB JOCJIIKEHHSA

Pesynbraty HammMx AOCTIKEHb MOKAa3ylOTh, IO BIUIMB MOJIMPOMNiIeHOBOI ¢idpu Ha
MIIIHICTh TIIIAHUX OCTOHIB € OUTBII €()eKTUBHUM, HIK BIUTUB 0a3aIbTOBOI.

OpnuMm 13 nuTaHp 3acTocyBaHHS (HIOPOOETOHIB € MHUTAaHHSA MPO CIIBBIIHOLICHHS
TOBXUHH (PiOpH Ta MaKCHMaIbHOI KPYITHOCTI 3amoBHIOBada. Hamri qociipkeHHs MOoKa3aiH,
mo [ Mim@aHux OeTOHIB 3 MaKCMMalbHOIO KPYIHICTIO 3€peH 3aloBHIOBAYa S5 MM
ONTUMABHOIO € (pibpa moBxkuHO0 12 MM. Are (idpa Takoi JOBKHUHU TAaKOX T00pe Mpalltoe y
NpiOHO3EpHUCTUX OETOHAX, MPO IO CBIIYATh €KCIIEPUMEHTANIbHI JaHi pi3HUX aBTOpiB. ToMy
Ha HaCTYNHOMY eTari A0CHiIKeHb (ApiOHo3epHucTi OeTonn 3 Dmax = 5 mm) Oyna npuiinara
¢i6pa momxkuHOIO 12 MMm. JlocmipkeHHs, MpoBeleHi Ha JApiOHO3epHUCTHX (iOpoOeToHax
MOKa3aiy, 110 BBeAeHHS 2% O0a3anbToBOi (i0py MPU3BOAMTH 10 301IBIIEHHS MILHOCTI 3a
3TUHOM Ha 7%, ajie MIIHICTh 32 CTUCKOM IPHU I[OMY A€o 3HIKYEThCs (Ha 4%) (Tabm. 3).

Taoauus 3
Minsnicts piOHO3epHUCTHX (HiOpOoOETOHIB
3’7:{ Cknan Kinbkicte ¢ibpu Minnicts, MlIla, y Biti 28 1i0
1 0e3 ¢Giopu - R,.=5,7/R..=35,8
2 3 0a3aIbTOBOIO (PiOPOIO 2,0 % Big M, R,=6,1/R,=34,4
3 3 6a3anbTOBOIO (hiOpPOFO 4,0 % Big My R,,=6,3/R.,=33,2
4 3 MOJIMPOIIIIICHOBOK (iOPOrO 0.9 KT/M° R,=70/R,=36,4
5 3 MOJIMPOIIJICHOBOIO (hiOPOIO 1.2 ko/m° R,=73/R,=37,2

e B yci ckiIaau BBoaWM cynepruiactudikarop FK59 B kinmbkocTi 0,5 % Big Macu IEMEHTY

30u1bLIeHHS KUTBKOCTI 0a3anbToBoi (hi6pu 10 4% MPU3BOIUTH 10 3pOCTaHHS MIIIHOCTI 3a
3ruHoM Ha 10%, anme MIMHICTh 3a CTUCKOM IPHU IIBOMY MPOJIOBXKYE 3HIKyBaTucsa (Ha 7%
MOPIBHSIHO 3 OeToHOM 0e3 (hidpw).

3actocyBaHHs TmoJinponiieHoBoi (idpu y kimbkocti 0,9 Kr/m°> MIPU3BOJIUTE 10
MMIBUINEHHS MIMHOCTI OeToHIB 3a 3ruHOoM Ha 23%. Alle MIIHICTE 3a CTHCKOM
NpiOHO3epHUCTUX  OETOHIB NpU 1[bOMY HE 3HIXKYETbCA. 3OUIbLICHHS  BUTPATH
nosinporinenoBoi (i6pu 10 1,2 kr/M® 103BONSE MiABUIMATH MIlHICT GETOHIB 32 3THHOM JI0
28%, a MIIHICTH 3a CTUCKOM — Ha 4%.

Tommauor C. M., Beniuenko O. A., Jlopomenko M. A., ITokyca 1O. IT.
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OmHUM 3 BaXJIMBUX TIOKa3HMKIB OCTOHIB TPAaHCHOPTHOTO MpPHU3HAYEHHA € IiX
3HOIIYBAHICTh MiJ JII€I0 TPAHCIIOPTHUX 3ac00iB. [IpoBeneH1 excriepuMeHTaabHI TOCTIKEHHS
MOKa3aiy, 10 BBeACHHS (GiOpuU M0 CKiIaqy IpiOHO3EpHUCTHX OCETOHIB JI03BOJISIE CYTTEBO
3HU3UTU CTHUpaHHICTh (Tabn. 4). [lpum 1mpoMy OYEBHIHO, IO BBEACHHSA 1O CKJIaIy
npibHo3epHHUCcTOrO0 OeToHy (iOpu 000X BHIIB NPU3BOAUTH NPHUOIM3HO /10 OIHAKOBUX
Pe3yNbTaTIB - CTUPaHICTh (1OpOOETOHIB 3HMKYETHCS HA 52...58 % B MopiBHAHHI 3 OeTOHAMU
6e3 ¢iopu. Lle crocyeThCs SIK BOJOHACHYCHUX, TAK 1 CyXUX OCTOHIB.

Taoannsa 4
CrupanHicTs 6€TOHIB 3 pi3HUMH BuAaMu Gidpu
Ne Crtan GeTom CTHpaHicTh, T/cM’
3/1 A Y Bononacnuennx Cyxux
1 | be3 ¢ibpu 0,192 0,160
2 | 3 moninpomisieHoBow Hidporo 0,121 0,105
3 | 3 6azanbTOBYIO (hiOpOIO 0.132 0,112

['0JIOBHMM TOKa3HHUKOM JIOBIOBIYHOCTI JIOPOKHIX OETOHIB € IX MOpPO3OCTIHKICTh, SIKY
BU3HAYAIOTh IPH 3aMOPOXKYBaHHI 1 BiATaBaHHI B XJOPUCTHUX COMAX. JlOCTIDKEHHS TIOKa3ay,
mo (idpodeTonu 3 pisHUMHU BUAAMH (iOPH MAIOTh BUCOKY MOPO3OCTIHKICTb, SIKa TIEPEBHUIILYE
mapky F200 (taba. 5).

Taoauus 5
Mopo3ocTifikicTs ApiOHO3epHUCTHX OETOHIB 3 (iOporO
Ne KoedinienT Mopo3ocTiiikocTi 6eToHy Micis
3/m Bu hicpn KinpkicTh KUIBKOCTI IIMKIIIB 3aMOPOKYBaHHS-BiATaBaHHS (3a
AL Q1oP $iGpu, Kr/M° | TIPHCKOPEHOI METOMKOIO 3a TeMmepatypu — 50 °C)
5 10 20 30 35

1 BazansToBa 2 1,03 0,99 0,97 0,95 0,91
2 [lominporminenosa 0,9 1,01 1,03 1,00 0,97 0,96

e BunpoOyBaHHIO migmaBanmu OETOHM Kiacy 3a MimHicTIo B25, B ckiamm SKAX BBOJIWIH
cyneprutactudikarop Fk59 B kinbkocri 0,5 % Bix Macu eMeHTY

OpnHak, xoedilieHT MOpPO30CTiiKOCTI OeToHIB 3 6a3anbTOBOI (PiOporo micas 35 HUKIIB
IPUCKOPEHOr0 BHIPOOYBaHHS MEHIIE, HIK MiHIMaibHO JomycTHMuil (K,p; moBuHEH OyTH
Buie Hik 0,95). V Tol ke 9ac, O€TOHM 3 MOIIMPOIiIeHOBOI (HiOpor0 MaroTh KOeQillieHT
MOPO30CTIMKOCTI IO TMEPEBUIYE MIHIMAIBbHUM, HaBITh MICAS 35 IUKIIB BUIPOOYBAHHS.
OueBuAHO, 110 OETOHM 3 MOJINPOIIICHOBOIO (PiOPOI0 MatOTh O1IbII BUCOKY MOPO30CTIHKICTB,
HDK OeToHHM 3 6a3anbTOBOIO Gi6poro. Bona Bianosigae mapiti F300.

6 BHUCHOBKH

1. AHaimi3 JiTepaTypHHX JKEpes MOKa3aB, 0 €KCIEepUMEHTaIbHI JaHi, 3aCTOCYyBaHHS
MOJIIPOMiIeHOBOT Ta 0a3ainbToBOi (iOpH y BaXKKHMX OETOHAX, y TOMY YHCII M JOPOXKHIX,
oJlepKaHl PI3HUMH aBTOpPaMH, CYTTEBO BIAPIZHAIOTHCA. lle BiMHOCHTHCS, Hacammepem, 10
KUTBKOCTI 6a3aibToBOT i0pH, Ky HEOOX1THO BBOJAUTH B OETOHHY CYMIILL.

2. OTpuMaHi HaMH pe3yJabTaTH MOKa3yloTh, L0 3aCTOCYBaHHsA 0a3aibToBOi (iOpH B
O6eroHax € epeKTUBHUM Npu ii BuTpaTi He MeHme 2% Big macu nementy (7...10 kr/m®
6etony). [Ipu oMy MittHICTh 6€TOHIB 3 UM BHAOM (hibpu 3poctae Ha 7...18% 3a 3rmHOM Ta
Ha 4...8% 3a cTucKOM. MIlLIHICTh 32 3THHOM OETOHIB 3 MOJIMPOMIJIEHOBOIO (h1OPOIO 3pOCTa€E Ha
28...36%, a 3a ctuckoM — Ha 4...25%, 3aJ1eKHO Bl MAKCUMaJIbHOT KPYITHOCT1 3alI0OBHIOBaYa Ta
BUTpaTH 1ieMeHTy. [Ipu nbomMy BuTpaTa nojinpormniaeHoBoi ¢piOopu mMaiixe Ha MOPAJOK MEHIIA,
HIX 0a3aJIbTOBOI.
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3. Crupanicts 6eToHiB 3 oboma Bugamu (iOpu MeHmIe, HX y OeToHiB 0e3 ¢ibpu Ha
52...58%, a mopo3ocTiiikicTh OeToHIB He MeHme mapku F200, mo BiamoBigae BUMOTam
HOPMATHUBHUX JOKYMEHTIB Uil JOPOKHIX OETOHIB.

4. IIpoBeneHi JOCIIKEHHS MOKa3ajIy, 10 3a MIITHICTIO Ta MOPO30CTIMKICTIO, a TAKOXK 32
€KOHOMIYHUMU TTOKa3HUKAMH, 3aCTOCYBAHHS MOJINPOITiIEHOBOT hiOpH B JOPOXKHIX OETOHAX €
OLbII e(peKTUBHUM, HIXK 0a3aJIbTOBOI.
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UDC 539.3

"SEARCH FOR SOLUTIONS" IN THE PROBLEMS OF
CALCULATION OF BUILDING STRUCTURES

I. Medved®, M. Biloshytskiy*, R. Maiboroda?, E. Shcholokov?, V. Tryhub?
Volodymyr Dahl East Ukrainian National University
“National University of Civil Defence of Ukraine

Abstract. Building structures are very diverse in their purpose and application. The reliability
and safety of their operation depends on many factors: geometric dimensions, materials used, acting
external loads and their combinations, etc. All these parameters determine the internal forces, stresses
and strains that arise in structures, which determine their strength, rigidity and stability. In order to
ensure the strength, rigidity and stability of buildings and their structural elements, appropriate
calculations are performed. In the field of the theory of calculation of building structures, there is a
constant refinement of the actual work of these structures, i.e. such design schemes are created that
most accurately correspond to the actual operating conditions. The more optimally the design scheme
is drawn up, the less time-consuming will be the stages of calculation and design of the corresponding
structure. Therefore, the solution of the problem of optimization of design schemes is of great
scientific and practical importance. One of the existing approaches to finding optimal solutions is
discussed in the course "Operations Research”. Operations Research deals with the development and
application of methods for finding optimal solutions based on mathematical modeling. The operation
model is an analytical dependence of the objective function on dependent (controlled) variables,
which, within certain limits, we can choose at our discretion and set the range of their change. Solver
is a Microsoft Excel add-in that can be used in Structural Analysis problems.With its help, you can
find the optimal value (maximum or minimum) of the formula contained in one cell, called the target,
taking into account restrictions on variable values in other cells. Simply put, with the Solver add-in,
you can determine the maximum or minimum value of one cell by changing other cells. Most often,
the add-on "Search for a solution” is used in solving optimization problems of the economy (simplex
method, transport problem, etc. There are practically no results of using this approach in the
calculations of building structures.

Keywords: calculation scheme, line of influence, search for solutions.

"TIOIIYK PIIEHHA" B 3AJAYAX PO3PAXYHKY
BYIIBEJIbHUX KOHCTPYKIIIN

Mensias 1. I.l, Binomuunxuii M. B.l, Maii6opona P. I.Z, HlosokoB E. E.Z,
Tpury6 B. B.

L Cxionoyxpaincokuii nayionanshuii ynisepcumem imeni Bonooumupa Jlans

’Hayionanshuii YHigepcumem YyusiibH020 3axucmy Ykpainu

AHoTanis. bByzniBenbHi KOHCTpyKWii [dyke pIi3HOMaHITHI 3a CBOIM NpPHU3HAYEHHSM Ta
3actocyBaHHsIM. HapmiliHicTh Ta Oe3meka i1XHBOI POOOTH 3aleXUTh BiJ 0Oaratbox (hakToOpiB:
TEOMETPUYHHUX PO3MIpiB, BUKOPHCTOBYBAHHUX MAaTepiaiiB, JIFOYMX 30BHINIHIX HABaHTaXEHb Ta ix
MoeAHaHb Tomo. Bcei i mapameTpr BH3HAYalOTh BHYTPILIHI 3yCHIUIS, HAanmpyrd i gedopmanii, mo
BUHHUKAIOTh B KOHCTPYKILIfAX, II0 BU3HAYAIOTh iX MIIHICTh, XKOPCTKICTh 1 CTiKKicTh. s Toro mo6
3a0€3MEeYUTH MIllHICTh, JKOPCTKICTh Ta CTIMKICTh OyJiBeNh Ta X KOHCTPYKTHBHHUX €JIEMEHTIB,
BUKOHYIOTBbCS BiATIOBiAHI po3paxyHKH. Y Teopil Teopii po3paxyHKy OyniBelIbHUX KOHCTPYKILIH e
MOCTiliHE YTOYHEHHs AIMCHOI pOOOTH IHMX KOHCTPYKLil, TOOTO. CTBOPIOIOTBHCSA TaKi PO3paxyHKOBI
CXeMH, sKi HAWTOUHIlIEe BIJMOBIIAIOTh pEATLHUM YMOBaM eKcIDTyaramii. UuM omnTuMainbHiie
CKJIaJICHO PO3PaxyHKOBY CXE€My, THM MCEHII TpPYIOMICTKUMH OYIyThb €TalmM pPO3paxyHKy Ta
KOHCTPYIOBAaHHS BiANOBiAHOI KOHCTpYKLii. ToMy, BUpilIeHHS 3aBOaHHS ONTHMi3alii PO3paxyHKOBHX
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CXeM Ma€ BeJIMYe3He HAayKOBE Ta NPAaKTUYHE 3HavyeHHsS. OOWH 13 ICHYIOUMX MIiAXOMIB TOIIYyKY
ONTHMAJIGHUX PIIICHb PO3TIAmacThcs B Kypei "Hocmimkennas omepariii”. "JlocmimkeHHs omnepariii’
3aliMaeThCsl PO3POOKOI0 Ta 3aCTOCYBaHHSAM METONIB IOIIYKY ONTHMAaJIbHUX pillleHb Ha OCHOBI
MaTeMaTHYHOTO MOZEJIOBaHHSA. Monenb omepalii € aHaliTU4HYy 3aJIeKHICTh LiNbOBOi (YHKIIi Bif
3aNe)XHUX (KEPOBAaHMX) 3MIHHUX, AKi y NMEBHUX MeXKaX MH MOXEMO BHOMpATH Ha BIACHUH PO3CYI i
BCTaHOBIIOBAaTH fiamazoH ix 3MiHu. "[lomyk pimenns" — ue nagOynosa ans Microsoft Excel, sxy
MO>KHa BUKOPUCTOBYBAaTH B PO3paxyHKax OyHiBEeIbHUX KOHCTPYKWii.3 i1 JOMOMOrorw MOKHA 3HAWTH
ONTUMANIbHE 3HaYeHHs (MakcUMyM a00 MiHIMyM) (OPMYIIH, IO MICTUTHCS B OJHOMY OCEPEIKY, IO
HA3WBA€THCS IITBOBHM, 3 YypaxyBaHHSM OOMEKeHb Ha 3MiHHI 3HA4YeHHS B IHIIUX OCEpeaKax.
[Ipocrime kaxyuu, 3a nomnomororo HanoyaoB "[lomyk pimeHHS" MOXXHA BU3HAYHTH MaKCHMalbHE
abo MiHIMalbHE 3HAYEHHS ONHI€I KOMIPKH, 3MIiHIOIOYM iHIN KoMipku. Haigacrtime HamOyzoBa
"[lomrykx pimeHHA" BHKOPHCTOBYETHCS IIiJl Yac BHPIMICHHS ONTHUMI3allifHUX 3aBIaHb EKOHOMIKH
(cUMIUTIEKCHUI METOJ, TPAHCIIOPTHE 3aBAaHHs TowO. [IpakTHYHO BiACYTHI pe3y/lbTaTh BUKOPUCTAHHS
TAKOTro MiAXOAY MPH PO3paxyHKax OyAiBeIbHUX KOHCTPYKIIH.

KuarouoBi cji0Ba: po3paxyHKOBa cXeMa, JIiHisl BIUTHBY, IOIIYK PillleHb.
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1 INTRODUCTION

Building structures are very diverse in their purpose and application. The reliability and
safety of their operation depends on many factors: geometric dimensions, materials used,
acting external loads and their combinations, etc. All these parameters determine the internal
forces, stresses and strains that arise in structures, which determine their strength, rigidity and
stability. In order to ensure the strength, rigidity and stability of buildings and their structural
elements, appropriate calculations are performed.

In the field of the theory of calculation of building structures, there is a constant
refinement of the actual work of these structures, i.e. such design schemes are created that
most accurately correspond to the actual operating conditions. In solving these problems, a
huge role belongs to the introduction of an electronic computer.

The discipline "Operations Research” deals with the development and application of
methods for finding optimal solutions based on mathematical modeling.

The operation model is an analytical dependence of the objective function on dependent
(controlled) variables, which, within certain limits, we can choose at our discretion and set the
range of their change. Drawing up an operation model requires a deep understanding of the
essence of the described phenomenon and knowledge of the mathematical apparatus.

The goal is to quantitatively substantiate the decisions made [1], and the effectiveness of
the operation is quantified by the numerical value of the objective function.

Among the models used in the "Operations Research™ it should be noted first of all a
large class of optimization models. In general terms, the optimization problem can be
formulated as follows: to find such values of controlled variables that satisfy the system of
inequalities (restrictions) and turn the objective function into a maximum (or minimum).

If the objective function is linear, and the variables in the constraint system are also
linear, then such a problem is a linear programming problem. Of all the known methods of
mathematical programming, the most common and developed is linear programming [1-3].

"Search for a solution” is a Microsoft Excel add-in that can be used to solve optimization
problems. Simply put, using the Solver add-in, you can determine the maximum or minimum
value of one cell by changing other cells.

2 ANALYSIS OF LITERATURE DATA AND STATEMENT OF THE
PROBLEM

Most often, the add-in "Search for a solution™ is used in solving optimization problems of
the economy (simplex method, transport problem, etc.). There are practically no results of
using this approach in the calculations of building structures [4, 5].

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

In this article, an attempt is made to show the feasibility of using the "Search for
Solutions™ at the stage of choosing the optimal parameters of the design design scheme.

4 RESULTS OF RESEARCH

Consider the simplest building structure.
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Fig.1. Calculation scheme and the line of influence of the bending moment

To illustrate the idea of the proposed approach, a simple statically determinate beam was
deliberately chosen (Fig. 1). This is done so that the idea of the proposed approach is not lost
due to the complexity and cumbersomeness of the calculations.

Let us be interested in the section "k™ of the structure under consideration. The line of

influence of the bending moment in this section was constructed using traditional methods of
structural mechanics (Fig. 1) [6-10].

Possible options for loading the structure are shown in Fig. 2 (selected arbitrarily).

qa
Yariant 1|«

¥ ¥ ki - L 4 ¥ T b ¥ ki ¥ ¥
qz
Variant 2 y ¥ ¥
qz
Wariant = | » = |

Variant 4 * ]

Yariant 5 l L .l

|
Variant s | |

L
Variant 7

Fa
Variant = | l

P
Variant 2 | 1

Fig. 2. Loading options for the structure

As an optimality criterion, we choose the value of the bending moment in the section "k".
In the course of structural mechanics, a formula is known for determining the numerical
value of the generalized internal force factor F along the corresponding line of influence:

F=>aqw+> Ry, +> M tang. 1)
In our case, formula (1) will look like:

M, =0, (W, +W, +W, + W, + W +W,)+0q, (W, +W,) + )
q3W3 +q4W4 +q5W5 + Plyl+ I:)2y2 + P3y3 + I:)4y4'
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Let us determine the areas of the corresponding sections and the ordinates of the line of
influence:

w=-80D 1 075w =052 05 w,- 2% 025

1

0.5-1 15075

w, =221 go5 = 10T gos. - (05FLD) g
2 2

=-1.6875;

y,=-0.75 vy,=-05 vy,=05 y,=15.

In further calculations, we will consider the bending moment positive if it stretches the
lower fibers.
Then the objective function will look like:

M, =-2.75q, — ¢, +0.25q, +0.25q, —0.5625¢q, —0.75F, —0.5P, + 0.5P, +1.5P, .
Conventionally, we will consider g; and P as a constant load, and the rest of the load as
a temporary one.

Table 1
Range of change of the distributed load

g1, KH/m 02, KH/m 03, KH/m 04, KH/m gs, KH/m
max min max min max min max min max min
30 30 20 0 40 0 40 0 30 0

Table 2
Concentrated Force Range
P, kH P,, kH Ps, kH P4, kH
max min max min max min max min
100 0 50 0 150 150 80 0
Table 3
Restriction system
o} 0 0 0 0 0 0 0 0 = 30
0 02 0 0 0 0 0 0 0 < 20
0 0 03 0 0 0 0 0 0 < 40
0 0 0 04 0 0 0 0 0 < 40
0 0 0 0 Os 0 0 0 0 < 30
0 0 0 0 0 P, 0 0 0 < 100
0 0 0 0 0 0 P, 0 0 < 50
0 0 0 0 0 0 0 P3 0 = 150
0 0 0 0 0 0 0 0 P, < 80

The ranges of changes in the external load and the selected system of restrictions are
entered in the table of parameters for the search for solutions (Fig. 3).
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Fig. 3. Solution search parameters for finding Mk, max

5 DISCUSSION OF RESEARCH RESULTS

The calculation results are shown in Fig. 4.

| 278 -1 0.23 025 | 05628 | 075 0.5 0.5 1.5
1325 .Dbjectivefuncticrn

Fig. 4. Numerical values of controlled variables and objective function

The value of the objective function corresponds to the value of the maximum bending
moment in the section "k (Mk=132.5 kNm). Since the value is positive, the lower fibers of
the cross section will be stretched. If the results of the calculation are presented graphically,
then we obtain the calculation scheme shown in Fig. 5.

Fig. 5. External load combinations corresponding to Mk, max

Similarly, the combination of external load is determined, at which the bending moment
in the section "k™ will be minimal (Fig. 6).
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Fig. 6. Numerical values of controlled variables and objective function

The value of the objective function corresponds to the value of the minimum bending

moment in the section "k" (Mk=-144.375 kKNm). Since the value is now negative, the top
fibers of the cross section will be stretched. If the results of the calculation are presented
graphically, then we obtain the calculation scheme shown in Fig. 7.

Fig. 7. External load combinations corresponding to Mk, min

6 CONCLUSIONS

Thus, this article shows the possibility and expediency of using the "Search for

Solutions™ add-on at the stage of choosing the optimal parameters of the design design
scheme. After the calculation scheme is determined, more powerful conventional means of
calculating building structures can be involved for its complete calculation.
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SOME PROBLEMS OF OPTIMIZATION OF ROD SYSTEMS
CONTAINING COMPRESSED ELEMENTS USING ADDITIONAL
CONSTRAINTS

S. Bekshaev'
'Odessa State Academy of Civil Engineering and Architecture

Abstract: The article is devoted to the problem of increasing the stability of rod systems
containing longitudinally compressed elements. The influence of the imposition of constraints on the
behavior of such systems is investigated in order to determine such places for imposing constraints
that provide the maximum stability of the system reinforced by the constraint. To get generality, the
consideration includes such rod systems that allow various equilibrium configurations, for example,
having internal ideal hinges, as well as an arbitrary distribution of longitudinal compressive forces,
including leaving some areas free from compression. For the same purpose, the constraints are
considered as generalized, producing a reaction with an arbitrary spatial distribution. The paper
formulates some general results related to the influence of the introduction of generalized constraints
on the critical forces of a rod system with some generalizations related to the extension of the class of
rod systems under consideration. Particular attention is paid to the buckling modes in view of their
important role as a basis for describing various configurations of the structure. It has been established
that the shape of these modes, in particular, the position of their nodes, is essential for finding the
optimal position of the constraint. For the case of constraint in the form of a concentrated hinged
support, analytical expressions are obtained that represent the derivatives of the critical forces of the
system with respect to the coordinate of the support. The case of a multiple critical force, when this
derivative, generally speaking, does not exist, is especially considered. These expressions make it
possible to qualitatively characterize the optimal position of the support. The application of some of
the obtained results is demonstrated by the example of the problem of finding the optimal position of
an intermediate hinged support of a two-span rod supported at the ends by elastic hinged supports.
These positions are qualitatively described for various values of the stiffness coefficients of the end
supports. It has been established that under certain conditions, the optimal positions of the
intermediate support correspond to a special semi-curved mode of buckling, in which one of the spans
does not bend, but retains its rectilinear equilibrium shape.

Keywords: rod system, critical force, effect of constraint, optimization, semi-curved buckling
mode, qualitative sign.

JIESIKT 3AJJAYI OITUMIBAIIL CTPUKHEBUX CUCTEM, 11O
MICTATH CTUCHYTI EJIJEMEHTU, I3 3ACTOCYBAHHSAM
JTOJATKOBHX B’SI3EN

Bexmaes C. 5.
'00ecvra deparcasna axademis 6ydienuymea ma apximexmypu

AHotamis: CTaTTIO NPUCBAYEHO AaKTyalbHid MpoOneMi MiABHIICHHS CTIMKOCTI CTPHKHEBHX
CHCTEM, II0 MICTSTh TIO3JJOBXXHBO CTUCHYTI eJleMeHTH. JlOCHiPKy€eThesl BIUIMB HaKIIaIaHHS B’si3el Ha
MOBEJiHKY TAaKMX CUCTEM 3 METOIO0 BU3HAUYEHHS TaKUX MiCLlb BCTAHOBJICHHS B’s3€H, SIKi 3a0€31eUyI0Th
MaKCUMaJbHy KPUTHYHY CHIy, fKa XapaKTepH3ye CTIMKICTb cHCTeMM, MiacuieHoi B’s33t0. s
JIOCSITHEHHSI 3aralibHOCTI OMHCY JIO PO3TJISLy 3alydeHi TakKi CTPW)KHEBI CHCTEMH, SIKi JIOITYyCKalOTh
pi3Hi piBHOBaXXHI KOH(}irypauii, HanpuKIaa, Taki 110 MAIOTh BHYTPIIIHI iA€aNbH] MAPHIpH, a TAKOX
JOBUTEHUH PO3IOALT MO3/IOBKHIX CTHCKAIOYHUX CWJI, Y TOMY YHUCII TaKHi, 10 3aJHIIAE ACSKi TTTHKH
BUIBHUMH BiJl CTUCHEHHS. 3 TIEIO K METOI B’s31 PO3IJISAAAIOTHCS SIK y3arajibHEHI, sSKi TeHEpYIOTh
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peaKkIifo 3 MOBUILHUM IIPOCTOPOBHM pO3MOAUIOM. Y poOoTi chopmMympoBaHi desKi 3arajibHi
pe3yJbTaTH, 0 CTOCYIOTHCS BIUIMBY BBEJCHHS y3arajdbHEHUX B3¢l HA KPUTUYHI CHIIU CTPUKHEBOI
CHCTEMH, 3 ACSIKUMH y3araJbHEHHSIMH, OB’ I3aHUMH 3 PO3IIUPEHHIM KJIACy CTPUKHEBUX CHUCTEM, 110
posrnanarotbes. OcoOnuBy yBary mpufiieHo (opMaM BTPaTH CTIMKOCTI pO3TISAYBaHUX CHCTEM depe3
X BaXJIMBY POJIb SIK 0a3WCy JUTA OTHCY Pi3HUX KOH(ITypalliif KOHCTPYKIIii. BcTtaHOBIIEHO, IO BH IIAX
¢dopmM, 30KpeMa, MOJOXKEHHS iX BY3JiB, € CYTTEBUM MJIsl BiAIIyKaHHS ONTUMAIbHOTO PO3MIiIICHHS
B’s131. {1 BUMaAKy B’s131 y BUTJISAL 30CepeKEHOI MApHIpHOI OMOpH OTPUMAHO aHAJITHYHI BUPA3H,
10 TIPECTABIIAIOTh MOXIAHI KPUTHYHUX CHJI CUCTEMH TI0 KoopAwHaTI omopu. OcoOIMBO PO3TISTHYTO
BHIIAJ0K KPaTHOI KPUTHUYHOI CHIIM, KOJH Iif TOXigHA, B3aralli Kaxkydd, He icHye. Lli Bupa3u maiots
MOJKJIMBICTh SKICHO XapaKTepHU3yBaTH ONTHMalbHE IOJIOKEHHS OIMOpPH. 3aCTOCYBAaHHS ICSIKHX 3
OTPHMaHHMX PE3YJIbTaTiB MPOJEMOHCTPOBAHO Ha TMPHKIAAI 3aBJaHHS IOINYKY ONTHMAaIbHOTO
MTOJIO’KEHHS MTPOMDKHOI IIIAPHIPHOT OTIOPH JBOTIPOTOHOBOTO CTPIIKHS, OTIEPTOTO IO KIHIMX HA MPYKHI
mapHipHi onopu. SIKiCHO ommcaHi Taki TMONOXXEHHs I Pi3HUX 3HAa4eHb KOe(illi€HTiB KOPCTKOCTI
KiHLIEBUX omnop. BcraHOBIEHO, 10 32 MEBHMX YMOB ONTUMAIBHHM ITOJOKEHHSIM MPOMDKHOI OMOpU
BiJIMTOBiTae 0coOMMBa HaMiB3irHyTa (hopMa BTPATH CTIHKOCTI, B AKiil OJUH 3 IPOIBOTIB HE 3STHHAETHC,
a 30epirae mpsSIMOITiHIMHY PIBHOBaXHY (hopmy.

KuarouoBi ciioBa: cTprkHEeBa CUCTEMa, KPUTUYHA CHJIa, BIUIMB B’5131, ONTHUMI3allis, HAMIB3irHyTa
(hopMa BTpaTu CTIHKOCTI, AKiCHa O3HAKA..
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1 INTRODUCTION

When designing and operating various engineering structures, designers often face the
problem of ensuring the stability of their elements operating under conditions of longitudinal
compression. This raises various optimization problems associated with providing maximum
stability at minimum cost. One of these problems is the search for the most advantageous
distribution of constraints available to the designer, which provides the maximum possible
value of the critical force of the structure. The proposed article is devoted to solving this
problem for a linearly elastic rod system reinforced with one constraint. At the same time, the
considered rod systems include systems for which, in the absence of external loads, various
configurations are possible, in particular, those having internal perfect hinges, as well as
systems in which some sections remain free from longitudinal compression.

2 LITERATURE ANALYSIS AND PROBLEM STATEMENT

Many studies have been devoted to the optimization of elastic structures, in which the
variables are the properties and distribution of the material, outlines, and other design
parameters [ 1-3]. Among them, there are relatively few works where the optimum is achieved
due to the distribution of singularities and, in particular, the distribution of supports [4—6].
Most of the proposed methods for finding optimal structures use universal schemes developed
in mathematics and numerical procedures based on them. At the same time, interesting and
important qualitative features of the obtained optimal solutions often remain unnoticed. In a
range of works [7-12] devoted to the search for the optimal arrangement of supports for
compressed rods, a simple and demonstrative approach was proposed and successfully used,
which makes it possible to determine this arrangement and reveal interesting and somewhat
unexpected qualitative features of the obtained optimal rods. In this paper, this approach is
developed taking into account the inclusion in the consideration of such systems, the study of
which leads to equations with degenerate operators. The study of the stability of such systems
1s connected with the well-known problem in algebra of simultaneous diagonalization of two
positive semidefinite matrices [13], however, in this paper, special attention is paid to the
spectrum of the corresponding eigenvalues and eigenvectors and its changes in accordance
with the objectives of the work.

3 THE PURPOSE AND OBJECTIVES OF THE STUDY

The purpose of the proposed work is to determine such a position of a concentrated
elastic or rigid hinge support, in which the main critical force of the rod system reaches its
maximum value. To do this, taking into account the expansion of the class of linearly elastic
systems under consideration, the features of the spectrum of their critical forces and the
buckling modes corresponding to them, as well as their change due to the setting of a
constraint, are studied. On this basis, results are derived that make it possible to establish
some qualitative features of the desired optimal position. Using these signs, in many cases it
iIs possible to determine these positions practically without calculations and a priori
qualitatively describe the corresponding buckling mode and estimate the maximum critical
force.
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4 RESEARCH RESULTS

4.1. Preliminary results. First, we formulate some general results related to the effect of
introducing elastic constraints on the critical forces of the rod system, which are necessary for
further conclusions.

1.1. Notations and assumptions
S — elastic rod system, including predetermined elastic and rigid constraints, connecting the
points of the system to the ground or fixed bodies.

S® _ system formed from S by the imposition of one additional constraint.

y = y(M) — displacement (configuration, form) of the system — function of the point M ,
which determines the position of the point M of the system (in the undeformed state y=0).

g=q(M) — load — a function of the point M, which determines the external force
applied to the point M ; it is assumed that the forces ¢ applied to the rod of the system are
perpendicular to the axis of the rod.

(q,y) —work of load g=q(M) on displacement y=y(M). If (q,y)=0, itis said that
the load ¢ is orthogonal to the displacement vy, or that the load ¢ is applied in a generalized
node of the configuration (form) vy.

The functions y and ¢ are considered as elements of the linear spaces Y and Q,
respectively, having arbitrarily large but identical finite dimensions. This allows us to assume
that ¢ =0, if for any y we have the equality (g, y) =0.

— Cy — linear operator that defines the internal forces acting on the points of the system
in position y(M) (including the reactions of the elastic and rigid constraints belonging to the

[T

system, connecting it to the ground). The sign is assigned to reflect the usual property of
elastic structures — to generate reactions that counteract the deformation that caused them. All
considered elastic systems are assumed to be conservative. Therefore, the operator C, like all
other occurring operators, is assumed to be self-adjoint, i.e. satisfying the condition for any y

and v

(Cy,v)=(Co,y) 1)

expressing the well-known reciprocity theorem.
It is assumed that in the absence of external forces, the system S can have equilibrium
configurations different from y =0, for which Cy=0= (Cy, y) =0, but always (Cy,y) >0,

I.e. operator C is non-negative.
If the elements of system S are subjected to compression by a constant load proportional
to parameter P, which does not cause deformation of the system at y(M) =0, then operator

C changes to (C—PN), where N is some linear operator, which, like C, we will assume
non-negative, i.e. (Ny,y) >0 with y=0. The non-negativity also reflects the usual feature
of the behavior of a compressed rod, the rotation of which generates a couple acting in the
direction of rotation. Non-strict inequality implies the existence of special configurations for
which (Ny,y) =0at y=0. In this case, Ny = 0 is necessary, because for a non-negative
operator N the Schwartz inequality [(Ny, u)| < /(Ny, y)+/(Ny,u) is preserved, which implies
for any u (Ny,u) =0, if (Ny, y)=0. A similar conclusion is also valid for the operator C .
For the systems considered in this paper, Ny is a system of couples arising as a result of the

rotation of compressed elements. Therefore, in these special configurations, all compressed
segments must not rotate, i.e. on each of them y = const.. The parameter P will be called the

compressive force. Let us introduce the notation
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W — ker N — kernel of operator N, i.e. the set of all y for which Ny = 0.

V — kerC—kernel of operator C, i.e. the set of all y, for which Cy =0.

U =V NW - thesetofall y, for which at the same time Cy =Ny =0.

W, VandU - subspaces of Y. In what follows, all forms belonging to W are called
special.

P At this stage of consideration, there is no need for any particular differential or integral
representation of the introduced operators. For simplicity, we can assume that we are dealing
with matrix representations associated with the choice of some bases in the function spaces y
and q.

1.2. Critical forces and buckling modes. The equilibrium position of a compressed
system subjected to load q is determined by the equation

—(C-PN)y+q=0, (2)

expressing the equality to zero of the sum of forces applied to each point of the system. The
corresponding homogeneous equation

(C-PN)y=0 3

determines the equilibrium positions of a system S subjected only to longitudinal compression
in the absence of an external load q. The existence of such positions different from the trivial
one y(M)=0 means that this trivial equilibrium ceases to be stable. It is known [14] that if at
least one of the operators C and N is nondegenerate, nontrivial solutions of the
homogeneous equation allow us to construct a basis in Y, which can serve as a convenient
tool for studying the behavior of the systems under consideration. Assuming the degeneration
of both operators Cand N, the question of constructing the corresponding basis should be
studied in more detail.

Let u,...,u, be abasisin U, u,,,...,u, be functions that complement u,,...,u, to a

basis in W, and u,,,, U,,,,... be functions that complement wu,...,u, to a basis in Y.
Substitute y=>_x;u; in (3)

d dimY
;XJCUJ+;X1(C_PN)UJ:0' (4)

Calculating the sum of the works of the forces applied to the system on each of the basis
displacements u, , we obtain the system of equations

Citksn X T T Cin g Xy T CagaXen + Critd+2%g42 + ...=0
CrzpaaXesn oo Chin g Xy T CzgaXin + Crita+2%a42 + ... =0

CopsrXisr + o0 CygXy T CiaaXin + Cy,a+2Xd+2 + ... =0 ®)
Corrksn X ToooFCypng Xy + (Cd+1,d+1 - Pnd+1,d+1) Xgaa (Cd+l,d+2 - Pnd+1,d+2)xd+2 +...=0
CaszksnXisr T Cyiaa Xy +(Cd+2,d+l - Pnd+2,d+1) X411 +(Cd+2,d+2 - Pnd+2,d+2 ) Xgpp Teee = 0

where ¢; = (Cu J.,ui) is the generalized stiffness coefficient equal to the work of the total

elastic reaction Cu,, taken with the opposite sign, caused by the j-th basis displacement u;,
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on the i-th basis displacement u;; n; =(Nuj,ui). Here it is taken into account that if at least

one of the indicesi, j does not exceed k=dimU, c; :(Cuj,ui):(Cui,uj):O, and if at

least one of the indicesi, j does not exceed d =dimW , n; =(Nuj,ui):(Nui,uj)=0.

According to the definition of the sets U and W for any nontrivial linear combination
Y =X Uy +-... XUy Cy = 0 and the strict inequality (Cy,y) >0 holds for y=0, which
implies the strict positivity of all principal minors of the matrix of system (5) up to the order
d —k inclusive [14]

Ck+1,k+l Ck+l,k+2 oo Ck+1,j
Ck 2,k+1 Ck 2,k+2 Ck2' .

A= ek ek >0, j=k+1,....d. (6)
Cj'kJrl Cj'k+2 ij

Let us perform the elimination of unknowns x, ,,...,X, in system (5) using the Gauss
method. As a result, the matrices corresponding to (6) take a triangular form, where on the
main diagonal in the row with the number h there is a positive value ¢;; =A,; =C .1,

Cl*lek+l :Ck+1,k+1| h=1, ey d —k [14]

Clle+l + Ck+l,k+2Xk+2 +...t+ Ck+1,d Xd + Ck+1,d+le +1 + Ck+l,d +2 Xd+2 + .= O
CoXeso Teoo T CngXy T CinginXon + CiizgioXgse + -0 = 0
Co—k.a-kXq + Cq.d:1 %411 + Cy.g+2%d-2 + ...=0 (7)
(Cd+1,d+1 - Pnd+1,d+l) Xgsa T (Cd+1,d+2 - Pnd+1,d+2)xd+2 +... =0
* *
(Cd+2,d+l - Pnd+2,d+l) Xd+1 +(Cd+2,d+2 - Pnd+2,d+2 ) Xd+2 +...=0

Here, the asterisk denotes the matrix elements obtained as a result of the Gaussian
elimination procedure. With the exception of the diagonal of the triangular block, the indices
in them have a traditional meaning (row number and column number, taking into account k

"zero" rows and columns). Moreover, it follows from equality c; =¢; that for i, j >d ¢} =c;
[14]. In system (7), the equations, from which x,,,,..., X, are excluded, represent a standard
algebraic eigenvalues problem with symmetric matrices

C

and |ny|, i,j>d, and the |n;|
Is positive-definite. It is known [14] that there is a discrete set P, < P,<... of non-negative
values P, which correspond to dimY —d linearly independent non-trivial sets {X,,,,Xy,5,--.},

which are solutions to system (7). After they are determined, from the first d —k equations
(7) Xeq,---» X are uniquely determined. Thus, system (5) allows one to determine dimY —d

linearly independent configurations v,, v,, ... corresponding to its non-trivial solutions, of the
form v =X, U, +...XUy +X4,,Uq,, +.... It IS convenient to take them as basis ones in Y
instead of uy.,;, Uy,,,.... They satisfy the equation

(c-PNJ, =0, (®)
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and also the orthogonality relation (Nvi,v,.):o, if P=P,, and can be chosen normalized
according to the condition (Nv,,v, )=1. In difference to the case of non-degeneracyof N , they

cannot be a basis of Y, since their number is d less than the dimensionof Y . Another
difference from the standard problem is that the functions v; are not defined uniquely,

because substitution in (3) shows that if v; is its solution corresponding to P =P;, then
v} =0,u, +...g,u, +o; forany g,,...,g, will also be its solution corresponding to the same
P=P;. The quantities P, are called critical forces (hereinafter — CRF), and ©»,;- the

corresponding buckling modes (hereinafter — BM) of system S .

1.3. Expansionof forms by buckling modes. Expansion of an arbitrary system
configuration by its BM is an effective tool for solving various problems of stability theory.
For the degenerate N, one can construct a similar generalized expansion by supplementing

the set of BM v,, v,, ... with functions u,,...,u, . In this case, it is convenient to replace the
set U,,,...,u; Wwith their linearly independent combinations w,,...,w, , for which
(Cwi,wj):O, and (ij,wj)zcj >0. Andbesides(Cvi,wj)= P, (Nvi,wj): P, (ij ,vi):O.
Anyconfiguration of system S canberepresentedas

k d-k
y=2.0;u;+ 2 bw; +> a,, ©)
1 1

where a;, b;and g; are scalars, and

1
a; =(Ny,vj), b :C—(Cy,wj).
i
We use expansion (9) to solve the inhomogeneous problem (2) (longitudinal-transverse

bending). Substituting (9) into (2), taking into account Cu; =0, Nu; = Nw; =0, we obtain
d—k d—k
~S'b,Cw, -3 a,(Co, ~PNv, J+q=0=->b,Cw, - > a,(P, -P)No, +q=0. (10)
1 1

Considering the left side of (10) as the total load applied to the points of the system, and
calculating the work of this load on displacements v;, w;and u;, we find

@o,) | _law) (11)

P -PT T

]

In addition, for the u,,...,u, the relations (q, u; ): 0 are satisfied as necessary conditions

for the existence of a solution to Eq. (2). These conditions are also sufficient, since together
with conditions (11) they mean the equality to zero of the generalized forces corresponding to
all generalized coordinates of the system S. This fact is an expression of the elementary
result that a matrix equation Ay=q has a solution if and only if its right-hand side is
orthogonal in the Euclidean sense to any solution of the equation A’y =0, where A" is the
matrix transposed with respectto A.

If P coincides with one of the CRF P; of the system S, its equilibrium, as can be seen

from (11), is possible only if the load q is orthogonal, (q,vj)=o, to all BMs corresponding
to P, . In this case, the system can have infinitely many equilibrium configurations, because,
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as Eq. (2) shows, along with vy, the superposition of y and any linear combination of all
BMs corresponding to P, satisfy (2).

1.4. Generalized constraint and generalized flexibility. We will say that one constraint is
imposed on the system S if at some points of the system another elastic system is attached to
it, which, for any joint displacements y = y(M), acts on the system S with a load R=R(M)
proportional to some function r =r(M) taken as a unit (basis); thus, in any position of the
system R=—Rr, where r =r(M) does not depend on this position and is a characteristic of
a particular constraint. In the case of a point support, the load r =r(M) is one concentrated
force applied at that point and equal in magnitude to the accepted unit of force.

Along with the spatial distribution r=r(M) of the basis load, the constraint is
characterized by the value of flexibility, which is determined from the following
considerations.

Consider the constraint as a separate elastic structure with its own stiffness operator C'
and load it with the force R =C'u, where u=u(M) is the corresponding configuration of the
constraint, which is not defined uniquely. If u and v are different configurations
corresponding to the same loading R=C'u=C'v, then due to self-adjointness (1)
(R,u)=(C'u,u)=(C'v,u)=(C'u,v)=(R,v), i.e. the work of the load R on all the
displacements it causes is the same. Since (C'u, u) represents twice the potential energy of the
constraint at the position u, this means that in all positions of the constraint caused by its
loading r (and generating a reactive load —r), it has the same potential energy.Then in an
arbitrary position u (R,u):R(r,u):RZ(r,R’lu):SRZ, where § does not depend on this
position and is equal to twice the potential energy of the constraint developing the basis
reaction —r. In this case, as we see, the numerical value of the reaction is equal to
R=(r,u)/&. In the case of a point elastic support, & is equal to the work of a unit force on
the displacement of the support caused by it, i.e. this displacement itself, which is called the

flexibility of the support. Therefore, for a generalized constraint, we will call the value &
generalized flexibility and consider it as a characteristic of the stiffness of the constraint.

1.5. Influence of constraint on critical forces. The configuration y of the system S®
formed from S by the imposition of one constraint, at buckling, can be defined as the result

of the action of a reactive load R =—Rr, considered as external one, on the system S released
from the constraint. According to (2)

—(C-PN)y+R=0 = (C-PN)y+Rr=0, R=(r,y)/5. (12)

The solution of this equation is sought in the form of a generalized expansion (9) by the
eigenforms of thesystem S, whose substitution into (12) gives

R(r,vj) b __R(r,wj). (13)

i V)T
P, —P C;

The presence of forms u,,...,u, in the expansion leads to the need to fulfill the relations
R(r, u; ): 0.

If for at least one | (r,uj);t 0, there must be R=(r,y)/8 =0whence, on the basis of
(12), follows (C-PN)y=0,i.e. y coincides with one of the BMs of system S, and P=P,
is the corresponding CRF.In this case, in expansion (9), the coefficients g; must satisfy the

k
condition Zgj(r,uj):o. This implies that the spectra of S® and S coincide and the
1
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multiplicity of P, in the spectrum of S® is one less than its multiplicity in S (due to the
reduction in the dimension of the set of special forms u;).

Thus, the appearance in the spectrum of the system S® of a CRF P that does not
coincide with any of the CRFs of the system S is possible only at R=(r,y)/§ #0, which

requires that for all j, j=1,...,k, (r,uj):O.In this case, each of the functions u,,...,u,
satisfies equation (12) for any P and in expansion (9) the coefficients g; can be arbitrary,

and P is not less than (k +1) -multiple CRF of the system S, which, together with y, also
k

corresponds to the forms ijZgjuj for arbitrary g;. If, in addition to the conditions
1

(r, uj): 0, the equality (r,y) =0 is satisfied, P coincides with one of the CRFsof S, and y

is one of the forms of the system S corresponding to it.
The value P is determined by the following equation of critical forces, which is obtained
from the equality R=(r,y)/o if expansion (9) is substituted into it, taking into account

relations (13), orthogonality (Cvi,wj): (ij,vi): 0, and the accepted normalization of
(o, f &l
J
+
P—-P le

]

.
(—r,R‘ly)+8:0 =3 CJ)2+5=0, (14)
j
where (— r, R’ly) is the work of the basis reaction —r on the displacement (9) of the system
S caused by it.
This equality defines the CRFs of S® that were not in the spectrum of S . As we see, for
the existence of such CRFs, it is necessary that at least for one of the BMs v, (r,vj)be

different from zero. We repeat that (14) is valid only at (r,uj):O forall j, j=1... k. If
U =V W =0, this requirement is omitted.

If P, determined from (14), does not coincide with any of the CRFs P, of the system S,
then exactly one non-special form y, determined from (9) and (13), corresponds to it up to a

K
term of the form Zgjuj. Otherwise, from two linearly independent non-special BMs
1

satisfying equation (12), one could compose a linear combination satisfying homogeneous
equation (3). Therefore, if the multiplicity of P in the spectrum of S is greater than (k +1),
P must be one of the CRFs P, of the system S, which corresponds to a non-special BM,

k
different from ) g,u; . In this case, the equality (r,»,)=0 must hold, because only in this
1

case P can be the root of equation (14).

If the positions of the points in the undeformed configuration of the system under
consideration are determined by the coordinate x, we can assume that y=y(M) = y(x). We
assume that the displacements of the points of all rod elements are perpendicular to the
undeformed rectilinear axis of each element, parallel to each other, as well as to the forces of
all considered loadings ¢,r. If r represents a concentrated force equal to one, applied at a
point with coordinate s, then the work (r,y) is numerically equal to the displacement y(s)
of this point, provided that the direction of this unit force coincides with the accepted
direction of positive displacements. In this case, (14) can be rewritten as
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r(s,5P)+5=0 = Zz’?(?)+z )50, (15)
P 1 c

]

where I'(s,s, P) is the deflection at a point s of the system S, compressed by the force P,
caused by a unit concentrated transverse force applied at that point.

Moreover, the equalities (r, uj): 0 mean that u,(s)=0 for all j, ie, s is the
generalized node of all special forms wu,,...,u, . This will be the case, for example, if the
system S contains a continuous rod, longitudinally compressed along the entire length or part
of it and supported in one or more of its cross sections on an elastic or rigid point support. In
this case, in any of the forms u,,...,u, , if they exist, u;(x)=0 on this rod. If U =V W =0,
no restrictions are imposed on the positions of the support in (15).

Equation (15) allows us to get a number of general conclusions regarding the effect of

the introduction of constraint on the spectrum of CRS. To this purpose, we represent the
solution of equation (15) graphically.

r

N

T I
| I
| I
| I
L

[

Let us focus only on the CRFs, which correspond to non-special BMs v ;. We divide the

spectrum of the system S into two parts. In one we will include changeable CRFs (CCRFs)
P, , each of which corresponds to at least one BM, not orthogonal to the constraint, for which

(r,vj)¢o. The second includes unchangeable CRFs (UCRFs), which, together with the

corresponding BMs, do not change after the introduction of constraint and are present in full
in the spectrum of the system S®. For them (r,vj):O.The condition (r,vj);t 0 means that

CCREFs are poles of I'(s,s,P) as a function of P and on the graph (Fig. 1) they correspond to
infinite discontinuities. If the CCRFs in the spectrum of the system S had multiplicity r, then
in the spectrum of S® its multiplicity is equal to r —1, since r linearly independent BMs v,

can be combined into r —1 linearly independent combinations orthogonal to r.

The spectrum of the system S® contains all multiple CCRFs of the system S with a
multiplicity one less than their multiplicity in S, all UCRFs of the system S with the same
multiplicity as in S and, finally, all the roots of equation (15) (among which there cannot be
CCREFs, but there may be UCRFs). Thus, the spectrum of the system S®is formed from the
spectrum of S by decreasing the multiplicity of each CCRF by one and joining all the roots of

equation (15). The number of CRFs of the system S® (calculated by their multiplicity)
falling on a certain segment of the numerical axis is equal to the number of CRFs of the

Fig. 1. Graphical representation of the solution of equation (15). "' =TI(s,s, P)
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system S on this segment minus the number of poles and plus the number of roots of the
function I'(s,s,P)+0o. Let us denote n(<P) the number of CRFs in the spectrum of the

system S strictly less than P ; n®(< P) is the number of CRFs in the spectrum of the system

S strictly less than P .

The entire numerical axis P can be divided into three subsets. The first contains
segments from zero to the first pole of I'(s,s,P) and from the roots of equation (15) to the
nearest pole on the right, but does not include the ends of these segments. On them
I'(s,s,P)+06>0. The second consists of poles of I'(s,s,P). The third contains segments
from the poles to the nearest right root of equation (15) and includes these roots. On them
I'(s,s,P)+0<0. It can be seen from the graph that for any P of the first and second subsets,

the equality n®(<P)=n(<P) holds. On the third subset n®(<P)=n(<P)—-1. The first

subset can contain only UCRFs belonging to the spectra of systems S and S® with the same

multiplicity, for which the equalities P, = P® = P, =P <P, , hold. The second contains all

the CCRFs of the system S, taking into account their multiplicity, and the CRFs of the
system S® equal to them with a multiplicity one less.They satisfy the relations
P,=P®=pP,,, if P,=P,, is a multiple CCRF, and =P, <PY <P, if P, is a simple

j+1 j+1
CCRF.The third one contains the CRFs belonging to both systems with the same multiplicity,
but with a changed numbering, so Pj‘l) =P,=>P < P() P..,. In addition to them, the third

j+l j+H

j+l

subset includes all the roots of equation (15). These roots Pj(l) satisfy the relation
P.<PY <P,

j+1-°

Thus, in all cases CRFs of system S® satisfy the well-known estimates [15]

P <PP <P,

j+11

(16)

that establish the boundaries of their change due to the imposition of the constraint. From

them, in particular, it follows that the CRF of the system S® cannot exceed the next by
number CRF of the system S . When studying the conditions for the maximum increase of the
CRF, the following statements, which follow from the previous considerations, are useful.

A. If at least one of the BMs of the system S corresponding to CRF P., is not

j+l

orthogonal to the constraint, strict inequality Pj(l) <P, is satisfied.

j+l

B. For the maximum increase of the j-th CRF, P =P, ,, it is necessary that the

constraint be orthogonal to each BM corresponding to the (j+1) -th CRF of the system S .
The above arguments and conclusions are of a general nature and remain valid if we

substitute (— r, R’ly) instead of I'(s,s, P) in them and consider equation (14) instead of (15).
1.6. Changing of the CRF when moving the constraint. Relation (15) makes it possible to

trace the change of the critical force P of the system S® when the position s of the
introduced support changes. Let us differentiate (15) with respect to s

3 2% ](s)v ©) |5 9O [P 5 wOw) o (17)

(P _P)2 & 4 ¥

At buckling of the system S® in form vy, its point, which has the coordinate x,
according to (9) receives displacement
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Y=Y 0,00+ 33by10,00+ Lo, (0.

In those areas where u;(x) =0, this displacement and the slope y'(x) of the section x,
taking into account (13), are equal, respectively

y(x):dszjwj(x)@ajv,.(x):_p{dj G, (1) 3 ) vj(x)]

1

d-k 70

y(=-R 2 é_(S)w'j (X)+2 U_jES) v (X)}

and on a supportin s

-4 £ 500y S - £ 2 )]

As well

Rz(r,vj)?‘ v%(s)
_p

(Ny.y)=(NY a2, Y ap;)=3a) ZZTP.—FZRZZW' (19)

This allows us to rewrite (17) as
(Ny.y) P _,y(s) _g

R? s R ’
whence
P _LRE) (20)
os  (Ny,y)

The form y is determined up to a constant factor, which can be chosen so that the
equality (Ny, y) =2 holds. Then (20) takes the form
oP

, oP ,
— =RY(8) & —=cy(6)Y (), (21)

where ¢ =1/3 is the stiffness coefficient of the introduced support.

Result (21) was known and used earlier for a more bounded class of rod systems [7-12].
Generally speaking, it is not valid if the critical force P is a multiple, since in this case
the corresponding BM y(x) and its derivative y'(x) are not uniquely defined.

Relation (21) represents the derivative of that CRF, which is the root of equation (15). As
noted, the system S can also have CRFs equal to some critical forces of the system S,
provided that the movable support falls in the node s, of the corresponding BM of rod S, i.e.

P, at v,(s,)=0 (don’t confuse k and dimU). For them, relation (21) is also valid if P, is

not a root of equation (15). In this case, relation (17) is not valid, because when the coordinate
s changes, not only the root changes, but also the form of the equation of CRFs (see (15))

5 v%(s) . e () +d*k w; (s) .
=k Pj -P Pk -P T c

]

5=0. (22)

It follows from it
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Vi (s) F&)%(q/r {lzﬁ®+wﬁ@+&

P-PR S-S5 S-S5 = PP T ¢

Passing to the limit at s — s, we get the equality

20, (8,) 2, (s % ( ¢

20(%) 01 (%) _ Z Z +5 I'(s,s,P)+5=0,
P,(SO) j=k P P 1 i

where the prime denotes the derivative with respect to s. It follows from it that P'(s,) =0, in

accordance with equality (21), which thus shows that the optimal positions of the movable
support should be sought among those points of the system at which the displacement y(x) or

slope y'(x) vanishes.

The multiplicity of the CRF in the system S® arises, in particular, when equation (15)
has a root equal to one of the CRFs P, of the system S. As stated above, in this case the
support must be in the node s, of BM wv,. Subtracting (15) from (22) and dividing by
(R, - P), we get

o) 1 {va(s)_zvf(so)} 1 {gwﬂs)wf-(so)}

(R-P)} R-P|fZP-P &P -P | R-P c,

[ 6] s [yio-dis)) |

"R-P|&P-P P-R “

1 |&w; (S)_wj (So)
=p F

C;

() gy ws) {{Z 1) ”2(5(’)}{%@”’?(5)?’%(5“)}. (23)

(P.-P) de—PXH—P) P-P|| = T j

When the support is moved from s; to s, instead of a multiple CRF P, , two different
CRFs PY=pR, and RY, =P, P, >R, >R, appear (see Fig. 2), which correspond to BM vy,
and vy, ,, satisfying the orthogonality condition taking into account (13)

) ’(s) ~ v%(9) v; (s) _
(i Vi) —Z(Pj —R)(P,-P) _;(pj -R)(P, _pa)+(F’k -R)(R-P) 0,

whence

vlf (S) — _Z U? (S) ) (24)
(R-R)(R-P) =(P,-R)(P-P)
When s—s,, P, and P, tend to P, v,f(s)/(s—so)2 — 02 (s,), the first term on the
right side of (23), taking into account (24), has a limit equal to —vf(so)/Pb’Pa' , where P, and
P, are the one-sided derivatives with respectto s of B, and P, , respectively, equal to
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Pa—llmp i P'_ImP P
$S—>Sy § — S S—>Sy § — S

From (24), taking into account (19), the relation follows

% (8%) _ 5 _Y(%) __(\Ny.y) (25)

RF i (P - Pk)2 R?

where vy is that of the BMs of the system S® at the location of the support at the node of the
BM v, corresponding to the CRS P, , in the expansion of which (9) due to (13) there is no
term a, v, . It means that (Ny,v, )=0.

The sum in (25) is equal to the derivative with respect to P of the deflection of the
system S® on the support placed at the node of the BM v.,at P=PR and R=1. Itis equal

to the tangent of the slope of the graph in Fig. 1 at P =R and without discontinuity (see
dashed line), i.e. at s =s,.

Substituting P =P, into (23) and passing to the limit at s —s,, we obtain, taking into
account (25) and (18),

ULZ(SO):_ULZ(SO)_ZV'(SO). (26)
P RP RP,
From (25) and (26) we obtain the equalities
' RZ 12
Pbr+Pa¢=2Ry (SO), P’P'I— Z)k (SO)’ (27)

(Nvy) """ (Nyy)

which make it possible to determine B’ and P,. They replace relation (20) in the case of a
multiple CRF P when it loses its meaning due to the non-uniqueness of y. We repeat that in
relations (27) one should use the form y orthogonal to all BMs v, of the system S

corresponding to P, (Ny,»,)=0. They take the simplest form if we accept the
normalization condition (Ny,y)=1. In this case, B, and P, are defined by the expressions

[ Jr\/y’2 )+ v 0)} :

Remark. The reasoning and conclusions made above regarding the CRFs of the system S
equal to or different from the roots of equation (15) remain valid even in the case of their
multiplicity in the system S. In this case, in all relations, starting from (22), one should write
D vi(s) instead of vf(s) and > vi%(s) instead of v(s), where the sums apply to all BMs
corresponding to a multiple CRF.

The next section demonstrates applications of some of the results obtained.

2. Maximum increase of the stability of an elastically supported two-span rod.

Further, as a system S, we consider an elastic rectilinear rod with a length equal to ¢, of an
arbitrary variable cross-section, freely supported at the ends on elastic supports with stiffness
coefficients ¢, and c, accordingly, compressed by a longitudinal force constant along the

length (Fig. 2 a).
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Fig. 2. Rods OL(c,,c,) (a), OL®(s,c,,c,) (b) and semi-curved BM (c)

We are looking for such an optimal position of the intermediate rigid hinged support, at
which the CRF of the rod reinforced with the intermediate support (Fig. 2 b) reaches its

maximum value By, .

The following notations are used:

OL(c,,c,) — rectilinear elastic rod, the ends O and L of which are hinged on elastic
supports with stiffness coefficients c, and c, respectively (Fig. 2 a);

GH(c,c,) — a rod formed from OL(c,c,) by removing segments OG and HL
respectively from the left and right, and supported as OL(cl,cz);

GH®Y(s,c,,c,) —arod formed from GH (c,,c,) by introducing an additional absolutely
rigid hinged support at a distance s from the left end;

GH{(s,c,c,) — a rod formed from GH®(s,c,c,) by introducing a cut on an
intermediate support.

P.[*] - j-th CRF of rod *.

In [8], the problem posed was solved for the particular case ¢, =o. In this case, the
desired optimal position and the corresponding BM depend on the value c, of the rigidity of

the elastic support, and for some of its values, the maximum of CRF is realized at a special
semi-curved BM, in which part of the rod remains straight and horizontal (Fig. 2 c). The
conjugation point B of the horizontal and curved sections is determined by the equalities

c,-BL =c,({—b)=R[BL(0,%)], Pyax =C,({—b). (28)

Since an undeformed section remains to the left of the conjugation point when buckling
along a semi-curved shape, it is possible to install or remove an arbitrary number of
constraints on it that do not change this shape. The decrease of the rigidity of the left support
from to is just such a removal, retaining the semi-curved BM and corresponding to it CRF,
but possibly changing (increasing by 1) its number in the spectrum.

We designate A — the node of the 2nd BM of the rod OL(o0,0), supported at the ends on

absolutely rigid supports, located at a distance a =OA from the left support.
The spectrum of CRFs and the corresponding BMs of the rod OL(cl,cz) contains all
CRFs R, P,, ... and BMs of the rod OL(x,) supported at the ends on absolutely rigid

supports, and, in addition to them, one special CRF P*, which corresponds to a rectilinear
BM with a node A" located at a distance a* from the left support, at that

P* =L, a’ = Gt ) (29)
]7/C1 +]7/C2 Cl + C2
These relations, as well as their inversion
¢, =P*/a*, c,=P*/t-a", (30)
S. Bekshaev
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allow us to consider P* and a* as parameters that characterize the elastic fixing of the rod as
fully as the coefficients ¢, and c,, and in the mathematical sense are a change of variables.

Let’s agree to be located so that the node A" of a special (rectilinear) BM is located not
to the right of A, i.e., so that a" <a is always satisfied.
We introduce the notation

*

.

,— Pu 2Py (31)

When looking for R, , we consider the following cases.

Case 1. P* > P, . Let’s place an intermediate support in the node A and consider the rod
OLY (a,c,,c,). Its spectrum consists of the spectra of its two parts OA(c,,) and AL(,c,),
each of which contains a force P, and one special CRF c,a and c,({—a), in addition

ca>ca =P">PB, >P, (32)
(—-a P,

c,({—a)=P" =P*2>P, 33

(f-a) =P =P >R (33)

i.e. both special CRFs are greater than P,, whence it follows that after the imposition of a
constraint that eliminates the cut, the force P, (which was 2-multiple and main in the
spectrum of the rod OL{’(a,c,c,)) will remain CRF of the rod OL"(a,c,c,), i.e.
PY =P, =P, (by virtue of (16)) when placing the support in the node A of the second
BM of the rod OL(oo,oo). Other positions of the support (other than A) are not nodes of the
second BM of the rod OL(c,,c,) and, by virtue of statement A (Sec. 1.5), cannot provide the
maximum critical force P, .

Case 2. P* =P, . Inequality (32) remains valid, i.e. ca>P*>P,, and in (33) the sign
“>” changes to “=". P, remains the main CRF of the cut rod OLy’(a,c,,c,), and at least 3-

multiple. After the cut is eliminated, it will be at least 2-multiple the main CRF in the
spectrum of the rod OL® (a,c,,c,), i.e. the optimal location of the intermediate support is the

same as in case 1, and P, =P, .

Case 3. B <P* <R, . The left inequality means that ¢,/ >c, (ﬁ—a*) =P* > B. The right
one leads to c,(¢(-a")<P,(¢(-a"/t-a)=>c,<P,/(¢-a). Both inequalities lead to the
conclusion that there is a unique solution to the equation

c,((—x)=R [XL(oo, oo)] : (34)

where X is the cross-section of the rod at a distance x=0X from its left end. This can be
seen from the fact that in (34) the left side increases, and the right side decreases at x
decreasing, i.e. when moving the cross-section X to the left. This solution x =b satisfies the
inequality O<b<a. It was established in [8] that when an intermediate support is installed in
a position B at a distance b from the left support, there is a semi-curved BM (Fig. 2 c),
which corresponds to CRF P, equal to

P, =c,-BL =c,({-Db) = Pl[BL(oo, oo)] < Pl[AL(oo,oo)] =P,. (35)
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This BM has a zero slope on the support B, which is a necessary condition for the
extremum of the corresponding CRF (see (21)). It was proved in [8] that for other positions of
the intermediate support, the slope of the main BM on the support cannot be zero. Since

P, =PR,[BL(x,0)] is the CRF of the rod, shorter than OL(c0,0), the inequality
P, >P, =R [OL(x,)] is fulfilled, from which the estimates P, >PR[OL(c,x)] and
P, > P,[OL(,c,)] follow, whence it follows that P, cannot be the minimum of the main
CRF of the rod OL"(s,c,,c,) as a function of the position s of the intermediate support. In
addition to B, the node A" of the rectilinear BM of the rod OL(c,,c,) also satisfies the
extremum condition for Pl[OL‘l)(s,cl,cz)] since when the support is placed in A", its

reaction at buckling in this BM is zero. Depending on the relative position of the sections A*
and B, the following relations hold:

b>a"=P, =c,({-b)<c,({—a") = P, <P" = P, is the main CRF of OL"(b,c;,c,), (36)
b=a"=P, =c,({-b)=c,({—a") = P, = P" is the main multiple CRF of OL”(b,c,,c,),(37)
b<a'=P, =c,({-b)>c,({-a") = P, >P* = P, is not the main CRF of OL® (b,c,,c,).(38)

In combination with conditions B, <P, <P,, relations (36) show that when the point B

of conjugation of the semi-curved BM is located between A and A" this point provides the
maximum CRF equal to Py, =P;.

If B and A" coincide, according to (37) and (35) P* =P, <P, and there are two linearly
independent BMs — semi-curved and rectilinear, corresponding to CRF equal to
PMAX = PB =P".

If B is to the left of A", then, as can be seen from (38), P, will be greater than P",
which is the second in the spectrum of OL(c,,c,). Therefore, P, cannot be the main CRF in
OL®(s,c,,C,) . Let’s place a support in A* and consider a cut rod OLY(a*,c,,c,). Its left
segment OA" is shorter than OA. Therefore, Pl[OA* (o0, oo)] > B, [OA(c0,0) | =P, > P, > P".
The right segment AL is shorter than BL, whence B[ A'L(e0,) |> R[BL(%0,0)]=P;.
Thus, the cut rod OL(a*,c,,c,) has a 2-multiple main CRF equal to P*, which corresponds
to two BMs, with inclined straight sections OA™ and AL . After eliminating the cut in A*, a
rod OL®(a",c,c,) is formed with the main CRF equal to P". Since it was second in the

spectrum of OL(c,c,), P, =P". There can be no other optimal positions of the

intermediate support, since the necessary condition (21) of the extremum of CRF is not
satisfied anywhere else.

Case 4. P"=P. CRF P* =P, is 2-multiple in the spectrum of rod OL(c,,c,) and, by
virtue of (16), after the introduction of a support at any point s of the rod, CRF of rod
oL (s,c,,c,) is equal to P,y =R® =P =P*. The corresponding BM is a linear
combination of the BM v,(x) of rod OL(o0,0) and the rectilinear BM of rod OL(c,,c,) and
can be expressed explicitly up to a constant factor

y(x) =(s—a")v,(x) — v (s)(x—a"). (39)
Case 5. (P,/2)<P" <P,. Due to (16), the desired maximum B, <P,. The condition
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P* >(PR,/2) implies the inequality

toLl.rtoz (40)
Po ¢l ¢t R

from which it follows that at least one of the numbers c,(, c,¢ is greater than or equal to P,.
These numbers are the special CRFs of rods OL(c,») and OL(w,c,) formed from

OL(c,,c,) by setting a rigid support in L and O, respectively. The spectrum of each of them
consists of the spectrum of the rod OL(o0,o0) and one of the special CRFs, which corresponds
to a rectilinear BM. The optimal position of the movable support is that of the two points L
and O, which provides the value of the special CRF greater than or equal to B, or both of
these points, if each of the numbers c ¢, c,( is not less than P,. In this case, B, =P, is
reached, which corresponds to the main BM of the rod OL(e,%0) (and, possibly, a special
one, if one of the numbers c,¢, c,( is equal to P,). There are no other optimal positions,
because other positions are not nodes of this BM.

Case 6. P"<(PR,/2). If one of the numbers c.(,c,( exceeds or equals P, all the

conclusions of case 5 remain valid, in particular, B,,,, =P when installing a support at one
of the ends of the rod. Otherwise, consider a cut rod OLY(s,c,,c,) with an arbitrary location
of the intermediate support at a distance s from the support O. It has two CRFs c¢;s and

C, (¢ —s), which correspond to special BMs, in which one of the segments to the right or left

of the support rotates, remaining straight. Each of these CRFs, due to the inequalities
Cs<cl, c,({—s)<c,l is less than the largest of the numbers c,(, c,(, less than P,. The

remaining CRFs are CRFs of rods that are shorter than OL(0,0), and therefore they exceed
P. Thus, ¢;s and c,(¢—s) are the lowest CRFs in the spectrum of the rod OLY(s,c,,c,) .
After the cut is eliminated, a rod OL®(s,c,,c,) is formed whose main CRF does not exceed
the value of the highest of the numbers ¢ s<c,(, c,({—s) <c,(. At the same time, the values
c,( and c,( realise when the support is installed at the right and left ends of the rod,
respectively. Thus, in the considered case P, =max{c/,c,(}, and the optimal position of
the support is the right end L of the rod, if ¢, >c,, the leftend O, if ¢, >c,, and any of them,
if ¢, =c,.

5 RESEARCH RESULTS DISCUSSION

The presented results make it possible to study the stability of a wide class of rod
systems, including mechanisms. They show that even with such an extended approach,
against the background of a multiplicity of equilibrium positions, one can speak of a discrete
spectrum of critical forces and buckling modes in the traditional sense, which makes it
possible to apply the expansion of system configurations by these modes. Note that the
introduction of a constraint significantly changes the critical forces and buckling modes only
if the constraint is orthogonal to all special forms. In the case of a constraint in the form of a
concentrated hinge support, this orthogonality can only be ensured when it is installed in
some parts of the system. In most cases, in practice, there are systems that do not have special
forms. For them, the results of the work can be applied without limitations.
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6 CONCLUSIONS

In the work, the influence of the introduction of a constraint on the stability of rod
systems is studied. The study made it possible to draw a number of qualitative conclusions
regarding the results of such reinforcement. Based on them, simple qualitative features of
optimal locations for imposed constraint are formulated that provide the maximum critical
force of the enhanced system. This makes it possible in many cases to determine these
positions practically without calculations, which is demonstrated by the example of a rod
hinged at the ends on elastic supports and reinforced with an intermediate hinged support.
Note that for certain values of the stiffness coefficients of the end supports, the optimal rod
buckles at loss of stability in a special semi-curved mode, in which one of the spans remains
straight. Although special attention is paid to the constraint in the form of a concentrated
hinge support, the results obtained allow us to consider generalized constraints with an
arbitrary spatial distribution of reactive forces. Corresponding generalizations will be the
subject of further research.
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