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OPTIMIZATION OF CALCULATIONS OF BUILDING
STRUCTURES

l. Medved®, Yu. Otrosh? N. Rashkevich? A. Kondratiev®
"Volodymyr Dahl East Ukrainian National University

“National University of Civil Defence of Ukraine

%0.M. Beketov National University of Urban Economy in Kharkiv

Abstract. Building structures are very diverse in their shapes, sizes, loading conditions, etc.
Their durability depends on many factors, including how accurately the design scheme reflects the
actual conditions of its operation. Because no matter how precise and complex calculation methods are
used, if an incorrect calculation scheme is calculated, then the results of such calculations will not
reflect the true picture. Therefore, the problem of optimization of design schemes is of great scientific
and practical importance. Optimization parameters depend on specific conditions. One of the existing
approaches for finding optimal solutions is based on mathematical modeling, when the model is an
analytical dependence of the objective function on dependent (controlled) variables, the numerical
values and range of which are set based on the actual operating conditions of this structure. The
compilation of such models and the performance of appropriate calculations require a deep
understanding of the essence of the phenomenon and knowledge of the mathematical apparatus. Of the
existing methods, the most common and developed is linear programming, when the model is a linear
function and the variables in the constraint system are also linear. The idea of the method is
technically implemented in the add-in "Search for a solution" for Microsoft Excel. With its help, you
can find the optimal (maximum or minimum) numerical value of the objective function contained in
one cell, taking into account restrictions on the values of dependent variables in other cells. Most
often, this superstructure is used in solving optimization problems of the economy (simplex method,
transport problem, etc.). In the public domain, there are very few results of using this approach in the
calculations of building structures at the initial design stage. In the proposed work, an attempt was
made to use this add-on in the problem of optimizing the geometric dimensions of a structure, when
the numerical value of the bending moment in a particular section was chosen as the optimization
criterion. It is appropriate to solve such a problem at the stage of drawing up the design scheme of the
structure.

Keywords: calculation scheme, line of influence, search for solutions.

OINITUMIBAIIISL PO3PAXYHKIB BYJIIBEJIBbHUX
KOHCTPYKIIA

Menagins 1. I.l, OTtpoun 1O. A.2, PamkeBuu H. B.Z, Konapartbes A. B.}

L Cxionoykpaincuruii nayionansnuil ynicepcumem iveni Bonooumupa Jans
’Hayionanshuii VHIgepcumem YyusiibHo20 3axucmy Ykpainu

sXapKiechuﬁ HayioHanebHull yHigepcumem micbkozo cocnooapcmaa imeni O.M. Bexemosa

AHoTanisa. byniBenbHi KOHCTpYKLii pi3HOMaHITHI 3a (opMor, po3MipamH, YMOBaMH
HABAHTAXKEHHS TONIO. IX JOBrOBIUHICTH 3al€KUTh Bif 6arathox (akTopiB, y TOMy YHCIi Bif TOTO,
HACKIUILKHA TOYHO IPOEKTHA CXeMa BiJloOpakae pealibHi YMOBH ii ekcruryaranii. IkuMu 6 TOYHUMH i
CKJIaJHUMU METOJaMH PO3PaxyHKY HE KOPHCTYBAJHCs, SKIIO Oyne HEBIpHA cXema PO3PaxyHKY, TO
pe3ylbTaTH TaKWX PO3PAaxyHKIB HE BiZOOpaKaTUMYTh CIPaBXKHBOI KapTuHH. Tomy mnpobiema
OTTUMI3allii TPOEKTHUX CXEM Ma€ BEJIHMKE HAyKOBE Ta MpakTHYHe 3HaueHHs. [lapameTpu onmrumiszaiii
3aJexaTh BiJ KOHKpeTHHMX yMoB. OIWH 13 iCHYIOYMX MiAXOIIB J0 TMOIIYKY ONTHUMAaJbHHUX PILIEHBb
0a3yeTbcs HA MAaTEeMaTUYHOMY MOZEJIOBaHHI, KOJIM MOZENb SIBJISE€ COOOI0 aHANITHYHY 3aJICKHICTh
iIb0BOT  (yHKINT Bif 3aleKHUX (KEpPOBAaHMX) 3MIHHMX, YHCJIOBI 3HAYCHHS Ta Jiama3oH SKUX

I. Medved, Yu. Otrosh, N. Rashkevic, A. Kondratiev
6 https://doi.org/10.31650/2618-0650-2023-5-1-6-13
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3aJaI0TbCSl BUXOAAYM 3 PEIbHUX YMOB po0OoTH AaHoi cTpykTypu. CKiajaHHS TakKMX MOAeEJeH Ta
BUKOHAHHS BIAMOBITHUX PO3PaxyHKiB BUMAararoTh TITMOOKOTO PO3YMIHHS CYTHOCTI SIBHINA ¥ 3HAHHS
MaTemMatnyHoOro amapary. Cepel iCHYIOUMX METOMIB HAWOUTBIN TMOIIMPEHWM Ta PO3POOICHUM €
JiHiIHE MpOTrpaMyBaHHS, KOJIW MOJENb € JiHIHHOI (YHKIIEI0, 3MiHHI B CHCTEMi OOMEXKEHb Tex
miHiiHI. [nes MeToxy TexHiuHO peanizoBana B HanOynoBi «llomyk pimenss» mis Microsoft Excel. 3a
HOTO0 IOIOMOTOI0 MOXKHA 3HAWTH ONTHUMAalbHE (MakcHMaibHe ab0 MiHIMaJIbHE) YHCIIOBE 3HAYCHHS
LiMBbOBOI (YHKIII, 10 MICTUTHCS B OJHIM KIITHHII, 3 ypaxyBaHHAM OOMEXCHb 3HAUCHb 3aJIeKHHX
3MIHHUX B iHIIMX KmiTHHKax. Haifuacrime us HagOynoBa BHKOPHCTOBYETBHCS MiJ 4Yac BUPILICHHS
3a1a4 ONTHUMIi3amii eKOHOMIKH (CHMILIEKCHHUI METOJ, TPAHCIIOPTHA 3a/ada ToIIo0). Y BIAKpUTOMY
JIOCTYT HEIOCTaTHBO PEe3yJIbTATiB BUKOPHCTAHHS IHOTO IIAXOMY JUISI PO3PAaXyHKIB OYIiBEIbHHUX
KOHCTPYKIil Ha TMOYAaTKOBOMY €Tali MpPOCKTYBaHHA. Y 3allponoHOBaHili poOoTi Oyna 3poGieHa
crpoba BUKOPUCTATH IF0 HAAOYMOBY IS 3a7adi ONTUMI3allii TeOMETPHYHUX PO3MIpiB KOHCTPYKIIIi,
KOJIM KPUTEPiEM ONTHMI3alii Oyio oOpaHO YMCIIOBE 3HAYEHHS 3TMHAIBHOTO MOMEHTY B KOHKPETHOMY
nepepisi. BupinryBaTtu Taky 3ajady IOUIJIBHO Ha €Tarli CKJIaJaHHs PO3PaxyHKOBOI CXEMH CIOPY/AH.

Kiro4oBi ciioBa: po3paxyHKoBa cxeMa, JiHisl BIUIUBY, MOIIYK PillleHb.

I. Medved, Yu. Otrosh, N. Rashkevic, A. Kondratiev
https://doi.org/10.31650/2618-0650-2023-5-1-6-13 7
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1 INTRODUCTION

The reliability and durability of building structures depends on many factors: geometric
dimensions, materials used, acting external loads and their combinations, etc. In this regard,
appropriate calculations are performed at the design stage.

In the field of the theory of calculation of building structures, there is a constant
refinement of their actual work, i.e. such design schemes are created that most accurately
correspond to the actual operating conditions. Therefore, the solution of the problem of
optimization of design schemes is of great scientific and practical importance.

One of the existing approaches to finding optimal solutions is considered in the course
"Operations Research™ [1]. The goal is a quantitative substantiation of the decisions made,
and the effectiveness of the operation is estimated by the numerical value of the objective
function.

Among the models used, first of all, a large class of optimization models should be noted.
In general terms, the optimization problem can be formulated as follows: to find such values
of controlled variables that satisfy the system of inequalities (restrictions) and turn the
objective function into a maximum (or minimum).

Of all the known methods of mathematical programming, the most common and
developed is linear programming [2, 3]. In addition, non-linear objective functions can be
successfully used.

2 ANALYSIS OF PUBLICATIONS

Mathematical programming methods and the add-in "Search for a solution™ are usually
used to solve problems in economics, management, and logistics. In the public domain, there
are very few results of using this approach in the calculations of building structures at the
initial design stage. [4, 5, 6].

3 MATERIALS AND METHODS

This article attempts to show the possibility and expediency of using the methods of
mathematical programming and the "Search for Solutions™ add-on at the stage of choosing the
optimal geometric parameters of design schemes for building structures.

4 RESEARCH RESULTS

Based on the results obtained in [6], we will show how to optimize the main geometric
parameters of the design scheme.

Let us take, for example, the linear dimensions of the structure a, b, ¢ as controlled
variables.

I. Medved, Yu. Otrosh, N. Rashkevic, A. Kondratiev
8 https://doi.org/10.31650/2618-0650-2023-5-1-6-13
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Fig. 1. Calculation scheme and line of influence of the bending moment

Of the proposed loading options (Fig. 2):

q
Option 1 vlv;rillv#lélv

Option 2 ' l l | |
qs

Option 3 l i

qa ]
Option 4 l l

qs

Option 5 v l i

—
Option 6 | | A

P,
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Fig. 2. Structure loading options

choose the one that corresponds to the smallest bending moment in the section "k" [6].

ql q2 q3 q4 q5 Pl P2 P3 P4

Fig. 3. Numerical values of external load

The loading scheme for this case is shown in Fig.4.

I. Medved, Yu. Otrosh, N. Rashkevic, A. Kondratiev
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Fig. 4. Calculation scheme of the beam

Now, using the "Search for Solutions"”, we will determine the numerical values of the
parameters a, b, ¢ of the design scheme (Fig. 4), at which the bending moment in the section
"k" takes on extreme values.

In the course of structural mechanics, a formula is known for determining the numerical
value of the generalized internal force factor F along the corresponding line of influence [7—
10]:

F=>agw+> Py, +> M,tane, 1)

Then the target function will look like:

Mk:ql(W1+W2+W3+W4+W5+W6)+q2(W1+W2)+q5W5+H.y1+P2y2+P3y3' (2)
Let us determine the areas of the corresponding sections and the ordinates of the line of
influence:
b
w2 4)a_%a  laa a  1bb b
2 2 16 224 16 2 24 16
cC ¢
_1bb B wo tee_ ¢ :(2+4j c_ 3¢
‘224 16 224 16 ’ 2 2 16
__¢ __2 _b
S Py Tty

In further calculations, we will assume that the bending moment is positive if it stretches
the lower fibers.

Now we introduce restrictions on the controlled variables a, b, c. Constraints define the
conditions that these variables must satisfy. The type of restrictions is determined by the
conditions of a particular task and the goal to be achieved. It should be noted that Search for
Solutions is very sensitive to restrictions. Let us introduce, for example, the following
restrictions:

a+b+c=7
2<b<3
ax1

c<a.

In this case, the table of parameters for finding solutions to find the maximum bending
moment will look like (Fig. 5).

I. Medved, Yu. Otrosh, N. Rashkevic, A. Kondratiev
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Set Objective: §F$10 *
To: ® Max O Min O value Of: o

By Changing Vanable Cells:

$B§4:5D54 4+

Subject to the Constraints:

$B$4 == 1 Add
$B§4:3D84 »= D

$C44 <= 3

$CHd 2= 2 Change
$D$4 > = §E$4

$Fr$12=7 Delete

Reset All
Load/Save
Make Unconstrained Variables Non-Megative
Select a Solving GRG Monlinear w Options

Methodl;

Salving Method

Select the GRS Monlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-srmoath,

Fig. 4. Solution search options

The calculation results are shown in Fig. 5:

3 a b c
4
P
5 30 20 0 0 30 100 50 150 0
5 WY 0875 [ 1 [ 03625 | 0.5625 | -0.25 -0.5 0.5 0.75 1
7
10 | 1625 | Target function
11
12 athre

Fig. 5. Numerical values of controlled variables and target function

The value of the objective function corresponds to the value of the maximum bending
moment in the section "k" (M, =-16.25 kNm). Since the value is negative, the top fibers of

the cross section will be stretched. If the results of the calculation are presented graphically,
then we obtain the calculation scheme shown in Fig.6.

P3 :1
qs
v 4 91
L1 1 |
4 5 6
Im
« >
e 2m ,

Fig. 6. Calculation scheme corresponding to M

k,max

I. Medved, Yu. Otrosh, N. Rashkevic, A. Kondratiev
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Similarly, the geometric parameters of the design scheme are determined, at which the

bending moment in the section "k" will be minimal (Fig. 7).

P

30 20 0 0 30 100 50 150 0
W¥ | 2625 | 15625 | 025 | 023 |-0.30063 | -0.625 | 0.625 | 03 1.25

)
E -140.469 Target function

Fig. 7. Numerical values of controlled variables and target function

If the results of the calculation are presented graphically, then we get the calculation

scheme shown in Fig. 8.

5

X ¢ l X | h 2 X q1

1 2 3 K 4 5 6
125
1.25m im L 125m)
2.5m P 2m _ 25m

Fig. 8. Calculation scheme corresponding to M

k,min

CONCLUSIONS

Thus, this article shows the possibility and expediency of using the methods of

mathematical programming and the "Search for Solutions™ add-on at the stage of choosing the
optimal geometric parameters of the design schemes of building structures. After the design
design scheme of the structure is optimized, other technical means of calculation can be used
for its further calculation.
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RECOVERING THE SHAPE OF A QUANTUM CATERPILLAR
TREE BY TWO SPECTRA

D. Kaliuzhnyi-Verbovetskyi', V. Pivovarchik®
'South ukrainian national pedagogical university named after K. D. Ushynsky

Abstract: existence of co-spectral (iso-spectral) graphs is a well-known problem of the classical
graph theory. However, co-spectral graphs exist in the theory of quantum graphs also. In other words,
the spectrum of the Sturm-Liouville problem on a metric graph does not determine alone the shape of
the graph. Co-spectral trees also exist if the number of vertices exceeds eight.

We consider two Sturm-Liouville spectral problems on an equilateral metric caterpillar tree with
real L2 (0,]) potentials on the edges. In the first (Neumann) problem we impose standard conditions at
all vertices: Neumann boundary conditions at the pendant vertices and continuity and Kirchhoff’s
conditions at the interior vertices. The second (Dirichlet) problem differs from the first in that in the
second problem we set the Dirichlet condition at the root (one of the pendant vertices of the stalk of
the caterpillar tree, i.e. the central path of it). Using the asymptotics of the eigenvalues of these two
spectra we find the determinant of the normalized Laplacian of the tree and the determinant of the
prime submatrix of the normalized laplacian obtained by deleting the row and the column
corresponding to the root. Expanding the fraction of these determinants into continued fraction we
receive full information on the shape of the tree. In general case this continued fraction is branched.
We prove that in the case of a caterpillar tree the continued fraction does not branch and the spectra of
the Neumann and Dirichlet problems uniquely determine the shape of the tree. A concrete example is
shown. The known pair of co-spectral trees with minimal number (eight) of vertices belongs to the
class of caterpillar trees.

Keywords: metric graph, tree, pendant vertex, interior vertex, edge, caterpillar tree, Sturm-
Liouville equation, potential, eigenvalues, spectrum, Dirichlet boundary condition, Neumann
boundary condition, root, continued fraction, adjacency matrix, prime submatrix, normalized
Laplacian.

BIIHOBJIEHHS ®OPMU KBAHTOBOI'O I'YCEHUYHOTI'O
JAEPEBA 3A JIBOMA CIIEKTPAMUA

Kanro:xunii-BepooBenbknii /1. cl, ITuBoBapuuk B. M.!
1HiedeHHoprai'HCbKud HayioHanvhuli neoazociynuil ynisepcumem im. K. /1. Ywuncoroeo

AHOTaNifA: ICHYBaHHS KOCHEKTpaIbHHUX (130CHEeKTpalibHUX) rpadiB € BIIOMHM y KIaCHYHIN
Teopii rpagiB. Aje KocmekTpaibHi rpadu icHYIOTH 1 y Teopii kBaHTOBHX rpadiB. [Hakme kaxyuw,
omua cnektp 3amadi Itypma-JliyBinns Ha merpuuHOMy Tpadi He BH3HA4a€e OJHO3HAYHO (QOpMy
rpady. KocniekTpaabHi iepeBa TaK0oX ICHYIOTb, SKIIO KIJIbKICTh BEPIIHH IIEPEBHIIYE BICIM.

Mu posrisigaemo aBi cnektpanbHi 3amaui Lltypma-JliyBiist Ha piBHOOIYHOMY METPUYHOMY
nepesi-rycenni 3 giicanmu 2L (0,1) noTenmianamu Ha pebpax. Y nepuiit 3axadi (3agaui Heiimana)
MU 33J]aEMO CTaHJApTHI YMOBH Yy BEpIIMHAX:. YMOBM HeWMaHa Ha BHUCSYMX BEpIIMHAX Ta YMOBH
HeriepepBHOcTi 1 Kipxroda y BHyTpimHix BepmmHax. [pyra 3aga4a (3amaua [lipixie) Biapi3HAE€ThCS
Bil mepmoi TUM, 1O Yy KopeHi (OAHIA 3 BHUCAYMX BEpIIMH CTeONa JAepeBa-TyCEeHHIi, TOOTO
HOTOIIEHTPAILHOTO MapIIPyTy) HaKJIaAeHO yMOBY Jlipixiie. BUKOPHCTOBYIOUH aCUMIITOTHKU BIIACHHX
3Ha4YeHb WX 3aJ1a4, MH 3HAXOJUMO BHM3HAYHHK HOPMOBAHOTO JlaIUlaciaHy JepeBa 1 BHU3HAYHHUK
TOJIOBHOI MiZIMAaTPHUIl HOPMOBAHOTO JIAIUlaciaHy, OTPHUMAHOI BHAAJCHHSM psAKa Ta CTOBMLS, SKi
BIJIMOBITal0OTh KOpeHI0. PoO3BHBarO4YM BiTHONICHHS IMX BU3HAYHHKIB Y JIAHIIOTOBUU Jpid, MU
oTpuMyeMo iH(popMalliro po Gopmy AepeBa. Y 3arajibHOMY BUIIAJIKY LIEH JTaHIFOTOBHIA

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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posraiykyerbcs. MU JOBOAMMO, IO Yy BHUIAJIKY JepeBa-TYCEHUIIl IIeH JAHIIOTOBUI Jpi0 He
posranykyeTbes 1 crektpu 3agad ipixie i Hefimana omHozHauHO BHW3Ha4aloTh (OpMY JIepeBa.
PosrisHyTO KOHKpeTHWI Tpukiaa. Bimoma KocmekTpajdpHa Mmapa JIepeB 3 HaWMEHIIO (JeB’SITh)
KIUTBKICTIO BEPIIMH HAJIEXKUTH CaMe JI0 IePEB-TYCEHHUIIb.

Kawouosi cinoBa: merpuunuii rpad, nepeBo, BHCSYa BEpIIWHA, BHYTPIIIHS BEpIIMHA, peOpo,
nepeBo-rycenuls, pisHsHHs [typma-JliyBins, moTeHmian, BlIacHi 3Ha4€HHs, CIICKTP, KpaiioBa yMOBa
Heiimana, kpaiioBa ymoBa /lipixie, KOpiHb, JaHIFOTOBHH [pi0, MaTpHUIl CYMDKXHOCTI, TOJIOBHA
T IMATPHI, HOPMOBAHHH JIariaciaH.

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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1 INTRODUCTION

The problem of recovering the shape of a combinatorial graph using the eigenvalues of
its adjacency matrix is described in [1] (Chapter 6) where several examples of co-spectral
graphs are shown.

In quantum graph theory, i. e. in the theory of quantum mechanical equations considered
on metric graph domains, the problem of recovering the shape of a graph was stated in [2] and
[3]. It was shown in [3] that if the lengths of the edges are non-commensurate then the
spectrum of the spectral Sturm-Liouville problem on a graph with standard (continuity +
Kirchhoff’s at the interior vertices and the Neumann at the pendant vertices) conditions
uniquely determines the shape of this graph.

In [2], it was shown that in case of commensurate lengths of the edges there exist co-
spectral quantum graphs. But even earlier it was shown in [4] that in quantum graphs theory
an important role is played not by adjacency matrix but by the so-called normalized
Laplacian.

A ‘geometric’ Ambarzumian’s theorem was proved in [5]: it was shown that the
spectrum of the Neumann problem with zero potential on the graph P2, i. e. on a finite
interval, uniquely determines the shape of the graph. In [6] it was shown that if the graph is
simple connected equilateral with the number of vertices less or equal 5 and the potentials on
the edges are real L2 functions then the spectrum of the Sturm-Liouville problem with
standard conditions at the vertices uniquely determines the shape of the graph. For trees the
minimal number of vertices in a co-spectral pair is 9 (see [7] and [8]). If the number of
vertices doesn’t exceed 8 then to find the shape of a tree we need just to find in [6] the
characteristic polynomial corresponding to the given spectrum.

In [9] it was shown how to find the shape of a tree using the two spectra: the spectrum of
the Neumann problem and the spectrum of the Dirichlet problem, i. e. the problem in which
the Dirichlet condition is imposed at the root. This method works even in case of large
number of vertices. If the solution is not unique, we can find all the solutions. In [10] it was
shown how to find the shape of a tree using the S-function of the scattering problem on a tree
which consists of an equilateral compact subtree with a lead attached to it. The potential on
the lead was assumed to be zero identically and therefore the Jost-function can be expressed
via the characteristic functions of the Dirichlet and Neumann problems. Thus, this scattering
inverse problem and the spectral inverse problem by two spectra are closely related.

In present paper we show that in case of a caterpillar tree rooted at a pendant vertex of
the stalk (central path) the spectra of the Dirichlet and Neumann problems uniquely determine
the shape of the tree.

In Section 2 we describe the Neumann spectral problem, i.e. the Sturm-Liouville problem
with standard conditions (continuity + Kirchhoff’s at the interior vertices and Neumann at the
pendant vertices). We describe the Dirichlet problem where we impose the Dirichlet condition
at the root (an arbitrary chosen vertex) keeping standard conditions at all the other vertices.
We also we expose known results which we use in the sequel.

In Section 3 we prove a theorem where the fraction of the characteristic polynomial of
the normalized Laplacian of a caterpillar combinatorial tree and the modified characteristic
polynomial of its certain subgraph obtained by deleting the root and the incident edge is
presented as a branched continuous fraction. We prove that in case of a caterpillar tree this
presentation is unique.

In Section 4 using the result of Section 3 we show the procedure of recovering the shape
of a tree using asymptotics of the spectra of the Neumann and Dirichlet problems.

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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2 STATEMENT OF THE PROBLEM AND AUXILIARY RESULTS

Definition 2.1, [11] A combinatorial caterpillar tree is a tree in which all the vertices are
within distance 1 of a central path (stalk).

An example of a caterpillar tree is presented on Fig. 1.

Let T be a metric equilateral caterpillar graph with p vertices and g = p—1 edges each of
the length I. Let vy >v, —...— v, be the stalk of the graph (the longest path). It means that

the degree d(v,)=d(v,)=1.
®
[ @ L 4 @
[ ]

Fig. 1. An example of caterpillar tree

We choose the vertex v, as the root and direct all the edges away from the root.

Let us describe the Neumann spectral problem on this tree. We consider the Sturm-
Liouville equations on the edges

-yi+a;(x)y; =4y, i=12...9, (1)

where ¢ € L, (0, 1) are real.

If an edge e, is incident with a pendant vertex which is not the root then we impose the
Neumann condition

v (1)=0. @
at the pendant vertex. At each interior vertex we impose the continuity conditions
Y (1)=¥(0), @

for the incoming into v, edge e; and for all e outgoing from v,, and the Kirchhoff’s
conditions

¥ (h)=2.,%(0), (4)
where the sum is taken over all edges e, outgoing from v,. At the root we impose the
Neumann condition:

¥1(0)=0. (5)
The above conditions (continuity +Kirchhoff’s or Neumann) we call standard.

In the sequel, if the potentials are the same on all the edges, we omit the index in q; and

y;. The following theorem adopted for trees can be found as Theorem 5.2 in [6] but it
originates from [4].

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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Theorem 2.1 Let T be a tree with p > 2. Assume that all edges have the same length |

and the same potentials symmetric with respect to the midpoints of the edges
(a(l —x) = q(x)). Then the spectrum of problem (1)—(5) coincides with the set of zeros of the

function
o () =s(NA, D (c(2,1)),

where (z) = (1-2°)"y/(2),
v (z) =det(—zD + A).

Here A is the adjacency matrix of T in which the first row and the first column
correspond to v,,

D :=diag(d(v,),d(v,),....d (Vp*l))!

d(v,) is the degree of the vertex v,, s(\/z,x)and c(\/l_,l)are the solutions of the Sturm-
Liouville equation on the edges satisfying conditions s(\ﬁ,O):s'(\/Z,O)—lzo and
¢(\4,0)-1=c'(/2,0).

Now we consider the Dirichlet problem on the same caterpillar tree. We impose the
Dirichlet condition at vg:

¥,(0)=0 (6)
for the edge incident with v,.

By the Dirichlet problem we mean the problem which consists of equations (1)—(4) and
(6).

Denote by T the tree obtained by removing the root in the tree T together with the

incident edge. Let A be the adjacency matrix of T, i. e. the principal submatrix of A obtained
by deleting the first row and the first column of A, let D be the principal submatrix of D
obtained by deleting the first row and the first column of D.

We consider the polynomial defined by

v (z) =det(—zD+ A).

Theorem 6.4.2 of [12] adapted to the case a tree with the Dirichlet condition at one of the
vertices is as follows
Theorem 2.2 Let T be a tree with at least two edges rooted at a pendant vertex v, . Let the

Dirichlet condition be imposed at the root and the standard conditions at all other vertices.
Assume that all edges have the same length | and the same potentials symmetric with respect
to the midpoints of the edges (q(l—x)=q(x)). Then the spectrum of problem (1)—(4), (6)

coincides with the set of zeros of the characteristic function
25 (1) =y (c(A,1)).
It is clear that

o (4) =det(—c('4,1)D+ A)

is the characteristic function of the Dirichlet problem (1) - (4), (6) on the initial tree T.

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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3 MAIN RESULTS

The following theorem was proved in [9].

Theorem 3.1. Let be an equilateral tree. Then the function z//(z)/z//(z) can be presented

as a branched continued fraction. The coefficients before +z and —z correspond to the degrees
of the vertices. The beginning fragment

of the expansion means that the vertex v, is connected by edges with m, vertices Vv;,v,,...,V,
A fragment

- 1
A e
L R —

k=1 mi'kZ—...

m,*

means that there are there are r vertices of degrees m,m,,...,m each having one incoming
edgeand m —1m,-1...,m —1loutgoing edges.
A fragment

L

z
at the end of a branch of the continued fraction means m edges ending at pendant vertices.

This theorem applied to a caterpillar tree rooted and one of its pendant vertices gives.
Corollary 3.2. Let T be a caterpillar tree rooted at v,, one of the ends of the stalk. Then

the fraction y(z) / w(z) can be presented as

va__,, L , @
w(z) — m-2 1

1 7 m, —2 1
g m _,z— L =

where {1, m,, m,,...,m, ,,1}are the degrees of stalk vertices.

Theorem 3.3. If the fraction y/(z)/x//(z) can be expanded into continued fraction of the
form (7) with integers m. >2 for i=1,2,...,r-1 then there exists a unique tree which is a
caterpillar tree rooted atv, with the degrees of the vertices on the stalk d(v,)=d(v,) =1 and
d(v,)=m. for i=1,2, ..., r-1.

Proof. The coefficient m, is uniquely determined as

=lim zz//_(z)+ 22]1.
" Hw[ V()

Then the coefficient m, is uniquely determined as

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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-1 -1
m, = lim _{{Z!//_(Z)+22J —ml}zz—mﬁz :

o v (2)
we continue this procedure and obtain all m,. On each stage of this procedure we face the
Diophantine equation

m -1
ERRIPE
k= Ny m,,

with respect to integer unknowns n, >1. Since

m, —2<mi—2+ismi—1,
m.

i+1
we conclude that equation possesses a unique up to permutations solution
n=n=.=n.,=1n,,=m,. QED.

Example. Let w(z)=-120z" +269z° -189z° +40z and w(z)=120z° —245z* +1562° —30.
Then

p(@) _ ., 247° -337° +10z . 1
w(2) 120z° - 245z" +1562% —30 5, —802°+1062°-30
247° -337° +10z
Since
3<@<4,
24
we present the fraction as
v __,, P
l//(Z) 52—§— 82" -7z 52_7_—2
z 23z°-33z°+10 z 4, 122°-10
82° -7z
Since
1<E<2
we arrive at
vE 2 3 1 1 ST T3 1 1
o 2 573
z 1 4z°-3 z 1 1
3z——— -~
z 82°-7z Z 5, 1
2
4z7° -3
and finally

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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v@ _ ., . 1 .
v (2) 5z -~ _
7 1 1
32—2— 1
27— 3

Judging by this continued fraction we conclude that if y(z) =-120z" +269z° —1892° + 40z
and w(z) =120z° —245z* +1562° —30 then the corresponding tree is the that of Fig.1.

4 RECOVERING THE SHAPE OF A QUANTUM TREE BY TWO SPECTRA

Now we are ready to recover the shape of a caterpillar tree. Using the asymptotics of the
spectrum of the Neumann problem we can find the function y(z) (up to a constant factor).
Let us show it.

By Theorem 2.1 in case of q;(x)=0for all j, the spectrum of problem (1)-(5) can be

29-1

presented as the union of subsequences {A«},_, = U {ﬂb(ki)}ff’:l with the following asymptotics
i=1

2 = wﬂ}amcoswi fori=2,3,...,p-1, keN,
i(kl) k: —27Iz-k —%al’CCOSamZH fori:p: p+1 L 2p-3’ ke N,
il = ”(kl‘l) for ke N,

where oy =1<a, <...<a,, <a, =1are the zeros of y(z).
By Theorem 5.4 in [13] we obtain that there exists a positive constant C such that
‘ﬂk —Ak‘<C where 4, are eigenvalues of problem (1)-(5) with L,(0,1) potentials on the

edges.
Theorem 4.1. Let T be an equilateral caterpillar tree with p vertices and with real
potentials q;(x) € L,(0,I) on the edges. Then the spectrum of problem (1)-(5) can be
2g9-1 )
presented as the union of subsequences {4 },_, = U {4}, with the following asymptotics
i=1

Jﬂk(" = Mﬂ%amcowcﬁo(a fori=2,3,...,p-1, keN,

k—_>oo I

/ﬂk(i) - ?—%arccoswp%i +O(%) fori=p,pt+l,...,2p-3, ke N,

k—o0

W = M+O(%) for ke N,

k—o0 I
where oy =1<a, <...<a,, <a, =1are the zeros of y(z).

By Theorem 2.2 in case of ¢;(x) =0for all j, the eigenvalues of problem (1)-(4), (6) can

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik
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2g i
be presented as the union of subsequences {v«}, = U{vﬁ)}‘;;lwith the following asymptotics
i=1
N = wjtl}arccosﬂi i=1,2,....p-1, ke N,
V(ki) = zlik—%arccos yia

k—o0

i=p,p+1,..., 2p-2, ke N .

p+1+i

Again using Theorem 5.4 in [3] we obtain that there exists a positive constant C such that
‘Vk _Vk‘ <C where 4, are eigenvalues of problem (1)-(4), (6) with L,(0,l) potentials on the

edges.
Theorem 4.2. Let T be an equilateral caterpillar tree with p vertices and with real

potentials q;(x) € L,(0,1) on the edges. Then the spectrum of problem (1)-(4), (6) can be
2g-1 )
presented as the union of subsequences {v, },_, = U {v¥, with the following asymptotics
i=1
_ 2z(k-1)

k:oo I

v +]faI’CCOS,3i +O(%j i=1,2,....p-1, ke N,

v = 2_7[k_%al'(3(;(')sﬁ_er1+i +O(%j i=p,ptl,..., 2p-2, ke N,

K—o0 I

where {8} are the zeros of y(z).
According to Theorems 4.1 and 4.2 using the two spectra {4, };_,,.{vi }c., we can find the

sets of zeros of the numerator and denominator of the rational function z//(z)/gy(z) . Thus, this
function is uniquely determined if we take into account that (7) implies

lim¥ 2 _ 4.
7 2y (2)

Expanding z//(z)/ w(z) into continued fraction (7) we find the shape of our caterpillar
tree.
The plots of the changing values a® and r? of the squared equatorial and axial

component of the angular velocity vector of the rigid body are constructed and represented in
two cases.

In the first case (Figs. 1, 2) J, =1, A'=5.1, B'=5, in the second case (Figs. 3, 4)
J,=3 A'=13 B'=1.

5 CONCLUSIONS

As it was mentioned in the introduction that in general the spectrum of a Sturm-Liouville
spectral problem on a simple connected equilateral graph does not determine uniquely the
shape of the graph. We don’t know whether two spectra of such problems with different
conditions on the same graph uniquely determine the shape of the graph. However, we
describe a class of trees (caterpillar trees) for which the two spectra uniquely determine the
shape of a graph. We also give an algorithm of recovering the shape of a caterpillar tree.
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VJIK 531.381

EBOJIIOLIA PYXY IMHAMIYHO CUMETPUYHOI'O
T'TPOCTATA I AIEIO NOCTIMHOIO MOMEHTY

JlemeHko ﬂ.l[.l, Ko3auenxo T.O.!
Y00ecvra deporcasna axademis 6ydisnuymea ma apximexmypu

AHoTanisi. 3amavi AWHAMIKA TBEPIUX TUI, SKI MArOTh MMOPOXXHWUHHU 3 PIAHHOIO, NPUBEPTAIOTH
BEJIMKY yBary. [HTepec m0 muX 3amad 3pic y 3B’SI3Ky 3 PO3BHTKOM KOCMIYHOI TEXHIKH. AHaJOTiuHi
3aJa4i MaloTh MicIle TAKOXK B TEOpii pyxXy JiTaka i Kopadiisi, a TAaKOX B 1HIINX TEXHIYHUX MUTaHHAX. LIi
3a/1adi MaloTh 1 MPUHITUIIOBE TEOPETHYHE 3Ha4YeHHS. HeoOXimHiCTh MOCHTiKEHHS 3adad AWHAMIKA
TBEPIOrO Tila 3 MOPOXHHUHOIO, SIKa MICTHTh B’SI3Ky piAMHY, TOB’si3aHa 3 IOCHIIKCHHSAMH PYyXY
KOCMIYHOTO arapara HaBKOJIO IIEHTpa Mac Ta B 3ajJadyax IX opieHTanii Ta crabimizarmii. 3amaui
JUHAMIKH TBEPIOTO Tila 3 MOPOXHUHAMH, IO MICTSTh B’SI3KY PiAMHY, € OUTBII CKIAJHUMH, HIXK y
BHIIAJKY 3 ileanbHOI0 piauHOI0. B pobortax @. JI. UepHOyCchka MOKa3aHO, M0 PO3B’SI3yBaHHA 3a7ad
IUHAMIKH TBEPIOTO Tijlia 3 B’SI3KOI0 PIAMHOI0 B TOPOKHUHI MOMKHA PO3JAUIMTH HAa JIBI YacCTHHH:
TiIpOJMHAMIYHY Ta AWHAMIYHY, IO JO3BOJISE€ CIPOCTUTH MOYATKOBY 3a1ady. MOMEHTH CHIJI B’S3KO1
PIOVHE B IOPOXKHUHI, SIKi JIIOTH HA TBEPJIE TiJO, YaCTO € BIAHOCHO MAJIMMH Ta MOXYTh PO3TJISIaTUCS
sk 30ypenHs. [IpupoaHo 3acTOCOBYBAaTH METOIM MAJOro MapaMmeTpa JUIs aHali3y JUHAMiKd TBEPIOTO
Tila M JI€I0 MPUKIAJCHUX MOMEHTIB. Y IIiii CTaTTi 3aCTOCOBYETHCA METOJ| ACUMIITOTHUYHOTO
ycepennenns Kpunosa-boromo0oga.

[Tpu Bu3HaueHH] (haKTHUYHOI Opi€HTAIli] INTYYHOTO CYIyTHHUKA 3emiti Oyiia BiqMideHa Maia 3MiHa
MOJyJIsl BEKTOpa KiHETHYHOTO MOMEHTY CYIyTHUKA Ha JUISHII TOJBOTY 3 BUMKHEHOI CHCTEMOIO
opienTarmii. L1 3mMiHa Oyia mosicHeHa MPUCYTHICTIO MaJIOTO MOMEHTY 30ypeHHS, SIKHH € TIOCTIHHUM B
3B’sI3aHil 3 CYITyTHUKOM CHUCTEMi KOOpJHHAT. Y BUIAIKy MaJHX MOMEHTIB CHJI MOXKHA 3aCTOCOBYBAaTH
MeTOoAM 30ypeHb JJIsl BU3HAUYCHHSI aHAIITHYHUX a00 YHCEIbHUX OIMHUCIB PYXY.

B 1iit po0OTi po3risIa€ThCs pyX BiIHOCHO LIEHTPa Mac TUHAMIYHO CHMETPUYHOTO TBEPAOTO Tijla
3 IOPO’KHHHOIO, 3aITIOBHEHOO PIIMHOO BEJIMKOI B’ SI3KOCTI, i AI€I0 TIOCTIHHOTO MOMEHTY B 3B’SI3aHUX
3 TLJIOM OcsiX. BU3HaueHHS MOMEHTIB CHJI, SIKi JIFOTH HA TiJIO 31 CTOPOHH B’S3KO1 PiJIMHU B TIOPOKHUHI,
Oyno 3ampornoHoBaHo B poOorax @. JI. UepHoychka. OTprMaHO CHCTEMY PIBHSHb B CTaHIApPTHIM
¢dopmi. Oxpepskani yMcenbHI PO3B’SI3KM 33714l ONMMCYIOTh €BOJIOLII0 PyXy TBEPAOIrO Tijia Mif IIi€r0
MaJiX BHYTPIIIHIX Ta 30BHIIIHIX MOMEHTIB CHII.

Karouosi ciioBa: TBepze Tino, TOPOKHUHA, B’SI3Ka piiMHA, TOCTIMHUI MOMEHT.

EVOLUTION OF DYNAMICALLY SYMMETRIC GYROSTAT
MOTION UNDER THE ACTION OF CONSTANT TORQUE

D. Leshchenko!, T. Kozachenko®

'0dessa State Academy of Civil Engineering and Architecture

Abstract. Problems of the dynamics of rigid bodies containing a fluid have attracted a great deal
of attention. Interest in these problems has grown in connection with the development of space
technology. Similar problems also arise in the theory of aircraft and ship and in other technical
guestions. These problems are also of major theoretical interest. There is a necessity to study the
problems of the rigid body dynamics with cavities containing a viscous fluid to calculate the motion of
spacecraft about its center of mass as well as their orientation and stabilization. The problems of rigid
body dynamics with cavities containing a viscous fluid are more difficalt that in the case of ideal fluid.
The studies of F. L. Chernousko showed that solving the problems of the rigid body dynamics with
viscous fluid in cavity can be separated into two parts: the hydrodynamic and dynamic ones, which
represent a simplification of the original problem. The torques of viscous fluid in cavity forces, acting
on the body, are often relatively small and can be considered as perturbations. It is natural to use the

Jlemenxo J.J., Kozauenko T.O.
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methods of small parameter to analyze the dynamics of rigid body under the action of applied torques.
The method applied in this paper is the Krylov-Bogolubov asymptotic averaging method.

Reference was made to the angular momentum vector of a satellite, noted during the
determination of the actual orientation of the artificial earth satellite. This change was explained as a
result of the presence of a the small perturbation torque, which is constant in fixed axes relative to the
satellite. In the case of small torques, it is possible to use perturbation methods to obtain analytical or
numerical descriptions of motion.

In this paper, the motion about the center of mass of a dynamically symmetric rigid body with a
cavity filled with a fluid of high viscosity and subjected to constant body-fixed torque is considered.
The torque of forces acting on the rigid body by the viscous fluid in the cavity is determined by the
technique developed in the works of F. L. Chernousko. We obtain the system of motion equations in
the standard form. Obtained numerical solutions describe the evolution of rigid body motion under the
action of small internal and external torques.

Keywords: rigid body, cavity, viscous fluid, constant torque.

Jlemenko JI./1., Kozauenko T.O.
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1 BCTYII

ITig yac pyXy KOCMIYHOTO amapara BiJHOCHO LIEHTPa Mac, Ha HbOTO JTiIOTh MOMEHTH CHJI
pi3HOI TIPUPOIU, I PyXH MOXKYTh OYTH 3YMOBJIEHHMH HAsSBHICTIO PIJKOTO TajliBa B
NOPOXXKHHUHAX TiJ1. Benuka KiabKICTh piAMHU B KOCMIYHHX amapaTax MOXe B MIEBHUX BHIAJKaX
CYTT€BO BIUIMHYJIM Ha PyX IUX TiL.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

[IpobnemMa muHaMiKK TBEPJOTO Tija 3 MOPOKHUHOIO, SIKa MICTUTh B 3Ky PIAMHY, 3HAYHO
CKJIaJHIIIA, HIK 3 iJeanbHOI0 pianHoo0. Haillbinbin 3aranmbHi pe3ynbTaTH pO3B’sS3aHHS IHX
3anmau Oynu oxepxani @. JI. YUepHoychko [1, 2]. Y nux poboTtax posrisaanacs MOJENb, B K
BIUIMB DIIMHM Ha MapaMeTpud pyXy 3BOJUBCS 10 HASBHOCTI JOJATKOBHUX 30ypIOIOYHMX
MOMEHTIB B piBHAHHAX pyXxy Eiinepa ans TBepaoro Tina.

B psapi poOGit [3—6] mocmimkeHO pyX TBEpAOTO Tula 3 mMOpokHWHOW. B crarti [3]
ACUMIOTOTUYHUM METOAOM JOCIHIKYETHCS PyX TBEPJOro Tijia 31 CHEPUUHOIO MOPOKHHUHOIO,
3aII0BHEHOIO B’SI3KOI0 PiIMHOI0. B [4—6] po3risinaroThes MBHIKI 00€pTaIbHI PYXH BiTHOCHO
[EHTpa Mac JUHAMIYHO HECHUMETPUYHOTO CYMYTHUKA 3 TOPOKHUHOIO, 3aIIOBHEHOIO P1IUHOIO
BEJIMKOT B’SI3KOCTIi, TiJ JII€I0 TPaBITAI[IHHOTO Ta CBITIIOBOrO MOMEHTIB cwi. B crarti [7]
MPOBEJICHO YHWCENbHHUI aHali3 3MIHM BEKTOpa KIHETHYHOTO MOMEHTY TBEpAOro Tija 3
MOPOKHUHOIO, 3aIIOBHEHOIO B’S3KOI0 pinnHOI0. B [8] mpencrapieHi aHAITHYHI Ta YUCENbHI
pe3ynbTaTH, OJepXaHi MiJA 4Yac MOCHIMKEHHS pyXy TBEpAOro Tijla 3 MOPOKHUHOIO,
3aII0BHEHOIO B’SI3KOI0 PiAMHOI. B poboTi [9] 3ampomoHOBaHO MiAXig IS MOJCITFOBAHHS
JUHAMIKH TBEPJIOTO TiJIa 3 MOPOKHUHOIO, 3aIIOBHCHOI0 PIAMHOI BelMKoi B’s3kocTi. B [10]
JOCTIPKEeHI PIBHSHHS PyXy CHCTEMH TBEPAHMX TUI 3 MOPOKHUHAMH, 3aIOBHEHUMH B’SI3KOIO
piauHOIO. B cTarTi [11] BUBUa€eThCs ONTHUMallbHE TallbMyBaHHS 00€pTaHh CUMETPUYHOTO Tilia
3 IOPO’KHUHOIO, 3aTTOBHEHOIO B’ S3KOI0 PIIUHOIO, B CEPEIOBUIIIL 3 OMTOPOM.

3amaga KBa3iONTUMAIBHOTO 3a MIBUAKOAIEI0 TalbMyBaHHS oOOEpTaHb JUHAMIYHO
CUMETPUYHOTO TiJIa 13 C(HepUIHOI0 TTOPOKHUHOIO, 3aIIOBHEHOIO PIJIMHOIO0 BEJIMKO1 B’S3KOCTI,
nociijpkyBanack y [12]. Takox B 1ii poOOTi Ha TBepAE TINO Jli€ HEBEIUKUI TUCUITATUBHUNA
MOMEHT CWJI JIIHITHOTO OTOpYy CEpeIOBHINA Ta pyxXxoma Maca, 3’€qHaHa 3 TUJIOM CHUJIBHUM
nemndepoM. VY crarti [14] Bunagok pyxy TBepJoro Tijia, BuBueHuil y [13], OyB po3mmpeHnuii
3a HAsSBHOCTI TPEThOI CKIAIOBOI TIPOCTaTUYHOTO MOMeHTy. Y [15] mocmimkeHo pyx
OJU3BKOr0 0 JUHAMIYHO C(EPUIHOTO TBEPJOro Tija 3 MOPOKHUHOIO, 3a[IOBHEHOIO PiTUHOIO
BEJIUKOI B S3KOCTI.

B po6orax [16—19] Oynu 3HaliieH] aHATITUYHI PO3B’SI3KU 3ajjaul PO PyX CUMETPUYHOTO
TBEPJOTO TiJIa, OJU3HKOTO /0 JMUHAMIYHOTO CHMETPUYHOTO, a TAKOXX HECUMETPUYHOTrO Tija
HiJ J1€10 MOMEHTY, SIKUH € TOCTIMHMM B 3B’A3aHUX 3 TUIOM ocsax. B [20] BuBuaeThes pyx
BIJIHOCHO IIEHTpPa Mac HECUMETPHYHOTO TBEPJOTO Tija MiA MI€I0 JBOX MajuX 30ypIOIOYNX
MOMEHTIB: TIOCTIHHOTO B 3B’S3aHHX 3 TIJIOM OCSIX Ta JUCHIIATUBHOTO KBaJAPATHYHO 3AJIEKHOTO
Bl KyTOBOI MBHUAKOCTI Tima. B crarri [21] mochimkyeTbcs pyx HABKOJO IIEHTpa Mac
OJIU3BKOr0 0 JUHAMIYHO C(EPUIHOTO TBEPJOrO Tija 3 MOPOKHUHOIO, 3a[IOBHEHOIO PiTUHOIO
BEJIMKOI B SI3KOCTI, T AIEF0 TTOCTIHHOTO MOMEHTY.

PosrnsineMo TpuUBHMIpHUH PyX IWHAMIYHO CHMETPUYHOTO TBEPAOrO Tijla 3 B’SA3KOHO

pimuHOIO BifHOCHO 1enTpa Mac. Temsop P =(PR;) mae Burman P, =R, ¢,

e 5”. — CHMBOJI
Kponekepa, P, >0 ckanspuuii koedirient, y Bumaaky ceprdyHoi MOpPOXHHHH pajiyca b
snauenns P, =8zb’ /525 [1, 2]. IMosnaunumo, uepe3 A i C roNOBHI IEHTPaTbHI MOMEHTH
iHepuii cuctemu Ta P, ¢, I — mpoekuii abcoMOTHOI KyTOBOI MIBUAKOCTI ) Ha BiANOBIIHI

TOJIOBHI LIEHTPAJIbHI OC1 1HEPILii.

Jlemenko JI.[., Kozauenko T.O.
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BBaskaeMo, 110 MOCTIHHUN MOMEHT B 3B’I3aHHUX 3 TIJIOM OCSAX Ma€ BHUIJIAL
M?S =&*M, =const, i=1,2,3, (1)

ne 0< e <<1 manwmii napamerp.

3anuiiemMo piBHSHHS PyXy Tija 3 PiAMHOIO B MPOEKIIISIX HAa TOJIOBHI OCI 1HEPIIii y BUTJISAI1
[1, 2]

dp PP 2
A—+(C-Agr="2C(A-C)pr M.;
D 1 c-mar=L2ca-cyprt+am,

A(;—q+(A—C)pr:p—;‘;C(A—C)qu+gM2; )
1%

ﬂ pPr
dt

Tyt P, Q, I' — mpoekmii KyTOBOT MBHUIKOCTI () HA TOJOBHI HEHTPabHI Oci iHepIii, P —

C 2o (C-A(p*+q )+5M

TyCTUHA PIAVHM, V — KIHEMaTUYHHUHA KoedilieHT B’s3kocTi pigunu. [lepii Bupasu B mpaBux
yacTHHAX piBHOCTEH (1) BU3HAYAIOTh B ACHMIITOTHYHOMY HAOJIFMIKEHHI MOMEHT CHJI B’SI3KOT
PIIWHYU B TTIOPOXKHUHI TBepAoro Tina [1, 2].

3 IIJb TA 3AJAYI JOCJIKEHHS

UYucno Peitnombaca mpumyckaetbes mamuM: Re=1"T, v '<<1 [1, 2]. Tyr | -
XapaKTEePHUH JIHIAHUNA PO3MIp MOPOKHHMHH, |. — XapaKTepHHUI MaciuTab 4acy BiJIHOCHOTO
pyXy, OOEpHEHO MpOINOPIHMHUI XapakTepHid KyroBiii mBuakocti @. Sxkmo | i T,

NPUKRMAIOTHCS 32 OAMHUII BUMIPY TOBKUHHU 1 4acy, TO KiIHEMaTHYHUHA KOS(IIiEHT B’ I3KOCTI —
Benukuii mapamerp [1, 2], v=1/Re>>1 i v ' <<1. Bynemo BBaxaTh, O 0e3p0O3MipHUIA

napamerp v ~¢.

Komn £=0, v'=0 cucrema (2) iHTErpyeThcsi B SBHOMY BHIJIAI, IPH LBOMY I =T,
IMpunycrtumo, mo I, = 0. Toxi 3MiHHI P, (| 3A1MCHIOIOTH FapMOHIYHI KOJMBAHHS 3 9YaCTOTOIO
|(C - A) Iy

HENHIHHUX.
3acTocyeMo 3arajibHUN TOPODKYBaIbHUN po3B 130K cuctemi (2) [22]

, Aka 3anexutb Big r,. Tomy cucrema piBHSHb (3) BIOHOCHUTBCS 1O CYTTEBO

p=acose, (=asing, r=r, (4)

B SIKOCTI TICPETBOPIOBAHHS JI0 3MiHHUX &, I, 1e a >0, a=const, ¢p=r (C — A) Alt.

[lixcraBumo (4) B Tpere piBHAHHA (2), BpaxoByrouu, mo a’ =p°>+q° i
a=pcosp+(qsing. IlpoBonuMo ycepeaHEHHs OJIep:KaHOro PIBHSAHHS Ui d 3a ¢Ga3on ¢
[23] i mpencTaBuMO piBHSIHHS s Iy BUDJISAI (Kpalka — MOXiJHa 3a 4acoM t):

y Pg C(C - A)r2a;
vA
y ©)
p= L (C-Aar-e—2
vAC C
Bupasn M,, M, 3HHMKalOTh IpH YyCEpPeOHEHHI. 3a JONOMOIOK 3aMiHH 3MIHHHX

x=a’, y=r’>0, r= ﬁ npuBeaeMo (5) 10 HACTYIHOI CHCTEMU:

Jlemenko /1./0., Kozauenko T.O.
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%=ZPEOC(C—A)xy;

dt  vA ©6)
dy 2pP, M,

=Y 2P0 (C— A)xy+2e—2]y.

it~ yaC T AXYF2EE Y

BiamiTumo, mo B cuctemi (6) X, Y — IMOBUIbHI 3MiHHI.

4 PE3YJbTATHU JOCIIIXKXEHb

Cucremy (6) Oyno po3B’s3aHO uMcenbHO 3a mouyaTkoBux ymoB X(0)=1, y(0)=1 Ta
napamerpiB P, =0.48Mm", v =1000m?/c, p=1260 xr/m*, £=0.1.

Ipadiky 3MiHM BemMuyMH X=a’° 1 Yy=r’ KBaJpaTiB eKBaTopialbHOi Ta OChOBOI
KOMITOHEHT KYTOBOI HIBHJIKOCTI TBEpAOIO Tijla BU3HAYCHI Ta MPEICTaBJICH] B IBOX BHIAIKaX.
B mepmomy Bunanky (puc. 1, 2) A=8, C=4, M,=-0.1 abo M,=-0.3. B apyromy
Bunajky (puc. 3,4) A=13, C=1 M,;=-0.1a6o M,=-0.3.

1 1
x 0.8 =
0.754
0.6
0.50
0.4
0251 -
}J }.l
0 T T T T 0 ! ! !
0 1n 20 30 40 t 0 10 20 30 t
Puc. 1. I'padiky 3MiHHUX X 1 Y B BHIAIKy Puc. 2. I'padiky 3MiHHIX X 1 Y B BHIAJIKy
A=8 C=4 M;=-01 A=8 C=4 M,=-03
1 1
0.2
0.751
x
0.6
X
0.50
0.4
0254
0.2
¥ 4
D T T D T T
0 10 20 ¢ 0 5 10 t
Puc. 3. I'padiky 3MiHHUX X 1 Y B BHNAJKy Puc. 4. I'padiky 3MiHHUX X 1 Y B BHIAJIKy
A=13, C=1 M,=-01 A=13 C=1 M,=-03

5 OBI'OBOPEHHA PE3VJIBTATIB JOCJIIXXEHHS

3rigHo 10 rpadikis X =a’ i y =r?, 300paxkeHux Ha puc. 1-4: 3MiHHa Y chazjae Ta
ACHMITOTHYHO HAOMMKAEThCSA 10 HyJS y BCIX POMJIAHYTUX BUMAKAX; 3MIHHA X TaKOX

Jlemenko JI.[., Kozauenko T.O.
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crajiae, aje 3HA4YCHHs JIO SIKOTO BOHA MPSMYE 3aJIC)KHUTh BiJl BEJIMYMHHU MOCTIHHOTO MOMEHTY
Ta CMIBBITHOMIEHHS M)XK MOMEHTAMH 1HEPIIII.

SK10 MOy MPOEKIIiT MOCTIHHOTO MOMEHTY CHII |M3| 3poctae (M, =-0.1, —0.3), T0
rpaHWYHEe 3HAYEHHS 3MiHHOI X 3poctae: X —0.76;0.8 (puc. 1, 2), x—0.5; 0.6 (puc. 3, 4) , a
3MiHHA Y MIBUIIE TIPSIMYE JI0 HYIISL.

B Bumajkax, KoJu CIIiBBiJHOIICHHs Mk MOMeHTamHu iHepiii A/C =2 Ta 3MeHIIyeThCs

10 +1 (mpu OIHAKOBHX IHIIUX MapaMeTpax), PAHUYHE 3HAYECHHS 3MIHHOI X 3MEHIIYETHCS:
X —0.76; 0.5 (puc. 1, 3), x—0.8; 0.6 (puc. 2, 4), 3MiHHa Y OPSIMY€E 0 HYIS.

6 BUCHOBKHU

JloCITiPKEHO pyX TWHAMIYHO CUMETPHUYHOTO TBEPJIOTO Tijla 3 MOPOKHUHOK, 3aITOBHEHOO
B’SI3KOK0 PIIMHOI0 TPH MalnuX uuciaax PelHonbaca, mia €0 MOCTIHHOTO MOMEHTY B
3B’SI3aHUX 3 TIJIOM OCSIX.

[Tpunymenss mpo Manu3Hy 30yPIOIOYNX MOMEHTIB CHJI JI03BOJISIE 32 JOIIOMOTOI0 METOTY
yCepeaHEeHHsI TOCTiIKyBaTH €BOJIONII0 00epTaHb TBEPAOro Tila. Bumamok mocTiiiHOTO B
3B’A3aHUX OCSX 30ypIOIOYOrO0 MOMEHTY BIJIOBiJA€, HANPUKIAA, OONIKY TpaBICHHS B
ra3opeakTUBHIM CHUCTeMi OpieHTAIlil KOCMIYHUX amapaTiB. 3amac piiMHA B MOPOXHHMHI Ha
0OpPTY KOCMIYHHX amnapaTiB a00 KOpaOIisi MOKEe YAUHUTH CYTTEBHIA BILTUB HA PyX ITUX TiJ.

Opepxani pe3ynbTaTH MOXYThb OYTH KOPHUCHUMH JUIS aHANi3y PYyXiB CYNYTHHKIB Mij
JE€F0 MaJIMX BHYTPINIHIX 1 30BHIIIHIX MOMEHTIB CHIL
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CTPIUKOBUH ®YHJAMEHT 3 IOB3/IOBXHIM BHUPI3OM I1O
MIJOIBI MACUBHOI NIINIPHOI CTIHA

1 o 2 1 1
Camopogos O. B.", Mutuncbkuii B. M.”, Kporos O. B.", Xpanarosa 1. B.
"Xapriscokuii nayionansnuil ynisepcumem micbkozo 2ocnodapcmea in. O. M. Bexemosa
200ecbra Oeporcasna akademis OyOI6HUYMBA MA APXIMEKMypuU

AHoTamisi. Y cTaTTi MpoaHai30BaHO KOHCTPYKLIi TpagWLidHUX CTPIYKOBUX (YyHIAMEHTIB
CIOpya 3 IUIOCKOIO IIiJOIIBOIO, HABAHTAKEHHS BiJ SKHX BHKIMKAE IUIOCKO-1e(hOPMOBAHUM
HaNpYy>XCHUH CTaH TPYHTOBOI OCHOBH, @ TaKOX IHIII BapiaHTH YMOBHO CTPIYKOBUX (TPOTSKHUX)
¢dbyHaaMeHTiB, 3a paxyHOK cBO€i ¢opmu (KoH(]irypawii) KOHTAaKTy 3 OCHOBOIO 3MIiHIOIOTH il
HaANPY>KeHUH CTaH, M0 JO3BOJISE MPOEKTYBATH OLIBIN pamioHANbHI (YHIaMEHTH MPOTHKHUX OY/IiBENb
Ta crnopya. Buxomsum 3 pimeHp 3MilIaHoOi 3afadi Teopii MPYKHOCTI Ta IUIACTHYHOCTI 3
BUKOPHUCTAaHHIM KpuTepito minHocTi Kymona-Mopa, mpoBeieHO aHANITUYHI JOCTIIKEHHSI PO3BHTKY
TUTACTUYHHUX 30H B OCHOBI CTPIYKOBOTO (PYHAAMEHTY 3 IMOB3JOBXKHIM BHPI30M, SIKi TIOKa3yIOTh, IO
TPaHWYHHUNA CTaH 3aBXKIW BHHHUKAE paHIlle y KpaloBUX 30HaX (YHAAMEHTY, TOOTO IIiJl 30BHIITHIMHU
KpasiMu QyHAaMeHTy. BojHodac BigMiueHO, IO y pa3i BiACYTHOCTI MPUBAHTAXKEHHS y 30HI BHpI3y
PO3paxyHKOBHH OMIp TPYHTY 3HIKYETHCS, TOMY 3allpOIIOHOBAHO 3alaTEHTOBAHY KOHCTPYKIIiIO
CTpiuyKOBOro (hyHIaMEHTY 3 TIOB3IOBXKHIM BHpPI30M MO MIiJOMIIBI, Yy SIKii BHpI3 3aBBHIIKA A
3allOBHIOETHCS HU3HKOMOIYJIHHUM MaTepialoM Ui TMiJIBUIICHHS PO3PaxyHKOBOTO Omopy rpyHry. Ha
MiicTaBl  €KCIIEPUMEHTANBHO-TEOPETHYHHUX JOCTIKCHb 3alpPOTIOHOBAHO METOJHMKH PO3PaxyHKY
IPYHTOBOi OCHOBH (pO3paxyHKOBOTO OMopy R, ociganHs S Ta KpeHy i) CTpIiYKOBOrO (yHIaMEHTY
MAacCHUBHOI MiAMIPHOT CTIHU 3 TOB3JI0BXKHIM BHPI30M 10 mijgomiBi. Ha peanbHOMY mpHKIIaJi MOKa3aHo,
0 3arajibHa IIUPWHA CTPIYKOBOTO (PYHAAMEHTYy 3 BHPI30M MeHIIe Ha 1,5 M y TOpIBHSHHI 3
CYLUTLHOI (HOPMOO MiJOIIBU (DYHIAAMEHTY, IO Ja€ CYTTEBUH EKOHOMIYHMH e(DEeKT Ha KOXKHOMY
MOTOHHOMY MeTpi  (QyHJaMEHTy CTiHM. 3arajioM, 3alpOolOHOBaHI METOAMKH JIO3BOJISIOTH
O0OTPYHTOBaHO TMPOEKTYBATH €(PEKTHUBHI TMO3AIEHTPOBO HABAHTaXEHI (YHIAMEHTH 3 BHpi3aMU IO
HiIONIBI, @ TaKOX IiJBUIIYBAaTH JIOMYCTHMHUH BEPTHKAIbHUHA THUCK Ha OCHOBY B MOpIBHSHHI 3
CYLUIBHOO ITiIOMIBOIO 32 IHIITUX PIBHUX YMOB.

Kuarouosi cioBa: crpiukoBuli QpyHmaaMeHT, MaCMBHA MIiAMIPHA CTiHA, EKCIIGHTPUCUTET, IT1JI0IIBA,
BHUPI3, TPYHTOBA OCHOBA, METOJIMKA PO3PAXYHKY.

A STRIP FOUNDATION WITH A LONGITUDINAL CUT-OUT IN
THE BOTTOM OF A MASSIVE RETAINING WALL

0. Samorodov!, V. Mitinskiy?, O. Krotov?, I. Khrapatova®
0. M. Beketov National University of Urban Economy in Kharkiv
?Odessa State Academy of Civil Engineering and Architecture

Abstract. The paper analyzes the designs of traditional strip foundations with a flat bottom, the
load from which causes the plane strain stress state of the soil base, and other variations of
conventionally strip (continuous) foundations, which due to their shape (configuration) of the contact
area with the base change its stress state, which enables designing more sustainable foundations for
continuous buildings and structures. Proceeding from the solutions to the mixed problem of the theory
of elasticity and plasticity using the Mohr-Coulomb criterion strength criterion, analytical studies of
the development of plastic zones in the base of a strip foundation with a longitudinal cut-out have been
conducted, which show that the limit state always occurs first in the foundation’s edge zones, that is,
underneath the outer edges of the foundation. It is also noted, however, that the design resistance of
soil decreases when there is no additional load in the area of the cut-out; therefore, a patented design
has been proposed of a strip foundation with a longitudinal cut-out in the bottom, where the cut-out

Camoponos O. B., Muruncekuii B. M., Kpotos O. B., Xpanarosa 1. B.
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with the height A is filled with low-modulus material to improve the design resistance of soil. Based
on experimental and theoretical studies, methods have been proposed for calculating the soil base
(design resistance R, settlement s and inclination i) for a strip foundation of a massive retaining wall
with a longitudinal cut-out in the bottom. A real example shows that the total width of the strip
foundation with a cut-out is shorter by 1.5 m in comparison with the continuous shape of the bottom of
the foundation, which has a significant economic effect on every linear meter of the wall foundation.
Overall, the proposed methods make it possible to reasonably design effective eccentrically loaded
foundations with cut-outs in the bottom and to improve the permissible vertical pressure on the base in
comparison with a continuous bottom, all other things being equal.

Keywords: strip foundation, massive retaining wall, eccentricity, bottom, cut-out, soil base,
calculation procedure.
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1 BCTYI

[TigBuimeHHsT e€KOHOMIYHOI e(EeKTUBHOCTI (PyHAaMEHTOOYAYBaHHsS, BUTPAaTH Ha sKe
MOJKYTb JAOCSTaTH B OKpeMHX BUMagkax 10 40% Bia 3arajibHOi BapTOCTI OyJIBHULITBA CHIOPYA,
JOTENep 3aJHMIIAETHCS MPIOPUTETHUM HAmpsMKOM. MOHOMITHI Ta 30ipHI CTPIYKOBI
(dbyHIaMEHTH 11 HECydl CTiHM OyaiBenb Ta GyHAAMEHTHUX YaCTUH MACHUBHUX MiANIPHUX CTiH
€ HalOUIbIl TOIMPEHOI KOHCTPYKIi€0 (YHIAMEHTIB MIUIKOTO 3aKJIaJeHHS, II0
3aCTOCOBYETHCS y OyMIBHUIITBI.

Bimomo, 1m0 HaBaHTa)X€HHS Ha TPYHTOBY OCHOBY BiJl TpPaJUIIMHUX CTPIYKOBHX
(byHIaMEHTIB cIOPYA 3 IUIOCKOO MiIONIBOIO BHKIIHMKAE IIOCKO-e(OpMOBaHM HAIPYKSHUN
cran ocHOBHU. OnHaK, y cdepi pyHnaMmeHToOyaAyBaHHS HMPOIOHYIOTHCS 1HIII BapiaHTH YMOBHO
CTPIUKOBUX (MPOTSHKHUX) (yHIAMEHTIB, sKI 3a paxyHOK cBo€i (opmu (koHpiryparrii)
KOHTAKTy 3 OCHOBOIO 3MIHIOIOTH ii Hampy>KEHHH CTaH, IO JO3BOJISE MPOEKTYBaTH OibII
parioHanbHi GyHIAMEHTH MPOTSHKHUX OyJIBENb Ta CIIOPY.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMH

Y Pansucekomy Coro3zi 0yio 3po0JiieHO mepiry crpoOy 3MIHHTH TPaIUIiiHUN CrociO

nepenavyl HaBaHTAKEHHS TAaKUM YUHOM, 1100 yMOBHU poOOTH (PyHIAAMEHTY 1 caMOi OCHOBH
cyTTeBOo mokpammiucs. Lleld mpuamun Oyno peanmizoBaHo B 1954 p. mig KepiBHHLITBOM
€. O. Copouana npu po3po0I1i mepepruBYaCTHX 301pHUX CTPIYKOBUX GyHIaMeHTIB. ChOTrofHi,
3aCTOCYBaHHS KOHCTPYKIIM TMepepuBYACTUX CTPIUYKOBUX (PYHIAMEHTIB JO3BOJIAE 3a 1HIIMX
PIBHUX YMOB IiJIBUILIMUTHU JOMYCTUMUN BEpPTUKAIbHUN THCK Ha IPYHTOBY OCHOBY B 1,3 pa3u 3a
pPaxyHOK 3MiHM Hampy>KeHO-IAe(pOpPMOBAHOTO CTaHy 3 IIOCKOTO B MPOCTOPOBHUH, IO OyI0
BBEJICHO I J0 paasHcbkoro HopMmatuBHoro gokymenta «CHull 2.02.01-83*. OcHoBanus
3laHUH M COOpYKEHUI». YJIOCKOHAJEHHS Ta JOCHIKEHHS pOoOOTH KOHCTPYKLIA YMOBHO
CTPIYKOBHUX ()YHJIAMEHTIB aKTHUBHO IPOJOBKYETHCS 1O TENEPIlIHBOIO yacy. ICHYIOTh
€KCIIEPUMEHTAJIbHO-TEOPETHUYHI  JOCHIPKEHHS  B3a€MOAIl  MPOTSDKHUX  (CTPIUYKOBHX,
NepepUBYACTUX, TOPYY PO3TAIIOBAHUX TOIO) (YHIAMEHTIB 13 IPYHTOBUMH OCHOBaMH, SKUMHU
3aiimManucst psa Bigomux ydeHux: ApxinoB /[I. H., boromonos A. M., Binokypos €. @.,
€stymenko C. 1., Koponso K. B., Kpaxmansuuii T. A., JlyukoBchkuii 1. f.,
Mypzenko FO. M., Tloiita II. C., Ilimarim O.B., Copowan €.0., ®igmapoB M. L,
Tyraenko 0. @. Ta 6arato iHmux [1-7]. OgHak, iICHYIOUl KOHCTPYKIII YMOBHO CTPIYKOBHUX
(MpoTsKHMX) (YHAAMEHTIB HE BUUYEPIYIOTh BCIX MOKJIMBHX (DOPM MiJOLIBM Ha KOHTAKTI 3
OCHOBOIO 1 HE 3aBXK/JH € palllOHAIbHUMU SIK Y TEXHIYHOMY, TaK 1 B TEXHOJIOTTYHOMY aCIIEKTaXx.
Jlo Toro X, B3aEMOAIS NPOTSDKHUX (YHAAMEHTIB 3 IPYHTOBOIO OCHOBOIO B OCHOBHOMY
po3risaeTbcs B paMKax 3adadl Teopii TpaHUYHOI PIBHOBAru, MOMPHU TE, 110 OCHOBHUM
PO3paXyHKOM OCHOB Y TIIOCTPaJIHCBKUX KpaiHaX € pPO3paxyHOK 3a JPYrol TIpyMoko
TPAaHUYHMX CTaHIB 13 BU3HAUYCHHSIM PO3PaXxyHKOBOTO OMOPY IPYHTY R .

3 IJTb TA 3AJAYI JOCJIKEHHS

MeToro CTaTTi € JIEeMOHCTpAILisl CYTTEBOTO €KOHOMIYHOTO e(eKTy MpU BHUKOPHUCTAHHI
KOHCTPYKITII CTPIYKOBOTO (PYyHIAaMEHTY 3 MOB3/JI0BKHIM BUPI30M IO TIJOIIBI Y TOPIBHSHHI 3
TPaIULIHHUM (YHIaMEHTOM 13 CYIJIBHOIO IMiJOIIBOI0 MACHBHOI MiAMIPHOT CTIHU.

Jns gocATHEHHS TMOCTABJIEHOT METH BUPIIIYIOTHCS HACTYIMHI 3ajadl JOCIIIKEHHS:
y3aralbHEHHS JIeKUX pe3ylbTaTiB JOCHIIKEHb B3a€MOJIl 3 TPYHTOBOIO OCHOBOIO
CTPIYKOBOTO (PYyHJIAaMEHTY 3 TIOB3JIOBXKHIM BHPI30M IO MIJOMIBI Ta ampoOarlisi BiAMOBIIHUX
METOAMK PO3paxyHKy Ha NpPUKIAAl HPOEKTYBaHHS pPEaTbHOTO (QYHJAAMEHTY MAaCHUBHOL
MIITIPHOT CTIHH.

Camoponos O. B., Murtuncekuit B. M., Kpotos O. B., Xpanatosa 1. B.
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4 PE3YJBbBTATHU JOCJIIKXEHb

[Tomepenni po3paxyHKU TOKa3yiOTh, IO Yy pPa3i BiJICYTHOCTI NMPUBAHTAKCHHS B 30HI
BUPI3y PO3PaxyHKOBHH OMHIp IPYHTY 3HHIXKYETHCS, TOMY 3alpPOIIOHOBAHO 3allaTEHTOBAHY
KOHCTPYKIIIIO CTPIYKOBOTO (DyHIAMEHTY 3 MOB3JOBXKHIM BUPI30M M0 mifomsi (puc. 1), mo
cKianaeTbes 3 pyHaameHTHOT yacTunu 1 mmpunoo (2b+a), a Takok BUPI3y 2 MIUPUHOIO a

Ta 3aBBUIIKH A, SKUH 3alMOBHIOETHCS HU3BKOMOJYIBHUM MarepiaioM 3, HANpUKIa,
MHOIIIACTOM [6].

'Y/
>
]
2
3 <
%0, }
b a o
chb+a

Puc. 1. CrpiukoBuii pyHIAMEHT i3 TOB3IOBKHIM BHPI30M IO ITiJOIIIBI:
1 — ¢dyrmamenT; 2 — Bupi3; 3 — BCTaBKa i3 HU3bKOMOYJIBHOTO MaTepiary

Y 1npoMy BUNAIKYy TMPOIMOHYETHCS PO3TISHYTH pO3PAXYHKOBY CXEMY B3aEMOJIl
GyHIaMEHTY i3 IPYHTOBOI OCHOBOIO, SIKa TPEJCTaBJICHA HAa PUC. 2, I B MeXaxX MIMPHHU
BUpI3Yy @ MpU HaBaHTaKEHHI (yHIAMEHTY NEPeNacTbCsl TUCK, IO JOPIBHIOE BEIWYHHI
noGyroBoro TucKy »'d; 3a Mexamu GpyHIaMEHTY.

7//0/1 P }/b/f : 7//0/1
fmllw vy vy v Ty wmm 5
Y0, C b a 19)

Zho+a

Puc. 2. Po3zpaxyHkoBa cxema B3aeMolii pyHIaMEHTY 3 IPYHTOBOIO OCHOBOIO

THCK Ha OCHOBY B MeXaxX BHUPI3y a NEpeqacThcsl 3a JOMOMOTOK HU3BKOMOAYJIBHOTO
MaTtepiaiy 3 MoayJieM npyxHocTi E__, mo gopiBHIOE

6K

Eem = %y,dl 1 (1)

Jie S — IPOrHO30BaHe oci/laHHS QyHIAMEHTY, M;
A — BUCOTa BUPI3Y, M;

3

y' — mUTOMa Bara IpyHTY BHIIE IiI0IBU (QyHIaMEHTY, kH/M?;

d, — rubuna 3aknamanHs GyHIAMEHTY, M, a00, HABITAKH, BIAIIITOBYETHCS BUPI3 3aBBUIIIKH
A, 0 1OpiBHIOE

A:%s. (2)

Camoponos O. B., Mururcekuii B. M., Kpotor O. B., XpamnaTosa 1. B.
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Jis BU3HAuYEHHS PO3PAXyHKOBOTO OMOPY OCHOBHM (YHAAMEHTY BHKOPHCTAHO ITiJIXix
M. M. MacnoBa: ymoBa po3TailyBaHHsS HIKHBOT MEXKi 30HHM 3CyBY Z Ha BEpTHKali 00pi3y
bynnamenty, Tooto npu Z =b-tge (puc. 3).

v, P 70, Y
o i vvvwrWMMMMMM% : T
N
o o 9
‘ B="hb+a ‘
ZU

Puc. 3. Po3paxyHKkoBa cxema 0 BU3HAYCHHS pO3PaXyHKOBOTO OIOPY IPYHTY R Ta ocimaHHs s
OCHOBH CTPIYKOBOTO (PYHIaMEHTY 3 MOB3IOBKHIM BAPi30M TIO TiIOIIBI

Buxonsuu 3 pimenp 3Mmimanoi 3aaadi Teopii MPYXKHOCTI Ta IJIACTUYHOCTI (TIOCKA
nedopmartisi) 3 BUKOPUCTaHHSIM KpuTepiro MinmHOCTI Kymona-Mopa, mpoBeeHO aHaTiTHYHI
JOCIIJKCHHST PO3BUTKY IUIACTHYHUX 30H B OCHOBI (DyHIAMEHTy, $Ki MOKa3ykoTh, IO
IPaHUYHUI CTaH 3aBXKIM BUHUKAE panime y Toykax A (puc. 3), TOOTO mix 30BHIMIHIMU

KpasMu QyHnameHnty. llpm 1mpomy, BiJHOCHHMH MOIMYCTUMHH THCK Ha OCHOBY R MoKHa
HABECTH y 3pYYHOMY ISl aHAJII3y BUTIISAI:

R=k, = - :F(1+5tgqo+5ctggo)+l, (3)
y'd,
ne b=b/d; c=c/yd; y=y;
2
T 1. 2 2
F=———; T=|=siN2¢p—-0, | +(COS"@+7) ;
\/'F (2 (4 2) ( 4 )
—— 0,
sing
T a+2 5+1_ a+l a+2 )
o,=| ——¢|tarctg—=-arctg ——; 02=| —; BVEIY: 199
2 tge gy (a+1) +tg’%p (a+2) +tg’p
1 1
T= - 2 tgz¢’

(a?1+1)2 +19%p (5+2) +19°%p

e a=alb :
y 1 y/ —nuroMa Bara IpyHTY BiMOBIJIHO BHIIE Ta HUKYE MiJOIIBU QyHIAMEHTY;
@ 1 C — XapaKTEepUCTUKHU MIITHOCTI IPYHTY OCHOBH: BIAMOBIIHO KYT BHYTPIIIHBOTO TEPTS Ta
MTUTOME 3YCTUICHHSI.

3rizao 3 dopmymoro (3) mpu a=a/b—o Gymemo Math Ro I OZMHOMHOTO
bynnamenty mmpusoro b (pimenns M. M. Macrnosa), a mpu a=a/b—0 — g CYLIJIBHOTO
bynnamenty mupuHow 2D .

BukopucroBytoun Bupas (3), noOyayemo rpadiku QyHKUii (IuB. puc. 4) 3aJeKHO Bif
KyTa BHYTpiumHboro Teptst @ = 20° +45°, npuiipssmm: b=d, =1m; y =y’ =18xH/™*; ¢ =0.
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21 \¢=45"
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1.6 =0
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1.1 a=20° — R iy — —
P
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Puc. 4. T'padixu 3anexnocreit R/RO(kd) Big a/b

I3 rpadikiB Ha puc. 4 BUIHO, IO «PO3CYBAHHS» ABOX YaCTHH (PYHIAMEHTY IIMPHHOK D
Ha BIACTaHb & MIABMILYE PO3PAXyHKOBUH omip IpyHTy R ¢yHIaMeHTy MOpIBHSAHO 13
CYIJIBHOIO IIMPHHOIO CTPIYKOBOTO GyHaaMeHTy BeanuuHoo 20 (npu a/b=0). [Ipu upomy
icHye makcumym ¢yukuii R/ R, mpu nesHomy criBBigHoImeHHI a/b.

Crix 3a3HauMTH, MO 3MiHA 3YCIUICHHS IPYHTY C 3a IHIIUX PIBHUX YMOB NMPAKTHYHO HE
BIUIMBAE Ha 3MiHY BiJHOCHOTO po3paxyHKoBoro onopy R/R;.

VY pasi cipuiHATTS (YHIaMEHTOM BEPTHKAJIBHOTO HaBaHTaKeHHs mupuHa B =(2b+a)
migomBy  (pyHAaMEHTY 3 BHPI30M MOXKE NpHU3HAYATUCS ITEpaliiiHO BIAMOBIAHO O
3araJIbHONPUUHIATAX NPUHLMIIB [POEKTYBAHHS SK sl (yHOAMEHTY MIHpHHOKW 20 i3
CYLUTBHOIO IiJIONIBOIO, TPU IIBOMY PO3PaXyHKOBHH OIip IPYHTY (QYHIZAMEHTY 3 BHPI3OM
Ry, TIpuiiMaeThes 3a hopmynoro (4).

Po3paxyHKOBHI omip OCHOBHM CTPIYKOBOIO ()YHJAMEHTY 3 IOB3JIOBXKHIM BHPI3OM 10
MIJIONIBl MPOMOHYETHCA BHU3HAYATH 32 AHAJOTIEI0 3 TEpepuBUACTUM (YHIAAMEHTOM 3T1IHO
YUHHUX HOPM [8] piBHUM:

Ropia =Ry 'kd ’ 4)

ne R (R,) — pospaxyHkoBuii omip IPYHTY OCHOBHM (GYHAAMEHTY WIMPUHOK D, skwuii
BU3HAYAETHCS 32 HOPMATUBHOIO (GopMyioro [8] 3a yMOBH NPUHHATTS OyJb-SIKOTO KPUTEPIIO
PO3BUTKY 30H TPAaHUYHOI PIBHOBATU MiJ GyHIAMEHTOM;

ky(R/R,) — xoediwienT, skuit Moke BU3HAYATHCS BiMOBIAHO 10 rpadikiB Ha puc. 4.

VY pa3i BIIMBY Ha CTPIUKOBI (PyHIaMEHTH 3HAYHUX MOMEHTHUX HaBaHTaxeHb M,
HampHKIaJ, Ha QyHIAMEHTH MAacHUBHHUX MIAMIPHUX CTiH (pHC. 5), MOXKYTh 3aCTOCOBYBaTUCh
3anponionoBadi I. SI. JlyukoBcekum Ta O. B. CamopomoBum ¢opmynu [7] nias BU3HAYCHHS
palioOHaTbHUX T€OMETPUYHUX PO3MIPIB MIAOUIBY TaKuX (QYHIAMEHTIB MPH 3a1aHUX 3YCHILISAX

N, M Ta BiamoBigHOMY po3paxyHKoBoMY omopi IpyHTY R, .. (muB. dopmyny (4). Ilpu
BOMY JJISi TEXHOJIOTIYHOT 3pYYHOCTI BHUPI3 MOXe OyTM BUKOHaHUH y MexaxX OeTOHHOI
TIITOTOBKY 32 JOTIOMOTOX0 BKJIAJKH 13 HU3BKOMOIYJIBHOTO Matepiaiy (puc. 5).

Camoponos O. B., Mururcekuii B. M., Kpotor O. B., XpamnaTosa 1. B.
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Puc. 5. ®ynnaMeHT MaCHBHOI MiAMIPHOI CTIHH:
1 — criHa; 2 — OETOHHA MiITOTOBKA; 3 — BKJIAIKa 13 HU3bKOMOYJILHOTO MaTepiaity
Opniero 3 ocoOnuBocTel NPOEKTYBaHHS (YHAAMEHTIB 3 BHpi3aMM Ha MiJOIIBI B
LEHTPaJIbHIN YaCTHHI € HEOOXiTHICTh BUKOHAHHA YMOBHU: S <A, TOOTO OCiIaHHS S OCHOBHU
(¢byHIaMeHTy HE TIOBUHHO MEPEBUIIYBATH BUCOTY BUPI3Y A ISl BUKIIOYEHHS MOTEHLIHHOTO
MOBHOTO KOHTAaKTYy 3 OCHOBOIO (DYyHIAMEHTY B 30HI BHPi3y 3a BECh TEPMIH EKCIUTyaTarlii
cnopyau. Tomy, Ans BHU3HAUEHHS OCIJAaHHS OCHOBH TakuX (YHIAMEHTIB MPOMOHYETHCS
BUKOPUCTOBYBAaTH KJIACHYHHWI METOJ TOMIAPOBOTO ITiJICYMOBYBAaHHSI OCIJaHHS Y3JIOBXK OCI
GbyHnameHry Z,, o IpoXoauTsh yepe3 Touky O BHyTpilHbOro 00pizy pyHaameHTy (puc. 3)

[8]. V tabn. 1 HaBemeHo 3HaueHHsS Koe(illi€HTa 3aTyXaHHSA @ BEPTHKAIBHUX HANpPYKEHb
Y3IOBXK OCi Z, Ha Pi3HHX BiIHOCHUX rMbOuHax z /b npu pi3HUX cniBBigHOIIEHHSIX 77=a/b,
oOumcieHi 3 BUKOpHCTaHHAM Bimomoro pimeHHs B.I'. Kopotkina ans ymoB miockoi
nedopmariii.

Taoauns 1
3naveHHs KoedillieHTa 3aTyXaHHsI o B3JIOBX OCl Z,

3HaveHHs KoedilieHTa 3aTyXaHHs o HAIPYXEHHS B3IOBX OCi Z, JUISL CTPIYKOBOTO

z (GyHIaMEHTY 3 TIOB30BKHIM BHPi30M I10 ITiI0IIBI TPy criBBiaHOmEHHI 77 =a/b,
b 1110 JIOPIBHIOE

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
1 2 3 4 5 6 7 8 9 10 11
0 1 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

0,4 | 09772 | 0,7013 | 0,5636 | 0,5065 | 0,4755 | 0,4481 | 0,4129 | 0,3595 | 0,2757 | 0,1531
0,8 | 0,8809 | 0,7251 | 0,5939 | 0,4954 | 0,4203 | 0,3565 | 0,2949 | 0,2296 | 0,1581 | 0,0807
1,2 | 0,7553 | 0,6481 | 0,5453 | 0,4530 | 0,3725 | 0,3014 | 0,2367 | 0,1754 | 0,1159 | 0,0574
16 | 0,6417 | 0,5606 | 0,4796 | 0,4022 | 0,3304 | 0,2647 | 0,2044 | 0,1486 | 0,0963 | 0,0469

2 0,5498 | 0,4849 | 0,4192 | 0,3549 | 0,2934 | 0,2355 | 0,1816 | 0,1314 | 0,0847 | 0,0410
24 | 04773 | 0,4234 | 0,3686 | 0,3143 | 0,2615 | 0,2111 | 0,1633 | 0,1184 | 0,0763 | 0,0369
2,8 | 0,4200 | 0,3738 | 0,3270 | 0,2804 | 0,2346 | 0,1903 | 0,1479 | 0,1076 | 0,0696 | 0,0337
3,2 | 0,3741 | 0,3337 | 0,2929 | 0,2521 | 0,2119 | 0,1727 | 0,1348 | 0,0984 | 0,0638 | 0,0310
3,6 | 0,3366 | 0,3009 | 0,2647 | 0,2285 | 0,1927 | 0,1576 | 0,1235 | 0,0905 | 0,0589 | 0,0287

4 0,3057 | 0,2736 | 0,2411 | 0,2086 | 0,1764 | 0,1447 | 0,1137 | 0,0836 | 0,0546 | 0,0267
4,4 | 0,2798 | 0,2506 | 0,2212 | 0,1917 | 0,1625 | 0,1336 | 0,1052 | 0,0776 | 0,0508 | 0,0249
4,8 | 0,2578 | 0,2311 | 0,2042 | 0,1772 | 0,1504 | 0,1239 | 0,0978 | 0,0723 | 0,0474 | 0,0233
52 | 0,2390 | 0,2143 | 0,1895 | 0,1647 | 0,1400 | 0,1154 | 0,0913 | 0,0676 | 0,0444 | 0,0218
5,6 | 0,2226 | 0,1998 | 0,1768 | 0,1537 | 0,1308 | 0,1080 | 0,0855 | 0,0634 | 0,0417 | 0,0206

6 0,2083 | 0,1870 | 0,1656 | 0,1441 | 0,1227 | 0,1014 | 0,0804 | 0,0597 | 0,0393 | 0,0194
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Kpen crpiukoBoro ¢yHmamMeHTy MIHUPUHOIO B 3 BeMMYMHOI IEHTPAIHHOTO
MOB30BXHBOIO BHPI3y a mpu aii cum N B31oBk cropoHu B (puc. 5) BU3HAUaeThCs
BIIMOBIAHO JI0 TEOPETHYHHX JociikeHb @nopina B. A. Ta pe3yiapTraTamMu HaMIMX
JOCITIJKEHB [9]:

i:ﬂo'op (5)

C,(B*-a°)

ne C,=3E/ 2(1— ,uz) — IHTEerpaIbHUN KOEQIIIEHT MKOPCTKOCTI OCHOBH MJII YMOB IUIOCKOT

nedopwmartii, kl1a;
E — monyns nedopmarii rpynty, klla;
4 —koedimient Ilyaccona rpyHry, oa.

Ipukaaag po3paxyHKy CTPiYKOBOro (yHIaMeHTY 3 MOB3/A0BXKHIM BHpi3oM 10
MiI0MIBiI MACUBHOI MiAMIPHOI CTiHU.

B sxocTi BUXIOHMX MaHHWX JUIS TPOEKTYBaHHA (YHJAAMEHTY CTiHU NMPHUHATO peasbHi
IPYHTOBI yMOBH OyaiBeIbHOro MaigaHuumka B XapkiBCchbKiid oOiacti (Ykpaina). OcHOBOIO
byHIaMEHTy CTiHM CIyXaTb OpiOHI INIIBHI IMICKH, MajJOBOJIOTi, 3 TpOIIapKaMH IIiCKiB
cepeqHboi  IIUIBHOCTI 3  HACTYNHUMH  (I3MKO-MEXaHIYHUMU  XapaKTePUCTHKAMHU:
y=y'=17,84xH/M*; p=35"; E=381la; u=0,3.

BinnoBinmHo 1o momepeaHix po3paxyHKIB 3yCHIUIS IO MiTOMBI (DyHIAMEHTY, a TaKOX
HIII PO3MIpH Ta IMapaMeTPH MalOTh TaKi 3HAYCHHS:

N =135kH — BepTukanbHa cuna;
M =80,8 kH'M — MOMeHTHE 3ycuiuis;
d, =1m — riubuHa 3aKnagaHHs GyHIAAMEHTY;
A=06=0,IMm=10cm — BHcOTa BUpI3Y, sIKa JUIS 3PYYHOCTI MPUIHATA PIBHOIO TOBIIWHI
OETOHHOT MIJArOTOBKM, TOMY BHpi3 TOBHHEH OyTH 3alOBHEHUH HU3BbKOMOIYJIbHUM
MaTepiajoM 3 MOAYJIEM MPYKHOCTI He MeHIle YuM (IuB. popmyry (1):

A 01

Egm =_7'd1 __171841z9,OKHa
S 0,2

[lpu oMy ocigaHHd  (QyHAAMEHTY S, OOYMCIEHE METOAOM  MOILIapOBOTO
MIJCYMOBYBaHHs jAedopmariiii mo rmMOuHI B3I0BX OCI BHYTPIIIHBOTO 00pi3y (pyHIaMeHTy
(puc. 3 1 Tabm. 1) He mnepeBHIIyBaTHME BHCOTY BHpPI3y A:S=2cM<10cM=A, mo €
0COOJIMBICTIO MPOEKTYBaHHS Ta MPUHIMIIOBOIO BUMOTOIO NPU PO3paxyHKy (YyHIAMEHTY 3
MOB3/I0BXKHIM BUPI30M y IIEHTpaJIbHiil YaCTHHI MiIONIBY.

Ha migcraBi 3aranbHOBIZOMHX (DOpMYNT OHOpy MarepiaidiB BHUKOHAHO PpO3pPaxXyHKHU
pO3MipiB MifOMBH (YHIAMEHTIB MACHBHOI CTiHM JUIS 33JOBOJIEHHS KpalOBUX OOMEXEHb
TUCKY ( Ppax ¥ Ppin) Ha IPYHTOBY OCHOBY. PesynbpTatu 3BeseHi y Tabi. 2, a Ha puc. 6

MIpe/ICTaBJIeH1 OCHOBHI MMapaMeTpu PO3MIpiB MiJOMBU (YH/IAMEHTIB CTIHH.

Camoponos O. B., Mururcekuii B. M., Kpotor O. B., XpamnaTosa 1. B.
40 https://doi.org/10.31650/2618-0650-2023-5-1-33-43



https://doi.org/10.31650/2618-0650-2023-5-1-33-43

V/1/2023
Crop. 33-43 / Page 33-43

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

Taoauns 2
Pesynbratu po3paxyHKy

CyuinbHa migomsa QyHIaMEHTY, [TizomBa GpyHAaMEHTY 3 MOB3IOBXKHIM BHPI30M,
B=2b B=2b+a

B=2b=6M /N ~36u B=2b+a=2-035+14=21n
(MiHiMasTbHA [IMPUHA ITiIOMIBU OTPUMAHa IS . : ’ LT
(po3MipH i IOIIBH OTPUMAHI 1TEpPaIliiHO)

HEJIOMYIIECHHS BiJIPUBY MiJIONIBY BiJI OCHOBH)
p=193kIla <335k[la~ R, , =R, -K,

=37,5kIla < 470kIla = R
P ) T ne R, ~310xIla; k, =1,08 (npu a/b=4)

P ~ 75kITa < 564xITa =1,2R,, P, ~349kITa < 402kIa =1,2R,,
Prin ~0 Prin ~37klla >0
i =0,000046 i =0,00033
s/, v
s /
//// ////
7/ i
// / o // / o
/// S /// S
s/, s ™
SV ™ IEPD
s/ // s
////// [ ////
s/ A
S 7NN,
, - // A S S, 7 // T I
P // , // ./, // % s // , %
s // / S S // / 7 S
S S v // 7S s - / . // =
1 [ T I
S 350 | | a-1400 =350 S
B=3600 — 0= 0= ‘ b= S
B=2100
a 0

Puc. 6. [TopiBHSHHS OCHOBHUX MapaMeTpiB CTPIUKOBUX (DyHaMEHTIB MACUBHOI MIAIIPHOT CTIHH:
a) 13 CYLIJBHOIO MiI0MIBO0; 0) i3 MOB3AOBKHIM BUPI30M II0 IMiJOMIBI

5 OBI'OBOPEHHS PE3VJIBTATIB JOCJIIXKXEHHSA

Sk BuAHO 13 puc. 6, y JaHOMY pealbHOMY INpUKJIaJAl 3arajibHa IIUPHUHA CTPIYKOBOIO
¢byHIaMEHTY 3 MOB3J0BXKHIM BHPI30M MEHIIE Ha 1,5 M y MOpIBHSHHI 3 CYLUIBHOIO (OPMOIO
HiA0MIBH (PyHIAMEHTY, 110 A€ CYTTEBUNA €KOHOMIUHUHM ePEeKT Ha KO)KHOMY ITOTOHHOMY METpi
(GyHIIaMEHTY CTIHHU.

Crin BiI3HAYNTH, 110 HA BIAMIHY BiJl PO3MJIIHYTOrO MPHUKIALY PO3PaxXyHKY Ta OyIb-SIKHUX
IHIIMX PIBHUX YMOBAaX, B TOMY YHUCJI1 IPH MOXJIMBOCTI «B1IpUBY» HOTO M1JIOIIBH BiJl OCHOBH -
¢byHIaMEHT 13 BHpPI30OM IO MifOMIBI OyAe 3aBXAM MaTH MEHII PO3MIpH y MOpPIBHSAHHI 3
(GbyHIaMEHTOM 13 CYL[IBHOO MigomBoio [10].

6 BHUCHOBKH

1. V3arampHeHO JesKi pe3yJabTaTH JIOCHIDKCHb B3a€EMOJIi 3 TPYHTOBOIO OCHOBOKO
CTpIYKOBUX (PYHIAMEHTIB 3 TMOB3JIOBXKHIM BHPI30M MO MiJOIIBI, IO CIPUHAMAIOTh 3HAYHI
MOMCHTHI HAaBaHTaXXCHHS 13 3alPONOHYBAaHHSAM METOJIUK PO3PaXyHKY I BU3HAYCHHS
PO3PaxXyHKOBOTO OTIOPY TPYHTY OCHOBH, OCIJJaHHS Ta KPEHY.

2. Ha peanpHOMY mpHKIagi po3paxyHKy CTPIYKOBOTO (PYHAaMEHTY MAaCHUBHOI MiImipHOI
CTIHM TPOBEACHO ampoOaIlifo 3ampONOHOBAHUX METOIUK 13 JIEMOHCTPAIIEI0 CYTTEBOTO
€KOHOMIYHOTO €(peKTy IIpH 3aCTOCYBaHHI MOAIOHUX (YHIaMEHTIB.

Camoponos O. B., Murtuncekuit B. M., Kpotos O. B., Xpanatosa 1. B.
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YK 539.3

PEI'YJISIPHA TA CKJAJIHA MIOBEJIHKA MAATHHUKOBOI
CUCTEMMU Y MATHITHOMY I10OJII

Cypranosa 1O. E.!, Mixuin 1O. B.!

1 . . . .. . . . . ..
HabﬂOHaJZbHMM MexXHIYHUU YHieepcumem «XapKl@CbKuu NONIMEXHIYHUU IHCmUmymy

AHoTauis. Po3raHyTO AMHAMIKY KOJIHMBAJIBHOI TUCHIIATUBHOI CHCTEMH, IO CKJIAIAETHCS 3 IBOX
3B'A3aHUX MAsSTHHKIB y MarHiTHOMy moxi. [loeqHaHHS OUX MasSTHUKIB BiIOYBA€ThCS 3a IOTMOMOTOIO
MPYKHOTO eJIeMEHTY. [HepliiiHi KOMITIOHEHTH MasTHUKIB 3MIHIOIOTHCSI B IIMPOKUX MEXax, IPUIOMY B
AQHAITHYHOMY JOCTI/DKEHHI CITBBIIHONIEHHS Mac BHOWpaeThcs SK Manuii mapametp. [
HAOMIKEHUX PO3paxyHKIB MarHiTHUX CHJI BUKOPUCTOBYEThcA ampokcumanis [lage, mo HaiOinbmown
MIpOI0 3aJI0BOJIbHsIE eKcIepuMeHTanbHI agaHi. lle HaOmwkeHHs 3a0esledye OMHMC MAarHiTHOTO
30yKEHHS 3 XOPOIIOK TOYHICTIO. HasBHICTH 30BHINIHIX BIUIMBIB y BUIJISIAI MarHiTHUX CHIJI Ta
PI3HOTO THITY HaBaHTaKEHb, K1 ICHYIOTh B 0ararboX iHK€HEpHUX CHCTEMaX, MPUBOAUTH JI0 3HAYHOTO
YCKJIaJHEHHS aHali3y (OpM KOJIMBaHb HENiHIHHUX cucteM. [IpoBeACHO MOCTIIKEHHS HETIHIHHUX
HOpMabHUX MoA KonmBaHk (HHM) B maHiii cucremi, mpudoMy OHA 3 MOJI € 3B'I3aHUM PEXHMOM, a
IpyTa — JIOKaiai3oBaHO. Moy KoIMBaHb MOOYIOBAaHO METOJIOM 0araTboX MacmradiB,. BuBdaeThcs
SK peryisipHa, Tak i CKJagHa MOBEIiHKA TMPHU 3MiHI MapaMeTpiB CHUCTEMH, cepell AKHX Koe(illieHT
MPOTNOPLIHHOCTI Mac MasiTHUKIB, KOE(ILi€HT 3B’ 13Ky, KOS(IlliEHT IHTEHCHBHOCTI MarHiTHOTO BILTUBY,
a TaKOX BIJCTaHb MDK BICCIO OOEpPTaHHA Ta IIEHTPOM TSOKiHHSI. BImmB BKazaHWX mHapaMeTpiB
JOCIIKYEThCA SIK TP MajHMX, TaK 1 TPH YAMAIUX IMOYaTKOBHX KyTaX HAXWIy MAasTHHKIB.
AHaNITHYHUNA PO3B’S30K MOPIBHSHO 3 Pe3yNlbTaTaMU YHCEILHOTO MOJEIIOBAHHS, SIKUM 0a3zyeThcsl Ha
meroni Pynre—Kyrtu uerBeproro mopsaky, e Ais po3paxyHKY MOJ KOJMBaHb BHKOPHCTOBYIOTBHCS
MMOYATKOBI 3HAYEHHs 3MIHHUX, BH3HAUEHI B aHAJNITUYHOMY PO3B’s3Ky. UmcenpHe MOJIENIOBaHHS, IO
BKITIOYa€ MOOYA0BY (a30BUX JiarpaM i TpaekTopidl y KOHQIrypaliifHOMy IpOCTOpPi A03BOJISIE OL[IHUTH
JMHAMIKy CHCTEMH, sIKa MOXe OyTH sIK PeryisipHOIO, Tak i CKJaaHOr. CTIMKICTh MOJ KOJHMBaHb
JOCII/KYEThCS 32 JOTOMOTOI0 YHCEIbHO-aHANITHYHOTO TECTy, IO € YHCEIBbHOK peali3amli€cro
KpuTepist cTiikocTi 3a JlsmyHoBuM. [lpym mboMmy CTiHKICTh MOJ| KOJNHMBaHb BHU3HAYAETHCS MUIIXOM
OIIIHKK OPTOTOHAJILHUX BIAXUJICHBb BiJl TPAEKTOPIi BIANOBIIHOT MOJU KOJUBaHb B KOHQIrypaliiiHOMY
MIPOCTOPI.

KarouoBi cioBa: 1oB’s3aHi MasTHUKH, MarHiTHi CHJIA, HEJiHIITHI HOpMAaJlbHI MOJM KOJIBaHb,
MeToz 0araThb0x MaciuTaoiB.

REGULAR AND COMPLEX BEHAVIOR OF A PENDULUM
SYSTEM IN A MAGNETIC FIELD

Y. Surhanova?!, Yu. Mikhlin*
'National Technical University «Kharkiv Polytechnic Institutex

Abstract. The dynamics of an oscillatory dissipative system consisting of two connected
pendulums in a magnetic field is considered. The connection of these pendulums is realized by some
elastic element. The inertial components of pendulums vary widely, and the mass ratio is chosen in
analytical investigation as a small parameter. For approximate calculations of magnetic forces, the
Padé approximation which best satisfies the experimental data, is used. Such approximation permits to
describe the magnetic excitation with good accuracy. The presence of external influences in the form
of magnetic forces and various types of other loads that exist in many engineering systems leads to a
significant complication in the analysis of vibration modes of nonlinear systems. Nonlinear normal
modes (NNM) are analysed in the system where one mode is connected and the other is localized.
These modes are constructed by the multiple scales method. It is studied as the regular, as well the
complex behaviour when changing system parameters, including the pendulums mass ratio, the
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coupling coefficient, the magnetic impact intensity coefficient, and the distance between the axis of
rotation and the center of gravity. The influence of these parameters is studied at both small and not
small initial angles of the pendulums. The analytical solution is compared with results of numerical
simulation which is based on the Runge—Kutta method of the fourth order, where initial values of
variables defined in the analytical solution are used. Numerical simulation, which includes
construction of phase diagrams and trajectories in the configuration space, permits to estimate the
system dynamics which can be as regular, as well irregular one. The mode stability is studied by the
numerical-analytical test which is a numerical realization of the Lyapunov stability criterion. Here the
mode stability is determined by analysis of orthogonal deviations from the mode trajectory in the
system configuration space.

Keywords: connected pendulums, magnetic forces, nonlinear normal modes, multiple scales
method.
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1 BCTYI

MarematnuHi Ta (i3WYHI MASTHUKH € BaXJIMBHUMH MOJEISAMH, IO MPEACTaBISIOTH
TUIMOBY HENIHIWHY NUHAMIKY PI3HUX THIIB HETiHIMHUX cucTeM. OIHUM 3 HaWBaKJIMBIIIAX
eTamiB y JOCHIPKCHHI TUHAMIKA HETIHIMHMX CHUCTEM 3 KUIbKOMa CTEICHSMH CBOOOIU €
BHBYCHHS HENIHIMHMX HOpMalbHMX Moja KoiuBanb (HHM). Benuke 3HaueHHs it
IH)KEHEPHUX 3aCTOCYBaHb Ma€ BH3HAYCHHS MOXKIIMBOCTI JIOKali3aiii KOJWBaHb, SIKE 1HOMII
IIKOJUTh HOPMAJIBHOMY (YHKIIFOBAaHHIO MallMH Ta amapariB. KpiM Toro, BaKIMBHM
YSIBIISIETCS TOCIIP)KEHHS KOJMBAaHb CUCTEM, IO 3HAXOMASTHCS ITiJI BILTMBOM MArHiTHUX CHIL.
3a3HauMMo, IO Ii OCTaHHs 3ajaya JUIsi CYTTEBO HENIHIMHUX CHCTEM € JIOCTaTHHO CKJIaTHOIO
JUISL TOCITI/KEHHS 1 JaJieKa Bijl CBOTO PO3B’SI3aHHS.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

B nexinpkox oOCTaHHIX MyOJIKaIlisfiX IMPOBEICHO TEOPETUYHE Ta EKCIIEPHUMEHTAIbHE
JOCTIPKEHHsT JUHAMIKK JABOX 3'€JHAHMX MAasSTHHUKIB y MarHiTHoMy mnom [1-3]. B mwmx
poboTax, 30Kpema, MPEICTaBICHO Tpadik MOMEHTY MAarHITHUX CHJI, OTPUMAaHUHN IIJISTXOM
eKcrepuMeHTiB. JlOCTiPKeHHSI HEMHIMHUX PEXUMIB HOPMAJbHUX MOJ KOJMBaHb B TaKid
cuctemi 0e3 BpaxyBaHHsS BIUIUBY AWCHIIATUBHUX CHJI, JUIS BHUIAAKY, KOJHM MacH IHUX
3'€THAHUX MAasATHUKIB ICTOTHO pO3PI3HSAIOTHCA, BUKOHAHO B [4]. 3a3HauMmo, BiATenep
pisHomanitHi acrniektu teopii HHM (Nonlinear normal vibration modes, NNMs) ra ii
PI3HOMaHITHI 3aCTOCYBaHHsI IIPEJCTAaBICHO B OaraThox myOmikamisix. OCHOBHI €JIeMEHTH i€l
Teopii Ta mocuIaHHS Ha MyOiikamii MOXKHa 3HAWTH, 30KpeMa, B orysagax [5, 6] 1 kamsi [7].
MoskHa Tako)XX BiJ3HAUUTH, M0 MpoOjema JoKami3alili KOJMBAaHb YK€ BaXIMBa K IS
Teopii, Tak 1 JUIs IH)KEHEPHOI MPAaKTUKH, 1 JOCIIKyBajacsi B OCTaHHI JECATHIITTA B
YHCIEHHUX MyOmiKalisax, cepel skux Mu Buausiemo [8—10]. B maniit Mmogeni Mu qocaiKyeMo
SIK TIOB’SI3aHY, TaK 1 JJOKaJI130BaHy MOJIA KOJUBaHb.

3 HIJb TA 3AJAYI JOCJIKEHHS

B poboti mocmijkeHo HeniHiMHI HOpMasibHI Mojau konuBaHb (HHM) B masTHUKOBIN
CHCTeMi, 0 3HAXOAUTbCS B MAarHiTHOMY IIOJi, 3 YpPaxyBaHHSM OIIOpPY CepeloBHILNA Ta
MOMEHTY JeMII(QyBaHHS, CTBOPEHOTO MPYKHUM eJeMeHTOM. Po3risigaeTscs cucrtema, B sIKii
MacH MAasTHHUKIB CYTTE€BO pPO3PI3HAIOTHCS, L0 HPUBOAUTh K BHHUKHEHHIO JIOKaJi3awii
KonmBaHb. Ll cucTemMa € aBTOHOMHOIO Ta JAMCHUIIATHBHOIO HETiHIHHOI CHCTEMOIO 3 JBOMA
cryneHsMu cBoOonu. CyTTeBa HENIHIMHICTb, TNPHCYTHA B CUCTEMi, HPHUBOAUTH JO
HEOOXIAHOCTI 3aCTOCYBaHHS AaCHMIITOTUYHUX METOMAIB JJIs aHali3y TMOB’s3aHOl Ta
JIOKaJIi30BaHOT MOJI KOJMBaHb. byne BHKOpHCTaHO MeToj 0araTboxX MaciiTadiB, IO MOXeE
OyTH YCHIIIHO 3aCTOCOBaHM came [0 IUCHITATUBHUX CHUCTEM, a TaKOX YHCEIbHE
MoaemntoBaHHsA. KpiM moOyaoBU MOJ KOJIMBAaHb CTaBUTHCA 3ajaya JOCTIIUTH iX CTIHKICTh, a
TaKO0X 3pOOHUTH PO BILJIMB 3MIHM NTapaMeTPiB CUCTEMH Ha 11 IUHAMIKY.

4 PE3YJIBTATHU JOCJIIKEHb

JocnipxyBaHa MareMaThyHa MOJENb PYyXy IOB’SI3aHUX MAasTHHUKIB MpPEICTaBI€Ha Ha
puc. 1.
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Puc. 1. Cucrema noB’s13aHUX MasTHUKIB
1€ 4 — BIJIHOIICHHA Mac JBOX MasTHUKIB, & — YMOBHHI Manuii mapametp; € =1; m —maca
OUIBIIIOI0 MAasTHUKA, kl* =k|/l, | =4ms?, K, —JKOpCTKiCTh MOB’SI3aHOTO  MPYXHOTO
eJIEMEHTA, k,* (p,—@,) — MomeHT KpyTunpHOI pgedopmamii HPYKHOTO eIeMeHTa, ) —
IHTEHCUBHICTb MAarHiTHOrO 30YyKEHHS; Mr;agl,z =M, / I, M, — MaritHuii BIUTHB;
C;z =C, /I , G, — KOe]IUieHT Omopy B’A3KOro IOBITPS, C: =C, /I , C, — xoe(ilieHT
NeMIQyodoro MOMEHTY, CTBOPEHOTO IIPYKHHM elleMeHTOM; I Sin @, — MOMEHT IIOBEPHEHHSI

CWIH TSDKIHHA, I = r/ | ; s — BiACTaHb MK IIECHTPOM Mac MasTHHKA i Biccio oOepraHHs. Ls

CHUCTCMA OIMUCYETHCA HACTYITHOIO CUCTEMOIO I[I/I(I)epeHL[iaJIBHI/IX piBHHHB:
eup = eyM r:lagl _5C5¢1 _gC:((pl —®,) —é‘,ur* sing, — kl*(% —0,); (1)
@, =eyM ;lagz _‘9C;¢72 _gC:((bz —)— r'sin P, — kl*((Pz —,),

JocnimxyeTbes cuTyarllisi, KOJIM KyTH MOBOPOTY JBOX MAaATHHUKIB € HE AYXe 3HAYHUMH,
TOMY BHKOPUCTOBYETBHCSI PO3KJIAJaHHS CHUHYCIB B psiau MakjopeHa 31 30epeKeHHSIM 4JIEeHIB
HE BHIIE TPETHOTO CTYIICHSI.

Bukopucrano [Tage—anpokcumaliito MarHiTHOro BIUIUBY y Gopmi (2).

aQ+a,p° .
M =| 8y +———— |Sign , 2
mag ((0) 1+ b1¢2 + bZ(DS g ((0) ( )
ne a,, &, a, b,b, — xoediumienTn Mmomeni, orpuMaHi 3 BHKOPHCTAHHSIM MPOLEIYPH

HEeNTIHIMHOTO METONy HaWMEHIIMX KBaJApaTiB i TOro, o0 HaWKpaluM YUHOM
3a/I0BOJIBHUTH  ekcniepuMmeHTanbHl  jaHl [1-3]. [lopiBHsSHHS 1i€i ampokcumarii 3
€KCIIEpUMEHTAIbHUMHU JIAaHUMH TPEJCTABIEHO pUC. 2.

—— Model
0.10 4 === Data

0.05

0.001

MmaglNm]

—-0.05 4

—-0.10 A

| | Puc. 2. ExciepuMeHTalbHi JaHi MarHiTHOTO
0.2 01 [°-°d] o1 0.2 MOMEHTY y HOPIBHSHHI 3 UUCEIBHO
olra
Y3TOXKEHOI0 MOJEILITIO
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IIpencraBumo po3B’s30kK (1) y BUIIIsII pO3KIIaAaHHs 32 MM napameTpoM (3).

(01:§010+5(011+O(‘92); 3)
P, = P +5¢’21+O(‘92)-

1€ @, Py — PO3B’A30K MOPOIKYBAIBHOI JIIHIMHOI CUCTEMH, @), (,; — PO3B’A30K HEPILIOrO

HaOIKEHHS 110 MAJIOMy HapaMeTpy & .
BuxopucroByeTbes MmeTon 6ararbox MacmTaoiB [10]. ¥V BiAMOBIAHOCTI A0 IIbOTO METOIY
BBOJIMMO 4acOBI MacIITabu, a came:

To=t,T,=¢er,7=apt, 4)

ne T, — mBuAKMi dac; T,— NOBUIBHMIL Yac, a)g =r".
Bukonyroun crannapTHi MepeTBOPEHHS IbOTO METO1, OTPUMAEMO CUCTEMH PIiBHSHB (5)
Ta (6), BIAMOBIAHI JBOM NEPIIMM HAOIMKEHHIM 32 MAJIUM ITApaMETPOM & !

_kl*((Pm —0y) =0,

g% o° . . (5)
@, oo —1 @y =K (@ — 0y).

,ua)oz (/)120 =yM_ mag, -C, P —ur o, =K (91— @),
oT, oT,
et az " ° P . (6)
2 % % % 3 *
29 [2ﬁ+?§j=7l\ﬂmagz C 8TZO —-r (¢Zl_g¢20j_kl (@ — P11)-

Posp’siskoM (5) € @y, =@y = A(T;)cos(T, +Vv), wo Binnosinae cundaskiii nos’s3aniii

¢bopMi KonuBaHb. MarHiTHUH MOMEHT, IO /i€ Ha MEpIINH MasTHHK, MPEJICTaBICHO PSIOM
®dyp’e BIAMOBIAHO A0 cHiBBiAHOMICHHS (7) (IS MarHiTHOTO BIUTUBY Ha APYTUNA MasTHUK

6yaemo BukoprcToByBaTH Koediuientu h, i=(0,6)).

My, ® I (go +Zg, cos (i (T, +v))j (7)

2 (5 4Py + P i
ne g, = ﬁjo S|gn(golo)[a0 +1+b1¢102+b2¢103Jcos( (T, +v))dT,,i=(0,6).

[Io6 3amo6irTv mosiBi CEKYJISIPHUX JOJAHKIB Y cUCTeMl PIBHSIHB (6), MU BUKIIOYAEMO
JOJJAaHKHU, 110 MICTITh QYHKIIT COS (T0 +v) Ta Sin (TO +v) y TIpaBiif 4YacTHHI IIUX PIBHSHB, 1 B

pe3yabTati oTpuMyeMo piBHAHHS (8) Ta (9).

cos(T, +v):2a)§,6~i—dv1 +Z(gl+l'5)+—r A =0, (8)
dT, |1 8

- . 2 dA- * *

S|n(T0+v).2a)0d—T+ A(C, +C))=0. 9)

1

3BiICH BUILIUBAE, 110

A37(C1;§§)T1 _7(g1 n hl) (Cl +C2)T1 —A a)g 2A37(C1 ‘*{'ng)Tl
A=e , V= +———=€ .
I(C +Cl) 16(C; +C,)
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ac A3 - I[OBiJIBHa KOHCTaHTa, IO BH3HAYAETHCA IIOYATKOBUM BiI[XI/IJIeHHSIM MasiTHHKA.

[TopiBHAHHS aHATITUYHOTO PO3B’SA3KY 3 YHCEIBHUM, 3aCTOCOBAHUM J10 06a30Boi cuctemu (1) 3
BUKOpHUCTaHHAM Metoay Pynre—Kyrtu 4-r0 nopsaky, npoBeAeHO Ui MOYaTKOBUX 3HAU€Hb
3MIHHUX, SIKI BU3HAYAIOTHCS 3 QHAJIITHYHOTO pilleHHsA. Take MOpIBHSAHHS IMOKa3ye XOPOIINY
TOYHICTh aHATITUYHOI alPOKCUMAIlii TPH TOCTaTHHO MAJIMX 3HAUCHHSX Mapamerpa /i, Ta JJIs

TaKWX 3HAYCHb [TOYATKOBUX KYTIB MAasATHHUKIB, SIKi IPUOIU3HO HE MepeBUIyI0Th 60°.

Terep po3riisiHEMO BIUIMB MapaMeTpiB CUCTEMH Ta IMOYATKOBMX YMOB Ha IO (Gopmy
konuBaHb. [lapamerp A,, sIKHil TOB’A3aHMI 3 IIOYATKOBHUM BIiIXWIICHHAM, OyI€MO 3MiHIOBaTH
y mianaszone Bix —1.5 g0 1.5 1 po3rnsaaty TUTBKK BUMAIKU, KOJHM MMOYATKOBE BIIXUJICHHS HE
nepesunrye 60°. Iumn mapamerpu 3adikcyemo takum umbHom: M =0.5(kg), s=2.5(m),
k, =1(Nm/rad), ¢=1, y=1/5, ¢,(0)=0(rad/s), i posrisiHeMO xeKiIbKa 3HAYCHB
Koe(illi€eHTy TPOMOPIIHHOCTI Mac 4= {0.01,0.05,0.1}. Tyt 1 Hagami 4Yac MOJCITIOBaHHS

nmoBeMiHKY cucteMu ckiagaarume 3000 cexyna. PesynbraTu npeacTaBieHo Ha puc. 3.
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Puc. 3 (a-r). ®azoBi moprpery Ta KpuBi y KOHQIrypauiiHOMy IPOCTOPI IIPH PiI3HUX MTOYATKOBUX YMOBax Ta
Koe]ilieHTax MPOMOPIIHOCTI Mac TBOX MasSTHUKIB

Ha puc. 3 6auumo, 1mo He Ha BCbOMY Jiana3oHi IMOYATKOBHX YMOB peali3yeThCs
cur(asHa Moja KolMBaHb (Ha puc. 3a Bukopucrano take: A, =-0.69, ¢ (0)=-0.1333rad

(-7.64°), ¢,(0)=-0.1389rad(—7.9584°), w1 =0.05). IMopiBuioroun puc. 3a Ta puc. 3B, 1e

Cypranosa lO. E., Mixumin 1O. B.
https://doi.org/10.31650/2618-0650-2023-5-1-44-60 49



https://doi.org/10.31650/2618-0650-2023-5-1-44-60

MexaHika Ta MaremMaTH4Hi Meromu [ % V/1/2023
Mechanics and mathematical methods Crop. 44-60 / Page 44-60

A, =0.14, ¢ (0)=0.20364rad(11.67°), ¢,(0)=0.204rad (11.69°), ¢ =0.1, nmpuxogumMo 10
BHUCHOBKY, IO 31 30UIbIIEHHAM KOeQilieHTa MPOMOPLIAHOCTI Mac MAasTHHUKIB OJyKaHHS
no0IM3y MOJAJIBHHUX TPAEKTOPIH B KOHGIrypamiiiHomy Ta (a30BOMy MPOCTOPAaX CUCTEMHU
sMeHmyroTecss.  Ha  puc. 36 wmaemo: A =-0.04, ¢ (0)=-0.432rad(-24.752°),
®,(0) =-0.4289rad (—24.574°), 1 =0.05, a na puc. 3r: A, =1, ¢,(0)=1.0314rad(59.095°),
®,(0) =1.02995rad (59.0118°), x=0.1.

Po36epemo BIuIMB BiCTaHI MiX BicClo 00epTaHHS Ta IIEHTPOM TsDKIHHS MasTHUKIB S. Ha
[BOMY €Talli JTOCTI/DKCHHS MM PO3TJISIA€EMO Pi3HI MOYATKOBI 3HAUEHHS KYTiB MAasATHUKIB Ta
pi3HI BeMMYMHH KOEQIIIEHTY MPOMOPLIHHOCTI Mac MasTHUKIB, a mapamerp S e[0.1,4](m).
[HepuiiiHi MOMEHTH TIpH 3MiHI BiICTaHi MEpepaxoByBAINUCH KOXKHOTO pasy. OTpumaHo, 110
cun(dazHa Qopma OUTBII BHpa)kKeHa MpU 30UIBIICHHI SK BIJACTaHI, TaK 1 Mach MEHIIOTO

MasTHUKA (puc. 4). 31 30UIBIICHHIO BIACTAaHI TaKUM pe3ylbTaT € OYEBHJIHUM, OCKIJIBKH B
TaKOMY BMIIAJKy BIUIMB MarHiTHOro MoMeHTy MeHmmil. Ha puc.4a obOpaHo Take:

1=0.02, s=1(m), | =2(kgm?), r =4.905(Nm), ¢ (0) =0.3607rad(20.7°),

¢,(0) =0.3602rad (20.64°), ma puc. 46: w=0.255s=1(m), | =2(kgm®), r=4.905(Nm),
¢,(0) =0.3607rad(20.79  ¢,(0)=0.3602rad(20.64°), mua puc. 4B: wu=0.02,s=2(m),
| =8(kgm?), r =9.81(Nm), ¢,(0)=0.315rad(18.05°), ¢,(0)=0.3166rad(18.14°) Ta Ha
puc. 4r:  u=0.25, s=2(m), | =8(kgm?), r=9.84(Nm),  ¢,(0)=0.315rad(18.05°),
¢,(0)=0.3166rad (18.14°).
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Puc. 4 (a-r). ®azoBi noprpeTH Ta KpHUBi y KOHQIrypauiiHOMy IPOCTOPi NPH Pi3HUX 3HAYSHHSX TTOYATKOBUX
YMOB, Koe(illieHTax MPOIOPLIHHOCTI Mac ABOX MAsTHHKIB Ta BiJICTaHI MIXK LIEHTPOM TSDKIHHS Ta BiCCIO
oOepTaHHs MasTHUKIB
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Jocnigumo edekr koediuieHTy 38’s13Ky K, BemuunHy KoTporo 3minioemo Big 0.01 o 1

Nm/rad . ¥ Giibmocti po3risiHyTHX BHIAKaX MPU BEJIUKiN BifCTaHi Bix oci oGepTaHHs 10

LEHTPY Mac MasTHUKA 1 YUMAJIOMY KOe(illi€HT1 CIiBBiIHOMIEHHS MaC MasiTHUKIB 301IbIIICHHS
3HaueHHS KoedilleHTa 3B'I3Ky MPU3BOAUTH 10 cralinizauii cuH(pa3Hoi GopMU KOJIUBaHb 1
3MCHIIEHHS OJyKaHb TpaekTopii mnobmm3y Takoi ¢opmu (puc. 5). Ha pumc. Sa:

1 =0.02, s=3.5(m), | =24.5(kgm?), r=17.1675(Nm), k, =0.04(Nm/rad),
¢,(0) =-0.3rad (-17.19°), ¢,(0) =-0.3015rad(-17.275°) , na puc. 56: 1 =0.02, s=3.5(m),
| =245(kgm?), r=17.1675(Nm), k =0.93(Nm/rad), ¢,(0)=-0.3015rad(-17.275°),

¢,(0)=-0.3014rad(-17.27°), ma puc. 58: =025, s=35(m), |=245(kgm?),
r =17.1675(Nm), k, =0.06(Nm/rad), ¢,(0) =—0.3rad(-17.19°),
¢,(0)=-0.3015rad (-17.275°) ta ma puc. Sr: u=0.25s=3.5(m), |=245(kgm?),

r=17.1675(Nm), k, =0.93(Nm/rad), ¢,(0) = —0.3014rad (-17.27°),
0,(0) =—0.3015rad (~17.275°) .
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B T

Puc. 5 (a-r). ®azoBi noprpety Ta KpHBi y KOHQIrypauitHOMy poCTOpi MPH pi3HUX 3HAYCHHSIX MOYATKOBHX
YMOB, Koe(illieHTax MPOMOPIIHHOCTI Mac ABOX MasTHHKIB, BIZICTaHI MIX LIEHTPOM TSDKIHHS Ta BiCCIO
o0epTaHHs MasTHUKIB 1 Koe(illieHTax 3B sI3Ky

Bupuumo BnimB B’s3koro omopy C,, y CyKymHOCTI 3 Koe(ilieHTOM JAeMI(yr0uoro
MomenTy C, . JInst mpoBeneHHs AOCTIDKEHHST MU BapifoBald BKa3aHi mapaMeTpy y Jiana3oHi

Bix 107° no lO‘Z(Nms/ rad). OTtpumano, 110 30iTbIICHHS apaMeTPiB AUCUMIAIT HE 3aBKIU
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cTsrye TpaekTopii g0 ¢popmu (puc. 6). Ha puc. 6a: s=3.5(m), k =0.5(Nms/rad), x=0.55,
0,(0) =—0.942rad (-53.973°) , ,(0) =—0.913rad(-52.31°), C,,,=7-10"(Nms/rad), ma
puc. 66: s=3.5(m), k =0.5(Nms/rad), u=055 ¢ (0)=-0.5445rad(-31.2°),
0,(0)=—-0.542rad(-31.05°),  C,,, =0.000574(Nms/rad), ma puc. 68 s=15(m),
k =0.96(Nms/rad), #=002, (0)=0.853rad(48.8733°), ,(0)=0.8522rad (48.83°),
C,,.=0.00086(Nms/rad), mua puc. 6r: s=1.5(m), k =0.96(Nms/rad), x=0.02,
¢,(0) =0.4087rad (23.42°), ,(0) =0.387rad (22.2°), C,,, =0.00856( Nms/rad)
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Puc. 6 (a-r). ®azoBi noprpeTH Ta KpHuBi y KOH(IrypamiiHOMy IPOCTOpi (BIUIMB ITapaMeTpiB AUCHUMIALLIT)

[IpoanamnizyemMo cTifKicTh TMOB’s13aHOI ()OPMH KOJHMBaHb B 3aJIE)KHOCTI BiJl IMapaMmeTpiB
A,, p muaxoM 4mcenbHOi peanizamii kpurepis crTifikocTi 3a JIAMyHOBHM, SKHH Oyno
3ampornoHoBaHO Ta omucano B poboti [11]. CrilikicTh MOAM KOJNHMBAaHb BH3HAYAETHCS

OpPTOTOHAJILHUMH BiIXHWJIEHHSAMH BiJ ii Tpa€KTOPii B KOHpirypariitHoMmy npocrtopi. [TouaTkosi
YMOBH ISl BIAXUJICHB BiJl TPA€KTOPii BU3HAYAIOTHCS Uepe3 MOYaTKOBI 3HAYEHHS KYTIB JBOX

MasTHUKIB Ha GopMi KonuBaHb K @4 ,(0) = 1.01¢, ,(0). IToTiM po3paxoByIOThCS BKa3aHi
BIIXWUJICHHS TpW 3MiHI yacy. HecrtiiikicTh MOAM KONMMBaHb (PIKCYEMO, KOJHM BIIXWUJICHHS 32

MOJTyJIEM ‘¢1’2(t)‘ MEPEBUIIYIOTh 3HAYCHHS p‘gollz(O)‘. Sk nokaszaHo B [11], 3HaueHHs p

MOXYTbh OyTH 00paHi B IOCTaTHHO IIMPOKOMY Jialla30Hi YKCe, 0 NepeBUILyoTh 1. B naniit
po6oTi mpuitHATo o =1.1. OCKIIBKU MU TOCIIKYEMO CTIHKICTh MOJ] KOJIMBAaHb B 3aJICKHOCTI

BiJ 3HaueHb mapameTpiB A,, 4, TO Ha BIINOBIAHIM IIONIMHI BCTAHOBHMO CITKY 3HA4YeHb B

Cypranosa 0. E., Mixuix 1O. B.
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npsmokyTHEKY A, €[-1.5,1.5], 1 €[0.0L,1]. Cirka OyayeTscs 3a ZOMOMOTOK METOMY, SKHUii

noBeprae mo 20 pIBHOBIIJAJICHHMX TOYOK MAcHBY 3 BKa3aHOTO miana3zoHy. OOYHCIICHHS
BIIXWJIEHb TpOBeNeHO MeTogoM Pynre-Kyrtm B By3max CiTKM 31 3pOCTaHHSM dacy.
OOurCIIeHHsS] TPUITMHSIOTHCS, KOJMM TpaHUIll 00JacTel CTIMKOCTI/HECTIMKOCTI Ha ILIOIIMHI
napameTpiB cTaliTi3yloThess B 00paHOMy MacmTalli CITKH MpH 30UTBIICHH]I Yacy OOYHCIICHb.
Pe3ynbraTu po3paxyHKiB mpecTaBieHi Ha puc. 7, ¢ BUAUICHO 00J1acTi HECTIHKOCTI.

Camparison of
curves in the
Comparison of phase poriaiis  configuration spac Instability ¢4, @2 under different simulation times and parameters
0
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i e $ oo
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Puc. 7. O6nacti HECTIHKOCTI PO3B’SI3KY ¢ B 3aJISKHOCTI BiJ] 4aCy MOJIETIOBAaHHS CUCTEMH Ta 3Ha4€Hb
napamerpiB Ag, i
PCSYHBTaTI/I p03anYHKiB ACMOHCTPYIOTH, 10 OB’ s13aHa MoAa € HECTIHKOIO npu MaJmx
3HA4YEHHSX MapaMeTpy / , SIKIIO OYaTKOBI 3Ha4eHHs KyTiB Maji. Lle maiixke oueBUHO, TOMY

0 NP MaIUX MOYATKOBUX KyTax BIUIMB MAarHiTHUX CHJI CYTTE€BO IEPEBHINYE BIUIMB
MPY>KHUX XapakTEePUCTUK cuctemu. PosrmsiHemo AUX 11 BUMAAKiB, MPEACTaBICHUX Ha

puc. 7, ne mia puc. 7a,0 oOpaHo Taki 3HayeHHs mapamerpi: A, =-1.184, 1 =0.1663,
s=25(m), k =1(Nm/rad), ¢ (0)=-0.2687rad(-15.344°), ¢,(0) =-0.2652rad(-15.195°)

JUISL KOYKHOTO MasTHUKA BiMOBiAHO. J{1ist puc. 7B,r 3MiHIO€ThCs juie napametp = 0.01.

Mimerial akatongs Numerical clcationgt

%0 m £ 0 =0 00 ' P m 50 £ =0 20
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Numesical caloulationg ti Numerical calculationgy(t)

Ll " 1 150 o =0 L 0 o 100 150 20 0 0
e 5]

mels]
‘Spectrum of gt} Spectrum of g1t}

Puc. 8 (a-r). AUX s moB’s13aHOT MOJIA KOJTMBaHb

HpOBe,[[eMO TCIICP )IOCJ'Ii,Z[)KeHHSI JIOKaIi30BaHOTO pPeKUMY. Taka mMoaa KOIMBaHb MOXE

6YTI/I AHATITUYHO npeacTaBJICHA micis BBCCHHS IICPCTBOPCHHS YacCy: t= “\/ ET. TOI[i CHUCTCMa

(1) naOysae Burmisny (9).
up =¢eyM r:]agl _gcl*(bl _EC:((bl —(,)— gﬂr* sing, — k|*(¢1 —-0,); )
¢, = gzyM;agz _gzcquz _gZC:(qbz _¢1)_5r* sin g, _gkl*(qoz —0,).

AHaJOrivHoO, AK 1 y BUNAAKy cuHGa3zHoi (opMH, BBEJEMO y BIANOBIAHOCTI 0 METOJa
OararboX MacmTa0iB MBUKI Ta MOBLJIbHI 9acOBI MaciiTabu Ta po3kiaaeMo HrykaHi QyHKIil
3a MaJuM IapameTpoM ¢, moAiono ¢opmynam (3) ta (4). 3anumeMo ABI CHCTEMH, IO
BiJITIOBIIAaIOTh TBOM HAOJMKEHHSIM 32 MAJIUM TTapaMeTPOM:

0° .
ﬂwg 81(_020 =K, (@10 — @)
0 0
&0 (10)
Gz(p
wp —2 =0.
oT,
o’ o’ « « 0Q «[ 0@, O@ « .
0)2 2 10 4 1 =M -C 0_¢ 10 _ 20 |_ —k _ ’
| 0( oTaT, | ot ma ~Cr o G Gr T, )T PR (0 on)

et (11)

Do, O . -
a)(f (Zﬁ-i'a?ogl =T @y —K (@3 —0y)-

Pimennam (10) € ¢, =0, @, =A(T)cos(T,+v), & =k /u. Marnitnuit MomeHT
npenctaBuMo y Burisail (7). 3HOBY BHKIIOYAEMO JOJAHKH, IO MICTSTh COS(T0 +v) Ta

sin(T, +v), Tomy

cos(T, +v):Zywjﬁi%jtlzgl—yﬁ(rﬁkf)zo, (12)
1
. LA e
sin(Ty+v): 2ue; d_T+Al(Cl +C.)=0. (13)

1

3BiAcH BHILIMBAE, 11O
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(C+COn (€ +Cn . s

Ag———— — A r + k T
A=e 2K, v— *791*e 2K, +( ;)1
C, +C, 20,

0

Jani nocmiKyeTbes BIUTMB TapaMeTPiB Ta HOYATKOBUX YMOB Ha JIOKAII30BAaHUH PEKHM.
[Tounnaemo 3 mapamerpa A,, sKMif BU3HAYA€ThCA MOYATKOBUMU KyTaMH MasTHUKIB. JlaHuit
napameTp i 1HII napaMeTpyu CUCTEMHU 3MIHIOEMO Yy TOMY K Jliara3oHi, U0 1 MpU JOCTIIKEHH]
cuH(asHOro pexxuMy Konmpaub, a came: m=0.5(kg),s=2.5(m), k =1(Nm/rad), &=1,

7 =15, ¢,(0)=0(rad/s), «={0.01,0.05,0.1}. Pesynbrarn noaao xa puc. 9.

Phase portrait @,(p;)

vl Phase portrait §1(g1) P:lp)

0.0z
. _ o5+
o - W =
E 2 E oo+ 2 o]
& = & &
-0.5 1
—-0.02
—0.2 0.0 o2 —0.2 0.0 0.2 —UI30 -0.25 QII'JO U'IAB Ui‘»ﬂ —OIBU —0725 .00 (1!25 O,IBD
wi [rad] w1 [rad] @y [rad] o [rad]
Phase portrait @;(p;) @2l Fhase portrait @:(p;) @zl91)
0.01 - — .04 1 0.04
— — — 002 — 0024
@ m = w
-} k-] =1 o
g o000 = = L oo
& & & & o2l
-0.01 -0.04
-0.01 0.00 o001 =1.0 -0.5 .0 s 10 O.IDO D.E!) —Dl.ﬁ 0.0 f\lﬁ
o2 [rad] 9y [radis] @; |rad] @ [radis]
a 0
Phase portrait g@1(g4) walg@y) Phase partrait ¢, (@) waipr)

005 4

o [radjs]
L& o e
w 2 w“
@ [rad]

o

=)

g

@ [rad/s]
Loe

—0.05
-0.5 0.0 0.5 -0.5 o0 o5 -0.5 [iX:) 0.5 —0.5 0o a5
@1 Lracd] w1 [rad] @ [rad] @ [rad]
Phase portrait gaigz) F2l1) Phase partrait ga(p:) Falgpn)

@; [radfs]
8 o o
o o o
& 2 7
@ [radis]
A) (=] [
o (-] =
& 8 &
@; [rad/s]
@ [rad/s]
L s &
=} a a
g 8 &
0
=]
~

—O'I.05 Q.00 0.05 —é. 5 L'F.IU UTS —0.005 0.000 0.005
@3 [rad] ) [rad/s] @z [rad] 1 Iradis]
B T
Phase portrait ¢;(p:) @le) Phase portrait @ (@) malg)
10 10
| 0.05
. 051 .0z .05
5 3 e g
E oo E o000 2 oo 2 000
- Pl = &
= 054 & _os
—0.02 - —0.05
-10
T T T T T T - ln 1 T T T T T T
0.5 0.0 0.5 -0.5 0.0 05 05 00 0.5 0.5 0.0 05
¢ [rad] o [rad] o1 [rad] @1 [rad]
Phase portrait ¢,(p;) @A) Phase portrait ¢(¢) §a2l@)
0.050 1 0.050 1 010 0.10
. 0025 . 0025 . oos . 008
) w T 0
E 0.000 4 E 0.000 E 0.00 E 0.00 4
& ] ] §
-0.025 -0.025 & oo & 5054
—0.050 4 . ] -0.050 | . ] . ! 010 | . ~0.10 4, | :
~002 000 002 10 -05 00 05 10 -0.05 000 005 -10 -05 00 05 10
92 [rad] @ [radis] 2 [rad] @y [radys]
iy €

Puc. 9 (a-e). ®a3oBi noprpeTH Ta KpUBi Y KOHQIrypamitHoMy pocTopi Ipu pi3HUX 3HAYEHHSIX TOYaTKOBHX
YMOB Ta KOS(II[IEHTIB BiAHOIIECHH Mac MasTHHUKIB

Ha puc. 9a-B 300paxkeno Bumagku, komn A, =-0.33, npuyomy Ha puc. 9a
1=0.01, ¢,(0)=0.3396rad (19.46°), ¢,(0)=-0.003473rad (—0.2°). Ha puc. 96:
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11=0.05,,(0) = ~0.56rad (-32.1°), ¢,(0)=0.028rad (1.6°); ma puc. 98 u=0.1,
¢,(0) =—0.58rad (—33.23°), ¢,(0)=0.06rad (3.44°). Ha puc. 9r-e: A, =1, ane ua puc. 9r:
4=0.01, ¢,(0) =-0.8935rad (~51.2°), ¢,(0) = 0.0088rad (0.504°), a prc.
1=0.05, ¢,(0)=0.671rad (38.445°), ¢,(0)=-0.0335rad (—1.92°). Ha puc. e:
=01, ¢,(0)=-0.741rad (—42.456°), ,(0)=0.0748rad (~4.286°). Bawnmo, mo i

30UIBIICHHSAM BEIMYMHHM KOedillieHTa MPOMOpLUiHHOCTI Mac MAasTHHUKIB, OJyKaHHsS MOOIH3Y
pPeXKUMY 3MEHIIYIOTbCA 1 ¢dopMa cTae OUIbII BHU3HAYEHOK. 3pO3yMIIO, IO IPU MAaIHMX
MOYATKOBHX KYTax JIOKaJIi30BaHUN PEKUM HE ICHY€E, TOMY, IIO BIIMB MarHiTHOIO MOMEHTY €
nyxe 3HayHuM (puc. 10). Hnsa nmobymoBu puc. 10 BuKOpHCTOBYBaJlMCS Taki 3HA4YEHHS

napametpis: A =-0.73, £=0.01, ¢ (0)=-0.053rad(~3.04°), ¢,(0)=0.000486rad(0.03°).
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MOYaTKOBUX KYyTax MasITHUKIB

Po36epemo BIUHMB BiJICTaHI MiX BiCCIO 00€PTaHHS Ta IEHTPOM TSDKIHHA MasiTHUKIB S . Sk
1 1 cuHdazHoi GopMH, JTOKATI30BAHUN PEXKHUM CIIOCTEPIraeThes MpH 30UIBILICHH] BiJICTaHI

s. (puc. 11). Ha puc. 1la maemo: n=0.05 s=0.9(m), ¢, (0)=-0.282rad(-16.16°),
¢,(0)=0.0141rad (0.808°), A,=-1.13, wma puc. 1161 w=0.05 s=2.5(m),
¢,(0) =0.3266rad (18.713°), ¢,(0)=-0.01614rad (—O.925°), A, =-1.13, mua puc. 1B
1#=0.02, s=15(m), ¢, (0)=0.4614rad(26.44°), ¢,(0)=-0.0092rad (-0.53°), A, =-0.33
i st puc. 11r: 4£=0.02,s =3.8(m), ¢,(0) =0.57rad (32.66°),

¢,(0) =-0.01126rad (-0.645°), A, =-0.33.
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Puc. 11 (a-r). ®a3oBi nopTpeTn Ta KpHBi Y KOHQPIrypamifHOMY IIPOCTOPI MPH Pi3HUX 3HAYCHHAX ITOTaTKOBHIX
YMOB, Koe(illi€HTiB BiTHOIIEHHS Mac MasTHUKIB Ta BIICTaHI MiX LEHTPOM Mac Ta BicCro 00epTaHHS MasTHHUKIB

Jocmigumo edekt koedimienty 38°s13ky K, . BHABISETBCS, 10 JIOKATI30BaHUI PEKUM

MPOSIBIISIETHCS. TIPU 301IBIICHHI 3B’SI3Ky Ta BiJICTaHI MK LIEHTPOM Mac Ta BicCl0 0OepTaHHs
MasTHUKIB ab0 npu 30UIBLIEHHI, K 3B’SA3KY, Tak 1 KoedillieHTa MPONOPLIHHOCTI Mac
MasTHUKIB. BinnoBinHi npukiaau nokasano Ha puc. 12. Ha puc. 12a: ¢ =0.01, s=3.5(m),

¢,(0) =-03rad (-17.19°), A =-1.13,k =0.14(Nm/rad), ¢,(0)=0.0032rad (0.183°), na
puc. 126: £=0.01, s=35(m), A =-1.13, k; =0.84(Nm/rad),

¢,(0) =—0.2612rad (~14.966°) , ¢,(0) =0.00262rad (0.15°), na puc.125:

11=0.01,5 =1.5(m), ¢,(0) = —0.281rad (~16.1°), A, =113,k =0.19(Nm/rad),
¢,(0)=0.00282rad (0.1616°), na puc. 12r: £=0.01, s=1.5(m),

¢,(0)=0.2354rad (13.5°), A, =-1.13, k =0.91(Nm/rad), ¢,(0)=-0.0023rad (-0.132°),
ma puc. 121 =015 s=15(m), ¢(0)=-0.06206rad(-3.56°), A =-1.13,
k, =0.08(Nm/rad), ¢,(0)=-0.00515rad (-0.3°) Ta na puc. 12e: x=0.15, s=1.5(m),
A, =-1.13. ¢,(0) =0.333rad (19.08°), k, =0.99(Nm/rad), ¢,(0) =—0.04824rad (~2.764°).

Phase portrait @;(p;) Phase portrait @, (g;]

welg)
0.5
.02
0z 0.2% 1
- = -
w 5 i E
T oo E E oo £ oo
= =] 3 =
L = = -.25
0.2 0,002
T .l T T T a.50
o2 o0 0z a2 oo 02 0.z 0.0 02 0.2 0.0 0.2
o1 [rad] @ [rad] 1 [rad] 1 [rad]
Phase portrait @z(;) @201 Phase portrait g;ig:) walgsl
OO0S0
_ _ . 00023 1 00023 4
w ) 2 2
=1 a5 o =
B 3 F 00000 { E 00000
= = ® _p.oozs | " _poozs |
] , [ | ! | —0.0050 4 - - -0.0050 5 - ! ;
—0.02 -0.01 000 001 0.2 0.0 02 —000Z 0000 000z —0.50 —0.25 D00 025 050
@z [rad] @, [radys] o [rad] @y, [rawdfs]
a 0

Cypranosa 1O. E., Mixumix 1O. B.
https://doi.org/10.31650/2618-0650-2023-5-1-44-60

57


https://doi.org/10.31650/2618-0650-2023-5-1-44-60

MexaHika Ta MaremMaTH4Hi Meromu [ % V/1/2023
Mechanics and mathematical methods Crop. 44-60 / Page 44-60

Phase portrait @lw:)

Phase portrait @y (p:) 7lg)

—_ 00l 4 _ os 0.01
3 Bl T =
g £ 8 00 L oo :
= & o.oo 4 & &
-0.5 ~0.01 4 |
' —— <10 = > - + + —
—0.z .0 0.z -0.2 a0 oz -0z 0.0 02 -0.2 0.0 02
@ [rad] g [rad] w1 [rad] g1 [rad]
Phase portrait @(w:) @alpy) Phase portrait (@) @)

0.01 4

= o = =
g ooo B ooo E oo ® oo
& & & &
-0.01 =0.01 —0.01 4 —0.01
0,00 0.01 050 —0.25 000 025 050 001 ooo ool 1o -05 00 o5 10
w7 [rad] py [radys] @z [rad] wy [rad)s]
B T
Phase portrait ¢, (p,) Phase portrait @ (@) galiq)
004 L s IS 0.050
05
g o 0oos - 0.025 A
= LA} =
E o.oo E oooo - E' 0.0 E 0.000
8 ]
£ o021 —0.005 = e ¥ —0.025 1
—0-04 1 . ) —0.010 T T =37 —0.050
-a.05 O_D[f:d] 8.05 —0.05 0_'3[':';] o.0% 52 bo oz 02 o6 02
Fh -rt it Galms) N o) o [rad] 1 [rad]
ase portrai ; L oo
2] P:lo walpy Phase portrait @, (gs) LAY
0.005 0005 -
w w 0.0% 0.0%5 1
E 0.o0n E o.ooo 4 g 3
& s 2 nooq 2 oood
~0.005 —0.005 + & S
—0.05 —0.05 -
D.010 ~0.005 0.000 0ODS @010 0.04 ~0.02 000 002 004 ) ] ! I I I |
@2 [rad] 1 [radjs] -0.050-0.035 0.000 0.025 0050 -0.5 0.0 0.5
w [rad] @ [radis]
bt [§]

Puc. 12 (a-e). ®azoBi mopTpeT Ta KpUBi y KOHPITypaIiitHoMy IpocTopi A JOCTIIHKCHHS BILTUBY
koedirieHTy
Jnisi cKOpodeHHsSI ONMMIIEMO BIUIMB KOe(illi€HTIB AWCUNAIIl HA TOBEMIHKY CHCTEMH Yy
BUMAJIKY JIOKAJIi30BaHOI MOJM KOJIMBaHb Oe€3 MpeICTaBICHHsS PUCYHKIB. SIK 1 y BuUmaaky
OB’ sI3aHOT MOJU KOJIMBAaHb JIESKE 3POCTAHHS IBOTO KOE(IIliEHTY HE 3aBXKIU 30epirae Io
MOJly YU CTArye ONM3bKI TpaekTopii 1o Hei. YuceabHe MOJENIOBAHHS J03BOJISIE 3pOOUTH
BHUCHOBOK, III0 3POCTaHHSA KOEQIIIEHTYy MPOMOPIINHOCTI Mac 4 pa3oM 31 3HAUHUMHU

3HaYCHHSMH 3B’s3Ky K, Ta BiacTrani S mpu 30iUibIICHHI KOe(DIli€HTIB TEPTsS 3MEHIIYIOTH

OJyKaHHSI TPAEKTOPIM MOOJIN3Y JIOKATI30BaHOTO PEXUMY a00 CTATYIOTh TPAEKTOPIi IO IIOTO
peKUMY.

5 BHUCHOBKH

Criiika cundas3na (nos’s3aHa) (opMa KOMUBaHb NMPHCYTHA HE HAa BChOMY Jiala3oHi
MOYaTKOBHX YMOB. BOHa € HECTIMKOI MPU MalHX MOYATKOBHUX 3HAYCHHSX KYTIB BiIXWJICHHS
MasTHUKIB SKIIO MacH MAasTHUKIB CYTTEBO pO3PI3HAIOTHCS. 30UIbLICHHS KoegillieHTa
MPOTOPIIIAHOCTI Mac MasATHHUKIB MPU3BOJANTH JI0 3MEHIICHHS OJyKaHHS TPAEKTOPiN MOOIN3y
pexxumy. CuHdazHa Mosa OUTbII BUpa)keHa MpH OUTBIIIH BiICTaHi MiX IIEHTPOM Mac Ta BiCCIO
oOepTaHHs, OCKUTBKM TOJl BIUIUB MAarHiTHOr0O MOMEHTY MeHIui. llelt moB’s3anmii pexxum
CIIOCTEPIraeThCs MpHU 30UTBIIECHH] SK BiJICTaHI, TaK 1 MACH MEHIIIOTO MasTHUKA. Y OIIBIIOCTI
PO3MISIHYTUX BUMAJKAX MPU BETUKIN BIACTaHI BiJ OCl 0OOEpPTaHHS 10 MEHTPY MAac MasTHHKA 1
YuMaoMy KOe(illi€HTI CIIBBITHOIIEHHS Mac MasTHUKIB 30UIbIIEHHS 3HAYEHHS Koe(ilieHTa
3B'I3Ky TPHU3BOJIUTH 10 cTabumizaiii cuada3Hoi popMu 1 3MEHIIEHHsS OJNlyKaHb TPAEKTOPId
mo6au3y Takoi Mou. 301IBIICHHS JUCHIIALIT HE 32BN CTATYE TPAEKTOPII 10 PopMHU.
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Sk 1 cuHda3Ha Mo/1a, JIOKaNIi30BaHa iCHyE HE HAa BCOMY Jlialla30Hi MOYAaTKOBHUX BIXUJIEHBb
MasATHHKIB. 31 30UIbIIEHHSAM BEIWYUMHU KOE(Qilli€EHTa MPOMOPLIMHOCTI Mac MasTHUKIB,
OMyKaHHS TIOOHM3Y PEKUMY 3MEHINYIOTHCS 1 opMma crae OUTbII BU3HAYCHOO. SIK 1 JUIst
MOBSI3aHOT MOJHM, JIOKATI30BaHa CIOCTEPIraeThcsl MpH 301LIBIICHHI BiACTaHI S. 3’sicyBajocs,
110 JIOKaJIi30BaHUH PEXHUM MPOSBISETHCSA TP 30UIBIICHHI 3B 3Ky Ta BiICTaHI MIX HEHTPOM
Mac Ta BicClO oOepTaHHs MasSTHUKIB a0o mpu 30UIBIICHHI, SK 3B’A3KY, Tak 1 KoedimieHTa
MPONOPIIMHHOCTI Mac MasATHHUKIB. Yumanuii KoedilieHT NpomopuiiHOCTI Mac pa3oM 3
BEJIMKUM 3HAYCHHSM 3B’S3KY Ta BiJICTaHI IPH 30UIbIICHHI KOS(DIIIEHTIB TEPTS 3MEHIIYIOThH
OJTyKaHHSI TPAEKTOPIN MOOIH3Y JIOKAII30BAHOTO PEXUMY ab0 CTITYIOTh TPAEKTOPIi JO I[LOTO
peKUMY.
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CALCULATION OF REINFORCED -CONCRETE FRAME FOR
STABILITY UNDER THE ACTION OF AGGRESSIVE
ENVIRONMENT

V. Fomin', I. Fomina®
'Odessa State Academy of Civil Engineering and Architecture

Abstract. The stability of a double-span reinforced concrete frame depends on many factors,
including the geometry of the frame, the characteristics of the materials, the loads it must withstand,
and the operating conditions. One of the main factors that affect the stability of the frame is its shape.
The optimal shape of the frame should be such that it can effectively distribute the loads it must
withstand and minimize stresses in the materials. Another factor is the quality of the materials used to
build the frame. Reinforced concrete is a durable material, but its strength can vary greatly depending
on the quality of the concrete and reinforcement used in the structure.

The load that the frame must withstand is also an important factor. Frames can be subject to loads
from wind, snow, traffic, people, and other sources, and they must be designed to withstand all of
these loads. In addition, operating conditions can affect the stability of the frame.

For example, frames located in areas where earthquakes occur frequently should be designed and
built with this factor in mind. In general, the stability of a double-span reinforced concrete frame
depends on many factors, and its design and construction must be carefully thought out and executed
by professionals taking into account all these factors.

The stability of frames (such as metal frames) under environmental influences can depend on
various factors, including material, surface treatment and operating conditions. The environment may
include moisture, corrosives, temperature changes and wear, which can affect the stability of frames.
Some materials, such as stainless steel, aluminum or alloys, have natural resistance to oxidation and
corrosion, which ensures their long service life in various environments. Other materials, such as
ordinary steel, may be more susceptible to corrosion, and therefore require protective coatings, such as
painting or electroplating, to maintain their stability. Additionally, if frames are used in high humidity
environments, measures can be taken to prevent icing or condensation, such as well-designed drainage
or ventilation systems. In addition, frames can be subjected to endurance and stability tests according
to established norms and standards, which are based on the specific production of frames. At the same
time, in order to ensure the stability of the frames for the activity of the northern environment, it is
important to obirate the foreign material.

Keywords: reinforce concrete, corrosion, stability, method of limit elements, method of finite
elements, frame, delivery and arrangement.

PO3PAXYHOK 3AJII3B0OBETOHHOI PAMM HA CTIMKICTD IIJI
AI€1I0 ATPECUBHOI'O CEPEIOBHILIA

®omin B. M.}, ®omina L. 1.}

1 . .
Odecvka depacasna akademisi OyigHuUYmea ma apximexmypu

AnoTtamisi. CTIfKIiCTh JTBOITPOTOHOBOI 3aJ1i300€TOHHOI paMH 3aJIe)KHTh BiJi 6ararbox (akTopis,
BKJIIOYAIOYH TEOMETPII0 paMH, XapaKTEPUCTHUKH MaTepiasliB, HaBaHTa)KEHHs, SKi BOHA IOBHHHA
BUTPUMYBATH, 1 YMOBHU €KCILTyaTaLlii.

OnHUM i3 OCHOBHHMX (DaKTOpiB, IO BIUIMBAIOTh Ha CTIHKICTH pamH, € ii ¢opma. OnrumanbHa
¢dopma pamu MOBHHHA OyTH Takorw, 00 BOHa Morjia e()eKTUBHO PO3MOALIATH HABAHTAXKEHHS, SKi
BOHA TIOBUHHA BUTPUMYBATH, 1 MiHIMI3yBaTH HApy>KEHHS B MaTepiaiax.
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[ammM  gakTopoM € SKiCTh MarepiamiB, IO BHKOPHCTOBYIOTHCS Il OYIIBHHIITBA pPaMHU.
3ami300€TOH € MIITHUM MaTepiajoM, aje HOro MIIHICTh MOKE CHIILHO BapilOBATHCS B 3aJICKHOCTI Bif
SIKOCT1 OETOHY 1 apMaTypH, 1110 BUKOPUCTOBYIOTHCS B KOHCTPYKII.

HaBanrtaxeHHs, sike Ma€ BUTPIMYBATH paMa, TAKOX € BAXKJIMBUM (akTopoM. Pamu MoxxyTh OyTn
CXWJIBHI 0 HaBaHTaXEHb BiJ BITpPY, CHITYy, TPaHCIIOPTY, JIONEH Ta IHIIHMX JHKEpel, 1 BOHW IMOBUHHI
OyTH CIIPOCKTOBaHI TAKMM YWHOM, II00 BUTPUMYBATH BCi IIi HABAHTAKCHHSI.

Kpim Toro, ymoBH ekcrulyaTamii MOXYTh BIUTMHYTH Ha CTilKicThb pamu. Hanpukian, pamu,
pO3TamoBaHi Ha MiCIIEBOCTi, /i€ YacTO BiAOYBAarOThCS 3€MIIETPYCH, MArOTh OyTH CIIPOEKTOBaHI Ta
moOymoBaHi 3 ypaxyBaHHAM LHOTO (pakToOpa.

B minomy, cTiliKicTh JBOTIPOTOHOBOT 3a1i300€TOHHOT paMU 3aJIeXKHTh BiJ 6araTbox (akTopis, i il
MPOEKTYBaHHs Ta OYJIBHUIITBO MOBHHHI OyTH pPeTeIhHO MPOAyMaHi Ta BUKOHAaHI mpodecioHamamu 3
ypaxyBaHHSM yCiX IIUX (aKTOPiB.

CrilikicTh pam (sIK, HAIPHUKIAA, METAJEBUX paM) MiJ Ii€l0 HABKOJHMIIHBOTO CEPEJOBHUIIA MOXKE
3aJie’KaTH BiA pi3HUX (AaKTOpiB, BKIIOYAIOYM MaTepial, oOpoOKy MOBEpPXHI Ta yMOBH EKCILTyaTallii.
HaBkonwirHe cepenoBuine MoXe BKIFOYAaTH B ce0e BOJIOTY, arpeCHBHI PEYOBHHH, TEMIEPATYPHI 3MiHI
1 3HOIITYBaHHSA, SKi MOJKYTh BITUBATH Ha CTIHKICTH pam.

Jesiki MaTepianu, HampuKIaja, Hep)KaBiloda cTanb, ajJiOMiHId a0o CIIaBH, MalTh NPUPOTHY
CTIMKICTP 1O OKHCIEHHS Ta KOpOo3ii, mo 3abe3medye iX TPUBAIHA TEepMiH CIYKOM B pPI3HHAX
cepenoBuIax. [HII MaTepiany, Taki SK 3BHYaiHA CTajh, MOXXYTh OYTH OLIBII CXWUJIBHI IO KOpO3ii, i
TOMY BUMAararoTh 3aXWMCHHUX TOKPHTTIB, Takux sK (apOyBaHHS a00 TajbBaHiYHE MOKPUTTS, IS
30epeKeHHs TX CTIHKOCTI.

JloaTKOBO, SIKIIO paMy BUKOPHUCTOBYIOTHCSI B CEPEIOBHILI 3 BUCOKOIO BOJIOTICTIO, MOXKYTh OyTH
BXKUTI 3aX0JU JIJIs 3aI100IraHHs 3aJIe/ICHIHHIO a00 YTBOPEHHIO KOHJIEHCATY, TaKi K 100pe po3poliieHi
CUCTEMH JPEHaXXy a00 BEHTHIIALIIT.

Kpim Toro, pamm moxyTh OyTH mimmaHi BHNPOOYBaHHSIM Ha BUTPUBANICTh Ta CTIHKICTh
BIJIMTOBITHO JTO BCTAHOBIIEHUX HOPM 1 CTAaHAAPTIB, SKi 3aJIeKaTh BiJl KOHKPETHOTO 3aCTOCYBAaHHS paMm.

Y 3aranbHOMY BHWIIAIKy, JUIS 3a0€3MEUeHHs CTIMKOCTI paM Tia €0 HABKOJIHMIIHLOTO
CEepEeIOBHIIA, BAYKIIMBO OOMPATH BiATIOBIIHII MaTepial.

KarmouoBi cioBa: 3amizo0eToH, KOpO3id, CTiHKICTh, METOI TPaHUYHHX EJIEMEHTIB, METOI
KIHIIEBUX €JIEMEHTIB, pama, Oy IiBIIi Ta CIOPY/AH.
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1 INTRODUCTION

In the process of operation, buildings and structures are affected by the external
environment for a long time and, as an example, corrosion. This greatly complicates the
durability and function-ality of objects.

2 ANALYSIS OF LITERARY DATA AND PROBLEM STATEMENT

The methodology for calculating the stability of reinforced concrete structures, including
a twospan reinforced concrete frame, is determined by regulatory documents and standards of
the construction industry in accordance with safety requirements [1-5]. One of the most
common methods for calculating the stability of reinforced concrete structures is the Finite
Element Method (FEM), which allows you to carry out complex calculations for the strength
and stability of structures, taking into account all the necessary factors. To calculate the
stability of reinforced concrete structures, including a double-span reinforced concrete frame,
it is necessary to take into account factors such as the shape and geometry of the structure, the
materials from which it is made, the loads it must withstand, and the operating conditions.

The following factors must also be taken into account in stability calculations:
Compressed and flexural stresses caused by loads; Stresses caused by bending moment and
longitudinal force; Various types of loads, such as static, dynamic and fatigue. The influence
of temperature, wind and other factors on the structure [6-8]. Calculations for the stability of
reinforced concrete structures can be carried out both manually, using mathematical formulas
and tables, and using specialized software tools based on the finite element method. However,
to ensure the safety of the structure, such calcu-lations must be performed by professional
engineers who have the necessary qualifications [9-12].

3 PURPOSE AND OBJECTIVES OF THE RESEARCH

In this article, the stability of a two-span reinforced concrete frame under aggressive
environmental conditions is investigated.

4 RESEARCH RESULTS

The frame is part of the structure of a single-story industrial building (Fig. 1). The
corrosive environment is located inside the building, so the side columns of the frame are
exposed to asymmetrical environmental influences.

B P, P

Fig. 1. Double-span frame

To determine the critical combination of loads B, P, and P, we will use the method of
boundary elements [1]. On each of the rods, a local coordinate system is selected (Fig. 2, rod
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numbers are placed in circles, node numbers are in squares). For each rod, write the following
equality:

vy =A“)(Ii)X(" . (1)
¥, Y,
"‘T RO ’ilT Y@ |
2 Kl
H, e H
a7l (D €) ®
t1 H, H, 3 s H,
! A y3 r B éyS C
7 - 7z - 7
Ql ;},&) Q3 }ka QS }ka
! V) ’ Vs ’ §s
™ . £ Fig. 2. Forces acting on the frame
In here:
'B,(0)y;(0)] B,(1)y(1)]
B;(0)y; (0) B.(1)y; ()
XO= M) [YO=] M) |,
Q Q
N. N.

S, : @
1 a1,2 (kl ’ Xi) a1,3 (kl ! Xi) al,4(ki ’ Xi)

0

0 a,,(ki,x) a,k,x) a,k,x) 0
AV ki, x)=|0 a,(k,x) a,(k,x) a,k,x) 0 |
0

0 0 0 1
0 0 0 0 1

(i —rod number, B,(x) — its flexural rigidity, M,(x), Q,, N, —bending moment, transverse
and longitudinal forces). If the cross-section of the rod and reinforcement remain unchanged
along its length, then the functions a;(x) (j=1 2, 3; k=2, 3, 4) have the following form:

| AtrFittines
|
H, | iR
| o e
19
|
! 1 o i A
34 1.4 3.4
H -+ -
i !
/ L] - ﬁ_.'
M 4 e
‘. T
1
-} oy ;j}
¥ - o
;s ‘_l T
T dy g1 - __G_":]

T

X Fig. 3. Breaking the rod into parts
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sink; X. 1—-cosk.x k. x. —sink.x;
(k%) = — a1'S(I(i’xi):—zll’ a, (ki %) =—— s
ki k; Kk
N 3)
a2,2(ki'xi) =COSkiXia ag’z(kilxi) =_k|S|n kiXi’ ki = E‘

1

In Fig. 2 points A, B and C show the two components of the support reaction and the
reactive moment. They are presented in the form of longitudinal and transverse forces and
bending moment in the lower section of rods 1, 2 and 3 (the drawing shows their positive
directions). Following [1] we build matrices A®) and A® for rods 1 and 5. To construct the
matrix A®, we do the same. We divide the rod 3 into several sections, within each of which
the cross-section will be considered constant (Fig. 3). Each of the sections, as well as its

length and width, received double numbering. The first of the numbers is the rod number and
the second is the parcel number.

b
in :‘I.t.\tlﬂ__:
N 5
s ) N, - L2
I Y
¥ r ; -
] ]
# L
g 1
n
] [ ]
i -5
[] CE; [ =
b T -
[ -
] ]
]
[ 1
i ]
[ []
n -l
A - d
e d,, by )
- } |
=0T

Fig. 4. Cross-section of the site
The cross-section of each of the sections is shown in Fig. 4. Considering the conditions

of continuity of functions y,(x) and y,'(x)) on the boundaries of the parcels, you can write
the following ratio:

X33 _ ey i) (4)
Where is
'B,,./B;; O 0 0 0]
0 B&M/B&j 00O
cGh = 0 0 1 0 0].
0 0 0 10
0 0 0 0 1j
For the first section we have:
0
0
Y @Y = ACY (K, 1, ) X, X@ =M, | (®)
Q,
_N3_
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For subsequent:

X(3,i) — C(3,i—1)Y (3,i—1), Y(3,i) — A(S,i) (k I )X(S,i) ) (6)

3,773,

From (5) and (6) we get for the last section:
ny-1 _ _

y @) _ AGm) (k&nm L, )H CBHAGH (ks,i Ay, ) X @ (7)
i=1

(n, —number of plots). Given that Y “" =Y ©  we find that

ng -1

A® = A(s'np')(ka,npu ’Is,np| )H C(S’i)A(S’i)(ks,i i) ®)

i=1

i. e. we get a matrix A® for the rod 3. In [1] the following ratio is obtained:

0 0 000] 0

0B,/B(l) 000 0
X@=pWY®,ip, DY=l0 0 100, PL=|0]. )
0 0 001 R
0 0 010] | 0]
From which it follows that:
Y@ = AD (K, L)<D(1)A(1)X(1) " FSl) (10)
Equality (1) at i =3 and i =5 it is written as follows:
0]
0
YO Z AOX®D XD | M| (i=3,5). (11)
Q
N

Where is Q., N, M. (i =3,5) — reference reactions and reactive moments at points B and C

(Fig. 2).
Let us now consider the equilibrium of the boundary element 2 located between the
members 2, 3 and 4 (Fig. 5). Let's make the equations of equilibrium.

n
1,0)
N,
o /¢
N,

M;(H)

Fig. 5. Boundary element
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N4_N2 _Qs =0,
Qz - Ns_Q4 -B =0, (12)
M4(O)_M2(L)_M3(H) =0.

Let's also take into account the ratios:

Y, (O) =0, Ya '(O) =Y, I(I—) . (13)
Equations (12) and (13) can be written as follows:

X® =0, X =2, X =¥P+¥® X®=¥P+YP +B, X =¥ +Y®. (14)
From (14) it follows:

X@=DAY®  DOYE 1P, (15)
Where is:
0 0 000] (0000 0] [0 ]
0B,/B,(L) 000 00000 0
D®=l0 0 100,D®=00 100/|,P,=|0|.
0 0 010 0000-1 P,
0 0 001 000 1 0] | 0
From (10), (11) and (15) we find:
Y® =AWk, L)XW =AY (k,,L) { D@ A® (k,, L)[D‘”A@x“’ +P [+DPAPX® 4 |52} . (16)

From formulas (11) and (16) it follows that the components of the vectors Y and Y ®
are functions of nine unknown quantities M;, Q,, N;(i=1 3, 5).

Note that the elements of the matrices A®, A® and A® also depend on
M;, Q, N,(i=1 3, 5), since the quantities k included in formulas (3) are functions of these
quantities. Consider the equilibrium of the boundary element 3 located between the rods 4 and
5 (Fig. 6). Equilibrium equations:

N,+Q, =0,

Q,~N;-PR, =0,

M,(L)+M,(H)=0.

()

Fig. 6. Third boundary element
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They can be presented in the following form:

YV +Y® =0,
Y@ YO P, =0, 17)
Y +Y,2 =0.

Equations (17) are three equations with respect to the above nine unknowns. To compile
additional equations, we will use the relations:

¥, (L)=y5'(H), v, (L) =5 '(H), (18)

As well as the equations resulting from the assumption that there are no longitudinal
displacements of the points of the members:

Y.(L)=0, y,(L)=0, y;(H)=y,(H), y;(H)=y,(H). (19)
Let's write (18) and (19) as follows:

Y@ -y® =0,

YO -y® =0,

Y? =0,

Y1(4) o (20)
Yi(S) ~Y® =0,

Y-y =0.

Equations (17) and (20) are a system of equations with respect to unknowns
M., Q, N.(i=1 3, 5). Let's write this system in the following form:

U(u, ppu=w(u, p). (21)
In here

R
u=| N, |, p=|P|.
PS

To solve the problems of longitudinal-transverse bending at given values P, P, and P,
we use the method of successive approximations: at the first step we believe
n=-"°R,n,=-P, n=-PF,, Q=Q,=Q,=M,=M,=M, =0, thereby defining the vector u.
Then we define the elements of the matrix U (u, p) and vector w(u, p) and solving the
system (21), we find new values M,,Q., N, (i=1, 3, 5), through them, we determine the new
values of the matrix elements U (u, p) and vectors w(u, p) etc. The method turns out to
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converge quickly due to the smallness of the values of the function h(x,t) compared to cross-

sectional dimensions.
When solving stability problems to find the value of critical forces, we use the equation:

det[U (u, p)]=0. (22)

The solution of this equation defines some surface (let's call it critical) in the coordinate
system P, P, P,. Let's set some value P,=P,®. This value will determine the curve

resulting from the intersection of the said surface by the plane P, =P,®. Then we set the

initial values P, and P, and we use the method of successive approximations in the same way
as in solving problems of longitudinal-transverse bending, as a result, we find the value of the
determinant det[U(u, p)]. If it turns out to be not equal to zero, then fix the value P, and

changing the value P,. We find its value at which equation (22) is satisfied, and for each
value P, using the method of successive approximations. Then we set the new value P, and
for it we find the value P, at which (27) is executed, etc. Using a polynomial approximation,
we can find the equation for the cross-section of a critical surface by a plane P, =P,
Changing the values P, , we build a new section of the critical surface, etc.

5 DISCUSSION OF RESEARCH RESULTS

This technique allows us to consider the problems that arise in the study of the impact of
the en-vironment on reinforced concrete structures, in particular, on two-span frames. The
same technique can be taken into account when exposed to corrosion of various origins.

6 CONCLUSIONS

The method of boundary elements makes it possible to accurately carry out calculations
for the stability of multi-span frame reinforced concrete structures, taking into account the
forces and mo-ments that arise.
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YK 624.04

T'PAHUYHUI CTAH JIBYTABPOBOI'O APMOBAHOI'O
HEPEPI3Y 3 BUKOPUCTAHHAM IIPYKHOIIVTACTHYHHUX
JIAT'PAM JE®@OPMYBAHHSA MATEPIAJIIB

Copoxa M. M.

1 . . :
Oodecwvka depoicasna akademis 0yOieHUYmMEa ma apxXimexmypu

AHoTanisi. Y poOOTi PO3MIAJAETECA METOAMKA IMOOYAOBH O0NAcTi MIIHOCTI JBOTaBPOBOTO
apMoBaHoro mepepizy. IlousaTrs "obnacTe MimHOCTI mepepidy” BHUKOPHUCTOBYETHCS B PO3paxyHKax
KOHCTPYKI[i 3a TpaHUYHOI piBHOBarow. OOJIACTh MIIHOCTI SBJIsIE COOOK 3aMKHYTY 00JacTh B
KOOpJMHATAX «MOMEHT — MO3MO0BXKHS chia». OcoOnmBicTh 0OMacTi MIIHOCTI Tepepidy Moisrae B
TOMY, IO BCEpPEAMHI OOJIACTI Tepepi3 Mmpairoe B MPYXKHIH cTamii, a Ha T MeXl NEPEeXOAUTh Y
IPaHUYHUNA CTaH 13 MOXKJIHMBICTIO HEOOMEKEHOro IUTACTUYHOTO JedopMyBaHHS. PIBHSHHSA, IO
OIMHCYIOTh MEXKY 00JIacTi MIIHOCTI Tepepi3y, YacTo Ha3MBAIOTh YMOBAMH IIACTUIHOCTI. CKIaIHICT
OTPUMAaHHS PiBHSHB, 1[0 OMUCYIOTh MEXY 00JacTi MIIHOCTI mepepidy, 6araTo B 4OMY 3aJI€KUTh Bil
TOTO, IKUMH MaTeMaTHYHUMU 3AJIC)KHOCTSAMHU OIUCYIOTHCSI (Di3UUHI BIACTHBOCTI MaTepianiB, 3 SKUX
BUKOHAHO Iepepi3. Y maHiii poOoTi mependavyaeThes, MO MaTepian, 3 SKOTO BUKOHAHO IMEPeTHH, i
apMyroumii MaTepian AeGopMyIOThCS 32 3aKOHOM iJeallbHOTO MPYKHOIUIACTHYHOTO Tima. Takum
YHHOM, Alarpamu Je(OpMyBaHHSI MaTepialliB OMUCYIOThCs aiarpamoro [Ipanaris. [Ipuaomy martepian,
3 SIKOTO BUKOHAHO TIEpepi3, Ma€ Pi3Hi MeXi IUIACTHYHOCTI IPU PO3TATYBaHHI Ta CTUCKaHHI. ApMYIOUHH
MaTepial Ma€ OJTHAKOBI MEXi TUIACTUYHOCTI TIPH PO3TATYBaHHI Ta CTUCKAHHI.

IIpn BuUBeneHHI piBHSAHB, IO OMUCYIOTH O0JACTh MIITHOCTI Tepepily, mepeadadanocs, moO B
nepepi3i JiF0Th 3rMHANBHUM MOMEHT 1 TO3JOBXKHS CHJIa, PUKIaJeHa B LEHTPlI CTiHKH JBOTaBpa. 3
ypaxyBaHHSIM TOTO, II0 TEPETHH [BOTaBpa MOKe OyTH HECHMETPHYHHM 1 MaTH HECHMETPUYHE
apMyBaHHS, IJII ONKCY BEPXHBOI Ta HIMKHBOI MEX OOJIACTI MIIIHOCTI BHUKOPHUCTOBYIOTHCS Pi3HI
piBHsHHA. [l moOymoBu 00JacTi MIIHOCTI, Yy 3arajlLHOMy BHIIAAKY, HEOOXIJHO pO3B’s3aTh
ONITUMI3aliliHy 3ajjauy — MpH 3a]aHOMY 3HA4YeHHI MO37I0BKHBOI CHUJIM 3HAUTH eKCTpeMalibHe 3HAYSHHS
MOMEHTY 3 ypaxyBaHHSM OOMeEXeHb (piBHSHB 1 HepiBHOCTEH). AHalli3 OTPUMAHHX TAKUM YHHOM
pe3yJIbTaTIB JJO3BOJIUB 3aIPOIIOHYBATH MPOCTIIY METOUKY MO0y I0OBH 00J1aCcTi MIIIHOCTI apMOBaHOTO
JIBOTaBPOBOTO MepeTuHy 0e3 BUpIlIeHHs ONTUMI3aIliifHOl 3a1aui.

KrouoBi ciioBa: npy>KHOIUTACTHYHE TiJIO, ABOTABPOBUI apMOBAaHUI NEPETHH, 00JIACTh MILHOCTI,
PO3paxyHOK 32 TPaHHUYHOIO PiBHOBATOIO.

LIMIT STATE OF A I-REINFORCED SECTION USING
ELASTOPLASTIC DIAGRAMS OF DEFORMATION OF
MATERIALS

M. Soroka®
'Odessa State Academy of Civil Engineering and Architecture

Abstract. The paper considers a technique for constructing the strength area of a I-reinforced
section. The concept of "section strength area” is used in structural calculations based on ultimate
equilibrium. The strength area is a closed area in the coordinates "moment - longitudinal force". A
specific feature of the section strength region is that inside the strength region the section operates in
the elastic stage, and at its boundary it passes into the limiting state with the possibility of unlimited
plastic deformation. The equations describing the boundary of the section strength region are often
called yield conditions. The complexity of obtaining dependencies describing the boundary of the
section strength region largely depends on what mathematical dependencies describe the physical
properties of the materials from which the section is made. In this work, it is assumed that the material
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from which the section is made and the reinforcing material are deformed according to the law of an
ideal elastoplastic body. Thus, the deformation diagrams of materials are described by the Prandtl
diagram. Moreover, the material from which the section is made has different yield strengths in
tension and compression. The reinforcing material has the same tensile and compressive yield
strengths.

When deriving the equations describing the strength region of the section, it was assumed that a
bending moment and a longitudinal force applied in the center of the 1-beam wall. Taking into account
that the section of an I-beam can be asymmetrical and have asymmetric reinforcement, different
equations are used to describe the upper and lower boundaries of the strength region. To construct the
strength area, in the general case, it is necessary to solve the optimization problem - for a given value
of the longitudinal force, find the extreme value of the moment, taking into account the constraints
(equalities and inequalities). Analysis of the results obtained in this way for a symmetrically
reinforced section made it possible to propose a simpler technique for constructing the strength area of
a I-reinforced section without solving the optimization problem.

Keywords: elastoplastic body, reinforced I-section, strength area, calculation by limit
equilibrium.

Copoka M. M.
https://doi.org/10.31650/2618-0650-2023-5-1-72-83 73



https://doi.org/10.31650/2618-0650-2023-5-1-72-

V/1/2023
Crop. 72-83 / Page 72-83

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

2 BCTVYII

JlocuTh 4YacTO BHHHUKAE 3a7a4a 3HAXO/KCHHS TPAaHUYHOTO HABAHTAKEHHS IS
KOHCTpYKIii. /71 BU3HAYCHHS HABAHTAXCHHS, IO MPHU3BEAC 0 PYWHYBaHHS KOHCTPYKIIii,
BUKOPHUCTOBYETHCS METOJ] PO3PaxyHKY KOHCTPYKIIH 3a TpaHM4YHOK piBHOBarow. Jlis
JOCSITHEHHSI TPAaHUYHOT'O CTaHy KOHCTPYKIi HeoOximHo, 1mo0 oauH abo KijgbKa Iepepi3iB
JOCSTIN TPAaHUYHOTO cTaHy. lIpm BHKOpHUCTaHHI METOIY TPaHHYHOI PIBHOBAaru BBOIHMTHCS
MPUITYIICHHS TIPO Te, IO JIO MEPeXOJy Marepiady YChOro mepepidy y IUIACTHYHHHA CTaH
nepepi3 nparoe B NpyxkHii crazii. Jledopmaniiini XxapakTepUCTUKKA MaTepialy ONUCYIOTHCS 3
nornomororo niarpamu [Tpanris.

Jlis BU3HAYEHHS TPaHUYHOTO HABAHTAKEHHS HEOOXIHO 3HATH 32 SKUX 3yCHJIb OKpeMmi
€JIEMEHTH KOHCTPYKIT JOCATHYTh IUIACTUYHOI cTaiii. SIKII0 B po3paxyHOK OpaTH TiJIbKU
3TUHAJIBHUM MOMEHT, TO KpUTEpieM pYyHHYBaHHS Iepepidy Oyae AOCSITHEHHS T'pPaHUYHOTO
MOMEHTY Ta YTBOPEHHS IUTacTUYHOro mapHipy. [Ipu oOiiky aBOX (akToOpiB — MOMEHTY Ta
MO3/I0BXKHBOT CHJIM IS TIepepi3y iCHye 00JacTh MIIIHOCTI, BCEPEIHHI SIKOI MIIHICTh TIepepizy
3a0e3neyeHa, a Ha Mexi o0jacTi mepepi3 AocsArae TPAaHUYHOTO cTaHy. PiBHSHHS, IO
OIMHCYIOTh MEXY 00JIACTI MIITHOCTI Mepepizy — YMOBH ILIACTHYHOCTI, JIO3BOJISIFOTH BU3HAYNUTH
IpaHUYHI 3yCUJUIA JUIS Iepepi3y 1 MOTIM — TpaHUYHE HaBaHTaKEHHS JJ11 KOHCTPYKITI.

2 AHAJIB JITEPATYPHUX JAHUX I IOCTAHOBKA 3AJAYI

[Tpobnemy 3HAaXO/KEHHS pPYHHIBHOIO HaBaHTaKEHHS Ui KOHCTPYKIIi BIeplie
chopmymoBas ["amineo T"amineil. Ane TiIbKM B MEpIIiii MOJOBUHI MHUHYJIOTO CTONITTS OyB
pOo3pobIieHUH BiANOBIIHUN MaTeMaTHYHUI anapar i 0yJ0 OTpUMaHO pO3B’A30K TaKOi 3a/1a4i B
npamsix ['Bo3meBa A. A. [1], Pxaninmaa A. P. [2], Yupaca A. A. [3], [TlikoBcekoro A. A. [4] Ta
iHIKX JociiaHukiB. Ilepmni nocmifkeHHs BUKOHYBajach y MPHITYIIEHHI NpO HE3HAYHUN
BIUITMB IIO3J0BXHBOI CHJIM Ha BEIWYMHY TPAaHUYHOTO HABAaHTAKEHHS 1 B PO3PaxXyHKY
BpPaxOBYBAaBCs JIMILE 3TMHAJBHUI MOMEHT. Y MOAANBIIMX PO3poOKax Oysio MOKa3zaHo, IO
TaKMM MIAX1JT HE 3aBXAM J03BOJISIE€ Oep:KaTHu BipHI pe3ynabTaTH. Hanpukian, uig apoyHux
CHCTEM, JIe¢ BUHUKAIOTh 3HAYHI MMO3/J0BXKHI CHUJIM, ITHOPYBaHHS MO3J0BXKHIX CHJI MPU3BOAUTH
70 TOXMOOK y BH3HAUEHHI TPpaHUYHOTO HaBaHTaxeHHs [3], [5], [6]. [Ipuknaaun BU3HAYEHHS
IPaHUYHUX HABAaHTAXKEHb JJIS apOK 3 ypaxyBaHHSIM 3TMHAIbHOTO MOMEHTY Ta MO3JJ0BXKHBOI
CUJIM pO3TIsHYTO y pobotax Ympaca A. A. [3], [likoBcekoro A. A. [4], IIponienko A. M.,
Bnacosa B. B., [7], 'a66acoBa P. ®@., Uan Txans TyHnr [8].

[Ipy nOCHIKEHHSIX TPAaHUYHOIO CTaHy KOHCTPYKLIA 3 ypaxyBaHHSIM 1 MOMEHTY 1
MO3/I0BXKHBOI CHJIM BAXJIMBY pPOJb BiAIrpae o0JacTh MIIHOCTI MONEPEYHOro mepepizy il
eneMeHTiB. O01acTh MIITHOCTI SIBJISIE COOOI0 3aMKHYTY 00JacTh y KOOpPAMHATaX «MOMEHT —
MO3/I0BXKHS CUJIa» 1 Ul TaHOTO Mepepidy € Horo He3MiHHOI XapaKTepUCTUKO. Mexa Takoi
o0JracTi BU3HAYa€ 3HAYEHHS MOMEHTY Ta TO3/I0OBXKHBOI CHIIH, IO Bi/AMOBINAIOTh TPAHUIHOMY
crany mnepepizy. OOxacTe MIIHOCTI Ma€ KPHUBOJIHIMHY (opMy 1 3aJIeXHUTh Bifl reomerpii
MOTNepPEeYHoro nepepizy 1 HasBHOCTI apmyBanHs [3], [4], [7], [9], [10], ane mns 3pydHOCTI
3HaXO/KEHHS TPAHUYHOTO HaBaHTAXEHHs 1 4aCTO MpPEeCTaBISAIOTh y BUMIIAI OaraTOKyTHUKA

[4], [7].
3 META TA 3AJAYI JOCJIJUKEHHS

MeToro AaHOTO MOCHTIKEHHS € PO3poOKa METOMWKH MOOyIOBH 00JacTi MIIHOCTI
apMOBAHOTO JBOTaBPOBOrO Mepepi3y, BUKOHAHOTO 3 MarepiajiB, (i3M4yHI BIACTUBOCTI SKHX
onucyroThesl aAiarpamoro Ilpanarns. ['paHuuHi 3yCHJIIE — MOMEHT 1 MO3JOBXKHIO CHIY,
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po3ramoBaHi Ha Mexi oO0jacTi MILIHOCTI, mNepeadayaeThCsi BH3HAYaTH 3 PO3B’S3aHHSA
eKCTPEMAIIbHOI 33/1a4i 3 HACTYITHHM aHAJIi30M OTPUMAHOTO Pe3ysIbTaTy.

4 PE3YJIBTATHU JOCJIAKEHHSA

[Tpu BUKOHAHHI TOCIIKEHD MepeadadaeThes, Mo (Hi3uvHI XapaKTEePUCTUKU MaTepiany, 3
SKOTO BUKOHAHO TIiepepi3 Ta apmarypa, BIANOBIJAIOTh XapaKTEPUCTHKAM 17€alIbHOTO
NPY>KHOIUIACTUYHOTO Tina (puc. 1).

o, o
O'_,_‘
GU
> £
&
—a
cy _O':“.
a §)

Puc. 1. [Jiarpamu neopmyBaHHS: a) MaTepiaiy nepepisy, 0) apmMaTypu

Po3rnsiHeMO HeCHMETPUYHO apMOBAHHIA JIBOTABPOBHIA IEpepi3, B IKOMY JIFOTh TPAHUYHI
3ycHiuIs — 3rUHaNbHUN MoMeHT M, i mosznomxHs cuna N, . [l manoro nepepizy HeoOXixTHO
OTpUMATH 3aJEKHOCTI Ans MoOyaoBH Mexi obnacTi MinHocTi. J[BoTaBpoBuil mepepi3
notpeOye BHBEICHHS TaKWX 3aJEKHOCTEH MpPH TPHOX BapiaHTaX pPO3TAIIyBaHHS ICHTPY
3TUHY, a came: IEHTpP 3TMHY pPO3TalllOBaHWH B MEXaxX CTIHKM JIBOTaBpa; IIEHTP 3THHY
PO3TaIIOBaHUI y MeXKaX BEPXHBOI MOJIUIN; [EHTP 3THHY PO3TAIIOBAHUN y MEKaxX HUKHBOT
TIOJTHIII.

Po3rnsiHeMO JOKTajHilE BHWBEICHHS 3aJISKHOCTEH JUIsl MOOYIOBH BEPXHBOI MeEXi
001acTi MILHOCTI.

1. Lentp 3ruHy posramoBaHuii y Mexax crinku nsotaspa (—h/2<y<h/2) (puc. 2).

~d N

I

—fa ©

Puc. 2. Cxema zii 3ycuiib y JBOTaBpOBOMY Hiepepi3i pH /i TpaHUIYHUX MOMEHTY Ta HO30BXXHBOI CHIIH
(ueHTp 3rUHy PO3TalIOBaHMI y MEXaX CTIHKH JJBOTaBpa)

I3 piBHSIHHS piBHOBaru Z X =0 onepxyemo:

N, =—0o,, {bzh2 +t(g— yj}r% {blh1 +t(g+ yﬂ— N/ +N,, (1)
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ne N,=0A; N.=0cA; o,, 0., A, A — BIIMOBIIHO HANpYyXCHHsS Ta IUIOLI IEpepizy

HUXHBOI T4 BEPXHBOI apMaTypH.
BukopucToByoun T€ K PIBHSHHS PIBHOBArd 3alyIIeMO BUPa3 AJIs KOOPAWHATH HEHTPY
3TUHY Tepepizy — Y :

y=[acy (bzhz +t2)—0'ty (blhl+t:j+ A N Nb}/t(acy +0y). )

BukopucToBytouH piBHSIHHS PiBHOBaru z m, =0, oTpuMaeMo BUpa3 U MOMEHTY:

w580 ] 5 2T

+Ns'(h2—a’+g—y)+ Ns(hl—a+g+ yj—be.

(3)

2. lenTp 3ruHy pO3TallOBaHMKA Yy MeEXax BEpPXHbOI IOJNHUI  JBOTaBpa
(h/2<y<h/2+h,).

BukopucToBytoun piBHSHHS PIBHOBArd, 0JIEPKYy€EMO:

Nb:_chb2(g+hz_YJ"'O_ty{blhl"'th"'bz[y_gﬂ_N;+Ns; (4)
o, [N h b, ' b

y=|o,b, E+ b |t Oy T_t _blhl +NS_NS+Nb Z(O-Cy+o-ty)’ (5)
b, (h ? +h b hY’

Mb:aCYEZ[EJFh?_yJ +aty|:blhl(h12 +yj+thy+§(y—5j }

+Ns’(h2—a’+2—y]+ Ns(hl—a+g+ yj—be.

(6)

3. Ilentp 3ruHy pO3TallOBaHMM y Mekax HIDKHBOI  MOJMII  JBOTaBpa

(e

I3 piBHSIHB PIBHOBAru OJepKy€eMo:
Nb:—acy{bzhz+th—b1(g+yﬂ+atybl(g+hl+y]—NS’+NS; @)
bh h , _
y=|o, b2h2+th—7 ~o,b E+h1 +N{=N,+N, | /b (o, +0,); (8)

h,+h b(h Y thl(h jz
M, = bh,| 2——y |-thy+-2| —+ +——==+h+y| +
bacy{zz(z yj yz(z y” > |y

+Ns’(h2 —a’+g—yj+ Ns(hl—a+g+y]—Ny.

9)

Jns moOynoBu Mexi 00nacTi MIITHOCTI Hepepi3y BHU3HAYAEMO T'PAHUI, Y SKHX MOXKeE
3MIHIOBATHCH MO3J0BXKHS CHIA Ta BIAMOBIAHI MOMEHTH. MaKCHMaabHO MOJKIIMBA MO3I0BKHSI
CHJIa BIJIOBIJIa€ BUMAJKY PO3TATYBaHHS BChOro mepepisy. llpum mpomy B mepepisi IilOTh
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TUIbKH HANPYXKEHHS pO3TAry o, 1 o, =0, =0, . BUKOpUCTaHHS DiBHSHL DPiBHOBATH

MIpU3BOJUTH 10 3aJIeKHOCTEH

N, o = (B -0 b1+ 0, (A +A); )
M, = o, {blhl(%+hjthzj+th(g+hzj+bzzhzz}r

+0'Sy[ﬁg(h1+h+h2—a)+As'a’]—Nb(g+h2j.

(11)

MiHIMQJIbBHO MOXJIMBA TIO3JOBXKHS CHJIA BIAMOBIAa€ BUMNAAKY CTHCHEHHS BCHOTO

nepepizy. [Ipu mpoMy B mepepisi i€ TUIBKA HANpYXEHHS CTUCKY O

P
y | O,=0,=—0

sy *
Bukopucranss piBHSHb pIBHOBArM MPU3BOIUTH JI0 3aJIEKHOCTEH:

Nb,min :_ch (blhl +th+b2h2)_gsy (As + Aé)! (12)
M, =o,, {bl%+th(g+ h1j+b2h2 (%+h+hlﬂ+

(13)
+o, [ A(h+h+h,—a')+Aa]+ Nb[g+ hlj.

MakcumanbHe 3HA4€HHS TPAaHUYHOrO MOMEHTYy M OTPUMAEMO, TPUPIBHIOIOYN

b, max

MOXiTHY MOMEHTY JI0 HYJIS:
dM, (N,)

=-y=0. 14
N, y (14)

I3 (14) BumnmMBae, MO KpUBa, sIKA OMUCYE MeEXY OO0JacTi MIIHOCTI Mepepidy, Mae
eKCTpeMalibHEe 3HAYCHHS, KOJIM IIEHTpP 3THHY PO3TAIIOBAaHUH Yy IEHTpi CTIHKHU IBOTaBpa. Jlims
BHU3HAYEHHS MAaKCHUMaJbHOIO MOMEHTY Ta BIAMOBIJHOI HOMYy MO3M0BXHBOT CHJIM CHiJ
ckopucrtarucs supazamu (3) Ta (1) mpu y=0:

h+h, th? +h th? , . h
Mb,maxzacy(bzhz 22+?j+5ty(b1mhl2 +?]+A§Usy(h2_a+§j+

(15)

+Aasy[h1—a+gj;
Nb =—0y (bzhz +%j+o-ty (blhl_'_%]_o_sy(p%’ _Ak) (16)

Jl1s KO)KHOTO 3 TPHOX BapiaHTIB pO3TalllyBaHHS LEHTPY 3THHY Mepepi3y € J1Ba He3aJIexkHi
pIBHSHHS piBHOBarW i m'ste HeBigommx BemmumH: M, N, Y, o,, o.. [lnd BuU3HAYCHHS
TPaHUYHOTO MOMEHTY TIPH 33JJaHOMY 3HAa4EeHHI MO3/I0BXXHBOT CHITH CKJIQJIa€MO ONITUMI3aIliiHY
3aj1a4y, J1e LITbOBOIO (DYHKIIEIO € eKCTpeMasIbHEe 3HaUeHHs MOMEHTY M, , 3SMiHHUMH IPOEKTY
— HaNpY>XEHHsS B apMaTypl o, U o, OOMEKEHHAMH € PIBHIHHS PIBHOBAIH Z X =0, rpanumi

3MIHM Y Ta HampyXeHHs B apMmaTypi. Hampuxman, ams moOyaoBH BEpXHBOI TUISTHKH MEXI

o0nacTi MIIHOCTI JUIs BHIAAKY, KOJIM IIEHTP 3TUHY pO3TALIOBYETHCS B MEXaxX CTIHKU
JBOTABpa CIIiJ] PO3B’SA3aTH 3a7ady:
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M, — max;

y{ﬁcy(bzhz+t2]—aty(b1hl+t2]+ N —N, + Nbi|/t(acy +gty)=o;

—h/2<y<h/2; 17)

|GS|SO'Sy;

|0'; <o,

ne M, BusHa4aeThCs BiAnmoBigHO 10 (3).

3amaroun 3HAYCHHS IMO30BXKHBOI CHJIM 1 MOpa3y po3B’SA3yHOUM ONTHMI3alliiHy 3a1ady
(17), orpumaeMo TOYKM KpUBOi B KoopaMHaTtax M, —N,, fAKa oOMexye IUISHKYy 00JacTi

MIIIHOCT1 IBOTABPOBOTO apMOBAHOTO MIEPEPi3y 3BEPXY.

BinnoBiaHi 3a1a4i po3B’SA3YyIOThCA 1 AJI BUMA/IKIB, KOJIU LIEHTP 3THHY PO3TALLIOBYETHCS Y
BEPXHill Ta HIDKHIH MOJUIISX ABOTaBpA.

[ToOynoBa HIXKHBOT MeX1 007aCTi MIITHOCTI BUKOHYETHCS 33 allTOPUTMOM, IO ONHCAHUI
BHIIIC.

IIpuxaaa. [ToGynoBa o6nacTi MIHOCTI A7l CUMETPUYHOTO JBOTABPOBOTO IMEpEpizy 3
HECUMETPUYHUM apMyBaHHSM.
PosrissHeMo nepepi3 i3 XxapakTepuCTHKaMHU:

b, =0.4m; b, =0.2m; b, =0.4m; h,=0.2m; h=0.8m; t=0.15xn;
A = 0.001232.%; A= 0.0006281:%; a =0.03m; @' =0.03x;

o, =14500kH/»*; o, =1300kH/M*; o, =365000KH /1’ ;
E=23-10" kH/a*; E, =2.1-10° kH/m?. '

Bepxns mexa 001acTi MILIHOCTI, @ TAaKOX Ipadiku 3MIHU HEHTPY 3TUHY Ta HaIllPY>KEHHS B
apMaTypi, MoOy0BaHi IUISIXOM BHpIIIEHHS ONTUMI3alliiiHo1 3a7aui 3a qonomoror EXCEL,
IpesicTaBjIeH] Ha puc. 3

Sk BuUnIMBae 3 puc. 3:

— rpadik 3MIHM LIEHTPY 3THHY Hepepi3y CKIAJA€ThCsl 3 MPSIMOJIHIMHUX BIJAPI3KIB, 3
TOYKaMHU 3J1aMy B LIEHTpI Baru apMaTypd Ta B MICISIX CIIOJyYeHHsS CTIHKHA JBOTaBpa 3
MIOJTUIISIMH;

— Ha Me1 00JacTi MILHOCTI apMaTypa 3HaXOAUTHCS y IIACTUYHIN cTafii, KpiM IUISTHOK
BC mns mwkeBOi apmatypu Ta FG mist BepxHBOI apMarypu, J¢ HamnpyKCHHS B apMmarypi
3MIHIOIOTHCS 32 JIIHIHHUM 3aKOHOM.

S0 BepxHIO MeXy 00JacTi MIIHOCTI INepepi3dy MPeACTaBUTH, K JeAKY (IKTUBHY
0aJKOBY €MIOpy MOMEHTIB, TO Ha MiJCTaBl IU(EpEeHIiaIbHUX 3aJeKHOCTEH IpH 3TUHI
MOXI1JIHY TaKO1 eMIOpH MO>KHA Ha3BaTH (DIKTUBHOIO MONEPEYHOIO CHUJIO0:

dM. (N
M (N) _ o () =y (N, ). (18)
dN,
[ToxigHa nonepevHoi CHiH € (PIKTHBHIM HaBaHTAXXCHHSM MPUKIIAICHUM JI0 OATKH:
dQ'(N.) dy(N
()08 gy "
dN, dN,
Copoka M. M.
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a) M, kHwm
F
K
B N xH
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=200
0)
N, xH
-5000 -3000 -2500 -1500 -1000 -500 01 500 1000 1500
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-0.5
-0.6
A
B) 50 | o107, kH /2
o
N, kH
-5000 -4500 -4000 -3500 -3000 -2500 -2000 -1500 -1000 -500 1.0 500 1000 1500
2.0
3.0
4.0
5.0

M, 4

Puc. 3. a) — BepxHst Meka o0nacTi MinHOCTI; 6) — rpadik 3MiHM KOOpAMHATH LEHTPY 3THHY; B) — rpadik 3MiHH
Hanpy>XKeHHs B apMaTypi: T) — OaJIkoBa aHAJIOTis

Buxopasiun 3 1poro, s moOyIOBH BEPXHBOT MEXKi 00acTi MIITHOCTI TEepepi3y MOXKHA
BUKOPUCTOBYBaTH OanouHy aHajorito (puc. 3r). Mexamu mpuKIagaHHs] HABAaHTXKEHHS 10

OBIKM € TOYKH 3iaMmy Tpadika y(Nb) (tab6. 1). 3HadeHHs (QIKTHBHUX HAaBaHTAXXCHBb

BHU3HAYaEMO 3a JIOTIOMOT0I0 3aJICKHOCTEH

-1

f_qf — .

qAB qCD b2 (O'Cy + O'ty)

-1
Ope = ———— (20)
t(O'Cy + O'ty)
-1
f_af .

qGF qKL bl (O'Cy + O'ty)
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Taéauua 1
[NapameTpuuHi TOYKH BEPXHBOI MEXi 00JaCTi MIITHOCTI
dopmyna nis M ¢ M
Touka y o, o, 004HCIIeHHS N, , kH b q. E
N M KHwm
br Vip
A —(h/2+h) —Oy Oy (12), (13) 4739.016 -125.600 -1
_ 6320
B | «(h2+h-a) | -0y Ty (7). (9) asa0410| 14684 )
C | -(W2+h-a) | oy Ty (7). (9) 3650050 | 497951 —
- 6320
D —h/2 Oy Oy (1), 3) 2575 650 1019.035 1
- 2370
J 0 Oy Oy (16), (15) 1627.650 1208.635 1
G h/2 oy oy, 1), @) | 679.650 | 1019.035 23710
F h2+h—a | o Gy ), (6) 304,751 | 497.951 | 0320
0
K h/2+h, —a’ Oy —Oy (4), (6) 853.410 | 236.516 1
L h/2+h, Oy —Oy (10), (12) 1043.010 | 125.600 6320

TakuM 4YHHOM, BEpXHS Meka o0jacTi MIMHOCTI Moxe OyTu moOyJoBaHa 3
BUKOPUCTaHHSM OaJIKOBOI aHAJIOTIT 32 IOTIOMOTOI0 aJITOPUTMY:

— BHU3HAYA€MO TPAHMUIN 3MIHU MO30BXKHKOT cmim N
M, M,:

— BU3Ha4yaeMmo 3HaueHHs: N, B Toukax 3imamy rpadiky Y (tab. 1);

N

1 BIAMOBIIHI MOMEHTH

b,max * ' Vb,min

. f .
— 009HCITI0EMO 3HaUCHHS (GiKTHBHUX HaBaHTaxeHb (  (20);

— JUIS MIapHIpHO omepToi OaiKku, 3aBaHTaKeHOI kpaioBumu MomeHTamMu M,, M, i

HaBaHTaXeHHAM (' (puc. 3r), GyayeMo eMIopy MOMEHTIB, SIKa MOBTOPIOE KOHTYPH BEPXHBOI
MeX1 001acTi MIITHOCTI Iepepizy.

BaiKkoBa aHAJIOTIs JO3BOJISE HAOYHO TOKA3aTH, IO HA Bipi3Kax, ¢ HABAHTAKEHHS ('
HE Jlle, MeXa 00JlacTi MIITHOCTI HaKpecjeHa NpsIMOI0 JiHIE€I0, a Ha BIApI3Kax, 1€ i€
HaBaHTaXXEHHs, — KBaJJPaTHOO NapadoIioko.

Jns moOynoBH HMKHBOI MeEXi 0051acTi MIIHOCTI BHKOPHUCTOBYETHCS aHAJIOT1YHA
METOMKA:

— 3aIllUCYIOThCSI PIBHAHHS PIBHOBAru nepepisy;

— BU3HAYAIOTHCS MapaMeTPUYHI TOUKU MeX1 00JIaCTi MIIIHOCTI;

— 3 BUKOPHCTAaHHAM 0aJIkOBOT aHaJIoT1i Oy 1yeThes Mexka 00J1acTi MIITHOCTI.

O6nacTh MIITHOCTI IBOTAaBPOBOI'0 HECUMETPHUYHO apMOBAHOI'0 Tiepepi3y MpecTaBiIeHa Ha
puc.4.

Copoka M. M.
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1300 | M, xHm

N, kH

-5000 -4500 -4000 -3500 -3000 -2500 -2000 -1500 -1000 - - 500, 1000 1500

Puc. 4. O6nacth MIITHOCTI CHMETPUYHOTO JIBOTABPOBOTO MEPEPi3y i3 HECUMETPUYHUM apMYyBaHHIM

5 OBI'OBOPEHHS PE3YJIBTATIB JOCJIIKEHHSA

[Ticnst moOymoBu 00MacTi MIIHOCTI apMOBAHOTO JIBOTAaBPOBOTO IEpPEpi3y METO0M
pO3B’si3aHHA eKCTpeMaibHOi 3amaul Tumy (17) Oyno BHUSIBIEHO XapaKTepHI OCOOIMBOCTI Y
noBeiHIl Tpadiky 3MIiHM LEHTPY 3THHY Nepepidy Ta rpadikiB 3MiHM HampyXEHHS B
apMarypi. Bcranoneno, 1o 1i rpadiki OMUCYIOTHCS THIHHUMU (QYHKITISIMU.

SIKIIO MPUIYCTHTH, MO BepXHs (HMKHS) MeXa 00JIaCTi MIIIHOCTI € OaJIKOBOIO EMIOPOI0
MOMEHTIB, TO Ha MiJCTaBl JU(epeHIiaTbHUX 3aJ€KHOCTEH MPH 3rMHI MOXiJHA TPAaHUYHOTO
MomeHTy M, 3a mo3nmoBxkHbOIO critoro N, Oyne BinmoBinatu GiKTHBHIN MMONEpeyHil CHII, a

noxigHa (IKTUBHOI ToOMEpeyHoi cuiM — OyAe BIANOBLAATH (PIKTUBHOMY HABaHTAKEHHIO.
Takum yMHOM, MeXy oO0NacTi MIIHOCTI MOXHa NOOYAyBaTH SIK €MIOpy MOMEHTIB JUis
MIApHIPHO OMNEPTOi OaiKu, 3aBaHTAXKEHOI (PIKTUBHUM HABAHTAXEHHSM Ta KpallOBHUMH
MOMEHTAMH.

Takok BCTaHOBJIEHO, 1110 BUpa3 A (DIKTUBHOI MONEPEYHOI CHUIM TOYHO 30Iraerbcs 3
BHPA30M, [0 OMMCYE MOJOXKEHHS LEHTPY 3TUHY Iepepi3y, 110 J103BOJSE po3risiaaTH rpadik
3MIHU IIEHTPY 3TUHY Tepepi3y AK entopy (HIKTUBHOI monepeunoi cwiu. Lei dakr, 3 mormsay
¢G13MYHOTO CeHCy, MOKM 10 HE MOSICHEHWH, aje [03BOJIE 3HAYHO CIPOCTUTH 3aJady
moOy10BU 00J1aCT1 MIIIHOCTI JBOTAaBPOBOT'O apMOBAHOTO TIEPEPI3y.

6 BHUCHOBKH

1. I'panuyHMii cTaH apMOBAHOTO JBOTABPOBOIO IEPEPi3y HOCATAETHCSA, KOJIHU BECh
MaTepiajl epeTuHy Ta apMatypa (abo oHa 3 apMaTyp) EePeXoAsTh y INIACTUYHUN CTaH.

2. Mexa o0nacTi MIIIHOCTI IBOTaBPOBOI'O apMOBAHOT'O MEPEPi3y OMUCYEThCS JIHIHHUMU
Ta KBaIPATUYHUMHU (YHKIIISIMH.

3. JliniiiHiI rpadiku 3MIHM KOOPAWMHATH LEHTPY 3THUHY Iepepidy Ta HalpyXeHHS B
apMaTypi J03BOJIAIOTH MOOYAyBaTH MEXy OO0JIacTi MIIIHOCTI mepepidy 3 BUKOPUCTAHHSAM
OanouHoi aHasorii 6e3 po3B’sA3Ky ONTUMI3alIHUX 3a1a4, Tumy (17).

Copoka M. M.
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4. EkcTpemalibHe 3HA4YE€HHS TPAHUYHOTO MOMEeHTy M Ta BIAMNOBIAHE 3HAYEHHS

b, max
HO3I[0B)KHBOI CUJIN Nb BHU3HAYAIOTHCA IIPHU y = 0, T06T0, KOJIM OCHTP 3rUHY ABOTABPOBOI'O
nepepi3y 3HAXO04UTHCA Ha Cepe,[[I/IHi CTiHKI/I JABOTaBpa.
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VJIK 539.3

BUKOPUCTAHHSA CUMETPII JIJIS1 PO3B’SI3YBAHHSA 3AJAY
JE®OPMYBAHHS IIJIUT HA )KOPCTKI OCHOBI

I'yproeuii O. I.!, Tunuyk C. O."

1 . .
Hayionanenuii ynisepcumem 600H020 20Cn00apcmea ma RPpUpoOOKOPUCHY 8AHHS

AHoTamis. 3anpornoHOBaHa ONTHMI3allisi PO3PaXyHKOBOI cxeMH Ae(hOpMYyBaHHS HPSIMOKYTHOT
OaraTomapoBoi IUIUTH 3 TPAHCBEPCATHHO-I30TPONHUMHU MIapaMH, IO OIMPAETHCS HA JKOPCTKY
(aemedopMiBHy) ocHOBY. CyTh ONTHMI3allii MOJATaE B PO3MIAJIAHHI TAaKOi PO3PAXYHKOBOI CXEMH
IUIMTH, B SIKid HampyskeHo-nedopmoBanuii ctad (H/IC) mimTu MOBHICTIO OMUCYETHCS JHIIE OJHOIO
CKJIaJIOBOIO, a caMe OEe33TMHOBOIO CKJIamoBoro cuMerpudHoro HJIC BiTHOCHO cepenMHHOI TMOBEpPXHIi
JIBOCTOPOHHBO CHUMETPUYHO HABAaHTAXKEHOI IUMTH. /s [bOro 3aMiCTh peaylbHOI KOHCTPYKIIi
OararomapoBoi IJIUTH, O AchopMyeTbcs ©Oe3 BiAPHBY BiJl OCHOBH, MPOIOHYETHCS PO3TISAATH
PO3paxyHKOBY CXeMy IUIHTH, sIKa YTBOpPEHa CHMETPHYHOIO JT00YIOBOIO BiJTHOCHO ITOBEPXHI KOHTAKTY
IaHOi TUIMTH 3 OCHOBOK. [lnmra Oyme NMBOCTOPOHHBO CHMETPUYHO HABAHTAKEHOI BiJHOCHO
CEpeIMHHOI TMOBEPXHI IUIMTH, a TOBIIWHA IUIMTH 30UIBIIMTHCA BIBOE. Ha cepenuHHIN MOBEpxHI
BUKOHYIOTbCSI YMOBH KOB3HOTO KOHTAKTy BEPXHBOI 1 HHXKHBOI YACTHH CHMETPUYHOI IUIMTH, TOOTO
KOB3KOTO KOHTaKTy IUTUTH 3 OCHOBOIO. J[si MoJenroBaHHS aOCONIOTHO KOPCTKOTO KOHTAKTy Ha
TpaHMIli 3 OCHOBOIO B JOOYZOBaHY IUTUTY BBOOUTHCS JNOJATKOBHI TOHKHH IIAp BEIHMKOI YKOPCTKOCTI
(«HemedopmiBHUN 1map»), MO HE 3MIiHIOE CcyTh po3paxyHkoBoi wmoaeni. HAC mimtu Oyne
0E33rMHOBUM, IO CYTTEBO CIPOIILye Horo mojenroBaHHs. s 6e33rmroBoro HJIC moOynoBaHa B
MIPYXKHIM TTOCTAHOBIII BOBUMIipHA, BUCOKOTO CTYIIEHS iTepaliifHOTO HAOMMKEHHS, ajie TPUBUMIpHA 3a
xapaktepoM BimoOpaxenns HIC monens nedopmyBaHHS OararomapoBHX MPSIMOKYTHHX IUIMT Ha
YKOPCTKIH OCHOBIi 3 130TPOITHUMH Ta TPAHCBEPCATBHO-130TPOMTHUMH IIapaMH, SKa JOCTaTHHO MOBHO
BpaxoBye aedopmarii MONmepeyHoro 3CYBY Ta IIONEPEYHOrO0 OOTHUCHEHHS IPH IIOTIEPEYHOMY
HaBaHTAXEHHI IUIMTH. Mojeidb — KOHTHHyaJlbHa, TOOTO KIUJIBKICTh pIBHSHb Ta TOPSJIOK
TQepeHIiIoBaHHs PO3PaXyHKOBOI CHCTEMH PIBHSIHD HE 3aJICXKHTh BiJl KUTBKOCTI ImapiB B muTi. Llei
MOPSIOK TU(EPEHITIIOBaHHS 1 KIIBKICTh PO3PaXyHKOBHX PIBHSHb MOJXE 3aJI€XKaTH JIUIIE BiJl TIOPSIKY
iTepaniiitHoro HaOmwkeHHs wmojeni. l[IpuBeneHO BHBENEHHS PpO3PAaXyHKOBUX IHQEpEeHIliaTbHAX
PIBHSHB B y3arajlbHEHHX 3yCHIUIAX Ta B (YHKIISX MEepeMillleHb, & TAKOX OTPHUMAHO TPaHWYHI YMOBU
BapiamiiiHuM MerogoMm Jlarpamka. IlpuBeseHO pe3ynbTaTH aHATITHYHOTO PO3B’S3KY  3amadi
nedopMyBaHHs OJJHOPIAHOI MPSIMOKYTHOI TUTUTH TIPH KOB3HOMY KOHTAKTi 3 )KOPCTKOIO OCHOBOIO TIPH
TpaHUYHUX YMOBax THITy HaB’e mix Ai€l0 MONepevyHOro CHHYCOiAIbHOTO HaBaHTAXKEHHS. BukoHaHO
MOPIBHSIHHS PE3yJIbTATIB PO3PAaXyHKiB 3 TOYHUM TPHBUMIPHUM PO3B’I3KOM.

KarouoBi cioBa: OararomapoBa IUIMTa, XOPCTKA OCHOBA, IONEPEYHHUIl 3CyB, IOIEpEUYHE
OOTHCHEHHS, KOHTUHYaJIbHA MO/IEIb.

USING SYMMETRY TO SOLVE PROBLEMS OF DEFORMATION
OF PLATES ON A RIGID FOUNDATION

O. Gurtovyi', S. Tynchuk®
National University of Water and Environmental Engineering

Abstract. The optimization of the design scheme of deformation of a rectangular multilayer plate
with transversally isotropic layers resting on a rigid (non-deformable) foundation is proposed. The
essence of optimization is to consider such a design diagram of the plate, in which the stress-strain
state (SSS) of plate would be fully described by only one component, namely the unflexural
component of symmetrical SSS relative to the middle surface of plate which is bilaterally
symmetrically loaded. To do this, instead of the actual design of the multilayer plate, which is
deformed without separation from the foundation, it is suggested to consider the design diagram of the

I'yproewmii O. I'., Turayk C. O.
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plate, which is formed by supplementing it with a symmetric one about the contact surface of the
foundation. In this case, the plate will be symmetrically loaded with respect to the middle surface of
the plate, and the thickness of the plate will double. On the middle surface, the conditions of sliding
contact of the upper and lower parts of the symmetrical plate, i.e. sliding contact of the plate with
foundation are fulfilled. To model absolutely rigid contact at the border with the foundation, an
additional thin layer of high rigidity ("non-deformable layer™) is introduced into the supplemented
plate. This does not change the essence of the calculation model of plate. The SSS of plate will be
unflexural, which significantly simplifies its modeling. A two-dimensional model of deformation of
multilayer rectangular plates on a rigid foundation with isotropic and transversally-isotropic layers is
constructed in an elastic formulation for a unflexural SSS, with a high degree of iterative
approximation, but three-dimensional by the nature display of the SSS. This model sufficiently takes
into account transverse shear deformations and of transverse compression of the plate under transverse
loading. The model is continuous, that is, the number of equations and the order of differentiation of
the solving system of equations does not depend on the number of layers in the plate. This order of
differentiation and the number of solving equations can depend only on the order of iterative
approximation of the model. The derivation of the solving differential equations in the generalized
forces and displacement functions is given, as well as the boundary conditions are obtained by the
variational Lagrange method. The results of the analytical solution of the problem of deformation of
homogeneous rectangular plate in sliding contact with a rigid foundation whith Navier-type boundary
conditions under the action of a transverse sinusoidal load are given. A comparison of the calculation
results with the exact three-dimensional solution ones was made.

Keywords: multilayered plate, rigid foundation, transverse shear, transverse compression,
continual model.
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1 BCTYII

3acTocyBaHHS TIOHATh CHMETPis, KOCOCHMETpisl JOCHUTh IIOIIMPEHE B IPAKTHII
IH)KEHEPHUX PO3pPaxyHKIB KOHCTPYKIIH, TaK sIK JTO3BOJISIE 1HOMAI CYTTEBO CIPOCTUTH IiIXOAU
70 pO3B’s3aHHA 3a/a4. B JaHOMY NMOCITI/DKEHHI Ii TOHSATTS 3aCTOCOBAHO 10 PO3B’S3aHHS
3ajadi aHaJli3y HaNpyXeHO-1e(h)OPMOBAHOTO CTaHy 0araTOIIAPOBUX MPSMOKYTHHX IUIUT, IO
CIUparoThbcs Ha HeAaehOpMiBHY, aOCOIOTHO KOPCTKY OCHOBY. Mogenmi aedopMyBaHHS TUTHT
Ha JXKOPCTKI OCHOBI MalOTh CBOIO cHenH(]iKy, OCKUIBKM B HHMX IepeBaxae Oe33rMHOBa
ckiagoBa HJIC 1 BaxnuBy poJib BiAIrparoTh, OKpiM Jedopmaliiii monepeyHoro 3CyBY, TaKOX
nedopmariii IornepeyHoro OOTUCHEHHS.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INTPOBJIEMHU

Sk ToOKa3aHO YHCICHHUMH JOCTIDKEHHSMH, €()EKTH TIOMEePEYHOT0 OOTHCHEHHS Ta
MOTIEPEYHOr0 3CYBY MpPH 3TMHAHHI TPaHCBEPCATBbHO-130TPOMHMUX IUIACTUH Ta B IUIACTUHAX HA
NPY)KHUX OCHOBaX CYTTEBO BIUIMBAIOTh Ha HaNpyKEHO-Ae(POPMOBAHMI CTaH IUIACTHH.
[Tigxoau 10 mOOYIOBH YTOUHEHUX MOJENEH, B TOMY YKCII iTepaliiiHuX 3a CBOIM 3MiCTOM, SIKi
BPaxoBYIOTh I edexTH, BukiaaaeHo B [1, 2]. Ilpore mi mMomeni SBISIOTHCS 3rHHOBUMH 3a
CBOIM 3MicTOM. A mipu AedopMyBaHHI IITUT Ha HeJeOPMiBHIM OCHOBI MepeBakae O€33rHHOBA
komrionenTa HJIC. Tomy akTyanpHOIO € po3po0OKa Ta YHCIIOBA peajizaiis Oe33rHHOBOI
yrounenoi mozaeni HJIC GaratomapoBux IUIUT Ha KOPCTKHUX OCHOBAX, IPUYOMY BaXKIMBUM
¢dakTopoM € ii KOHTHHYyaJbHA KOHLENIis. 3axadi 1eopMyBaHHS IUTMT HA YKOPCTKIA OCHOBI
posrmsganuck B yrouyHeHi moctanoBui  O.I. I'yproBum [3], TyproBum O.I. i
Turaykom C. O. [4]. a B TpuBuMipHii moctaHoBmi O. B. Mapuykom [5]. Came 6e33ruHOBa
YTOYHEHAa KOHTHUHYyallbHa Mojneib po3risHyta B [4]. [lomanpmii JOCHIPKEHHS B IIbOMY
HaNpsMKY MPEJICTaBICHO B AaHIH pOOOTI.

3 [IJIb TA 3AJAYI JOCHALTKEHHS

Mertoro pobotu € po3poOka yrouHeHoi mojeni Oesz3rmHoBoro HJIC mmwmr Ta ii
3actocyBaHHsa ans jociipkeHHs HJIC OGararomapoBux 130TPONHUX Ta TpPaHCBEpPCAIbHO-
130TPONHUX IUINT, 10 ONHUPAIOTHCS Ha )KOPCTKI OCHOBH, 32 Ji1 MONEPEUYHUX HaBAHTAXKEHb.

4 PE3YJbTATHU JOCJIIKEHHSA

Posrnsinaerscs miHilHO-TIpYXHE OedopMyBaHHS 0araTtomapoBoi HPSIMOKYTHOI IUIMTH
TOBLIMHOI N i po3mipamu B miaHi &, Ta @,, sIKa ONMMPAETHCS Ha JKOPCTKY ocHOBY. Illapu
T K =1, N TpaHCBepcaIbHO-130TPOIHI Ta i30TPOIHI, KOXKHUI 3 JOBUIBHOIO, ajie CTaJIO0k0
ToBIMHOI N, . B oproroHanpHiii cucTemi KOOpAMHAT X, X,, Xz =2 mwiommHa X 0X,

CHIBMaa€ 3 TJIOMIMHOI KOHTAKTY IUTUTH Ta OCHOBH (puc. 1) 1 mapanenpHa 3 TUIOMIHHOIO
130Tpomii Marepially B KOXXHOMY IIapi, a BiCb Z HampaBjieHa MEPHEHIUKYISIPHO A0 i€l
MOBEPXHI KOHTAKTy 1 JI0 TMOBEPXOHb MIXKIIAPOBOro KOHTakTy. Ha miuty aie momepeuHe
HaBaHTaXeHHs P, (X;), IPUKIaeHe 10 BEPXHBOI MOBEPXHI IUIHTH.

3aCcTOCOBYETHCS HACTYITHA CHUCTEMa IO3HAYEeHb: BEPXHIM 1HAEKC B JyXKKax I03HAYaE

HOMEp MIapy IUTMTH, a HIDKHI IHIGKCH — HampsMKH KoopauHatHux oceit (i, j=1, 2;

a, =1, 3); yacTUHHI MOXIIHI MO3HAYCHI HHKHIMH 1HIEKCAMH Mics KoMU ( ),a = 6/ oX,, .
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Z=X3 ZTX3
A T Pn
o :
=11 .-~ |ddddddddddddddddm-,
0, % 0As \ai \‘:Y.; Xi
a 0

Puc. 1. Po3paxyHkoBa cxema 6araTtomiapoBoi INTHTH Ha OCHOBI:
a) 3araybHUH BUTIIAA; 0) MTOTIEPEYHHA TIepepi3 ITHTH

Y, (X)— peakiis Bigmo OCHOBHM, SKa € HEBIJOMOIO Kiiclo. Bpoauthes

B\
MiZICYMOBYBaHHS 32 HW)KHIMH 1HJEKCaMH, IO MOBTOPIOIOThCA. Cyma iHTErpajiB mo z Bif
noBinbHOI pyHKIi f(z) 3 po3puBaMu Ha Mexax mapiB Z =0, mo3HavyeHa oXHUM iHTErpaIoM

Bix wiei gpynxuii F® (z) = j f(k’(z)dz+z j O (z)dz = j f©(z)dz.

b4 r=l by
B I[OBIJII)HII/I TOLIIII k-FO mapy KOMIIOHCHTH BCKTOpa 3M1HI€HI) ITIO3HA4YC€HO (bYHKIIiﬂMI/I

ug()(xi, Z), KOMIIOHEHTH TeH3opa aedopmariii — (k)(X,, Z), KOMIIOHEHTH TEH30pa
HaINpYXeHHs — O (k)(X“ 2).

Ha moBepxHi S KOHTakTy ILUTUTH 3 OCHOBOIO Ipu Z =0 MOJEI0€THCS KOB3KHIT KOHTAKT
6e3 TepTst Ta 0e3 BiAPUBY BiJ OCHOBH. I'paHMYHI YMOBH JUIS BCIX KOMIIOHEHTIB BEKTOpa

3MimieHs U, Ta JUId MONEPeYHHX HOPMAIbHHUX HANPYKEHHS O3y 1 MONEPEYHUX JOTUYHHUX

HAaIlpy)KeHHS Oj3 Ha OBEPXHI S MalOTh BUTIIS:

D ~O_ v O_ i-19 12 +_
u,” #0; o33 =Yg, 0 =0; 1=1, 2, =13, z=0. 1)
Mix mapamMy IJIUTH BUKOHYIOTHCSI YMOBH >KOPCTKOI'O KOHTAaKTy 0€3 IPOKOB3YBaHHS Ha

noBepxHsix 3 koopauHaroo Z=b, (k=1 (n-1)):

uék)(xi’ b,) :u(gkil) (%, b); Géks)(xi' b,) = O'.Ezks ) (%, b). (2)

Po3B’s13anHs 3amaui 3 BuzHadeHHs HJIC TUIMTH BUKOHAaEMO HAOIMXKEHO, 3BEJICHHIM
TPUBUMIPHOI 3a/adi /70 ABOBUMIPHOI. 3acTOCYEMO JUIsl IIbOTO METOJ TiNoTe3, 30Kpema
KOHTHHYanbHMM miaxin [1,4], 3amaBmm rinotetnyHo ¢yHkuii posnoainy HJIC 3a
MOTIEPEYHOI0 KOOPANHATOIO Z .

Ipynryrouncs Ha posknagandi HJIC muurtd Ha 3rMHOBI Ta OE33TMHOBI CKIAIOBi,
MIPOMOHYETHCSL  ONTHUMI3AIlSl  PO3PaXyHKOBOI  cXeMH  JAeQOpMYBaHHS  MNPSMOKYTHOT
OararomapoBoi IUIMTH Ha >KOPCTKid ocHOBi. CyThb ONTHMI3allil MOJSATae B o3Il Takol
po3paxyHKoBOi cxemH TuTH, B sikii H/IC miauTe mMoOBHICTIO omucyBaBCs O JIMINE OTHOIO
CKJIaIoBOIO, a came 0e33ruHoBo0 ckiagoBoo HJIC. [lns 1mporo 3amicTh peanbHOI
KOHCTpPYKLIi 6araromapoBoi inTH (puc. 2, a), mo aedpopmyeTscs 06€3 BIAPUBY BiJ OCHOBH,
MIPONOHYETHCSI PO3TJISIATH  PO3PAXYHKOBY CXEMy IUIMTH, $SKa YTBOPEHAa CHMETPUYHOIO
I00YA0BOIO BiTHOCHO TIOBEPXHI KOHTAKTY JIAaHOI IUTMTH 3 OCHOBOK. Y I[bOMY BHITAJIKY ITJTHTA
Oyze TBOCTOPOHHBO CUMETPHUYHO HABAHTA)KEHOIO BIHOCHO CEPEIMHHOI MOBEPXHI IUIMTH, a
TOBIIMHA TUTUTH 301IBIIUTHCS BABOE (pHC. 2, 0).
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OCKUTbKH 'y BHIIQJKy XOPCTKOI OCHOBH Jedopmallii OCHOBU BiACYTHI, KOOpIUHATHY
noBepxHio X, 0X, CyMiCTHMO 3 MOBEPXHEK KOHTAaKTy IUTMTH i ocHOBH (puc. 2, 0). Toxui

¢ynkuis nporuny Ha uiii noeepxui W(X;)=0 mpu z2=6, =0, i omke W He yBiline y Bupas,

110 anpokcumMye 3mirenns U .

Zﬂ‘ z Z)
T Pn P=Pn WPZPn
K] —é‘l K = 3 E
///////////[//%_6‘ (L] E /////////////f/l_g‘l‘[‘
1 o=
ot 1 172 1™ ' ‘ &
Y§ a; | & A UTEERCTLLLERTAN] AUUUUTUERREETTT
<]
| K K
P idp
a §) B

Puc. 2. Cxemu onrtuMmi3ariii po3paxyHKOBOI CXeMH TUTUTH:
a) 3a71aHa PO3PaxyHKOBa cXeMa; 0) ONTHMI30BaHa PO3PaXyHKOBA CXEMa IUTUTH 33 YMOBH KOB3KOTO KOHTAaKTY 3
OCHOBOIO; B) ONITIMIi30BaHa PO3paxyHKOBA CXEMa ITUTH 32 YMOBH >KOPCTKOTO KOHTAKTY 3 OCHOBOIO

Jis MopenmroBaHHS KOPCTKOTO KOHTAaKTy IUTUTH 3 OCHOBOIO 0€3 TpPOKOB3YBaHHS B
PO3paxyHKOBIiH cxeMi (puc. 2, B) BCEpeaUH] IUIMTU MOTPIOHO 10JATKOBO BBOAMTH BiHOCHO
TOHKHH, y TOPIBHSAHHI 3 IHINMMH I[IApaMu, TOBIIMHOW N, ,,a0COMOTHO” IKOPCTKHIA
npoinapok, mosnauenuii K =0. ,,AGcomoTHa” )KOPCTKICTh TPOIIApKy (BiJHOCHO )KOPCTKOCTI
IHIIMX [apiB) 3a0e3MeuyeTbcsl NPUMHATTAM BIAHOCHO BEIMKUX MOJIYJIB MPY>KHOCTI
EQ=EO®=nE; GP?=G"9=nG; v=v'=0, e n~10°,a E i G — Haii6inbuIi 3HaAYCHHS
MOJIYJIIB IIPYKHOCTI Ta 3CYBY 13 YCiX HAassBHUX MaTepialliB IApiB y IIUTU. Y L[bOMY BUIAJIKY
rpaHWYHi yMOBH Tipu Z =£h; /2 matumyTs BUTISI:

ul =0; u® =0; ¢ =0 (pu z=1h,/2). ©)

I xoua Ha moBepxHi Z=0 3amumraroTecs crpaBeaauBuMu yMoBH (1), mpoTe ui(l) —0

BHACIIIJIOK B1THOCHO BEJIMKOI ’KOPCTKOCTI MPOIIAPKY.

B pesynpTaTi KOHTHMHYaJbHOTO HAOJMKEHOIO MOJENIOBaHHS 3a METOJUKOIO,
BUKJIAJICHOIO B [4], OTpMMaHO KOMIIOHEHTH BEKTOpa MepeMillleHb 1 KiHeMaTHyHa MOJIEJb
(Moznenp 1) Mae BUTmsA:

u =yl () +vE @p; t=1 2;
u =v ~y’ @y, —vE @~ (@B, r=14. “)

[Ipy 1BHOMY KOMIIOHEHTH 3MIIIEHb MPEACTaBIe€HI CyMaMH JOOYTKIB TilOTETUYHO

(k) k)

3aJJaHUX CTENeHeBUX (QYHKIIH W3’ , Wi~ TONepedyHoi KOOPAUHATH Z , IPEJCTaBIeHUX B [4],

Ta mykaHux QyHKOii y, — GyHkuiid monepeyHoro ootucHeHs, S — QyHKUiN monepeyHoOro

3CYBY 1 V; — FOPU30HTAJIbHUX ME€PEMIiIlleHb KOOPIMHATHOT oBepXxHi X;0X, .

TakuM uymHOM, TpuBMMIipHa 3amadya HJIC 3Bemena mo yTouHeHOi ABOBHMIPHOI 3amadi
HJIC 3 mrykaHuMu (yHKILISIMU IBOX KOOPAUHAT X, X, .

[Ipote, npu 3acToCyBaHHI YHCIOBUX METOJIB PO3PAXyHKY, 30kpema BPM, BusiBnseThCs
HeoOximuum 3aminute P(X;) B (4) HeBimoMor0 yHKIi€r0 obTucHEHHS 3(X;). TakuM drHOM,
Jalli peami3yeTbCs TaKoX MOJeNh 2 y BHIJISAL, MO MICTUTh JHIIE HEBIIOMI (YHKINT
KOOpPAMHATHOI MOBEpXHi X 0X, !
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u =5 @)y t=1 3;
u' =v, _‘//3:()(2)% -y @B, r=14. ®)
lykana ¢yskiis y5(X;)) — mmagka #  BiAMOBimae yMOBaM HEPO3PUBHOCTI  if

naudepeHniiioBaHOCTI Tak caMmo, K 1 QYHKUIT Vi, 71, V5, By -

Jns migBuIeHHs TOYHOCTI ampokcumaiii Oe3srunoBoro HJIC y mopem (4), (5)
BKJIFOUEHI 3ampornoHoBaHi B [4, 6, 7] ¢yHKIII, 0 MOJETIOIOTh €PEKTH BiJ MOMEPEUHUX
3CYBHHX JedopMalriii Ta Bia aedopMalliii monepeyHoro OOTUCHEHHS Yy BUIIIMX HAOJIMKEHHSX.
L1i anpokcuMyr0di 32 KOOPAWHATOIO Z (PYHKIIIT MatOTh BUTJIS:

z VA
(k) _ (s) f(s) (k) _ (s) .
Va., J. A Ty 7dZ; W, 33, I Q353507 ;
0 0

v =—[ash f0dz; yi = [yldz s=1k 1=13. (6)
0

0

k) 2t+1 k) 2t

Oynkuii [yy 1= at( — HEMapHOTo CTeneHto z, a QyHKUl [y; ¥ l= af

MapHOT'O CTETEHIO Z .
30kpema, sl OAHOPITHOI TUIACTHHU (YHKIIT (6) 3amUITyThCS Y BUTIISIL:

Wy, = Ay H (48E° —40E° +158) 1 5760; yyy = ay5,HE, 5:&;

W1 = Ay H ® (166° — 208" +15£%) 111520, yyy =8y, H?E* 12, j=1, 2;

Wi, = PR oH T (19287 —336£° +196&° —63£) /967680; —0,5<£<0,5;

Wap = Afj Agazedja s P (488° —112£° +98£* —63£7) /1935360

Wy =—AyagsH (28 —£%)148; v, =—N,ad H (16£° —20&* +7£%) /11520 ;

Wig = —A,?ii a%i,H®(482° —112£° 1+ 985% —31£2) /1935360 ;

wi, = — A H (2560&™° —960£° +1568£° —1240& +381£2) /928972800 . @)

Po3paxyHKoBY cucTeMy piBHSIHb Ta TPaHHUYHI YMOBH JUIsl BapiaHTy Mozeni 1 oTpumaeMo
13 BapiamiiiHoro mpuHIMNY Jlarpanka, 3a SKUM Bapiallisi MOBHOI MOTEHIIAJLHOT €Hepril
CKJIQJIaE:

oU =o6Ill-6H,-0H, =0. (8)
Tyt 611 — Bapiariist moTeHiaNbHOT eHeprii AeopMaIiii Ma€ BUTIISI:
bﬂ
sr = || { [1o32-8(n, v @n, v @B, )+ ol -6 (wO(p, )+
s L ©)
+ol¥.8 (v (2)y,) |dz}dS.
33 Wt \ £ 74

Jnis HaBaHTa)KeHHS, PUKIIAJICHOTO Ha 30BHINIHIX TOPH30HTAIBFHUX TOBEPXHIX TUTUTH,
Bapiallisg poOOTH Ma€ BUTIISL:

—Ij( Va,, T 3t3 ]p Oy,dS , (10)
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ne l;;:l)g Ta ';;2)— 3Ha4YeHHS QYHKIIIT 1,//(") npu Z=1b, (puc. 2, 6, B) B TOoYKax Ha

noBepxusax mwintH (K =+n).

Bapiamito po60oTH MOBEpXHEBUX CHJI Ha TOPLSAX IUIUTH 3BEAEMO /10 POOOTH KOHTYPHHX
CHJI Ha KOHTYpi IIMTH L B miomuHi X; X, . 3anumemMo ii y BUIIIAAL

b

5H, = [{ [ [o9(0v @0, v @5B) + oL W (D7) + .
L | b,

+ol) (v —y P @)y, —vP @)3B,) | de}dL; =12 r=1

Hns  orpumanHs 13 ¢yHKIIOHaTa TOBHOI eHeprii (8) po3paxyHKOBOiI CHCTEMH
nuQepeHIiaTbHUX PiBHAHb BBEIEMO HACTYIIHI y3arajabHEHI 3yCHUILIS:

j oWz, M = j oWy dz; a=1 & s=1 4;

Q- J oAy 0z, N = | oty oo @2

—b,

[3  BapiamiifHOro pIBHSHHS OTPUMYEMO CHCTeMY JAu(epeHIialbHUX pPIBHSIHb B
y3araJbHEHUX 3yCHIUISIX, BUTIIAI SKOI 1 KUIBKICTh PIBHSHB HE 3aJI€KUTh BiJI YUCIa MIAPiB y
TUTHTI:

N. =0 (ov); 1,]=12;

i,

MET =N+ p- (v +w3.7) =0 (0n); t=1.2;

[ir] [ir] _ =
Mij"'j -Q"=0 (oB,); r =14, (13)
Jie B Ty’)KKaxX BKa3aHO B1JMOBIHI MHOXXHHUKH Bapiaiiil mrykanux GyHKIid B O 17 .
['paHu4Hi yMOBH Ha Kpasx Ta Ha Topisx it X, =0, X, =a, (m, | =1 2) mawTh
BUTJISIL:

(Nom =N7 ) 6V, =0; (N, =Ny ) 8y, =0;
(MED 4 2MED -MET QI 7, =0, (ME)-MEY) o, =0;

ml, ml,
(MET—MmET) 58, =0; (MET-MET) 68, =0. (14)

Jns iX BUKOHAHHS JOCTaTHbO IIO0 OJWH 13 MHOXKHUKIB JIOPIBHIOBAaB HYJIO B KOXHIN
YMOBI.

Po3paxynkoBa cucrema audepeHIialbHUX pPIBHAHb BIJHOCHO (YHKIINA 3MILIEHb Y
YaCTUHHMX MOXIIHUX 31 CTAIMMHU KoedilieHTaMu oTpuMaHa i3 cucreMu (13) mizcTaHOBKOIO
BUpa3iB A 3ycuib (12) Ta 3 BUKOPUCTaHHAM KiHeMaTH4HHMX rinore3 (4) moxenmi 1,
criBBigHoImeHb Ko i 3akony ['yka. Cuctema Mae BUTIIS:

(L] fu]=[p]. (15)
ne [u]— MaTpULlsl IyKaHUX (QYHKIIH, sIKka Ma€ BUTJIS
[u]=[vi, Vo 710 Burs Boe |7 (16)

[L] — MaTpuIl AudepeHIliaIbHuX OrepaTopiB
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R R LY
T A

v v 7t Par Bor

[L] = L;/lt Lyf L7q L;/tl Lhz J (17)
v v 7 Pur Bar
I_ﬁllr Lﬁzlr Lﬂtlr Lﬂig Lﬁig

V2 [t | Aur L:BZr

Vi
L ﬁZr ﬁZr ﬂZQ Zg

ﬂZr

ne B audepeHIiaTbHIX OIepaTopax le BepxHill iHgexkc f Bka3dye Ha HeBigoMi (yHKIIT
3MillIeHb, WO MiUBraloTh IMepeniioBanno. B nux oneparopax MHOKHUK Tumy ( ),
noTpiOHO po3ymiTH K audepeHmiroBanus ( ),U.:az( )/8Xi6Xj BigmoBiguux QyHkoin f

(mo3HaveHi B omepaTopi BEPXHIM iHaeKcoM), a ingekc K mosnauae (yHKIi0, IIpy BapiroBaHHi
SIKOi OTPUMAHO JIaHH OIepaTop;

[p] — MaTpHIIA, 1110 BPaXOBYE 3a/laHe 30BHIIIIHE HABAHTAKECHHS P 1 Mae BUTIIA
[p]=[ps,. Py, P, Ps s Pp |- P (18)
Judepennianbai oneparopu B (17) MarOTh BUTIISA:

L =By O +Fo-(Orys L =B5- () RO

K =B O (B +26)- Oy 1RO U =8O Oy

L ==Bi () i=Fi ()i L =By ()i +(By +2F,)-( )y =R ()i t. q=12;
L ——D33(),,,,, —2D +4KE) - ( )i+ +HE) - ()i +Rye ()5

=D 2y (D2 42KE) g #9319 =1 4

U =D (i =K O+ T (i L ==D" 5 (O =K -y (19)
Judepenuianbui oneparopu P, B (18) MaroTh BUIIIS:

Py, :B3-( )i T(B3g +2F53) - ( ),y =P - ( )oi;

P =D F i +2D FraKE) - Oig=(3 + HA)- Oi=Ry- O =l +v&7 )} O

0 =D:%-( )i H(D' % 42K12)- (), =35 )i (20)
Crani xoedimienTn B audepenuianbHux omneparopax (19) 1 (20) e yszaraapHeHUMH

(I)i3I/IKO'FCOMeTpI/ILIHI/IMI/I XapaKTepI/ICTI/IKaMI/I IIJINTHU l BHU3HAYAKOTHCA HaCTyHHI/IM YUHOM.:
by b, by by
B, = J. A,,dz; By = _[ A0z, B, = J- Anwv,dz; B = J- A, dz;
_bn _bn _bn _bn
bn bn bn
= I Ay, 0z, Fy = _[ Gdz; F, = J- Gy,dz; a,n=13
’bn 7bn ’bn
b, by o by
ap _ . au _ . _ . rau .
Kfs - _[ Gl//afl//ysdz’ Dfs - I Aillll//afl//,usdz’ S, f _1’ 4’ Dfs - J. Ailzzl//afl//ysdz’
7bn *bn 7bn

n bn
Ji = I A1133‘//afW3t,33dZ; He = I A1133‘//3t,33‘//asd2;
-b, -b,
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b, . ) _
Ro= | AssaVa, Waq, 02 t4=13 Ty = [ Gy, dz; r,g=14. (21)
b

3aranpHuil MOPSAA0K AudepeHIritoBaHHsa cucTeMu (15) He 3a1eXHUTh Bl KUTBKOCTI MIapiB 1
BU3HAYA€ThCA IK N=2-2-(1+r)+4-t.

Hns Bapianty 2 mozeni (5) KUIBKICTh IIYKaHUX (DYHKIIH OOTHCHEHHS 301IBIIYETHCS 3
IBOX JI0 TPBOX 7, (t=13), a BB 30BHIHBbOrO HaBaHTaxeHHs Ha HJC T B

¢dbyHkioHani 1moBHOI eHeprii (8) BpaxoByeThcs (DyHKIIOHATIOM pPOOOTH 30BHINITHBOTO
HaBaHtaxxeHHs (10).

Cucrema po3paxyHKOBUX PIBHSIHb B y3araJlbHEHUX 3yCHJUISIX Ta TPaAHUYHI YMOBU JUIS
Mozeni Bapianty 2 ananoriudi (13) Ta (14), mpore 30UTBIIYETHCS KUIBKICTH HEBIOMUX

¢byskuii o6trcHenHs (t :1,_3). CucreMa po3paxyHKOBHX PIBHSIHb B 3MILICHHSIX Ma€ BUTIISL
(15), mpoTe nmst BapiaHTy MoJiesi 2 CIIPOIIYEThCs MpaBa yacTuHa (18) mo Burisny:

p, =0 p, =—p-(v +¥47)i py =0 t=13. (22)

5 OBI'OBOPEHHA PE3VYJIBTATIB JOCJIAKEHHS

Jlnst OOTpyHTYBaHHSI JOCTOBIPHOCTI OTPHMAHOI MOJE PO3MIISHYTO 3a1ady ILIOCKOI
nedopMariii TOBCTOI OJHOPIMHOT TUIMTH Ha JKOPCTKIM OCHOBI Tij Ji€I0 CHHYCOITAIIEHOTO
HaBaHTaXeHHsT P = P, SiN(7 X, /&) . Marepian miutu i3oTpornuuii 3 koedimientom ITyaccona
v=03; h=0,6M; & =18m (& /h=3;8 /H =15). Ha koutypi (X, =0; & ) BUKOHYIOTbC

rpannyHi ymoBu HaB’e: U, =U; =0; oy, = 0. KOHTaKT IUIUTH 3 OCHOBOIO KOB3KHH.

05 — 05
‘\\ //
03 ) 03 |\
01 — 01
¢ 01 // 14 01 \\\
-03 < -03 >
\\ |_—
- -05
05‘6.5 -488-325-163 0 163 325 488 65 -47 -353-235-117 0 117 235 352 47
_ —3
fipr10°° fig10
a 0

Puc. 3. 'padixu dyHKIII po3MOAiNy HANPYKEHHS O;, MO BUCOTI OJHOPIAHOT IITUTH

05 05
L—
03 03 —
\ //
01 = 01
D .
— 01 — — 01
L — 03 .
-0.3 ~0.
\
-05 —~
05 0 037 074 111 148 185 =23 -201-1.72-144-115-086 -057 -029 0
_ =2
f,-10°° )10
a 6

Puc. 4. I'padixn QyHKI1i# po3n0OAiNy HAPYKEHHS Oy, 110 BUCOTI OJHOPIJHOT IJIMTH
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[inorernuHi ¢yHKUIi pO3MOALTY HANPYXEHHS MO BUCOTI AT CUMETPUYHO T00YyI0BaHOL

(puc. 2, ©) oAHOPIAHOI MJIUTH 3a KOB3KOT'O KOHTAaKTy 3 OCHOBOIO MAalOTh BHIJIS

-05<£<0,5; £=z/H ) npencrasieni Ha pucyHkax 3 14.
INnorernuni ¢yHKIii po3noaiury 3mimeHb (6), (7) Mo BHCOTI IUIMTHA MPEACTaBICHI Ha

pHUCyHKax 51 6.

(

05 / 05 \
03 = 03 <
d 01 d 0.1
— ) .. — U \
-03 // -03 \\
-05 -05
-22 -147 -0.73 0 073 147 22 -26 -173 -087 0 087 173 26
3 4
¥31310 ¥32310
a 6
05
03 /l/
01 //
¢ A
—_01 =
-03 ,/
-05
-22 -147 -073 0 073 147 22
6
33310
B
Puc. 5. @ynxuii po3noziny 3MilieHb U, 10 BUCOTI ITUTH
05 — 05—
03 ,4// o \\
01 = 01 ~
L G ¢ D)
o \\ 03 /
“ ‘\ =0. /
05 \\ -05 //
0 147 293 44 587 733 88 ~11 -0.88 -0.66 -043 -021
4
v3rl0 vy 10"
a 0
. 05
05 /"/ //
03 — 03 ——
/ //
01 01
¢ K [
-03 — 03 T
\ -05 \
05 .
0 132 264 396 528 66 0 032 063 095 127 158 19
2
7 viq-10
V/33'10 il
B r
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05
01 \\
£ B
-05
-24 -192 -144 -096 -048
bit

Puc. 6. Oynxuii po3noainy 3MilleHb U, 10 BUCOTI IUIUTH

B pesymbraTi po3paxyHKy i30TPOMHOI IUITUTH OTPUMAHO PO3MOAUT  BiJIHOCHHX
HOpMallbHUX 3MileHb Uj =u;E/(p,h) mocepenuni mumtn (X =a,/2) Ta BigHOCHMX
TAHTeHIiaNbHI 3MillleHb Uj =u1E/(p0h) Ha Kpato mtu (X, =& ) (puc. 7). Po3paxyHku
BHUKOHaHI 3a MoJeo (4) mpu yTpUMaHHI B Hif JBOX HEBIIOMUX (DYHKIINA MOMEPEUHOTO

OOTHCHEHHS Ta IBOX (DYHKIIIH MOIIEPEeYHOro 3CyBY.

B nyxkax kypcuBoM (puc. 7, puc. 8) mokaszaHi pe3ysbTaTH 3a TPHBUMIPHUM PO3B’SI3KOM
(7), orpuMani HaMK 3 BUKOPUCTaHHAM miaxoxay [8].

VA z
1,019
( ‘%”323)\ 0,6 (1,008 0,6
\\ 0,5 0.5
e g 04
2 3,994 /
@59 0.3 (4,003)f 5 03
0.2 I/ 02
.y 0.1 . ,I 0,1
1045 . . . 10448000 . .
10 75 5 25 0 4790) 4 5 5 1 0
a 6

Puc. 7. BimHoCHI 3MillleHHS 1O BUCOTI OJJHOPITHOI i30TPOITHOT TUTUTH:
a) HOpMaJTbHI 3MIIIEHHS u: ; 0) TaHTCHITIAJTbHI 3MIIIEHHS uf

Enfopu  po3nojiily BiHOCHMX HanpykeHHns o =o, | p, mnocepemuni mmtu (

X, =@, / 2) moka3zaHo Ha puc. 8.

337 L 4,01 g z

> 0.6 : 1,0

3.13) (3:94) \ 0.6 (1.0) 0,6
0,5 \ 0,5 0.5
0,4 0,4 0,4

0,48 2,79

0,977
037\ (6.42) (2.81) ©) 0.3 0976 = 0.3
0.2 0.2 0,2
5 0,1 : 0,1 . 0,1
10-G;; . o . 1135 100y, 248 ‘C33096[ . 0
3 2 1 0 1040 4 (246) 2 | O 10.96) o9
a §) B

Puc. 8. Emopy BiTHOCHNX HATIPYXEHHS G [0 BUCOTI OAHOPIAHOI i30TPONHOI mMTH
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3 pe3ynbTaTiB po3paxyHKiB (puc. 7, puc. 8) BUAHO, IO 3alPOMOHOBAHA ONTHUMi30BaHA
MoeIb (4) AKICHO 1 KITBKICHO TPAKTUYHO TOYHO BimoOpaxkae H/IC B ogHOpIiIHIM 130TPOITHIM
TUTMTI B IOPiBHSHHI 3 TPUBUMIpHUM po3B’s3KkoM (7).

6 BHUCHOBKH

[ToOynoBaHoO BapiaHT YTOYHEHOI CTPYKTYpHO-KOHTHHYaJIbHOI MOZENI 3 TilmoTe3aMu
iTepaliifHoro THIy Ta peali30BaHO METOJMKY BHCOKOTOYHOTO pO3PaxyHKy B NPYKHiH
noctanosui HJIC nmonepedno HaBaHTa)keHUX OaraTomapoBUX HMPSMOKYTHUX TOBCTHX IIHT Ha
KOPCTKI OCHOBI 3 130TPONHMMH Ta TPAaHCBEPCAIBbHO-130TPONHUMHU IIapamMu. Mojaenb
6e33runoBoro HJIC BpaxoBye nedopmarii monepeyHoro 3cyBy Ta HONEPEUYHOTO OOTHCHEHHS.
3 BapiauiiHoro npuHImIy Jlarpanxa OTpUMaHO CUCTEMY PO3PaXyHKOBUX PiBHSHB BiTHOCHO
HEB1IOMUX (YHKIIIH MepeMillIeHb.

Bcranosneno neBHi ocobiuBocti HJAC: B 130TponHii MIMTI MAKCUMyMH Hampy>KEHHS
011, Oy 3HAXOIATHCSA OLId HABaHTA)KEHOI BEPXHBOI IOBEPXHI IUIMTH. TaHreHIianbHI

nepeminieHHs U; HaOyBalOTh MakCUMyMy OLIS IOBEpXHI KOHTaKTy 3 OCHOBOIO, IIIO MOXE B

JESIKMX KOHCTPYKIIISIX MMEPEBUIILYBATH JIOIYCTUMI AedopMartii.

[Tpu cTHCKY TUIMTH 1 KOB3KOMY KOHTAKT1 3 OCHOBOIO B IUIUTI O1JI1 OCHOBHU 3’ SBIISIOTHCS
HAMpYXCHHSI PO3TATY, MO0 MOXE OyTH HEOE3NMEeYHWM I IUIUTH abo Iapy 3 KPHUXKOTO
Marepiany.
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YK 539.3

IHO®IHITE3UMAJIbHI JE®OPMAIIIL IOBEPXOHBD I3
3AZTIAHOIO 3MIHOIO TEH30PA PIYUl

Bammanosa H. B.!, JIeceuxo O. B.}, IHomoycosa T. 10.!
Y00ecvra deporcasna axademis 6ydisnuymea ma apximexmypu

AHoTanisi. Y TpUBUMIPHOMY €BKJiZOBOMY IPOCTOPI JOCHIIKYETbCS 3ajada NpO iCHYyBaHHS
HECKIHYeHHO Mayoi fedopMariii Mepmoro MOPSAKY OJHO3B S3HHUX PETYISIPHUX TOBEPXOHBb i3
3a3/laNeriib 3aJaHor0 3MiHOI TeH3opa Piuui. IlokazaHo, 10 1 MOBEpXOHb HEHYJIBOBOI TaycCOBOT
KPUBHMHHU 15l 3a[a4a 3BOJUTHCSA A0 AOCIIKEHHS Ta PO3B’S3yBaHHS CHCTEMH CEMH PIBHAHB (cepen
SKUX € 1 audepeHiianbHi piBHIHHI) BiTHOCHO CEMH HEBIIOMHUX (YHKIIIH, KOXKHHH PO3B’S30K SKOI
BH3HAYA€ BEKTOPHE TOJIE, sike Oye OJHO3HAYHOI (PYHKIII€I0 (3 TOYHICTIO IO TOCTIITHOTO BEKTOpa) Ta
SKHH MOXKHA IHTEpPHpETYBaTH SK OC3MOMECHTHHH HANpYyXCHWH CTaH pIiBHOBAarM HaBaHTAKEHOI
00OJIOHKH.

JIst perynspHUX IOBEPXOHb HEHYJIBOBUX IayCCOBOI Ta CEpeIHbOI KPUBHH MOCTABJICHA 33/1a4a
3BOJIUTHCS JIO TIOMIYKY PO3B’SA3KIB OJHOrO AM(EPEHIIATLHOrO PIBHAHHS 3 YACTMHHUMH IOX1JTHUMH
JPYTOTO MOPSAKY BiTHOCHO MBOX HeBiomux ¢yHKuid. [lpu 3aganiii ogHil 3 mux (QyHKLIA oTpUMaHe
PIBHSHHS B 3araJlbHOMY BWIIAAKy OyJe HEONHOpITHWM AudepeHIlialbHUM pPIBHSHHIM APYroro
MOPSAKY 3 YaCTUHHUMH TTOXiTHUMH (HEOIHOPITHUM AudepeHIiaJbHUM piBHIHHAM BeitHraprena).

JloBeneHo, 1m0 Oy/b-siKa peryispHa MOBEPXHS JOJATHOI rayCCOBOi Ta HEHYJIBOBOI CEpPeIHBOL
KPUBUH JIOMYCKA€ HECKIHYEHHO Maiy JedOopMaIliio MepiIoro MopsAAKy i3 3aJaHO0 3MIiHOI TeH30pa
Pigui B obmacti moctaTHRO Manoi mMipu. TeH30pHI MO TPU [IHOMY MaTUMYTh TIPECTaBICHHS Yepe3
JIOBIJIbHY Ta 3a3JaJieTifib 3aJaHy peryispHi ¢yHkuii. Posrnsnysmm 3agauy Heiimana otpumano, mo
OJTHO3B’SI3HA PETYJISpHA MOBEPXHSA ENINTHYHOTO THITYy JOJATHOI rayCCOBOI Ta BiJ €MHOI cepemHboi
KPUBUH 3 PETYISPHOIO MEXKEIO MPH TEBHIN TPaHUYHIA YMOBI JOIMyCKA€E B «IILIIOMY» HECKIHUEHHO Maiy
nedopMaliio mepIioro mopsIKy i3 3a3/aierijb 3aJlaHol 3MiHOK TeH3opa Piuyi. TeH3opHi moss npu
EOMY OYAyTh BU3HAYATHCS OJTHO3HAYHO.

JI7st ToBEepXOHb BiJI’€MHOI rayccoBOi Ta HEHYJIbOBOT CEPEAHBOI KPHBUH OTPHMaHE HEOIHOPITHE
mudepeHIiaibHe PiBHAHHS 3 YACTHHHUMU TTOXITHUMH APYTOro MOPSAKY OyJie TinepOOoIiqHOTO THITY 3
BIIOMMMH KOeQiIliEHTaMU Ta MPABOI 4YaCTHHOI. J[Jisi 1bOTO pIBHSHHS PO3MIAHyTa 3amada JlapOy.
JloBeneHo, 1o Oyap-siKa peryisipHa MOBEpXHs BiJ’€MHOI rayccoBoOi Ta HEHYJIbOBOI CEepeHbOT KPUBUH
JIOITYCKA€ HECKIHYEHHO Maiy NedopMallito Mepiioro MOpsAAKY i3 3aaHo0 3MIiHOK TeH3opa Pivui.
TeH30pHi MO IPH [IFOMY BUPAXKAIOTHCS Yepe3 3a/laHy (QYHKI[I0 1BOX 3MiHHHX Ta Yepe3 JBi JOBUIbHI
peryinsipHi GyHKIIT OHI€T 3MIHHO].

KarmouoBi cinoBa: HeckiHueHHO Mana nedopmariis, TeH3op Piuui, TeH30pHI MO, TayccoBa
KpUBHHA, CepeTHs KPUBHHA.

INFINITESIMAL DEFORMATIONS OF SURFACES WITH A
GIVEN CHANGE OF THE RICCI TENSOR

N. Vashpanova', O. Lesechko®, T. Podousova®
'Odessa State Academy of Civil Engineering and Architecture

Abstract. In three-dimensional Euclidean space, we study the problem of the existence of an
infinitesimal first-order deformation of single-connected regular surfaces with a predetermined change
in the Ricci tensor. It is shown that for surfaces of nonzero Gaussian curvature, this problem is
reduced to the study and solution of a system of seven equations (including differential equations)
with respect to seven unknown functions, each solution of which determines a vector field that is a
univariate function (with an accuracy of a constant vector) and can be interpreted as a moment-free
stress state of equilibrium of a loaded shell.
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For regular surfaces of non-zero Gaussian and mean curvatures, the problem is reduced to finding
solutions to one second-order partial differential equation with respect to two unknown functions.
Given one of these functions, the resulting equation will in general be a nonhomogeneous second-
order partial differential equation (nonhomogeneous Weingarten differential equation).

It is proved that any regular surface of positive Gaussian and non-zero mean curvature admits an
infinitesimal first-order deformation with a given change in the Ricci tensor in a sufficiently small
region. In this case, the tensor fields will be represented by an arbitrary and predefined regular
function. By considering the Neumann problem, it is shown that a single-connected regular surface of
elliptic type of positive Gaussian and negative mean curvature with a regular boundary under a certain
boundary condition admits, in general, an infinitesimal first-order deformation with a predetermined
change in the Ricci tensor. In this case, the tensor fields will be determined uniquely.

For surfaces of negative Gaussian and non-zero mean curvature, the resulting inhomogeneous
partial differential equation with second-order partial differentials will be of hyperbolic type with
known coefficients and right-hand side. The Darboux problem is considered for this equation. It is
proved that any regular surface of negative Gaussian and non-zero mean curvature admits an
infinitesimal first-order deformation with a given change in the Ricci tensor. Tensor fields are
expressed through a given function of two variables and through two arbitrary regular functions of one
variable.

Keywords: infinitesimal deformation, Ricci tensor, tensor fields, Gaussian curvature, mean
curvature.
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1 BCTYIl

Hedopmariiss moBepxHi — 1me 3miHa 11 GopmMu Ta po3MipiB, SKa TIOB’s3aHA 3
nepemineHHsaM. KoxkHa nedopmartis moBepxHi CynpOBOIKY€EThCS 3MiHOKO i BenmnuuH. KoxHa
reoMeTpHYHA BEIMYMHA, KA XapaKTepHU3ye Ty UM IHITY BIACTUBICTH MIOBEPXHi, OTPUMYE MPHU
nedopmaltii JesIKuil TPUPICT, SIKUI B PErYJIIPHOMY BHITQJKy MOXKHA PO3KIIACTH 32 CTEIICHSIMU
neskoro manoro mnapamerpa. KoedimieHTH mHOTO pO3KJIAany HA3WBAIOTHCS BiMOBIIHO
MepIIOI0, IPYTO¥O 1 T. JI. BapiallisiMH BETMYHHH.

B naniii po6oti OynemMo po3risgaTd HECKIHYEHHO Maji (H. M.) nedopmariii meprioro
MOPSIIKY TTOBEPXOHB, MPHU SAKUX TIepIa Bapiallis TeH3opa Piudi 3a3maneriap 3agaHa. BuBueHHs
nux AedopMalliii 3BOJUTHCA 110 aHANI3y Ta PO3B’SI3YBaHHsS IEBHUX CHUCTEM DIiBHSHbB, SKi
MICTSITh TaKOX 1 TU(epeHITiaTbHi piBHIHHSL.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA INPOBJIEMH

Teopis HeckiHueHHO Maux AedopMmaliii Mae Garaty Ta JOBrY iCTOpil0 po3BHUTKY. B
CcydacHid  JgudepeHIianbHI  reoMeTpii  MMHUPOKO  JOCHKYIOTBCS — pi3HI  Kjacu
iH(iHITe3UMaNbHUX JedopMaliii MOBEPXOHb TPHOXBUMIPHOTO E€BKJIIIOBOTO IMPOCTOPY.
@OyHaMeHTaIbHI pe3yabTaTh B il Teopii orpumani M. B. €dpimoum, A. B. Tloropenosum,
I. H. Bekya. B ocTanHi poku cTajld aKTUBHO BUBYATHCS CIIEL1alIbHI BUIU HECKIHYEHHO MaJIUX
nedopmarniii: KoHGOPMHI, apeanbHi, Te01e3ndHi, 30epiradi ToJI0OBHY KpUBUHY, 30epirarodi
CepeqHI0 KpuBHHY. TakoX 3HauHa yBara MNPUAUIAEThCS AedopMalisiM N—BUMIPHHUX
MOBEPXOHb B N—BUMIPHUX MPOCTOpax. 3ayBaXMMO, IO pe3yJbTaTH, OTPHUMaHI uIa N—
BUMIPHUX IOBEPXOHb, YACTO BIAPI3HIIOTHCS BiJl Pe3yJbTaTiB Teopli HECKIHUEHHO MAalluX
nedopmaniii mpu-BUMIpHHX TOBEpXOHb. ToMy BUBYEHHS aedopMaliiii MoBepXOHb MalMX
PO3MIPHOCTEH HE BTpayae akTyalbHOCTI.

BuBuenHs aedopmariiii 3B0OAUTECSA A0 PO3B’A3yBAaHHS PIBHSAHB Ta CUCTEM pPIBHSAHD, 110
IOPU3BOJUTE 10 CEPHO3HUX TPYIHOIIIB TEXHIYHOro Xapakrepy. Haifuactime 1i cucremu
piBHSHB € HeBU3HaueHUMH [1]. V 3B’A3Ky 3 IIUM BBOJASTHCS JOJATKOBI OOMEXKEHHS, SIKi
CIPONIYIOTh PO3B’A3yBaHHS IIMX CHCTEM. A 1€ MPU3BOIUTH A0 cremiamnizaiii nedopmariii [2-
7].

Mu Gynemo po3risiiaTi H. M. AedopMariii nepuoro nopsiiKy MOBEPXOHb 13 3a37ajeriib
3a/laHo0 Bapiali€ero TeH3opa Piuui. Pe3ynpTaTi, oTpuMani B JaHiil poOoTi, € y3arajJbHEHHSIM
pe3yibTaTiB, OTPUMaHUX B [8].

3 HOUIb TA 3AJAYI AOCTIIKEHHSA

Mertoro 1aHoi poOOTH € MOCHTIKeHHs NMUTaHHA ICHYBaHHS H. M. JedopMarliil mepuoro
MOPSAJKY MIOBEPXOHb, MPU SKUX TeH30p Piuuil 3MiHIOETHCS 32 TEBHUM IIPABUIIOM.

OO0’ €eKTOM JOCIIPKEHHS € IOBEPXH1 €BKJIIJIOBOTO IIPOCTOPY.

3ajada JOCTIKEHHS — AT BIAMOBIIb HA MMUTAHHS: SIKI MIOBEPXHI Ta MPHU SKUX yMOBaX
JIOMYCKAIOTh H. M. IehopMallito MepIoro mopsaKy i3 3aJJaHOI0 3MiHOIO TeH30pa Piudi?

4 PE3YJbTATHU JOCJIIIXEHb

4.1. TlocranoBka 3axadvi Ta Ii MaTeMaTH4YHA MOJE/b
Hexaii y E,-mipocTopi 3a/1aHa 0JJHO3B’SI3HA PETYIAPHA MOBEPXHA S Kiacy C? 3 paniyc-
BEKTOPOM
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=T x,x* 1)

i romeomopua o6nacti G mwiomunu X'Ox*.
Bynemo posrmsimaté 3aranbHy H. M. jJedopMariifo meprioro MOpsSAKY i€l MOBEpPXHI 3

T vl v2 2 . . .
BEKTOPOM 3cyBy Y X, X~ € C*, yacTHHHI MOXi/HI SIKOr0 MaroTh BUJ [8]:

Y =G, T ‘HLC(W r,+c, T°n. @)
Tyr C, — [AdCKpuUMiHaHTHHHA TeH3op moBepxui S (C;=C,, =0, ¢, =—C, = \/— ,
g= 911922_9122, .5 — METPUYHUN TEH30p S), ¢’ = g‘*'g*’lcij, gij — eNEMeHTH MATDHIL,

, i — oJMHMYHMIA BeKTOp HOpMani moBepxHi S, T, =Jr/ox”

o0epHeHOi 10 MaTpHili ‘

g af

1] . . .
T, T® — nesxi TeH3opHi nons Ha oBepxHi S. IHaeKCH BCIOAM HAOyBAKOTh 3HAYEHD 1, 2.
Bimomo [8], mo icHyBaHHS 3aranpHOi H. M. JedopMallii mepuoro Mnopsjaky MOBEPXOHb
BU3HAYAETHCS PO3B’I3KOM HACTYITHOT CHCTEMH PiBHSHb:

T =T =p,c"
b”‘dT af — _T' ({t (3)
c,, T =0,

«f

ne b =g”b,, b, — xoedinientn apyroi kBagparmunoi dopmu mosepxmi S, (X', X?) -

!
nesika Gynkuis kmacy C°. Komoro mosnadeno koBapiantre qudepeHiioBanns Ha 6asi g, , .

OcHoBHa cucTemMa piBHSIHb 3arajibHOI H. M. AeopMarlii Iepuioro nopsaKy NoBepxoHs (3)
MICTUTh YOTHUPHU PIBHSIHHS BIJHOCHO CEMH HEBIAOMUX (PYHKIIIN: T T°, (. Hakmanemo Ha
naHy paedopmaiito neBHi oOMexeHHs. [lpumyctumo, mo npu wid aedopmarii Bapiamii
TeH3opa Piugi MaroTh BUA:

SR, =P, (4)

ij

ne ®; — 3asnaneriap 3axani GpyHkiii kmacy C°.

MaroTb MicIie HaCTYIIHI TEOpEMH.
Teopema 1. JIns Toro, moO mnpu H. M. aedopmaiii Hepmoro MOPSAKY MOBEPXOHb

HeHyboBOiI rayccoBoi kpuBuun K =0 Tensop Pivui 3minroBaBes 3rigHo (4) HEOOXiqHO i

JIOCTaTHBO 1100 BUKOHYBAJIMCS PIBHOCTI

ap 1 1 a3
Ciagiﬂ' + Cj(,gi,'j T = R®I] _R g”g ®“%7 ! (5)

JloBenenns.

HeoOxianictp. Llnsaxom BapitoBaHHS PIBHOCTI Rij = —Kgij , 3HalJIeMO Bapiallilo TeH30pa
Pigui

6R; =—g,0K —2Kg;, (6)
e

2€ij = 6gij = G.9j5 +C;.9is T — Zﬂgij (7)

Bapiallii MaTpruuHOro TeH3opa [8].

Bammmranosa H. B., JIeceuko O. B., ITogoycosa T. 1O.
100 https://doi.org/10.31650/2618-0650-2023-5-1-97-109



https://doi.org/10.31650/2618-0650-2023-5-1-97-109

V/1/2023
Crop. 96-109 / Page 96-109

MexaHika Ta maremMaTudHi meromu [/
Mechanics and mathematical methods

[MopisHtoroun piBHOCTI (4) Ta (6), oTpuMaeMo

0;0K +2Kg; =P; . (8)
3ropuemo (8) mo g :

9;9"6K +2Kg's; = 9", .

OckinbKu gijgij =2, gijaij = —2/t, TO monepeHi piBHOCTI HAOY/yTh BULIISLY

+2K . ©))

af

1
5K ==g"'d
59

[TincraBumo (9) Ta (7) B piBHOCTI (8) 1 oTpuMaemo (5).
HocTtaTHicTb. [3 BukoHanHs piBHocTel (5) 3rigHo (9) i3 (6) orpumaemo (4):

I

l of o
6Rij =—0; [Eg "1(1)03 +2Kﬂ]_ K [ Co9js C;. 0, T _Zﬂgij}

1 af 1 1 afs
= _E gijg j(I),w - 2Kgij + ZKMgij —K [Eq)ij _i gijg Jq)w] _(I)ij-

Teopemy noBeneHoO.

Teopema 2. [{nst icHyBaHHS H. M. JedopmMalii IepIIoro MopsaKy HEHYJIbOBOI IayccoBOi
KPUBHUHHM 13 3a3/1aJIeTib 3aJaHO0 3MiHOK TeH3opa Piuui (4) HEOOXiMHO 1 JOCTAaTHHO OO
HACTYITHA CCTEMA PIBHSHb

T,:i + /’anai = b:\T ”1
b, T =T,

RO (10)
C‘doT o = 0 4

ij

Ci9is .0 T =B,

Majla HEHyJIbOBHIl PO3B’A30K BITHOCHO CHMETPHYHOro TeH3opa T, KOMIIOHEHTIB BeKTOpa
T ta pynxuii x4 x', x° €C?.

Tyr
1 1 af
Bij :E(I)ij _R 9;9 (I)nd' (11)
JloBeieHHS BUTLITMBAE 3 TEOpeMH | Ta cucTteMu piBHSHB (3).

Crnig 3a3HauMTH, IO KOXXKHUK pO3B’SA30K cucteMu piBHsIHL (10) BH3Hadae H. M.
nedopMarirto oBepXHi S HEHYJILOBOI TayCCOBOI KPHBHHH 3 HAlepea 3aJaHUMH BapialfisaiMu
TeH3opa Piudi, SIKy MOXKHa 1HTEpPHpeTYBaTH K O€3MOMEHTHHI HaNpyXeHUH CTaH PiIBHOBAru
HaBaHTa)XeHOT o0onoHku [8]. Skmio BekTop 3cyBy Y =CONSt, TO TOBEpXHIO S
Ha3UBAaTUMEMO OPCTKOIO IO BITHOIIEHHIO 10 JIaHOi H. M. ieopMalrtii.

Omxe, 3afaya Npo ICHyBaHHSA H. M. JAedopmalliii NMoBepXOHb HEHYJIbOBOI TrayccoBOi
KPUBHHM, TIPU sKiH TeH30p Pivui 3MiHIO€THCS 3rigHO (4), 3Benach J0 MOLIYKY PO3B’s3KiB
cucreMu piBHSHB (10).

4.2. 3BemeHHs 3a71a4i 10 PO3B’A3aHHS 0IHOT0 Au(epeHiaIbHOr0 PiBHIHHS 3
YACTHHHUMH MOXiTHUMH JAPYroro NOpsiaKy
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I3 (10) po3ristHEMO HACTYIIHY areOpaidHy CUCTEMY PIBHSHbB:
b, T = —T
Gi.9js +Cjugi,a T = Bij )
sKa B pO3TOPHYTOMY BU/I1 3aIIUIIETHCS TaK:

bl Tll + ZblZT 12 + bzzT 22 _T «@

gzzT 2 gllT \/_

12
Gl 4 gy, T i\/— (2

1
912-]-11 + gzle2 = % B,, -

PosrnsiHemMo crouaTky mepin Tpu piBHSHHS 1€l cucremu. CkiageMo Ta OOYHCIMMO
TOJIOBHHH BU3HAYHUK TaKOI CUCTEMH

b11 2b12 b22
A= —0On 0 0, =—2Hg 01
0 01 O

Hexaii cepenust kpuBuna nmosepxui H = 0. Toxi A=0.
3a npaBmwioM Kpamepa 3Haxoaumo po3B's30K 11i€l cucTeMu

«

T
Tllz_ﬁgll_'_A

&

T
V=gt iB (13)

«

Tzzz_ngz_'_C’

2H
ac
A~ Bubi202 — B, 20,8, — 93,0,
—2Hg\[g g, ’
B_ 2B,b.9,,— B, b,09,, +9,.b,,

—2Hg\/g g, |
Bllb12911 — Blzbllgll
—2Hg\/g g,,

npudomy A, B, C— BigoMi (yHKIII1 TOUKH TOBEPXHI.
[TincraBumo (13) B ueTBepTe piBHAHHSA cuctemH (12). B pe3ynpTari oTpuMaeMo piBHICTb

gllBij :01
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AKy TaKoX MOKHA oTpuMatu npu Muoxkensi (11) ma §". Lle osmauae, mo 3HaiineHnit

po3B’s130K (13) 3a70BOJIBHSE cUCTEMY PiBHSHB (12).
Bsenemo 110 po3riisigy HOBUM TEH30D

- I
T"=T"4+—"-¢g". (14)
2H J
Toni cucrema piBasHB (10) HaOyAE BUTIISA LY
fui | e si + C(\i — biT(\
,Q 2H ; g H‘a «
1b,,To"=0 (15)

TH=A T?=B,T?=C.

Hexai
T «
p=—"0 (16)
3rigno (16) nmepiue piBHsHHS cuctemH (15) 3anmumieTscs Tak:
b(il-l- « :T‘:(()i _i_soﬂ gdi _i_lu(vctri .

Y

.. . k . . 3
[ToMHOXkHUMO OTpuMaHi piBHOCTI Ha 0, — eneMeHTH MaTpHIli, 00EPHEHOT 110 H b’ H
Bnacninok piBHOCTEM
1 saxmo k=«

/= ot =
0, axkmo K=«

gdldik — d dk' d 3k — _C,}ICk]bij
K
Oynemo MaTu
T = -lz,?\idik +¢,d 4+ /%C”idik - 17)
OG6uICINMO KOBapiaHTHY moximmy Bix TX:
Th=Todf |+, 0™ o, di +(u,cd) k.
[TincraBumo ii Bupas B (16). B pe3ynbrati oTpumMaeMo
dﬂ”(pﬂ « +()0,“1d,/ji) + 2H80 = /"L(v,‘d Ci”diﬁ + /"L(vci“dij, j - -I::((‘)Id,f 3"

3BUILHUBIINCH B1J] KOBApIaHTHUX TMOXIAHUX, OCTAHHbOMY DIBHSHHIO MOKHA HaJaTH
HACTYITHUH BUL:

d ﬁ“(p,ri(y + d,‘[iy - F?kd . spﬂ + 2H 90 = lu’

(a7}

Ciudiﬂ + Ci“di‘lfﬂ o F;.;Cisdid M(y i -l'-":((kyiditf y , (18)
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ne F:(j — cumBonn XprcTodels APYroro pomy, ¢, , = 0% /Ox 0x” .

Omxe, momyK po3B’s3KiB cucreMu piBHAHL (10) 3BOOUTBCS O MOCITIKEHHS Ta
PO3B’sI3yBaHHs OfHOTO gudepeHiianbHoro piBHsHHA Buay (18) BimHocHo dynkiiit i x', x°
Ta @ X, x° .

4.3. Tlpo icHyBaHHS H. M. 1eopMalliii 1esiIKMX MOBEPXOHb i3 3a31a1eriab 3a1aH0I0
3MiHOI0 TeH30pa Piuui

Hexaii S €C** — moBepxHs JOJATHOI rayCCOBOi Ta HEHYJIbOBOI CEPENHBOI KPUBHH,
romeomopdHa obacti G mromuun X'Ox?, sika obMesxena kpuoro 0G €CH* 0<a <1 ta3
paniyc-BektopoMm Buay (1). Ilo3nauenns knaciB pyHkIii 3amo3ndeni B [9].

[punycrumo, mo (X, X°) €C*“ e 3azmanerimy 3amanoro ¢yukuiero. Tomi (18) B

3araJlbHOMy BHIJISIII € HEOJHOpiAHe audepeHliaTbHe pIBHSAHHA JPYroro TMOPSAKY 3
YaCTUHHUMH TIOXiTHUMH (HEOIHOpiaHe piBHsAHHSA Belinraprena [8]) BigHOCHO QyHKIIT

1.2 .
O X, x°

d nJSD

C

V3 +engon + 2HS0 - F 'u’ @(wf (19)

e F L, (b(\ﬂ :Ci“diﬁ,u“ﬁ_k Cikdi/’f _F;\Licisdi;; 1, — -I::((\\idiﬁ ,

8 / 3
o _ Ao a AISH 3
e" =c"d’, —I'g,cd; .

Tom €",d*” HeC** G i byukuis F p, d eCh G ¢ Bimomumm byHKIisIMU

TOYKH MTOBEPXHI S.
JIerko BIIEBHUTHCS B TOMY, 1110 TUCKPUMIHAHT piBHSAHHSA (19)

1
gK
Otxe, y Bumaiaky, komu K >0 B obmacti G pisusuus (19) 3a10BOJNBHSE YMOBY
piBHOMipHOT emimtuanocti A>A,>0, Aj=const . Toxi Ha moBepxHi S icHye i30mMeTpruyHa

napametpu3aiiist [9], BigHocHO sikoi (19) HaOyne kaHOHIYHOTO By B G:
Pt Mo+l +po=1 4, 07 (20)
Tyr

f N, (D(w'f — @ F H’ (D(\d ’
b22

m= K8 gu_igs

Sav
b22

= Kg dvzfi‘ ~T?2d* , p=2Hb,.
22
Mae miciie HacTyIHa Teopema.
Teopema 3. Byab-ska nosepxus S € C** 1o1aTHOI rayccoBoi Ta HEHYJILOBOI CEPEIHBOT
KPUBHH JONYCKa€e H. M. Je(opMallito mepiioro nopsaky, npu ski Tensop Piydi 3MiHIOETBCS
3rifHo (4) B 00jacTi JOCTaTHbO Majoi MipH. TeH30pHI MO NpPU LBOMY MaTUMYTh
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MIPEACTABJICHHS Yepe3 JOBUIbHY (YHKIIIIO W Xt x2 eCc®” G rta 3a37ajeriib 3a/laHy
GYHKIIO [ X, x2 eCc®,

JNosenennsi. Ockinbku S € C**, 10 koedinientn piBusuus (20) m, 1, p ta Qyukuis f
Hanexuth knacy C*“. Ile o3Hauae, o B 06JIACTi, JOCTATHRO MaJIoi MipH, 10 BXOIuTh B G,
piBHsHHES (20) Mae po3B’s30k [11], sKuii 3anexuTh Bin noBinbHOI GyHKLiT w(X', X°) €C> .

I3 piBnocteit (13) BHacmizok (16) 3maiimemo TewsopHi momas T, a KOMIOHEHTH
KOHTpaBapiaHTHOTO BekTopa T HaOymyTs Bumy (17).

. . = ol 2 o
Toni 6e3nocepentbo 13 (2) oTpuMaeMo BEKTOp 3CyBy Y X, X* , sSIKMii BH3HAYAE€THCS

OJTHO3HAYHO (3 TOYHICTIO JI0 CTAJI0ro Bekropa) [8].
Teopemy noBeaeHO.
Crij 3a3HAYUTH HACTYITHE:
® OCTaHHS TeOpeMa Yy3arajbHIOE pe3ylbTaT, OTPUMAHUM IS TMOBEPXOHBb 0JATHOI
rayccoBoi Ta HEHYJIhOBOI CEpeIHBbOI KPUBUH 13 30epekeHHsIM TeH3opa Piudi mpu
H. M. fedopMariii nepuoro nopsaky [8];
e moBepxHsa, y akoi K >0, H=0 Oyzme KOpPCTKOIO IO BiJIHOIIEHHIO A0 JaHUX
nedopmaiii Tinbku y Bunaaky,komu =0, o =0, ®*’ =0 [8].
4.4. 3anaua HeiimaHa 1Ji1 0/IHO3B’SI3HOI MOBEPXHi
Jns piBusinas (19) posrasiHemo 3anauy Heiitmana [10] 3 rpaHUYHOI0 YMOBOIO

g_S_O+O x,x* p=0 Ha 0GeC"“,
n

ne o X', x> — 3anaHa HenepepsHa pynkuis knacy C>* 9G , dp/ON — noxinHa dyskuii ¢
B HANpPsIMKY BHYTPIIIHBO1 HOpMaJli TOBEPXHi S.

BpaxoByroun reoMeTpuuHuit 3mict Gynkuii ¢ x', x> [8]:

F—
c"’r, on
I§ ,Q
2H

norepeaHs rpaHuYHa yMoBa Ha0y/le TaKOoro BUY:

3[10('7,f on ] 1,2
2H / o o X, X
+

on 2H

SD:

¢'F, 6n =0 (21)

Ha 0G.

Toxi y Bunaaky H <0 3amaua Heitmana (19), (21) Mae eauuuii po3s’ 30k ¢ x, x° 1A
¢ynkuii F € C? [10].

OT1xe, MM OTpUMAaJIM HACTYITHUN pe3yibTart.

Teopema 4. Hexaii S— nosepxHs enintuunoro tumy kaacy C*“ 101aTHOI rayccoBoi Ta
Bi/’eMHOI cepeHboi kpuBHHH 3 Mexero 0S € C*'*. Toxi npu rpannuHii ymosi sumy (21)
MIOBEPXHS S B «IIIJIOMY» JIOITyCKa€ H. M. Ae(opMallito Mepiioro mopsaKy i3 3a1aHO0 3MiHOO

TeH3opa Piuui (4). TeH3opHi noss npu 1boMy OyAyTh BU3HAU€H] OJJHO3HAUHO.
4.5. 3angaua JlapOy nJist 01HO3B’I3HOI MOBEPXHi
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[Ipunyctumo Tenep, mo nopepxHs S € C* Bij’eMHOT rayccoBoi i HEHYILOBOI CepeIHBOT
kpuBuH. Toni piBusHHA (19) Oynme HeogHOpimHUM AMdEpeHLiaTbHUM pPIBHIHHIM 3
YACTUHHHUMH TOX1THUMHU APYTOro MOPSIKY TimepOoJiYHOTO TUITY 3 BIIOMUMH KOE(illiEHTaMH
Ta MPaBOIO YaCTUHOIO.

Bignecemo moBepxHio S 1o acuMnroruynux Jginii b, =b,, =0, b, =0 .

Toni piBusHHS (19) HaOyxe HACTYITHOTO KAHOHIYHOTO BUY:
_ Kg af 22
9012+aso1+m902+0</9—b—l: o (22)
2

ac

a= @ d,l((\\ - F(lw'f

2 2

af Kg « of
d, m=—=d2"—TI?,d", c=2Hb,.
Jlnst piBusiaas (22) posrasaemo 3agady JlapOy [12] BignocHo dymkmii ¢ X, X . Skmio

OyaeMo IIyKaTH TakWi iHTerpan, sSKWi HaOyBae IEBHUX 3HAYCHb HAa XapaKTEPUCTHKAX
1 2

X=X, X=X
1 2

© XX =A%, @ X, X

=7 X )
TO KOXKHiif mapi yHkuifi A X', 7 X°, BiANOBizae eauHMH PO3B’A30K X, X° PIBHAHHS

(22) mast maHoi paBoi yactunu [12].
Orxe, CripaBe/I/IMBa HACTYITHA TEOPEMA.

Teopema 5. Bynp-sxa nosepxust S € C* Bix’eMHOI rayccoBoi Ta HEHyIbOBOI CEpEIHBOI KPHBHH
JIOITyCcKae H. M. JedopMaliito i3 3a3faieriip 3ajaHolo 3MiHO TeH3opa Piuui (4). Tenzophi moms

15} 4 . . 3 .
T, T" npu npomy BupaskaroThes uepes 3anany (yHKIiO ABOX 3MiHHuX kiacy C° Ta uepes jBi

noBinbHI QyHKIi K1acy C?, KOXKHA 3 AKUX — Bij OHi€T 3MIHHOT.
5 OBI'OBOPEHHJI PE3VYJIBTATIB JOCJ/IIKEHb

B sikocTi mpuknany posrisiHemMo chepy paaiyca R, piBHSHHS SIKOT Ma€ BUI:

2RX 2Ry  R1-x*—y’

r= ; ;
1+X2+y2 1+X2+y2 1+X2+y2

Bapiaii renzopa Piuui 3a1amM0 HaCTYIMTHUM YHHOM

4 x2—y? 12 x> —y? 8xy
Rty Rirday 0 T Rieay &
OCKUIBKH

4R? 4R
9112922:\5/_:—22; 91220; b11:b22: 22; b12 0;

1+ X2 4y
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2X 2y
nt=rt=-—1Tt=——"" -7 _1m-=-"7JT=-—"2
11 12 22 1+x2+y2 12 22 11 1+x2+y2
K:iz; H:i.
R R

3 ypaxyBanuaM (11) orpumaemo Bupaszu ¢yHkii

chzbzz . B:bu Oy — Py, C= (1)12b11 _
2HKg./g ' 2HKgJg '~ 2HKgyg

3rigno (23), Tensopui nois T’ MaTMMyTh HpeacTaBIeHHS

X2 . y2
4R’ 8R®
Hexait = C =const.
Toni piBastHHSA (19) ns chepy 3anMIIETHCS TaK:

-|=11:_-|’-'22:_ Xy . -|=12_

2250:01 (24)

e m=1.

Bigomo [13], mo Oymb-sikuii po3B’si30Kk piBHsHHSA (24) Mae MpeACTaBICHHS dYepes
¢ynkuito Pimana. OauH i3 HampsMHUX KOCHHYCIB HOpMaidi cdepu criBmagae 3 (yHKIIO
Pimana, ToOTO O/TMH 3 1OTO PO3B’sA3KiB Oyne MOpiBHIOBATH HYIMIO: ¢ =0.

B sxocti obnacti G ans piBHAHHS (24) MOXKHA B3TH Oy/Ib-fKy OJHO3B’S3HY 00]IACTb,
pO3TalIoOBaHy BCEpEAMHI Kpyra X*+y*=1.

I3 piBHOCTE# (17) 3HAXOAUMO KOMITOHEHTH T !

yl-x>—y° , X 1—x*—y?
C2R21-x2—y* ' 2RP1-XP—y?

1

Cmip 3a3Haunty, mo T =0.

I3 (14) BumuBae, mo Ten3opHi nons T*7 MaTMMyTh BUL:

Xy . X’ —y*
TllZ—TZZZ—_S, TlZZ_ - )
4R 8R

Toui 3 piBHOCTEi (3) 3HalieMO BeKTOp 3¢yBy Y X, X° B SBHOMY BHI

X X*+y? —2CRx 1+x2+y22_ y X*+y?> —2CRy 1+ Xx*+y° 2_

y — ’ 1

1+x2+y23 1+x2+y23
(25)

1+ X +y*+2 x2+y22—2CR 1-x2—y? 14 x> +y? ’

1+x2+y23
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Otxe, chepa momyckae H. M. Aedopmarlii 3 3aJaHUMH BapialisiMu TeH3opa Piudi, BekTop
3CYBY sIKO1 Ma€ BUJ (25).

6 BUCHOBKHU

OTtpumaHi pe3yIbTaTH MAIOTh TEOPETUYHUH 1 MPAKTHYHUI XapakTep. BoHH MOXyTh OyTH
BUKOpPUCTaHI B Teopii H. M. aedopMariiii MmoBepXoHb, a TAaKOX iX MOXXHA 3aCTOCYBAaTH B
0E3MOMEHTHIH TeOpii TOHKUX MPYKHUX 000JOHOK MPH PO3paxyHKax iX piBHOBATH.
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UDC 624.04

STABILITY OF RODS WITH INITIAL IMPERFECTIONS IN THE
FORM OF ECCENTRICITY OF LOAD APPLICATION UNDER
LINEAR AND NON-LINEAR CREEP CONDITIONS

M. Bekirova®
'Odessa State Academy of Civil Engineering and Architecture

Abstract. Stability of a compressed rod having initial imperfections in the form of eccentricity of
applied load under conditions of linear and nonlinear creep is considered. It is noted that all real
elements have some initial imperfections in the form of technological deflections, eccentricities of
applied loads, etc., so they begin to bulge from the very beginning of loading.

Another important factor in stability theory is the consideration of material creep. In this regard,
the loading process is divided into two phases: the instantaneous loading process and the creep phase
under constant external load. Moreover, creep can be time-limited or unrestricted.

In the paper formulas for determination of critical forces of stability loss of the rod having initial
imperfections, under short-term and long-term action of load are obtained. The equation allowing to
determine time of the first crack appearance is derived. Derived are equations the roots of which are
loads at action of which the first cracks appear at initial moment of time and at arbitrarily long period
of load action. Analysis of acting force determining the character of rod deformation is executed.
From the constructed stability equation it is possible to determine the critical force corresponding to
the critical length of the section with cracks.

For similar problems in nonlinear formulation formulas for determining critical force and critical
displacement corresponding to maximum load are obtained. For the case of long duration load the
equation which establishes relationship between load and displacement is obtained. Equation for
determination of critical force under prolonged action of load has been derived. It has been established
that critical displacement is the same under short- and continuous action of load. It is shown that at
any intermediate moment critical displacement can be achieved under load lying in certain interval.

Keywords: stability, rod, initial imperfection, eccentricity, linear creep, non-linear creep, critical
force, crack, critical displacement.

CTIMKICTh CTPUKHIB, IO MAIOTHh ITIOYATKOBI
HEJOCKOHAJIOCTI Y BUT'JISIII EKCOHEHTPUCUTETY
IMPUKJIAJIEHOT'O HABAHTAKEHHSI B YMOBAX JITHIMHOI
TA HEJIHIMHOI TOB3YYOCTI

Bexiposa M. M.!

1 . . .
Odecvra deparcasna akademiss OyOisHUYmMEa ma apximexmypu

AHoTauisi. Po3rnsgaerscst CTiHKICTh CTHCHEHOTO CTPIDKHSA, 1110 MA€E MMOYaTKOBI HEJOCKOHAJIOCTI y
BUTJISIII €KCIICHTPUCUTETY 3aCTOCYBaHHS HABAHTA)KEHHS B YMOBAX JIHIMHOI Ta HENiHIHHOT TTOB3y4YOCTi.
3a3HavyaeThCs, IO 1€ peajbHi E€JIeMEHTH MAarTh Ti YK iHIII MOYAaTKOBI HEJOCKOHAJOCTI SIK
TEXHOJIOTIYHUX TPOTHHIB, E€KCUEHTPUCUTETIB NPHUKIAJACHUX HABAaHTAKEHb Ta IHIIMX, TOMY BOHH
MOYMHAIOTH BUTPIMIATHCS BiJl IOYATKY HABAHTAXKECHHSI.

[le ogaMM BaskIMBUM (PaKTOPOM TeOPii CTIMKOCTI € 00JiK MOB3ydocCTi MarepianiB. Y 3B’S3KY 3
UM TIPOLIEC HABAHTAXKEHHsI PO3AUISETHCS HA JBa €Tali: MUTTEBUH MpOLIEC HABAHTAXKEHHS Ta eTall
MOB3Y4OCTI MpPH TMOCTIHHOMY 30BHINTHHOMY HaBaHTaXeHHi. [Ilpuyomy moOB3ydicTh MoOxe OyTH
00MeXEeHOI0 B yaci 800 HeOOMEKEHOIO.

M. Bekirova
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VY pobGoti oTpumani (popMynaH BU3HAUCHHS KPUTHYHUX CHJ BTPATH CTIMKOCTI CTPHXKHS, Mae
MMOYAaTKOBI HEJOCKOHAJIOCTI, MPH KOPOTKOYACHOMY 1 TpuBajomy mii HaBaHTakeHHS. lloOymoBano
PIBHSIHHS, TIIO TO3BOJISE BU3HAYNTH Yac ITOSBH MEPIoi TPIIMUHA. BuBeACHI piBHSHHS, KOPIHHAM SKHX
€ HaBaHTAXEHHS, MPH [il SKUX YTBOPIOIOTHCSA MEpIIi TPIIIMHU B MOYATKOBUHA MOMEHT 4Yacy i HpH
OyIp-IKOMY BEJTMKOMY dHaci [ii HaBaHTaxeHHA. lIpoBemeHo aHai3 YHHHOI CHJIM, IO BH3HAYaE
xapakrtep aedopmyBaHHS CTprkHS. 31 MOOYIOBAHOTO pPIBHAHHS CTIHKOCTI MOXXHA BH3HAYWUTH
KPUTUYHY CHITY, SIKIl BiAIIOBi/la€ KPUTUYHA TOBKUHA JUISTHKY 3 TPILITHAMHU.

Jnist aHaNoTiYHUX 3aBJaHb y HENiHIMHIA MOCTaHOBI OTpuMaHi (popMyal BU3HAYCHHS! KPUTUIHOL
CHJIM 1 KPUTUYHOTO TEPEMIIIeHHs, BiAMOBITaTbHIX MaKCHMaJTbHOMY HaBaHTa)kKeHHI. Iy BHUIamKy
TpuBajoi Aii HaBaHTAXKECHHS OIEP)KaHO PIBHSIHHS, IO BCTAHOBIIIOE 3B 30K MK HABAaHTAKCHHSM Ta
nepeMilieHHsIM. BuBeneHO piBHSHHSA BU3HAUYEHHSI KDUTUYHOT CHJIM IIPU TPUBAJIOMY JIii HABAHTAKCHHSI.
BcranoBiieHo, 1O KpUTHYHI TIEPEMINICHHS OJHAKOBI 3a KOPOTKOYACHOI Ta TpHUBajioi mii
HaBaHTaxXeHH:. [lokazaHo, Mo y Oyab-SK1i MPOMIXHAI MOMEHT Yacy KPUTHYIHE TEPEMIIIeHHS MOXe
OyTH JOCSTHYTO NMPY HABaHTaKEHHI, 1110 JIKHUTH Yy ICBHOMY 1HTEpBaJi.

KarouoBi cioBa: cCrilikicTh, CTPW)KCHb, I[TOYATKOBA HEIOCKOHANICTh, EKCIEHTPUCUTET,
MOB3YyYiCTh JIiHIHHA, TIOB3Y4YiCTh HENliHIHA, KPUTHYHA CHJIA, TPIIWHA, KPUTUYHE TIePEMIIICHHSI.

M. Bekirova
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1 INTRODUCTION

It is known [1, 2] that one of the most important problems of deformable solid mechanics
is the problem of structural stability. It is the loss of stability that is associated with a number
of accidents and disasters. Loss of stability is especially dangerous because it occurs
suddenly, often with stresses that are significantly lower than the ultimate strength of the
material.

Modern stability theory is based on the study of the loading process of structures and
their elements, and this process is considered unstable if a catastrophic development of
movements and deformations corresponds to its continuation, however small. Failure occurs
at the limit points called bifurcation points and the corresponding loads are called stability
limits or critical loads.

All real elements have some kind of initial imperfection (technological deflections,
eccentricity of load application etc.) and therefore they start to bulge from the very beginning
of loading.

Another important factor in stability theory is the consideration of material creep. The
loading process is therefore divided into two phases: the instantaneous loading process and
the creep phase under constant external load. Moreover, creep can be time-limited or
unrestricted.

2 LITERATURE ANALYSIS AND PROBLEM STATEMENT

The problem on the stability of an elastic rod under the action of an axial compressive
force was first solved by L. Euler. This solution is given in numerous literature on the stability
of rods, of which special mention should be made [3-5]. However, field tests have shown that
this solution is not applicable for real steel rods, due to the inevitable curvature of the element
axis during fabrication and transportation and inaccuracies in alignment during assembly. In
this regard, different solutions have been obtained for a rod under the action of an axial
compressive force applied with eccentricity [3-5].

An interesting analysis of the calculation procedures for centrally compressed steel rods
laid down in various normative documents has been carried out in [6].

One of the first publications in which the influence of initial imperfections on stability
was investigated is the monograph by A. R. Rzhanitsyn [7]. Initial geometric imperfections
most significantly affect the stability of thin-walled open section elements [8]. In [9] a fourth
degree polynomial is used to describe the shape of initial imperfections.

There are a large number of publications on creep rupture of compressed rods, including
[10-14] and others. The approaches to the problem are very different - finite difference
method, finite element method, Bubnov-Galerkin method, power method in the Ritz-
Timoshenko form, etc.

N. Rabotnov [15] and S. A. Shesterikov [16, 17] suggested a new approach - they
connected the question of creep stability with the classical definition of stability. Taking
strengthening law as a basis, they conducted its linearization taking into account small
deflections, and then performed analysis of rod motion under action of perturbations.

The works of scientists from Odessa school of creep theory headed by 1. E. Prokopovich
[18-20] should not be overlooked.

All works considering the issues of rod stability with regard to creep can be divided into
two directions. The first, classical approach assumes the existence of change of stable
configurations of equilibrium - after some time, which is called critical, there is a transition of
rectilinear form into curved one. The second approach to investigating buckling is to assume
that the creeping process in the rod leads to reduction of its stiffness and, consequently, the
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loss of stability.

The second approach in investigation of rod bulging in creep is based on the
consideration of initial imperfections, defects (malformations, eccentricity of load, etc.). In
this approach it is assumed that initial imperfections in geometry or eccentricities increase
with time, leading to failure.

3 PURPOSE AND OBJECTIVES OF THE STUDY

The aim of this work is to solve the problem on the stability of a rod having initial
imperfections in the form of eccentricity of load application under conditions of linear and
nonlinear creep.

In the stability of elastic rods one distinguishes a loss of stability of the first kind,
associated with the possibility of existence of two forms of equilibrium - stable and unstable,
and a loss of stability of the second kind, associated with the possibility of unlimited
development of movements of the rod, possessing one or another initial imperfection.

Since the creep increases the deformations and displacements, it is natural to consider a
loss of stability of the second kind in the study of the stability of rods made of materials with
a considerable creep. For a rectilinear rod, such a loss of stability is possible only in the
presence of initial imperfections of shape (initial failure) or state (eccentric application of
compressive force, deviation from rectilinear shape due to external action).

4 RESEARCH RESULTS

To solve the problem of the stability of a flexible reinforced concrete rod under
conditions of linear creep with account of cracking, consider a rod pivoted at the ends with a
rectangular symmetrically reinforced cross-section. The load P is constant in time and is

applied with eccentricity e, .

Two stages can be distinguished in the deformation of such a rod. Stage | - the load P is
conditionally "small" to such an extent that cracks in the concrete tensile zone do not appear
during the whole considered time interval. Stage Il - the load P is conditionally "large" to

such an extent that cracks in the concrete tensile zone appear either at the time t, of load
application or at the time t, >t, (t, - time of the first crack formation).

The relationship between deformations and stresses in concrete is established by the
linear theory of elastic heredity (TEH):

et)=oc)o(t,7)- j0(1)5(t, r)/ ordr,

5(t,7) .t .
E(r)+C(t,7)

C(t,r)=C,[1-Be "7 |;

C(t,.t,) =C,(1-B).

@)

The difference (1— B) takes into account the fast-moving part of the creep deformation,

conventionally referred to a point in time t,, hence C(t,,t,) corresponding to the short-term
action of the load.

Stage I. At this stage the solution of the integrodifferential equation of motion of the
reinforced rod, or a corresponding partial differential equation, is the function
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f (t)sin zx

y(z.1) = )

0

where f (t) — displacement of the middle section along the length of the bar:

f(t)=f(t,){[1-(Py —P)/ (P —P)]-

-exp[— 71( ont = P) | (P = P)(t = 1) |+ (Pyy = P)(Pyory — P)};
e,P

f(t)= ;

(t,) = ( )’

v = 7(1+<p)

" [1+@-B)g]’

p=EC,.

@)

At t—t, — oo we have:

4e,P

cont

According to the solutions obtained for the reinforced concrete core, two forces can be
specified — P, and P,

cont *
P, =7°Eyd, /1 {a +1/[1+(1-B)o]};
P =7°EpJ, [P [a+11 1+9)];

cont
a = upy;

_2A.
SN 5)

WA,

PL=

The critical force for a loss of stability of the second kind is defined as the minimum
value of force that results in an unrestricted increase in displacement.
P_ — the critical force under short-term loading, determined by the condition

f(t,) > x;
P_ . —the critical force under continuous load, determined by the condition f (o) > .

cont
Knowing the displacement y(z,t), it is possible to determine the height of the concrete
compression zone and the stresses in the reinforcement and concrete in any cross-section at
any time.
In bendable and eccentrically compressed reinforced concrete bars, cracks in the cross-
sections in the tensile concrete appear if the condition

Ovny = 2R, (6)

p
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After a number of transformations we obtain an equation which allows us to determine
the time of the appearance of the first crack. The first crack appears in the average section
along the length of the rod (z=1/2), and the time of its appearance is defined as follows:

t :t _1/7/1( P)/( cont ) (7)

An[(P,, = P)- (P, = P) | (P, — P,y ) 7y [ 4e,P =11 (P, — P)].

cont cont

Of interest are the loads P, and P/, under the action of which the first cracks are formed
at the times t =1, and t =00, respectively.
P. and P are defined as the roots of the equations
7Yy (Pcr — P)
4e,P

T yT ( cont ) —
4e,P

=1
8

Let's look at the magnitude of the acting force, which determines the nature of the
deformation of the rod.

If P<P, then over the whole considered time interval the deformation occurs without
crack formation (stage I). If R <P <P, then cracks appear during the deformation process
(stage II). If P> R, then cracks appear immediately after load application (Stage I1).

Stage 1. In the section of the rod with length |, there will be additional displacements
caused by the decrease of stiffness as a result of cracking. Considering the rod deformation at
the segment I, , one can find the critical force under prolonged action taking into account

cracking - Pl ..
After a number of transformations the stability equation is reduced to the form
P-I, =27°AE,[3(y, +€) —h(y, +&)+h? |. 9)

Here |, — the length of the section with cracks, determined by the dependencies

n.yT(Pcr_P)

4e,P

7Z-yT ( cont ) — 1 (10)
4e,P

| =] {1 2/ rarcsin [ﬂ'yT( cont cont)/4eo cont]}

To the critical force P!

cont ?

determined from equation (9), corresponds the critical length
of the section with cracks |,

5 DISCUSSION OF RESEARCH FINDINGS

It can be concluded from the results of these calculations that consideration of creep and
cracking leads to a significant reduction in the critical forces.

However, all the above considerations refer to the behavior of compressed flexible rods
under prolonged action of loading under conditions of linear creep. Let's consider the
operation of the rod under creep conditions in geometrically nonlinear formulation.
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Consider a flexible rod made of a material with creep. The support is articulated. The rod
is loaded with a longitudinal compressive force P, constant in time, applied with eccentricity

g, in the direction of displacement.
The integral-differential equation of slow motion has the form

t 5 ,
p(:)l-( t)_g[y(x,t)+eo:|+TPJ.I:y(x’z-)+e0 %d‘[:o. (11)

Here y(x,7) — The movement of the rod in the plane of deformation (in the direction of e, );

1/ p(x,t) —rod curvature in the same plane;

1
p(xt)
The creep is further accounted for at the level of elastic heredity theory (TEH), as in the

case of the linear creep variant.
After a number of transformations the equation is obtained

8I* (P 7 32, I P
L e ) @)

:—y4(x,t)[1+(y')2(x,t)]_5. (12)

which establishes the relationship between displacement, eccentricity and short-term loading.
After introducing relative eccentricities s=¢,/l and displacements

Flt) == f(t); F)="-f(@), (14)
eO eO
equation (13) is written as:
3 )4+ [ P _ 2P
F (t0)+3[EI )F(t0)+ 3 S 3 0. (15)

Here P, =7z°El/I? —is the Euler force, i.e. the critical force under short-term loading in

the case of approximate curvature (linear formulation).
From equation (15) it follows a linear relationship

18R ()3 (1)

=)
8 °  4s+F(t)

; (16)

which establishes the relationship between load, displacement and eccentricity. The critical
force is determined from the condition

6P_O

- _ 17
oF (17
It follows that
3 2 16
F°(t,)+6sF (to)—gs:o. (18)
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The critical force is determined by the formula:

_ 2
o _1p Fu(8-3R7)

= 19
T8 ° 4s+F, 19)

where F, —the displacement corresponding to the maximum load, which is the root of
equation (18):

F, = Zi/%s(l—Ssz +M) +2§/%s(1—3s2 —«/1—65) -2s. (20)

At small values of s (s <0,01)dependency can be used:

F, = 2H§s(1—3s2 +1-6s? ) —s}. (21)

Displacements at t — oo are defined as a root of equation

3 (1+9)P, 3 (1+¢)P,
From (22) it follows
8F (o0)—3F (o)
4s—F (oo) '

F3(OO)_§{1_L}F(OO)+gSL=O. (22)

P:%(1+(p)F’e

(23)

This relationship establishes the relationship between load and displacement in the case
of prolonged load action. This is the equilibrium curve. The maximum on this curve

determines the critical force P, .. From condition (17) it follows that

cont *

F3(00)+68F2(00)+%S=0. (24)

Critical force P

cont

is defined by equation:

1 I:cont (8 -3 Fcont2 )
P..==(1+9)P , 25
cont 8( §0) e 4S_Fcom ( )
where F_,, — the displacement corresponding to the maximum load, which is the root of

equation (24).
It is obvious that the roots of equations (18) and (24), representing the critical
displacements F, and F_, of both short-term and long-term loading respectively, are the

cont
same

*

F =F, =F". (26)

cr cont —

In case t=t, displacement F~ is developed by the action of a force F,, and in case

cr?

t — oo — by the action of a force F_,.
Since the critical displacements for both momentary and continuous loading are the
same, it follows that at any intermediate point in time t, <t <o such a displacement F~ can

be achieved at a load lying in the interval
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FCF > F > Fcont ' (27)

6 CONCLUSIONS

Thus, formulas for determination of critical forces of stability loss of the rod having
initial imperfections, under short-term and long-term action of load P, and P, respectively,

cont

are obtained. An equation permitting to determine time of the first crack to appear has been
derived. Derived are the equations the roots of which are loading P, and P, under the action

of which the first cracks form at time moments t =t, and t =co respectively. The analysis of
acting force determining the character of rod deformation has been carried out. From the
stability equation (9) it is possible to determine the critical force P, to which corresponds

the critical length of the section with cracks I, .

For the similar problems in nonlinear formulation formulas for determining of critical
force and critical displacement corresponding to maximum load have been obtained. For the
case of prolonged action of load, equation which establishes relationship between load and

displacement was obtained. Equation for determination of critical force P, under prolonged

action of load has been derived. It has been established that critical displacement is the same
in short term and long term action of load. Consequently, at any intermediate point of time

t, <t <oo displacement F can be achieved at a load lying in the interval of F, >F >F

cont *
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