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ON THE NUMBER OF INDEPENDENT COMPONENTS OF A
SKEW-SYMMETRIC TENSOR

A. Soloviov!
!0desa I.1. Mechnikov National University

Abstract: This paper investigates a relevant problem in modern differential geometry concerning
the exact estimation of the number of independent and dependent components of a twice-covariant
tensor. The study is conducted within the framework of a multidimensional pseudo-Riemannian space
of dimension four or higher, endowed with a given non-degenerate metric tensor. Primary attention is
given to the detailed analysis of the properties of a skew-symmetric tensor satisfying a specific tensor
equation that involves an affinor. This affinor is functionally independent of the tensor under
consideration, yet it satisfies a strict skew-symmetry condition with respect to the underlying metric of
the space.

To rigorously prove the key mathematical propositions, a method of linear non-degenerate
coordinate transformation at a fixed point of the manifold is applied, allowing the affinor in question
to be algebraically reduced to its Jordan canonical form. The paper provides a rigorous proof of a
lemma establishing the explicit analytical expression of certain components of the skew-symmetric
tensor in terms of its other components and the entries of the affinor, provided that the sum of the
corresponding eigenvalues of the affinor matrix is non-zero.

Furthermore, the calculations reveal a significant structural constraint: if the number of
dependent tensor components does not exceed a specific threshold value, which is linearly dependent
on the total dimension of the space, then at most two eigenvalues in the spectrum of the affinor matrix
can be non-zero.

As the main theoretical result, a theorem is proven stating that if the rank of the affinor matrix
exceeds two, the total number of dependent components of the tensor is guaranteed to be no less than
the aforementioned threshold value. Additionally, the article considers a specific geometric case where
the given affinor is constructed directly from the components of a non-zero Riemann curvature tensor
using two linearly independent vector fields.

The obtained mathematical results and established regularities may be beneficial for future
research in differential geometry, general relativity, and theoretical mechanics, particularly in the
complex modeling of multidimensional physical processes.

Keywords: pseudo-Riemannian spaces; affinor structure; Jordan canonical form; skew-
symmetric tensor; affinor-semisymmetric spaces.

PO KUIBKICTb HE3AJIE2KHUX KOMIIOHEHT
KOCOCUMETPUYHOI'O TEH30PA

CoJosiios A.!
Y00ecvruii nayionanvnuii ynieepcumem imeni 1.1 Meunuxosa

AHoTamin: Y npenctaBieHid HAYKOBIM CTATTI JOCHIKYIOThCSl aKTyalbHa MpobjemMa cydacHol
nudepeHLialbHOl TeOMeTpii, sSKa MOB'sI3aHa 3 TOYHOIO OLIHKOIO KUTBKOCTI HE3aJIeKHUX Ta 3aJIeKHHUX
KOMIIOHEHT JIBi4i KOBapiaHTHOrO TeH3opa. JloCHi/PKEHHS TPOBOAUTHCS JJISi OaraTOBUMIPHOTO
[ICEBJOPIMAHOBOTO MPOCTOPY, JI€ PO3MIPHICTP MHOTOBHJY CTAHOBHTh 4YOTHpU a0o Ouiblie, i3
3a3/aJIeri/ib 3aJaHUM HEBHUPOKEHUM METPUYHUM TEH30poM. ['0JI0BHA yBara nmpuiaijieHa JeTalbHOMY
BHUBYEHHIO BJIACTUBOCTEH KOCOCHMETPUYHOIO TEH30pa, IO 3aJ0BOJILHSE CIELiaJbHOMY TEH30PHOMY
PIBHAHHIO 3a yd4acTi adinopa. lleii adiHop € (YHKIIOHAIBHO HE3AJICKHUM BiJ CaMoro
JOCHIDKYBAaHOTO TEH30pa, MPOTE BIAMOBINAE CTPOTid yMOBI KOCOi cHUMeTpii BimHOCHO 0a3oBoi
METPHUKH JJTaHOTO MPOCTOPY.
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Jst moCmiTIOBHOTO JTOBENEHHS KIIOYOBHX MAaTEeMAaTHYHHUX TBEPIKEHBb YCIIIITHO 3aCTOCOBYETHCS
METOA JiHIHHOTO HEBUPOIKEHOTO MEPETBOPEHHS JOKANbHUX KOOPAMHAT y CHelialbHO oOpaHiit
(hikcoBaHill TOYII MHOTOBHAY, 3aBISKHA YOMY JTOCIIDKyBaHUH adiHOp anreOpaivHO MPUBOIUTHCS IO
cBoei kaHoHI4HOI popmu Kopmara. Y poOOTi CTpOro moBeneHO JeMy PO MPUHIMIIOBY MOKJIHBICTB
SIBHOTO aHAJITHYHOTO BUPAXKEHHS OJHMX KOMIOHEHT KOCOCMMETPHYHOTO TEH30pa uYepe3 iHImIi Horo
KOMIIOHEHTH Ta eJeMeHTH agiHopa 3a YMOBH, IO CyMa BiAMOBiTHUX BIACHUX YHCENT MATPHI LBOTO
adiHopa HE JOPIBHIOE HYIIIO.

Kpim Toro, B pe3ynmpTari OOYMCIIEHP BCTAaHOBIEHO BaXIIMBE CTPYKTYpHE OOMEKEHHS: SKIIO
KUTBKICTh 3aJIe)KHUX KOMIIOHEHT TEH30pa HE TEpEBHIIYE CIEHiallbHO BHU3HAUYEHOTO MOPOTOBOTO
3HAYEHHSI, K€ 3HAXOAUTHCS B MPAMIH JHIAHIN 3aJIKHOCT] B 3araibHOI PO3MIPHOCTI IPOCTOPY, TO
cepe] yChOro CIEKTPY BIIACHUX YHICEN MaTpHIli adiHopa He OiIbIe ABOX MOXYTh OyTH BiAMIHHUMH
BiJ HyJISI.

Sk ocHOBHHMH (pyHIAMEHTAILHUI TEOPETHYHHH pe3yibTaT AOBEACHO TEOpeMy Mpo Te, W0 Y
BHIIAJKy, KOJIHM paHT MaTpulli adiHopa MEepeBHIIyE 1Ba, 3arajibHa KUTBKICTh 3AJIEKHUX KOMIIOHEHT
TEH30pa TapaHTOBAaHO € HE MCHIIOI 3a BKa3aHe IOPOrOBe 3HA4YeHHS. TakoX y CTaTTi OKpeMo
PO3TIANAETEC CIEUU(IUHIA TeOMETPUYHNIA BHIIAJ0K, KOJHM 3a3HauyeHHH apiHOp KOHCTPYIOETHCS
Oe3nocepeTHFO0 3 KOMIIOHEHT HEHYIIHOBOTO TEH30pa KpUBHHU PiMaHa 3a TOTIOMOTOI0 BUKOPHCTAHHS
JIBOX JTIHIHHO HE3aJIS)KHUX BEKTOPHHUX TIOJIB.

OTpumaHi MaTeMaTHYHI Pe3yJIbTaT Ta BUBEACHI 3aKOHOMIPHOCTI MOXKYTh OYTH KOPHUCHUMHU JJIs
MOAJBIINX TEPCHEKTUBHUX JOCTDKEHb y Tamy3i MudepeHIianbHoi TeoMeTpii, 3araibHOi Teopii
BITHOCHOCTI Ta TEOPETUYHOI MEXAHIKU MPH KOMILIEKCHOMY MOJISITIOBaHHI 0araToBUMipHHX (Di3MIHUX
MPOIIECiB.

Kurouogi ciioBa: niceBiopiMaHoBi pocTopy; adiHOpHA CTPYKTYpa; kaHoHIuHA (hopma JKopaaHa;
KOCOCHMETPHYHHUH T€H30p; a)iHOp-HAMMIBCUMETPHYIHI IPOCTOPH.
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1 INTRODUCTION

Consider Cn a complex-analytic manifold [1] of dimension n. Let z* = x“ +ix“ be local
complex coordinates, where o =1,2,...,n,and @ =n+1,n+2,...,2n. The numbers x* and x*

will be considered as local coordinates of a real even-dimensional analytic manifold Moy .
If R; — the tangent space to the manifold Cy at the point z [2], Tx — the tangent space to
Mon at the point x. The linear transformation F is defined on M2, by a tensor (affinor) field

with local components FJ.‘. In general, spaces in which an affinor field satisfying certain

conditions is defined are called spaces with an affinor structure, and the affinor itself, which is
subjected to the conditions, is called a structural affinor [3]. In the given space Man, this field
(or affinor) satisfies the condition

F,Ff =-5],
(i,j,a=12,...2n),

where & - Kronecker deltas, which are defined by the following conditions

s 1 i=h
"o, izh’

The tensor field Fji — is called an almost complex structure on M2, generated by a

complex analytic structure on Ch.
More general cases are also considered in the literature. Thus, for example, a structure

F" such that F F = es!" is called an e-structure of elliptic type for e = -1, of parabolic type

for e = 0, a structure of hyperbolic type — fore = 1).
If a tensor F is given in the tangent space Tx to the manifold, then the complex extension

of this space T'decomposes into a direct sum of subspaces S° and S° - linear spans of

eigenvectors belonging to the eigenvalues i and -i, respectively. Such a decomposition of T¢
into a direct sum is sometimes used to define spaces with an almost complex structure [4].

An almost complex structure determines on the manifold fields of two-dimensional
directions called two-dimensional analytic directions or characteristic planes. A two-
dimensional analytic direction in Tx passing through a vector v is called the linear span of the
vectors v and Fv. On a characteristic plane, an almost complex structure determines an
orientation, an angular metric, and a relation of equality of vector lengths. A system of
oriented characteristic planes determines an almost complex structure.

An almost complex structure does not exist on every even-dimensional orientable

manifold of class C*. An example of such a manifold that does not admit an almost complex
structure is the four-dimensional and eight-dimensional spheres. For an almost complex
structure to exist on a manifold, it is necessary and sufficient that there exists on it an exterior
differential form of the second order ® such that A" # 0or, in other words, the rank of the
matrix of local components of the form o is equal to 2n. On the other hand, the presence of an
almost complex structure on a manifold is not yet sufficient to allow the introduction of the
structure of a complex-analytic manifold on it.

An almost Hermitian structure is defined on a manifold with an almost complex structure
by specifying a metric tensor that satisfies the condition

gaﬁFiaFjﬁ =0 - (1)
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This condition expresses the fact that the inner product of vectors remains invariant under
the transformation F. An almost Hermitian structure can be introduced on any space with an

almost complex structure. The tensor F; =g, F defines an exterior differential 2-form F of

rank 2n on the manifold as a whole. An almost Hermitian structure can be defined on a
Riemannian manifold by specifying an exterior differential 2-form of rank 2n that satisfies the
condition (1).

By imposing algebraic or differential conditions on a Hermitian structure, special types
of spaces are obtained. One of the well-known types of spaces is Kahler spaces, in which the
almost Hermitian structure is covariantly constant (or absolutely parallel) with respect to the
connection of the space Mzn, that is, F;, =0.

A direct generalization of K&hler spaces is affinor-semisymmetric spaces.
Definition. A space Vn is called affinor-semisymmetric if a semisymmetric affinor

structure F" () is defined in it, that is, the affinor F"(x) satisfies the conditions F; ,,;=0.

Here the index is lowered using the metric tensor F; =g,,F{ . The structure of such a

space will be called F-semisymmetric.
Intrinsic objects of the space Vi in which an affinor structure is defined include objects

determined from the metric tensor gij and the structural affinor F.".

2 ANALYSIS OF LITERATURE AND PROBLEM STATEMENT

The specialization of pseudo-Riemannian spaces, as a means of introducing additional
constraints, has two main sources. The first is the imposition of geometric conditions on the
object under study and the utilization of geometric features in the investigation. The second
consists of technological capabilities that arise when using developed research methods.
Taking both features into account, methods for studying tensor fields that satisfy special
relations with affinor structures have been proposed.

Among pseudo-Riemannian spaces that admit the existence of additional structures,
affinor-semisymmetric spaces are highlighted, where the affinor is constructed directly from
the Riemann tensor. Their algebraic features are studied, and based on this, the number of
independent components of intrinsic tensor objects is evaluated.

Spaces of dimension n>4 have their own peculiarities both in research methods and in
the obtained results. Technical difficulties that arise in the process of studying systems of
differential and tensor equations have a specific character, while the methods for overcoming
them by reducing the affinor to the Jordan canonical form the basis of local analysis.
Therefore, the study of dependencies between the components of twice-covariant tensors is a
relevant topic of research. The work is carried out locally, using tensor methods.

3 AIM AND OBJECTIVES OF THE STUDY

The study of algebraic and tensor relations is one of the effective methods for studying
intrinsic geometry in differential geometry. In our case, this provides an opportunity to
evaluate the number of independent and dependent components of a twice-covariant skew-
symmetric tensor in a pseudo-Riemannian space by reducing an independent affinor to a
special form — the Jordan canonical form in some coordinate system.

The aim of the work is to establish an exact criterion for the dependence of the
components of a skew-symmetric tensor on its other components and elements of the affinor,
as well as to determine the relationship between the rank of the affinor matrix and the
minimum number of dependent components for space dimension n>4. A separate task is to
apply the obtained results to affinor-semisymmetric spaces, where the affinor structure is
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directly generated by the Riemann tensor, which is important for broad classes of pseudo-
Riemannian spaces from general relativity, theoretical mechanics, as well as other branches of
differential geometry and topology.

4 RESEARCH RESULTS

Consider a pseudo-Riemannian space Vi [5] with a metric tensor gij(x) in which a twice-
covariant skew-symmetric tensor Fij (Fij = - Fji) is defined.

Let us estimate the number of independent components [6] of the tensor Fj;  satisfying
the equation: F, K{ +F K7 =0.

Here K;‘ is an affinor independent of Fjj. Additionally, we assume that it satisfies the
skew-symmetry condition [4] with respect to the metric: g,K{ +g,,K7 =0.

Consider a linear non-degenerate coordinate transformation at some fixed point
M(x") eV, : y" = Alx“, where det|A"[+0.

The tensors Fijand K, transform according to the law [6, 7]:

F'=F

/= FBBf. K" =K;B/A, here [B7]=|AT]".

Obviously, the rank of the tensor K, as well as the number of dependent components of
the tensor Fj in our equation, are invariant with respect to coordinate transformations. The
latter remains true even when ||A"| is a complex-valued non-degenerate matrix.

For further investigation, we reduce the affinor K"using a non-degenerate

transformation (the case of a complex transformation is not excluded) to the Jordan canonical
form. In our study, we restrict ourselves to a simplified notation of this matrix:

o KZ 0 ... 0
o7 K
0O 0 0 .. o

The latter can be written as follows: K/ =w,_, Kj*l =0,1, K7 =0 for b=a,a+1. In
this formula, as throughout the paper, summation is not implied over repeated indices.
Naturally, in the general case, the eigenvalues @, of the matrix Kih can be complex. The

coordinate systemy in which Kih has the Jordan form will be called canonical.
The equation of the original system with fixed indices i and j will be denoted by 6 .
Since the equation 6;; coincides up to a sign with the equation &; (due to the property Fij = -

Fii), our system is equivalent to the system of equations for indices i < j. Diagonal equations
6, hold identically.

The equations in the canonical coordinate system y have the following form:
0, (i<j<n): F; (o +wj)+ Fi+1,jKiI+l + Fi,j+lKjJ+1 =0;

Hin (I < n) : I:in (a)l + a)n) + I:i-+—1,n Kii+l = 0

Recall that the Einstein summation convention does not apply to these equations. We
prove the following lemma:
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Lemma 1.
The components of the skew-symmetric tensor Fij (where i < j) for which (@, +®;) =0
depend on the other components of the tensor Fij and the affinor K} .

Proof. Let 7 denote the set of ordered pairs of indices (i, j), wherei<j, =12, ..., n.
Let 11 and 1" denote subsets such that:

(i,j)el, o (@+w)=#0 and I =1,.

Let g denote the number of elements in I1. Below we will prove that g components Fij,
where (i, J) € I,, are explicitly expressed in terms of other components of the tensor Fi; and
the affinor K .

Step 1. From the set of pairs I1, select a pair (i1, j1) such that the indices i1 and j1 are
"maximal”, that is:

jj=max j and i = max i.
h va,j)ellj L el

By analyzing the equation &, .

(Y

one can explicitly express the component F,; in terms of
the components F; e 1™ and K. This follows from the fact that the indices in the terms

F..,and F ;. arestrictly larger; therefore, these components are either identically zero or

already belong to the set 1"

A
Step 2. Next, let us denote 1, =1, \{(i,, j,)}. Similarly, from the set of pairs I, we select a
"maximal” pair (i2, j2):
Then, by analogy with the previous step, it is easy to see that by analyzing the equation

g.;,» one can explicitly express the componentF, ; in terms of the componentF,; and the

g !
components Fij for (i, j)e1” and K. But then, based on Step 1, it follows that F,;, Is also
expressed explicitly only in terms of the components from I” and K.

We continue this process similarly. After q steps, we make sure that all components Fj;
for which (i, j) € 1, are explicitly expressed only through the components Fij for (i, j) € I "and

the affinor K.

The lemma is proved.

Based on Lemma 1, we can formulate and prove the following lemma. Let r" be a
number equal to 2n - 5 for pseudo-Riemannian spaces Vi, with n>4.

Lemma 2.
If the number of dependent components of the tensor Fij does not exceed the number r* =
2n-5, then among the numbers wi there are no more than two non-zero ones.

Proof. We carry out the proof by contradiction. Assume that there are at least three non-
zero eigenvalues wa, wb, wc . Since the indices can be renumbered, we will assume that a=1,
b=2, c=3.

Let us show that under this assumption at least 2n - 5 components of the tensor Fj
depend on other components of this tensor and the affinor Kih . Taking into account Lemmal,

for this it is sufficient to show that among the elements wi + wj (where i <) there are at least
r" non-zero ones.
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1. First, consider the case where the non-zero eigenvalues satisfy the condition:

|| # oy | # s

Then it is obvious that among the first three indices, three sums are non-zero:

a)l+a)2, a)1+a)3, a, +6()3 .

For any other index a > 3:

o if wa=0,then w1+ wa, w2+ wa, w3+ wa, are non-zero (3 pairs);

e if @ =tam,then at least w2 + wa and ws + wa, are non-zero (2 pairs);

e if ® =twm, or tm,, wesimilarly have at least 2 non-zero pairs.

Hence, based on Lemma 1, it follows that among the components of Fjj there are at least

3+2(n—3) = 2n -3 dependent ones, which contradicts the condition r” <2n-5.
2. Consider the case where the eigenvalues satisfy the condition:

o =—w, 0,**tao,

and for Va>3: @, =t@, =za,, 0. (Other values reduce to the previous case).

Among the first three indices, two sums are non-zero: o1 + w3 and w2 + 3.

For a>3:

e if a =0, we have 3 non-zero sums;

e ifwa=wm1, m1+ ®a=2m1and @3+ wa are non-zero (2 pairs);

o ifwa=-m1, @2+ ®a=-2m1and @3+ wa are non-zero (2 pairs).

Thus, the number of dependent components is not less than 2 + 2(n-3) = 2n-4 > 2n-5.
Again, a contradiction.

3 for=wmzand o, #ta,.

Here, among the first three we have @ +w, =20, #0, o +0,#0, o, +0,#0(3

pairs). Together with at least 2 pairs for each a > 3, we obtain 3 + 2(n - 3) = 2n - 3
dependent components.
4. Obviously, it remains to consider the case where:

Q== =0, =...==0, *0, @,,=...=0,=0.

The number of non-zero sums wi + ;j (i < j) in this case is equal to:

g Kk=1 1d=1 +(k+D(n=k=1).
2 2

Since by assumption k+1>3, the minimum value of S is reached, for example, at k =2,
=1 ThenS=1+0+3(n-3)=23n-8. Itis easy to verify that for n>4, 3n—8>2n-5
holds.

As a result, we have considered all possible combinations of eigenvalues and obtained a
contradiction.

Lemma 2 is proved.

Based on the previous lemmas, we prove

Theorem.
If the rank of the matrix |Kj| is greater than two, then among the components of the

tensor Fij at least r” depend on other components of the tensor Fij and the affinor K} :
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Proof. It is sufficient for us to show that if the number of dependent components of the
tensor Fijis less than or equal to 2n — 5, then the matrix of the tensor K} has no more than two
linearly independent rows.

We carry out the proof by contradiction. In the following, we assume that in the matrix
K} reduced to the Jordan form, there are at least three non-zero rows.

Taking into account Lemma 2 (no more than two non-zero diagonal elements) and the
possibility of permuting Jordan blocks, it is sufficient to consider the following cases for the
structure of the super diagonal elements K}*l =¢g;!

Case 1. w,w, #0, w,=0,fora=3,n,and K;=1.

It is obvious that the numbers ®1 + wa and w2 + wa (Va >3) are non-zero. By Lemma 1,
the components F,(a>3) and F,,(a>3) depend on other components.

The number of these dependent components is 2(n -2) = 2n - 4. Since 2n -4 > 2n - 5, we
have a contradiction.

Case2. @, #0, @, =0fora=2,n and K=K =1.

Since o+, #0 (azﬂ), by Lemma 1 the components Fia (n - 1 of them) are

expressed in terms of the others.
From the equation @, for i = 2, 3 it follows that F3, = Fan = 0.

The formula 6, fori=2,j=s(s=3n-1)yields: F,, =-F, K.

Thus, additionally Fza (a =4, 5, ..., n) depend on other components (n - 3 components in
total).
The total number of dependent components is: (n—1)+(n—-3)=2n-4>2n-5. Again, a

contradiction.
Case3. @ #0, o, =0fora=2n, K}=1K}=0,K:=1.
Similarly to the second case, Fia (n-1 of them) are expressed in terms of the others.
The equation 6,, gives a dependence for Fsa, and the equation 6, — for Fsa. After
careful counting, we see that the number of dependent components strictly exceeds 2n - 5.
Other cases. (All wa = 0, but there are chains of ones, for example K/ =K; =K, =1.

In these cases, the system 6, reduces to Fi+1,jei + Fi j+16) = 0.

Analysis of these recurrence relations leads to the fact that the number of zero and
linearly dependent diagonals of the matrix Fi; generates at least 2n — 5 dependent components.

Thus, in all possible cases we have obtained a contradiction. Consequently, the
assumption about the existence of three linearly independent rows was false. The theorem is
proved.

Let an affinor-semisymmetric structure be defined in the space, that is, a structure for
which F;; =0, holds, or, taking into account the integrability conditions of Fij,

Fa i R.;Td + Fia R.?m =0.

h

In a non-trivial case, the Riemann tensor Rj, [8] of this space is not identically zero;

therefore, there exist two vector fields 4, v' [9] such that R}, ,u“v” #0.
We introduce the notation: let

def

K= R, v, @
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Thus, we obtain K;‘ — an affinor independent of Fij, constructed from the Riemann
tensor. Obviously, it satisfies the skew-symmetry condition with respect to the metric [10]:

9.K{ +9,;K*=0,
and therefore, for these spaces the following holds:

Corollary 1.
In affinor-semisymmetric spaces, if the rank of the matrix |K;| is greater than two, then

among the components of the tensor Fij at least r* depend on other components of the tensor
Fij and the affinor K.

5 DISCUSSION OF RESEARCH RESULTS

To verify and illustrate the results obtained in Lemma 1, Lemma 2, Theorem, and
Corollary 1, let us consider a specific example of a four-dimensional (n = 4) non-flat affinor-
semisymmetric non-Kéhler pseudo-Riemannian space Va.

The metric tensor gj; of this space is given in matrix form as:

10 0 0
o1 o o
%0 0 )2 o

00 0 (X

By direct calculation, we find the Christoffel symbols [6, 10] of the second kind, which
we represent as matrices with respect to the upper index l“ikj :

00 0 O 0000

, 00 0 o| ,|o000

Iy = 1 Ty = ’

iTloo % 0 0000

00 0 - 0000

00 = 0 000 =

X X

. |0 00 . |0 00 0

Nzl %o 00 o
5000 X

0 00 0 £ 000

Using the obtained matrices, we compute the components of the Riemann curvature
tensor R‘jkI . The only non-zero components (up to skew-symmetry in the last two indices) are:

R}, =-1 Ri, =1 (3)

434

Since the Riemann tensor is not identically zero, the space is non-flat.
We specify the structural affinor F; by the matrix:
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0 1 0 O
/-1 0 0 O
Fi= . 4
110 0 0 1 )
0 0 -10
It is directly visible that F? = -I, confirming the presence of an almost complex

structure. Lowering the upper index using the metric tensor (F; =g,,F{), we obtain the
covariant affinor in matrix form:

01 0 0
10 0 0

F, =
00 0 ()
0 0 —(x? 0

Since Fij = -Fji, the structure is skew-symmetric.

To study the differential properties, we compute the covariant derivative VkF} . Due to
the constancy of the matrix (4), we have: V,F; =T, F* -T%F/ .

In particular, for the component V,F>, we obtain:

1 1
V3|:.23 :rfslz.;_rgg':.ri =;~1—0=F¢0.

Thus, the structure is non-Kahler.
Let us verify the semisymmetry condition, which via the Ricci identity is written as:

F = Fa i R.(iT(I + Fia R.(}{kl . (5)

ij.[KI]

Since the non-zero components of the curvature tensor are determined only by the indices
3 and 4 according to (3), it is sufficient to verify equality (5) for k = 3, | = 4. Consider the
possible non-zero combinations for the indices i and j:

1) Fori:3,j:3;
F43R.§34 + F34R.§,34 = —(X1)2 1+ (Xl)2 1=0,

2)Fori=4,j=4:
F34R.334 + F43R.?134 = (Xl)z : (_1) + (_(Xl)z) ) (_1) =0,

3)Fori=3,j=4:
I:44Rg34 + F33R.is4 =0-1+0- (_1) =0.

For all other sets of indices, the components of the curvature tensor or the covariant
affinor make the corresponding terms zero. Thus, the identity Fijpa; = O holds for the entire
space, proving its semisymmetry.

In the space V4 with the metric tensor gij, where the only non-zero components of the
curvature tensor are R}, =-1 and R, =1, the condition of affinor semisymmetry Fijpa = 0

is satisfied. According to formula Ommoka! McToYHMK CCHLIKH He HaiiaeH., We construct
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an affinor K!', independent of Fij, using the Riemann tensor and two orthogonal vector fields
def

lua1 Vﬁ: KT = R.:]aﬂ/uavﬂ'
We choose vector fields with non-zero components x* = 1 and v* = 1. Then the non-zero
elements of the affinor matrix HK'ij H (where the upper index indicates the row and the lower

one the column) will be: K3 =R3,,u’v =1, K =R, u’v!=-1.

The affinor matrix K/, takes the form:

0 00O
kil o o
000 -1
001 O

It is obvious that the rank of this matrix is equal to two (rank(K) = 2), and it satisfies the
skew-symmetry condition with respect to the metric g,K{ +g,,K” =0.

We find the eigenvalues i of the matrix K| from the characteristic equation

det(K - wl) =0: &*(@*+1)=0=w, =0, ®,=0, w,=i, w,=-i.

In our case, the threshold value for the number of dependent components forn =4 isr” =
2n —5 = 3. Since exactly two of the eigenvalues wi are non-zero (w3 =i and w4 = -i), this is in
complete agreement with the statement of Lemma 2 (if the number of dependent components
does not exceed r", then no more than two eigenvalues are non-zero).

According to Lemma 1, the components of the skew-symmetric tensor Fij (where i < j)

for which the sum of the corresponding eigenvalues is non-zero (@, +@; # 0) depend on the
other components.

Checking all pairs of indices (a, b) with a < b shows that for the pairs (1, 3) and (2, 3) the
sum is @, +w, =10, for the pairs (1, 4) and (2, 4) the sum is @, +®, =—i#0, whereas
for the pairs (1, 2) and (3, 4) the sums are equal to zero.

Substituting the resulting affinor K.‘j into the system of equations 6; for the skew-
symmetric tensor: F, ;K +F K7 =0.

Expanding this system for all independent pairs i < j, we obtain the relations

6::F,=0, 6,:-F;=0, 6,:F,=0, 6,:-F;=0,
while the equations &, and &,, hold identically. The status of all components of the tensor F;
is given in Table 1.

Table 1.

Dependence of the components of the skew-symmetric
tensor Fij in the space V4

Component Sum of Component status
Fij eigenvalues according
(wi + wj) t0 Ojj
Fi2 0 Independent
Fis 10 Dependent (F13 = 0)
Fi14 —1#0 Dependent (F14 = 0)
F2s 10 Dependent (F23 = 0)
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F2a —i#0 Dependent (F24 = 0)
Fs4 0 Independent

The total number of independent components of an arbitrary skew-symmetric tensor in a
four-dimensional space is equal to n(n - 1)/2 = 6. As can be seen from the analysis, exactly 4
components (Fi3, F14, F23, F24) are dependent (identically zero), and 2 components (F12, Fzs)
remain independent. Since the resulting number of dependent components (4) satisfies the
inequality 4 >r" =3, this confirms the lower bound established in Theorem and Corollary 1.

Based on the analysis of the intrinsic geometry and differential properties of the space
under consideration, the following statement is proved:

Corollary 2.
In the given four-dimensional non-flat affinor-semisymmetric non-Ké&hler pseudo-
Riemannian space V4, the structural affinor K.‘j constructed using the Riemann tensor has

rank two and exactly two non-zero imaginary eigenvalues +i. In this case, the system of
equations 6, has exactly 4 dependent components of the skew-symmetric tensor Fij, which

exceeds the threshold value r'=2n-5=3 and completely agrees with the criteria of Lemmas 1-
2 and Theorem.

6 CONCLUSIONS

In this work, we succeeded in investigating the algebraic and differential-geometric
properties of twice-covariant tensors in pseudo-Riemannian spaces of dimension n>4. For
a skew-symmetric tensor satisfying a special linear equation with an independent affinor, the
method of reducing the affinor matrix to the Jordan canonical form was applied. It is proved
that the components of the skew-symmetric tensor for which the sum of the corresponding
eigenvalues of the affinor is non-zero are explicitly expressed in terms of its other
components and the elements of this affinor.

A constraint on the affinor itself was also proved: if the number of dependent
components does not exceed the threshold value r'= 2n — 5, then among the eigenvalues of
the affinor matrix no more than two are non-zero. As a central result, a theorem is established
stating that in the case where the rank of the affinor matrix exceeds two, at least 2n - 5
components of the skew-symmetric tensor are linearly dependent. The obtained criteria were
successfully extended to the class of affinor-semisymmetric spaces, where the structural
affinor is constructed directly from the Riemann tensor using two vector fields. A specific
example of a four-dimensional non-Kahler space with the specified structure was constructed,
to which the results of the research were applied.

The obtained results may find application in further research in the field of differential
geometry [11], general relativity, theoretical mechanics, and mathematical modeling of
physical phenomena.

7 ETHICAL DECLARATIONS

The author has no relevant financial or non-financial interests to report.

References

1. Kiosak, V., Savchenko, A., & Makarenko, L. (2022). Invariant transformations that preserve
mappings. AIP Conference Proceedings, 2522, 120003. https://doi.org/10.1063/5.0100787

A. Soloviov
https://doi.org/10.31650/2618-0650-2026-8-2-117-130 128



https://doi.org/10.31650/2618-0650-2026-8-2-117-
https://doi.org/10.1063/5.0100787

Mexanika Ta MarematnuHi Meroxu / N VI11/2/2026
Mechanics and mathematical methods 4+ Crop. 117-130 / Page 117-130

2. Kiosak, V., Prishlyak, O., & Lesechko, O. (2021). On the geodesic mappings of pseudo-
Riemannian spaces with special supplementary tensor. Proceedings of the International
Geometry Center, 14(4), 13-26. https://doi.org/10.15673/tmgc.v14i4.2140.

3. Kurbatova, I., & Konovenko, N. (2025). On canonical 2F-planar mappings of the first type of
pseudo-Riemannian spaces with f-structure. Proceedings of the International Geometry
Center, 18(2), 220-232. https://doi.org/10.15673/pigc.v18i2.3160.

4. Lesechko, O., & Soloviov, A. (2025). Three-dimensional reducible pseudo-Riemannian spaces.
Mechanics and Mathematical Methods, VI1(2), 116-132.
https://doi.org/10.31650/2618-0650-2025-7-2-116-132.

5. Cocos, M. (2006). A note on symmetric connections. Journal of Geometry and Physics, 56(3),
337-343. https://doi.org/10.1016/j.geomphys.2005.02.012.

6. Kiosak, V. (2012). On the number of solutions to a system of algebraic equations. Proceedings
of the International Geometry Center, 5(2), 43-52.

7. Schouten, J. A., & Struik, D. J. (1935). Einflihrung in die neueren Methoden der
Differentialgeometrie. Groningen, Netherlands: Noordhoff.

8. Tanno, S. (1978). Some differential equations on Riemannian manifolds. Journal of the
Mathematical Society of Japan, 30(3), 509-531. https://doi.org/10.2969/jmsj/03030509.

9. Kiosak, V., Kusik, L., & lsaiev, V. (2022). Geodesic Ricci-symmetric pseudo-Riemannian
spaces. Proceedings of the International Geometry Center, 15(2), 110-120.
https://doi.org/10.15673/tmgc.v15i2.2224.

10. Kiosak, V., Lesechko, O., & Latysh, O. (2022). On geodesic mappings of symmetric pairs.
Proceedings of the International Geometry Center, 15(3-4), 230-238.
https://doi.org/10.15673/tmgc.v15i3-4.2430.

11. Soloviov, A., Shevchenko, T., & Hedulian, S. (2026). Spaces of constant almost holomorphic
curvature. Proceedings of the International Geometry Center, 19(2), Paper 11, 20 pages.
https://doi.org/10.15673/pigc.3270.

Jliteparypa

1. Kiosak V., Savchenko A., Makarenko L. Invariant transformations that preserve mappings. AIP
Conference Proceedings. 2022. VVol. 2522. 120003. https://doi.org/10.1063/5.0100787.

2. Kiosak V., Prishlyak O., Lesechko O. On the geodesic mappings of pseudo-Riemannian spaces
with special supplementary tensor. Proceedings of the International Geometry Center. 2021. Vol.
14, No. 4. P. 13-26. https://doi.org/10.15673/tmgc.v14i4.2140.

3. Kurbatova I, Konovenko N. On canonical 2F-planar mappings of the first type of pseudo-
Riemannian spaces with f-structure. Proceedings of the International Geometry Center. 2025.
Vol. 18, No. 2. P. 220-232. https://doi.org/10.15673/pigc.v18i2.3160.

4. Jleceuko O. B., ConosiioB A. A. TpuBuMmipHi 3BiHI ICeBAOPIMAaHOBI mpocTopu. MexaHika Ta
marematnani metoan. 2025. T. VI, Ne 2. C. 116-132,
https://doi.org/10.31650/2618-0650-2025-7-2-116-132.

5. Cocos M. A note on symmetric connections. Journal of Geometry and Physics. 2006. Vol. 56,
No. 3. P. 337-343. https://doi.org/j.geomphys.2005.02.012.

6. Kiocak B. A. TIpo kinbKicTs po3B’sI3KiB OHi€T cucTeMu ajredpaiunux piBHsHb. Proceedings of
the International Geometry Center. 2012. Vol. 5, No. 2. P. 43-52.

7. Schouten J. A., Struik D. J. Einflhrung in die neueren Methoden der Differentialgeometrie.
Groningen : Noordhoff, 1935.

8. Tanno S. Some differential equations on Riemannian manifolds. Journal of the Mathematical
Society of Japan. 1978. Vol. 30, No. 3. P. 509-531. https://doi.org/10.2969/jmsj/03030509.

9. Kiosak V., Kusik L., Isaiev V. Geodesic Ricci-symmetric pseudo-Riemannian spaces.
Proceedings of the International Geometry Center. 2022. Vol. 15, No. 2. P. 110-120.
https://doi.org/10.15673/tmgc.v15i2.2224.

A. Soloviov
https://doi.org/10.31650/2618-0650-2026-8-2-117-130 129



https://doi.org/10.31650/2618-0650-2026-8-2-117-
https://doi.org/10.15673/tmgc.v14i4.2140
https://doi.org/10.15673/pigc.v18i2.3160
https://doi.org/10.31650/2618-0650-2025-7-2-116-132
https://doi.org/10.1016/j.geomphys.2005.02.012
https://doi.org/10.2969/jmsj/03030509
https://doi.org/10.15673/tmgc.v15i2.2224
https://doi.org/10.15673/tmgc.v15i3-4.2430
https://doi.org/10.15673/pigc.3270
https://doi.org/10.1063/5.0100787
https://doi.org/10.15673/tmgc.v14i4.2140
https://doi.org/10.15673/pigc.v18i2.3160
https://doi.org/10.31650/2618-0650-2025-7-2-116-132
https://doi.org/j.geomphys.2005.02.012
https://doi.org/10.2969/jmsj/03030509
https://doi.org/10.15673/tmgc.v15i2.2224

VI11/2/2026
Crop. 117-130 / Page 117-130

MexaHika Ta MaremMaTH4Hi Meromu [
Mechanics and mathematical methods

10. Kiosak V., Lesechko O., Latysh O. On geodesic mappings of symmetric pairs. Proceedings of the
International Geometry Center. 2022. Vol. 15, No. 3-4. P. 230-238.
https://doi.org/10.15673/tmgc.v15i3-4.2430.

11. Soloviov A., Shevchenko T., Hedulian S. Spaces of constant almost holomorphic curvature.
Proceedings of the International Geometry Center. 2026. Vol. 19, Ne2, P. 11.
https://doi.org/10.15673/pigc.3270.

Andrii Soloviov

postgraduate student
andrey-solovyov@stud.onu.edu.ua,

ORCID: 0009-0003-7923-6912,

Odesa I. I. Mechnikov National University,

2 Vsevolod Zmienko Street, Odesa, Ukraine, 65082

Crarrs Hamiinma no pexakmii 13.07.2026
Crarts npuitasra o apyky 13.09.2026
Hara ny6mikamii crarri 30.09.2026

For references:
A. Soloviov. (2026). On the number of independent components of a skew-symmetric tensor. Mechanics and

Mathematical Methods. VIII (2). 117-130.

/s nocunams:
ConogiioB A. IIpo KUIbKICTh HE3aJIEKHUX KOMIIOHEHT KOCOCUMETPUYHOIO TeH30pa. MexaHika Ta MaTeMaTHuHI

Mmerony, 2026. T. VIII. Ne. 2. C. 117-130.

On the number of independent components a skew-symmetric tensor © 2026 by A. Soloviov is licensed under
CCBY 4.0

A. Soloviov
https://doi.org/10.31650/2618-0650-2026-8-2-117-130 130



https://doi.org/10.31650/2618-0650-2026-8-2-117-
https://doi.org/10.15673/tmgc.v15i3-4.2430
https://doi.org/10.15673/pigc.3270
https://orcid.org/0000-0003-2430-9603
https://orcid.org/0000-0003-2430-9603
https://mmm-journal.com.ua/api/pdf?file=journals%2F16%2F9.pdf
https://example.com/
https://creativecommons.org/licenses/by/4.0/

