Mexanika Ta MareMaTHdHi Meromu [ YN VI111/2/2026
Mechanics and mathematical methods ] Crop. 50-60 / Page 50-60

UDC 539.3:624.046.3
ON THE BUCKLING OF A ROD UNDER TENSILE FORCE
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Abstract: This article examines the mathematical model of the loss of equilibrium stability of an
elastic, rigidly clamped, rectilinear cantilever rod loaded with a longitudinal tensile force applied to a
traverse rigidly fixed to the free end of the rod perpendicular to its axis. The study is carried out within
the framework of linear rod theory under the standard assumption of small displacements. The way of
applying the tensile force allows for frictionless movement of its application point along the traverse,
as well as a change in its direction depending on the displacement of the free end of the rod and the
slope of the traverse. Unlike the relatively few previously known formulations of problems on the
buckling of rectilinear rods caused by tensile forces, this article imposes no restrictions on the
distribution of the bending rigidity of the rod along its length. The study is theoretical in nature and is
based on a qualitative analysis of the behavior of solutions to a linear differential equation for rod
bending. To simplify the analysis, a transition was made from the traditional description of the
deformed state in rod theory using a deflection function to a bending moment function. This allowed
the solving to the rod buckling problem to be reduced to an eigenvalue problem for a second-order
linear homogeneous differential equation for bending moments under homogeneous boundary
conditions of a special type. Critical forces are determined as eigenvalues for which a solution to the
differential equation exists that is not identically zero and satisfies the boundary conditions. For the
constructed boundary problem, a theorem was formulated and proved, which states that with an
arbitrary distribution of the bending stiffness of the rod along its length and with the ways of applying
the tensile force adopted in the study, a single critical tensile force always exists at which the rod loses
stability. The dependence of the critical force on the parameter characterizing the change in the
position of the tensile force application point during rod buckling is qualitatively described. An
increase in the critical force is also established when the rod is shortened by removing a portion near
the clamp and transferring it to the end of the newly formed rod. A comparison of the obtained results
with studies, including experimental ones, by other authors showed that the conditions considered in
the article can be realized for rods operating in complex structures.

Keywords: tensile rod, loss of stability, boundary problem, critical force, qualitative analysis,
existence and uniqueness.

I[OJIO BTPATH CTIMKOCTI PO3TSATHYTOI'O CTPUKHSA

Bekmaes C. 5.
Y00ecvia oeporcasna axademis bydisnuymea ma apximexmypu

AHoTamis: Y crarTi po3rNIAJAaEThCS MaTeMaTH4YHa MOJENb BTpPaTh CTiHKOCTI piBHOBaru
MPYKHOTO JKOPCTKO  3alIeMJICHOr0 TPSMOJIHIHHOIO KOHCOJBHOTO CTPIKHS, 3aBAaHTaKEHOT'O
MO3/I0BKHBOIO PO3TATYIOUYOI0 CHIION0, TIPUKIIAZCHOIO 10 TIONEPEUHOi TPaBEPCH, MKOPCTKO 3aKpiILICHOT
Ha BUIBHOMY KiHLI CTPMIKHS NEPHEHIUKYJISIPHO 10 Horo oci. JlocmipkeHHs 301MCHIOETCS B MEXKax
JHIHOT Teopii cTpmKHEH B CTaHIAPTHOMY MPUITYIEHHI MaJocTi nepeMinieHb. Criocié npuKiIajaHHs
PO3TATYIOUOT CHIIH JIOIYCKA€E BiJIbHE BiJI TEPTS MEPEMIIEHHS y3/I0BXK TPaBEPCH il TOUKH MPUKIIATaHHS,
a TaKoX 3MiHy Ii HampsMKy B 3aJIE)KHOCTI BiJl MEPEMilIeHHs BiIBHOTO KiHLIA CTPHXHS 1 HaxXuiry
TpaBepcu. Ha BijiMiHy Biji TIOpIBHSHO HeOaraThOX BiJJOMHUX paHillle MMOCTAHOBOK 3aJlad PO BTPATY
CTIMKOCTI MPSAMOJNIHIHHUX CTPIKHIB, CHPUYNHEHY PO3TATYIOUMMHE CHIJIAMH, Y 3alIPOTIOHOBaHIM CTATTI
HE HaKJIAAA€Tbcs OOMEXEHb Ha PO3MOALT 3TrMHAIBHOI MKOPCTKOCTI CTPMXKHSA Y3/IOBXK HOTO JOBKHHH.
JocnipkeHHsT Mae TEOPETUYHUH XapaKTep 1 CIHPAEThCS Ha SKICHUI aHalli3 MOBEOIHKH PO3B’A3KiB
JiHIAHOrO AM(epeHIiaibHOrO PIBHSIHHS BUTMHY CTPIOKHSA. 3 METOH CIPOLICHHS aHamizy OyB
BUKOHAHWI Tepexil BiJg TpaAuLiHHOTO AN Teopii CTPHXKHIB OMUCY OeOPMOBAHOTO CTaHy 3
BUKOPUCTAaHHAM (yHKIIl MpOruHiB A0 (QyHKOIl 3rHHAIBPHUX MOMEHTIB. lle 103BONMIMIO mMpHUBECTH
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pO3B’sI3aHHS TUTAHHS BTPATH CTIMKOCTI CTPYOKHSA IO PO3TIIAAY 3a7adi Ha BIACHI 3HAYCHHS IS
JTHIMHOTO OAHOPIAHOTO AU(EPEHIIaTBLHOTO PIBHSHHS APYrOro MOPSAKY MIOAO 3TMHANBHUX MOMEHTIB
3a OJHOPINHWUX TPAHWUYHUX YMOB CIIEIIabHOTO BUAY. KpHTHWYHI CHINM BH3HAYAIOTHCS SK BIACHI
3HAYeHHs 3ajavi, A SIKUX ICHye pO3B’sI30K MU(EPEHIIATbHOTO pPIBHAHHA, IO HE OPiBHIOE
TOTO)KHOMY HYNIO 1 3aJ0BOJIbHSIE TpaHMYHMUM YyMoBaM. Jlns moOyZoBaHOi TpaHUYHOI 3ajadi
chOpPMYJIOBAHO 1 TOBEIEHO TEOpEMY, SIKa BCTAHOBIIIOE, IO MPU JOBIIBHOMY PO3MOALI 3THHATBHOL
JKOPCTKOCTI CTPIDKHA TIO HWOTO MOBXKHHI TP TPHUHHATAX y POOOTI crmocobax NpUKIaTaHHS
PO3TATYIOUOT CHITU 3aBXK[H ICHYE 1 IO TOTO K €IMHA KPUTHYHA PO3TATYIOYA CHJIA, IPU SAKIH CTPUIKEHB
BTpaya€e CTiIMKiCTh. SIKICHO OmuMcaHa 3aJIeKHICTh BEIMYMHM KPUTUYHOI CHJIM Bijl mMapaMmeTpa, LIo
XapakTepu3ye 3MiHY MOJOMXCHHS TOYKU TPUKITATAHHS PO3TATYIOUOl CHIIM TPU 3TMHAHHI CTPHXKHSL
BcraHoBIIeHO TaKOXK 3pOCTaHHS KPUTUYHOT CHITH TIPU YKOPOUCHHI CTPHXKHS IUITXOM BUJIAJICHHS HOTO
YaCTUHH TOONM3Yy 3alleMJICHHS 3 WOro IEPeHECeHHSM Yy KiHelb HOBOCTBOPEHOTO CTPHIKHSL
3icTaBlieHHS] OTPUMAHUX PE3YJILTATIB i3 TOCIIPKEHHSIAMH, B TOMY YUCII €KCIICPUMEHTATLHUMH, 1HIITHX
aBTOpIB, MOKa3alik, M0 PO3TJSHYTI Y CTATTI YMOBH MOXYTh OyTH peami3oBaHi JJIsi CTPHKHIB SIK
CJIEMEHTIB CKJIaHUX KOHCTPYKIiii.

KarouoBi ciioBa: po3TsSTHYTHI CTpUIKEHB, BTpaTa CTIMKOCTI, TpaHUYHA 33/1a4a, KPUTHYHA CHUIIA,
SIKICHUH aHai3, iCHyBaHHS 1 €IMHICTb.
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1 INTRODUCTION

Problems of stability, particularly the stability of equilibrium configurations in
engineering structures, have attracted the interest of engineers and scientists for nearly three
centuries. Stability is a necessary quality of a structure, ensuring its reliable operation under
the conditions envisaged by the design. Along technology advanced, the types of engineering
structures became more complex and varied, and the intensity and diversity of the impacts on
their elements increased, the range of corresponding problems and their solving methods
expanded. In most cases in engineering practice, loss of structural stability occurs due to
buckling of its elements under compression when the compressive load reaches a certain
value, called the critical load. Therefore, the main content of the theory of equilibrium
stability for mechanical systems developed to date consists of methods for determining
critical loads, as well as methods for controlling them to prevent buckling due to compression.
The possibility of buckling under tension is considered questionable by many engineers. At
the same time, over the course of several decades, a number of publications have appeared
examining the possibility of buckling of tensile members. However, their discussion was
illustrative in nature and limited primarily to rods of constant cross-section. The present paper
examines the buckling of a rod with an arbitrary distribution of flexural stiffness along its
length, caused by a tensile force.

The mathematical content of the problem consists in the construction and qualitative
study of a mathematical model of a tensile rod, which is based on a linear differential equation
that determines the configuration of the deformed rod. The difference from previous works is
the reduction of the problem to an eigenvalue problem for a second-order differential equation
with variable coefficients and specific boundary conditions.

The article establishes the existence and uniqueness of the critical force as an eigenvalue
of the problem for an arbitrary distribution of bending stiffness and its relationship to certain
changes in parameters that characterize the conditions of fixing and application of the tensile
load.

2 LITERATURE ANALYSIS AND PROBLEM STATEMENT

The development of formulations and methods for solving problems related to the study
of the stability of mechanical systems has a rich and instructive history, reflected in well-
known works [1-3]. To date, stability theory has grown into a vast and diversified field of
science, rapidly developing alongside the creation of new engineering structures, materials,
mathematical methods, and information technologies. The results of this development are
reflected in classical works [4-6], as well as in new-generation monographs [7-9], which
together represent a virtually exhaustive range of research areas. However, problems of
equilibrium stability are considered almost exclusively in relation to the compression of
structural elements. In recent decades, the possibility of buckling in thin plates under the
action of tensile forces has been established and systematically studied [10-13]. Buckling of a
tensile rod is still often regarded as a paradox of no practical significance. Some special cases
were described in [6, 14, 15]. One of them, considered in [14] and close to that is studied in
the proposed article, is shown in Fig. 1 a.

They represent rather elementary models for demonstrating the principal possibility of
buckling caused by tensile forces than fragments of any general theory. Only in [15] an
attempt was made to give a unified description of a certain set of ways for applying tensile
load. However, the possibility of their structural implementation is not systematically
discussed. Refusing to pursue any practical goals allowed to limit the considerations to rods
with constant flexural rigidity along their length. Article [16] describes an interesting case of
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buckling of a tensile rod formed from two parts connected in a special manner, allowing free
relative transverse displacements of the connected sections (Fig. 1 b).

Fig. 1. Examples of loss of stability under tensile forces: a — by [14], b — by [16]

The bending of each individual part can be described as rod buckling, which is studied in
this article. The buckling effect described in [16] is clearly demonstrated using a physically
constructed model. A corresponding video is freely available online.

The present study uses a standard criterion of static stability ([15]), based on the
existence of a non-trivial solution to the differential equation for bending of a tensile rod and
on a qualitative study of the properties of solutions of this equation under the corresponding
boundary conditions, since an arbitrary distribution of bending stiffness does not allow this
solution to be expressed in an exact form.

3 THE PURPOSE AND OBJECTIVES OF THE STUDY

The objective of this work is to study the buckling conditions of a rectilinear cantilever
rod loaded by a longitudinal tensile force constant along its length (Fig. 2).

Fig. 2. Schematic buckling form of the rod under study

In extension of the previously considered formulations [6, 14, 15, 16], an arbitrary
change in the bending stiffness along the length of the rod is allowed. In addition, it is
assumed that the way of applying the tensile load at the free end allows a certain dependence
of its direction and application point on the deflection and angle of rotation of the end cross-
section. This way is one of those considered in [15] and, in principle, can be implemented
without violating conservatism. As it turns out, this is precisely the way implemented for each
of the two rods in Fig. 1 b. The proposed generalizations are motivated by the desire to study
the conditions which may occur for tensile rod as an element of a compound structure.
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4 RESEARCH RESULTS

4.1. Mathematical model description. We consider a cantilever rod OL, rigidly fixed at
one end and having a traverse at its free end — an absolutely rigid transverse rod perpendicular
to the axis of the bending rod (Fig. 2). It is assumed that the traverse is perfectly smooth,
which implies that equilibrium of the rod loaded with force P is possible only when force P
and the traverse are perpendicular.

The following notations are used:

B= B(x) = EJ — bending stiffness of a rod, variable along its length;

{ —rod length;
P — the magnitude of the longitudinal tensile force perpendicular to the plane of the end
section L of the rod;

y= y(x) — deflection of a rod in section at a distance x from the clamped end;

Q= (p(x) — slope of the section at a distance x from the clamped end;

f, © —respectively, the deflection and the slope of the end section L of the rod;

M =M (x) — bending moment in the section x.

& — the eccentricity coefficient of the tensile force, which determines the transverse
displacement of its point of application at bending of the rod; it is accepted that —oo <& <1; at

€ =0 we will call the rod centrally loaded.

The consideration is based on the linear theory of rods, which assumes small
displacements and deformations.

The differential equation that determines the configuration Yy (x) of a deformed rod in a
linear approximation, taking into account the slope of the force P, has the form

By"=-M (x)=P6((—x)—-P(&f —y). (1)

Here and below, the prime denotes the derivative with respect to the coordinate.
Differentiating both sides with respect to x, we obtain an equation for the slope

o=0(x)=)
(Bg') =Po—Po. )

By introducing a new variable (bending moment) M =-B¢' and again differentiating
with respect to x, we get at a homogeneous equation

M"=(P/B)M . (3)

As can be seen from Fig. 2, the deflections and angles of inclination of the ends of the rod
satisfy the relations

¢(0)=0, o(£)=6, y(0)=0, y(f)=f. 4)

From (1) and (2) it follows

M(O)=—P9€+P§f, M(€)=—Pf(1—§), M'(O)=P9, M’(€)=O, (5)
S. Bekshaev
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from where, excluding f and O, we obtain the homogeneous boundary conditions
M'(¢)=0, M(O)+M’(0)€=—%M(€), ©)

complementary to the equation (3).

4.2. Main theorem. The main mathematical result of the work is expressed by the
following theorem.

Theorem (on existence and uniqueness of critical force). For any &, —o <& <1, there

is a unique value of P=P(§), which corresponds to a nonzero solution of the differential
equation (3), satisfying the boundary conditions (6). When & increases from —oo to 1 the
value P = P(&) increases monotonically from 0 to oo.

To prove the theorem, we establish a number of preliminary results.
4.3. Auxiliary results. Let us consider the solution M (x) of equation (3) for some fixed

P, satisfying only the first of the conditions (6), and accept M (L’) =const. > 0.

In the interval 0<x<¢, M(x) retains its sign. Otherwise, there would exist x,,
0<x </, suchthat M(x)=0 and M(x)>0 at x, <x<¢, from which it would follow that
there exists such x,, X <x, <(, for which M’(x,)>0, from which, in turn, it would follow
that there exists such x,, X, <X, </, for which M"(x,) <0, in contradiction with (3). Thus,
M (¢)> 0= M (x)> 0 and on the basis of (3) M"(x)>0 for everyone x, 0<x<(. This

means that the graph of the function M (x) is concave upwards (see Fig. 3).
From (3) the following relations follow

M’(x)=M'(x)—M'(ﬁ):pj'\él((;))dsz_p""\é'((:))ds<o’ @

X, > X = M’(xz)—M’(xl)sz"(s)ds: Pj%ds>0,

that allow us to conclude that the derivative M’(X) on the interval of interest to us is

negative and increases with increasing x, and that M (X) decreases with increasing x .
For an arbitrary function M (X) the identity holds

M (x)= M (E)—M’(K)(f—x)+"‘M”(s)(s—x)ds,

which can be verified by calculating the integral by parts.
From here, taking into account (3) and the initial condition (6), we arrive at the equality

M (X)=M (¢)+ PI%(s—x)ds. ®

From relation (7) we find
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¥

M'(O).f:—PI%.f-ds, ©)

which in combination with (8) gives

B(s)

The bending moment M as a function of P increases with increasing P. To verify this, let
us consider two functions M and M, corresponding respectively to the values P and P,

P,>P,at M;({)=M(£)>0. Due to the continuity of the second derivative M"(x) and to
the equation (3), there is a certain neighborhood of the right end L of the rod, where
M, (x)>M(x). If we assume that for some x the opposite inequality £, (x) <A (x) holds,
there must exist such x* that M,(x")=M(x") and M,(x)>M (x) for x"<x<( in

contradiction with equality (8). The same equality shows that the growth of M as a function of
P is unlimited.

4.4. Proof of the theorem. The right side of (10) decreases monotonically from M () to

M(O)+M'(O)€:M(€)+Pj-M(s—ﬂ)ds_ (10)

—oo as P increases from 0 to oo. Therefore, the expression M (0)+M’(0)( in the boundary
condition (6) also decreases monotonically from M (ﬂ) to —oo, becoming exactly once equal
to —(&/1-&)M () for a given &, —o<&<1. This means that for any & of the range

—o0 < § <1 there is a unique value P for which there is a non-trivial solution to equation (3)

that satisfies both boundary conditions (6). This value represents the only critical force of the
considered rod loaded with a tensile longitudinal force

The expression M (0)+M’(0)¢ graphically represents the ordinate of the point of
intersection of the tangent to the graph of the function M (x) drawn at x=0, with the

vertical x=/( (Fig.3). As P increases, this point moves downwards, monotonically and
unlimitedly. The expression —(&/1-&)M () decreases monotonically from M () to —co as

& increases from —oo to 1. A larger value & corresponds to a larger value P satisfying the
second condition (6), i.e. the critical force of the rod increases monotonically with the growth
of the coefficient & . The theorem is proven.

4.5. Corollary. Shortening a rod clamped at one end, with a corresponding transfer of
the fixation conditions to the end of the shortened rod, leads to an increase in the critical
force, regardless of the law of distribution of bending rigidity along the length of the rod.

Proof. Any value P>0 is the critical force of the rod under consideration at certain

value £=&(P) between —oo and 1. This value is uniquely determined by the point of

intersection of the tangent to the curve M (x) at the point x=0 with the vertical x=/¢
(Fig. 3).
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Fig. 3. Schematic graphs of the function M (X) , P >P

If we draw another tangent to the same curve at the point x' >0, then due to the absence
of inflection points on the curve, the corresponding point of intersection with the vertical

x=/( will be higher, and it will correspond to the value §’<§(P). This means that the

critical force P of a rod clamped at the left end x =0 is at the same time the critical force of
a shortened rod clamped in section x’, but with a smaller coefficient & . Since, as established

above, growth & leads to an increase in the critical force, it can be concluded that when
& =¢(P) the shortened rod will have a critical force P’ > P. Thus, the well-known result for

the critical forces of compressed rods is established for a rod in tension. The corollary is
proven.

4.6. On the physical realization of the loss of stability of a rod under tension This paper
does not consider questions of structural implementation of ways for applying tensile forces in
which the coefficient & will be nonzero. Such conditions may arise in structures containing,
among other, tensile rods.

In [16], the behavior of a rod composed of two elastic rods similar to the one considered
above was investigated. Each of these rods is rigidly clamped at one end and has a traverse at
the opposite free end — an absolutely rigid rod element perpendicular to the axis of the rod.
The rods are connected at their free ends using a slider — a device that equalizes the slopes of
the connected end cross sections, but allows their relative sliding without friction in a
direction perpendicular to the axes of the deformed rods at their connection (Fig. 1b, Fig. 4).

At buckling, the rods act on each other with systems of forces distributed over the contact
surface of the perfectly smooth traverses and directed perpendicular to the traverses. Both
systems have resultants applied at some point K on this surface, which, according to the
well-known law of equality of action and reaction, are equal in magnitude and opposite in
direction. The point K must be located between the end sections L and L, of the rods.
Otherwise, both rods would have the same curvature sign.

This allows us to consider each of the rods as a rod shown in Fig. 2, with the
corresponding value of & . If the point K does not lie on the axis of the undeformed rod (the
dotted line in Fig. 4), it will be displaced from this axis in the same direction as the end of one
of the rods. If this is L, then, as can be seen from the figure, & >0, &, <0.
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Fig. 4. Interaction of rods in a structure shown in Fig. 1 b

Let us denote by P, the critical force of a centrally loaded rod (for which £=0). When
€ <0 the inequality P < P, is satisfied, and when & >0 the inequality P> P, is satisfied.

It was established above that the critical force increases monotonically with increasing
&. This means that the critical force P of the composite rod satisfies the relations

B, <P <P, where B, and P, are, respectively, the critical forces of the left and right rods
at &, =¢&,=0.

4.6. Expansion of the fixing conditions. In the previous discussion, it was assumed that
the clamping of the left end O of the rod is absolutely rigid. It can be verified that all the
stated conclusions remain valid even for finite clamping rigidity. In this case, in (4), instead of

the boundary condition ¢(0) =0, the condition M (0)=—a(0), o.=const. > 0, should be
adopted. In (5) instead of M'(0)=P6 you should write M'(0)=P6—Pp(0). After
excluding f and O the second of the conditions (6) will take the form

, P
M (0)+M (O)E—EM(O):—éM(f). ©)
As we see, the left-hand side of (6"), as in (6), decreases monotonically with increasing P,
which implies the existence and uniqueness of the critical force, which increases

monotonically with increasing &. We also note that the left-hand side of (6) increases with

increasing o, which implies that, all other things being equal, the critical force increases
monotonically with increasing clamping rigidity o..

5 RESEARCH RESULTS DISCUSSION

The results presented in this article confirm and, to some extent, complement those
established in previously published studies on the possibility of buckling of rods caused by
tensile forces.

The fact of loss of stability of rod under tension for an arbitrary distribution of bending
rigidity along its length has been established.

The existence and uniqueness of a critical tensile force for a rod under certain conditions
of fixation and loading is established.

The dependence of the critical force on the conditions of fixation and longitudinal
loading of the rod was investigated. Specifically, the monotonicity of the critical force as a
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function of the parameter & characterizing the position of the longitudinal force application

point was established.
A connection is noted between the problems of buckling of an individual tensile rod and
a compound structure, previously studied independently.

6 CONCLUSIONS

The studies presented in this paper complement and expand on the still few and
unsystematized descriptions of buckling of rods under the action of tensile forces.

The obtained results can be applied in studying the behavior of mechanical systems
containing longitudinally loaded rods of variable stiffness, as well as for control the
effectiveness of numerical algorithms.

It can be expected that they will be useful in the transition to studying the stability of a
broader class of rod systems whose elements operate under longitudinal loading and can be
applied in the future when solving more complex problems of control and optimization of the
mechanical characteristics of various engineering structures.

7 ETHICAL DECLARATIONS

The proposed publication does not pursue any material interests and is intended only to
expand and deepen knowledge concerning some topical problems of mechanics, and their
sharing among specialists in relevant scientific fields.
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