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Abstract: existence of co-spectral (iso-spectral) graphs is a well-known problem of the classical 
graph theory. However, co-spectral graphs exist in the theory of quantum graphs also. In other words, 
the spectrum of the Sturm-Liouville problem on a metric graph does not determine alone the shape of 
the graph. Сo-spectral trees also exist if the number of vertices exceeds eight. 

We consider two Sturm-Liouville spectral problems on an equilateral metric caterpillar tree with 
real L2 (0,l) potentials on the edges. In the first (Neumann) problem we impose standard conditions at 
all vertices: Neumann boundary conditions at the pendant vertices and continuity and Kirchhoff’s 
conditions at the interior vertices. The second (Dirichlet) problem differs from the first in that in the 
second problem we set the Dirichlet condition at the root (one of the pendant vertices of the stalk of 
the caterpillar tree, i.e. the central path of it). Using the asymptotics of the eigenvalues of these two 
spectra we find the determinant of the normalized Laplacian of the tree and the determinant of the 
prime submatrix of the normalized laplacian obtained by deleting the row and the column 
corresponding to the root. Expanding the fraction of these determinants into continued fraction we 
receive full information on the shape of the tree. In general case this continued fraction is branched. 
We prove that in the case of a caterpillar tree the continued fraction does not branch and the spectra of 
the Neumann and Dirichlet problems uniquely determine the shape of the tree. A concrete example is 
shown. The known pair of co-spectral trees with minimal number (eight) of vertices belongs to the 
class of caterpillar trees. 

Keywords: metric graph, tree, pendant vertex, interior vertex, edge, caterpillar tree, Sturm-
Liouville equation, potential, eigenvalues, spectrum, Dirichlet boundary condition, Neumann 
boundary condition, root, continued fraction, adjacency matrix, prime submatrix, normalized 
Laplacian. 

ВІДНОВЛЕННЯ ФОРМИ КВАНТОВОГО ГУСЕНИЧНОГО 
ДЕРЕВА ЗА ДВОМА СПЕКТРАМИ 

Калюжний-Вербовецький Д. С.1, Пивоварчик В. М.1 
1Південноукраїнський національний педагогічний університет ім. К. Д. Ушинського 

Анотація: існування коспектральних (ізоспектральних) графів є відомим у класичній 
теорії графів. Але коспектральні графи існують і у теорії квантових графів. Інакше кажучи, 
один спектр задачі Штурма-Ліувілля на метричному графі не визначає однозначно форму 
графу. Коспектральні дерева також існують, якщо кількість вершин перевищує вісім.  

Ми розглядаємо дві спектральні задачі Штурма-Ліувілля на рівнобічному метричному 
дереві-гусениці з дійсними 2L (0,l) потенціалами на ребрах. У першій задачі (задачі Неймана) 
ми задаємо стандартні умови у вершинах: умови неймана на висячих вершинах та умови 
неперервності і Кірхгофа у внутрішніх вершинах. Друга задача (задача Діріхле) відрізняється 
від першої тим, що у корені (одній з висячих вершин стебла дерева-гусениці, тобто 
йогоцентрального маршруту) накладено умову Діріхле. Використовуючи асимптотики власних 
значень цих задач, ми знаходимо визначник нормованого лапласіану дерева і визначник 
головної підматриці нормованого лапласіану, отриманої видаленням рядка та стовпця, які 
відповідають кореню. Розвиваючи відношення цих визначників у ланцюговий дріб, ми 
отримуємо інформацію про форму дерева. У загальному випадку цей ланцюговий 
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розгалужується. Ми доводимо, що у випадку дерева-гусениці цей ланцюговий дріб не 
розгалужується і спектри задач Діріхле і Неймана однозначно визначають форму дерева. 
Розглянуто конкретний приклад. Відома коспектральна пара дерев з найменшою (дев’ять) 
кількістю вершин належить саме до дерев-гусениць. 

Ключові слова: метричний граф, дерево, висяча вершина, внутрішня вершина, ребро, 
дерево-гусениця, рівняння Штурма-Ліувілля, потенціал, власні значення, спектр, крайова умова 
Неймана, крайова умова Діріхле, корінь, ланцюговий дріб, матриця суміжності, головна 
підматриця, нормований лапласіан. 
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1 INTRODUCTION 

The problem of recovering the shape of a combinatorial graph using the eigenvalues of 
its adjacency matrix is described in [1] (Chapter 6) where several examples of co-spectral 
graphs are shown. 

In quantum graph theory, i. e. in the theory of quantum mechanical equations considered 
on metric graph domains, the problem of recovering the shape of a graph was stated in [2] and 
[3]. It was shown in [3] that if the lengths of the edges are non-commensurate then the 
spectrum of the spectral Sturm-Liouville problem on a graph with standard (continuity + 
Kirchhoff’s at the interior vertices and the Neumann at the pendant vertices) conditions 
uniquely determines the shape of this graph. 

In [2], it was shown that in case of commensurate lengths of the edges there exist co-
spectral quantum graphs. But even earlier it was shown in [4] that in quantum graphs theory 
an important role is played not by adjacency matrix but by the so-called normalized 
Laplacian. 

A ‘geometric’ Ambarzumian’s theorem was proved in [5]: it was shown that the 
spectrum of the Neumann problem with zero potential on the graph P2, i. e. on a finite 
interval, uniquely determines the shape of the graph. In [6] it was shown that if the graph is 
simple connected equilateral with the number of vertices less or equal 5 and the potentials on 
the edges are real L2 functions then the spectrum of the Sturm-Liouville problem with 
standard conditions at the vertices uniquely determines the shape of the graph. For trees the 
minimal number of vertices in a co-spectral pair is 9 (see [7] and [8]). If the number of 
vertices doesn’t exceed 8 then to find the shape of a tree we need just to find in [6] the 
characteristic polynomial corresponding to the given spectrum. 

In [9] it was shown how to find the shape of a tree using the two spectra: the spectrum of 
the Neumann problem and the spectrum of the Dirichlet problem, i. e. the problem in which 
the Dirichlet condition is imposed at the root. This method works even in case of large 
number of vertices. If the solution is not unique, we can find all the solutions. In [10] it was 
shown how to find the shape of a tree using the S-function of the scattering problem on a tree 
which consists of an equilateral compact subtree with a lead attached to it. The potential on 
the lead was assumed to be zero identically and therefore the Jost-function can be expressed 
via the characteristic functions of the Dirichlet and Neumann problems. Thus, this scattering 
inverse problem and the spectral inverse problem by two spectra are closely related. 

In present paper we show that in case of a caterpillar tree rooted at a pendant vertex of 
the stalk (central path) the spectra of the Dirichlet and Neumann problems uniquely determine 
the shape of the tree. 

In Section 2 we describe the Neumann spectral problem, i.e. the Sturm-Liouville problem 
with standard conditions (continuity + Kirchhoff’s at the interior vertices and Neumann at the 
pendant vertices). We describe the Dirichlet problem where we impose the Dirichlet condition 
at the root (an arbitrary chosen vertex) keeping standard conditions at all the other vertices. 
We also we expose known results which we use in the sequel. 

In Section 3 we prove a theorem where the fraction of the characteristic polynomial of 
the normalized Laplacian of a caterpillar combinatorial tree and the modified characteristic 
polynomial of its certain subgraph obtained by deleting the root and the incident edge is 
presented as a branched continuous fraction. We prove that in case of a caterpillar tree this 
presentation is unique. 

In Section 4 using the result of Section 3 we show the procedure of recovering the shape 
of a tree using asymptotics of the spectra of the Neumann and Dirichlet problems. 

 
 
 



Механіка та математичні методи / 
Mechanics and mathematical methods 

                        V/1/2023 
                Стор. 14-24 / Page 14-24 

 

 

D. Kaliuzhnyi-Verbovetskyi, V. Pivovarchik 
https://doi.org/10.31650/2618-0650-2023-5-1-14-24 17 

 

2 STATEMENT OF THE PROBLEM AND AUXILIARY RESULTS 

Definition 2.1, [11] A combinatorial caterpillar tree is a tree in which all the vertices are 
within distance 1 of a central path (stalk). 

An example of a caterpillar tree is presented on Fig. 1. 
Let T be a metric equilateral caterpillar graph with p vertices and g = p−1 edges each of 

the length l. Let 0 1 . . . rv v v    be the stalk of the graph (the longest path). It means that 

the degree    0 1rd v d v  . 

 

Fig. 1. An example of caterpillar tree 

We choose the vertex 0v  as the root and direct all the edges away from the root. 

Let us describe the Neumann spectral problem on this tree. We consider the Sturm-
Liouville equations on the edges 

  , 1, 2, . . . ,j j j jy q x y y j g    , (1) 

where  2 0,jq L l  are real. 

If an edge je  is incident with a pendant vertex which is not the root then we impose the 

Neumann condition 

  0.jy l   (2) 

at the pendant vertex. At each interior vertex we impose the continuity conditions 

   0j ky l y , (3) 

for the incoming into iv  edge je  and for all ke  outgoing from iv , and the Kirchhoff’s 

conditions  

   0j kk
y l y  , (4) 

where the sum is taken over all edges ke  outgoing from iv . At the root we impose the 

Neumann condition: 

 1 0 0.y   (5) 

The above conditions (continuity +Kirchhoff’s or Neumann) we call standard. 
In the sequel, if the potentials are the same on all the edges, we omit the index in jq  and 

jy . The following theorem adopted for trees can be found as Theorem 5.2 in [6] but it 

originates from [4]. 
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Theorem 2.1 Let T be a tree with 2p  . Assume that all edges have the same length l 
and the same potentials symmetric with respect to the midpoints of the edges 
( ( ) ( )).q l x q x  Then the spectrum of problem (1)–(5) coincides with the set of zeros of the 
function 

( ) ( , ) ( ( , ))N s l c l     , 

where  2 1( ) (1 ) ( ),z z z    

( ) det( ).z zD A     

Here A is the adjacency matrix of T in which the first row and the first column 
correspond to 0 ,v  

0 1 1: ( ( ), ( ),..., ( )),pD diag d v d v d v   

( )id v is the degree of the vertex iv , ( , )s x and ( , )c l are the solutions of the Sturm-

Liouville equation on the edges satisfying conditions ( ,0) '( ,0) 1 0s s     and 

( ,0) 1 '( ,0).c c    
Now we consider the Dirichlet problem on the same caterpillar tree. We impose the 

Dirichlet condition at v0: 

1(0) 0y     (6) 

for the edge incident with 0 .v   

By the Dirichlet problem we mean the problem which consists of equations (1)–(4) and 
(6). 

Denote by T  the tree obtained by removing the root in the tree T together with the 

incident edge. Let A  be the adjacency matrix of T , i. e. the principal submatrix of A obtained 

by deleting the first row and the first column of A, let D  be the principal submatrix of D 
obtained by deleting the first row and the first column of D. 

We consider the polynomial defined by 

  ( ) : det( ).z zD A     

Theorem 6.4.2 of [12] adapted to the case a tree with the Dirichlet condition at one of the 
vertices is as follows 

Theorem 2.2 Let T be a tree with at least two edges rooted at a pendant vertex 0v . Let the 

Dirichlet condition be imposed at the root and the standard conditions at all other vertices. 
Assume that all edges have the same length l and the same potentials symmetric with respect 
to the midpoints of the edges ( ( ) ( ))q l x q x  . Then the spectrum of problem (1)–(4), (6) 

coincides with the set of zeros of the characteristic function 

( ) ( ( , )).D c l     

It is clear that 

 ( ) det( c( , ) )D l D A      

is the characteristic function of the Dirichlet problem (1) - (4), (6) on the initial tree T. 
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3 MAIN RESULTS 

The following theorem was proved in [9]. 

Theorem 3.1. Let be an equilateral tree. Then the function ( ) ( )z z   can be presented 
as a branched continued fraction. The coefficients before +z and −z correspond to the degrees 
of the vertices. The beginning fragment 

0

0
1

1

...

m

k k

m z
m z

 
   

of the expansion means that the vertex 0v  is connected by edges with 0m vertices 
01 2, ,..., .mv v v

A fragment 

…
1

1

1 ,

1

1
...

i

r

m
i

i
k i k

m z
m z







 






 

means that there are there are r vertices of degrees 1 2, ,..., rm m m each having one incoming 

edge and 1 21, 1,..., 1rm m m   outgoing edges. 

A fragment  

…
m

z
  

at the end of a branch of the continued fraction means m edges ending at pendant vertices. 
This theorem applied to a caterpillar tree rooted and one of its pendant vertices gives. 

Corollary 3.2. Let T be a caterpillar tree rooted at 0v , one of the ends of the stalk. Then 

the fraction ( ) ( )z z   can be presented as 


1

1
2

2
1

1

( ) 1
2 1( )

2 1
...

1r
r

z
z

mz m z
mz m z

mz m z
z







  


 


  




, (7) 

where 1 2 1{1, , , ..., ,1}rm m m  are the degrees of stalk vertices.  

Theorem 3.3. If the fraction ( ) ( )z z   can be expanded into continued fraction of the 
form (7) with integers 2im   for i=1,2,…,r-1 then there exists a unique tree which is a 

caterpillar tree rooted at 0v  with the degrees of the vertices on the stalk 0( ) ( ) 1rd v d v   and 

( )i id v m  for  i = 1, 2, …, r-1. 

Proof. The coefficient 1m is uniquely determined as 



1

2
1

( )
lim

( )z

z z
m z

z








 
   

 
. 

Then the coefficient 2m  is uniquely determined as 
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1
1

2 2
2 1 1

( )
lim 2

( )z

z z
m z m z m

z









                 
, 

we continue this procedure and obtain all im . On each stage of this procedure we face the 

Diophantine equation 

1

1 1

1 1
2

im

i
k k i

m
n m



 

      

with respect to integer unknowns 1kn  . Since  

1

1
2 2 1i i i

i

m m m
m 

      , 

we conclude that equation possesses a unique up to permutations solution 

1 2 2... 1,
imn n n      1 1im in m  . QED. 

Example. Let 7 5 3( ) 120 269 189 40z z z z z       and  6 4 2( ) 120 245 156 30z z z z     . 
Then  


5 3

4 26 4 2

5 3

( ) 24 33 10 1

80 106 30120 245 156 30( ) 5
24 33 10

z z z z
z z

z zz z zz z
z z z




 
     

     
 

. 

Since  

80
3 4

24
  ,  

we present the fraction as  

 3

24 2

3

( ) 1 1
3 13 8 7( ) 55

12 1023 33 10 3
8 7

z
z z

z zz zz
zzz z z z

z z




     
   

  


. 

Since  

12
1 2

8
   

we arrive at  


2

3

2

( ) 1 1
3 1 3 1( ) 5 5

1 11 4 3 33
8 7 2

4 3

z
z z

z z z
zz z zz zzz z z z

z




     
   

   
 



 

and finally 
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( ) 1

.
3 1( ) 5

1 1
3

1
2

3
4

z
z

z z
z z

z z
z

z




  
 

 




 

Judging by this continued fraction we conclude that if 7 5 3( ) 120 269 189 40z z z z z     

and  6 4 2( ) 120 245 156 30z z z z      then the corresponding tree is the that of Fig.1. 

4 RECOVERING THE SHAPE OF A QUANTUM TREE BY TWO SPECTRA  

Now we are ready to recover the shape of a caterpillar tree. Using the asymptotics of the 
spectrum of the Neumann problem we can find the function ( )z  (up to a constant factor). 
Let us show it. 

By Theorem 2.1 in case of ( ) 0jq x  for all j, the spectrum of problem (1)-(5) can be 

presented as the union of subsequences  
2 1

( )

1 1
1

{ } { }
g

i
k kk k

i

 


 
 



  with the following asymptotics 

 ( ) 2 ( 1) 1
arccos

i
k ik

k

l l

 



    for i = 2, 3, …, p-1, k  , 

 ( )

2

2 1
arccos

i
k p ik

k

l l

   
    for i = p, p+1 ,… , 2p-3,  k  , 

 (1) ( 1)
k

k

k

l





  for k  , 

where 1 2 11 ... 1p p         are the zeros of ( )z . 

By Theorem 5.4 in [13] we obtain that there exists a positive constant C such that 


k k C    where k  are eigenvalues of problem (1)-(5) with 2 (0, )L l  potentials on the 

edges. 
Theorem 4.1. Let T be an equilateral caterpillar tree with p vertices and with real 

potentials 2( ) (0, )jq x L l  on the edges. Then the spectrum of problem (1)-(5) can be 

presented as the union of subsequences 
2 1

( )
1 1

1

{ } { }
g

i
k k k k

i

 


 
 



  with the following asymptotics 

( ) 2 ( 1) 1 1
arccosi

k ik

k
O

l l k

 


      
 

 for i = 2, 3, …, p-1, k  , 

( )
2

2 1 1
arccosi

k p ik

k
O

l l k

   

     
 

  for i = p, p+1 ,…, 2p- 3,  k  , 

(1) ( 1) 1
k k

k
O

l k




     
 

     for  k  , 

where 1 2 11 ... 1p p         are the zeros of ( )z . 

By Theorem 2.2 in case of ( ) 0jq x  for all j, the eigenvalues of problem (1)-(4), (6) can 
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be presented as the union of subsequences  
2

( )

1 1
1

{ } { }
g

i
k kk k

i

  
 



 with the following asymptotics 

 ( ) 2 ( 1) 1
arccos

i
k ik

k

l l

 



     i=1,2,…,p-1,  k  , 

 ( )

1

2 1
arccos

i
k p ik

k

l l

   
       i=p,p+1,…, 2p-2,  k  . 

Again using Theorem 5.4 in [3] we obtain that there exists a positive constant C such that 


k k C    where k  are eigenvalues of problem (1)-(4), (6) with 2 (0, )L l  potentials on the 

edges. 
Theorem 4.2. Let T be an equilateral caterpillar tree with p vertices and with real 

potentials 2( ) (0, )jq x L l  on the edges. Then the spectrum of problem (1)-(4), (6) can be 

presented as the union of subsequences 
2 1

( )
1 1

1

{ } { }
g

i
k k k k

i

 


 
 



  with the following asymptotics 

( ) 2 ( 1) 1 1
arccosi

k ik

k
O

l l k

 


      
 

   i=1,2,…,p-1,  k   , 

( )
1

2 1 1
arccosi

k p ik

k
O

l l k

   

     
 

     i=p,p+1,…, 2p-2,  k  , 

where 1
1{ }p

i k 
  are the zeros of ( )z . 

According to Theorems 4.1 and 4.2 using the two spectra 1 1{ } ,{ }k k k k  
   we can find the 

sets of zeros of the numerator and denominator of the rational function ( ) ( )z z  . Thus, this 
function is uniquely determined if we take into account that (7) implies 


( )

lim 1
( )z

z

z z




  . 

Expanding ( ) ( )z z   into continued fraction (7) we find the shape of our caterpillar 
tree. 

The plots of the changing values 2a  and 2r  of the squared equatorial and axial 
component of the angular velocity vector of the rigid body are constructed and represented in 
two cases.  

In the first case (Figs. 1, 2) 0 1, 5.1, 5J A B    , in the second case (Figs. 3, 4) 

0 3, 1.3, 1J A B    . 

5 CONCLUSIONS 

As it was mentioned in the introduction that in general the spectrum of a Sturm-Liouville 
spectral problem on a simple connected equilateral graph does not determine uniquely the 
shape of the graph. We don’t know whether two spectra of such problems with different 
conditions on the same graph uniquely determine the shape of the graph. However, we 
describe a class of trees (caterpillar trees) for which the two spectra uniquely determine the 
shape of a graph. We also give an algorithm of recovering the shape of a caterpillar tree.      
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