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THE PROBLEM OF SHOCK WAVE DIFFRACTION BY A RIGID
HEMISPHERICAL INCLUSION
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?Odesa I. 1. Mechnikov National University

Abstract: Currently, a large number of various components, parts, and entire assemblies that
make up modern technical equipment — and even entire structures — are forced to operate either in
continuous (stationary) or non-stationary modes due to rapid changes in external forces and loads that
vary over time. Thin-walled shell-type structures constitute a very broad class of mechanical
equipment found in modern surface, underwater, and air transportation, in rocket technology, and in
construction. Under intense loads of various origins during the operation of such structures and
mechanisms — including those of an explosive nature — high stresses arise, which are highly
undesirable from the standpoint of their strength and reliability. Among the general range of problems
associated with the use of shell structures and designs, including thin-walled ones, a class of problems
should be highlighted that involves studying the interaction of undeformed shells of various
geometries with the surrounding elastic medium.

This paper presents an approach to studying steady-state (transient) wave diffraction problems at
a spherical defect, based on the application of the method of discontinuous solutions, which is founded
on the method of generalized integral transforms [1,2]. A defect is defined as a portion of a surface
such that, when crossed, wave functions, displacements, and stresses undergo first-kind
discontinuities. Another type of defect is a thin rigid shell, the mid-surface of which coincides with the
same portion of the surface. For this case, a discontinuous solution to the wave equation of linear
elasticity theory in a spherical coordinate system has been derived. The problem of diffraction of a
plane shock wave at an arbitrary angle of incidence « onto a rigid, thin-walled, stationary
hemispherical object coupled to a bottom structure has been solved. The Heaviside unit function was
chosen as the function describing such a wave. It is convenient to use in this case because the wave
process formed in the elastic medium so that the wave process formed in the elastic medium acts step-
wise (discretely) starting from the time moment t corresponding to the arrival of the wave-front
moving at a prescribed speed C.

Keywords: wave equation, elasticity theory, discontinuous solution, jump, shock-wave
diffraction, spherical coordinates, spherical defect.

3AJAUYA JUDPAKIII YIAPHOI XBUJII HA )KOPCTKOMY
HAMIBCO®EPUYHOMY BKJIIOUYEHHI

Hasapenxo O.A.}, Crexyn A.O.?, Bacuiabes O.B.2
Y00ecvia oepacasna axademis bydienuymea i apximexmypu,
2 Ooecokuii nayionanvhuti ynisepcumem imeni 1.1, Meunukoea

AHoTamisn: B nanuii yac BenvKa KUTbKICTh PI3HOMAHITHHUX BY3JIB, J€Taled Ta IJIMX arperaris,
SIKI BXOJISITh Y CKJIaJ] CyYaCHUX TEXHIYHUX OOJIaHaHb T4, HABITh, [IUINX CHOPY/ BUMYIIEH] MPaIfoBaTH
abo y moctiiiHO Aitounx (cramioHapHuX), a00 y HECTal[iOHAPHUX peXMMax BHACHTIJIOK MIBHUIKUX 3MiH
30BHIIIHIX CHJI Ta HaBaHTa)KEHb, 110 BIUIMBAIOTH Y Yaci. TOHKOCTIHHI KOHCTPYKIIi 00OJOHKOBOTO
TUIY CKIQJAIOTh AYK€ IMHUPOKHH KIIAC MeXaHIYHMX O00J]aJHaHb, MO 3YCTPIYAIOThCA Y Cy4acHOMY
Ha/IBOJHOMY, HiIBOIHOMY Ta HOBITPSAHOMY TPAHCIIOPTi, y PaKeTHIM TeXHili, a TAKOX y OyIiBHHUIITBI.
[Ipy iHTEHCHBHUX HaBaHTKEHHAX PI3HOTO MOXOKEHHS B YMOBaX €KCIUTyaTamii TAKMX KOHCTPYKLiH
Ta MEXaHI3MiB, B TOMY 4YHCJI 1 BHOYXOBOT'O THITYy, BUHHKAIOTh BEIWKI HANpPYXKCHHS, SKi 30BCIM
HeOakaHl 3 TOYKHM 30py iX MIIHOCTI Ta HAMIMHOCTI. 3 3arajJpbHOrO KOJia MpoOJeM, IO IOB’sA3aHi 3
BUKOPHUCTAHHIM OOOJIOHKOBUX CTPYKTYP 1 KOHCTPYKIIiH, B TOMY YHCHi 1 TOHKOCTIHHUX, CIIiJ BUIUIUTH
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KJIac 3ajad, 10 OB’ SI3aHUM 3 BUBUCHHAM B3aeMo/Iii HeneopMOBaHHX 00OJIOHOK Pi3HOI reoMeTpii 3
HABKOIUIIHIM MPYKHUM CEPEAOBUIIEM.

VY 3anponoHoBaHiii poO60Ti po3poOIeHO MiIXi A0 JOCTIHKEHHS cTalliloHApHUX (HECTAlliOHAPHUX)
3amad audpaxiiii XBWIb Ha chepuaHOMy nedeKTi, 3aCHOBAHUN Ha 3aCTOCYBaHHI METOJIY PO3PUBHUX
pitieHs, sikuii 6a3yeThCss HA METOJI y3arajdbHEHHX iHTerpanbHuX neperBopens [1,2]. IMix nedexrom
CIIiJ] PO3YMITH TaKy YacTHHY IOBEPXHi, MPH MEPETHHAHHI SKOi, 3a3HAIOTh PO3PHBIB MEPIIOTO POAY
XBWJIBOBI (YHKIIl, 3MilIEHHS Ta HamnpyXeHHs. [HIMM BUMagkoM AeeKTy € TOHKa KOpPCTKa
000JI0HKa, CepelMHHA TTOBEPXHS SIKOI CIBIIAA€E 3 TI€I0 K YACTHHOIO MOBEepXHi. I 1[bOTO BHITAIKY
moOyIOBaHO PO3PUBHUI PO3B’SI30K XBWIIHOBOTO PIBHSHHS JIHIHHOI Teopii MpyKHOCTI B cdepuyHiit
cucreMi kKoopauHaT. Po3p’si3aHO 3amauy nudpakuii yaapHoOi MIOCKOI XBWIII MPH TOBUTBHOMY KYTi
(hpoHTy aTaku (f Ha >KOPCTKAN TOHKOCTIHHHNA HEPYXOMH HammiBchepryHUN 00’€KT, 34ETICHUHA 3
JOHHMM YTBOPEHHSM. Y SKOCTi (YHKLIi, IO OMHCY€E TaKy XBHIIO, OyJ0 00paHO OAWHUYHY (QYHKIiIO
Xegicaifna. Ii 3pyuno BHKOpPHCTOBYBAaTH B IIbOMY BHIAAKy TOMy, 00 XBHMILOBHH MpOIeC, SKHi
(hopMyeThCs B IPY>KHOMY CEPEIOBHIII, ITPAIOBAB JUCKPETHO (CXiA9acTO) TIIBKH B TOW MOMEHT Yacy
t, ko Oyzie HaaXOMUTH YepProBuil PPOHT 3i 3a31aJIETi b 3aJaHOK MBUAKICTIO C .

KarouoBi cioBa: XBUIIbOBE pPIBHSHHS, TeOpis MPYKHOCTI, PO3PUBHUI PO3B’ 30K, CTPUOOK,
cTarioHapHa audpaxiis, cpeprudHi KOOPAUHATH, Te(EKT.
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1 INTRODUCTION

The importance and practical relevance of studying the interaction between undeformable
shells of various geometries and the surrounding elastic medium are associated with the need
to improve the resistance of structures, such as vessels, to underwater and airborne
explosions, to develop and refine methods for underwater and atmospheric acoustics, and to
ensure the seismic stability of certain aerospace and hydraulic engineering structures and their
components. Thus, the development of diverse mathematical methods for solving problems
related to the interaction of non-stationary (stationary) waves of arbitrary nature with various
objects, including shell-type structures, remains a highly relevant topic today, which
ultimately defined the scope of this paper.

2 LITERATURE REVIEW AND PROBLEM STATEMENT

Significant contributions to the development of theory and methods for solving the
dynamic problems of bodies interacting with the surrounding medium have been made by
scientists such as E. P. Babailov, V. A. Babeshko, A. I. Babichev, O. T. Buriev, M. D.
Veksler, O. M. Guz, O. D. Goldenveizer, O. M. Kovshov, V. D. Kubenko, I. T. Seleznov,
0. V. Tarlakovsky, G. Ya. Popov, and many others.

The methods developed to date for solving three-dimensional boundary-value problems
in continuum mechanics can be broadly categorized into analytical and numerical approaches.
Among the analytical methods, the following key approaches stand out: integral equation
methods (potential theory); the method of separation of variables and its various
modifications (the Fourier method and its generalizations in vector and scalar forms, as well
as reduction to infinite systems of algebraic equations); the method of functions of a complex
variable [3-7].

In addition, to solve complex boundary value problems involving the nonstationary
scattering of elastic waves on a spherical inclusion, authors such as B. Sh. Usmonov and R. T.
Mukhitdinov, representing the Tashkent Chemical-Technological Institute, employ specific
hybrid (combined) analytical methods. These methodological approaches are primarily based
on the application of Fourier integral transforms in the time domain. However, a significant
mathematical difficulty arises because the eigenfunctions of the boundary value problem
under consideration cannot be rigorously treated as ordinary vectors in a classical Hilbert
space, since they fail to satisfy the required normalization conditions due to their exponential
growth with increasing distance. Therefore, it becomes necessary to additionally employ
generalized functions together with specialized mathematical methods developed within the
framework of modern scattering theory.

Nevertheless, these methods are mainly applicable to canonical domains where boundary
surface equations can be reduced to standard canonical forms. For spherical objects with non-
standard geometry (such as a sphere with a circular aperture or a spherical segment in the
presence of neighboring objects, e.g., a cone and an additionally segmented sphere), the
principal part of the matrix operator for the plane acoustic wave diffraction problem is
formulated. Problem regularization relies on an Abel-type integral transform, which allows
reducing the system to an infinite set of Fredholm algebraic equations of the second kind with
a compact operator in a Hilbert space [8-9].

Currently, various numerical approaches — such as finite-difference and finite-element
methods — have gained widespread use in solving three-dimensional problems. The present
work is devoted to solving a spatial problem in the theory of elasticity for a hemispherical
segment bonded to a rigid base using the discontinuous solution method [1, 2].
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3 RESEARCH AIM AND OBJECTIVES

The objective of this study is to extend the discontinuous solution method [1, 2] to
dynamic problems involving the diffraction of shock waves by spherical defects. To achieve
this, the following tasks are addressed: construct a universal discontinuous solution to the
wave equation and use it to reduce the problem of shock wave diffraction [3] on a thin, rigid
hemispherical inclusion bonded to a rigid base to an integro-differential equation. Conduct an
analytical convergence analysis and examine the asymptotic expressions for the resulting
equation’s solution. Compare the obtained solution with the findings of [11, 12, 13] regarding
the reactive torsional moment of a spherical defect in an elastic medium induced by a
torsional wave [5], expressed through displacements and stress components [3, 10, 11]
dependent on wave functions [14, 15] which, according to the proposed approach, must
satisfy the discontinuous solutions of the wave equations.

4 RESEARCH RESULTS
4.1 Problem Statement

Suppose that an infinite elastic medium contains a rigid hemispherical inclusion in the
shape of a hemispherical segment of thickness h, which is rigidly bonded to a bottom surface
(base). Furthermore, assume that this inhomogeneity is rigidly bonded to the surrounding
space and remains "frozen™ (stationary) within it. Let a plane shock wave impinge on the half-
space, with the geometric parameters of the system being such that superimposition of the
waves reflected and incident from the sphere and the bottom occurs. It is required to
determine the wave superposition potential using the discontinuous solution method, which
must satisfy the boundary conditions everywhere except at the points of the defect itself.

Thus, in dimensionless variables, the problem reduces to finding a solution of the wave
equation in spherical coordinates [16]:

GRY
DT:A\P—??:O, (1)
under the initial conditions:

Y| _,=0, o =0,
ot
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and boundary conditions on the surface | =1, +1, +1,:

oY oY

ap| o T ar| e 7O

o=, Q=—7,7

where o denotes the d'Alembertian operator (Hamilton operator), A is the Laplace operator,
and r, 8, ¢ are the radial and angular spherical coordinates, with 0<@< .

It is also assumed that the wave front forms an angle « with the QY - axis, where R
denotes the radius of the spherical inclusion.
Assuming that the total wave potential can be decomposed into three components [14]:

W, — the incident-wave potential;
Y . — the reflected-wave potential;

Y, — the diffracted-wave potential,
the boundary conditions take the expanded form:

oY O
R — refl + inc
— or or

Qo=—r,7

6LPdiff
or

R, - )

Q=77

Furthermore, the case of a rigid shell yields the following relationship:

[6l{linc a\Prefl J
—me 4, -

=0. 3
o0 " op ©)

r>R,

Q=—7,7

4.2 Construction of a Discontinuous Solution in Spherical Coordinates

Expanding the wave equation (1) in spherical coordinates, we obtain (see [16]):

i&z‘l‘(r,ﬁ,(p,t)

oW (r,0,0,t)=AY(r,0,p,t)-= > =0, (4)
a ot
where:
2
A‘P:%ﬁ(rza_‘l’}r 2? i(sinea—\yj+%a—f. ®)
r<or or ) r<sind o6 060 ) r<sin“d op

In accordance with [1, 2], the jumps in the function and its normal derivative across the
surface are denoted as follows:

(¥(R.0,0.t))=¥(R-0,0,p,t)-¥(R+0,0,p,t), (6)
(¥'(R.0.0,t)) =¥ (R-0,0,0,t)-¥'(R+0,0,0.t). ©)

4.2.1 Elimination of the Variable t

We apply the Laplace transform [7] with respect to the time variable t (which plays the
role of time in this context) to each of the expressions (4) — (7):
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o0

‘Pp(r,@,(p)=J.‘~P(r,0,(p,t)-exp(—pt)dt. (8)

0

Furthermore, to solve the problem in dimensionless variables, we additionally introduce a
variable 7 =at over which the integration is performed.
Thus, we obtain the following equation in terms of the Laplace transform:

AY,(r,0,9)-p* ¥, (r.0,0)=0,
where

A (1,0.0)= 220 (1,0.0)+ 2w (r,0.0)+
p 9 9 rar p 9 9 8"2 p b b

9)

cosd ¥, (r.0,p) 1 & 1
2V (no.e)+———5¥,(r.0.0)
TYsing 00 o (r.6.0)+ r’sin’d op* " (r-6.¢)

In turn, the jumps in the transforms and their derivatives (6), (7) are written as follows:

(¥, (R.0.0)) =¥, (R-0,0,p)-¥, (R+0,0,p). (10)

(¥, (R.0.0)) =¥, (R-0,0,¢0)-¥', (R+0,0,0). (11)

4.2.2 Elimination of the Angle ¢

We employ the Fourier integral transform [7]:

T

‘Ppn(r,ﬁ)zij‘Pp(l’,@,(p)exp(—in(p)dgo. (12)

v

Applying this transform to all formulas (9) — (11), we yield the following expressions in
terms of Fourier transforms:

AV, (r,0)-p* ¥, (r,0)=0,

where
(rZ‘P' (r,é’))' (‘P' (r,@)sin@)' n
AY = i il - vy 13
p"(r’g) r? " r’sind r’sing o (1:0), (13)
<‘Ppn(R,6’)>=‘Ppn(R—0,0)—‘Ppn(R+0,¢9), (14)
<‘I"pn(R,9)>:‘P'pn(R—O,9)—‘I"pn(R+O,9). (15)

In formula (11), (13) and below, we adopt the following notation: (*) — derivative with

respect to the variable r and (*) — derivative with respect to the variable 6.
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4.2.3 Elimination of the Angle 6

To eliminate @, we use the Legendre integral transform [7]:

T

lI’pnk(r)=jsin0-‘1’pn(r,6’)~F’k‘”‘(cosé’)dﬁ, (16)
0

where Pk‘"‘ (cosé’) is the associated Legendre function, which arises when solving the Laplace

equation in spherical coordinates.
Thus, applying the Legendre transform to equations (14), (15) yields equations depending
solely on the radial variable r:

A‘Ppnk(r)— pz‘Ppnk(r):O,

where
2 d d? k(k+1
\Ppnk(r):Falypnk(r)_kwapnk(r)_%\{lpnk(r)' 17)
In turn, the expressions for the jumps are written as:
(¥ (R)) = (R-0)-¥ , (R+0), (18)
(P (R)) =", (R=0) =", (R+0). (19)

4.2.4 Application of the Hankel Transform with Respect to the Variable r

Combining equations (14), (15) into a single equation, as well as introducing a new
function (for convenience of integration):

w, (r)= 2 (D), (20)

Jr

we obtain the following equation with respect to the function @ , (r):

(r (1) - 2251k 3] - 0 (1) =0 @

r

1

r

Let us apply the integral Hankel transform [7] to equation (21), which has the following
form:

o0

D v :J'r J, (ar)®,, (r)dr, (22)

0
where J, (ar) is a cylindrical Bessel function of the first kind, o is the Hankel transform
parameter, and v =Kk + % :

Integrating each term of (20) using formula (22), we obtain functions of the form @

in terms of the Hankel transform; that is, we eliminate the variable r. At this stage of the
solution, additional attention should be paid to the integrated (non-integral) terms with respect
to the variable r on the interval from O to infinity. According to the discontinuous solution
method [1,2], upon crossing the boundary points of the surface of a spherical defect of radius
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R, (i.e., when r—R+0), the functions and their normal derivatives exhibit jump
discontinuities (discontinuities of the first kind). Consequently, jumps

(@ (R)) =@ (R-0)—D,,, (R+0),

<q)lpnk(R)>_(DI (R_O)_q)lpnk(R"'O)’

- pnk
are formed, which need to be determined using the boundary conditions.
At this stage of the solution, the unknown function @ will be expressed through the
jumps as follows:

R| (@ (R)) 3. (1) (0 (R)) 2. ()

ka — )
pnke a2+q2

pnka

d

(23)
where q=p.
4.2.5 Application of the Inverse Hankel Transform

In order to restore r in the transform @& one should use the inverse Hankel

transform [7] with respect to the variable « :

pnke

@, (r)= IaJV (ar)®,,, da. (24)

0
Applying (24) to both sides of equation (25), and taking into account that the jumps,
(@', (R)) and (@, (R)), according to the introduced definitions, are certain numerical

expressions, and additionally using the integral transform formula from [17]:

B I, (bc)K, (ac), O<b<a,
IXJV (a‘ZX)‘]vz(bX) dx = Re(C)>O, RE(V)>—1,
. X+C

I, (ac)K, (bc), O<a<b,

we obtain the following equation instead of (23):
R a R
o, (1)= RBCD‘W (R)) 7, (1,R) (@ (R)) ST (1, R)}, (25)

where 1, (bc), K, (ac) are the modified Bessel and Macdonald functions [19], respectively,

v=k+ 5, a=r, b=R, c=(Q and, in turn:

I, (Ra)K,(rq), R<r;
%, (r.R) = a-o J% (26)

I, (ra)K,(Rg), r<R,

q is the wavenumber, @ is the angular frequency, p, is the material density, and x is the

Lame constant.

To obtain the solution to the one-dimensional boundary value problem (17), it is
necessary to again use relation (20), and then the discontinuous solution is finally written in
the form:
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\ypnk(r):R[<vank(R)> R (1 R)~ (% (R)) 2R (1 R)} @7)
where Fk(r,R):%.

Equation (27) contains two unknown jumps: W', (R) and ¥, (R), the values of

which must be determined. For this purpose, we first find %Fk (r, R). Further, taking the

limit in (27) as the variable r —R+0 (the case of a rigid inclusion), and also taking into
account that, according to (18), (19):

<\PIPnk(R)>=_\P‘pnk(R+O)’ <\Ppnk(R)>=_lenk(R+O) (28)
respectively, and additionally introducing the notation ¥, (R+0)= fow, we obtain an
equation for determining the unknown jump:

2vK, (Rq)—2RgK, ., (Rq)
"“(2v+1)K, (Ra)-2RaK, , (Rq)’

¥ (R+0)=f (29)
In turn, the function

T T

foe = ”fp (r,@,go)sinaPk‘”‘ (cos@)exp(—inp)dpdo

-0
is known, and its explicit form depends exclusively on the type of the chosen incident wave.
Using the expression for F, (r,R) from (27), formulas (26) and (29), the assumptions for
the jumps (28), as well as transformations for the functions 1, (Rq)K, (rq) [19], we obtain
the expression for the solution to equation (27) in the form:

2R2 ( q) pnk

(1= TR T2v-1)K, (Rq)—2RaK_ (Ra) |

(30)

4.2.6 Application of the Inverse Legendre Transform

To restore the angle @ in the transform ‘Ppnk( ) one should use the inverse Legendre
transform [7], which is written in the form:

Z T ¥ oo ( (r)R"(cos®), (31)

k=|n|
where o _—(k—|n|)! k+l
(k) 2)

Applying series (31) to (30) and formally replacing the angle @ with 9 in the forward
Legendre transform (16), we obtain the following equation:

\Ppn(r,e)=2R\E jfpn(g)smg Q,(R+0,0,9)d3, (32)
0
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S K, (rq)
where Q_(R+0,6,9)=> o, P" (cos®)R" (cos & - .
( ) k_Zn: P ( )R ( )[(ZV_]_)KV(Rq)—ZRqu+1(Rq):|

4.2.7 Application of the Inverse Fourier Transform

To restore the angle ¢ in the transform ‘Ppn(r,e), one should use the inverse Fourier
transform [7], which is written as:

(r,0,9)= Z‘I’ (r,0)-exp(ing). (33)

Applying series (33) to equation (32), we formally replace the angle ¢ with y in the
forward Fourier transform (12). Furthermore, by even extension of the functions on the right-
hand side of (32), only the cosine term remains from the exponential, yielding the following
equation:

r9(0 \/7”f l//, sm )Q(R+0,9,9,(p,l//) dy d4, (34)
where

Q(R+0,0,9,0,y)= i iaknp‘ | cosd) p" ‘(cos&)cos(nl//)cos(ngo) A, (r,R,q)

n=—o k=|n|

and

B K, (ra)
ArR.)= [(2v-1)K, (Ra)—2RaK,,, (Ra) | (35)

To proceed with solving the problem at hand, it is necessary at this stage to clarify the
behavior of the sums and integrals involved in formulas (34) and (35).

4.3 Proof of Solution Convergence

The evaluation of definite integrals involving combinations of associated Legendre
functions as terms of nested double series depends primarily on the indices k and |n| . Based
on the orthogonality relations [19], the result of the integral evaluation branches into two
cases. If the expression (k +|n|) is an odd number, the terms of the series vanish (equal zero).
If this expression is an even number, the result can be written in explicit analytical form [19]
as a ratio of Gamma functions. Numerical test evaluations showed that as the lower index k
(which always starts from |n|) increases, the terms of the series decay faster, thus ensuring the
convergence of the series.

In addition, the behavior of the kernel A, (r, R,q) from formula (35) — represented by a
combination of Macdonald functions (modified Bessel functions of the second kind) — at
infinity and at zero for fixed and arbitrary values of the index k is of particular interest.

Thus, as the index k as the index tends to infinity while the argument of the function
remains fixed [19], we have:
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K, (2)
(2 1)K, (2)- 22K, (2)]

~

(36)
L r /2)™"
2 (v)(z/2) 1
~ =— , when k — oo,
[(v—J/Z)F(v)(z/z)‘V—22F(v+1)(z/2)‘“} 2k +1
where I'(v) is the Gamma function, and v =k + % :
Let us consider the asymptotic expansion for large values of z and a fixed index k,
having previously denoted u = 4v°
K, (2) }
[(2v-1)K, (2)-22K,,,(2)]
@37)

T u-1
/—- 7)1+ ==+
27 exp( z){ + ™ + } 1

((2‘/—1)—22) 1 exp(_z){1+/l'l_:l-+"' } 2(k—Z)
\ 2z 87

Consequently, both series (36) — (37) converge under the respective conditions, which
guarantees the convergence of the kernel containing the combinations of Macdonald functions
(33).

4.4 Construction of the Incident Wave Potential

It is known that the solutions to the three-dimensional wave equation in a Cartesian
coordinate system:

1 0°Y
is given by [3] traveling plane waves Y = Y(ct + nr), where

¢ o 0
=t —t—,
ox*  oy* ozt
Y is a smooth function representing a particular solution to equation (38), C is the speed, t is

time, fi is a unit vector in the direction of wave propagation, and nr=nXx+ny+n,z,

VZ

wheren,,n,,n, are the direction cosines of the angles between the direction of wave
propagation and the corresponding coordinate axes. It should be noted that in acoustics, it is
convenient to associate the function Y with the Heaviside step function. If an instantaneous
point perturbation (e.g., an impact) occurs in the medium at the initial time (t=0) the initial

condition is conveniently defined via the Heaviside step function, which "switches on" step-
wise upon the arrival of the wave front moving at speed C. Furthermore, the function Y can
be regarded as the pressure exerted by the plane wave on an obstacle, and its relation to the

potential ‘P(r, 6’,(/),t) can be expressed as follows:
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oY
Y=—p—, 39
P (39)
where p is the material density.
Transforming from Cartesian to spherical coordinates in the expression for the function
Y, applying the forward Laplace transform (8) to the result, and using boundary condition (2),

we obtain the following:
6LPdiff
or

ind . _
r=R, lP'p(R+O,0,¢):SIT(epr—epr)= fp R (40)

p=—7,7 r=R

where

exp, :cos((p+a)-exp[—p(R—Rsin 9008(g0+0!))]

exp, :cos((p—a)-exp[—p(R—Rsin ecos((p—a))],

and « is the frontal inclination angle of the shock wave.
Substituting f, from (40) into equation (34), after formally replacing the angles 6 with

9, and ¢ with y, we obtain the final expression for the solution to the formulated problem.
It should be noted that boundary condition (3) for the function f  is satisfied
automatically.

4.4.1 Justification for Choosing the Heaviside Step Function Model for a Shock Wave

The Heaviside step function is convenient for describing a plane shock wave because it
represents an almost ideal (albeit simplified) jump, characterized by the following: ahead of
the wavefront, the parameters of the medium are equal to zero or to a baseline background
state present in the medium, while behind the wavefront, they change instantaneously and
remain constant. The value of the Heaviside function is zero ahead of the front and unity
behind it, which precisely mimics the sharp (discontinuous) rise in pressure or density in an
ideal shock wave.

Furthermore, such a mathematical step function facilitates the formulation and
satisfaction of boundary and initial conditions for the equations of continuum mechanics,
which is a highly advantageous factor; its derivative, in turn, yields the Dirac delta function,
enabling the description of instantaneous force impulses that generate the wave itself.

As for the wavefront itself, it should be understood as a surface separating the disturbed
region of the medium from the undisturbed one, across which pressure, density, and velocity
undergo an abrupt change. The shock wave itself should be perceived as a powerful
compression front within which the medium parameters increase jump-wise.

Notably, Heaviside originally applied his function exclusively to transient processes in
electrical circuits; however, in gas dynamics and shock wave theory, this mathematical
abstraction was adopted later by theoretical physics schools worldwide (particularly in works
on the Riemann problem / decay of an arbitrary discontinuity and internal wavefronts).

4.4.2 Main Fields of Application of the Heaviside Function

Problems involving the diffraction of a step-like shock wave (described by the Heaviside
function) on a sphere are applied in aerodynamics, geophysics, and protective technologies
for calculating dynamic loads, evaluating structural integrity, and modeling blast waves.
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For instance, in the aerospace and defense sectors, this includes calculating peak loads
and pressure distribution on the nose cones of missiles, spacecraft, and military equipment
upon interaction with supersonic blast waves.

In industry, it is used for safety assessments of impact loading caused by explosions on
cylindrical or spherical tanks, gas holders, and containment structures of nuclear power plants.

In geophysics and acoustics, it involves modeling the propagation and scattering of
seismic or hydroacoustic pulses by spherical inhomogeneities in the Earth's crust and the
ocean floor.

In materials science, it serves to study transient stress states in spherical structural
elements (such as bearings or capsules) under impulsive mechanical loading.

5 DISCUSSION OF RESEARCH RESULTS

Based on the results presented in Section 4, the following conclusions regarding the
conducted study can be drawn:

1. The main objective of this work has been achieved, namely, demonstrating the
applicability of transferring the discontinuous solution method from the theory of elasticity
[11] to the classical problem of plane shock wave diffraction in an elastic space, as well as
establishing the complete theoretical foundation for future numerical investigations.

2. A discontinuous solution to the wave equation in spherical coordinates (34) satisfying
all boundary conditions has been constructed.

3. The problem of shock wave diffraction (38) in an elastic space by a hemispherical
object bonded to the seabed (or bottom) has been formulated and solved.

4. The convergence of the obtained solution was verified to enable the calculation of the
diffracted field both within the defect itself and at a distance, which will be the subject of
further (numerical and graphical) analysis to be presented in a future paper.

5. The obtained result can be assessed as a novel approach to investigating the steady-
state shock wave diffraction problem on spherical defects, based on the application of the
discontinuous solution method and the generalized integral transform.

6. By additionally applying the inverse Laplace transform to (34), restoring the time
variable t, and accounting for the initial conditions with respect to this variable, one can
proceed to a broader class of problems, namely transient (non-stationary) problems in the
theory of elasticity.

7. By varying the parameters in formula (26) for the wavenumber ¢, as well as the

values of the spherical coordinates (r,H,go), one can calculate the value of the potential

lPp(r,é?,(p) at any point in space for a wide range of materials, reproducing the complete

diffraction pattern arising in the elastic space.

8. The constructed discontinuous solutions of the wave and three-dimensional equations
of linear elasticity theory, applied to the problem of torsional wave diffraction by rigid
stationary (movable) shell-type spherical bodies [11], completely coincide (up to constant
factors) with the solution (34) obtained in the present problem. Moreover, relying on the
results of [11], a torsional wave can be used as an alternative to the shock wave under
consideration, provided all boundary conditions of the above problem are satisfied.

6 CONCLUSIONS

In accordance with the set objectives (Section 3) and the obtained results (Section 5), a
universal solution to the wave equation in spherical coordinates was derived using the
discontinuous solution method. This solution allows application to a wide spectrum of
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acoustic problems, covering both steady-state and transient problems in elasticity theory with
spherical inclusions of various physical natures.
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