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MATEMATHUYHE MOJAEJIIOBAHHSA ITPOLECY
TEPMOMEXAHIYHOT'O SMINHEHHS TE®@OPMIBHHUX
TBEPAUX TIJI HA OCHOBI Y3AI'AJIBHEHOI'O PIBHAHHA
PIKKATI

CsiceB A.B.!

YUlninpoecvkuii nayionanonuii ynieepcumem imeni Onecs I'onuapa

AHoTaunisi: Y craTTi 3ampoNoOHOBAaHO MaTeMaTHYHY MOJENh IPOLECYy TEPMOMEXaHITHOTO
3MIIHEHHA AeQOpPMIBHUX TBEpAHX TiJ, MOOYIOBaHy Ha OCHOBI y3arajlbHEHOTO piBHSHHA PikkaTti 3i
3MIHHUMH KOeQillieHTaMH. AKTYaJbHICTh IOCHI/DKEHHS 3yMOBIIEHa HEOOXIMHICTIO pPO3pOOICHHS
KOMITAKTHUX MAaTeMaTHYHUX MOJeNiei, 3JaTHUX aJleKBaTHO OINKMCYBaTH EBOJNIOLII0 TPOIECIB
3MIIIHEHHS MaTepiajiB 3a OJHOYACHOi Nii MEeXaHIYHMX HAaBaHTa)XEHb 1 TEMIEPaTypHHUX BIUIMBIB Ta
3a0e3neyyBaTH C(QEKTUBHE IPOBEACHHS 4YHCEIbHHMX JOCHTIKCHb., MeToo pobotu € molyaoBa
MaTeMaTH4YHOI MOJIENI MPOIECY TEPMOMEXaHIYHOTO 3MIIIHCHHS Ha OCHOBI y3araJbHEHOTO PIBHSHHS
Pikkati, mocmimkeHHS 1i SKICHUX BIIACTUBOCTEH Ta pO3POOJICHHS alTOpUTMYy YHCEITHHOTO
PO3B'A3yBaHHS.

[ToOymoBy Mojenmi 3AiHCHEHO NUISXOM JIOKAJIBHOI KBaJIpaTUYHOI alpOKCHMAIll y3arajbHEHHX
(GYHKIIM HaKOMMYeHHS 3MIITHEHHS Ta peliakcailii, Io JO03BOJIMWIO OTPUMATH HEaBTOHOMHE DiBHIHHA
PikkaTi 31 3MiHHUMH KoedillieHTaMH, SKi MaroTh Oe3rnocepenHto ¢GiznyHy iHTeprnpeTamiro. [IpoBeneno
SKICHUH aHaJIi3 MOJEJ, JOCHIHDKCHO BIUIMB 11 apaMeTpiB Ha XapakTep eBOMOMIi (YHKII CTaHy Ta
PO3pOOJIEHO aNTrOpUTM YHCENILHOTO IHTErpyBaHHS Ha OCHOBI KiacmyHoro Meroay Pynre—Kyrrtn
YETBEPTOTO MOPSIKY.

BukoHaHO YWCENbHHH EKCHEPUMEHT, SKHH MiATBEPIUB Tpale3laTHICTh 3alpOIIOHOBAHOT
MaTeMaTHYHOI MOJIeNIi Ta Y3TOJUKCHICTh pE3yNbTaTiB SIKICHOTO aHajily 3 JaHUMH YUCEIBHOTO
monenroBaHHs. [loka3zaHo, mo 3MiHa Koe(ili€HTIB y3aralbHEHOTO pIBHSHHA Pikkati m03BOJISE
OTIMCYBATH Pi3HI PEKUMH €BOJIOIIIT IPOIECY TEPMOMEXAHIYHOTO 3MIITHEHHS, 2 HAHOIIBIINI BIUIHB Ha
XapakTep PpO3B'A3Ky Mae HEIHIMHUN KOeQillieHT, SKUM BHU3HAYa€ IHTCHCHBHICTh HEIIHIHHOTO
CaMOpETYIIIOBaHHS TIPOIIECY.

HaykxoBa HOBH3Ha po0OTH TOJNISITAa€E y MOOYIOBI y3arajJbHEHOI MaTeMaTH4HOI MOJEINi Tporecy
TEPMOMEXaHIYHOTO 3MIIlHEHHs AeQOpMIBHUX TBEpAMX T, y sKid piBHAHHS Pikkari 31 3MiHHHMH
KoeQilllEHTaMd OTPUMAHO SIK HACHIZAOK JIOKaJbHOI KBaJApPaTUYHOI ampokcumaiii  (i3uvHo
o0rpyHTOBaHOTO OajlaHCy MK IpoIlecaMd HAKOIMYCHHS 3MIIHEHHS Ta penakcamii. [Ipaktuune
3HAUEHHS OJIEP’KAHUX PE3yJbTATIB MOJATae y MOXKIMBOCTI BHKOPUCTAHHS 3alpOIIOHOBAHOI MO
JUIL  aHaji3y BIUIMBY TEXHOJOTIYHMX TMapaMeTpiB Ha TPOIEC TEPMOMEXaHIYHOTO 3MillHEHH:,
NPOBEEHHS NapaMETPUYHHUX [OCTIDKeHb Ta MPOTHO3YyBaHHS eBoolii (YHKLii cTaHy mix 4ac
KOMIT'IOTEPHOTO MOJICIIIOBAHHSI.

KarouoBi cjoBa: mMaTeMaTHyHe MOJEIIOBAaHHS, TEPMOMEXaHIYHE 3MII[HCHHS, Yy3arajibHEHE
piBusHHs Pikkari, 3amaya Komri, wmerton Pynre—KyrTH, umcenbHe MoOJEIIOBaHHS, HENiHIiWHI
IuQepeHianbHi piBHAHHS, TapaMEeTPUIHUN aHAMI3.
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MATHEMATICAL MODELING OF THERMOMECHANICAL
HARDENING IN DEFORMABLE SOLIDS BASED ON A
GENERALIZED RICCATI EQUATION

A. Siasiev?
1Oles Honchar Dnipro National University

Abstract: The paper proposes a mathematical model of the thermomechanical hardening process
in deformable solids based on a generalized Riccati equation with time-dependent coefficients. The
relevance of the study is determined by the need for compact mathematical models capable of
adequately describing the evolution of hardening processes under coupled mechanical loading and
thermal effects while avoiding the complexity of large-scale multiparameter thermomechanical
models. The aim of the study is to develop a mathematical model of thermomechanical hardening
based on a generalized Riccati equation, investigate its qualitative properties, and develop an efficient
numerical solution algorithm.

The proposed model is derived using a local quadratic approximation of generalized hardening
accumulation and relaxation functions, resulting in a non-autonomous Riccati equation whose
coefficients possess a clear physical interpretation. A qualitative analysis of the model is performed to
investigate the influence of the governing parameters on the evolution of the state function and to
determine the conditions leading to stabilization of the hardening process. The initial value problem is
solved numerically using the classical fourth-order Runge—Kutta method, which provides high
computational accuracy and efficiency for parametric studies.

A series of numerical experiments confirms the applicability of the proposed mathematical model
and demonstrates good agreement between the theoretical analysis and numerical simulations. The
results show that variations in the coefficients of the generalized Riccati equation make it possible to
reproduce different evolution regimes of the thermomechanical hardening process, whereas the
nonlinear coefficient has the greatest influence on the solution behavior by controlling the intensity of
nonlinear self-regulation.

The scientific novelty of the study consists in deriving a generalized Riccati equation from a
physically justified balance between hardening accumulation and relaxation processes using a local
guadratic approximation rather than introducing it phenomenologically. The proposed model can be
used for parametric analysis, numerical simulation, and prediction of thermomechanical hardening
processes under various technological operating conditions.

Keywords: mathematical modeling, thermomechanical hardening, generalized Riccati equation,
initial value problem; Runge—Kutta method, numerical simulation, nonlinear differential equations,
parametric analysis.
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1 BCTYII

TepmomexaHiyHi  mpoLecH, IO  CYNPOBOMXKYIOTH  IJAaCTU4YHE  Je(pOpMYyBaHHS,
KpUCTAITI3AIlI0, HAIUIABIICHHS, TEPMIiYHE 3MIIIHCHHS Ta 1HINI TEXHOJOTIYHI oreparlii,
XapaKTEePU3YIOThCS CKIATHOK B3a€EMOIEI0 TEMIIEPATYpPHHX 1 MEXaHIYHUX TOJIB. 3MiHa
TEMIEpAaTypyd BIUIMBAE HA MEXaHIYHI BIIACTHUBOCTI MaTepiady, TOAI SK MPOIECcH
neGopMyBaHHs, y CBOIO Yepry, 3MIHIOIOTh TEIUIOBUH cTaH Tula. Llei B3aeMo3B's130k Gopmye
OCTaTOYHI HaNpyxXeHHs, jaedopmarii Ta CTpyKTypy Mmarepiamy. Yce 1e 0Oe3mocepeIHbo
BIUIMBAE Ha AKICTh 1 €KCILTyaTalliiiHi BJaCTUBOCTI TOTOBUX BHPOOiB [1-8].

CyuacHHii pO3BUTOK OOYHMCIIOBATBHOI MEXaHIKM 3HAYHO PO3LIMPUB MOKIMBOCTI
JIOCJIIJDKEHHS 3B'I3aHMX TEPMOMEXaHIYHHUX TporeciB. Pazom i3 TUM OUIBMIICTH BiIOMHUX
MOJIeJIe OpIEHTOBaHA Ha PO3B'SI3yBaHHS OKPEMHX MPHUKIATHUX 33/1a4 1 HEPiIKO 0a3yeThbes HA
3HAYHIM KUIBKOCTI MPUIYIICHh I10A0 (I3UYHUX BJIACTHMBOCTEH MaTepially, yMOB
HAaBaHTAXCHHS a00 xapakTepy TerooOMiHy. Uepe3 Taki OOMEKeHHsS po3poOka
YVHIBEpCaTbHUX MaTEeMaTHYHUX MOJeINeH, siKki O aJeKBaTHO OMHCYBaJM €BOJIOIII0 MPOIECIB
3MIIIHEHHS B HIMPOKOMY /iana3oHi TEXHOJIOTIYHHX PEXHMIB, 3AIMIIAETHCS aKTyaJbHOIO
HayKOBOIO 3a1aucto [4—8].

OmHUM 13 TEpPCIEeKTUBHUX HANpPSMIB PO3BUTKY TaKUX MOJETCH € BHUKOPHCTaHHS
HEeMHIMHUX TudepeHiiaTbHuX piBHSIHb. BOHHM J03BOJSIOTH MPUPOIHO BpPaxyBaTH, SK MIXK
c000I0 B3a€MOJIIIOTh KOHKYPYIOUi MPOLIECH: HAKOIMMUYEHHS Ta peJIaKkcallisi CTPYKTYPHHUX 3MiH.
OcoOnuBuil iHTEpeC CTAHOBHUTH y3arajibHEHE pIBHAHHS Pikkari, MaTeMaTH4Ha CTPYKTypa
SIKOTO 3a0e31euye JOCTATHIO THYUYKICTh ISl OTHCY IMPOKOTO KJIacy €BOJIOIHHUX MPOIIECiB,
a TaKoX CTBOPIOE NEPeAyMOBU JUIsl TNPOBEJICHHS SKICHOIO aHalizy Ta e(eKTHBHOIO
YHCEIHHOTO MOJACTIOBAHHS.

B ocranHi poku 3HauHy YyBary MNpUAUICHO PO3BUTKY MOJEEH, IO BPaxoOBYIOThH
B3a€EMOJII0 TEMIEPATypHUX 1 MeXaHIYHUX (aKTOpiB y 3ajadyax TEPMOIPYKHOCTI,
TEPMOILTACTUYHOCTI Ta YUCETBHOIO MOJICITIOBAHHS TEXHONIOT YHUX TporieciB [4—8]. Boanouac
NUTaHHS MOOYIOBM KOMIIAKTHMX HEJIHIMHUX MOJeNed, MPUAATHUX JUIs aHalli3y IpOILIECciB
TEPMOMEXaHIYHOTO 3MII[HEHHS /1e()OPMIBHUX TBEPAUX TUI 13 BUKOPHCTAHHIM y3araJbHEHOIO
piBHsSHHsA PikkaTi, BHCBITIEHO HeJAOCTaTHhO. lle cTocyeThcs Hacammepen BHUOODY
y3arajibHEHOI CTPYKTYpPH MOJENi, JOCTIKEHHS ii BJIACTUBOCTEH Ta CTBOPEHHS aJTOPUTMIB
YHCEIHHOTO PO3B'SI3yBaHHS, IPUAATHUX JJISl IPAKTUYHOTO 3aCTOCYBAHHS.

Ile nocmiKeHHsI € JIOTIYHUM IMPOJOBXKEHHSAM IONEpe/IHiX poOIT aBTOpa, MPUCBAYEHUX
MaTeMaTUYHOMY MOJEJIIOBaHHIO IPOLECIB KpHCTai3alii, popMyBaHHs AeTajeil MeTogaMu
HapOIyBaHHS MaTepialy, a TakoX MoOya0Bl HENIHIHHUX AaHATITUYHUX MoOjejel
TEeXHOJOrYHUX mpoueciB [9—12]. Ha BiamiHy BiA 3a3Hau€HUX JOCIIIKEHb, Yy LI poOOTI
OCHOBHY yBary 30C€pe/PKEHO Ha IMoOyJoBi1 y3arajlbHEHOro piBHSHHA PikkaTi s ommcy
MPOLECIB TEPMOMEXAHIYHOIO 3MILIHEHHS, JOCIIPKEHHI HOro SKICHMX BJIACTUBOCTEH Ta
nepeBipii Mpane3gaTHOCTI  3alpolOHOBAHOIO MIAXOAY 32 JIONMOMOIOI  YHCEIBHOTO
EKCTICPUMEHTY.

3anponoHoBaHUN MiJXiJ MOeAHYE (i3UYHO OOIPYHTOBAHY MOCTAHOBKY 3ajadyi, MOOYA0BY
y3arajJbHEHOI MaTeMaTHM4HOI Mojeni, ii SKICHUH aHami3 1 YHuCelbHy peanizamito. Taka
MOCJIIOBHICTh J]a€ 3MOTY HE JIMIIE OMMCATH XapaKTep €BOJIOLIi Mmpolecy 3MII[HeHHs, a U
OI[IHUTH BIUIMB BU3HAYAIBHUX MapaMeTPiB MOJEII Ha Mepeodir JOCIiIKYBaHOTO MPOIIECy, 110
€ B@XJIMBUM SK JUId MOJAIBLIOIO PO3BUTKY MAaTEeMAaTHYHHUX MOAeNeH, Tak 1 aad ix
MPAKTUYHOTO BUKOPHUCTAHHSA IiJl dYac JOCHIPKEHHS CY4YacHHX TEXHOJIOTIH 00poOku
marepiais.
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2 AHAJII3 JITEPATYPHUX J’)KEPEJI TA IOCTAHOBKA ITPOBJIEMHA

JlociKeHHS TTPOLIECiB TePMOMEXaHIYHOTO JehOpMyBaHHS Ta 3MIITHEHHS AehOpPMIBHUX
TBEPIUX TUT IPYHTYIOTHCSI Ha KJIACHYHHUX MOJOXEHHSAX TEPMOMEXaHIKU, C(POpMyTbOBAHUX Y
byngamentanbaux npansgx [1-3]. Po3pobieHi B HUX Mojeni 3akjiaad TEOPETHYHY OCHOBY
OIKCY B3a€MOJIii TEMIEpATYpHUX 1 MEXaHIYHUX IOJIIB Ta BU3HAYWIM HANPSIMU IMOJAIBLIOTO
PO3BUTKY y3araJlbHEeHUX Teopii TepMonpykHOCTi. [lonpu 3Ha4yHMII YacoBUN MPOMIKOK BiJl
MOMEHTY iX TIOSIBM, IIi POOOTH ¥ CBOTOJHI 3AJUIIAIOTHCA 0a30BUMHU Uil TOOYIOBU
MaTeMaTHYHUX MOJeliel 3B'I3aHIMX TEPMOMEXaHIYHUX MPOIIECIB.

[Moganemmii po3BUTOK TEOPii MOB'A3aHUH 13 MOOYI0BOIO MOAM(DIKOBAHUX MOJAETCH, fKi
JIO3BOJIIIOTh BPAaXOBYBATHU CKIHYEHHY IIBHJAKICTh MOLIMPEHHS TEIUIOBUX 30ypeHb, 4acoBi
3aTPUMKH TEIUIONEPEHOCY, HEJIOKadbHI edekTd Ta iHm (i3udHi OCOOIMBOCTI MOBETIHKU
MaTepiaiiB. Y3araJllbHeHHs KJIACHYHHMX MOJEJEH CTajau MpeaMETOM YHCIEHHUX Cy4YacHHX
JOCIIJIKeHb, Y KX 0COOJIMBA yBara MpHUIUISETHCS MAaTEMAaTHYHIA KOPEKTHOCTI MOJENEH, 1X
¢bi13uuHil iHTEepIpeTalii Ta MOKIUBOCTSIM MPAKTUYHOTO 3aCTOCyBaHHS [4—6]. Bukopucranus
TaKMX MOJICJICH ICTOTHO PO3MIMPHIIO MOKIUBOCTI TOCIIKCHHSI MIPOIICCIB, IS SKUX KJIACHYHI
CHIBBIIHOIIICHHS BUSBISIOTHCA HEAOCTATHHO TOUHUMHU.

[TapanenpbHO aKTUBHO PO3BUBAIOTHCS METOAW YHCEIBHOTO MOJIEIIOBAHHS CKIIAJHUX
TepMoMexaHiuHuX mporeciB. CydacHi OOUMCIIOBaIbHI MiAXOAU JTO3BOJIAIOTH aHalli3yBaTU
HampyXeHo-1e(GopMOBaHMA CTaH TUT  CKJIQJHOI T'eOMEeTpii, JOCTIIKYBaTH  BILIUB
HEOJIHOPITHOCTI MaTepialiB, JIOKaIbHUX AE(PEKTIB Ta KOHTAKTHOI B3a€MOIIi Ha pe3ylbTaTU
po3paxyHKiB [7, 8, 14—17]. 3acTocyBaHHS BUCOKOIPOAYKTUBHHUX YUCEIBHUX METOJIIB 3HAYHO
PO3IMIMPUIIO MOXKIIMBOCTI 1HKEHEPHOTO aHaii3y, OJHAK y OLIbIIOCTI BHUIAIKIB MaTeMaTH4HI
MOJIeNI 3AJIMIIAIOTHCS JJOCTATHBO TPOMI3JIKMMH, MICTATh 3HAYHY KUIBKICTH HapaMmeTpiB i
OpIEHTOBAHI Ha BY3bKi KJIACH MTPAKTUYHUX 33/1a4.

Oxpemuii HampsiM JTOCIi/DKEHh CTAHOBUTH MaTeMaTHYHE MOJICNTIOBAHHS TEXHOJIOTIYHUX
MPOIIECIB, Y SIKUX TEPMIYHI Ta MEXaHIYHI SIBUILA TICHO B3a€MOJIIOTh MK co0oro. Jlo Takux
MpOLIECIB  HaJeXaTh KpUCTadi3allis MarepiaiiB, (QOpMyBaHHS BHpPOOIB  MeTOJaMHU
HapOILlyBaHHS, JIOKAaJbHE TEPMiUuHE 3MILHEHHS Ta iHIII cydacHi TexHojorii. Y poboTax
aBTOpiB [9—-12] po3poOieHO MaTeMaTH4HI MOJEell OKPEMHUX TEXHOJIOTIYHUX IPOIIECIB,
JIOCIIIJIPKEHO B3a€MHHM BIUIMB TEMIIEpAaTypHHUX 1 MEXaHIYHUX T0JIiB, 3aIPOIIOHOBAHO MMiIXO0AU
0 TOOYZOBU HENIHIMHUX aHATITHYHUX MOJIEJIEH Ta aJrOpUTMIB iX YHCENbHOI peaizarlii.
OTtpumani pe3yibTaTH MiATBEPIWIN AOLUIBHICTH BUKOPUCTAHHS Yy3arajlbHEHUX HENIHIHHUX
CHIBBIJIHOILIEHb JJIsl OIMCY €BOJIOLII MPOIECiB, OJHAK KOXHA 13 3allpOIIOHOBAHUX MOjENei
OyJia opieHTOBaHa Ha KOHKPETHUH KJ1ac 3a/1a4.

AHani3 cyyacHUX MyOiikaliid Mmokasye, 10 MepeBakHa OUIBLIICTh ICHYIOUUX MoOAenei
OynyeTbcss ab0 Ha OCHOBI JETaJbHUX CHCTEM DIBHSHb TEPMOMEXAHIKHM, SIKI MOTpPeOyroTh
3HAYHHUX OOYHCIIIOBATIBLHUX PECYPCiB, a00 Ha CIIPOIICHUX EMITIPUYHUX 3aJIEKHOCTSIX, 00JI1acTh
3aCTOCYBaHHA SIKUX € oOmexeHoro [4-8, 13-17]. YHacmigok 1Oro BUHHUKAE MOTpeda y
noOy/noBI MaTeMaTH4HOI Mojenl, siKa, 3 OAHOro Ooky, 30epiraza © @i3uyHUIl 3MicT
JOCTIKYBAaHUX TPOIECIB, a 3 IHIIOr0 — Oyna O JOCTaTHbO KOMITAKTHOK ISl MTPOBECHHS
SKICHOTO aHali3y, YHCEeIbHOTO MOJICIIOBAHHSA Ta JOCTIDKCHHS BIUIMBY OCHOBHHUX
napameTpis.

EdextuBHUM 3aco00M 171 MOJOJIaHHS BKa3aHWX TPYIHOIIB € MaTeMaTHUYHUN
IHCTpyMeHTapiil y3aranbHeHOro piBHAHHS PikkaTi, MOKJIaJeHUH B OCHOBY OIHCY
CBOMIOIIIHAX TepMOMEXaHIUHHX mporeciB. Moro HemiHiliHicTh 3aGe3medye ajeKkBaTHE
BIJITBOPEHHS B3a€MOIIOB'SI3aHUX SIBUI HAKOMUYEHHS Ta peJakcallii HampyKeHb, TapaHTye
YHIBEpCaJIbHICTh PO3PaxXyHKIB 1 BIIKPUBAE MOMXJIMBOCTI JJISI 3aCTOCYBAHHSI HOBITHIX METO/IIB
YHCENILHOTO aHali3Y.

Takum 4WHOM, aHANI3 JITEPATYPHUX JDKEPEN CBIIUWTH, 110, HE3BAXKAIOYM HA 3HAYHUN
PO3BUTOK TEOpii TEPMOMEXAHIKM Ta YUCEIHHOTO MOJEIIOBAHHS 3B'S3aHUX IPOIIECIB, 3a7a4a
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MoOyZI0BU y3araJbHEHOT MaTEMaTHYHOI MOJIENII TEPMOMEXAHIYHOTO 3MIITHEHHS JAehOPMIBHUX
TBEpIUX TUI, OCHOBaHOI Ha piBHSAHHI PikkaTi 31 3MiHHUMHU Koe(illi€eHTaMH, 3aJHIIAETHCS
akTyanbHOI0. Came PO3B'SI3aHHIO ITI€T MPOOJIEMU MPUCBIIUEHO TIOJJAaHE JOCIIHKSHHSI.

3 LIJIb TA 3AJAYI JOCTIKEHHS

Metoto po0OoTH € po3poOJCHHS MaTeMaTHYHOI MOJEINi MPOLEeCy TEPMOMEXaHIYHOTO
3MiITHEHHsT JehOPMIBHUX TBEPAWX TUI HA OCHOBI Yy3araJlbHEHOro piBHSHHSA Pikkari 3i
3MIHHUMH KoeQillieHTaMH, JOCHIJUKeHHS 1i SKICHUX BJIACTUBOCTEH Ta pO3pOOICHHA
ITOPUTMY YHCEIBHOTO PO3B'I3yBaHHS AJI aHAI3y €BOJIOLII MPOLECy 3a PI3HUX PEXHUMIB
HABaHTA)KCHHSI.

JI1st mOCSATHEHHS MTOCTaBJICHOT METH HEOOX1JHO PO3B'A3aTH TaKi 3a/1ad4i:

e cdopmymoBati (Pi3MUHY MOCTAHOBKY 3ajadi Ta BHU3HAYUTH OCHOBHI (DaKTOpH, IO

XapaKTePU3YIOTh MPOIEC TEPMOMEXAHITHOTO 3MIITHEHHST;
e o0yAyBaTH MaTeMAaTUYHy MOJEb JOCIHIDKYBAHOTO MPOIECY 3 YypaxyBaHHAM
B3a€MO/IiT TEMITEPATypPHHUX 1 MEXaHIYHHX TIOJIB;

e OTpUMAaTH y3arajbHeHe piBHSAHHS Pikkati 31 3MiHHUMHU Koe(illieHTaMu, SIKE€ OIMUCYE

€BOJIIOLIII0 MPOIIECY 3MILHEHHS;

® TPOBECTHM SKICHUI aHai3 3alpolOHOBAaHOI MOJETI Ta BCTAHOBUTH BIUIMB i

napaMeTpiB Ha XapakTep PO3B'A3KiB;

® PO3POOHUTH AJITOPUTM YHCEIHLHOTO PO3B'S3yBaHHs MOOYI0OBaHOI 3a/1a4i Ta TOCIIIUTH

HOro 004YMCIIOBaIbHI BIACTHBOCTI;
® BHKOHATU CEPII0 YHCEIHHUX SKCIICPUMEHTIB, MPOAHAI3yBaTH OTPUMAaHI pPe3yabTaTH
Ta OL[IHUTH MOKJIMBOCTI MIPAKTUYHOTO 3aCTOCYBAHHS 3aIIPOIIOHOBAHOT MOJIEITI.

4 PE3YJbTATHU JOCIIIXEHb

di3znyHAa MOCTAHOBKA 3a1a4i
IIporiec TepMOMEXaHIYHOTO 3MILHEHHS Je(QOPMIBHUX TBEpAUX TUI € pe3yabTaToOM
OJIHOYACHOI i TeMmepaTypHUX 1 MeXaHIYHUX (aKTOpiB, IO B3aEMHO BIUIMBAIOTH OJUH HA
OJIHOTO TMPOTATOM YChOIO TEXHOJIOTIYHOro uukiay. Ilig dYac JoKaabHOro HarpiBaHHS,
OXOJIOJPKEHHSI a00 IUIacTUYHOro JedopMyBaHHS B Marepiajli BiIOYBAalOThCS CTPYKTYPHI
3MIHH, SIKI CYNPOBOKYIOTbCS HAKONWYEHHSM BHYTPIIIHIX HaIlPYKEHb, IMEPEepPO3NOAIIOM
eHeprii Ta 3MIHOIO (I3MKO-MEXaHIYHUX BiacTUBOCTEH. [IpM LbOMY IHTEHCHBHICTH LHX
IPOIIECIB 3aJICKUTh HE JIUILE BiJl TEMIEPAaTypH YU PIBHS HABAaHTAXKEHHsS OKpPEeMo, a M Big ix
CHUIBHOI A1l MPOTSTOM YChOTO TEXHOJOTIYHOTO LIUKITY.
Posrnspatumemo onHoOpifHe JegopMiBHE TBEpHAE TLIO, A SKOTO MPOLEC 3MIIHEHHS
OMHCYETHCS Y3araJlbHEHOI0 XapaKTepUCTUKOI cTaHy. Takuil miaxiJ He IMOB'A3y€e MOJENb 3
KOHKPETHOIO TEXHOJIOTIE€I0 Ta JI03BOJIsIE BUKOPUCTOBYBATH 1i JJIs aHaNi3y IIMPOKOTO Kiacy
MIPOLIECIB, cepell SIKUX JIOKAIbHE TEpMIUHE 3MILHEHHS, TOBEpXHEBa 00poOKa, KpucTamisallis,
anuTuBHE (OpMYyBaHHS BHMPOOIB Ta IHIII TEXHOJOTIl, y SKMX BU3HAYaJbHY POJb BiAirpae
B3a€MO/I1sl TEMIIEPATYPHOIO 1 MEXaHIYHOTO TOJIB.
Jlnst moOy0BM MaTeMaTUYHOI MOJIENi IPUHMAIOThCs TaKi MPUITYIIEHHS:
e MaTepiall PO3TIIAIAETHCA K CYIUIbHE TehOpMiBHE CepeOBHIIIE;
e TeMIlepaTypHE Ta MEXaHIYHE MOJIsI 3MIHIOIOTHCS HENEPEPBHO B Yaci;
e 30BHIIIHE HABAHTAXKEHHS 1 TEMIEPATYpHUH PEXUM MOXKYTh OYyTH TOBUIBHUMHU
GyHKIISIMU Yacy;

e Mpollec 3MIIHEHHSI CYIPOBOKYETHCS OJHOYACHOK TI€I0 MEXaHI3MiB HAKOMUYCHHS
CTPYKTYPHHUX 3MiH Ta X penakcarii;

e JIOKaJIbHI (PI3UYHI TIPOLIECH MOXYTh OYTH ONMHCaHI IHTErPATBLHOIO XapPaKTEPUCTHKOIO
CTaHy MaTepiaiy.
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OcTaHHe npuUNymieHHS € TPUHLUIIOBUM Ui TMOAANBIIOI MOOYAOBU MOJelNi. 3aMicTb
omnucy OKpeMHuX (I3MUHUX BEIUYUH DPO3MIISIATUMEMO Yy3arajibHeHY (QYHKIIIO y(t), sKa

XapaKTepu3ye MOTOYHUI PIBEHb TEPMOMEXaHIYHOTO 3MIIIHEHHS Marepiany. Benmumna y(t)

HE OTOTOXKHIOETHCS 3 KOHKPETHOK EKCIEPHMEHTaIhbHO BHMIPIOBAHOIO XapaKTEPUCTHUKOIO.
BoHa € iHTerpaJibHUM MapaMeTpoM, IO BimoOpakae CYKYIMHUWI BIUIMB TEMIICpaTypHUX,
CHJIOBHX Ta CTPYKTYPHHUX (DaKTOpiB Ha CTaH MaTepiaiy.

Ha BigmiHy Bix TpaguliiHMX MOJEleH, y SKUX OCHOBHA YyBara HpPHAUIIETHCS
0e3mocepeIHOMY OMHCY TeMIIepaTypHUX a00 MEXaHIYHUX IIONIB, 3alPOTIOHOBAHUHN IMiAXiJ
0a3yeThCs HA JOCTIKEHHI eBOoINii GpyHKIi cTany y(t). Lle no3BoJIsIE€ IEPEUTH Bij aHATI3Y

OKpeMux (I3WYHHX MPOIECIB 1O MOOYIOBU y3araJlbHEHO! MOJEINi, MPUAATHOI IS Pi3HUX
TEXHOJIOTTYHHUX PEKHUMIB.
3 ¢izuynoi TOukM 30py 3MiHa GYHKIT y(t) BH3HAYAEThCS B3AEMOJIIEI0 JIBOX

MPOTUJICKHO CIPSIMOBAaHUX MpotieciB. [lepmuii moB'si3aHuil 13 HAKOMMUYEHHSIM CTPYKTYPHUX
3MiH, IIO TPUBOJATH JO MiJBHUINCHHS PiBHSA 3MIIHEHHs MaTepiamy. [pyruil xapaxrepusye
MPOLIECH peaKcallii, ki 3MEHIIYIOTh JAOCATHYTUN pIBEHb 3MILIHEHHS BHACIIJOK TEIIOBOTO
BIUTUBY, CTPYKTYPHOI IIepe0yI0BH a00 3MIHHU PEKUMY HaBAaHTAKCHHS.

Came B3aemofisi Ta MPOTUOOPCTBO IMX MPOIECIB BU3HAYAE XapaKTEp €BOJIOIII CTaHy
Matepiany. Tomy moOygoBa MaTeMaTWYHOI MOJENI TIOBHHHA TIPYHTYBaTHCS HE Ha
eMIipUYHOMY BHOOpPI KOHKpeTHOro audepeHiiaIbHoro piBHSAHHSA, a Ha (opmanizamii
¢bi3u9HOTO OaNaHCy MIX IIBHIKOCTSIMHU HAKONMWYCHHS 3MIIIHCHHS Ta HOro penakcaiii. Takuit
X1 103BOJISIE OTPUMATH MaTeMAaTUYHYy MOJIENb K HACHIIOK (i3UYHOI MOCTAaHOBKH 3a/1aui,
a HE K MOYaTKOBE MPUITYIIICHHS.

MaTemaTH4YHa IOCTAHOBKA 3a/1a4i

Jlnsg omucy TEXHOJOTIYHOTO TMPOIECY BBEIEMO BEKTOP KEepyBaJbHUX IapaMeTpiB

u (t) = (T (t) , G(t) , g(t) .q (t) . .), T (t) — TemImeparypa, O'(t) — eKBIBAJICHTHE MEXaHIYHE
Halpy>XeHHs, & (t) — MIBUAKICTH TUIACTUYHOTO JaedopMyBaHHsS, ( (t) — 1HTEHCUBHICTH

30BHIITHBOTO TETJIOBOTO BIUIMBY, a 1HIII KOMIIOHEHTH MOXKYTh XapaKTepu3yBaTH 0COOIMBOCTI
KOHKPETHOT'O TEXHOJIOTTYHOTO TIPOIIECY.

BinmoBigHo 10 ¢i3MyHOI TOCTAaHOBKM 3a/adi MIBUAKICTH 3MiHM (YHKIII CTaHy
BHU3HAUYAETHCS PI3ZHULEI0 MDK IIBUJAKICTIO HAaKONMWYEHHSI 3MILHEHHS Ta HIBUAKICTIO HOro
penakcaiii. ToMy eBOIIOLIIIO MPOIIECY AOIIBHO OMKUCATH OaTaHCHHUM CITiBBIIHOIICHHSIM

%: (y.u(t),t)=R(y,u(t).t), (1)

ne pyHkuis P(y, u(t),t) XapaKTepU3ye IHTEHCUBHICTh MPOIIECIB HAKOMUYEHHS 3MIIIHEHHS, a

¢ysKIis R ( y,u (t) , t) — IHTEHCUBHICTh peJlaKCaI[iiHUX MPOIIECIB.

Jlis KOMIakTHOCTI MOAANBIIMX 3alKCiB BBEIEMO Yy3arajibHEHY (YHKIIIO IMIBHUAKOCTI
€BOJTIOLIT

G(y.u(t),t)=P(y,u(t).t)=R(y,u(t).t). (2)

Tomni piBHsHHS (1) MOXXHA 3amucaTH y ORI KOMIIAKTHOMY BUTJISII

d
d—i/:G(y,u(t),t). ©)

CuiBBigHOmeHHs (3) BU3HAYA€E 3arajibHy CTPYKTYPY MaT€MaTHYHOI MOJIEN, OJTHAK III¢ HE
3amae kKoHKpeTHoro Buriany ¢yHkuii G . [lomanpiia moOynoBa monsirae y BCTaHOBJICHHI ii
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(YHKIIOHATBFHOT ~ 3QJIEKHOCTI HAa  OCHOBI  (DI3WYHUX  3aKOHOMIPDHOCTEH  MpOIECy
TepMOMEXaHiyHOro 3MinHeHHs. Came Lel eranm MpPUBOAMTH A0 OTPHUMAHHS y3araJbHEHOTO
piBHsIHHS Pikkarti, iK€ € MaTeMaTUYHUM SIIPOM 3aIIPOIIOHOBAHOT MOJIEIII.

OTxe, MareMaTHYHa TIOCTAaHOBKA 3ajJadi mojsrae y moOymoBi Takoi ¢yHKmii

G(y, u(t),t), sKa aJeKBaTHO Oomucye (Hi3MuHi 3aKOHOMIPHOCTI MPOLIECY TEPMOMEXAHIYHOTO

3MiI[HEHHs, 3a0e3meuye KOPEKTHICTh MaTeMaTHYHOI MOJIENl Ta JO3BOJISE JTOCIHIIUTH BIUIUB
KepYBAIbHUX TIapaMeTpiB Ha €BOJIONII0 CTaHy warepiany. HacTymaum KpokoMm €
KOHKpeTH3allisa 1miei (GyHKIii Ta BUBEACHHS y3araJlbHEHOTO piBHSAHHS Pikkari 31 3MIHHUMH
KoeilieHTamMH.

IToGynoBa y3arajibHeHOro piBHsiHHS Pikkari

BinmoBigHo 1o cmiBBigHOMmIEHHS (2), monanbina MoOyaoBa MaTeMaTHYHOI MO
3BOJAMTHCS J0 BH3HAYCHHS AHATNITUYHOI CTPYKTYpU Yy3arajdbHEHO! (QYHKIII MIBUIAKOCTI

€BOJIIOI1 G(y,u(t),t). Ockinbku ¢yHKIis G GOpMyeThCs K PI3HUIS MK IIBHIKOCTSIMHU

HAaKOIMMYCHHs 3MIIHCHHS Ta penakcanii, il MaTeMaTHYHHA ONWC TOBUHEH BigoOpakaTh
¢iznuny npupomy 000X mpomeciB 1 BogHoWac OyTH MNPHAATHUM ISl TOJAJIBIIOTO
aHAJITUYHOTO Ta YACEIHHOr0 JOCIIIKEHHS.

Y 3aragpHOMy BHManaKy (yHKii P(y,u(t),t) i R(y,u(t),t), 0 BXOIATH [0

cHiBBifHONIEHHS (2), € HeNiHIMHUMU (YHKIISIMU CTaHy MaTepiany. IX TOYHMI aHATiTHYHUIA
BUIJISLJ] BU3HAYAETHCS (PI3MKO-MEXaHIYHUMH BIIACTUBOCTSIMH CEPEIOBHINA, TEMIIEPATYPHUM
PEKHUMOM, iICTOPIEI0 HABAHTAXCHHSI Ta 1HIIMMU YHHHUKAMH TEXHOJIOTTYHOTO mporecy. Tomy
3aMIiCTh BBEJIEHHS EMITIPHYHOTO 3aKOHY BHUKOPHCTAaEMO JIOKAIBHY AalpOKCUMAIII0 ITHX
GyHKLIN y AEIKOMY OKOJIi poO0UYOoro CTaHy.

Hexaii Y.Bignosigae BuOpanomy pobodomy craHy Matepiany. [t moganpImoro aamizy

BBEIEMO BIIXWICHHS
2(t)=y(t)-y- @)

BuxopucTtoByroun crniBBiIHOIIEHHS (4), po3kiafeMo (PYHKIIi HAaKOIMMYEHHS 3MIIHEHHS
Ta penakcauii B psx Teitnopa 3a crenensamu z. [lpumyctumo, mo o6uaBi QyHKIIT 1Bl
HerepepBHO MU(epeHIiioBHI 3a 3MIHHOIO cTaHy. OCKUTBKHA METOIO € TTOOYI0Ba HAMTIPOCTIIIOT
HENHIAHOI Mopeni, 37aTHOi BiZOOPAa3UTH OCHOBHI 3aKOHOMIPHOCTI B3aeMOii MpoIeciB
HAKOTMYCHHSI 3MIIIHEHHS Ta penakcailii, 00OMEXHMOCS YiIeHaMH IPYroro MOpsaky. Takuid
BUOIp € KOMIIPOMICOM MDK (DI3MUHOIO aJIeKBAaTHICTIO OMMCY IPOLECY Ta MaTeMaTUYHOIO
MPOCTOTOIO0 MOJIENTi, @ BUKOPUCTAHHS allPOKCHMAIlIH BHIIUX MOPSIKIB Y MEXax IOCTaBICHOI
3aJa4i MPU3BOAMIO O 10 ICTOTHOTO YCKJIaJHEHHS MaTeMaTHYHOIO OMUCY 0€3 MPUHIUIIOBOTO
PO3IIUPEHHS HOT0 aHATITUYHUX MOKIIUBOCTEH.

Toxi pyHKIis HAKOTUYEHHS 3MIIIHEHHS Ma€ BUTJIIS

P(y,u(t),t):Po(t)+Pl(t)z+P2(t)zz+O(z3), (5)
ne
oP 1 0°P
R(t)=Ply.u(t),t), R(t)=—I.,., R{t)=-—%1.,. -
(O=P(-u(0). RO=T 1, RO=357
AHanoriuHo s QyHKIT penakcarii OTpuMyeMO
R(y,u(t),t)=Ry(t)+R,(t)z+R,(t)2*+0O(2°), (6)
ne
Csces A.B.
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R 10°R
t)=R(V.,u(t),t), t)=—HI.,., R(t)=7-—51,,. -
R =R(LU0), RO-T,.,. R(0)-525
[TincraBnsroun anpokcumaitii (5) 1 (6) y 6amancue piBHsHHA (1), onepxKyeMo
3? (R,~R,)z+(R-R)z+(P~R,)+0(2°). (7)

CuiBBimHomeHHs (7) mokasye, 10 JOKaJdbHA €BOJIIOINISA (YHKIII CTaHy BU3HAYAETHCS
KBaJIPATUYHOIO 3aJICKHICTIO B/l BIAXUJICHHS Z, TOAl K 4JEeH 0(23) XapaKkTepu3ye MOXUOKY

anpoxcuMartii. OCKUTbKY 3IMIIKOBHNA YJICH € BEIMYMHOIO TPETHOTO MOPSAAKY MaJIOCTi, Oro
BHECOK Yy JOCTaTHbO MaJOMY OKOJIi poOOYOro CTaHy 3HA4YHO MEHIIMH 3a BHECOK
KBaJpaTUYHUX 4ieHiB. Tomy, 30epirarou OCHOBHI ()i3M4YHI 3aKOHOMIPHOCTI TpOLECY, y
MOJIaTIbIIOMY HHM MOYKHA 3HEXTYBATH.

[Ticist BiAKUIAHHS 3aJAIIKOBOrO YjieHa O(ZS) 13 criBBiAHOIIEHHS (7) OTPUMY€EMO

dz
dt
PiBHsiHHS (8) € JIOKQJIbHOKW KBAJPAaTHYHOK MOJICIUIIO E€BOJIIOLII Ipolecy, 10 €
HAUTIPOCTIIIMM HETIHIHHUM MaTeMaTHYHUM OIMCOM B3a€MOJIIi IMPOIECIB HAKOIMMYCHHS
3MIIIHEHHs Ta penakcaiii. Bono 6e3mocepeiHbo MOB'A3ye MaTeMaTUYHUN OMUC 13 (HI3HUHUMU
MeXaHi3MaMU HaKONWYEHHs 3MIIIHEHHS Ta peiakcalii i CTBOPIOE OCHOBY ISl BBEACHHS

y3arajabHEHUX KOe(illi€HTIB MOJIENI.
JIJ1st KOMITAKTHOCTI MOJATBIITNX 3alHACIB BBEIEMO KOCPIIIEHTH

=(P,-R,)Z*+(P-R)z+(P,-R,). (8)

a(t):Pz (t)_Rz (t)’ 9)
b(t) =R (t)-Ri(t), (10)
c(t)=PR(t)-Ry(t), (11)

Koedoiuientn, Bu3naueni cmiBBigHomeHHsmMu (9) — (11), He € dbopManbHO BBEICHUMHU
napamerpamu. Koedimient a(t) xapakrepusye pi3HHUIO HENiHIHHUX CKIaJI0BUX TMPOIECIB
HAKONMYEHHs 3MilHeHHs Ta penakcarii. Koedimienr b(t) omucye 3miHy OamaHcy mux
IPOIECIB NMPU MaJIOMy BIIXWIEHHI CTaHy Marepialy Bifl BHOpaHOro poOOUYOro pexXuMy.
Koedimienr c(t) Bu3Hauae Ge3mocepenHiii OanaHC MK IIBHAKOCTSMH HAKOMHYCHHS 1
penakcarii y cradi Y = Y..

3 ypaxyBaHHsM no3HayeHsb (9) — (11) piBHsHHSA (8) HaOyBa€e BUIIISI LY

& a2 +b()z+c(r) (12)

PiBusinast (12) € y3arampHeHUM piBHAHHAM Pikkari 31 3MIHHUMH KoeQillieHTaMu
BiTHOCHO JIOKQJIFHOTO BiJIXHIICHHS Z(t). BoHO He MOCTyIO€THCSI HA TIOYATKY MOOYIOBH, a
BUHUKA€ K pe3ylbTaT JIOKAIbHOI KBaJIpaTUYHOI ampokcumarii ABOX (I3UYHO pPi3HUX
MEXaHI3MIB — HAaKONMYEHHS 3MII[HEHHA Ta penakcauii. Y npomy ceHci piBHsAHHA (12) €
HaWUMPOCTIIIO HETHINHOI MOJEIUTI0, sIKa 30epirae BIUIMB MOTOYHOTO CTaHy Marepiany Ha
MIBUAKICTH HOT0 MOAAJIBIIOI €BOIIOLII.

@i3uyHmil 3MICT KoedilieHTiB piBHAHHSA (12) BuuMBae 6e3mocepeiHbo 3 iX BU3HAUYEHb.

Axmo C(t)>0, TO BiamoBigHO 10 cmiBBigHOMmEHHS (11) y poGodyoMy cTaHi mepeBaxkae
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HAKOMWYCHHS 3MII[HEHHA. 3a C(t) <0 nmomiHyIOTH penakcaliifHi NpoLecH, a piBHICTH
c (t) = 0 BIAMOBIITa€ MHUTTEBOMY OaJlaHCy 000X MEXaHI3MiB.

3Hak koedimieHTa b(t), 3ananoro ¢popmyioro (10), BU3HaYae xapakTep JiHIHHOT peakiil
CHCTEMH Ha BIOXWJICHHsS BiJ poOodoro cra"y. Bimg’emHi 3HaYeHHS b(t) BIJIIIOBITAFOTH

MOCTYIIOBOMY TaJIbMYyBAaHHIO TIPOIIECY, TOI K JOAATHI 3HAYCHHS CBIAYaTh MPO MiJACHICHHS
IIBUIKOCTI €BOJIONIT 31 3pOCTaHHIM BIIXWJICHHS Z (t) .

Koedirient a(t) , BU3HAUYCHMH chiBBiAHOMmMEHHAM (9), 3amae HETiHIWHUA 3BOPOTHHMA
3B’s130K. 3a a(t) <0 kBagparndnumii wieH o6Mexye 3pocranHs QyHKLUIT cTaHy Ta BinoGpaxae

HACHYECHHS MPOIECy 3MIIHEHHs. SKI0 a(t) >0, HeNHIAHUA BHECOK M€ ITICHIIOBAILHUI

XapakTep i 3a MEBHUX PEXHUMIB MOXE MPU3BOJUTH JIO IIBHIKOTO 3pOCTaHHS PO3B’si3Ky. Tomy
3HAK 1 BeIMYMHA Koe(ilieHTa a(t) MarTh BHUpIIIAIbHE 3HAYCHHS JJIs OLIIHIOBAHHS CTIHKOCTI

Ta 0OMEXEHOCTI MpoIiecy.
Jlnsi TOBepHEHHsI 0 MOYaTKoBOI (DYHKINI CTaHy BHKOPHCTAa€EMO CIHIiBBiZHOIICHHS (4).
[TincraBnstouu (4) no piBHsAHHS (12) Ta pO3KPUBAIOYH TYKKH, OJEPKYEMO

Y _a(m)y +B()y+e), (13)

ne b(t)=b(t)-2a(t)y., ¢(t)=a(t)y’-b(t)y.+c(t).

I3 piBasHHsA (13) BuUAHO, IO TEpeHECEHHS MMOYaTKy BIUIIKY HE 3MIHIOE THUITY
MaTeMaTHYHOI MOJIEJi: BOHA 3aJIMIIAETHCS PIBHSIHHAM PikKkaTi, a MepeTBOPEHHS CTOCYETHCS
JIUIIIE JTIHIHHOTO Ta BUIBHOTO KOE(IIliEHTIB.

Hanani poGouunii ctan BuOMpaTUMEMO SIK TMOYATOK BIWIIKY, TOOTO MOKJIaIaTUMEMO
Y. =0. Toni 3 piBasaHs (13) BUtUMBae ocrarouna ¢popma 3amadi Komri

%za(t)y2+b(t)y+c(t), y(t)= Yo (14)

OtpumaHe y3arajibHEeHE pPIBHSHHS PiKkaTi € HEHTpaJbHUM €JEeMEHTOM M00YA0BaHOI
MaTreMaTuyHoi Mojeisi. BoHO omucye eBoOIii0 y3araabHEHOi (DYHKIII cTaHy B 4aci Ta
3a0e3nedye €IMHUI MaTEeMAaTUYHUN ONMUC B3a€MOJI MPOIECIB HAKOMMYEHHS 3MILHEHHS 1
penakcaiii. BukopucraHHd caMe TaKoro pIBHSHHS BIJKPHUBAE MOXJIMBICTh 3aCTOCYBAHHS
METOAIB sKICHOI Teopii AudepeHLianbHUX PIBHAHB, JOCTIJKEHHS BJIACTUBOCTEH pO3B'S3KIB,
aHayi3y BIUIMBY TapaMeTpiB MOJENII Ta TMPOBEAEHHS YHCEIbHUX EKCIIEPUMEHTIB PI3HHUX
PEXKUMIB MPOIIECY TEPMOMEXAHIYHOTO 3MIITHEHHS.

Koedimientn piBHsuHss (14), 1m0 Bu3HAYarThes cmiBBigHOmeHHAME (9) — (11),
BiZIOOpakatoTh Pi3HI CKJIQJOBI B3a€EMOJII MPOILECIB HAKOMUYEHHS 3MILHEHHS Ta peiakcarii.
Taka xoHcTpyKIlis 30epirae (i3WYHUN 3MICT BUXITHOTO OaJaHCOBOTO CITIBBIIHOIIEHHS Ta
BOJIHOYAC 3a0e3reuye KOMIAKTHUNA MaTeMaTHYHUI OMKC, NPUIATHUHN JUIS SKICHOTO aHamli3y,
YHCEJIbHOTO 1HTETpYBaHHS 1 JOCIIIP)KEHHS BIUIMBY NapaMeTPiB TEXHOJIOTTUHOTO PEXUMY.

SkicHnii aHaJi3 MoeJi

[loOynoBana wmareMaTuyHa MoJelb BHU3HauaeThesl 3anadero Komri (14), y skiif

KoeQILIEHTH a(t), b(t) Ta C(t) 3anaThes criBBiaHOmeEeHHIMU (9) — (11). Ha Biaminy Bia
KJIJACUYHOTO piBHSHHS PikkarTi, y 3amporoHOBaHIM Mojesl 3a3HayeHl Koe(dillleHTH MaroTh

Oe3nocepeH0 (DI3MYHY THTEPIIPETAIIiI0, IO JO3BOJISAE TMOB'S3aTH BIACTUBOCTI PO3BSI3KY 3
napameTpaMH MpoIecy TePMOMEXaHIYHOTO 3MIITHEHHSI.
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3a yMOBHM HENEpepBHOCTI (yHKITiH a(t), b(t) i C(t) Ha JIOCHIJKYBAaHOMY YacOBOMY

iHTepBaNli mpaBa yacTWHA piBHSIHHS (14) € HemepepBHOI Ta JOKAJIBHO JIMIIUIEBOI 3a
3MiHHOIO Y . ToMy aiist Oyab-sIKOTO MOYaTKOBOTO 3HAYCHHS

y (to ) = Yo, (15)

3amava Ko s piBastHHS (14) Mae €equHUN JTOKATBHUN PO3B'S30K.
Oyukmis (15) BiamoBigHO 10 piBHAHHA (14) BU3HAYa€ MHUTTEBY IMIBHIKICTH 3MiHU

¢dbyHKIIIT cTany.
Jlist mocTiKeHHS XapaKTepy €BOJIOIIT Mporiecy BBeAeMO (hYHKIIIIO

F(y.t)=a(t)y’+b(t)y+c(t), (16)

sIKa BiINOBITHO 70 piBHAHHS (14) BH3HaYa€ MUTTEBY IIBUAKICTh 3MiHU (YHKIIIT CTaHy.
I3 BuznauenHs (16) BurumBae, mo 3HaK QyHKIiT F (y,t) MOBHICTIO BHU3HAYa€ HAmpsiM

eBOJTIOIIIT mporiecy. Ko
F(y.t)>0, (17)

TO BiAMOBinHO M0 piBHAHHA (14) (yHKUisS cTaHy 3pocTae, TOOTO MPOLECH HAKOMMYEHHS
3MIITHCHHS [TePEBAXKAIOTh HAJ| MPOIECaMH peliakcartii. Ko x

F(y.t)<0, (18)

TO 3rigHO 31 chiBBiAHOMEHHAM (14) ¢yHKIis y(t) 3MEHIIY€EThCS, UI0 BIAMOBiIAE

JIOMIHYBaHHIO pellakcalliiHUX MEeXaHi3MiB.

HepiBnicte (17) o3Hauae, 1m0 MBUAKICTH €BOJIOLII € JI0JATHOK, TOMY BIJNOBIAHO /10
piBHAHHA (14) mpoliec HAaKOMWYEHHS 3MIIHEHHS TEpeBakae HaJ MpOIEcaMH peakKcarlii.
HepiBnicts (18) BiamoBigae Bia'eMHIH HIBUAKOCTI €BOJIOLII, IO 3TiAHO 3 piBHAHHAM (14)
XapaKTepu3ye NepeBakaHHs peaKkcaliiHUuX IpoLEeCiB.

Brnu okpemux koediiieHTiB piBHAHHSA (14) Ha XapakTep €BOMIOLIT Ma€ pi3HY (I3UUHY

npupoay. Koedimient C(t), BU3HaueHuil ¢opmynoro (11), 3amae moyarkoBuil OanaHc Mix

HAaKOMUYEHHAM 3MiIlHEHHS Ta penakcaiieto. KoediieHT b(t) , BBEJICHUH CITIBBIIHOIIEHHAIM

(10), xapakTepu3sye JiHIMHY peakiilo CUCTEMH Ha 3MiHY ii TOTOYHOro cTany. HaliBaxxmuBimry
poinp Biairpae koedirieHt a(t) , BU3HA4YeHHWH criBBigHOMIEHHSAM (9), OCKIIBKM caMe BiH

(dhopMye HeTiHIITHUI 3BOPOTHHIA 3B'I30K.
ko

a(t)<0, (19)

TO KBaJ[paTHUHUH uieH y piBHAHHI (14) oOMexye monaneline 3pocTaHHsA (QYHKIIT cTaHy. Y
Mipy 30UIbILIEHHS PIBHS 3MIIIHEHHS HOTO BHECOK CTa€ Je/aji ICTOTHIIINM, 10 IPUBOIUTH 10
MOCTYIOBOTO 3MEHIICHHS IIBUAKOCTI eBomorii. Takuii pexuMm Biamosizae (i3udHO
IPUPOJHOMY KTy TeHJICHIII] 10 HACUUEHHS MTPOLECY TEPMOMEXAHIYHOTO 3MIITHEHHS.
YmMmoBa (19) Bu3Hayae pexxuM HEraTUBHOTO HEJIHITHOTO 3BOPOTHOTO 3B'A3KY, 3a SKOIO 31
3011bIIEeHHAM (QYHKII{ CTaHy MBUAKICTH MPOLECY MOCTYIOBO 3MEHIITYETHCS.
VY Bunanky

a(t)>0, (20)

KBaJIpaTH4YHA CKJIaJoBa piBHSAHHS (14), HaBMaKku, MiJCHIIOE MBUIKICTh 3MiHU (QYHKIIIT CTaHYy.
3a TakuX yMOB IHTEHCHUBHICTh HAKOIMMYEHHS CTPYKTYPHUX 3MIH MOXXE ICTOTHO 3pOCTaTH,
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TOMY BIJMOBIHI PEXUMH TOTPEOYIOTH JOAATKOBOTO KOHTPOJIO TiJ 4Yac YHCEIBHOTO
IHTEeTpyBaHHS.

YMmoBa (20) BianoBiae mMiACHIIOBAILHOMY XapaKTepy KBaIpaTHYHOIO YJICHA PIBHSHHS
(14), 0 Moe NpU3BOJUTH 10 IPUCKOPEHOTO PO3BUTKY IPOLIECY.

JIsi OLIHIOBAaHHS YYTJIMBOCTI MOJETi 10 3MiHM (PYHKIIi CTaHy OOYHCIMMO IMOXiTHY

byHkii (16)

%: 2a(t)y+b(t). (21)

[Toxigna (21) xapakTepu3ye JIOKaJIbHY 3MiHY IIBUIKOCTI €BOJIIOIIIT MPU 3MiHI ITOTOYHOTO
CTaHy MaTepiany. Ko

2a(t)y+b(t)<0, (22)

TO 31 30UTbLICHHSIM (YHKII CTaHy MIBUAKICTH MPOLECY 3MEHIIYETHCS, IO BiAMOBIIAE
cTabimi3zamii eBoIoLii Ta MOCTYIIOBOMY HAaOJIMKEHHIO 10 PEeXKUMY TEHACHIIIT 10 HACHYCHHS.
HepiBaicTh (22) o3Hauae, mo noxigHa (21) € Bix'eMHO0, a OTXKE, MIBHJAKICTh €BOJIIOLIT
3MCHIIYEThCS 31 3pOCTaHHSIM (PYHKIIIT cTaHy.
SIK1Io x

2a(t)y+b(t)>0, (23)

TO 3TiIHO 3 MOXiAHOW (21) MBHIKICTH €BOJIOLIT 3pocTae pa3oM 31 30UIbLICHHSAM (GYHKIIT
CTaHy, IO CBIAYUTH PO ITiICUIICHHS HETIHIHHOTO e(eKTYy.

HepiBnicTs (23) cBiguuTh, 110 noxiaxa (21) € gogaTHo0, TOMY 31 30UIBIIEHHIM (YHKIIIT
CTaHy MIBUJIKICTb €BOJIOLIT TAKOX 3pOCTAE.

Jnst $i3MYHO JONMYCTUMMX PEXHMMIB JOLUJIBHO BUMAaraTH HEBi'€MHOCTI (QYHKIIT CTaHy.
3okpema, SIKIIO0

c(t)=0, (24)

TO BIAMOBITHO 10 BU3HaueHHs KoedimienTta (11) mBUAKICTH 3MiHM (DYHKIIT CTaHY B OKOJI
y=0 € HeBig'eMHOIO, [0 3a0e3leuye BIACYTHICTH MEPEXOAY PO3B'A3KY 10 (Hi3HIHO
0€33MICTOBHUX Bi/'€MHUX 3HAUECHb.

Takum uuHOM, aHami3 piBHsAHHA (14) mokazaB, MO XapakKTep EBOJIOIIT MPOIECY
TEPMOMEXAHIYHOTO 3MIIIHEHHsS BHM3HAYAETHCSA CHUIbHOIO jicro koedimientie (9) — (11).

Koedimient C(t) 3aJ]a€ IOYaTKOBUIM HAIpsIM PO3BUTKY Mpoliecy, KOoePilieHT b(t) BHU3HAUYAE
Horo JiHIWHY peakilito, a KoedirmieHT a(t) dbopMye HEmiHIMHMIA MEXaHi3M TEHJIEHIIT 0

HacH4eHHs abo mpuckopeHHs. OTpuMaHi pe3yibTaTy € MIATPYHTAM JUid BUOOpPY MapaMeTpiB
MoOJieNll Ta MOOYIOBH alNTOpPUTMY YHCEIBHOTO PO3B'SI3yBaHHS, HABEJEHOI'O B HACTYITHOMY
H1PO3/IUIL.

AJITOPUTM 4YHCEJIbHOI0 PO3B'AA3yBaHHS

Ockinpku koedimieHTH piBHAHHA (14) € 3MIHHMMM (QYHKLISIMH 4acy, OTpUMaTH HOro
AQHATITUYHUI PpO3B'I30K y 3arajJlkHOMy BHIAJAKy MPAKTHYHO HEMOXIMBO. Tomy s
JIOCJTIJDKEHHS €BOJIIOIIT TPOIeCy TEPMOMEXaHIYHOTO 3MIIHEHHS BUKOPHUCTAHO KIACHYHHI
metoa Pynre—KyTTu yerBeproro nopsaky, sikuii 3a0esnedye BUCOKY TOUHICTh IHTETPYBaHHS
3a MOMIPHUX OOYHCITIOBAJIbHUX BUTpAT.

UYucenbHe po3B's3yBaHHS BHKOHYeThCs Ui 3anaui Komri (14) 3 mO4aTkoBOIO yMOBOIO
(15). dnst ckopoyeHHs 3aMKCiB MpaBy YacTUHY piBHAHHS (14) mogamo y BUTIISII

f(t.y)=a(t)y’+b(t)y+c(t). (25)
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Oyukis (25) BU3HAYa€ MUTTEBY MIBUAKICTD 3MIHM (DYHKIIT CTAaHY Ta BUKOPUCTOBYETHCS
Ha BCIX eTarax YMCeIbHOTO IHTerpyBaHHS.

Hexaii yacoBuii iHTepBaN JOCHIHKEHHS [to, T] po30uTo Ha N pIBHUX KPOKIB JTOBXXHHOIO

T-t,
N

BennunHa KpoKy IHTETpyBaHHS BHU3HAUYAETHCS CHIBBIAHOMICHHSM (26) 1 BHOMpaeThCs 3
ypaxyBaHHAM HE0OXiHOT TOYHOCTI pO3paxyHKIB Ta XapakTepy 3MiHH KOe(]ilieHTIB PiBHSIHHSA
(14).

[To3Haunmo HabnmkeHe 3Ha4YeHHS (QyHKLIT cTaHy y By3mi t, depe3 Y, . BigmosinHo no

h=

(26)

Metony Pynre—KyTTu ueTBepTOoro nopsaky o0unciao0TECS TPOMIXKHI IPUPOCTH

k =hf( tn,yn 27)
(t +— 1), (28)
:hf(t +— sz (29)
:hf(tn+h yn+k) (30)

Koeoiuient K, , Bu3HaueHuii Gpopmysoro (27), xapakrepu3ye HaXuI iHTErpajibHOI KPUBOT
Ha I0YaTKy KPOKy iHTerpyBanHs. 3HaueHus K, ta K;, oOuumcieni 3a criBBigHOmeHHsIME (28)
i (29), yTOUHIOIOTH OIIIHKY TOXiZHOI B CepenuHi KpoKy, a koedimieHT K,, BH3HaYeHHI
¢dopmyoro (30), BpaxoBye MOBEIIHKY PO3B'I3KY HAPUKIHLII iHTEpBaIy.

[Ticnst obuncnennst koediuientis (27) — (30) HabnmkeHe 3HaueHHs (YHKLII CTaHy Ha
HACTYIMTHOMY 4aCOBOMY KPOIli BU3HAYA€THCS CIIBBIIHOIICHHIM

+k1+2k2+2k3+k4.
6

®opmyna (31) 3abe3neuye yeTBEpTUIl MOPAIOK TOUHOCTI 32 KPOKOM IHTErpyBaHHS Ta

yn+1 = (31)

JI03BOJISIE OTPUMATH CTIHKMI 4YMCETbHMH PO3B'A30K JJIS LIMPOKOrO Kiacy (yHKIIH a(t),

b(t)ic(t).
TakuM 4MHOM, aJNTOPUTM YHCEIBHOTO PO3B'S3YBaHHS CKIAAETHCS 3 TAKUX ITOCIHIJOBHUX
eTaris.
1. 3amatu yacoBui 1HTEpBAT JOCIIIKEHHS, MOYATKOBY YMOBY (15), koedimieHTn Mmozaemi
(9) — (11) Ta oOumcAMTH KPOK iHTETpyBaHHS 3a hopmyIioro (26).

2. Jlns mOTOYHOTO BY3Ja CITKM OOYMCIUTH 3HAYeHHS QYHKIIIT (25).

3. TocninoBHo Bu3HaunTH Koediuientn K, —K, 3a dopmymnamu (27) — (30).

4. OOGuucnutHu HOBE 3Ha4YeHHS QYHKIIT cTany 3a opmyioro (31).

5. IlepeiiTn 10 HACTYHHOrO BYy3ja YacoBOi CITKM Ta TOBTOPIOBAaTH OOYHUCIIEHHS A0

JOCATHCHHA KiHL[CBOFO MOMCHTY 4acCy T.

Ha xoxHOMy Kpoli iHTErpyBaHHS KOE(]IiEHTH MOAENi MOXYTh 3MiHIOBATUCS
BIIMOBIIHO /IO 3aJaHOTO TEMIEPaTypHOro Ta CHJIOBOro pexumiB. lle mo3Bossie
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0e3rmocepeIHhO  BpPAaxXxOBYBATH BIUIMB 3MIHM TEXHOJIOTIYHHMX TIapaMeTpPiB Ha IMPOIIEC
TEPMOMEXaHIYHOTO 3MILHEHHS 6e3 MoAu]iKalii CTpyKTYpH alropuT™My.
Meton Pynre—KyTTu deTBepTOro MOpsAKY XapaKTepPH3YEThCS JIOKATBHOI IOXUOKOO

MOPSAKY O(h5> Ta rI00aJbHOI0 MOXHOKOK MOPSAKY O(h"’). Tomy 3MEHILIEHHSI KpPOKY

IHTETpyBaHHS, BU3HAYCHOTO CHiBBiAHOMICHHSIM (26), 3abe3nedye 301KHICTH YHCEIBLHOTO
PO3B'SI3KY 0 TOYHOTO 32 YMOBH JIOCTaTHBHOI TIaAKOCTI GyHKIIT (25).

OOuncnioBaibHA CKIAJHICTh AITOPUTMY € JIIHIHHOIO BIIHOCHO KUJIBKOCTI BY3J1iB 4aCOBOi
CITKM, OCKUIPKM Ha KOXXHOMY KpOIll BHUKOHYEThCA (PiKCOBaHA KIIbKICTh apU(PMETHIHUX
omepauid i gorupu oOumciaenHs ¢yHkmii (25). Lle poOUTH 3ampONOHOBAaHMUN AITOPUTM
INPUIATHUM 751 6araTopa3zoBUX MapaMEeTPUYHUX PO3PAXYHKIB 1 MPOBEACHHS CEPiil YUCEIBHUX
€KCIIEPUMECHTIB.

HaBenennii anropuT™M BHUKOPHUCTAHO IS JOCIHIKEHHS BIUIMBY KOE(QILIEHTIB MOCII
(9)—(11) ma eBomromiro ¢yHKIi CcTaHy, pe3yabTaTH SKOTO HABEJACHO B HACTYITHOMY
MiIPO3 LTI,

YuceJbHUI eKCIIEPUMEHT

Jlna mepeBipku mpane3naTHocTi moneni (14) Ta mocnimkeHHs BIUIMBY i1 KOe(iIli€HTIB
MIPOBEJICHO CEPil0 YUCEIIbHUX EKCIIEPUMEHTIB. PO3paxyHku BUKOHAHO 33 aNropuTMoM PyHre—
KyTTu yeTBepTOro nmopsaKy, HaBeeHUM y momnepeaHbomy miapo3zaini. [louaTkoBe 3HaYeHHS
¢yskuii crany npuitaaTo pisaum Y, =0,1.

[HTerpyBaHHsa BUKOHYBAJIOCS HAa YaCOBOMY 1HTEpBai

t €[0;10]. (32)

IntepBan (32) po3buBaBcs Ha PIBHOMIPHY CITKY 3 KDOKOM
h=0,01. (33)

3HaueHHs Kpoky (33) Hagami mnepeBipsulocs LUISIXOM MOBTOPHHMX pPO3paxyHKIB Ha
3ryLIEHUX YAaCOBUX CITKaX.
JUig 9MCenbHOro JOCIHIKEHHsSI BUOpaHO TpU PEKUMU 31 3MIHHUMHU KoedilieHTaMHu. Y

BCIX BHUIIAJKaX KOE(]IilieHT a(t) 3auIIaBcs BIJ €MHUM, IO 3a0e3NevyyBajio HEeraTUBHUI
HEJTIHIHHUN 3BOPOTHUM 3B 30K 1 BHUKJIIOYAJIO IITYyYHE BUOYXOBE 3pPOCTAaHHS PO3B’S3KY.
[TapameTpu pexxuMiB HaBesieHO B Ta0. 1.

Taoauus 1
@YHKIIIT KOEPIIIEHTIB JIJIsl YUCEIBHOTO €KCIIEPUMEHTY

Pexum a (t ) b (t ) C (t ) Xpael;il:;;[)

| ~0,35[1+0,12sin(0,5t) | | 0,18+0,04e°* | 0,30—0,05¢ ©2 | Movipmi perun

HaCUYCHHA

IHTeHCMBHUIA
TMOYaTKOBHUH
| -0,75[1+0,10sin(0,5t) | | 0,35+0,03 " | 0,50-0,08¢°* | ~ TPonce "
CHJIBHIIIUM
HETIHIHHUM
00MEKEHHIM

IIpuckopene
i _0,14 |:1_+_ O, 085|n (0’ 5t):| 0’ 46 + O, 04870,4t 0’ 24 _ 0, 04e70,8t HAKOIMUYCHHS 3a
cirabmoro eexry
HAaCHU4YCHHs

Banesknocti Yy (t), orpumani fuist napameTpis i3 Tabun. 1, HaBeneHo Ha puc. 1.
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4.0
—— Pexum |

Pexxum Il
3.5 1 —— Pexum lll

3.0
2.5
E> 2.0
1.5 A
1.0 A
0.5 1

0.0

t

Puc. 1. Eposmrortist pyHKIIT CTaHy A7 TPHOX PEKUMIB TEPMOMEXaHITHOTO 3MIITHEHHS

VY BCIX pO3MISIHYTUX peXUMaxX (PYHKIIS CTaHy 3aJUILAETHCS HEB1J €MHOK Ta MOHOTOHHO
3pocrae. s pexumy | xapakTepHe IJIaBHE HAKONMUYEHHS 3MIIHEHHS 3 TIOCTYINOBHM
3MEHIICHHSAM IIBHUIKOCTI mpouecy. Y pexumi Il mouaTkoBe 3poCTaHHS € IHTEHCHBHIIIUM,
ONlHAaK Oinbllle 32 MOJAYJIEM BiJ’€MHE 3HAYECHHS a(t) MIOCUJTIOE HElNiHIiHEe OOMeXeHHs,
YHACJIJIOK 4Oro (pyHKIIiSl cTaHy JIEMOHCTpY€ OiIbIll BUpAXKEHY TEHJEHLI0 A0 cTadimizamii. Y
pexumi Il cmaGmuit HEMHIMHUN 3BOPOTHUM 3B’SI30K MOEIHYETHCS 3 OUIBIIMM JOJATHUM
JIHIMHUM BHECKOM, TOMY Ha KiHLI iHTepBany (32) oTpuMaHO HaWBHIIE 3HAYEHHS (QYHKIIi
CTaHy.

KinbKicHI pe3ynpTaTH YMCEIbHOIO 1HTETpyBaHHSA HaBeAECHO B TaOu. 2. JIns MOPIBHSIHHA

PEKUMIB BU3HAYAIM 3HAYCHHS y(lO), MaKCUMaJlbHEe 3HaueHHs (PYHKIIT CTaHy Ha IHTepBal

(32) Ta MOMEHT JOCSATHEHHS PiBHS, III0 CTAHOBUTH 95 % Bij y(lO) .

Taoaunsa 2
OcHoBHI PE3YyIbTAaTU YUCCIIBHOT'O MOACIIFOBAHH A
Pesxnm y (10) max y (t) Yac nocsirnenns 0,95y (10)
[ 1,2923 1,2923 8,00
I 1,1524 1,1524 7,37
1] 3,8688 3,8688 8,59

Pesynbratu Tabn. 2 migTBEPAXKYIOTh, 110 30UIBIIEHHS MOIYJS BiJ’€MHOTO KoedimieHTa
a(t)He 000B’s13KOBO MiJBUIY€E KiHIIEBUNA piBeHb 3MillHEHHs. Y pexkumi Il BoHO Hacammepen

nocuiioe eeKT HaCHUEHHS, 0OMEXYIOUN TOAJbIIE 3POCTaHHS y(t). Haii6inb1e 3HaYeHHs

y (10) = 3,8688 orpumano ans pexxumy 111, y skomy HeniHiliHE 0OMEKEHHS € HalCIaOIIIM.
Jns  oxkpeMmoro aHamizy poii  KBaJpaTHYHOTO Koe(illileHTa BHKOHAHO JIOJIATKOBI

PO3paxyHKH 32 OJJHAKOBUX (PYHKITIH b(t)i C(t) , aJie 3a pI3HOI aMILTITYAN a(t). B ycix Tppox

BUIIAJKaX MPUIHATO
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b(t) = 0,30+0,03e’0x4t’ C(t) = 0,32_0’O5e70,8t’
a 0OaszoBe 3HaueHHsA KoedimieHTa a (t) smintoBaniocst Bing —0,75 no —0,14. Orpumani

3aJIe)KHOCTI HaBE/ICHO Ha pHC. 2.

304 — ao=-0.75
ao = —0.35
—— ao=-0.14

2.5 4

2.0 1

y(t)

1.5

1.0 1

0.5 1

0.0 1

Puc. 2. Bruus koedirienTa a(t) Ha CBOJIIOLI0 (QYHKIIT CTaHy

3 HaBeIEeHUX Ha pUC. 2 3aIEKHOCTEH BUAHO, IO 31 30UIBLICHHSAM MOAYJSA B €MHOTO
KoedirieHTa a(t) HeJliHIHE raJIbMyBaHHS MOCUITIOETHCS, a TPAaHUYHUM piBeHb QYHKIIIT cTaHy

3MEHILYETbCA. 3a MEHILIOTO0 MOMIYJIsS a(t) mpolec JAoBIIe 30epira€ BUCOKY UIIBUAKICTB,

YHACHIZIOK YOT0 JIOCSATA€ThCS 3HAYHO BHUINMH piBeHb 3MinHeHHs. Lleit pesynbrar
Y3TOJUKYETHCS 3 SKICHUM aHamizoM piBHSHHS (14), 3riAHO 3 SKUM BiJ’€MHUN KBaJpaTHUHUN
yjieH popMye MEXaHi13M HAaCUUYCHHSI.

IIpoBeneHuil uncenbHUI EKCHEpUMEHT NIATBEPIUB Mpare3faTHicTh Monem (14) Ta
PO3pO0JIEHOr0 aNrOpUTMY. 3allpONOHOBaHA KOHCTPYKIISI BIATBOPIOE PEKUMHU IOCTYIIOBOTO
HAaCUYEHHS, IHTEHCUBHOTO ITOYAaTKOBOT'O 3MIITHEHHS 1 TPUBAJIOTO MPUCKOPEHOT'0 HAKOIUYESHHS
CTPYKTYpHUX 3MiH 0€3 3MiHM 3arayiibHOi (opMu piBHSAHHSA. OTpuMaHi pe3yibTaTH TaKOXK

MOKa3ylTh, IO KOS(IIIEHT a(t) BU3HAYa€ IHTCHCUBHICTHh HEIIHIHHOrO 0OMEKEHHS, TOJI K

byukii b (t) ic (t) 3a/1a0Th JIiHIIHE MiICUJICHHS Ta 30BHIIIHIO CKJIAJIOBY TIPOIIECY.

5 OBI'OBOPEHHA PE3VJIBTATIB JOCJIIKXEHHS

OTpumaHni pe3yabTaTH MATBEPKYIOTh, 110 3aIPOMOHOBAHUHN MIAX1J 10 MATEMAaTHYHOTO
MO/ICJIIOBAHHS IPOLECY TEPMOMEXAHIYHOTO 3MIIHEHHS JO3BOJISIE MEPEUTH BiJ 3arajlbHOTO
(b13MYHOTrO OMHUCY B3aEMO/I1T MPOLIECIB HAKOMIMYEHHSI 3MIITHEHHS Ta peiaKcallii 10 KOMIaKTHOI
MaTeMaTHYHOI MOJeNi, MPUIATHOI Ui TEOPETUYHOrO aHaji3y ¥ YMCEIbHOTO JTOCIIIKEHHS.
Ha BimmiHy Big Mojenel, y SKuX pIBHSHHS PikkaTi BUKOPHUCTOBYETHCS JIMINE SK 3PYYHUN
MaTeMaTHYHUI anapar, y AaHiii poOOTi BOHO OTPUMaHE SIK HACIiI0K JIOKaJIbHOT KBaApaTUYHOI
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ampokcuMarlii  y3araJibHeHMX (YHKIIM HaKOMMYEHHS 3MilHEHHs Ta penakcarii. Ile
3abe3neuye (i3uyHy IHTEpHpeTalilo Koe(illi€eHTIB MOENI Ta BCTAaHOBIIOE 3B'S30K MiX iX
MaTeMaTHYHUM 3MICTOM 1 MapaMeTpaMH TEXHOJIOTIYHOTO MPOLIECY.

[IpoBeneHMii sSKICHMI aHami3 TOKa3aB, IO XapakTep eBoJioHii (yHKIIT CTaHy

BU3HAYA€ETHCS CIIUIBHOIO Ji€I0 KOe(IIi€HTIB a(t), b(t) i C(t). 3o0kpema, KoedilieHt a(t)
dbopMye HENHIMHUN MeXaHI3M CaMOPETYJIIOBaHHS IIPOIeCy, KOeQillieHT b(t)BmHaqae

IHTEHCUBHICTb JIIHIAHOI peakiii cucTeMHu Ha 3MiHY ii MOTOYHOTO CTaHy, a KOeQIiIieHT C(t)

XapaKkTepu3ye NOYaTKOBUN OaTaHC MK MpOIlecaMy HAKOMMYEHHS 3MIIIHEHHS Ta pejaKcarii.
Pe3ynpraTh 4YMCENBPHOrO EKCHEPUMEHTY IiITBEPAWIN OCHOBHI BHCHOBKH SIKICHOTO

aHami3zy. 30kpeMa, 30UTBIICHHS MOIYJIS BiJl'€eMHOTO KoedilieHTa a(t) MPUBOAUTH J0 OLTBIIT

BHPXEHOTO HEJIHIMHOTO OOMEXKEHHS IIBUIKOCTI 3MiHM (QYHKIN CTaHy, TOdiI SK HOro
3MCHILICHHS CIIPHSIE TPUBATINIOMY IHTCHCHBHOMY HAKONMUYCHHIO 3MilHEHHs. [Ipu 1mpomy

3MiHa KOe(illi€HTIB b(t) i C(t)IIOSBOJIﬂC MOJICITIOBATH Pi3HI IMOYATKOBI PEKUMHU PO3BUTKY

nporiecy 0e3 3MiHU 3arajabHOI CTPYKTYpPH MaTeMAaTUYHOT MOJEIII.

[TopiBHSHO 3 BIIOMHMHM MiAXOJaMH, IO IPYHTYIOTHCS HAa BHKOPHCTaHHI JIHIHHUX a00
eMITIPUYHUX 3aJIEKHOCTEH, 3alpOlIOHOBaHAa MOJEIb Mae HHU3Ky mepemar. [lo-mepiue, BoHa
BpaxoBY€E HEIIHIWHY B3a€MOJIII0 MPOIECIB HAKOMMYSHHS 3MIITHCHHS Ta peJaKcallii B Mexax
€IMHOTO MaTematuyHoro omucy. [lo-apyre, 3MiHHI KOE(IIiEHTH PIBHSAHHS 103BOJISIIOTH
BpPaxOBYBaTH 3MiHY TEMIIEPaTypHOTO pEXHMY, MEXaHIYHOIO HABaHTAXECHHS Ta 1HIINX
bakTopiB 6e3 nepedynoBH CTPYKTypu Mozeni. [lo-Tpere, KOMIakTHUN BUTISA piBHSAHHS (14)
3a0e3neuye MOYKIIMBICTh 3aCTOCYBAHHSI CTAHJAPTHUX YHCEIBHUX METOJIB iHTErpyBaHHS, IO
CYTTEBO CIIPOLIY€E NMPOBEJCHHS OaraTopa3oBUX MapaMETPUUYHUX PO3PAXYHKIB.

Jlo OCHOBHHUX TiepeBar 3arnporoOHOBAHOI MAaTEMAaTHYHOI MOJIENI HaJIeKaTh KOMIAKTHICTh
MaTEeMaTUYHOTO OMNHUCy, (Ii3UyHa I1HTEPHIPETOBAHICTh 11 KOEQILIEHTIB, MOXKJIUBICTh
BpaxyBaHHS 3MIHM TEXHOJIOTIYHHMX MapaMeTpiB 0e3 3MIHM CTPYKTYpH PIBHSHHS, a TaKOX
MPUIATHICTH /10 €(EKTHBHOTO YHCETHHOTO MOJENIOBaHHS Ta IMPOBEACHHS 0araropazoBUX
napaMeTpUYHUX JOCITIJKEHb.

Cnin  3a3HayuTH, WIO0 3alpollOHOBaHA MOJEIb HE 3aMIHIOE KJIACHYHI MOJENI
TePMOMEXaHiKH, MOOyI0OBaHI Ha CHUCTEMax pIBHAHb TEIJIONPOBIIHOCTI, DPIBHOBAaru Ta
BU3HAUAJLHUX CITiBBiMHOIIEHb. Ii NpU3HAYeHHS mMonsrac y (OPMYyBaHHI y3aralbHEHOTO
MaTeMaTHYHOT'O OIMHUCY €BOJIIOLII MPOLECy 3MIIHEHHS, KU MOXK€ BUKOPUCTOBYBATUCS IS
aHaI3y 3aKOHOMIPHOCTEHM TMpoIleCcy, MapaMeTPUYHUX ITOCHIIKEHb 1 TOMepPeaHbOT OIIHKH
BIUIMBY TEXHOJIOTTYHUX PEXHUMIB 0€3 M0OY10BH MOBHOMACIITAOHUX YUCEITBHUX MOJEIEH.

3anpornoHOBaHUM MigXil HE MpPEeTeHAYE Ha YHIBEpCaJbHUI ONMUC YCIX MpPOILECIB
TepMOMEXaHIyHOro 3MilHeHHs. [loOynoBaHa Mojens € y3araJbHEHOI 1 0Oa3zyeTbcs Ha
JOKaJIbHIM KBaJApaTU4HIM ampokcumanii BUXIIHUX (QYHKIIH, TOMy ii 3acTOCyBaHHS €
HalOIIbIl OOIPYHTOBAaHMM Yy THX pEXHMax, JUIs SKUX Take HAOMMKEHHsS aJIeKBaTHO
BioOpakae peanbHy (i3UUHY MOBENIHKY Marepiamy. [[ns 3amay 13 pi3ko BUPAKEHUMHU
HEJIIHIHHOCTAMH a00 CTPYKTYpPHHUMH TI€PETBOPEHHSMH MOX€ BHMHUKHYTH HEOOXITHICTbH
BUKOPHUCTAHHS allPOKCUMAIIIi BUIUX MOPSIKIB a00 pO3LMIMPEHHS MOJEN] HUISIXOM BBEICHHS
JOJJATKOBUX 3MIHHUX CTaHy.

[TpakTHYHa LIHHICTH 3alPOIIOHOBAHOI MOJENI MOJISATa€ Yy MOKIMBOCTI NMPOTHO3YBaHHS
XapakTepy €BOJIIOLII MpOIecy TEePMOMEXaHIYHOTO 3MILHEHHS 3a pI3HUX PpEeXHMIB
HaBaHTAXXCHHS Ta TEMIIEPaTypHOTO BIUIMBY. Lle CTBOproe mepemyMOBH AJisi BUKOPUCTAHHS
MoJieNi MiJl yac BHOOpY pallioOHAIbHUX MapaMeTpiB TEXHOJOTIYHUX MPOLECIB JUI aHaTi3y
BIUIMBY TEMITEPATYPHUX PEKHUMIB, MEXaHIYHUX HABAHTAKEHB 1 TEXHOJIOTTYHHUX IMapaMeTpiB Ha
€BOJIIOIII0 TPOIIECYy 3MIIHEHHS, BHOOpY paliOHATbHUX PEXUMIB OOpoOKM MaTepiasliB Ta
MPOBEACHHS KOMIT'IOTEPHUX TMapaMEeTPUUYHUX EKCIIEPUMEHTIB 0€3 HEOOX1THOCTI BUKOHAHHS
BEJIMKOI KIJIBKOCTI HATYPHUX BUIPOOYBaHb.
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[loganpmmii  poO3BUTOK  AOCTIHDKEHHS  JOUUIBHO TOB'SI3aTh 3 BepHu(IKaIli€ro
3aMmpONIOHOBAHOI MOJIENI 32 pe3yJbTaTaMH €KCIIEPUMEHTAILHUX JOCTIKEeHb a00 JIeTaIbHOTO
YUCEJIbHOTO MOJICIIOBAHHSA KOHKPETHUX TEXHOJOTIYHHMX IPOIECIB TEPMOMEXaHIYHOIO
3MIIHEHHS.

[To6ymoBana mojenb MoeaHye (i3MUHY OOIPYHTOBaHICTh, BITHOCHY MaTe€MaTUYHY
IPOCTOTY Ta MOXJIUBICTh €(EKTUBHOI YUCENBHOI peaiizallii, 1o poOuTh ii MepCrneKTUBHOIO
JUTSL TIOAJTIBITUX AOCIIHKEHB IPOIIECIB TEPMOMEXaHIYHOTO 3MIIHEHHSI 1I€()OPMIBHUX TBEPIUX
TIJL

6 BUCHOBKHU

VY po06oTi 3anponOHOBaHO MaTeMAaTUYHY MO/JIEIb TPOLECY TEPMOMEXaHIYHOTO 3MIITHEHHS
neGOpMIBHUX TBEpAUX Tid, MOOYyIOBaHy Ha OCHOBI y3arajlbHEHOro piBHAHHS PikkaTi 3i
3MiHHUMH KoedinieHTamu. Ha BiaMiHy BiJ TpaauIiiiHOrO BUKOPUCTaHHS PiBHAHHA Pikkarti sk
amnpiopHO 33aJaHOI MAaTEMAaTUYHOI MOJENi, Yy 3alpOIOHOBAaHOMY MiAXOJI BOHO OTPUMAaHE SK
HACJIJIOK JIOKAJbHOI KBaJIpaTHYHOI ampoKcuMalii y3araJbHEHUX (YHKLIH HAKOIHMYECHHS
3MIIIHEHHS Ta penakcamii, mo 3a0e3meunso ¢i3WdyHy IHTEpIpeTamio BCiX KoedillieHTiB
MOJEIIl.

[IpoBenenuii sKiCHWN aHaNi3 TMOKa3aB, IO XapakTep eBomomii ¢GyHKHIi crany
BU3HAYAETHCS CIIJIBHOIO Ai€l0 KoedilieHTiB Mojeni. BeraHoBneHno, mo koedimieHT a(t)

BIJIMOBiIa€ 3a HENMIHIMHMUI MeXaHI3M CaMOpPETyJIIOBaHHS MPoLecy, Koe]imieHTt b(t) BU3HA4ae

IHTCHCHUBHICTbh JIHIAHOI peakuii CHUCTeMH, a KOoe(illieHT C(t) XapakTepu3ye MOYaTKOBUN

OamaHc MDK MpollecaMd HAKONMMYEHHs 3MilHEHHS Ta perakcamii. OTpumaHi pe3ynbTaTh
JIO3BOJIAIOTH OLIHIOBaTH YMOBM cTa0uIi3alii IMpolecy Ta IMPOTHO3YyBaTH XapakTep HOro
MOJAJIBIIOTO PO3BUTKY.

JUis 4ucenbHOro JOCHIHKEHHST MOJeNi po3poOieHO ajIropuTM poO3B'A3yBaHHA 3adadl
Komi Ha ocHOBI kiacuyHoro meroay PyHre—KyrTu uerBepToro mopsaxy. 3arnpornoHOBaHHUHA
IropuTM 3ale3neuye BUCOKY TOYHICTh IHTETPYBaHHS, € OOYUCIIIOBAIbHO €()EKTUBHHUM 1 HE
notpelye Moaudikalii npu 3MiHi (YHKIIOHAIBHOTO BUTTISAY KOE(]Ili€EHTIB MOEII.

[IpoBenenuit uncenbHUM eKCIIEpUMEHT MIATBEPAUB Mpale3JaTHICTh MO0YJ0BaHOI MOIEN1
Ta Y3TOJKEHICTh pPe3yJbTaTiB SKICHOIO aHali3y 3 JaHUMH YHCEIIBHOTO MOJEIIOBAHHS.
[TokazaHo, mo 3MiHa KOE(QILIEHTIB pIBHAHHA JI03BOJISIE BIATBOPIOBATU pPI3HI PEKUMU
€BOJIIOIIIT MpOLleCy TEPMOMEXAHIYHOTO 3MIIHEHHS, a HaWOUIbIIMIl BIJIUB HAa XapakTep

PO3B'SI3Ky Ma€ HeNIHIHHUN KoedilieHT a(t), SKMH BU3HAYa€ I1HTEHCHBHICTb €(eKTy

HAaCHUYECHHSI.

[IpakTruHe 3Ha4YEHHS OTPUMAHUX PE3YNHTATIB MOJATAE Y MOXKJIUBOCTI BUKOPHUCTAHHS
3aMpOTNIOHOBAHOI MOJENI JJsi KOMIT'IOTEPHOTO MOJEIIOBAHHS IMPOIIECIB TEPMOMEXaHIYHOTO
3MIITHEHHS, JOCIIKEHHS BIUIUBY TEXHOJOTIYHUX MapaMeTpiB Ha €BOJIOIII CTPYKTYPHOTO
CTaHy MaTepially Ta TMPOBEICHHS TMapaMeTPUYHUX YHCETbHUX EKCIIEPUMEHTIB 0e3
HE0OX1THOCTI BUKOHAHHS 3HaYHOT KIJTbKOCTI HATYPHUX BUIMPOOYBaHb.

[Tomanpimii pO3BUTOK JOCIHIKEHD JOIUIHHO CHOPSIMYBAaTH Ha BpaxyBaHHS MPOCTOPOBOT
HEOJHOPITHOCTI ~ Marepiany, TeMIepaTypHOi 3aJeKHOCTI HOro  (Pi3MKO-MEXaHIYHHUX
XapaKTepUCTHUK Ta MOOyIOBY OaraTornapaMeTpUYHUX MOJAENEH TEPMOMEXaHIYHOTO 3MIITHEHHS
JUTSL CKITQHUX TEXHOJIOTTYHUX TTPOIIECIB.

7 ETWYHI JEKJIAPAIII

ABTOp HE Mae€ BIAMOBIAHMX (HIHAHCOBUX YW He(pIHAHCOBUX IHTEPECIB, SKI CIIiJ
PO3KPHBATH.
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AHAJII3 TIPOCTOPOBO-YACOBOI CTPYKTYPHU
BATATOBUMIPHUX IHOOPMALIMHUX ITPOLIECIB 3A
HEINIOBHUX CIIOCTEPE’KEHb

Kamkesuu C.0.%, Jlextapenko A.T.!, Bpanopunbka I.B.}, F'osero H.M.!
YHayionanonuii ynisepcumem «Kuiscoxuti agiayitinuii incmumymy

AHoTaunisi: Y pobOTi TpoaHaTi30BaHO MPOCTOPOBO-Y9ACOBY CTPYKTYpy OaraTOBHMIpHHX
iH(QOpMaIiHHIX MPOIIECIB 32 YMOB HETIOBHHUX CIIOCTEPEKEHb. AKTYaIBbHICTh JOCITIKEHHS 3yMOBJICHA
TUM, 10 B pealbHUX iHQOpMAIiMHUX CHCTEMAaxX 3HAYEHHs OKPEMHX IapaMeTpiB MOXYTb OyTH
BIJICYTHIMH, HAQJXOIUTH HEperysipHO abo (opmyBaTHCS 3 PI3HOIO YaCOBOI IHUCKPETHICTIO, IO
YCKJIaTHIOE€ BCTAHOBJICHHS B3a€MO3B’SI3KiB MK KOMITOHEHTAMU TIPOIECY Ta 3HIKYE iHHOPMATUBHICTb
TPaaUIiHHUX METOIB aHAJII3Y.

Mertoto po0OTH € aHami3 MPOCTOPOBO-YAaCOBHUX 3JICKHOCTEH OaraTOBUMIPHOTO MpOIECY 3
ypaxyBaHHSIM HEMOBHOTH BHUXiTHHX manwmx. Jms Qopmamizamii mpomecy BHKOPHCTAaHO MaTpHYHE
MPEJICTABJICHHS. CTaHiB, OIHApHY MATPHIO JOCTYHMHOCTI CIIOCTEPEKCHb Ta BEKTOPHE IOJaHHS
KOMITOHEHTiB. HermoBHOTa MaHWX BU3HA4Yalacs 4epe3 YacTKy BiJCYTHIX €JIEMEHTIB, a OLIHIOBAHHS
B3a€MO3B’3KiB BUKOHYBAJIOCS JIMIIE 32 CHUTBHO JOCTYITHUMH CIIOCTEPEKCHHIMU.

Jia aHamizy 4acoBHIX 3alie)KHOCTEH C()OPMOBAHO JIaroBi KOBapiamiifHi MaTpHIli, BUKOHAHO iX
HOPMYBaHHs Ta TOOYAOBaHO Yy3arajbHeHy OJOYHYy MAaTpPUII0 HPOCTOPOBO-YACOBOi CTPYKTYPH.
JloMiHaHTHI 3aKOHOMIPHOCTI BU3HAYAIIUCS 32 CHEKTPATHHUM PO3KIAJaHHAM Ili€] MaTpHIIi Ta aHAII30M
BJIACHHX 3HAYEHb 1 BIIACHUX BEKTODIB.

Jnsi  mepeBipky Mpane3JaTHOCTI 3alpOIIOHOBAHOTO MAaTeMaTHYHOTO —amapaTry MpOBEACHO
iMiTalfifine MozeoBaHHs y cepenoBuini Python i3 Bukopuctanusm 0i01iorek NumPy ta Matplotlib.
VY Mexax eKCIepuMEHTY c(OpPMOBAaHO MPOCTOPOBO PO3MOAIICHI YacoBi peamizawii 6araToBUMipHOTO
IpOLIECy, BBEACHO BHUIIAJKOBI Ta JIOKAIBHO 3IPYNOBaHI INPOIYCKH, a TAKOXK JOJAHO BHIAJKOBY
noxuOKy Majoi iHTeHCHBHOCTI. OTprUMaHi pe3yibTaTH MOKa3aid, 10 32 HETMOBHUX CIIOCTEPEXKEHb Y
JIOCTYITHUX (parMeHTax 30epiraeThCs y3roJKeHiCTh MiXkK CYCiIHIMH ITPOCTOPOBUMH PeatizallisiMu, 110
JTO3BOJISIE OI[IHIOBATH JIATOBI 3aJIEKHOCTI Ta BUALIATH XapaKTEePHI CTPYKTYPHI KOMITOHEHTH TIPOIIECY.

3anponoHOBaHUI MigXiJ MOXXe OyTH BHUKOPUCTAHWMA Ui aHali3y OaraTOBUMIPHUX JaHUX Yy
CHUCTEMaX MOHITOPUHTY, JIarHOCTHKH Ta WIATPUMKH TPHAHSTTS pillleHb, J€ CIIOCTEPEKECHHS
HAJXOJIATh HEPIBHOMIPHO 200 MICTSTh IMPOITYCKH.

KarouoBi cioBa: OararoBumipHuii iH(OpMAIiiHUI Mpoliec, MPOCTOPOBO-4acoBa CTPYKTYpa,
HETOBHI CIIOCTEPEKEHHS, 4YacOBi 3aJIe)KHOCTi, KOBapiaimiifHa MaTpUIs, CHEKTPaTbHUM aHaji3,
MO/JICITIOBAHHS.

ANALYSIS OF THE SPATIO-TEMPORAL STRUCTURE OF
MULTIDIMENSIONAL INFORMATION PROCESSES UNDER
INCOMPLETE OBSERVATIONS

S. Kashkevych?!, A. Dekhtiarenko?, I. Branovytska!, N. Holeho!

National University “Kyiv Aviation Institute”

Abstract: The paper investigates the spatiotemporal structure of multidimensional information
processes under incomplete observations. The relevance of the study is determined by the fact that in
real information systems some parameter values may be missing, arrive irregularly, or be formed with
different temporal discretization, which complicates the identification of relationships between process
components and reduces the informativeness of conventional analysis methods.
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The aim of the study is to analyse spatiotemporal dependencies of a multidimensional process
while explicitly taking into account the incompleteness of the source data. A matrix representation of
process states, a binary observation-availability matrix, and a vector representation of the components
were used to formalize the process.

Data incompleteness was quantified through the proportion of missing elements, while
relationships were estimated only from jointly available observations. Lagged covariance matrices
were formed to analyse temporal dependencies, followed by their normalization and construction of a
generalized block matrix describing the spatiotemporal structure. Dominant regularities were
identified by spectral decomposition of this matrix and by analysing its eigenvalues and eigenvectors.

To verify the applicability of the proposed mathematical apparatus, simulation modelling was
carried out in Python using the NumPy and Matplotlib libraries. The experiment generated spatially
distributed time realizations of a multidimensional process, introduced both random and locally
grouped missing observations, and added low-intensity random noise. The obtained results showed
that, despite incomplete observations, consistency between neighbouring spatial realizations was
preserved in the available data fragments. This made it possible to estimate lagged dependencies and
identify characteristic structural components of the process. The proposed approach can be applied to
multidimensional data analysis in monitoring, diagnostic, and decision-support systems where
observations are irregular, partially unavailable, or contain missing values.

The developed representation provides a basis for further assessment of structural changes,
anomaly detection, and investigation of the influence of different missing-data patterns and noise
levels on the stability of spatiotemporal relationships.

Keywords: multidimensional information process, spatiotemporal structure, incomplete
observations, temporal dependencies, covariance matrix, spectral analysis, simulation modelling.
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1 BCTYII

CyyacHi iHoOpMaIiiiHI Ta OpraHi3alifHO-TeXHIYHI CHCTEMH XapaKTePHU3YIOThCS
3HAYHOIO KUTBKICTIO B3aEMOIIOB’ SI3aHUX MApaMeTPiB, SKi 3MIHIOIOTHCS Y Yaci Ta GOPMYIOThCS
B PI3HUX MTPOCTOPOBUX IMOJIOKEHHIX. AHAJII3 TAKUX MPOLECIB NOTPeOye BpaxyBaHHS HE JIUIIIE
3HaYeHb OKPEMHX IIOKa3HUKIB, aje U XxapakTepy iX B3aeMoJii, 4acoBOi AMHaMiKH Ta
CTPYKTYpPHUX 3ajie)kHOcTel. OcoONMBOI aKkTyaabHOCTI I 3aja4a HaOyBae B yMOBax
HEMOBHOTU BHUXIAHOI iH(OpMaIlii, KOIM YacTHHA CIOCTEPEKECHb BTPAYAETHCS, HAIXOIUTH
HEpEryJsIipHO ab0 CTa€ HEJAOCTYITHOK B OKPEMI MOMEHTH 4acy.

OxHuM 13 TpaAMUIHHUX HANpsAMIB aHali3y CTaHy CKJIAJAHUX 00’ €KTIB € BUKOPHUCTaHHSA
JAHUX TIOTOYHOTO MOHITOPUHTY.

VY pobori [1] Oyno nokazano 3HaueHHs iHQOpMaLii Mpo (aKTHUHUI CTaH CUCTEMH IS
NPUKAHATTS pIllleHb, J€ pPe3yJbTaTH MOHITOPHUHTY BHKOPHCTOBYIOTHCS SIK OCHOBA IS
OLIIHIOBAHHS TIOTOYHOTO CTaHy Ta MOJANBIINX HiH. Y poOoTi [2] pO3MIIIHYTO METOIu
BiOpaiifHOr0 MOHITOPUHTY Ta OOPOOKM CHUTHAIIIB JJISl OI[IHIOBAHHS CTaHy CTPYKTYp, 30KpemMa
METOAM OTPUMAaHHs, Bi3yami3amii ¥ aHamizy BUMIPIOBaHHMX JaHWX. BomHodac 3a3HadveHi
M1XOAM MEePEBAKHO OPIEHTOBAHI HAa aHAJ3 OKPEMHUX CUTHAJIB a00 CYKYMHOCTI BUMIPIOBAHb 1
HE TIOBHOIO MIpOI0 BpaxOBYIOTh OJHOYACHY IPOCTOPOBY, YacOBY Ta MIKKOMIIOHEHTHY
CTPYKTYPY JlaHUX 32 HasiBHOCTI MPOITYCKIB.

Tomy akTyaqbHUM € JOCIHIIKEHHS MPOCTOPOBO-YACOBOi CTPYKTYpH OaraTOBUMIpHUX
iHQopMaLIfHUX TPOIECIB 3 YypaxyBaHHSIM HEMOBHOTH CIOCTEpeKeHb. Takui MigXil Mae
3abe3neuyBatu (HOpMai3alifo JOCTYITHOCTI OKPEMUX KOMITOHCHTIB, OIIHFOBAaHHS B3a€MHUX 1
JIArOBHX 3aJICKHOCTEH TUIbKH 32 ()aKTUYHO HASSBHUMHU JAHUMHU Ta BUIUICHHS JOMIHAHTHHX
CTPYKTYPHHUX 3aKOHOMIPHOCTEH MpOIECy.

2 AHAJII3 JITEPATYPHUX JVKEPEJI TA IOCTAHOBKA INPOBJIEMH

VY po6oti [3] po3riasHyTO MaTeMaTHyHe 3a0€3MEUeHHs CUCTeM MIATPUMKH MPUHHATTA
pileHs, 30kpema popmalizalliro 3a1a4 00poOKku ckiaaHol iH(popMaIlii Ta OLIHIOBaHHS CTaHIB
cucteMm. [lonanpmmii po3BUTOK METOAIB CTPYKTYPHOTO aHaNI3y JJaHUX MPEACTaBIeHO y [4], ae
JUIs BUABIICHHS AaHOMAaJiil BUKOpUCTaHO TrpadoBe BKJIAJEHHS CHUTHAIB, IO J03BOJISIE
BPaxOBYBaTH B3a€MO3B’SI3KH Mi)K OKPEMHUMH KOMITOHEHTaMH.

VY [5] 3amponoHOoBaHO KOMOIHOBaHUN O10IHCHIPOBAaHMN aJITOPUTM TMOIIYKY PIiIIEHb JUIS
CKJIaMHUX OaraTomapaMeTpuuHuX 3anad. [IuTaHHsS BIUIMBY INyMiB 1 CIIOTBOPEHb Ha
iH(popMaliifHi mpouecu AociipKyBanucs y [6], a B [7] po3riIsiHyTO KOpeJslito Mmonaid Ta
YOpaBIiHHSA 1HUUACHTaAMH Ha OCHOBI BCTAHOBJIEHHS CTPYKTYPHUX B3a€MO3B’SI3KIB MIXK
iH(hOpMaLIHHUMU TIOJTISIMU.

MeToau 1HTENEeKTyaJIbHOTO aHalli3y 0araTOBHMIPHUX JaHUX Ta BUSBIIEHHS HETHIIOBHUX
cTa”iB po3risgHyTo y [8—12]. ¥V [8] mocmimkeHO 3acTOCyBaHHS MOJENeld MAaIlIMHHOTO
HaBYaHHS JUIsl BUSBIIEHHS aHOMAJbHHUX omepauiil, y [9] 3anponoHOBaHO METOJO0JIOTIYHUI
MiXi 1O OI[IHIOBAHHS CTaHy CKJIAJHUX OpraHi3aliifHO-TeXHIYHuX cucrteM, a B [10]
CHCTEMAaTHU30BaHO CYYacHI METOIM BHUSIBICHHS aHOMAJTIM.

He3Baxatroun Ha pO3BUTOK 3a3HAYEHUX IIAXOJIB, HEAOCTATHHO JOCIHIHKEHUM
3aJUIIAE€THCS  MUTAHHSA  aHali3y IPOCTOPOBO-YacOBOI  CTPYKTYpH  OaraTOBHUMIPHUX
iH(pOpMalifHUX TPOLECIB 3a HEMOBHUX CHOCTEPEXKEHb. 30KpeMa, MoTpedye MOoAambIIol
dbopmaitizailii oHOYaCHE BpaxyBaHHS MIDKKOMIIOHEHTHHX 3aJI€KHOCTEH, YaCOBHX 3CYBIB Ta
HEpPIBHOMIPHOI JJOCTYITHOCTI OKPEMHX €JIEMEHTIB JJaHUX.

Binomi miaxoau no aHaiizy OaraTOBHMIPHUX YacOBHMX Dsi/IiB 3a HAsBHOCTI INPOITYCKIB
NEepeBAXHO TMependayvarloTh IOMNEpeHE BiTHOBICHHSA BIJICYTHIX 3HAYeHb a00 OIIHIOBAHHS
CTAaTUCTUYHUX XAPAKTEPUCTHUK 3a JOCTYIHOK 4acTHHOK BUOIpkH. IIpu mpomy HenoctaTHBO
BPAaxXOBYETHCS, IO JJIsl PI3HUX Map KOMIIOHEHTIB 1 PI3HUX YaCOBUX JIATiB KUIBKICTh (PAKTUYHO
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JNOCTYITHUX CHIJBHUX CIIOCTEPEXKEHb MOXKE ICTOTHO BimpizHaTtucs. lle 3ymoBioe
HEOOXiJHICTh ()OPMYBaHHS MPOCTOPOBO-YACOBOTO TIPEACTABICHHS, Y SKOMY CTPYKTypa
3aJIe)KHOCTEH BU3HAYAETHCS O€3 MONepeaHbol IMIyTallii JaHUX Ta OKPEMO JJISl KOXKHOI mapu
KOMITOHEHTIB 3 YpaxXyBaHHSM ii (PaKTHYHOI JOCTYITHOCTI.

3 b TA 3AJAYI JOCJIKEHHS

im0 gocHiDKEHHS €  aHaji3 MPOCTOPOBO-YAaCOBOI CTPYKTYpH OaraTOBHMIpPHHUX
iH(pOpMaLiIHHUX MPOIECIB 32 HETTOBHUX CIOCTEPEKEHD IIISIXOM (opmMartizallii B3a€MO3B 3KiB
MK KOMIIOHEHTaMH, OI[IHIOBAaHHS YacOBUX 3aJCKHOCTEH Ta BH3HAYEHHS OCOOJIMBOCTEH
30epeKeHHS CTPYKTYPHUX 3aKOHOMIPHOCTEH 32 HASBHOCTI MPOITYIICHUX JTaHUX.

HaykoBa HOBHM3HAa OTPUMaHHUX pE3YJbTATIB IOJIATAE B YAOCKOHAJCHHI IiJXOAY [0
aHaJlizy IMPOCTOPOBO-YaCOBOI CTPYKTYpH OaraTOBHMIpHHX I1H(GOpPMAaLiiHUX NpOLECiB 3a
HEMOBHHUX CIHOCTepekeHb. Ha BigMIHY Bil MNIAXOAIB, Y SKHUX NPONYLIEHI 3HAYCHHS
MOTIEPEHBO  BIIHOBIIIOIOTHCS a00 CTATUCTHYHI 3aJIC)KHOCTI OIIHIOIOTHCSA JUISL  €TUHOL
JMOCTYMHOI MiABUOIPKU, 3aMpONOHOBAaHUI MiAXin mnependadae (GopMyBaHHS A KOXKHOTO
4acOBOTO JIar'y OKPEMOi MAaTPHIll JOCTYITHOCTI Map CIHOCTEPEKEHb Ta OIIHIOBAHHS KOXXHOTO
€JIEMEHTA JIArOBOI 3aJICKHOCTI JIMIIE 32 BIJIMOBIIHOK MHOXHHOK (PAaKTHYHO HASBHUX Map.
[Tonanpire 00’ eAHAHHS TAKWX 3aJICKHOCTEH y €IUHY OJIOUHY MATPUIlIO 3a0e31eduye CIibHEe
NPE/ICTaBICHHS MDKKOMIIOHCHTHUX 1 YaCOBUX 3B’SI3KiB 0€3 BHECEHHS IITYYHO BiJHOBIICHHX
3HAYCHb.

4 PE3YJBbBTATHU JOCJITXKEHDb

Jnst ToCHiKeHHS TPOCTOPOBO-YAaCOBOi CTPYKTYpH OaraTOBHMIpHHX iH(OpMAaIiitHUX
npoleciB 0yJ0 pO3IJISHYTO CYKYIHICTh B3a€EMOIOB’S3aHUX MapaMeTpiB, 3HAUEHHS SKUX
3MIHIOBQJIUCSI Y dYaci Ta XapaKTepu3yBaJIM CTaH CHUCTEMH B OKPEMHX MPOCTOPOBHUX
NOJIOKEHHAX. BXiAHI JaHi MNoJaBaluCs Yy BUINIAAI  0araTOBUMIPHOT  MOCIHIJOBHOCTI
CIIOCTEPEKEHbD, ISl IKOT BPaXOBYBAJIUCS CTATUCTUYHI 3aJ€KHOCTI MI)K KOMIIOHEHTaMH Ta iX
3MiHa y yaci. OCOOJIMBICTIO AOCHIPKYBAaHUX JIaHUX OyJa HasBHICTh HEMIOBHUX CIIOCTEPEKEHbD,
3a SIKMX YaCTMHA KOMIIOHEHTIB y NI€BHI MOMEHTH 4acy Oyna BiacyTHs. s ix gopmanmizamii
OyJ0 BBEJEHO MATPHIIIO JOCTYIHOCTI JaHHUX, a aHalli3 MPOCTOPOBO-YACOBUX 3AJIEKHOCTEH
MIPOBOJUBCS JIAIIE 32 (PAKTHYHO HASBHUMH CIIOCTEPEKEHHIMH 3 TOJAIBIIAM OI[IHIOBAHHSIM
CTPYKTYpHU 6araTOBUMIpHOTO MPOLIECY.

Ilooanusa 6acamosumiproco npoyecy. Ctan 1HPOPMAIIMHOTO MPOIECY B MOMEHT yacy t
OyI0 MpenCcTaBIeHO MaTPULIEHO:

X (1) - %, ()
X,=| . b, t=1..T, (1)
Xn1 (t) o XNp (t)

ne N — KiTbKICTh HPOCTOPOBHMX MOJOXKEHb; P — KUIBKICTh HapameTpiB; [ — KUIbKICTb
qacoBuX BiMIIKIB (1).

Dopmanizayis. HenosHux cnocmepedcensv. Jns BU3HAYEHHS OCTYMHOCTI OKPEMHX
3Ha4YeHb 0yno chopMoBaHO OIHAPHY MATPHUIIIO:

m;, (t) o mlp (t)
M=| & o i m(t) e{0.Dn )
My, (t) o mNp (t)
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3Ha4yeHHs M; BIAMOBIIAIO HASBHOMY CIIOCTEPEKEHHIO, a M; =0 — BiaCyTHBOMY (2).

Mooenv  ¢hopmysanns cnocmepedsxcysanux Oanux. 3 ypaxyBaHHSAM HEIOBHOTH Ta
BUIIA/IKOBUX MOXUOOK CIIOCTEPEKYBaHi JaHi BUSHAYAIHCSA SIK:

Y, =M, 0X,+E,, ®)

e Y,— MaTpuls JOCTYIIHHUX CIIOCTEpEeKeHb;, E, — MaTpuusl BUNAIKOBUX MOXHOOK;, O —

MOCJIEMEHTHUH 100yTOK (3).
CrymiHb HETIOBHOTH JIaHUX BH3HAYABCS BIIHOIICHHSIM KUTBKOCTI BIJICYTHIX €JIEMEHTIB JI0
3arajbHO1 KIJTBKOCTI MMOTEHIIHHUX CIIOCTEPEIKEHbD:

T N
1 P

p:l—N—TpZZZmij (t). (4)

t=1 i=1 j=1

I[Ipu p=0 cnoocrepexenHss Oynu MOBHUMH, a 30UIBIIEHHS L XapaKTepU3yBaJIo
3pOCTaHHA YacTKH BiACYTHIX JaHUX (4).

Ilepexio 0o sexmopHoeo npedcmagnenns. JINs CIUIBHOTO aHAI3y BCiX KOMIIOHCHTIB
MaTPHUIIIO CTaHy OYJIO IIEPETBOPEHO y OaraTOBUMIipHHIA BEKTOP:

z, =vec(X,), z, eR™. (5)

Takuii hopmanbHUI ONMUC JTO3BOJIMB OIIIHIOBATH B3a€EMHI 3aJICKHOCTI OJJHOYACHO MIXK
MIPOCTOPOBUMH TOJIOKEHHIMH Ta PI3HUMHU KOMIIOHEHTaMHU Tiporiecy (5).

Busnauennss docmynnocmi nap cnocmepedicens. JlJie KOKHOTO YacOBOTO 3MIIIEHHS T
OyJ10 BU3HAUEHO KIJIBKICTH CIIJIBHO TOCTYITHUX CIIOCTEPEKEHD:

N, = i mm_,,  m =vec(M,). (6)

t=r+1

Marpuns  N_ Bu3Hayana, sfKa KUIBKICTh IHap 3Ha4eHb (AakTU4YHO Moria OyTh

BUKOPHUCTAHA IS OI[IHIOBAHHS 3aJIe)KHOCT1 MK BiJIMOBIAHUMH KOMITIOHEHTaMH (6).

[TpUHIHUITIOBOIO OCOOJIMBICTIO TAKOTO MPECTABICHHS € TE, 0 MHOXXHHA CITOCTEPEKCHbD,
sIKa BUKOPUCTOBYETHCS IS OLIIHIOBAHHS 3aJIEKHOCTI, POPMYETHCS OKPEMO ISl KOXKHOI mapu
KOMIIOHEHTIB Ta KO>KHOTO 3HAa4YeHHS 7 . TOMYy OIIIHIOBaHHS MPOCTOPOBO-YACOBOI CTPYKTYpPHU
He oTpedye popMyBaHHS €IUHOT MOBHOI BHOIpPKH ab0 MOMEPETHBOr0 3aMIIIeHHS BIJCYTHIX
3HAYCHb.

[IpocTopoBo-yacoBi ~ 3aJ€XKHOCTI  OIIHIOBAIACS 32  CHOUIBHO  JIOCTYITHHUMH
CIIOCTEPEKEHHSIMHU:

n T
Cr: Zrtrttr ®NT’ rt:rntO(yt_l[l) (7)

t=r+1

Tyr y, =vec(Y,), [ — OIliHKAa CEpeAHBOTO 3HAUCHHS, @ () — MOCNEMEHTHE AiJICHHS.

Takum uYWHOM, BIJCYTHI 3Ha4YeHHs O€3MOCEepeHhO HE BKIIOYAIHNCS J0 OIIHIOBAHHSA
KoBapiariit (7).

TakuM yuHOM, €EMEHTH MaTpPHUIli TPOCTOPOBO-YACOBUX 3aNICKHOCTEN (HOPMYIOThCS 3a
PI3HUMM MHOXKMHAMH JOCTYITHHX I1ap CIOCTEPEKeHb, BU3HAUeHUMHU MaTpuueo N .

Ile Bigpi3HS€ 3ampOTIOHOBAHE TMPEJCTABICHHS BiJ CTAHJAPTHOTO OIIHIOBAHHS
KOBapiallifHOi CTPYKTYpH 3a HOMNEpeaHbO Cc(HOPMOBAHOIO MOBHOIO BUOIPKOIO Ta J03BOJISIE
0e3rmocepeTHhO BpaxOByBaTH HEPIBHOMIPHICTh MPOITYCKIB MiK KOMIIOHEHTaAMH TIPOIIECY.

Hopmysanna npocmopogo-uacoeux 3anexcnocmeu. Jlis yCyHEHHs BIUIMBY pi3HHX
MaciTabiB KOMIIOHEHTIB 0yJi0 chOpMOBaHO HOPMOBAHY MATPUIIIO 3aJICKHOCTEH:
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R =DY’C.D"?, D =diag(C,). (8)

Matpuus R XapaKkTepu3yBajla CHJIYy  B3a€MO3B’SI3Ky MDK  KOMIIOHEHTaMU

T

0araToBUMIpHOTO MPOIECY IPH YaCOBOMY 3MilieHHi 7 (8).
Dopmyeanus CyKynHoi npocmoposo-uacoeoi cmpykmypu. OTpumani Matpuii O0yio
00’e1HaHO Y OJIOYHE MPEICTABICHHS:

, R R
T

R=| R R ©)
RL RL—l R0

ne L— makcumanpHUMil yacoBuii yiar. MaTtpuns R y3aranpHIOBana OJHOYACHO MHTTEBI Ta
94acoBO 3MIIIEHI 3B’ SI3KH MK KOMIIOHEHTaMu mporiecy (9).

Buodinennsa oOominanmnoi cmpykmypu. JIns BU3HAUEHHS OCHOBHHUX IIPOCTOPOBO-
YaCOBUX 3aKOHOMIpHOCTEN OYyJI0 BUKOHAHO CIIEKTPAIbHE PO3KIIaIaHHs:

R=QAQ", A=diag(4,...,4). (10)

Brnacui BexTtopu Matpuii Q BU3HAYalIM XapakTepHI MPOCTOPOBO-YACOBI CTPYKTYpHU
IpolEeCy, a BIAaCHI 3Ha4eHHs A, — X BHECOK y 3arajibHy BapiaTHBHICTb JaHuX (10).

JInist KUTbKICHOTO OI[IHIOBaHHS CTYIEHsSI 30€peXeHHS MPOCTOPOBO-YACOBOI CTPYKTYpH
32 HEMOBHUX CIIOCTEPEKEHb BUKOPHCTAHO KOE(ILIEHT CTPYKTYPHOI BIAMOBITHOCTI, IO
XapaKTepu3ye BIAXWUIICHHS Yy3arajlbHEHOi MaTpHIll, OTPUMaHOi MpH 3aJaHOMYy piBHI
HEMOBHOTH, BiJl MaTpuili, cOpMOBaHOI 32 TOBHOIO BUOIPKOIO:

[R® ~RO| .
E

, (11)
IR,

S(p)=|1+

ne R"”) — y3arampHeHa MaTpuIs MPOCTOPOBO-YACOBMX 3ANEKHOCTEH 3a CTYIEHS HEMOBHOTH
p; R — Binnosizsa maTpuns mis nosroi BuGipku; F — HOpma ®pobeniyca. 3HaueHHs
S(p), OMU3BKI O ONWHMIN, BiAIOBITAIOTh BHCOKOMY CTYICHIO 30€peXeHHS CTPYKTYpH, a
HOT0 3MEHIIEHHS XapaKTePU3ye 3pOCTAHH BIIXMIICHHS BiJl €TaJJOHHOTO BUITAIKY.

Takum umHOM, chopMoBaHMII MaTeMaTHUYHUN amapar 3a0e3ledyuB ypaxyBaHHS
0araToBUMIPHOCTI1, YACOBHX 3aJI€KHOCTEH 1 HEMOBHOTHU BUX1/IHUX CIIOCTEPEKEHbD.

OTpumaHe cHeKTpajbHEe TNPEACTABICHHS JaJI0 3MOTYy BUAUIUTH JIOMIHAHTHI
KOMIIOHEHTH NPOCTOPOBO-YACOBOI CTPYKTYPH Ta KUIBKICHO OI[IHUTH CTYIIHB ii 30epexeHHs
3a Pi3HOTrO PiBHS HEMOBHOTHU JAaHUX.

Jlnst mepeBipKM IMparme3NaTHOCTI 3alpONOHOBAHOTO MaTeMaTHYHOTO arapary Oyio
IPOBEICHO IMITallifHE MOJENIOBAHHS IPOCTOPOBO-YACOBOI CTPYKTYpHU OaraToOBHMipHOTO
1H(OpMaLIHOTO MPOIleCcy 32 HEMOBHUX CIIOCTEPEKEHb.

MopenoBaHHsl BUKOHYBajiocss B cepenoBuili Python i3 BukopucTaHHsAM 06i0mioTek
NumPy ta Matplotlib.

B wmexax ekcnepumenty Oyno cdopmoBano N =11 mpocTopoBO po3MOaiICHUX

peaizaniil X (t) Ha yacopomy intepsani t € [0;20] i3 kinbkictio Bigmikis T = 220.

Kosxkna peamizariiss MicTuja CIUIBHY YacoOBY CKJIAJOBY Ta IMPOCTOPOBO 3aJICKHHUMA
dazoBuii 3cyB, 10 3a0e31euyBano GopMyBaHHS Y3TOIKEHOI IMPOCTOPOBO-YACOBOI CTPYKTYPH.
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Jns  [OCHi[UKEHHS  BIUIMBY  HEMOBHOTH  CHOCTEPEXKEHb  PO3IILNAINCS — 3HAYCHHS
p =0;0,10;0,22;0,30;0,40, ne p =0 BiAnoBigano NOBHii BUOIPII.

JIisi KOXXHOTO HEHYJIbOBOTO 3HAa4eHHS p (OopMyBajucs BUIAIKOBI Ta JIOKAJIbHO
3rpyMNoBaHi MPOIYCKH, 3arajibHa KUIbKICTh SKUX Bi/AMOBiIaIa 3alaHOMY CTYIIEHIO HEITOBHOTH.
Jis 3MEHIIICHHS BIUTMBY KOHKPETHOTO PO3TAIlyBaHHS MPOITYCKIB /Ul KOKHOTO 3HAUCHHS O
BUKOHYBasiocst 30 He3aleXHHUX peatizaiiii MacKu JAOCTYHHOCTI. J[o MOJenboBaHUX 3HAYEHb
JI0/1aBajiacsi BUMaIKOBa MOXUOKA 3 CepeqHbOKBAPATHUHUM BixmieHHIM o = 0,025.

Ha puc. 1 sk xapakTepHUH NpUKIa] HABEAECHO OJAHY 3 peaili3auiid mpouecy At
p=022.

80 & —e— p=0.00, 5=1.000
s p=0.10,5=0979
—— =022, 5=0.068
701 —— p=0.30, 5=0967
—— p=0.40,5=0962
60 4
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£ 504
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c 40
=}
et
£
& 30 4
=%
uwl
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Puc. 1. HopmoBaHwuii CrieKTp BJIaCHUX 3HAYEHB y3arajbHEHOT MaTPHUIll IPOCTOPOBO-YACOBOT CTPYKTYPH 32
PI3HOTO CTYIICHS HEMIOBHOTHU CIIOCTEPEIKSHb

Jns ¢ikcarii yMOB iMITalliiHOTO €KCIIEPUMEHTY 0ys10 cOpMOBAHO Habip OCHOBHMX
nmapaMeTpiB MOJENIOBAaHHS, IO BH3HAYAIM PO3MIPHICTH MPOCTOPOBO-YACOBOTO TMPOIIECY,
TPUBAJICTh CHOCTEPEKEHHS Ta PiBEHb HEMOBHOTHU BUXIJHUX JaHUX. 3HAYECHHS MapaMeTpiB
HaBeJIeHo B Ta0. 1.

Taoauns 1
HapaMeTpH MOZACIIOBAHHS ITPOCTOPOBO-4ACOBOT'O IMMPOLIECY
[Tapametp [To3HaueHHs 3HaueHHs
KinbkicTs npocTopoBux
10JIO>KEHb N 11
KinbkicTh 4acOBHX BiJITIKIB T 220
YacoBwuii iHTEpBaI t [0;20]
YacTka BUMAIKOBUX
MIPOIYCKIB P 0; 0,10; 0,22; 0,30; 0,40
AMIiTY1a BUIIAIKOBOT
IMOXUOKU o 0,025
KinmpkicTh TOKaTBHIX
obnacTeil mpoIycKiB n, 2
MaxkcuManbHUH 9acoBMii J1ar L 3
KinbkicTh peamizartiit mist
KOXKHOTO O n, 30
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HaBeneni mapamerpu 3a0esneuyBanu (OpMyBaHHS JTOCTaTHHO IIUIBHOI IPOCTOPOBO-
9acoBOI CTPYKTYpH Ta OJIHOYACHO CTBOPIOBAIM CYTTEBY HEIMOBHOTY CIIOCTEPEKEHb.
[ToeqHaHHs BHIIQJAKOBHUX 1 JIOKQJIBHO 3TPYNOBAaHUX IPOMYCKIB JIO3BOJWIO BiITBOPHTH
CUTYaIli0, 32 SIKOT OKpeMi KOMIIOHEHTH TpoIlecy OyJd JOCTYITHI HEPIBHOMIPHO Y 4aci, 110
BIJIMTOB1/1aJI0 YMOBaM, 3aKJIaJICHUM Y MaTeMaTUYHIA MOJIEITI.

5 OBI'OBOPEHHS PE3YJIBTATIB JOCJIIKEHHSA

OTpuMaHi pe3ylbTaTd IMOKAa3aly, IO 3alpOINOHOBAHMNA IMiIXiJ JO3BOJSE BUSBISATH Ta
KUIBKICHO XapaKTepU3yBaTu MIPOCTOPOBO-YACOBI 3JIC)KHOCTI 0araToBUMIpHOTO
iH(pOpMaLiHHOTO MPOIIECY HABITh 32 HASSBHOCTI HEMIOBHUX CIIOCTEPEKEHb.

BukopucranHs MaTpHIli JOCTYITHOCTI 3a0€3MEeYMIIO BUKJIIOUEHHS BIJICYTHIX 3HA4YeHb 13
nporenyp OLIHIOBaHHS, a JIaroBi KoBapialiifHi MaTpulli Jadd 3MOTy BpaxyBaTu
B32€MO3B’A3KU M1’ KOMIIOHEHTaMH Y Pi13HI MOMEHTH 4acy.

Pesynmprati iMITAI[ifHOTO MOJIENIOBAHHS MIATBEPAWIN, [IO 3a TOMIPHOI YacTKH
MPOMYIIEHUX JAHUX OCHOBHI 3aKOHOMIPHOCTI IPOCTOPOBO-YAacOBOI CTPYKTypU 30epiranucs,
TOJIi SIK 30UTBIIICHHS HEMOBHOTH MTPHU3BOJIHIIO JIO MTOCTYIIOBOTO MOPYIICHHS Y3TOKEHOCTI MiXK
OKpPEeMHMH peallizallisiMH MPoLecy.

JlogaTkoBO crij 3a3HAuMTH, MO c(HOPMOBAHE MPEICTABICHHS IMPOCTOPOBO-YACOBHUX
3aJIe)KHOCTEH MOKe OyTH BUKOPUCTAHE SIK OCHOBA JUIS MOJANIBIIOTO BUSBIECHHS CTPYKTYPHUX
3MiH, aHOMAQJIBHHUX CTAaHIB 1 TOPYIIEHb Y3TOKEHOCTI MK OKPEMHUMH KOMIIOHCHTaMH
0araToBUMIpHOTO TPOIIECY.

[IpakTryHe 3HAYCHHS OTPHUMAHUX PE3YyJIbTATIB MOJATAE Y MOXIIMBOCTI iX 3aCTOCYBaHHS B
iHQopMalLiifHUX CHCTeMax MOHITOPUHTY, J€ JaHi HaaXOASITh HEPIBHOMIPHO, MICTITh
nporycku abo  (GopMyroTbCs 3 JACKUIBKOX B3a€MOTNOB’s3aHMX JpKepen. [lomambii
JOCTIIKeHHS JOLUUIBFHO CIPSAMYBAaTH Ha OIIHIOBAHHS CTIHKOCTI C(pOPMOBAHOI MPOCTOPOBO-
4acoBOI CTPYKTYpPHU 3a PI3HUX PIBHIB LIYMY, YaCTKU BIJICYTHIX CIIOCTEPEXKEHb 1 XapakTepy
PO3MOALTY IPOITYCKIB.

6 BUCHOBKHU

VY10CKOHaJI€HO MiAXiJ 0 aHalli3y MPOCTOPOBO-YAaCOBOI CTPYKTYpH OaraTOBHMIPHHMX
1H(OpMaLIMHUX TPOLECIB 32 HEMOBHUX CIIOCTEPEKEHb, BIIMIHHOIO OCOOJIMBICTIO SKOTO €
(bopMyBaHHS JIATOBUX CTATUCTUYHUX 3aJIEKHOCTEH OKpEMO JIJIsl KOYKHOI Tapy KOMITOHEHTIB 3a
MHOKHMHOIO ()aKTUYHO JOCTYNHHUX CHUIBHHUX CHOCTEPEXEeHb 0€3 MONepeIHbOro BiIHOBICHHS
NpOMylIeHUuX 3HayeHb. Ha il ocHOBI copMOBaHO y3arajJbHEHY OJOYHY MAaTpHIIO, ILIO
MOEHYE MDKKOMIIOHGHTHI Ta 4YacoOBl 3aJ€KHOCTI TPOIECY Ta BUKOPUCTOBYETHCS IS
BUJIUIEHHS HOTO TOMIHAHTHUX CTPYKTYPHUX KOMITOHEHTIB.

ImiTamiiine MoAENMIOBaHHS MIATBEPAMIO MOMKJIMBICTH BHSIBICHHS CTPYKTYPHHX
3aKOHOMIPHOCTEH 3a HassBHOCTI BUNAJIKOBUX 1 JIOKAJIBHO 3rPYNOBAHUX MPOMycKiB. OTpuMaHi
pe3ynbTaTH MOXKYTh OyTH BHUKOPHCTaHI Uil TOAAJIBIIOTO aHalizy OaraTOBUMIPHUX
iH(pOpMaIiifHUX MPOIECIB B yMOBaX HEMOBHOTH JaHUX.

7 ETWYHI JEKJAPAIII

ABTOpU 3asBISAIOTH MPO BIACYTHICTh (DIHAHCOBHX Ta HE(IHAHCOBUX KOHQIIIKTIB
1HTepeciB, SKi MOTJIM O BIUIMHYTH Ha MPOBEJCHHS JOCHIHKEHHS, IHTEPIIPETAIiI0 OTPUMaHUX
pe3ynbTaTiB a00 MiArOTOBKY MaTepiajliB CTaTTI.
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PO3POBKA MATEMATHYHOI'O METOAY NPOI'HO3YBAHHA
CTAHIB XAOTUYHUX IMHAMIYHUX CUCTEM

Heuunopyk O.ILY, Anennko H.B.Y, Bysyn O.I'.}, Tynora €.B.}

Hayionanonuii ynisepcumem «Kuiscokuii agiayitinuii incmumym»

AHoTanisi: Y po0oTi po3pobieHO MaTeMaTHYHHWA METO]| MPOTHO3YBAHHS CTaHIB XaOTHYHHUX
OUHAMIYHUX CHCTEM 3 YpaxXyBaHHSIM JIOKaJbHOI HETIHIHHOCTI, CHEeKTPaJIbHUX BIIACTHBOCTEH
ormeparopa TMepexoAy Ta OOMEKeHOi mepeadauyBaHOCTI XAOTUYHHMX MPOLECIB. AKTyalbHICTbH
JOCIHIPKEHHS 3yMOBJIEHA BUCOKOIO UYTJIMBICTIO XaOTHYHHUX CHUCTEM JI0 IOYATKOBMX YMOB, YHACHiJIOK
94Oro HE3HAYHI MOXMOKM OIIIHIOBAHHS IIOTOYHOTO CTaHY CIIPHYHMHSIOTH PO3XO/PKEHHS IPOTHO30BAHOI
Ta (PakTUYHOI TPAEKTOpiH 31 30UIBIICHHSIM TOPU3OHTY NPOTHO3YBAaHHS. 3allPONOHOBAHUI METOI
nependavae PEKOHCTPYKIND 0araTOBUMIPHOTO IPOCTOPY CTaHIB 3a YacOBOK MOCIIJIOBHICTIO,
(hopMyBaHHS JIOKaJIHHOI OOJIACTI aTpakTopa Ta MOOYIOBY KBaJpaTUYHOTO HENIHIHHOTO omepaTopa
€BOJIFOLIIT.

HaykoBa HOBU3HaA MoOJIsITae y MOETHAHHI JOKAIBHOTO MPOTHO3YBAHHS CTaHy, aHali3y JOTHYHOI
QUHAMIKK Ta OI[IHIOBAHHS MPOTHO3HOI HEBHW3HAYEHOCTI B €QUHIN MareMaTHuHiN mporemypi. s
JOKAIBHOI XapaKTePHCTHKH TEPEeXOoay BHKOPHCTAaHO MaTpumio Sko0i, Tomi SK HAaKOIHWYEHE
CKIHYCHHO-YacoBe Je()OpMYBaHHS OI[IHIOBAJIOCSA 3a CHHIYJSAPHUM CIIEKTPOM PE3yJbTYIHOUOTO
oreparopa mnepexonay. [lommpeHHS NTPOTHO3HOI HEBU3HAYEHOCTI BHUKOHYBAJIOCS 3 YypaxyBaHHSIM
KBaJIpaTUYHOI KPUBU3HHM JIOKAIBHOTO OomepaTopa. JJomycTumMuii TOpU30HT MPOTHO3YBAaHHS BU3HAYABCS
aIalITUBHO 32 CHIJIFHOIO YMOBOIO HETIEPEBUILIEHHS TOMyCTUMOTO PO3Mipy 00JIacTi HEBU3HAYEHOCTI Ta
TPaHUYHOI IHTEHCHBHOCTI JIOKAJILHOTO PO3XO0PKEHHSI TPAEKTOPIMH.

Jlns mepeBipKyu mpane3aaTHOCTI METOLy MPOBEICHO iMiTalliiiHe MoentoBanHs cuctemu JlopeHna
y cepenoBumii Python. Pesymbratm mokaszanm, mo Ha IOYaTKOBOMY IHTEpBaji IPOTHO30BaHA
TpaekTopis 30epiranga OIU3bKICTh 10 (HaKTUUHOI, TOJI K 31 30UIBIIEHHSIM TOPU30HTY CIIOCTEPIranocs
3aKOHOMIpHE 3pOCTaHHS MOXMOKW. BCTaHOBIIEHO, IO 3alpPONOHOBAHME IiJXiJ JO3BOJSE HE JIUIIE
(dbopMyBaTH MPOrHO3 MaOYTHBOTO CTaHy, a i BH3HAYAaTH YacOBY 00JaCTh, B MEXKaX SKOI MPOTHO3
3aJIMIIAETHCS MPAKTUYIHO 1HYOPMATUBHUM ISl TOCTIIXKYBAaHOT CHCTEMH.

KarouoBi cioBa: xaoTHyHa TUHAMiYHA CHCTEMa, IPOTHO3yBaHHS CTaHIB, HENHIHUN omeparop,
PEKOHCTpPYKIis TMPOCTOPY CTaHiB, JIOKaJbHA HECTIHKICTh, CHEKTPaJIbHUW aHali3, TOPU3OHT
MIPOTHO3YBaHHS, iMiTaIlifHe MOIEIIOBAHHSI.

DEVELOPMENT OF A MATHEMATICAL METHOD FOR
PREDICTING THE STATES OF CHAOTIC DYNAMICAL
SYSTEMS

O. Nechyporuk?, N. Apenko?, O. Buzun!, Y. Tupota?

National University “Kyiv Aviation Institute”

Abstract: This paper presents a mathematical method for predicting the states of chaotic
dynamic systems, taking into account local non-linearity, the spectral properties of the transition
operator, and the limited predictability of chaotic processes. The relevance of the research stems from
the high sensitivity of chaotic systems to initial conditions, as a result of which minor errors in
estimating the current state cause discrepancies between the predicted and actual trajectories as the
prediction horizon increases. The proposed method involves reconstructing the multidimensional state
space along a time sequence, defining a local attractor region and constructing a quadratic nonlinear
evolution operator.

The scientific novelty lies in the combination of local state prediction, analysis of tangential
dynamics and estimation of prediction uncertainty within a single mathematical procedure. The
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Jacobian matrix was used for the local characterisation of the transition, whilst the accumulated finite-
time deformation was estimated using the singular spectrum of the resulting transition operator. The
propagation of forecast uncertainty was carried out taking into account the quadratic curvature of the
local operator. The permissible forecast horizon was determined adaptively based on a combined
condition of not exceeding the permissible size of the uncertainty region and the limit intensity of local
divergence of trajectories.

To verify the effectiveness of the method, a simulation of the Lorenz system was carried out in
Python. The results showed that, over the initial interval, the predicted trajectory remained close to the
actual one, whilst a systematic increase in error was observed as the forecast horizon increased. It was
established that the proposed approach allows not only for the generation of a forecast of the future
state, but also for the determination of the time domain within which the forecast remains practically
informative for the system under study.

Keywords: chaotic dynamical system, state prediction, nonlinear operator, state-space
reconstruction, local instability, spectral analysis, forecast horizon, simulation modelling.
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1 BCTYI

[IporHo3yBaHHs CTaHIB XaOTHMYHUX AMHAMIYHUX CUCTEM € CKIIAJHOIO 3aJlauyelo uepes
HEJIIHIAHICTD MPOLECiB, BUCOKY UYTJIUBICTH J0 MOYATKOBUX YMOB Ta IIBUIKE HAKONWYECHHS
MOXHOOK 31 301IBIIICHHSM TOPU30HTY IPOTHO3Y.

Jns  Takux CHUCTEM HEJOCTaTHbO BHMKOPHCTOBYBAaTH JIMIIE KIJIACHYHI METOIHU
eKCTPamoJsAlii YacoBHX TOCTIIOBHOCTEH, OCKUIBKM BOHHM HE BpPAaXOBYIOTH JIOKAJbHY
CTPYKTYPY NPOCTOPY CTaHIB 1 XapakTep pO3XOKEHHS TPAEKTOPIH.

Tomy axrtyanpHUM € (QOpMYBaHHS MAaTeMaTHYHMX METOJIB, IO MOEIHYIOThH
PEKOHCTPYKIIIIO CTaHy, OI[IHIOBAaHHS JIOKAJILHOT HENIHIHHOI JUHAMIKM Ta BH3HAYCHHS
JOIYCTUMOI'O TOPU30HTY IPOTHO3YBaHHS.

Metoau MaTeMaTHYHOTO 3a0e3MeUeHHs CKIAAHUX 1H()OPMAIITHUX CUCTEM 1 MPUAHATTS
pillieHb, 110 IPYHTYIOThCS Ha (HOpMaIi3oBaHOMY MPEACTABICHHI CTAaHIB Ta X B3a€MO3B’S3KiB,
posrisiayTo 'y [1]. Tlomanmpmmii po3BUTOK TakuX MigXOMAiB MOTpeOye BpaxyBaHHS came
Xa0TUYHOT'O XapakTepy AOCTIKYBaHUX MPOLIECIB Ta 3MIHU iX Mepea0adyBaHOCTI B Yaci.

2 AHAJI3 JITEPATYPHUX JI’KEPEJI TA IOCTAHOBKA ITPOBJIEMUA

[luTaHHS MaTeMaTUYHOIO OMUCY CKIATHUX 1H(OPMALIMHUX TPOIECIB 3a HASBHOCTI
OIYMiB Ta HEBU3HAYCHOCTI pO3MIsLIaiucs y [2], a METONOJOTIYHI MiAXOIM JO OIIHIOBAHHS
CTaHy CKJQJHHUX OprasizaiiiiHo-TexHiunux cucteM [3]. ¥ poboti [4] 3ampornoHOBaHO
MaTeMaTHYHy MOJENb HATIHHUX CTPYKTYp iH(OpMAIiiiHO-KEpYIOUUX CHCTEM, IO
HiATBEPKYE  JTOLUUIBHICTh  BUKOPUCTAaHHS  (OpPMalli30BAHOTO  OMUCY  CTPYKTYPHUX
B32€MO3B’3KiB MK CTAHAMU CHCTEM.

ITpobnemu nepenaui Ta 06poOKHU iHGOpMAaLIii B yMOBaX HEBU3HAUEHOCTI IOCIIIKYBATIHCS
y [5], Toxi Ak y [6] nmst onucy CKIAQAHUX HEMHINHUX MEPETBOPEHb BUKOPUCTAHO KOMILJIEKCHI
HEHPOHHI Mepexi.

MeTtoau momryky po3B’sI3KiB y CKJIAAHMX OaraTonapaMeTpUYHUX MPOCTOPax Ha OCHOBI
nonyJsuiiiHoi ontuMizauii po3riasayro y [7]. Ilinxomu [5—7] neMOHCTPYIOTh €PEeKTHBHICTh
HEJIHIMHOTO i ONTUMI3allIHHOTO ONPAIIOBAHHA JIaHUX, OJHAK 0e3MocepeHbO HE BUPILIYIOTh
3aJa4y MPOrHO3yBaHHS €BOJIIOLIT XaOTUYHUX CTaHiB.

VY pobortax [8-9] mociaiKkeHO METOIW BUSIBICHHS BIAXWJICHb 1 aHOMAJIbHUX CTaHIB y
CKJIagHUX 1H(opMaliiiHux cepenoBuIax. MaremMaTUYHHI ONMUC aJaNTHBHOIO KepyBaHHS
NOTOKaMU JaHuX HaeeneHo y [10], ne BpaxoBaHO JUHAMIYHY 3MIHY HapaMeTpiB
iH(popMaliifHOro mporecy.

besnocepenHbo MpoCTOPOBO-4acoBa XaoTHYHA JMHAMIKA JUCKPETHO-HENEepepBHHUX
cucreM Jociikena y [11], mo miarBeppkye HEOOXIHICT YpaxyBaHHS CTPYKTYPHHUX 3MIH 1
HECTIIKOCTI TpaeKTOPil MiJ yac aHali3y TaKUX IPOIECIB.

Y [12] posrisHyro  (yHKIiOHYBaHHS  iH(pOpMaliifHOT CHCTEeMH Ha  OCHOBI
0araTOBUMIPHHX 4YacCOBUX PSJIIB, IO CTBOPIOE TEPEAYMOBH ISl TEPEXOAYy B aHAII3y
OKpEMHX CHOCTEPEKEHb /10 0araTOBUMIPHOT'O MPE/ICTaBIEHHS CTaHy CUCTEMHU.

Takum dYMHOM, BIZOMI MIAXOAM OXOIUTIOIOTH OKPEMi CKJIAJ0Bl aHAI3y HEIIHIMHUX
JUHAMIYHHUX TPOLECIB, 30KpeMa PEKOHCTPYKLII0 0araTOBUMIPHOTO MpPEICTABICHHS CTaHy,
JIOKaJIbHE MOJEIIOBAHHS TUHAMIKH, TOCIIIJKEHHSI HECTIMKOCTI TPAEKTOPiN Ta aHaNI3 YaCOBUX
psniB. BonHouac HEZOCTaTHHO OMPAIbOBAHUM 3AJIMIIAETHCS iX CIIJIbHE BUKOPHCTAHHS B
MeXax €IUHOI MpoIeypyu NMPOTHO3YBAHHS, Yy fAKiM JOKajlbHA HEJNiHIIfHA MOJeNb He JIMIIe
dopmye MaiOyTHIM CcTaH, a ¥ BHKOPHCTOBYETbCA /IS OIL[IHIOBAaHHS HAKOIMHUYEHOTO
nedhopmyBaHHs (Ha30BOr0 MPOCTOPY Ta 3MIHM MPOTHO3HOI HEBU3HAYEHOCTI.

Oco0muBO aKkTyaJbHUM € BU3HAYCHHS JONYCTHMOI'O TOPU30HTY MPOTHO3YBAaHHS HE SIK
Harepea 3a7aHoi KUIBKOCTI KPOKIB, a SIK XapaKTePUCTHUKH, IO 3aJICKUTh BIJ JOKATHHOL
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reOMEeTpii TPAEKTOPIi, IHTEHCUBHOCTI CKIHUEHHO-9aCOBOT'O PO3XOKEHHS OJM3bKUX CTaHIB Ta
po3Mipy 001acTi MPOrHO3HOI HEBU3HAYEHOCT!.

3 LB TA 3AJAYI JOCJIKEHHS

L{iurf0  TOCHIDKEHHS € po3po0Ka MaTreMaTHYHOIO METOJy IPOTHO3YBaHHS CTaHIB
XaO0THYHUX IUHAMIYHHUX CHCTEM ILISXOM MOJIEIOBAHHS JIOKAJIBLHOI HEIIHIMHOI €BOJIOIII,
OIIIHIOBAHHS CIHEKTPAJIbHUX XapaKTEPUCTHK OIEPaTOpiB IEPeXoqy Ta aJalTHBHOIO
BU3HAUCHHS JOMYCTUMOTO TOPU30HTY IIPOTHO3YBAHHSI.

4 PE3YJBbBTATHU JOCJITKEHb

st po3poOKM MaTeMaTHYHOTO METOAY NMPOTHO3YBAHHS CTAHIB XaOTHYHOI JWHAMIYHOI
cucTeMHu OyJI0 BUKOPHCTAHO JIOKAJIbHE MPEICTABICHHS HEJIIHIMHOTO orepaTtopa ii eBOIOLIi.
BuxinHa gacoBa MOCHIIOBHICTh PO3TJIsAanacs K MPOEKIiS TPAEKTOPIi CUCTEMH Yy TPOCTOPI
cTaHiB. TOMy MPOTHO3YBaHHS BUKOHYBAJIOCS HE IUIIXOM E€KCTPAIOJIAIIT OKPEMOTr0 3HAYCHHS,
a TUIIXOM OI[IHIOBAaHHS TIEPEXOAy MDK TOCIIJOBHUMH CTaHaMH PEKOHCTPYHOBAHOTO
aTpakTopa.

HaykoBa HOBHM3HA 3allpONOHOBAHOTO METOJY IOJIATAaE HE B OKPEMOMY BHKOPHCTaHHI
PEKOHCTPYKIIT MPOCTOPY CTaHiB, MaTpuUlli SIK001, ClIEKTpaIbHOrO aHalli3y a0 CHHTYIISIPHOTO
pPO3KIaaHHs, a Y iX (YHKIIOHAILHOMY 00’ €IHAHHI B €IWHIM MaTeMaTW4YHINA KOHCTPYKIi
nporHo3yBaHHs. JIokanbHO iNeHTU(DIKOBAHMI  KBaJpaTHYHUI  OMEpaTrop OJHOYACHO
BUKOPUCTOBYETHCS JIJIsl PEKYPEHTHOTO (OPMYBaHHsS IPOTHO30BAHHMX CTaHIB 1 MOOYHZOBH
JIOKaJBHOTO JIOTUYHOTO BimoOpaxkeHHs. IlocimigoBHICTH OTpuMaHUX MaTpuilb K001
KOMITO3HUIIIIOETHCS Ha 33JaHOMY YaCOBOMY IHTEPBAJIi, MICJI YOTO 32 CHHTYJISIPHUM CIIEKTPOM
pe3ybTYIOUOTO OIEepaTopa OIIHIOETHCS HAKOMMYEHE CKIHYEHHO-yacoBe JAe(GopMyBaHHS
¢dazoBoro mpoctopy. IlapamenpHO 3 TIMM BHKOHYETHCS TOUIMPEHHS IPOTHO3HOI
HEBU3HAUEHOCTI 3 YpaxyBaHHAM KBaIpaTUYHOI KPUBU3HHM JIOKAIBHOTO OIlepaTopa.

VY pesymbraTi AONMYCTHMHHA TOPH3OHT MPOTHO3YBAaHHS BH3HAYAETHCS CIIUIBHO 3a
JMHAMIYHOIO HECTIHKICTIO Ta FEOMETPUYHUM PO3IIUPEHHAM 00JIaCTi HEBU3HAYEHOCTI.

BuxigHy nociiIoBHICTb X, OyJ0 MEPETBOPEHO A0 PEKOHCTPYHOBAHOTO CTAHY:

Xk
X
zo=| 7 | k=(m-Dr+l..N. (12)

X (m-1)z

CyKyIHICTh OTPUMaHUX CTaHIB yTBOPIOBajJa PEKOHCTPYHOBAHY TPAEKTOPII0 XAOTHYHOI
cuctemu (1). [l KoxHOro i MOTOYHOIO MOJIOXKEHHS (opMyBajiacsi JOKallbHa 00J1acTh,
reoMeTpiss sKoi BHM3HAyajacsi HE 3BMYAMHOIO EBKIIJIOBOIO BIJCTAHHIO, a JIOKAJbHOIO
KOBapialiifHOIO CTPYKTYPOIO:

1 - - : .

o=t ZQ: (z,-7)@z,-Z) +nl, @ ={j:(z,-2)'C(z,-z) <&}, (13)
Jety

B mexax Q, auHaMika posrisjanacs SK JIOKalIbHO IJajKa, OJHAK He JiHiiHa (2). s

30epeKCHHST KBaJJpaTUUYHUX B3a€MOJIIN MK (pa30BUMHU KOOPJIWHATAMHU CTaH TMIEPSHOCHBCS 10
PO3IIMPEHOTO TPOCTOPY:
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1
p(2)=| z |eR¥™™. (14)
1®7z

Jlns nokansHOi obnacti GopmyBamucs Matpuni ®; Ta Z,, W0 MICTHIM BiAINOBiIHO

MEPETBOPEHI TOTOYHI CTaHU Ta (DAKTHYHI CTAHW CUCTEMH HAa HACTYITHOMY YacOBOMY KpOIIi.
OmnepaTop nepexo/ly BU3HAYABCS PEryJISIPU30BaHUM PO3B’I3KOM:

®, = Z;W, 0] (O,W,f + A1) . (15)

OtpumMaHuii omeparop MOAUISIBCSA BiIIMOBIAHO 0 JIHIMHOI Ta KBaApaTUYHOI YaCTHH
JIOKAJIbHOT €BOJIIOLIIT:

O, =[a A Bl F(z2)=a +Az+B (z®1). (16)

B pesynbrari 6araTOKpOKOBHH IMPOTHO3 (OPMYBABCSA MOCITIJOBHUM 3aCTOCYBaHHSIM
JIOKQJIBHOTO HEIIIHIHHOTO OIeparopa:

2k+r+uk =F., (2k+r|k )1 2k|k =7 (17)

OpmHak U1 XaOTUYHOT CHCTEMH CaMOT'0 OTPHUMAaHHS 2k+r|k Oyno HenocrtatHbo. HeoOxinHO

OyJ10 BCTAaHOBUTH, SK 3MIHIOETbCS Maje BIAXWJICHHS IOYaTKOBOIO CTaHy IIiJ JII€0
no0ynoBaHoro oneparopa. Jlineapusauis (5) nobausy z, NpUBOAMIIA IO MATPHLI:

J=A+B (1®z,+7,®1). (18)

JlokanbHi MHOXHHKHM pO3IIUPEHHS ab0 CTUCKaHHS TpaekTopii Oyslo BH3HAYEHO
KOPEHSIMM XapaKTEPUCTUYHOTO PIBHSAHHSA. JlJIi TPUBHUMIPHOTO PEKOHCTPYHOBAHOTO CTaHY
BOHO Ha0yBaJO BUTIISAAY:

A2 =1A7+ 1,41, =0. (19)

BnacHi 3HaueHHs MaTpull J, BUKOPHCTOBYBAIMCA Ul CHEKTPAIbHOI XapaKTEPUCTUKU

JIOKAJILHO JIIHEAPU30BAHOTO OJHOKPOKOBOIO BiIOOpPaKeHHS. IX MOIOMKEHHS Y KOMILIEKCHi
IUIOIMHI XapaKTepHU3ye MOBEAIHKY OKPEMHUX BIACHUX MO/ JOKaJIbHOro orneparopa. BogHoudac
BJIACHI 3HAYEHHS HE OTOTOXHIOBAJIMCS 3 MAaKCUMaJbHUMHU KOe(ILIEHTAMH pPO3TATHEHHS
¢dazoBoro mpocropy.

JInst HeHOpMallbHOI Matpuli J, , BIacHI BEKTOPH SKOI HE € OPTOrOHAIILHUMU, MOXKIIUBE

CKIHUEHHO-YacoBE IIiJICUJICHHS HOPMH 30YpEHHS, sIK€ HE BH3HAYAEThCA O€3MOoCcCepeHbO
MOJIYJISIMH BJIACHHUX 3Ha4eHb. TOMY XapaKTepHCTHUYHE PIBHSHHSA (8) BUKOPUCTOBYBAIOCS IS
MOJIaJIbHOTO aHaNi3y JOKAIbHOTO MEePEXOAdy, TOMAl SIK OLIHIOBaHHS (PAKTHUYHOTO CKIHYEHHO-
YacOBOTO PO3TATHEHHS BHKOHYBAJIOCS 3a CHHTYISIPHUMH YHCIAMHU  PE3yJIbTYIOUOTO
orepaTopa

Koedimientn mporo piBHAHHS 0e3mocepeIHRO OYI0 BU3HAYEHO 1HBapiaHTAMHM JIOKAITHHOT
MaTpHIIi IePexXoay:

I, =tr(J,),
I, =2[* ) -Y)], (20)
1, = det(d, ).
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JIy1st moaNbIIoTo aHaji3y XapakTepy KOpeHiB y piBHSAHHI (8) BUKOHYBasacs 3amiHa. Jljis
BU3HAYCHHSI OCHOBHHUX IMPOCTOPOBO-YACOBUX 3aKOHOMIPHOCTEH 0yl0 BUKOHAHO CIIEKTPAJIbHE
PO3KJIaIaHHS:

Il 3 IZI.2 Il|2

/1=u+§, u’+pu+q=0, pzlz—?, q=T—I3

[Ticnms mepeTBOpeHHsS XapaKTepUCTHYHOTro piBHAHHA 10 ¢opmu (10) oriHIOBaHHS
JIOKQJIBHOT TUHAMIKKA OyJIO MPOJOBKEHO MUISIXOM BHU3HAYEHHS IMOBHOTO CIIEKTpa Omeparopa
nepexoy. Ha BiiMiHy BiJi BUKOPUCTAHHS OJTHOTO JIOMIHAHTHOT'O KOPEHS, BpaXOBYBAJIUCS BCi
TPU CIEKTPaJIbHI KOMIIOHEHTH, OCKIJTBKM IX B3a€MHE pO3TAllyBaHHS BU3HAYAJIO XapaKTep
nedopmaltii JTOKaabHOI 00JacTi aTpakropa Ta TOAAbIIE PO3XO/PKEHHS MPOTHO30BaHUX
CTaHiB.

Jlnst pOTO AMCKPUMIHAHT 1 TPU CHEKTpajbHI TUIKM OyJ0 00’€IHAaHO y MaTpuyHe
IPeCTaBICHHS:

N

= (21)

st_%iJZ, (22)

AN NS
2, :El 1+ ® &° c+ , o =e*"",
A 1| |0 o |-

OTpuMaHU CIIEKTp XapaKTepU3yBaB JIOKAIbHUM PEXUM €BOJIOIIT PEKOHCTPYHOBAHOTO
crany. Ilpore 11 XaoTHMYHOI CHCTEMH NMPOTHO30BAaHICTh BHM3HAYajacsi HE BIACTUBOCTAMU
OJIHOTO INEPEXO0/ly, a HAKOMMUYEHUM J1e(POPMYBaHHIM TPAEKTOPIi IPOTATOM YChOI'O TOPU3OHTY
IIPOTHO3Y.

JIst OIiHIOBaHHS HAKOMWYEHOI 3MIHM HOPMHU Majioro 30ypeHHsS aHali3yBaBCs BXKE HE
CIIEKTP OKpeMOI Marpuil J,, a pe3ylbTyrouui omeparop T, , cpopMOBaHMI KOMIIO3HIIIEID

JIOKaJIbHUX MaTpHIlb SIK0O1.

Moro cuHTYnSpHi 4YWcia BH3HAYAIOTH MAaKCHMANbHI Ta MiHIMaibHI KoedilieHTH
migcuiIeHHs HOpMH 30ypeHHs 3a Bech iHTepBaid hAt. Came TOMYy CHHTYISIPHHN CIEKTp
BUKOPHCTOBYBABCS Ul XapaKTEPUCTUKU CKIHUEHHO-4acoBOi nedopmallii, ToAl sIK BIAcHI
3Ha4YeHHs J, 30epirajau IHTepIpeTaIiio JOKaIbHUX MOAAIbHUX XapaKTEPUCTHK:

Tk,h = ‘]k+h—l‘]k+h—2 e ‘Jk+1‘]k ,

o, 0 - 0
0 o 0

Ten =Un . ;2 .. . VkT,h’ (23)
0 0O ... o

- 1
AV =— Ing (T, .).
h = HAT (Ten)

Bennunan A(k')h, Bu3HaueH1 y (12), y poboTi iHTepnpeTyBaiucs SIK OLIHKH CKIHYEHHO-

YacOBHX MOKa3HMKIB JIAmyHOBa, peKOHCTPYHOBaHOI TUHAMIKH, @ HE SIK HOBUH CaMOCTIMHHUI
NOKa3HUK XaOTUYHOCTI.
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Ix 0co6nmBicTh y Mekax 3amporNOHOBAHOTO METOAY TMOJNSTae y crocobi (GopMmyBaHHS
JTOTHYHOIO omeparopa: T, OTPUMYBaBCs HE 3 BIOMOI aHAIITHYHOI MOJEI CHUCTEMH, a

OUIIXOM KOMIMO3WIii Marpuib $Ik0o0i JIOKaTbHO —ieHTHU(IKOBAHOTO KBaJAPATHUYHOTO
BioOpakeHHs. JlomaTHi 3HAYEeHHS A(k')h BI/IMOBIIAJIN  CEPETHBOMY C€KCIIOHEHIIIHHOMY

PO3TATHEHHIO 30ypeHb Y3/IOBX BIAMOBIAHUX CHHTYJISIPHHUX HAIpsIMIB HPOTATOM I1HTEPBATY
hAt, Big’emui — ix cruckanHpO. Ha BigMiHy Bifl aCHMITOTHYHHX MMOKa3HUKIB JIsmyHOBa, Iii
BEJIMYMHU 3aJISKATh BiJl MOYATKOBOTO CTaHy Ta KOHKPETHOI TPHBAIOCTI aHai30BaHOTO
iHTEpBay.

Ockitbky  HemiHiHA Momenb (5) MicTWwiIa KBaApaTU4YHI CKIAIOBI, 3BHYAHHOIO
MepeHeceHHsT KoBapiamii depe3 wmatpuiio kobi Oymo HemoctaTHbo. Jlnsi BpaxyBaHHS
KPUBU3HH OIepaTopa €BOJIOIIi IPOrHO3 MATEMAaTHYHOrO CIIOMIBaHHS Ta KoBapiamii
BHUKOHYBABCS 13 TTOMPABKOIO IPYTOro MOPSIKY:

tr(H,,P,)
2. =F.(2)+> M)
> :
tr(H,.F) (24)
tr(H,,PH, P) - tr(H,PH, P)
P,=JPJ +Q += : :
tr(H, . RH,R) - tr(H, RH,P)

VY Bupasi (13) HeniHiliHe BUKPUBIICHHS JIOKAJILHOTO IMMOTOKY 0€3M0CepeIHhO BILIUBAJIO SK
Ha LEHTp MPOTHO30BAaHOIO CTaHy, Tak 1 Ha (opmy o001acTi HOro HEBU3HAYEHOCTI. Y
pe3yibTaTi 3pOCTaHHS HEBU3HAYEHOCTI BU3HAUYAIOCS HE TUIBKM HAKONMWYEHHSM BHUIAJIKOBOL
NOXMOKM, a W TEeOMEeTpPi€l0 XAaOoTUYHOTO B1OOpaKEHHs, IO OCOOJMBO CYTTEBO MpPHU
30UTBIIIEHH] TOPU30HTY IIPOTHO3Y.

3aBeplIaibHUM ~ €TalioM  METOAY  CTajo  BHU3HAY€HHA  00JIacTi  JOMYCTUMOTO
NpOTHO3yBaHHSA. JJI1 KOXHOrO TOPU30HTY (opMyBaiacs eincoigHa o0nacTh CTaHiB, MiCHA
YOro OJIHOYAaCHO KOHTPOJIOBAIMCS ii MaKCUMaJbHUM PO3MIp Ta IHTEHCUBHICThH JIOKAJIBHOTO
€KCIIOHEHI[IHHOTO PO3XO0JKEHHS:

gk,h = {Z H(z- 2k+h|k )T Pk_+1h|k (z- 2k+h|k) < Zri 1L- 05)},

G =22 (= @) A (P ), (25)
H: = max; A(ki,)h = Aadm (h)

VY pe3ynabTaTi IPOrHO3yBaHHS 3aBEpIUIYBANOCs He (iKCOBAaHMM Harepe] YMCIIOM KpOKiB,
a BU3HAYEHHAM H, , sike 3a1eKaio Bijl MOTOYHOTO MONOKEHHS TPAEKTOPIi Ha aTpaKkTopi.

OT)KC, Aapyre 00MEKEHHS KpI/ITepiIO BU3HAYA€ MAKCHUMAJIBHO JONMYCTUMY I_HBI/II[KiCTB
CKCHOHCHI.[ifIHOI‘O Hi,Z[CI/IJ'ICHHSI MMOYaTKOBOI HEBHU3HAYEHOCTI A0 plBHSI Aadm IpOTATrOM

ropu3onty hAt. TakuM dYWHOM, 3HAYEHHs JOMYCTHMOTO TOPH30HTY BH3HAYAETHCS HE
HE3ICKHUMU EMIIPUYHUMHU TOPOraMHu, a €JUHUM OIO/KETOM JOMYCTHUMOI IMPOrHO3HOI
noxXuOku. VY [JUISHKaxX 13 MOMIPHUM pO3TSATHEHHAM (a3oBOro MNPOCTOPY JOMYCTHUMHMA
TOPHU30HT 301JIBIIYBaBCs, TOJII SIK MIPOXOKEHHS Yepe3 JIOKAIbHO HECTIHKI 00J1acTi MPUBOIMUIIO
n0 Horo ckopoueHHA. TakuM 4YMHOM, pO3pOoOJIEHMH MeETOJ TO€AHAB HEJiHINHE
IPOTHO3YBaHHS CTaHy, CIEKTPAJIbHUI aHai3 JIOKAaJbHOI €BOJIOL], OIiHIOBaHHS JAedopMariii
TPAEKTOPIH Ta MOMUPEHHS TPOTHO3HOT HEBU3HAYCHOCTI B €IMHIA MaTeMaTUYHIN MTPOIIEAYPi.
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Jlnst mepeBipkH PO3pOOJICHOT0 MaTEMaTUYHOTO METOAy OyJ0 TPOBEACHO iMiTalliifHe
MOJICTFOBAHHS MPOTHO3YBaHHS CTaHIB XaOTHYHOI AMHAMIYHOI CUCTeMH B cepenoBulli Python
13 BukopucTtanusaM 6i0morek NumPy, SciPy Ta Matplotlib. Ik TecToBy nmuHamiuHy cucTemMy
Oyno BukopucraHo cucremy JlopeHma, IO XapakTEpU3YEThCS HETIHIMHOI B3a€EMOJIEI0
3MIHHUX Ta BHCOKOI UYTJIHMBICTIO TPAEKTOPI MO0 MajiuxX 3MiH II0YaTKOBOTO CTaHYy.
MonentoBanHsl BUKOHYBajocsa aisi mapametpiB o =10, p =28, f =8/33 4acoBUM KpOKOM
At =0,01.

3aranpHa TPUBAIICTH MOJEIBOBAHOTO Tporecy cranoBmia 120 c. ITouarkoBa wacTuHa
TPAEKTOPii BUKOPUCTOBYBasacs M (OpPMYBaHHS MHOXXHHU BIIOMHUX TIEPEXOHIB MK
CTaHaMH, Ha OCHOBI SIKMX OLIHIOBABCS JIOKAJbHHWI HENIHIMHUN OmepaTrop MPOrHO3YBaHHS.
Jns kokHOrO mOTOYHOro crany BimOupanocs K =80 HalOnmxuux cTaHiB, MiCIsS 4YOTO
dopmyBaBcsi KBaJpaTHUHUN Oa3uc JIOKAIbHOI JUHAMIKM Ta BU3HAYAJIHCA MapaMeTpu
omepatopa mepexony 3 perymspusamiero A =10-—6.TIporuo3 3miiicHIOBaBCS PEKYPEHTHO,
TOOTO KOXXKHUW OTPHUMAaHUI CTaH BUKOPUCTOBYBABCS SIK IMOYATKOBHUH JUIsl HACTYITHOTO KPOKY
IIPOTHO3yBaHHSI.

ExcnepumentT Oyno cHOpsMOBaHO Ha TMEPEBIPKYy JBOX BiacTuBocTed Mertoxy. Ha
NEpIIOMY eTarli OI[IHIOBAJIAcs 3AAaTHICTH JIOKAJTILHOTO HENNIHIHHOTO Oreparopa BiATBOPIOBATH
MaiOyTHIO TPAaEKTOPil0O XAOTHYHOI cucTeMH. Ha apyromy etami  JOCHIIKYyBaiocs
HAKOIWYCHHS BiIXUJICHHS IPOTHO30BAHOTO CTaHY BiJ (PaKTHUHOI TPAeKTOPii 31 301IBIICHHSIM
TOPH30HTY MPOTHO3yBaHHs. Lle NO3BOJIMIO OKPEMO OI[IHUTH TOYHICTH KOPOTKOCTPOKOBOTO
MPOTHO3Y Ta MOMEHT BTPAaTH IMepeadadyBaHOCTI, KWW € MPUHIMIIOBUM JUISI XaOTHYHUX
JTMHAMIYHUX CHCTEM.

Ha puc. 1 HaBeneHO Bech aTpakTop, a caMe K IMPOTHO3 CIOYaTKy MPAKTHYHO 30iraeThes
3 pealibHOIO TPAEKTOPI€I0, a MOTIM MOCTYIOBO MOYMHAE BiJl HET BIAXOAUTH.

—— Reference state
15 4 A 1 - Predicted state
A \

[ 2 4 6 8 10
Forecast honzon hat

Puc. 1. dakTr4HUi | TPOrHO30BaHUI CTaH XaOTHYHOI CUCTEMH

OTtpuMaHi pe3yapTaTH MOKa3aJId, 10 Ha MOYATKOBIM AUISHII MPOrHO30BaHA TPAEKTOPIS
OpakTUYHO 30iramacst 3 (AKTUYHUM CTAHOM CHUCTEMH. 31 30UIBIIEHHSM TOPH30HTY
IPOTHO3YBAHHS CIIOCTEPIrajocs MOCTYIIOBE PO3XOKEHHS TPAEKTOPiH, MO OyI0 3yMOBIEHO
YYTIUBICTIO XAOTUYHOT CUCTEMH JI0 MaJTUX MOXMOOK OILIHIOBAaHHS CTaHy.

Ha puc. 2 mo oci X — ropu3oHT MPOrHO3YBaHHA, a Mo oci Yy jorapudmiyHOMY
Maciitabl — HopMa BigxuiieHHs. Ha puc. 2 BUJIHO eKCNOHEHIIHY ¢a3y pocTy MOMUIKH i
TOYKY, JIe BOHA IIEpeTHHAE JOIycTUMHI piBeHb (12)—(14).
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10!

Prediction error

— |Zken— Zxsnilz
Exponential approximation

10-11 4 e

—— H'

0 2 4 [ 8 10
Forecast honzon hat

Puc. 2. HapocranHs nporHo3Hoi NOXHOKH 1 Mexka nependadyBaHOCTi

3aneXHicTh MOXMOKH BiJ] TOPU3OHTY MPOTHO3YBAaHHSA Malla BUPAXKEHUU 3POCTAIOUMIA
xapakrtep. [lepeTnH KpuBOi MOXUOKU 3 JOMYCTHMHM PIBHEM BH3HAYaB I'PAHUIHHUA TOPU30HT
H ", miciist sKOTO POTrHO3 BTpayaB MPAKTHYHY iHOOPMATHBHICTS.

OtpumMaHuii pe3ynbTaT MIATBEPAMB TOLULUIBHICTh aJalTHBHOTO OOMEXKEHHS TOPH30HTY
MIPOTHO3YBaHHS BiJIMTOBIIHO JI0 JJOKAIBHOT HECTIMKOCTI XaOTUYHOI TuHAMIKU. [l 101aTKOBOT
KUIBKICHOT TEpEeBIpKM 3alpoIllOHOBAaHUN METOJ| IOPIBHIOBABCA 3 JIOKAIBHHM JIHIHHUM
NPOTHO3YBaHHSIM 3a OJHAKOBHX IapaMETPiB MOJICNIOBaHHsA. Y 0a30BOMYy BapiaHTi
BUKOPHCTOBYBajacs JMIIE JiHIHA ckiafgoBa omeparopa (5), todto B, =0, Tomi sk

3arpoNOHOBaHMI METO/ BPaXOBYBAB TAKOX KBaApAaTHUYHI B3aEMOIi (pa30BUX KOOpAMHAT.
[TopiBHAHHS MOKa3aj0 MEHIIY MPOTHO3HY MOXUOKY U 3allPOIIOHOBAaHOTO METOAY Ta
OiTbII TpUBae 30€peKEHHSI TPAEKTOPIi B MekaxX JOMYCTUMOrO BiaxwieHHs. Bu3nadenuii 3a

kputepiem (14) ropusont H, Bimmosinas oGmacTi, micis BHXOLY 3 SKOi CIOCTEPIranocs

IHTEHCUBHE 3pOCTaHHA (DAaKTUYHOT MOXMOKM, L0 MIATBEPAXKYE MOXKIUBICTh BUKOPUCTAHHS
KPUTEPIIO JUIsl aJalTUBHOTO BU3HAYEHHS MEXI1 MPAKTUYHOI Iepe10auyBaHOCTI.

5 OBI'OBOPEHHA PE3VYJIBTATIB JOCJIIKEHHS

OTtpuMaHi pe3yabTaTH MOKa3alH, L0 po3poOJieHuN MaTeMaTUYHUI MeToj 3ade3nedye
(opMyBaHHSI KOPOTKOCTPOKOBOTO IPOTHO3Y CTaHIB XaOTHYHOI JMHAMIYHOI CHCTEMH 3
ypaxyBaHHSM JIOKaJIbHUX BJIACTHUBOCTEH 11 TpaeKTOPIii.

BukopucranHs HeniHIMHOTO oneparopa Mmepexoy J103BOJWIO BIATBOPIOBATH JWHAMIKY
CHUCTEMH B Mexkax 00JIacTi JOKaIbHOI mepeadadyyBaHOCTI, TOAl SIK CHEKTPAIbHUN aHalli3 Ta
OLIIHIOBAHHS HAaKOMWYEHHs MMPOTHO3HOI MOXMOKH JaiM 3MOT'Y BU3HAYaTH MOMEHT iCTOTHOTO
PO3XOKeHHs (PaKTUYHOI Ta IPOTHO30BaHOI TPAEKTOPIH.

[IpuHIIMNIOBa BiAMIHHICTH 3alPONOHOBAHOIO METOJY BiJ TPAAMLIHHOTO JIOKAIBHOTO
MPOTHO3YBaHHS MOJIATaE B TOMY, IO JIOKaJbHAa MOJIENb BUKOPHCTOBYETHCS HE JIUIIE SK
alpOKCHMATOp Tepexofy Mik CcTaHaMH. Ii JudepeHuianibHi BIACTHBOCTI (QOPMYIOTH
MOCIIJIOBHICTh JOTHYHUX OMNEpaTopiB, KOMIIO3UIIS SKUX XapaKTepU3ye HaKOIMHUYeHE
CKIHYEHHO-4acOBE PO3TATHEHHS, a HeJiHIiHAa CTpPyKTypa oleparopa OJHOYacCHO
BUKOPUCTOBYETHCS JUISI TOIIUPEHHS IPOTHO3HOT HEBU3HAYEHOCTI.

6 BUCHOBKHU

Y mocmikeHHI po3po0JIeHO MaTeMaTUYHUI METOJ MPOTHO3YBaHHS CTaHIB XaOTHYHUX
TUHAMIYHUX CHCTEM, y SKOMY JIOKaJIbHO 1ICHTH(IKOBAHUN KBaJApPAaTUUHUI OMEpaTop
BUKOPUCTOBYETHCS SIK CIIIJIbHA OCHOBA JJISi IPOTHO3YBaHHS CTaHy, ()OPMYBaHHS JOTHYHOI
JTMHAMIKH Ta OILIHIOBAHHS HAKOTTMYCHHS MPOTHO3HOT HEBU3HAUCHOCTI.
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Ha BigMiHy BiJ OKpEMOT0 3aCTOCYBaHHS JIOKAJIBHOI alpoKCHUMAIlii abo CIEKTPaIbHOTO
aHaJTi3y, 3alpOIOHOBaHA KOHCTPYKIIiSI MOEAHYE KOMIIO3HINIO MaTpuilh SIKoO0i, OIiHIOBAaHHSI
CKIHYCHHO-YaCOBUX TIOKa3HMKIB JISTIyHOBa 3a CHHTYISIDHUM CIHEKTPOM PE3yJIbTYIHOUYOTrO
oreparopa Ta MOIIUPEHHS KOBapialii APYroro MOPSJIKY 3 aJanTHBHUM BHU3HAYCHHSIM
JIOITYCTUMOT'O TOPU30HTY TIPOTHO3YBAHHSI.

[TopiBHsUIBHE MOJENIOBaHHS 3 JIOKAIBHUM JIHIMHMM HPOTHO3YBAaHHSM ITiATBEPIHIIO
JOIUTBHICTh YpaxXyBaHHs KBaApPAaTUYHUX B3a€MOMIM MDK (a30BUMH KOOPJMHATAMH Ta
MOKA3aJl0 MOXKJIUBICTh KITBKICHOTO BH3HAYCHHS MEXKI MNPAKTUYHOI TepeadadyyBaHOCTI.

VY3rojpkeHHs. po3paxoBaHOro 3a kpurepieMm (14) ropusonty H, 3 eMnipuyHMM MOMEHTOM

NIEPEBUIIICHHS JONYCTUMOI MOXHUOKH MMiITBEPPKYE, IO 3aNpPOINOHOBAHUN KPHUTEPId MOXe
BUKOPHUCTOBYBATHUCS JUISI QAITUBHOTO MPUITMHEHHS] TPOTHO3YBAaHHS B JIOKAJILHO HECTIHKUX
o0yacTsax XaoTW4yHOI Tpaektopii. OTpuMaHi pe3yJbTaTH IMATBEPAWIN JOULUIBHICTD
aJaNTUBHOTO BU3HAYEHHS TOPU30HTY MTPOTHO3YBAHHS JUISI XAOTUYHUX JUHAMIYHUX CHCTEM.

7 ETWUYHI JEKJAPALT

ABTOpPH 3asBISIIOTH TPO BIACYTHICTH (piHAaHCOBHX Ta He(iHAHCOBUX KOH(QIIIKTIB
1HTEpeciB, SKI MOTJIM O BIUIMHYTU HA MPOBEACHHS JOCITIIKEHHS, IHTEpPIIPETallil0 OTPUMAHUX
pe3yabTartiB abo MiArOTOBKY MaTepialiiB CTATTi.
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UDC 539.3:624.046.3
ON THE BUCKLING OF A ROD UNDER TENSILE FORCE

S. Bekshaev!
!0desa State Academy of Civil Engineering and Architecture

Abstract: This article examines the mathematical model of the loss of equilibrium stability of an
elastic, rigidly clamped, rectilinear cantilever rod loaded with a longitudinal tensile force applied to a
traverse rigidly fixed to the free end of the rod perpendicular to its axis. The study is carried out within
the framework of linear rod theory under the standard assumption of small displacements. The way of
applying the tensile force allows for frictionless movement of its application point along the traverse,
as well as a change in its direction depending on the displacement of the free end of the rod and the
slope of the traverse. Unlike the relatively few previously known formulations of problems on the
buckling of rectilinear rods caused by tensile forces, this article imposes no restrictions on the
distribution of the bending rigidity of the rod along its length. The study is theoretical in nature and is
based on a qualitative analysis of the behavior of solutions to a linear differential equation for rod
bending. To simplify the analysis, a transition was made from the traditional description of the
deformed state in rod theory using a deflection function to a bending moment function. This allowed
the solving to the rod buckling problem to be reduced to an eigenvalue problem for a second-order
linear homogeneous differential equation for bending moments under homogeneous boundary
conditions of a special type. Critical forces are determined as eigenvalues for which a solution to the
differential equation exists that is not identically zero and satisfies the boundary conditions. For the
constructed boundary problem, a theorem was formulated and proved, which states that with an
arbitrary distribution of the bending stiffness of the rod along its length and with the ways of applying
the tensile force adopted in the study, a single critical tensile force always exists at which the rod loses
stability. The dependence of the critical force on the parameter characterizing the change in the
position of the tensile force application point during rod buckling is qualitatively described. An
increase in the critical force is also established when the rod is shortened by removing a portion near
the clamp and transferring it to the end of the newly formed rod. A comparison of the obtained results
with studies, including experimental ones, by other authors showed that the conditions considered in
the article can be realized for rods operating in complex structures.

Keywords: tensile rod, loss of stability, boundary problem, critical force, qualitative analysis,
existence and uniqueness.

I[OJIO BTPATH CTIMKOCTI PO3TSATHYTOI'O CTPUKHSA

Bekmaes C. 5.
Y00ecvia oeporcasna axademis bydisnuymea ma apximexmypu

AHoTamis: Y crarTi po3rNIAJAaEThCS MaTeMaTH4YHa MOJENb BTpPaTh CTiHKOCTI piBHOBaru
MPYKHOTO JKOPCTKO  3alIeMJICHOr0 TPSMOJIHIHHOIO KOHCOJBHOTO CTPIKHS, 3aBAaHTaKEHOT'O
MO3/I0BKHBOIO PO3TATYIOUYOI0 CHIION0, TIPUKIIAZCHOIO 10 TIONEPEUHOi TPaBEPCH, MKOPCTKO 3aKpiILICHOT
Ha BUIBHOMY KiHLI CTPMIKHS NEPHEHIUKYJISIPHO 10 Horo oci. JlocmipkeHHs 301MCHIOETCS B MEXKax
JHIHOT Teopii cTpmKHEH B CTaHIAPTHOMY MPUITYIEHHI MaJocTi nepeMinieHb. Criocié npuKiIajaHHs
PO3TATYIOUOT CHIIH JIOIYCKA€E BiJIbHE BiJI TEPTS MEPEMIIEHHS y3/I0BXK TPaBEPCH il TOUKH MPUKIIATaHHS,
a TaKoX 3MiHy Ii HampsMKy B 3aJIE)KHOCTI BiJl MEPEMilIeHHs BiIBHOTO KiHLIA CTPHXHS 1 HaxXuiry
TpaBepcu. Ha BijiMiHy Biji TIOpIBHSHO HeOaraThOX BiJJOMHUX paHillle MMOCTAHOBOK 3aJlad PO BTPATY
CTIMKOCTI MPSAMOJNIHIHHUX CTPIKHIB, CHPUYNHEHY PO3TATYIOUMMHE CHIJIAMH, Y 3alIPOTIOHOBaHIM CTATTI
HE HaKJIAAA€Tbcs OOMEXEHb Ha PO3MOALT 3TrMHAIBHOI MKOPCTKOCTI CTPMXKHSA Y3/IOBXK HOTO JOBKHHH.
JocnipkeHHsT Mae TEOPETUYHUH XapaKTep 1 CIHPAEThCS Ha SKICHUI aHalli3 MOBEOIHKH PO3B’A3KiB
JiHIAHOrO AM(epeHIiaibHOrO PIBHSIHHS BUTMHY CTPIOKHSA. 3 METOH CIPOLICHHS aHamizy OyB
BUKOHAHWI Tepexil BiJg TpaAuLiHHOTO AN Teopii CTPHXKHIB OMUCY OeOPMOBAHOTO CTaHy 3
BUKOPUCTAaHHAM (yHKIIl MpOruHiB A0 (QyHKOIl 3rHHAIBPHUX MOMEHTIB. lle 103BONMIMIO mMpHUBECTH
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pO3B’sI3aHHS TUTAHHS BTPATH CTIMKOCTI CTPYOKHSA IO PO3TIIAAY 3a7adi Ha BIACHI 3HAYCHHS IS
JTHIMHOTO OAHOPIAHOTO AU(EPEHIIaTBLHOTO PIBHSHHS APYrOro MOPSAKY MIOAO 3TMHANBHUX MOMEHTIB
3a OJHOPINHWUX TPAHWUYHUX YMOB CIIEIIabHOTO BUAY. KpHTHWYHI CHINM BH3HAYAIOTHCS SK BIACHI
3HAYeHHs 3ajavi, A SIKUX ICHye pO3B’sI30K MU(EPEHIIATbHOTO pPIBHAHHA, IO HE OPiBHIOE
TOTO)KHOMY HYNIO 1 3aJ0BOJIbHSIE TpaHMYHMUM YyMoBaM. Jlns moOyZoBaHOi TpaHUYHOI 3ajadi
chOpPMYJIOBAHO 1 TOBEIEHO TEOpEMY, SIKa BCTAHOBIIIOE, IO MPU JOBIIBHOMY PO3MOALI 3THHATBHOL
JKOPCTKOCTI CTPIDKHA TIO HWOTO MOBXKHHI TP TPHUHHATAX y POOOTI crmocobax NpUKIaTaHHS
PO3TATYIOUOT CHITU 3aBXK[H ICHYE 1 IO TOTO K €IMHA KPUTHYHA PO3TATYIOYA CHJIA, IPU SAKIH CTPUIKEHB
BTpaya€e CTiIMKiCTh. SIKICHO OmuMcaHa 3aJIeKHICTh BEIMYMHM KPUTUYHOI CHJIM Bijl mMapaMmeTpa, LIo
XapakTepu3ye 3MiHY MOJOMXCHHS TOYKU TPUKITATAHHS PO3TATYIOUOl CHIIM TPU 3TMHAHHI CTPHXKHSL
BcraHoBIIeHO TaKOXK 3pOCTaHHS KPUTUYHOT CHITH TIPU YKOPOUCHHI CTPHXKHS IUITXOM BUJIAJICHHS HOTO
YaCTUHH TOONM3Yy 3alleMJICHHS 3 WOro IEPeHECeHHSM Yy KiHelb HOBOCTBOPEHOTO CTPHIKHSL
3icTaBlieHHS] OTPUMAHUX PE3YJILTATIB i3 TOCIIPKEHHSIAMH, B TOMY YUCII €KCIICPUMEHTATLHUMH, 1HIITHX
aBTOpIB, MOKa3alik, M0 PO3TJSHYTI Y CTATTI YMOBH MOXYTh OyTH peami3oBaHi JJIsi CTPHKHIB SIK
CJIEMEHTIB CKJIaHUX KOHCTPYKIiii.

KarouoBi ciioBa: po3TsSTHYTHI CTpUIKEHB, BTpaTa CTIMKOCTI, TpaHUYHA 33/1a4a, KPUTHYHA CHUIIA,
SIKICHUH aHai3, iCHyBaHHS 1 €IMHICTb.
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1 INTRODUCTION

Problems of stability, particularly the stability of equilibrium configurations in
engineering structures, have attracted the interest of engineers and scientists for nearly three
centuries. Stability is a necessary quality of a structure, ensuring its reliable operation under
the conditions envisaged by the design. Along technology advanced, the types of engineering
structures became more complex and varied, and the intensity and diversity of the impacts on
their elements increased, the range of corresponding problems and their solving methods
expanded. In most cases in engineering practice, loss of structural stability occurs due to
buckling of its elements under compression when the compressive load reaches a certain
value, called the critical load. Therefore, the main content of the theory of equilibrium
stability for mechanical systems developed to date consists of methods for determining
critical loads, as well as methods for controlling them to prevent buckling due to compression.
The possibility of buckling under tension is considered questionable by many engineers. At
the same time, over the course of several decades, a number of publications have appeared
examining the possibility of buckling of tensile members. However, their discussion was
illustrative in nature and limited primarily to rods of constant cross-section. The present paper
examines the buckling of a rod with an arbitrary distribution of flexural stiffness along its
length, caused by a tensile force.

The mathematical content of the problem consists in the construction and qualitative
study of a mathematical model of a tensile rod, which is based on a linear differential equation
that determines the configuration of the deformed rod. The difference from previous works is
the reduction of the problem to an eigenvalue problem for a second-order differential equation
with variable coefficients and specific boundary conditions.

The article establishes the existence and uniqueness of the critical force as an eigenvalue
of the problem for an arbitrary distribution of bending stiffness and its relationship to certain
changes in parameters that characterize the conditions of fixing and application of the tensile
load.

2 LITERATURE ANALYSIS AND PROBLEM STATEMENT

The development of formulations and methods for solving problems related to the study
of the stability of mechanical systems has a rich and instructive history, reflected in well-
known works [1-3]. To date, stability theory has grown into a vast and diversified field of
science, rapidly developing alongside the creation of new engineering structures, materials,
mathematical methods, and information technologies. The results of this development are
reflected in classical works [4-6], as well as in new-generation monographs [7-9], which
together represent a virtually exhaustive range of research areas. However, problems of
equilibrium stability are considered almost exclusively in relation to the compression of
structural elements. In recent decades, the possibility of buckling in thin plates under the
action of tensile forces has been established and systematically studied [10-13]. Buckling of a
tensile rod is still often regarded as a paradox of no practical significance. Some special cases
were described in [6, 14, 15]. One of them, considered in [14] and close to that is studied in
the proposed article, is shown in Fig. 1 a.

They represent rather elementary models for demonstrating the principal possibility of
buckling caused by tensile forces than fragments of any general theory. Only in [15] an
attempt was made to give a unified description of a certain set of ways for applying tensile
load. However, the possibility of their structural implementation is not systematically
discussed. Refusing to pursue any practical goals allowed to limit the considerations to rods
with constant flexural rigidity along their length. Article [16] describes an interesting case of
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buckling of a tensile rod formed from two parts connected in a special manner, allowing free
relative transverse displacements of the connected sections (Fig. 1 b).

Fig. 1. Examples of loss of stability under tensile forces: a — by [14], b — by [16]

The bending of each individual part can be described as rod buckling, which is studied in
this article. The buckling effect described in [16] is clearly demonstrated using a physically
constructed model. A corresponding video is freely available online.

The present study uses a standard criterion of static stability ([15]), based on the
existence of a non-trivial solution to the differential equation for bending of a tensile rod and
on a qualitative study of the properties of solutions of this equation under the corresponding
boundary conditions, since an arbitrary distribution of bending stiffness does not allow this
solution to be expressed in an exact form.

3 THE PURPOSE AND OBJECTIVES OF THE STUDY

The objective of this work is to study the buckling conditions of a rectilinear cantilever
rod loaded by a longitudinal tensile force constant along its length (Fig. 2).

Fig. 2. Schematic buckling form of the rod under study

In extension of the previously considered formulations [6, 14, 15, 16], an arbitrary
change in the bending stiffness along the length of the rod is allowed. In addition, it is
assumed that the way of applying the tensile load at the free end allows a certain dependence
of its direction and application point on the deflection and angle of rotation of the end cross-
section. This way is one of those considered in [15] and, in principle, can be implemented
without violating conservatism. As it turns out, this is precisely the way implemented for each
of the two rods in Fig. 1 b. The proposed generalizations are motivated by the desire to study
the conditions which may occur for tensile rod as an element of a compound structure.
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4 RESEARCH RESULTS

4.1. Mathematical model description. We consider a cantilever rod OL, rigidly fixed at
one end and having a traverse at its free end — an absolutely rigid transverse rod perpendicular
to the axis of the bending rod (Fig. 2). It is assumed that the traverse is perfectly smooth,
which implies that equilibrium of the rod loaded with force P is possible only when force P
and the traverse are perpendicular.

The following notations are used:

B= B(x) = EJ — bending stiffness of a rod, variable along its length;

{ —rod length;
P — the magnitude of the longitudinal tensile force perpendicular to the plane of the end
section L of the rod;

y= y(x) — deflection of a rod in section at a distance x from the clamped end;

Q= (p(x) — slope of the section at a distance x from the clamped end;

f, © —respectively, the deflection and the slope of the end section L of the rod;

M =M (x) — bending moment in the section x.

& — the eccentricity coefficient of the tensile force, which determines the transverse
displacement of its point of application at bending of the rod; it is accepted that —oo <& <1; at

€ =0 we will call the rod centrally loaded.

The consideration is based on the linear theory of rods, which assumes small
displacements and deformations.

The differential equation that determines the configuration Yy (x) of a deformed rod in a
linear approximation, taking into account the slope of the force P, has the form

By"=-M (x)=P6((—x)—-P(&f —y). (1)

Here and below, the prime denotes the derivative with respect to the coordinate.
Differentiating both sides with respect to x, we obtain an equation for the slope

o=0(x)=)
(Bg') =Po—Po. )

By introducing a new variable (bending moment) M =-B¢' and again differentiating
with respect to x, we get at a homogeneous equation

M"=(P/B)M . (3)

As can be seen from Fig. 2, the deflections and angles of inclination of the ends of the rod
satisfy the relations

¢(0)=0, o(£)=6, y(0)=0, y(f)=f. 4)

From (1) and (2) it follows

M(O)=—P9€+P§f, M(€)=—Pf(1—§), M'(O)=P9, M’(€)=O, (5)
S. Bekshaev
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from where, excluding f and O, we obtain the homogeneous boundary conditions
M'(¢)=0, M(O)+M’(0)€=—%M(€), ©)

complementary to the equation (3).

4.2. Main theorem. The main mathematical result of the work is expressed by the
following theorem.

Theorem (on existence and uniqueness of critical force). For any &, —o <& <1, there

is a unique value of P=P(§), which corresponds to a nonzero solution of the differential
equation (3), satisfying the boundary conditions (6). When & increases from —oo to 1 the
value P = P(&) increases monotonically from 0 to oo.

To prove the theorem, we establish a number of preliminary results.
4.3. Auxiliary results. Let us consider the solution M (x) of equation (3) for some fixed

P, satisfying only the first of the conditions (6), and accept M (L’) =const. > 0.

In the interval 0<x<¢, M(x) retains its sign. Otherwise, there would exist x,,
0<x </, suchthat M(x)=0 and M(x)>0 at x, <x<¢, from which it would follow that
there exists such x,, X <x, <(, for which M’(x,)>0, from which, in turn, it would follow
that there exists such x,, X, <X, </, for which M"(x,) <0, in contradiction with (3). Thus,
M (¢)> 0= M (x)> 0 and on the basis of (3) M"(x)>0 for everyone x, 0<x<(. This

means that the graph of the function M (x) is concave upwards (see Fig. 3).
From (3) the following relations follow

M’(x)=M'(x)—M'(ﬁ):pj'\él((;))dsz_p""\é'((:))ds<o’ @

X, > X = M’(xz)—M’(xl)sz"(s)ds: Pj%ds>0,

that allow us to conclude that the derivative M’(X) on the interval of interest to us is

negative and increases with increasing x, and that M (X) decreases with increasing x .
For an arbitrary function M (X) the identity holds

M (x)= M (E)—M’(K)(f—x)+"‘M”(s)(s—x)ds,

which can be verified by calculating the integral by parts.
From here, taking into account (3) and the initial condition (6), we arrive at the equality

M (X)=M (¢)+ PI%(s—x)ds. ®

From relation (7) we find
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¥

M'(O).f:—PI%.f-ds, ©)

which in combination with (8) gives

B(s)

The bending moment M as a function of P increases with increasing P. To verify this, let
us consider two functions M and M, corresponding respectively to the values P and P,

P,>P,at M;({)=M(£)>0. Due to the continuity of the second derivative M"(x) and to
the equation (3), there is a certain neighborhood of the right end L of the rod, where
M, (x)>M(x). If we assume that for some x the opposite inequality £, (x) <A (x) holds,
there must exist such x* that M,(x")=M(x") and M,(x)>M (x) for x"<x<( in

contradiction with equality (8). The same equality shows that the growth of M as a function of
P is unlimited.

4.4. Proof of the theorem. The right side of (10) decreases monotonically from M () to

M(O)+M'(O)€:M(€)+Pj-M(s—ﬂ)ds_ (10)

—oo as P increases from 0 to oo. Therefore, the expression M (0)+M’(0)( in the boundary
condition (6) also decreases monotonically from M (ﬂ) to —oo, becoming exactly once equal
to —(&/1-&)M () for a given &, —o<&<1. This means that for any & of the range

—o0 < § <1 there is a unique value P for which there is a non-trivial solution to equation (3)

that satisfies both boundary conditions (6). This value represents the only critical force of the
considered rod loaded with a tensile longitudinal force

The expression M (0)+M’(0)¢ graphically represents the ordinate of the point of
intersection of the tangent to the graph of the function M (x) drawn at x=0, with the

vertical x=/( (Fig.3). As P increases, this point moves downwards, monotonically and
unlimitedly. The expression —(&/1-&)M () decreases monotonically from M () to —co as

& increases from —oo to 1. A larger value & corresponds to a larger value P satisfying the
second condition (6), i.e. the critical force of the rod increases monotonically with the growth
of the coefficient & . The theorem is proven.

4.5. Corollary. Shortening a rod clamped at one end, with a corresponding transfer of
the fixation conditions to the end of the shortened rod, leads to an increase in the critical
force, regardless of the law of distribution of bending rigidity along the length of the rod.

Proof. Any value P>0 is the critical force of the rod under consideration at certain

value £=&(P) between —oo and 1. This value is uniquely determined by the point of

intersection of the tangent to the curve M (x) at the point x=0 with the vertical x=/¢
(Fig. 3).
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Fig. 3. Schematic graphs of the function M (X) , P >P

If we draw another tangent to the same curve at the point x' >0, then due to the absence
of inflection points on the curve, the corresponding point of intersection with the vertical

x=/( will be higher, and it will correspond to the value §’<§(P). This means that the

critical force P of a rod clamped at the left end x =0 is at the same time the critical force of
a shortened rod clamped in section x’, but with a smaller coefficient & . Since, as established

above, growth & leads to an increase in the critical force, it can be concluded that when
& =¢(P) the shortened rod will have a critical force P’ > P. Thus, the well-known result for

the critical forces of compressed rods is established for a rod in tension. The corollary is
proven.

4.6. On the physical realization of the loss of stability of a rod under tension This paper
does not consider questions of structural implementation of ways for applying tensile forces in
which the coefficient & will be nonzero. Such conditions may arise in structures containing,
among other, tensile rods.

In [16], the behavior of a rod composed of two elastic rods similar to the one considered
above was investigated. Each of these rods is rigidly clamped at one end and has a traverse at
the opposite free end — an absolutely rigid rod element perpendicular to the axis of the rod.
The rods are connected at their free ends using a slider — a device that equalizes the slopes of
the connected end cross sections, but allows their relative sliding without friction in a
direction perpendicular to the axes of the deformed rods at their connection (Fig. 1b, Fig. 4).

At buckling, the rods act on each other with systems of forces distributed over the contact
surface of the perfectly smooth traverses and directed perpendicular to the traverses. Both
systems have resultants applied at some point K on this surface, which, according to the
well-known law of equality of action and reaction, are equal in magnitude and opposite in
direction. The point K must be located between the end sections L and L, of the rods.
Otherwise, both rods would have the same curvature sign.

This allows us to consider each of the rods as a rod shown in Fig. 2, with the
corresponding value of & . If the point K does not lie on the axis of the undeformed rod (the
dotted line in Fig. 4), it will be displaced from this axis in the same direction as the end of one
of the rods. If this is L, then, as can be seen from the figure, & >0, &, <0.
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Fig. 4. Interaction of rods in a structure shown in Fig. 1 b

Let us denote by P, the critical force of a centrally loaded rod (for which £=0). When
€ <0 the inequality P < P, is satisfied, and when & >0 the inequality P> P, is satisfied.

It was established above that the critical force increases monotonically with increasing
&. This means that the critical force P of the composite rod satisfies the relations

B, <P <P, where B, and P, are, respectively, the critical forces of the left and right rods
at &, =¢&,=0.

4.6. Expansion of the fixing conditions. In the previous discussion, it was assumed that
the clamping of the left end O of the rod is absolutely rigid. It can be verified that all the
stated conclusions remain valid even for finite clamping rigidity. In this case, in (4), instead of

the boundary condition ¢(0) =0, the condition M (0)=—a(0), o.=const. > 0, should be
adopted. In (5) instead of M'(0)=P6 you should write M'(0)=P6—Pp(0). After
excluding f and O the second of the conditions (6) will take the form

, P
M (0)+M (O)E—EM(O):—éM(f). ©)
As we see, the left-hand side of (6"), as in (6), decreases monotonically with increasing P,
which implies the existence and uniqueness of the critical force, which increases

monotonically with increasing &. We also note that the left-hand side of (6) increases with

increasing o, which implies that, all other things being equal, the critical force increases
monotonically with increasing clamping rigidity o..

5 RESEARCH RESULTS DISCUSSION

The results presented in this article confirm and, to some extent, complement those
established in previously published studies on the possibility of buckling of rods caused by
tensile forces.

The fact of loss of stability of rod under tension for an arbitrary distribution of bending
rigidity along its length has been established.

The existence and uniqueness of a critical tensile force for a rod under certain conditions
of fixation and loading is established.

The dependence of the critical force on the conditions of fixation and longitudinal
loading of the rod was investigated. Specifically, the monotonicity of the critical force as a
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function of the parameter & characterizing the position of the longitudinal force application

point was established.
A connection is noted between the problems of buckling of an individual tensile rod and
a compound structure, previously studied independently.

6 CONCLUSIONS

The studies presented in this paper complement and expand on the still few and
unsystematized descriptions of buckling of rods under the action of tensile forces.

The obtained results can be applied in studying the behavior of mechanical systems
containing longitudinally loaded rods of variable stiffness, as well as for control the
effectiveness of numerical algorithms.

It can be expected that they will be useful in the transition to studying the stability of a
broader class of rod systems whose elements operate under longitudinal loading and can be
applied in the future when solving more complex problems of control and optimization of the
mechanical characteristics of various engineering structures.

7 ETHICAL DECLARATIONS
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expand and deepen knowledge concerning some topical problems of mechanics, and their
sharing among specialists in relevant scientific fields.
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THE PROBLEM OF SHOCK WAVE DIFFRACTION BY A RIGID
HEMISPHERICAL INCLUSION

O. Nazarenko?, A. Stekhun?, A. Vasiliev?
!Odesa State Academy of Civil Engineering and Architecture,
?Odesa I. 1. Mechnikov National University

Abstract: Currently, a large number of various components, parts, and entire assemblies that
make up modern technical equipment — and even entire structures — are forced to operate either in
continuous (stationary) or non-stationary modes due to rapid changes in external forces and loads that
vary over time. Thin-walled shell-type structures constitute a very broad class of mechanical
equipment found in modern surface, underwater, and air transportation, in rocket technology, and in
construction. Under intense loads of various origins during the operation of such structures and
mechanisms — including those of an explosive nature — high stresses arise, which are highly
undesirable from the standpoint of their strength and reliability. Among the general range of problems
associated with the use of shell structures and designs, including thin-walled ones, a class of problems
should be highlighted that involves studying the interaction of undeformed shells of various
geometries with the surrounding elastic medium.

This paper presents an approach to studying steady-state (transient) wave diffraction problems at
a spherical defect, based on the application of the method of discontinuous solutions, which is founded
on the method of generalized integral transforms [1,2]. A defect is defined as a portion of a surface
such that, when crossed, wave functions, displacements, and stresses undergo first-kind
discontinuities. Another type of defect is a thin rigid shell, the mid-surface of which coincides with the
same portion of the surface. For this case, a discontinuous solution to the wave equation of linear
elasticity theory in a spherical coordinate system has been derived. The problem of diffraction of a
plane shock wave at an arbitrary angle of incidence « onto a rigid, thin-walled, stationary
hemispherical object coupled to a bottom structure has been solved. The Heaviside unit function was
chosen as the function describing such a wave. It is convenient to use in this case because the wave
process formed in the elastic medium so that the wave process formed in the elastic medium acts step-
wise (discretely) starting from the time moment t corresponding to the arrival of the wave-front
moving at a prescribed speed C.

Keywords: wave equation, elasticity theory, discontinuous solution, jump, shock-wave
diffraction, spherical coordinates, spherical defect.

3AJAUYA JUDPAKIII YIAPHOI XBUJII HA )KOPCTKOMY
HAMIBCO®EPUYHOMY BKJIIOUYEHHI

Hasapenxo O.A.}, Crexyn A.O.?, Bacuiabes O.B.2
Y00ecvia oepacasna axademis bydienuymea i apximexmypu,
2 Ooecokuii nayionanvhuti ynisepcumem imeni 1.1, Meunukoea

AHoTamisn: B nanuii yac BenvKa KUTbKICTh PI3HOMAHITHHUX BY3JIB, J€Taled Ta IJIMX arperaris,
SIKI BXOJISITh Y CKJIaJ] CyYaCHUX TEXHIYHUX OOJIaHaHb T4, HABITh, [IUINX CHOPY/ BUMYIIEH] MPaIfoBaTH
abo y moctiiiHO Aitounx (cramioHapHuX), a00 y HECTal[iOHAPHUX peXMMax BHACHTIJIOK MIBHUIKUX 3MiH
30BHIIIHIX CHJI Ta HaBaHTa)KEHb, 110 BIUIMBAIOTH Y Yaci. TOHKOCTIHHI KOHCTPYKIIi 00OJOHKOBOTO
TUIY CKIQJAIOTh AYK€ IMHUPOKHH KIIAC MeXaHIYHMX O00J]aJHaHb, MO 3YCTPIYAIOThCA Y Cy4acHOMY
Ha/IBOJHOMY, HiIBOIHOMY Ta HOBITPSAHOMY TPAHCIIOPTi, y PaKeTHIM TeXHili, a TAKOX y OyIiBHHUIITBI.
[Ipy iHTEHCHBHUX HaBaHTKEHHAX PI3HOTO MOXOKEHHS B YMOBaX €KCIUTyaTamii TAKMX KOHCTPYKLiH
Ta MEXaHI3MiB, B TOMY 4YHCJI 1 BHOYXOBOT'O THITYy, BUHHKAIOTh BEIWKI HANpPYXKCHHS, SKi 30BCIM
HeOakaHl 3 TOYKHM 30py iX MIIHOCTI Ta HAMIMHOCTI. 3 3arajJpbHOrO KOJia MpoOJeM, IO IOB’sA3aHi 3
BUKOPHUCTAHHIM OOOJIOHKOBUX CTPYKTYP 1 KOHCTPYKIIiH, B TOMY YHCHi 1 TOHKOCTIHHUX, CIIiJ BUIUIUTH
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KJIac 3ajad, 10 OB’ SI3aHUM 3 BUBUCHHAM B3aeMo/Iii HeneopMOBaHHX 00OJIOHOK Pi3HOI reoMeTpii 3
HABKOIUIIHIM MPYKHUM CEPEAOBUIIEM.

VY 3anponoHoBaHiii poO60Ti po3poOIeHO MiIXi A0 JOCTIHKEHHS cTalliloHApHUX (HECTAlliOHAPHUX)
3amad audpaxiiii XBWIb Ha chepuaHOMy nedeKTi, 3aCHOBAHUN Ha 3aCTOCYBaHHI METOJIY PO3PUBHUX
pitieHs, sikuii 6a3yeThCss HA METOJI y3arajdbHEHHX iHTerpanbHuX neperBopens [1,2]. IMix nedexrom
CIIiJ] PO3YMITH TaKy YacTHHY IOBEPXHi, MPH MEPETHHAHHI SKOi, 3a3HAIOTh PO3PHBIB MEPIIOTO POAY
XBWJIBOBI (YHKIIl, 3MilIEHHS Ta HamnpyXeHHs. [HIMM BUMagkoM AeeKTy € TOHKa KOpPCTKa
000JI0HKa, CepelMHHA TTOBEPXHS SIKOI CIBIIAA€E 3 TI€I0 K YACTHHOIO MOBEepXHi. I 1[bOTO BHITAIKY
moOyIOBaHO PO3PUBHUI PO3B’SI30K XBWIIHOBOTO PIBHSHHS JIHIHHOI Teopii MpyKHOCTI B cdepuyHiit
cucreMi kKoopauHaT. Po3p’si3aHO 3amauy nudpakuii yaapHoOi MIOCKOI XBWIII MPH TOBUTBHOMY KYTi
(hpoHTy aTaku (f Ha >KOPCTKAN TOHKOCTIHHHNA HEPYXOMH HammiBchepryHUN 00’€KT, 34ETICHUHA 3
JOHHMM YTBOPEHHSM. Y SKOCTi (YHKLIi, IO OMHCY€E TaKy XBHIIO, OyJ0 00paHO OAWHUYHY (QYHKIiIO
Xegicaifna. Ii 3pyuno BHKOpPHCTOBYBAaTH B IIbOMY BHIAAKy TOMy, 00 XBHMILOBHH MpOIeC, SKHi
(hopMyeThCs B IPY>KHOMY CEPEIOBHIII, ITPAIOBAB JUCKPETHO (CXiA9acTO) TIIBKH B TOW MOMEHT Yacy
t, ko Oyzie HaaXOMUTH YepProBuil PPOHT 3i 3a31aJIETi b 3aJaHOK MBUAKICTIO C .

KarouoBi cioBa: XBUIIbOBE pPIBHSHHS, TeOpis MPYKHOCTI, PO3PUBHUI PO3B’ 30K, CTPUOOK,
cTarioHapHa audpaxiis, cpeprudHi KOOPAUHATH, Te(EKT.
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1 INTRODUCTION

The importance and practical relevance of studying the interaction between undeformable
shells of various geometries and the surrounding elastic medium are associated with the need
to improve the resistance of structures, such as vessels, to underwater and airborne
explosions, to develop and refine methods for underwater and atmospheric acoustics, and to
ensure the seismic stability of certain aerospace and hydraulic engineering structures and their
components. Thus, the development of diverse mathematical methods for solving problems
related to the interaction of non-stationary (stationary) waves of arbitrary nature with various
objects, including shell-type structures, remains a highly relevant topic today, which
ultimately defined the scope of this paper.

2 LITERATURE REVIEW AND PROBLEM STATEMENT

Significant contributions to the development of theory and methods for solving the
dynamic problems of bodies interacting with the surrounding medium have been made by
scientists such as E. P. Babailov, V. A. Babeshko, A. I. Babichev, O. T. Buriev, M. D.
Veksler, O. M. Guz, O. D. Goldenveizer, O. M. Kovshov, V. D. Kubenko, I. T. Seleznov,
0. V. Tarlakovsky, G. Ya. Popov, and many others.

The methods developed to date for solving three-dimensional boundary-value problems
in continuum mechanics can be broadly categorized into analytical and numerical approaches.
Among the analytical methods, the following key approaches stand out: integral equation
methods (potential theory); the method of separation of variables and its various
modifications (the Fourier method and its generalizations in vector and scalar forms, as well
as reduction to infinite systems of algebraic equations); the method of functions of a complex
variable [3-7].

In addition, to solve complex boundary value problems involving the nonstationary
scattering of elastic waves on a spherical inclusion, authors such as B. Sh. Usmonov and R. T.
Mukhitdinov, representing the Tashkent Chemical-Technological Institute, employ specific
hybrid (combined) analytical methods. These methodological approaches are primarily based
on the application of Fourier integral transforms in the time domain. However, a significant
mathematical difficulty arises because the eigenfunctions of the boundary value problem
under consideration cannot be rigorously treated as ordinary vectors in a classical Hilbert
space, since they fail to satisfy the required normalization conditions due to their exponential
growth with increasing distance. Therefore, it becomes necessary to additionally employ
generalized functions together with specialized mathematical methods developed within the
framework of modern scattering theory.

Nevertheless, these methods are mainly applicable to canonical domains where boundary
surface equations can be reduced to standard canonical forms. For spherical objects with non-
standard geometry (such as a sphere with a circular aperture or a spherical segment in the
presence of neighboring objects, e.g., a cone and an additionally segmented sphere), the
principal part of the matrix operator for the plane acoustic wave diffraction problem is
formulated. Problem regularization relies on an Abel-type integral transform, which allows
reducing the system to an infinite set of Fredholm algebraic equations of the second kind with
a compact operator in a Hilbert space [8-9].

Currently, various numerical approaches — such as finite-difference and finite-element
methods — have gained widespread use in solving three-dimensional problems. The present
work is devoted to solving a spatial problem in the theory of elasticity for a hemispherical
segment bonded to a rigid base using the discontinuous solution method [1, 2].
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3 RESEARCH AIM AND OBJECTIVES

The objective of this study is to extend the discontinuous solution method [1, 2] to
dynamic problems involving the diffraction of shock waves by spherical defects. To achieve
this, the following tasks are addressed: construct a universal discontinuous solution to the
wave equation and use it to reduce the problem of shock wave diffraction [3] on a thin, rigid
hemispherical inclusion bonded to a rigid base to an integro-differential equation. Conduct an
analytical convergence analysis and examine the asymptotic expressions for the resulting
equation’s solution. Compare the obtained solution with the findings of [11, 12, 13] regarding
the reactive torsional moment of a spherical defect in an elastic medium induced by a
torsional wave [5], expressed through displacements and stress components [3, 10, 11]
dependent on wave functions [14, 15] which, according to the proposed approach, must
satisfy the discontinuous solutions of the wave equations.

4 RESEARCH RESULTS
4.1 Problem Statement

Suppose that an infinite elastic medium contains a rigid hemispherical inclusion in the
shape of a hemispherical segment of thickness h, which is rigidly bonded to a bottom surface
(base). Furthermore, assume that this inhomogeneity is rigidly bonded to the surrounding
space and remains "frozen™ (stationary) within it. Let a plane shock wave impinge on the half-
space, with the geometric parameters of the system being such that superimposition of the
waves reflected and incident from the sphere and the bottom occurs. It is required to
determine the wave superposition potential using the discontinuous solution method, which
must satisfy the boundary conditions everywhere except at the points of the defect itself.

Thus, in dimensionless variables, the problem reduces to finding a solution of the wave
equation in spherical coordinates [16]:

GRY
DT:A\P—??:O, (1)
under the initial conditions:

Y| _,=0, o =0,
ot
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and boundary conditions on the surface | =1, +1, +1,:

oY oY

ap| o T ar| e 7O

o=, Q=—7,7

where o denotes the d'Alembertian operator (Hamilton operator), A is the Laplace operator,
and r, 8, ¢ are the radial and angular spherical coordinates, with 0<@< .

It is also assumed that the wave front forms an angle « with the QY - axis, where R
denotes the radius of the spherical inclusion.
Assuming that the total wave potential can be decomposed into three components [14]:

W, — the incident-wave potential;
Y . — the reflected-wave potential;

Y, — the diffracted-wave potential,
the boundary conditions take the expanded form:

oY O
R — refl + inc
— or or

Qo=—r,7

6LPdiff
or

R, - )

Q=77

Furthermore, the case of a rigid shell yields the following relationship:

[6l{linc a\Prefl J
—me 4, -

=0. 3
o0 " op ©)

r>R,

Q=—7,7

4.2 Construction of a Discontinuous Solution in Spherical Coordinates

Expanding the wave equation (1) in spherical coordinates, we obtain (see [16]):

i&z‘l‘(r,ﬁ,(p,t)

oW (r,0,0,t)=AY(r,0,p,t)-= > =0, (4)
a ot
where:
2
A‘P:%ﬁ(rza_‘l’}r 2? i(sinea—\yj+%a—f. ®)
r<or or ) r<sind o6 060 ) r<sin“d op

In accordance with [1, 2], the jumps in the function and its normal derivative across the
surface are denoted as follows:

(¥(R.0,0.t))=¥(R-0,0,p,t)-¥(R+0,0,p,t), (6)
(¥'(R.0.0,t)) =¥ (R-0,0,0,t)-¥'(R+0,0,0.t). ©)

4.2.1 Elimination of the Variable t

We apply the Laplace transform [7] with respect to the time variable t (which plays the
role of time in this context) to each of the expressions (4) — (7):
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o0

‘Pp(r,@,(p)=J.‘~P(r,0,(p,t)-exp(—pt)dt. (8)

0

Furthermore, to solve the problem in dimensionless variables, we additionally introduce a
variable 7 =at over which the integration is performed.
Thus, we obtain the following equation in terms of the Laplace transform:

AY,(r,0,9)-p* ¥, (r.0,0)=0,
where

A (1,0.0)= 220 (1,0.0)+ 2w (r,0.0)+
p 9 9 rar p 9 9 8"2 p b b

9)

cosd ¥, (r.0,p) 1 & 1
2V (no.e)+———5¥,(r.0.0)
TYsing 00 o (r.6.0)+ r’sin’d op* " (r-6.¢)

In turn, the jumps in the transforms and their derivatives (6), (7) are written as follows:

(¥, (R.0.0)) =¥, (R-0,0,p)-¥, (R+0,0,p). (10)

(¥, (R.0.0)) =¥, (R-0,0,¢0)-¥', (R+0,0,0). (11)

4.2.2 Elimination of the Angle ¢

We employ the Fourier integral transform [7]:

T

‘Ppn(r,ﬁ)zij‘Pp(l’,@,(p)exp(—in(p)dgo. (12)

v

Applying this transform to all formulas (9) — (11), we yield the following expressions in
terms of Fourier transforms:

AV, (r,0)-p* ¥, (r,0)=0,

where
(rZ‘P' (r,é’))' (‘P' (r,@)sin@)' n
AY = i il - vy 13
p"(r’g) r? " r’sind r’sing o (1:0), (13)
<‘Ppn(R,6’)>=‘Ppn(R—0,0)—‘Ppn(R+0,¢9), (14)
<‘I"pn(R,9)>:‘P'pn(R—O,9)—‘I"pn(R+O,9). (15)

In formula (11), (13) and below, we adopt the following notation: (*) — derivative with

respect to the variable r and (*) — derivative with respect to the variable 6.
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4.2.3 Elimination of the Angle 6

To eliminate @, we use the Legendre integral transform [7]:

T

lI’pnk(r)=jsin0-‘1’pn(r,6’)~F’k‘”‘(cosé’)dﬁ, (16)
0

where Pk‘"‘ (cosé’) is the associated Legendre function, which arises when solving the Laplace

equation in spherical coordinates.
Thus, applying the Legendre transform to equations (14), (15) yields equations depending
solely on the radial variable r:

A‘Ppnk(r)— pz‘Ppnk(r):O,

where
2 d d? k(k+1
\Ppnk(r):Falypnk(r)_kwapnk(r)_%\{lpnk(r)' 17)
In turn, the expressions for the jumps are written as:
(¥ (R)) = (R-0)-¥ , (R+0), (18)
(P (R)) =", (R=0) =", (R+0). (19)

4.2.4 Application of the Hankel Transform with Respect to the Variable r

Combining equations (14), (15) into a single equation, as well as introducing a new
function (for convenience of integration):

w, (r)= 2 (D), (20)

Jr

we obtain the following equation with respect to the function @ , (r):

(r (1) - 2251k 3] - 0 (1) =0 @

r

1

r

Let us apply the integral Hankel transform [7] to equation (21), which has the following
form:

o0

D v :J'r J, (ar)®,, (r)dr, (22)

0
where J, (ar) is a cylindrical Bessel function of the first kind, o is the Hankel transform
parameter, and v =Kk + % :

Integrating each term of (20) using formula (22), we obtain functions of the form @

in terms of the Hankel transform; that is, we eliminate the variable r. At this stage of the
solution, additional attention should be paid to the integrated (non-integral) terms with respect
to the variable r on the interval from O to infinity. According to the discontinuous solution
method [1,2], upon crossing the boundary points of the surface of a spherical defect of radius
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R, (i.e., when r—R+0), the functions and their normal derivatives exhibit jump
discontinuities (discontinuities of the first kind). Consequently, jumps

(@ (R)) =@ (R-0)—D,,, (R+0),

<q)lpnk(R)>_(DI (R_O)_q)lpnk(R"'O)’

- pnk
are formed, which need to be determined using the boundary conditions.
At this stage of the solution, the unknown function @ will be expressed through the
jumps as follows:

R| (@ (R)) 3. (1) (0 (R)) 2. ()

ka — )
pnke a2+q2

pnka

d

(23)
where q=p.
4.2.5 Application of the Inverse Hankel Transform

In order to restore r in the transform @& one should use the inverse Hankel

transform [7] with respect to the variable « :

pnke

@, (r)= IaJV (ar)®,,, da. (24)

0
Applying (24) to both sides of equation (25), and taking into account that the jumps,
(@', (R)) and (@, (R)), according to the introduced definitions, are certain numerical

expressions, and additionally using the integral transform formula from [17]:

B I, (bc)K, (ac), O<b<a,
IXJV (a‘ZX)‘]vz(bX) dx = Re(C)>O, RE(V)>—1,
. X+C

I, (ac)K, (bc), O<a<b,

we obtain the following equation instead of (23):
R a R
o, (1)= RBCD‘W (R)) 7, (1,R) (@ (R)) ST (1, R)}, (25)

where 1, (bc), K, (ac) are the modified Bessel and Macdonald functions [19], respectively,

v=k+ 5, a=r, b=R, c=(Q and, in turn:

I, (Ra)K,(rq), R<r;
%, (r.R) = a-o J% (26)

I, (ra)K,(Rg), r<R,

q is the wavenumber, @ is the angular frequency, p, is the material density, and x is the

Lame constant.

To obtain the solution to the one-dimensional boundary value problem (17), it is
necessary to again use relation (20), and then the discontinuous solution is finally written in
the form:
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\ypnk(r):R[<vank(R)> R (1 R)~ (% (R)) 2R (1 R)} @7)
where Fk(r,R):%.

Equation (27) contains two unknown jumps: W', (R) and ¥, (R), the values of

which must be determined. For this purpose, we first find %Fk (r, R). Further, taking the

limit in (27) as the variable r —R+0 (the case of a rigid inclusion), and also taking into
account that, according to (18), (19):

<\PIPnk(R)>=_\P‘pnk(R+O)’ <\Ppnk(R)>=_lenk(R+O) (28)
respectively, and additionally introducing the notation ¥, (R+0)= fow, we obtain an
equation for determining the unknown jump:

2vK, (Rq)—2RgK, ., (Rq)
"“(2v+1)K, (Ra)-2RaK, , (Rq)’

¥ (R+0)=f (29)
In turn, the function

T T

foe = ”fp (r,@,go)sinaPk‘”‘ (cos@)exp(—inp)dpdo

-0
is known, and its explicit form depends exclusively on the type of the chosen incident wave.
Using the expression for F, (r,R) from (27), formulas (26) and (29), the assumptions for
the jumps (28), as well as transformations for the functions 1, (Rq)K, (rq) [19], we obtain
the expression for the solution to equation (27) in the form:

2R2 ( q) pnk

(1= TR T2v-1)K, (Rq)—2RaK_ (Ra) |

(30)

4.2.6 Application of the Inverse Legendre Transform

To restore the angle @ in the transform ‘Ppnk( ) one should use the inverse Legendre
transform [7], which is written in the form:

Z T ¥ oo ( (r)R"(cos®), (31)

k=|n|
where o _—(k—|n|)! k+l
(k) 2)

Applying series (31) to (30) and formally replacing the angle @ with 9 in the forward
Legendre transform (16), we obtain the following equation:

\Ppn(r,e)=2R\E jfpn(g)smg Q,(R+0,0,9)d3, (32)
0
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S K, (rq)
where Q_(R+0,6,9)=> o, P" (cos®)R" (cos & - .
( ) k_Zn: P ( )R ( )[(ZV_]_)KV(Rq)—ZRqu+1(Rq):|

4.2.7 Application of the Inverse Fourier Transform

To restore the angle ¢ in the transform ‘Ppn(r,e), one should use the inverse Fourier
transform [7], which is written as:

(r,0,9)= Z‘I’ (r,0)-exp(ing). (33)

Applying series (33) to equation (32), we formally replace the angle ¢ with y in the
forward Fourier transform (12). Furthermore, by even extension of the functions on the right-
hand side of (32), only the cosine term remains from the exponential, yielding the following
equation:

r9(0 \/7”f l//, sm )Q(R+0,9,9,(p,l//) dy d4, (34)
where

Q(R+0,0,9,0,y)= i iaknp‘ | cosd) p" ‘(cos&)cos(nl//)cos(ngo) A, (r,R,q)

n=—o k=|n|

and

B K, (ra)
ArR.)= [(2v-1)K, (Ra)—2RaK,,, (Ra) | (35)

To proceed with solving the problem at hand, it is necessary at this stage to clarify the
behavior of the sums and integrals involved in formulas (34) and (35).

4.3 Proof of Solution Convergence

The evaluation of definite integrals involving combinations of associated Legendre
functions as terms of nested double series depends primarily on the indices k and |n| . Based
on the orthogonality relations [19], the result of the integral evaluation branches into two
cases. If the expression (k +|n|) is an odd number, the terms of the series vanish (equal zero).
If this expression is an even number, the result can be written in explicit analytical form [19]
as a ratio of Gamma functions. Numerical test evaluations showed that as the lower index k
(which always starts from |n|) increases, the terms of the series decay faster, thus ensuring the
convergence of the series.

In addition, the behavior of the kernel A, (r, R,q) from formula (35) — represented by a
combination of Macdonald functions (modified Bessel functions of the second kind) — at
infinity and at zero for fixed and arbitrary values of the index k is of particular interest.

Thus, as the index k as the index tends to infinity while the argument of the function
remains fixed [19], we have:
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K, (2)
(2 1)K, (2)- 22K, (2)]

~

(36)
L r /2)™"
2 (v)(z/2) 1
~ =— , when k — oo,
[(v—J/Z)F(v)(z/z)‘V—22F(v+1)(z/2)‘“} 2k +1
where I'(v) is the Gamma function, and v =k + % :
Let us consider the asymptotic expansion for large values of z and a fixed index k,
having previously denoted u = 4v°
K, (2) }
[(2v-1)K, (2)-22K,,,(2)]
@37)

T u-1
/—- 7)1+ ==+
27 exp( z){ + ™ + } 1

((2‘/—1)—22) 1 exp(_z){1+/l'l_:l-+"' } 2(k—Z)
\ 2z 87

Consequently, both series (36) — (37) converge under the respective conditions, which
guarantees the convergence of the kernel containing the combinations of Macdonald functions
(33).

4.4 Construction of the Incident Wave Potential

It is known that the solutions to the three-dimensional wave equation in a Cartesian
coordinate system:

1 0°Y
is given by [3] traveling plane waves Y = Y(ct + nr), where

¢ o 0
=t —t—,
ox*  oy* ozt
Y is a smooth function representing a particular solution to equation (38), C is the speed, t is

time, fi is a unit vector in the direction of wave propagation, and nr=nXx+ny+n,z,

VZ

wheren,,n,,n, are the direction cosines of the angles between the direction of wave
propagation and the corresponding coordinate axes. It should be noted that in acoustics, it is
convenient to associate the function Y with the Heaviside step function. If an instantaneous
point perturbation (e.g., an impact) occurs in the medium at the initial time (t=0) the initial

condition is conveniently defined via the Heaviside step function, which "switches on" step-
wise upon the arrival of the wave front moving at speed C. Furthermore, the function Y can
be regarded as the pressure exerted by the plane wave on an obstacle, and its relation to the

potential ‘P(r, 6’,(/),t) can be expressed as follows:
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oY
Y=—p—, 39
P (39)
where p is the material density.
Transforming from Cartesian to spherical coordinates in the expression for the function
Y, applying the forward Laplace transform (8) to the result, and using boundary condition (2),

we obtain the following:
6LPdiff
or

ind . _
r=R, lP'p(R+O,0,¢):SIT(epr—epr)= fp R (40)

p=—7,7 r=R

where

exp, :cos((p+a)-exp[—p(R—Rsin 9008(g0+0!))]

exp, :cos((p—a)-exp[—p(R—Rsin ecos((p—a))],

and « is the frontal inclination angle of the shock wave.
Substituting f, from (40) into equation (34), after formally replacing the angles 6 with

9, and ¢ with y, we obtain the final expression for the solution to the formulated problem.
It should be noted that boundary condition (3) for the function f  is satisfied
automatically.

4.4.1 Justification for Choosing the Heaviside Step Function Model for a Shock Wave

The Heaviside step function is convenient for describing a plane shock wave because it
represents an almost ideal (albeit simplified) jump, characterized by the following: ahead of
the wavefront, the parameters of the medium are equal to zero or to a baseline background
state present in the medium, while behind the wavefront, they change instantaneously and
remain constant. The value of the Heaviside function is zero ahead of the front and unity
behind it, which precisely mimics the sharp (discontinuous) rise in pressure or density in an
ideal shock wave.

Furthermore, such a mathematical step function facilitates the formulation and
satisfaction of boundary and initial conditions for the equations of continuum mechanics,
which is a highly advantageous factor; its derivative, in turn, yields the Dirac delta function,
enabling the description of instantaneous force impulses that generate the wave itself.

As for the wavefront itself, it should be understood as a surface separating the disturbed
region of the medium from the undisturbed one, across which pressure, density, and velocity
undergo an abrupt change. The shock wave itself should be perceived as a powerful
compression front within which the medium parameters increase jump-wise.

Notably, Heaviside originally applied his function exclusively to transient processes in
electrical circuits; however, in gas dynamics and shock wave theory, this mathematical
abstraction was adopted later by theoretical physics schools worldwide (particularly in works
on the Riemann problem / decay of an arbitrary discontinuity and internal wavefronts).

4.4.2 Main Fields of Application of the Heaviside Function

Problems involving the diffraction of a step-like shock wave (described by the Heaviside
function) on a sphere are applied in aerodynamics, geophysics, and protective technologies
for calculating dynamic loads, evaluating structural integrity, and modeling blast waves.
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For instance, in the aerospace and defense sectors, this includes calculating peak loads
and pressure distribution on the nose cones of missiles, spacecraft, and military equipment
upon interaction with supersonic blast waves.

In industry, it is used for safety assessments of impact loading caused by explosions on
cylindrical or spherical tanks, gas holders, and containment structures of nuclear power plants.

In geophysics and acoustics, it involves modeling the propagation and scattering of
seismic or hydroacoustic pulses by spherical inhomogeneities in the Earth's crust and the
ocean floor.

In materials science, it serves to study transient stress states in spherical structural
elements (such as bearings or capsules) under impulsive mechanical loading.

5 DISCUSSION OF RESEARCH RESULTS

Based on the results presented in Section 4, the following conclusions regarding the
conducted study can be drawn:

1. The main objective of this work has been achieved, namely, demonstrating the
applicability of transferring the discontinuous solution method from the theory of elasticity
[11] to the classical problem of plane shock wave diffraction in an elastic space, as well as
establishing the complete theoretical foundation for future numerical investigations.

2. A discontinuous solution to the wave equation in spherical coordinates (34) satisfying
all boundary conditions has been constructed.

3. The problem of shock wave diffraction (38) in an elastic space by a hemispherical
object bonded to the seabed (or bottom) has been formulated and solved.

4. The convergence of the obtained solution was verified to enable the calculation of the
diffracted field both within the defect itself and at a distance, which will be the subject of
further (numerical and graphical) analysis to be presented in a future paper.

5. The obtained result can be assessed as a novel approach to investigating the steady-
state shock wave diffraction problem on spherical defects, based on the application of the
discontinuous solution method and the generalized integral transform.

6. By additionally applying the inverse Laplace transform to (34), restoring the time
variable t, and accounting for the initial conditions with respect to this variable, one can
proceed to a broader class of problems, namely transient (non-stationary) problems in the
theory of elasticity.

7. By varying the parameters in formula (26) for the wavenumber ¢, as well as the

values of the spherical coordinates (r,H,go), one can calculate the value of the potential

lPp(r,é?,(p) at any point in space for a wide range of materials, reproducing the complete

diffraction pattern arising in the elastic space.

8. The constructed discontinuous solutions of the wave and three-dimensional equations
of linear elasticity theory, applied to the problem of torsional wave diffraction by rigid
stationary (movable) shell-type spherical bodies [11], completely coincide (up to constant
factors) with the solution (34) obtained in the present problem. Moreover, relying on the
results of [11], a torsional wave can be used as an alternative to the shock wave under
consideration, provided all boundary conditions of the above problem are satisfied.

6 CONCLUSIONS

In accordance with the set objectives (Section 3) and the obtained results (Section 5), a
universal solution to the wave equation in spherical coordinates was derived using the
discontinuous solution method. This solution allows application to a wide spectrum of
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acoustic problems, covering both steady-state and transient problems in elasticity theory with
spherical inclusions of various physical natures.
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VJIK 531.381

3BYPEHI PYXU CTABIVII3OBAHOI'O OBEPTAHHAM
TBEPJIOI'O TIJIA 3 PYXOMOIO MACOIO

Jlemenko JI.JI.}, Ko3auenko T.0.!
Y00ecvra depacasna akademis bydienuymea ma apximexnypu

Anoranisi: [Ipobnema pyxy TBepIOro Tija BiITHOCHO HEPYXOMOi TOUKU € OAHI€I0 3 KIACHYHHX
3ajay MexaHiku. [HTepec M0 3ajad AMHAMIKM TBEpAOTO Tila MOCHIMBCA B APYTid mojoBuHI XX
CTOpiY4dsl B 3B’A3KYy 3 PO3BUTKOM paKETHO-KOCMIYHOI TexHIKW. JlOCHipKeHHS pyXy CYIyTHHKIB
HABKOJIO IIEHTPa Mac BaXXIUBO ISl CTBOPEHHS CHCTEM YIIPABIIIHHS OpI€HTAIi€l0, cTadim3alii pyxy i
JUTSL pO3B’A3YBaHHS MPaKTHYHHUX 3a7ad KOCMOHABTUKU. B cTaTTi MpoBeJeHO KOMILJIEKCHE TEOPETUYHE
Ta YHUCENbHE IOCITI/DKEHHS aKTyallbHOI 3ajadi CydacHOi HeNiHIHHOI MeXaHIKH — eBOJIOIIl PyXy
BITHOCHO IIEHTpa Mac OJHM3BKOTO 1O AWHAMIYHO C(HEpPUYHOr0 TBEPJAOTO Tiia 3 B’A3KONPYKHUM
€JIEMEHTOM 32 YMOB CcTa0iTizamii Bj1acHUM o0epTaHHsIM. Ha oCHOBI 3aCTOCYBaHHS Cy4acHOTO armapary
ACUMNTOTHYHUX METOJIB HEIHIHHOI MeXaHikM, 30KpeMa METOIy YyCepeaHeHHs boromoboBa—
MuUTponoasChKOT0, BUXITHY CHUCTEMY nu(epeHIiaJbHUX DPIBHSHb PYyXy 3BEIECHO A0 CTaHIapTHOI
aBTOHOMHOI ¢opmu. B poOoTi mpoBemeHa mpolenypa ycepeAHEHHS Ta OJEpKaHi ycepeaHeHi
PIBHSHHS, SIKi POCTIIIe TOYaTKOBHUX, TAKOXK 3AIHCHEHO aHami3 anreOpaidHol CTPyKTypH 30ypIOOuuX
MOMEHTIB Ta OOTPYHTOBaHO HEXTYBaHHS WICHAMH BHUIIUX MOPSAAKIB MAJOCTI, IO JO3BOJIWIO CYTTEBO
CIIPOCTUTH MaTeMaTH4YHy MOJENb 0e3 BTPaTH TOYHOCTI PO3B’SI3KYy Ha BEIHMKHX IHTEpBAJaxX dacy.
[TpoBeneHO KaHOHIYHI 3aMiHHM 3MIHHHUX 13 MIEPEX0AOM JIO MOBLUIBHO 3MiHIOBAHUX aMILTITYAHO-()a30BHX
nmapaMeTpiB Ta KBaJpaTUYHUX 3MIHHHX, IO JO3BOJIHIO €(EKTUBHO PO3AUTUTH YacOoBI MacmTadOw.
Po3B'13ano 3agagy Komri aist oTpuMaHOi ycepeHeHOT CHCTEMH JIBOX PiBHSHB MEPIIOTO MOPSIKY MPH
3aaHnuX (i3UKO-MEXaHIYHMX MapaMeTpax KOHCTPYKLii. 3a JAOTOMOTOI0 YHCETHHOTO iHTETpyBaHHS
noOyZI0BaHO Ta JIETaIbHO MPOaHaJi30BaHO TPAEKTOPIii Ta rpadiuHi 3aJeKHOCTI aMILTITYTHOT 3MiHHOT
Ta OCHOBOI CKIIQJ0BOI BEKTOPa KYTOBOI IIIBUIKOCTI.

JocnipkeHO eBOINIOLII0  pyXy MWia  Ji€l0 Manmux MoMmeHTiB. OTpuMaHi pe3yiabTaTH €
(byHAaMEHTaTbHUM PO3BUTKOM KIIACHYHHX 3a/1a4 IMHAMIKH TBEPJIOTO Tijia 3 BHYTPILIHIMH PyXOMUMH
MacamH, B'SI3KONPYKHUMH eJleMeHTaMH a00 IOPOKHUHAMHM, 3allOBHEHHMH DIIUHOIO BEJIUKO]
B's3kocTi. [IpakTHuHa IIHHICTE pOOOTH MONSITAaE Y MOXKIMBOCTI O€3MOCEPENHHOTO BUKOPUCTAHHS
PO3pO0IICHNX aCHMIITOTHYHUX MOJIENIEH [Tl POCKTYBAaHHS i pO3paxyHKY BHCOKOS(EKTHBHUX CUCTEM
opieHTallii, crabimizamii Ta ynpaBiaiHHS KOCMIYHMMH anaparaMu, a TaKoX JUIS OI[IHKYA JTUHAMIYHOTO
BIUIMBY BHYTPIIIHIX PYXOMHX €JIEMEHTIB 1 UYJEeHIB eKiMaxy Ha CTIHKICTh OOepTalbHUX PEXHUMIB
MOJIBOTY.

KarouoBi cioBa: juHaMika TBEpJOro Tijia, pyxoMa Maca, METOJ| YCEpEIHEHHs, cTalimi3aris
o0epTaHHSAM.

PERTURBED MOTIONS OF SPINSTABILIZED RIGID BODY
WITH A MOVING MASS

D. Leshchenko?, T. Kozachenko?
!Odesa State Academy of Civil Engineering and Architecture

Abstract: The problem of a rigid body motion about a fixed point is one of the classical
problems of mechanics. The interest in the problem of the rigid body dynamics has increased in the
second half of the XX century in connection with the development or rocket and space technologies.
The study of the motion of a satellite about center of mass is important for creating systems of
orientation control, stabilization of motion and for solving the practical problems of astronautics. This
paper presents a comprehensive theoretical and numerical study of an urgent problem in modern non-
linear mechanics: the motion evolution about a center of mass of a nearly dynamically spherical rigid
body with a viscoelastic element under rotation stabilization conditions. Based on modern asymptotic

Jlemenko J1./1., Kozauenko T.O.
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methods of non-linear mechanics, specifically the Bogoliubov—-Mitropolsky averaging method, the
initial system of differential equations of motion is reduced to a standard autonomous form. The
averaging procedure was carried out to derive averaged equations that are simpler than the original
ones. An analysis of the algebraic structure of perturbation torques was performed, justifying the
omission of higher-order terms of smallness, which significantly simplified the mathematical model
without sacrificing solution accuracy over long time intervals. Canonical variable transformations
were applied to transition to slowly varying amplitude-phase parameters and quadratic variables,
effectively separating the time scales. The Cauchy problem was solved for the resulting averaged
system of two first-order equations under given physical and mechanical parameters of the structure.
Through numerical integration, trajectories and graphical dependencies of the amplitude variable and
the axial component of the angular velocity vector were constructed and thoroughly analyzed. The
motion evolution under small torques was investigated. The obtained results represent a fundamental
development of classical problems of rigid body dynamics with internal moving masses, viscoelastic
elements, or cavities filled with a high-viscosity fluid. The practical value of this work lies in the
direct applicability of the developed asymptotic models for designing and calculating highly efficient
orientation, stabilization, and control systems for spacecraft, as well as for assessing the dynamic
impact of internal moving elements and crew members on the stability of rotational flight regimes.

Keywords: rigid body dynamics, movable mass, spinstabilized rotation.
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1 BCTYII

JlocmiKeHHsT TUHAMIKA OOEpPTAIbHOTO PyXy TBEPIOTO TiJIa BiTHOCHO IIEHTpa Mac 3a
HasIBHOCTI BHYTPIIIHIX PyXOMHX €JIEMEHTIB Ta MAJMX JUCHIIATUBHUX 30YpPEHb € OJHI€IO 3
KJIACHYHUX 1 BOJHOYAC aKTyaJIbHUX 33/1a4 HEJIHIMHOI MeXaHIKH. 30KpeMa, KOCMIYHUH armapar
y CBOEMY PYCi BITHOCHO LIEHTpA Mac 3a3HA€ BIIMBY MOMEHTIB CHJI pi3HOI (Ppi3udHOi nmpupoau.
Ha wporo mitoTh TpaBiTaliiiHi, acpoAMHAMIYHI, €JIEKTPOMArHiTHI MOMEHTH, MOMEHTHU CHJI
CBITJIOBOTO THCKY, a TaKO)X MOMEHTH, 3YMOBJIIEHI pyxoM BHyTpimHiX Mac. Lli pyxwu
00yMOBJIEH], HAIPHUKJIAA, HASBHICTIO POTOPiB, TIPOCKOIIIB B TUT, a TAaKOX MEPEMIIICHHIMHA
ekinaxxy. HasBHICTh 3a3HaUu€HMX BHYTPIMIHIX 1 30BHIMIHIX (DAKTOPIB CYTTEBO YCKIAJHIOE
JUHAMIYHY KapTUHY PyXy, NEpPETBOPIOIOYM ii Ha OaraTOBUMIpHY HENIHIHHY cucTteMy. Y
3B’SI3KY 3 IUM, PO3pPOOKa MAaTEMAaTHYHUX MOJICJICH Ta aHaI3 €BOIOIT 00epPTAILHUX PEKUMIB
3a HaABHOCTI 30ypeHb 1 BHYTPIINIHIX PYXOMHUX €JIEMEHTIB € aKTyaJIbHOK HAayKOBO-
MPUKJIATHOIO 33/1a4€10 CyYacHOT MEXaHIKH, CIIPSIMOBAHOIO Ha ITiIBUIIECHHS HAIIIHOCTI CUCTEM
opieHTaIlii, crabini3alii Ta ynpaBiiHHS MOJIEOTOM.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA NPOBJIEMH

3HayHa KUIBKICTh HAYKOBHUX Ipallb NPHUCBsIY€HA BUBYEHHIO 00EpTaHHS TBEPAOro Tijia 3
PYXOMUMH BHYTPIIIHIMH MacaMu, BUYEPITHUN OTJIS SIKMX IPENCTaBleHO B pobortax [1, 2].
30kpeMa, y KHuU31 [3] JeTanbHO BUBYEHO BIUIMB BHYTPIIIHBOI MPYXKHOCTI Ta JUCHNALii Ha
JUHAMIKY pyXy CYIIYTHHKA BiIHOCHO LIEHTpa Mac. Y KOHTEKCTI KOCMIYHHX ITOJIbOTIB BiTHOCHI
HepeMillleHHs pPYXOMHX MaC 4YacTO 3aCTOCOBYIOThCS SIK €(QEKTHMBHUH IHCTPYMEHT
nemripyBaHHS XaOTHYHOTO OOEpTaHHS Ta 3TalleHHs HeOaXaHWX KOJMBaHb amapata [4]. Y
[IbOMY HampsMi po3risaanucs GyHIaMeHTanbHI IPoOIeMH CTIMKOCTI, pe30HAHCHUX SIBHILI, a
TaKOXX MUTaHHS OpieHTAaIli Ta ctabumi3amii pyxiB [4, 5]. Okpemi acrieKTH pyxy TBEpPAOTro Tija
3 MPUETHAHOIO TOYKOBOIO MACOI0 JOCIIIKEHO B mparii [6].

Y pobGoti [7] mpoaHami3oBaHO CYMICHUW BIUIMB TOPOKHUHMU 3 PIIAHOIO BEIUKOL
B’SI3KOCTI Ta PyXOMOI MacH, 3’€IHAHOi 3 KOPILyCOM IPY)KHHUM 3B’SI3KOM 13 B’SI3KUM TEPTAM
a00 KBaJpaTHUYHOIO JIMCHUIIAIIIEI0, HA €BOJIOIII0 PYXY TMHAMIYHO CUMETPUYHOTO TiJa.

Huska pociimkeHb BHCBITIIOE TpoOieMu JuHAMikKu KocMiuyHuxX amapatiB (KA),
CTaOUTI30BaHUX 00EPTAaHHSAM 3a JJOTIOMOTOI0 peakTuBHOTO ABUTYHA [3, 8—10]. ¥V nux moxensax
NPUITYCKAETHCS, 110 HANPSIMOK BEKTOPHOI TATM 30iraeThCsi 3 TOJIOBHOIO Biccro iHepiii KA, a
JBUTYH 3a0e31euye KepyBaHHs HOro opOiTaJIbHUM PYyXOM.

[TutanHsa pyxy OJIM3BKOTO 1O JAWHAMIYHO C(EPUYHOTO TBEPJAOTO Tijla MiJ TIEI0 MalIHUX
30yprOIOUMX MOMEHTIB BHCBITJIEHO B mparsx [2, 11-14]. V poborax [13, 14] orpumanu
MOJANIBIIMKA PO3BUTOK Pe3yNIbTaTH AOCHIKEHHS [11] cTOCOBHO MOBEIIHKM TBEPAOTO Tija MiJ
JIEI0 TIPOCTATUYHOTO MOMEHTY.

VY naHiil cTaTTi pO3IISAAETHCS €BOJIOLISA pyXy OJU3BKOTO 10 AMHAMIYHO C(HEPUYHOTO
TBEP/Oro Tijla BITHOCHO LIEHTpa 1HEpIlii 3a yMOB Horo cradimi3aliii BracHUM obepTanHsaM. [Jo
TOYKH, PO3TAaIIOBaHOI Ha oci cumetpii Tina (y ii HepedopMOBaHOMY CTaHi), HPUKPIMIEHO
PYXOMY TOUKOBY Macy, 3’€JHaHy 3 KOPIIYCOM B’3KONPYKHUM Jiemrdepom [2].

[IpakTHyHMii 1HTEpeC A0 OKpecIeHOi MpoOIeMaTHKU 3yMOBJIEHUH MOTpedaMHu pakeTHO-
KOCMIYHOI Tajiy3l, 30KpeMa HEOOXIJHICTIO pO3pOOKM cHCTeM opieHTaulii, cTadimizamii Ta
yIpaBliHHA KOCMIYHHUMM amapaTamMHM, a TaKoX YPaxXyBaHHSM JMHAMIYHOTO BIUIUBY
BHYTPIIIHIX €J€MEHTIB KOHCTPYKIIT i eKilmaxy.

HasBHICTD B’A3KONPYXHHUX €JIIEMEHTIB Ta PYXOMHX Mac CYTTEBO YCKIJIAIHIOE
MaTeMaTUYHUN OIMUC CHUCTEMHU, TEPETBOPIOIOYM ii Ha OaraTOBUMIpHY HENIHIWHY CHUCTEMY
nudepeHIianbHuX piBHAHB. CKIaIHICTD MPSIMOTO aHAJTITUYHOTO IHTETPYBaHHS TaKUX PIBHSIHb
BUMAra€e 3acTOCYBaHHs CyYaCHMX AaCHMITOTHYHUX METOAIB, BHM3HAUEHHs CTalllOHApPHUX
PEKUMIB pyXy Ha BETUKUX YACOBUX 1HTEpBaJIaXx.

Jlemenko J1./1., Kozauenko T.O.
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3 b TA 3AJAYI JOCJIKEHHS

im0 m1aHoi poOOTH € aHATITUYHE PO3POOJICHHS ACUMITOTHYHOI MAaTeMaTUIHOI MO
€BOJIIOLT 00EPTAILHOTO PYXY Mailke JMHAMIYHO CEPUIHOTO TBEPAOTO TiJIa 3 B'A3KONPYKHO
MIPHUEIHAHOIO TOYKOBOKO MAacoO0, CTa0l1i30BaHOTO 00EPTAHHSM, a TAKOK JOCIIPKEHHS BIUTUBY
JTMCUTIATHBHO-YACTOTHHX IMapaMeTpPiB HA yCTaJICHI ACHMITOTHYHI CTAHU CUCTEMH.

Jist TOCATHEHHS MOCTABJICHOT il C(hOPMOBAHO KOMILJICKC B3a€MOIIOB'SI3aHIX HAYKOBHX
3aBJaHb: 3AIMCHUTH AHATITHYHI TEPETBOPEHHS BHUXIJHUX PIBHSAHb Ta 3aCTOCYBAaTH METOJ
ycepenHeHHsT boromo60Ba-MHUTPONOIBCHKOTO JUIS  MEPEXOMy [0 CTaHAapTHOI (opMu
BiJIHOCHO TIOBUILHUX 3MIHHHX, YBECTH KBaJpaTUYHI 3aMiHH IS CIPOINEHHsS anreOpaidHoi
CTPYKTYpU YCEpEIHEHOI CHCTEMH Ta PO3AUICHHS YacOBHX MacmTaliB pyxy; HpPOBECTH
yrcenbHE IHTErpyBaHHs (po3B'si3aTu 3amauy Komrl) Ui JBOX JAWCHUNATHBHO-YAaCTOTHHUX
PEXKUMIB CUCTEMH; OOIPYHTYBATH 1HBAPIaHTHICTh JWHAMIKH aMILUTITYIHOI 3MIHHOi BiJIHOCHO
3MiH apaMeTpPiB Ta OLIHUTH YyTIMBICTh OCHOBOI CKJIaI0BOI KyTOBOI IIBHIKOCTI.

4  PE3YJIBTATHU JOCJIAKEHb

Po3rmsiHeMo mpocTOpoBHiA pyX ITWHAMIYHO CHMETPUYHOTO TijJIa BIIHOCHO IIEHTpA iHEpIii.
Jlo Touku Ha oci cuMeTpii Tina (y il HeaeopMOBaHOMY CTaHi) MPUKPIIMJIEHA pyXoMa TOYKOBa
Maca, siKa 3’€JJHaHa B I3KOIPYXHUM JieMiipepom 3 Koprycom [2].

B 1npoMy Bumasky HaOMMKEHAa CHCTEMa pIBHSHb PyXy B IPOEKIIAX Ha TOJIOBHI
LEHTpaJIbHI Ocl iHepIii mae Bursix [2, 8, 9, 11]:

A‘(’j—f+ (C —B)gr = —p*m{Q2qr(Q p? + K + Lr?) +
+2Q7 p[g* (M, p? + N,g° + Rr?) + r2(S,p? + T,r*)1} - £°Sp,

BZ—? +(A-C)pr=—p’m{Q7pr(Q,q* + K,p* + L,r*) + @

+2Q7q[r* (M0 + N,r? + R, p?) + p*(S,9° + T,p*)]} - £°Sq,
C% +(B-A)pq=-p'mIQ*r} (A+C-B)(B+C-AA'B™"x
«[(A-C)Bp?+(B-C)A'qg?].

['ooBHI MOMEHTH iHepIii cuctemu mo3HaueHo sk A, B ta C, tomi six p,qQ,r €
MPOEKIIISIMU BEKTOpa abCOMIOTHOI KYTOBOT MIBUAKOCTI ® Ha TOJIOBHI oci iHepii, 0< & <<1 —
Mayiii mapameTp. Po3risimaeTbest pyx TBEpIOTO Tijla 3 TOYKOBOKO Macor M, IPUETHAHOIO JI0
O, 3a IONIOMOTO0 TPYXKHOT B'sI31 3 JKOPCTKICTIO C Ta KOe(DiI[iEHTOM B'SI3KOTO TepTs O , IO
Ma€ TPU CTYIEHI BUTbHOCTEH BIAHOCHO TiNa, p — BiACTaHb BiJ EHTpa Mac HelehopMOBaHOL

cucTemMu 10 Micus 1i kpirenns. Komcramtn Q°=C/M, A=45/M BU3HAYAIOTH YACTOTY
KOJIMBAaHb Ta IHTEHCUBHICTH IX 3racaHHs BIIIOBIIHO.

VY 3arasbHOMY BHMNAAKYy 3HAWTH PO3B'A30K 1€l 3amadi HeMOXIuBO. OpHaK, SKIIO
koediuienTn €, A Taki, MO0 BUIBHUHA pyX TOYKHM M 3aTyxae 3HAYHO IIBMJIIE, HDK dac,
HEOOXITHUM /I 31HCHEHHSI OJTHOTO O0epTy TBEPAOTO Tijla, TO BIJHOCHI KOJWBAHHS TOYKH
M, BUKJIMKAaHI IIAM PYyXOM, € MaJuMH. MOXHa MPHUITYCTUTH, IO OJWHHUIIIO BHMIPIOBAHHS
yacy oOpaHO MOpSIKY Iepiony oOepTaHHs Tijla, TaK IO KyToBa MIBHIKICTh @ ~1, i Tomi
Ma€EMO YMOBH BUTJISITY:

O?>A>1. 2
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YMoBa (2) CTBOPIOE MOXIIMBICTh 3aCTOCYBAaHHSI ACUMIITOTUYHOTO METOJA YCEpPEIHCHHS
[15]. Kpim TOr0, BUKOHAHHS HEPIBHOCTI (2) A€ MiCTaBH HEXTYBATH BIIbHUMHU KOJMBAHHSIMH
TOYKOBOI MacH, SKi OOYMOBJICHI IMOYATKOBUMHU BIIXHJICHHSMH, BHACTIAOK iX IIBHIKOTO
sracaHHsi. HaroMmicTh OCHOBHA yBara NpUIUISAETHCS BUMYIICHHM KBa3iCTAlllOHAPHUM PyXaM,
K1 CIPUYMHEHI 00EpTaHHIM Tija.

2 2 —4 3
[Tpumyctumo, mo Q° ~ &%, AQ™ ~¢&°.
Koedimientn Q, K, L, N, R, S, T, Q,, K,, L, N,, R,, S,, T,, sxi Bxomsire y

npaBi YaCTHHU MEPIIMX ABOX pPiBHAHB (1), € crmenudiuHuMU BUpa3aMu, SKi CKJIAAAIOThCS
3A, B ta C. Hanpuknan:

A-C_(C-B ,B-A _(A-C)B-A) ,(B-AC-BJA-C) o
B A C BC ABC

Pemry Bupasis 13 piBHAHHA (1) y 1ill poOOTi HE HaBEIEHO Yepe3 IXHIO CKIATHICTh.
PosrnsimaeTscst pyX TBEpAOro Tina, CTaOUTI30BaHOrO O0OEpPTaHHSAM 3a JIOTIOMOTOIO

nBuryHa. B piBHsHHsX (1) S momaTHa KOHCTPYKTHBHA CTaia, sika XapakTepusye ABHTYH [8,
9.

Ql =-1-5

VY IocHiKeHH] pO3TIAAA€ThCS BUTIAI0K MalKe TUHAMIYHO C(EPUYHOTO TBEPAOIO Tija,
B SIKOMY T'OJIOBHI MOMEHTH iHep1ii He30ypeHOol cUCTeMU € MPUOJIM3HO PIBHUMHU:

A=J,+¢A, B=J,+¢B, C=1,. 4)

[Ticns 3actocyBaHHs cepii nepeTBopeHb 10 cucteMu (1) i3 ypaxyBaHHSIM CIiBBiIHOIIECHb
(2), (3) ta mepexomy 10 MOBULIBHOTO 4Yacy 7 =&t oTpumyeMo 30ypeHy cuctemy Eiinepa
(4neHamu MopsaKy €° Ta BUIIE HEXTYEMO):

dp B’ A
_pz_(l_gJ—qu+gflp(p,q,r), p(0) = p,,

dr  J, 0

dg A B'

d—T:—J—O(l—SJ—Oj pl’+8f1q(p,q,r)a q(o):qO’ (5)
dr A-B

o pa+ef, (p,a,r), r0)=r,

0

e gfl(pyq]r)(p,q,r) — (yYHKIT, M0 MICTATH JIOJAHKH BiJ] TIEPIIOrO JI0 TPETHOTO MOPSIKIB

MaJIOCTi 32 MAJIUM NapaMETPOM & .

JlochikeHHsT OUHAMIKK CKIAQAHUX MEXaHIYHUX Ta (I3UYHUX CHUCTEM 13 MaTuMu
30ypeHHSIMH 4acTO MOTpeOy€e 3aCTOCYBaHHS aCHMNTOTUYHUX METOJIB HEIIHIHHOT MEXaHIKH.
EdexTuBHUM I1HCTpYMEHTOM aHami3y TaKuX CHCTeM € MeToJ ycepenHeHHs Kpuiosa,
Borosiro6oBa—MuTtpormnoinbebkoro [15].

PosrnsimaeThcss nMHaMigyHa cHUCTeMa, TOBEAIHKA SKOI ONHUCYEThCS 3a JOIMOMOTOIO
MOBUTBHUX 3MIHHUX P, (, I. Jug moOyaoBM IUHAMIKKM PyXy CIOYATKY PpPO3TIISIAETHCS
He30ypeHa cucTeMa, sKa BIAMOBIZae BHIAAKY HYIbOBOro mainoro mnapamerpa (&=0).

3aragpHU TOPOJPKYBAIIBHUM PO3B 30K CHCTEMH 3aCTOCOBYEMO SIK IIEPETBOPEHHS [0
3MIHHHX &, I .

p=acosg, q:_JOa\gﬂ’ r=r, (6)
r

Jie BBEJICHO TaKi MO3HAYCHHS IJIs1 aMILTITy I
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1dp, \
a=,[p.+ =—2|,
\/po (W dTJ
dbasu @=Wr+¢,, ta yacroru W=rvAB'/J,, AB'>0. loyarkoBa dasa COS¢, = p,/a,
sing, =—q,vB'/ A’ /a.

NudepeniiroBanasM nepetBoperb (5) 3a yacoM 7 i3 ypaxyBanHsaM (6) Ta mogaibium
3aCTOCYBAHHSM TMPOLEAYPH YCEpEAHCHHsS 3a IIBUAKOK (a30 ¢, BUXiJHA CHCTEMa

3BOAMTHCS /10 CTAaHAAPTHOT (POPMHU yCepEeTHEHUX PiBHSIHB:

(cj:l_a = Bra(aa’ +na’r’ —r*)—aur?,
T
)
:—r = pAA%r°.
T

be3po3mipHi KOEQIIEHTH CHCTEMH BHUPAXAIOThCA Yepe3 IapaMeTpu 3ajadi  3a
dbopmynamu:

2 ! ! ! 12
—p’mA 1 A) (A-B') EP, 1, A &S
:—1 - 1__ ’ :—l :_a a__l__l =
p 2ot " 2( T I A gl g7 # 3,

3 METOI MOJNAIBLIOrO CHPOIIEHHS aHalizy (ha3oBOro MpOCTOPY 1 YHCEIHHOTO
iHTerpyBaHHs BBOAMMO 3aMiHy 3MiHHMX X=a’, Y=r’, Ta OTpUMYeMO TpaHCHOPMOBAHY
cucteMmy AudepeHIialbHIX PIBHSIHB!

j—x=2ﬂ7x(ax2 Ry y?)— 20x,
:

(8)

g _ 2B8A Xy
dr

JInsi BUBYCHHSI AMHAMIYHHX BJIACTUBOCTEH oTpuMaHoi cucremu (8) Oyno mpoBemeHO
CEepil0 YMCENbHUX eKCIepuMeHTIB. UncenbHe 1HTErpyBaHHs 3/1HCHIOBATIOCSA TpU (PIKCOBAHUX
MIOYaTKOBHX YMOBax Ta 0a30BUX IapameTpax:

x(0)=1, y(0)=1, p=1 m=1L £=01 C=1 S=015 A'=51 B'=5.

Bbymo mocmimkeno aBa tunu pekumiB cucremu: 1) 4 =98, Q=10 (puc. 1); 2) 1 =9,
Q=9(puc. 2).

VY nepmomy Bunajaky (puc. 1) Ha iHTepBaji yacy 7 € [0;300] CIOCTEPIraeThCsl 3aTyXaHHS
KBaj[paTa aMIUTITYIH, SKa MOHOTOHHO MHpsAMYE 10 HYJIboBOro 3HadeHHs (x — 0). 3minHa
y(7) AeMOHCTpye IulaBHE 3MEHIICHHS BiJ mo4atkoBoro 3HaueHHs )(0)=1 i BUXOAWTH Ha
CTalllOHapHe aCUMITOTUYHE 3HaueHHs Y =~ 0.75.

VY npyromy Bumaaky (puc. 2) 3MEHIIEHHS mnapamerpiB A Ta () TPU3BOIUTH 0
iHTeHcudikaii npoueciB. Ha intepBami 7 [0;300] IIBUJIKICTh 3aTyXaHHs X(7)Taka K fK i B
NepIIoMy BUTIAIKYy, a 3MiHHa Y(7) cTaOuTi3yeThcs Ha HIDKYOMY aCHMIITOTHYHOMY PiBHI
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300

Puc. 1. I'padixu 3mMiHEUX Y Ta X y Bumanky A =9.8, Q=10

1

0.8 D)
e
0.6
0.4
0.2
x(T)
0 - .
0 100 200 300

Slow Time [1]

Puc. 2. I'padixu 3MiHEUX Y Ta X y Bumagky A=9, Q=9

5 OBI'OBOPEHHA PE3YJIBTATIB JOCJIIKEHHSA

[MTopiBHAJIBHUI aHAI3 YHCENBPHUX PO3B'SA3KIiB JUIA BOX HabopiB mapamerpiB A =9.8,
Q=10 Ta 4=9, Q=9 nokasas, mo rpadiku 3anexHOCTi X(7) NPAKTUYIHO MOBHICTIO

criiBmanaroTh. Ile moscHIOEThCA THM, mo Tapametp f=-p MAQ*J;> B 06ox BHmamKax
HaOyBae BKpalli Manux 3HAYCHb (| ﬂ| ~1073 ), depe3 M0 HENHIWHUN JOJaHOK
2By X(ax® +nxy —y?) y nepmomy piBHsHHI cucTemu (8) € MalMM HOPIBHAHO 3 JiHIHHKM
yjgeHoM — 2uX. TakuM 4MHOM, TUHaMiKa aMIUTITYZHOTO mapamerpa X(7) BH3HAYAETHCS
Maibke BUKJIIOYHO KOeQIIiEHTOM JieMI(yBaHHS ,u:gSJO_l 1 HOCUTH YHIBepCaJIbHUI

. vy -2 . . o . .
eKCIIOHeH b Xapakrep X(7) ~ € ™", iuapianTHuii 10 3Min mapamerpis A Ta Q.
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Ha Bimminy Bin X(r), auHamika apyroi 3MiHHOT Y(7) (KOMIOHEHTH I?) BHABIISE BUCOKY

YyTIUBICTh 10 3MiHM mapamerpiB A Ta Q. Y ApyroMy BHIAAKy 332 PaxyHOK 3MCHIICHHS
yactoTHoro napamerpa Q 3 10 no 9 monyns koedimienta 3pocrae npudbauzno Ha 40% (3
0.00098 mo 0.00137). Lle mpu3BOIUTH A0 3pOCTaHHs aOCOIOTHOI MBUAKOCTI 3MiHM  Y(7) Ha

MMOYaTKOBOMY €Talll pyXy, pOOJISIUU CIaj] y IpyroMy BUIAAKY OUTBII CTPIMKHUM.

6 BHUCHOBKH

B pesynpTaTi nmocnipkeHHs CTa0LIi30BaHOrO OOEpTAaHHSAM 3a JIOMOMOTO JBUTYHA
TBEPJOTO TiJIa 3 PyXOMOIO MaCOI0, 3B’S13aHOI0 3 TUIOM MPY>KHOIO B’5I3310, OZEPKAHO CHCTEMY
pIBHSHB PYXy B cranmapTHid Qopmi. Ilicas mepexoay 10 ycepeaHEeHOI CHCTEeMH 3HalIeHO
YHCEIbHUN PO3B’ 30K 3a/1a4i.

BceranoBiieHO po3iNieHHS 4YacoBUX MaclITabiB y CHCTeMi: KBaApaT aMmILIiTyIHOT
CKJIQJIOBOT 3aTyXa€ 3a IIBUJIKAM EKCIIOHCHIIIAJILHUM 3aKOHOM IIJT €0 JIIHIHHOTO
nemrdyBaHHs, TOJ1 K 3MiHHa KBaJipaTa €KBaTOPiadbHOI CKIIAJ0BOI IIJIABHO €BOJIOLIIOHYE /10
CKIHYEHHOTO0 aCHMIITOTUYHOrO 3HaueHHs. YacToTa KOJMBaHb BHCTyNAaE e()EKTHBHUM
napaMeTpoM KepyBaHHS KIHIIEBUM CTalllOHAPHUM CTaHOM OCbOBOI CKJIaJI0BOI BEKTOpa
KYTOBOI IIBUAKOCTI. 3MEHIIIEHHS YaCTOTHOT'O TTapaMeTpa MPUCKOPIOE MEPEXiIHI peNaKcaliiti
MIPOLIECH B CHCTEMI Ta 3MIIIYe 11 aCHMITOTUYHUN YCTAICHHUH PiBEHb y 01K MEHIINX 3HAYCHb.

EBomromiss pyxy TBEpAOrO Tijla ONKHCYETHCS PO3B’SI3KaMHU, SAKIi MOXYTh OyTH
BUKOPUCTAHMMHU TPHU JOCIIDKEHHI OpieHTamii Ta crabimizamii pyXy CYNyTHHKa BiTHOCHO
[eHTpa Mac, a TaKoXX IPH OI[HII JAHAMIYHOTO BIUIMBY IE€pPEMIIIEHb UICHIB EKIMaxy
BIJIHOCHO KOPITyCY amapara.

7  ETWYHI JEKJAPAILT

ABTOpH HE MalOTh BIANOBIAHUX (PIHAHCOBUX YM HE(IHAHCOBUX IHTEPECIB, SKI CIiJ
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PO3B’SI3HICTh CUCTEMU KBA3LJIIHIMHUX PIBHAHb
HEPHIOIO ITOPALKY 3 TPUKYTHOIO MATPUIIEIO ITIOTOKY

Kasmepuyk A.L!

Kapnamcoxuii nayionanenuii ynisepcumem imeni Bacuns Cmepanuxa

AHoTanisi: Y Teopii piBHAHD 3 YaCTHHHUMH TTOXiTHUMH OCOOJIMBE MiCII€ BHIUICHE JUISI CHCTEM
KBa3UTHIMHAX PIBHAHP MEPIIOTO MOPSAKY. 3 OTISAAY Ha BaKIMBI 3aCTOCYBaHHS B TiApOMEXaHIimi i
ra3oBilf AMHAMII, TaKi CUCTEMH OTPUMAaJIH MPUCTOWHY yBary i 3 BpaxyBaHHSM NPUKJIaJIHUX aCTEKTiB.
3ayBa)xuMo, 110 Y Teopii CHCcTeM KBa3UTiHINHUX PIBHSAHB 3 YACTHHHUMH ITOX1THUMH TIEPIIOTO TOPSIAKY
BYKJIMBUM € TTUTAHHS PO3B’SI3HOCTI 1 00TpyHTYBaHHS HAOMMHKEHUX METO/IB pO3B’si3aHH: 3aaa4i Kori.
Crnin BpaxyBaru crienudiky KBa3iTiHIHHUX PIiBHSHB MEPIIOTO MOPAIKY i, OCOOJIMBO, CUCTEM TaKHX
piBHSHB, 3a SIKOIO B HENOKaNbHIM 3amadi Komm HaBiTh MpH TNIaAKMX MOYATKOBUX (YHKIISIX 32
CKIHYEHHMH Yac MOXYThb BHUHMKATH PO3PUBU. 3 OMNIAAY Ha 1€, JOOLUIBHO PO3MNIAAATH INWPLI
($yHKLIOHATBHI KIacH, HDK Kiach Thankux ¢yskmid. Taki migxomu Ha OCHOBI MOOYHOBH
y3araJlbHEHUX PO3B’SA3KIB Y BUMAJKy KOHKPETHHX CHCTEM KBa3UIiHIMHUX PIBHSIHb MEPIIOTO MOPSAKY
JO3BOJISIIOTh KOPEKTHHM YWHOM OyIyBaTH Teopiro po3B’s3HOCTI. Came IpOMYy 1 TNpHUCBSYEHE
JOCTIDKEHHSI, IKe BUCBITIIOETHCA B JaHii pOOOTI.

VY BUmajKy AiaroHaJbHOT MaTPHIIi MMOTOKY HAsBHI OUTBII IIMPIII JOCTIHKEHHS, SIKI BKIIOYAIOTh 1
PO3B’SI3HICTh 1 OOTPYHTYBAaHHSA PI3HOMAaHITHMUX HAOMMDKEHHWX METOJIB, TaKUX SK METOJ B’SI3KOCTI,
CKiHYEHHO-PI3HUIIEBI METOAM 3a cxemoro Jlakca, MeTO TOKPOBOTO 3TIaDKyBaHHS TOIIO. Y maHiit
POOOTI ISt CUCTEM KBa3iUMiHIHHUX PiBHSIHB 3 YACTUHHUMH MOX1THUMH MEPIIOTO MOPSAKY 3 TPHKYTHOIO
MaTpHIICI0 MOTOKY BBEACHO MOHSTTSA y3arallbHEHOTO po3B’si3Ky 3azaui Komri. BBemeHo ymoBw, siki
3a0e3MeuyloTh BUKOHAHHA NPUHLUIY MakCHUMyMy. TakoX 3alpONOHOBAaHO aHaji3 HaOJIMXEHOrO
METOAYy 3 JONOMOro TapaboiiuHoi cucTeMH AW(EpeHIiaJbHAX PIBHSHL JPYroro MOPSIKY i
JIOBEJICHO 301KHICTh HAOJIMKEHOTO METOY. 3HANICHO KJIacH MOYaTKOBUX (DYHKIIH, 3 SKMMHU 3ajada
Komi mae enmamii po3B’s30k. IlokazaHo, sSK OTpUMAaTH Takuil PO3B’S30K 3 JOMOMOTOI0 METOIY
B’s13k0ocTi. OTpuMaHi pe3ynbTaTH B IEBHOMY CEHCl y3araJbHIOIOTH 1 JONOBHIOIOTH Pe3yJibTaTH ISt
CHCTEM KBa3UIiHIHHUX PiBHIHB NIEPIIOTO MOPSJIKY 3 JiaroHaJIbHOK MaTPUIICIO MOTOKY.

PosrnsayTHII B pOOOTI MiJXi/T TAKOXK AO3BOJISIE 3pO3YMITH, SIK MPALMIOIOTH HAOIMKEH] METONIH, SIKi
€ anasioroM cucremu Hap’e-Ctokca [uisl CHCTEMH PiBHSIHB TiAPOMEXaHIKH.

KnrwouoBi caoBa. cucTteMd KBasiTiHIMHUX IBHSIHD 3araJlbHCHUI 03B 30K, KJIACHYHHUI
> ¥ 2
p03B’5[30K, 3agada KOIHi, HaOJIKeH1 MCTOOHU.

SOLVABILITY OF ASYSTEM OF FIRST-ORDER QUASILINEAR
EQUATIONS WITH A TRIANGULAR FLUX MATRIX

A. Kazmerchuk?
Yvasyl Stefanyk Carpathian National University

Abstract: In the theory of partial differential equations, a special place is reserved for systems of
first-order quasilinear equations. Given their significant applications in fluid mechanics and gas
dynamics, such systems have received considerable attention, including from the perspective of
applied aspects. It should be noted that within the theory of systems of first-order quasilinear partial
differential equations, the issues of solvability and the justification of approximate methods for solving
the Cauchy problem are of particular importance. It is necessary to take into account the specific
nature of first-order quasilinear equations and, in particular, systems of such equations whereby
discontinuities can arise within a finite time in a nonlocal Cauchy problem, even given smooth initial
functions. In light of this, it is appropriate to consider function classes broader than those of smooth
functions. Approaches based on the construction of generalized solutions for specific systems of first-
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order quasilinear equations make it possible to rigorously formulate a theory of solvability. The
research presented in this paper is devoted precisely to this topic.

Extensive research exists regarding the case of a diagonal flux matrix, covering both solvability
and the justification of various approximation methods-such as the viscosity method, finite-difference
schemes (e.g., the Lax scheme), the step-by-step smoothing method, and others. In this paper, the
concept of a generalized solution to the Cauchy problem is introduced for systems of first-order
quasilinear partial differential equations with a triangular flux matrix. Conditions ensuring the validity
of the maximum principle are also established. An analysis of an approximate method using a second-
order parabolic system of differential equations is also presented, and the convergence of the method
is proved. Classes of initial functions for which the Cauchy problem has a unique solution are
identified, and it is shown how such a solution can be obtained using the viscosity method. In a certain
sense, the results obtained generalize and complement those established for systems of first-order
guasilinear equations with a diagonal flux matrix.

The approach considered in the paper also provides insight into the operation of approximate
methods that serve as analogues to the Navier-Stokes system for systems of equations in fluid
mechanics.

Keywords: systems of quasilinear equations, generalized solution, classical solution, Cauchy
problem, approximate methods.
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1 BCTYI

[Tpu po3B’si3yanHi qudepeHIianbHIX PIBHAHD KIACUYHHMNA MiAXiJ BHMarae iCHyBaHHS 1
HaBITh HETIEPEPBHICTh MOXIIHUX, SKI BXOJATh Y PIBHAHHS. Y JIEAKHUX MOJEISAX MPUPOTHUUNX
HayK Taki JgudepeHIianbHi PIBHSAHHA € HYJIbOBUM HAONMKEHHSM, 1 B TaKOMY BHIIAIKY
MOJKJIMBA HAasBHICTh PO3PMBHUX PO3B’s3KiB. MaTeMaTu4yHa MOJIENb MPH I[bOMY MPHUITYCKaa
YTBOPEHHS PO3PHBIB HABITh 32 YMOBH TIJIaJIKOCTI MOYATKOBUX JNaHWX B 3amadi Kormmi. Bigrak
BHHHKAE TTOTpeda y HOBOMY TPaKTyBaHHI pO3B’s3KiB JU(epeHIiaIbHUX PIBHSIHD.

Tak BHMHUK MiIXil 3 BBEICHHSAM Y3arajJbHEHHUX pO3B’A3KIB Ha OCHOBI BHKOHAHHS
IHTErpAJIbHUX TOTOXHOCTEeH. 3 50-X POKIB MHMHYJIOTO CTOJITTS TaKHM TMiAXiJ HayKOBII
3aCTOCYBaJIM /0 KBa3UIIHIHHUX JU(EpeHliaJbHUX PIBHAHbD 3 YAaCTUHHUMH IOXITHUMHU
nepuioro nopsiaky. OCHOBHOIO TpoOJIEeMOI0 TMPHU IbOMY CTajla HEEJAMHICTh BBEIECHOTO
y3arajJbHEHOTO0 PO3B’S3Ky. 3aJMIIAEThCS HEBHPINICHOK Taka MpodiieMa 1 Jisg CUCTEM
KBa3UIIHIMHUX PIBHSIHb NEPLIOTO MOPSAKY AOCUTH MIUPOKOTO KIIAcCy, sIKi 37e01IbIIOr0 MaloTh
KOHKPETHI 3aCTOCYBaHHS B TiJJpOMEXaHili Ta ra3oBiii ruHamimi. J{oCiKeHHIO KIIaciB CUCTEM
KBa3UIIHIMHUX PIBHSAHb MEPIIOTO TOPSAKY, Ui SKUX BJA€ThCS MNOOYIyBaTH TEOPi0
PO3B’A3HOCTI, SIKpa3 i MpHCBsiUEHA 1151 poOoTa.

2 AHAJI3 JITEPATYPHUX JAHUX TA IOCTAHOBKA IMPOBJIEMHA

3 30-x pokiB muHYyoro cTomiTTs Bia mpamp LlBapra JI. i Cobonera C.JI. 6epe modarox
CydacHa Teopis piBHSAHb 3 YACTUHHUMM IOXIJHMMHU Ha OCHOBI MiJXOAY 3 BUKOPUCTaHHSAM
y3arajibHeHuX QyHKIii. Y poborax mocmigHuki [1-3] Oyno chopMoBaHO MinXil BBEACHHS
y3arajbHEHOr0 PO3B’SA3KYy KBa3LIIHIMHOTO PIBHSAHHS HEPIIOro MOPAIKY y BUIAAKY OJHI€l
POCTOPOBOI 3MIHHOT, @ Jaji 1 y BUNAJIKy 0aratb0X MPOCTOPOBUX 3MiHHUX. ¥ poborax [2-3]
Oyno moOyJI0BaHO TEOpil0 PO3B’sI3HOCTI 3amadi Komri 11 0AHOrO KBa3uIiHIHHOTO PiBHSHHS
nepmioro mopsaky. Ilpu 1mpomy 3acTocyBaiucs MIAXOAW 3 alpPOKCHUMAIIIMH Ha OCHOBI
napaboMiyHUX PIBHAHb 3 BHUKOPHCTAHHSIM YK€ OTPUMaHMX pe3yibTaTiB, sKI 3HAWIUIN
BiZloOpakeHHs B mpaisix [4,5].

Jnis cucteM KBa3UTiHIMHUX PIBHSHB MEPILIOTO MOPSAAKY 3 OIJISAY Ha TEOPit0 pO3B’sI3HOCTI
1 OOTpyHTYBaHHS HAOJIMKEHUX METOJIB MEBHI pe3ynbTaTu Oyslo oTpuMaHo B mpansx [6-11].
Jns cucteM KBa3UIIHIMHUX pIBHSAHb 3 J1arOHAJIBHOI MATPHIEI0 IOTOKY OTPHUMaHO
pe3yJIbTaTH ICHYBaHHS 1 €IMHOCTI PO3B’S3KYy, OOIPYHTOBAHO HAOJIMXKEHI METO/IN 3 ILIMPOKOIO
KJIacy, B TOMY YHCJIi, METOJIU B’SI3KOCT1, MOKPOKOBOT'O 3IJIQJKyBaHHS, CKIHUYEHHO-PI3HUIIEBI
Mmetonu. Taki pe3ynbTaT OTPUMAHO Ha OCHOBI eauHorO0 migxony ([8-11]).

3anuIaeTbCs He BUBYEHUM NMUTAHHS BIALIYKAaHHS KJIACiB CUCTEM KBa3UIIHIHHUX PiBHSIHb
MEPIIOTO TOPSIKY, IS SKHMX MOXXHAa BCTAaHOBHTH ICHYBaHHS Ta €IWHICTh y3araJlbHEHOTO
pO3B’A3KY.

3 HIJIb TA 3AJAYI JOCITIAKEHHSA

Jns cucreMu KBa3UIIHIMHUX PIBHSAHb 3 YaCTHUHHHUMH TOXIJIHUMHU TMEPIIOTO MOPSJIKY
OTpPUMATH TEOPEMH ICHYBaHHsS 1 €JMHOCTI po3B’s3Ky 3aaaui Komri y BUnajKy KOHKPETHOTO
BUIJISIYy MAaTpHIll MOTOKY, a caMe, y BMIAJKy TPUKYTHOI Marpuii motoky. Hocmiautu i
BiTHAMTH OOMEXEHHS Ul MOYaTKOBUX (PYHKIIH, Ta chopMyBaTu iXHI PyHKIIOHAIBHI KJIACcH,
SK1 3a0€3Mevyl0Th BUKOHAHHS MPHUHIMILY MakCUMyMy 1 po3B’si3HicTh 3anadi Komi. Takox
JOLTBHO OTPUMATH OOTPYHTYBAaHHS METOAY B’SI3KOCTi, $K HaOJIMKEHOTO METOIy
po3B’s3yBaHHs 3amaul Komri. BaxxiamBo Takok OTpUMaTH OMIHKHA 301KHOCTI 3 OJHOYACHOIO
CTIMKICTIO 32 TOYaTKOBUMHU (PYHKLISIMHU.

4  PE3VJIBTATHU JOCJII)KEHHb

Jnist cucteMu KBa3UTIHIMHUX PIBHSIHB NEPIIOTr0 MOPSIKY po3ristHeMo 3aaauy Korri
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ug+¢i(ai) +z//j(t,x,ljj):0,j:1,...,n, (1)

Wl =u (x),i=1... @)
pI(§

u=u(t,x),u=(u',..,u"),d =(u’,...,u"), @' eC*, y (t,x,0) eC

Us (x) € L. (R),ug (x)eC*(R),j=2,

Osnadennss 1.  OGMexxeHa  BuMipHa  BekTop-QyHKuis  U(t, X) Taxa,

mou’! e Cl(R) ,J=2,...,N Ha3MBaeThCs Yy3arajbHEHUM po3B’s3koM 3amadi (1),(2), sAKmo

vk e R* Vf (t,x)eC*” ([O,T )% Rl), f (t,X)>0 npyu BUKOHYIOTCS iHTETpAIbHI yMOBH

T+

(uk, f) J’j{\u —K| £, +sign(u* —k)(¢* (u) - (0.0%) - ¢* (k,0%)) 1, -

—sign(u’ —k)(gp (0,0 )X+z// (t,x,u))f}dxdtso,

(u,k, ) J’j{ Wi+l (0, - (t,x,ai)f}dxdtzo,jzz,...,n, a ymoBH (2)

MPUUMAIOTHCSI Y CHIIBHOMY CEHCI.
Hapgani BBasxaeMo, 110

ud ()| <M mpu j=1...,n, ©)
j

OSdUO—(X)SKan/I j=2,...,n, (4)
dx

8(0 o¢’ - i .

u _K1,0<au <K, y/J(t,X,uJ)ZOnpuZSJSSSn. (5)

Takox Hexail Ipu ‘Vj‘ <M, (M ) , J=1...,N crpaBIKYETHCS HEPIBHICTH

Zn:uj —iwvj—wj(t,x,ﬁj) sCZn:(uj)z (6)
-1 ou -1

5=
Pa3zowm 13 3amaueto (1),(2) po3ristHeMo Takox 1 Taky 3anauy Ko
u +¢' () +y' (tx0')=0,j=2...n, 7)
X

uj‘ =ul(x),j=2,...,n, 8

o =t (%), (8)
TyT BUKOPUCTOBYEMO KJIACHYHI MIPKYBaHHS 1 METO/IU PO3B’SI3yBaHHS Ul KBa3UTIHIMHUX

PIBHSHB 3 YaCTUHHUMHM MOX1HUMHU MEPILIOTO MOPSAKY.

Teopema 1. B o6macri [0,T)x R ictye equunmii poss’ssok U € C' 3anaui (7),(8) .
JloBeieHHsl. 3a BUKOHAHHS YMOB IJIaJKOCTI, HAKJIAJEHUX Ha MOYATKOBI (QYHKII, ICHY€E

eMMHUN JTOKanbHMH po3’s3ok U° € C' 3amaui (7),(8), skuil Moxe GyTH moGyIOBaHMIA 3a
METOJIOM XapaKTEepPUCTHK. A 3a BUKOHaHHS yMOB (4), (5), (6), sixi 3a0e3meuyroTh BiJICYTHICTh
B3JIOBX XapaKTCPUCTHK YTBOPEHHS PO3PHBIB 1 BUKOHAHHS MPUHITUITY MAKCUMYMY, 3aBISKU
nemi ['poHyonna 1eit ToKaqbHO BU3HAYEHUH PO3B’SI30K MOXKE OyTH IPOJOBXKEHHUH 1 HA BCIO

001acTh [O,T ) xR,
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st 3a0e3nedeHHs ICHYBaHHS 1 €IMHOCTI po3B’si3Ky 3amadi (1), (2) ckopucraemocs
METOJIOM B’SI3KOCTI. 3aJIs IIbOTO 32 BUKOHAHHS HAKJIaJICHUX BHUIIEC YMOB PO3IIITHEMO TaKy
3anagy Komri

U+t (0°F) 4yt (tx0°) = sur, 9)

uf'j+(pj(Ag’j)xﬂ//"(t,x,d‘g’j):o, j=2,...n, (10)
| =(u (%), (11)
u o =uj(x),j=2,...,n, (12)

& .
e (U(l) (X)) - 3rJ1a/I’KCHAa I104YaTKoOBa (bYHKI_Ilﬂ Ué (X) 3 JOIIOMOI'OK0 YCEPCAHCHHA.

Teopema 2. B o6nacri [0,T)x R' icHye equuuii Kiacuunmii po3s’sizok  3anaui (9)-(12).

JloBenenHs. IcHyBaHHS 1 €MUHICTD PO3B’s3Ky 3amadi (9)-(12) BummuBae 3 Teopemu 1, sika
3abe3mneuye iCHYBaHHS KOMIIOHEHT BEKTOp-PyHKIT | =2,...,N, i pe3yabTaTiB i METOIIB B [8-
11]. 3a3Hauumo mpH [bOMY, MO YMOBU (4)-(6) 3a0e3medyroTh BUKOHAHHS TPHHIUITY
MaKCUMYMY ISl BEKTOP-QYHKIIT U (t, X) .

3amava (9)-(12) anpokcumye 3amady (1), (2), a orpuMaHuil po3B’SI30K € HAOIMIKEHUM
IS y3araibHEHOTo po3B’si3Kky 3aaadi (1), (2).

IIpu upomy kO var (ué (X)) < +00 , TO

Ll(ug'l,k, f)<e|Vf|, varu(t,x), (13)

suppf

TYT ||||C — HOpMa y TPOCTOP1 HEmepepBHUX (DYHKIIIH, var(-) - Bapiaris y cerci Tonemni-
Yesapi, suppf - Hociit ¢ynkuii f. Ile BummuBae 3 ¢opmynu OCTpOrpaachbkoro mnpu
3acTOCyBaHHI omeparopa L (u‘g, k, f ) 3 BpaxyBaHHSM PiBHSIHbB cucTemu (1).

3ayBaXXMMO TaKOX, 110 MOOYAOBaHWUN HAOMIKEHMM METOJ| CTIMKUNA 3a MOYaTKOBUMH
JaHUMH, 1 JUIS BeKTOp-(pyHKIH U° (t,X) CTIIKMMHU € MOJyJl HENepepBHOCTI /1(h) 3a

smiHHO0 X B Ly, (R) i v,(7)—3asminnomo t B L, (R) ([7]).

OTpuMaHO OIIIHKK 301)KHOCTI HAOMMKEHHX PpO3B’S3KIB JI0 y3araJbHEHOTO pPO3B’I3KY
3anadi (1), (2) y HacTynmHOMY CEHCI.

Teopema 3. Hexait var (U, (X)) <+ i var(vy(x))<-+o. Tomi mus poss’ssis samadi
(9)-(12) u~ (t, X) i v (t,X) npu &,&, > 01 Takux, OO0 BIANOBIAAIOTH MOYaTKOBUM BEKTOP-

QyHKIIAM uo(x) Ta Vy(X), CIpaBIKYETBCS OLiHKA
‘ugl (t,,)_vez (t)H . < HUo (')_Vo ()H

ne de (O,l) 3anexuTh Big ganux cucremu (9),(10).

+C(g+¢, )5, (14)

Li‘loc(R)

I‘1,I0

JloBeICHHS IPYHTY€EThCS Ha MeTozax poOit [2,7-10].

Jlosenennsi. Hexaii ;(( K.+ )h — ycepeaHEeHHs 3 mapaMeTpoM N XapaKkTepUCTUYHOI
QynKmii ;(( K.+ ) 3pisanoro konyca K ; = {(t, x)‘(Klt + r)2 > |X|2 O<t< T} . 3 BpaxyBaHHAM

ouinku (13) mpu f (t,x)= ;((K,,T )h OTPHMYEMO
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T+

J’J—L(u‘g1 u f )dydr < %C (T)var us’ (t,x), a jam micns onTmmisamii  3a
0—o0

suppf
napametpom h orpumyemo orinky (14).

Teopema 4. Hexaii Us(X)eL, (R),v;(x)eL,(R). Tomi mns poss’sskie cucremu (9)-
(12) u* (t, X) i v*? (t, X) ,€,6 >0, 1 Takux, W0 BIJNOBIJAIOTh IOYATKOBMM BEKTOp-

dynkuisM Uy (X) Ta Vy(X), cipaBKyeThes ouiHKa
Ju (&) —ve (t, .)HLW(R) <[lu, () v, (.)Hw) +u((a+s,)), (15)

ne dyskuis u(o)—>0,0 —0 3anexuTh Bix CymicHOro Moxyns HemepepBHocti A(c) B

L 1oc (R) NOYaTKOBUX (PyHKLIi U, (X) iV, (X) Ta Big mapamerpis cucremu (9), (10).

JloBenenHns. 3acrocyeMo TeopeMy 3 0 3adayi 31 3IIaDKEHUMHU  [epIIUMU
KOMITOHCHTAMHU TTOYATKOBUX (PYHKIIIH 3 JOMOMOTOI0 ONEpaTopa yCePETHCHHS 3 MapaMeTpoOM

h. Jami
‘ugl (t,)—v=(t, -)HL“OC(R) s\

(VA (t, ')_VSZYh (t’ .)H'—uoc(R)

A OCKIJIbKH, BpaXOBYIOUH CTIHKICTh HAOJMKEHOTO METO/Y, 1 OTpuMaHi orinku (14)

‘ugl (t,.)—ugl’“(t,-)HLmC(R) < uo(x)—(uo(x))h‘%(m <a(h),
Ve (t,) - v (t,.)HLW(R) <|v, (x)—(v0 (x))h
ca(h)

u®" (t,-)-ve"(t, -)HLMOC(R) <[lug (+)—vo ()HH +(&g+e&)———

Joc(R)

u (t,)—u" (t,)

|

st () -ven () +

L1,Ioc(R) Li,loc(R)

napametpoM h orpumaemo orinky (15).

, MiCJIsT onTUMI3aLl 3a

Teopema 5. B o6nacti [O,T ) x R icHye enunumii y3aransHeHni po3s’a30k 3anadi (1), (2)
JloBeneHnsi. Pesynbrar BummBae 3 teopemu 3 mpu Vo(X)=Uy(X) i rpammanOMy

nepexofi npu &,&, — 0 B ominkax (13)-(15).

5 OBI'OBOPEHHA PE3YJBTATIB JOCIIKEHHSA

OTtpumaHi pe3yabTaTH po3B’si3HOCTI 3a1aul Kol /uist CucTeMu 3 TPUKYTHOIO MaTPHIICIO
MOTOKY € MPOJOBXKEHHSM JOCHIUKEHHS KJIAaciB CHCTEM KBa3UIIHIHHMX pIBHSHb IEPIIOTO
MOPAZIKY, JUISl IKHX BCTAHOBJICHO aHAJIOTIYHI pe3yNbTaTH. Y BUMNAJAKY AlarOHaJbHOT MaTpUIl
MOTOKY HasBHI OLIBII HIMPIIL JAOCIIPKEHHS, K1 BKJIIOYAIOTh 1 PO3B’SI3HICTh 1 OOIPYHTYBaHHSA
HaOIMKeHNX MeToiB. Taka X MepcrneKTHBa OYIKYEThCS 1 JUIsl BBEIEHOTO KIJIacy CUCTEM. 3
Apyroro OOKY, OYE€BHMJIHI KOHCTPYKIil KOHTPIPHUKIAIIB NEPEKOHYIOTh HAc B JOLIIBHOCTI
BHJIUICHHS CaM€ TaKOT'O KJIacy CHCTEM.

6 BUCHOBKH

Y po6oTi misi CUCTEMH KBa3UNHIMHUX PIBHSHB 3 YaCTHHHUMH TIOXITHUMH TEPIIOTO
MOPSAKY OTPUMAHO TEOPEMM ICHYBAaHHS 1 €IMHOCTI po3B’s3Ky 3axadi Komri y Bumaaky
KOHKPETHOTO BHIJIAAY MAaTpHIl HOTOKY, a caMe, y BHUINAAKY TPUKYTHOI MATpHIli MOTOKY.
[TouaTtkoBi QyHKIIT IpU IBOMY HaJeXaTh (YHKLIOHAJBHUM KilacaMm 3 oOMexeHHAMu. [lpu
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[bOMY OTPUMaHO OOTPYHTYBAaHHS METOMY B’S3KOCTI, IK HAOIMKEHOTO METOTy PO3B’I3yBaHHS
3amaui Komri. OTpuMaHO OIHKH, $Ki JO3BOJSIOTH OIIIHIOBAaTH HEMEPEPBHY 3aJICKHICTh
PO3B’SI3KIB BiJl TOYATKOBUX JAHHX 3aJadi.

7  ETUYHI JEKJAPAILIL

ABTOp HE Mae BIAMOBIAHMX (HIHAHCOBUX YK He(pIHAHCOBUX IHTEpECiB, SAKiI CIiJ
PO3KpHBATH.
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VIIK 539.3

YCTAJIEHI KOJIMBAHHA IIPYKHOT'O HIBITPOCTOPY 3
HAWIHAPUYIHUM KOPCTKHUM BKJIIIOYEHHAM

®ecenxo I'.0.1
Y0o0ecovruii nayionanenuil ynisepcumem imeni 1.1. Meunuxosa

Anotamin: JlochmimKeHO ycTaleHi KOJHMBAaHHS MPYXKHOTO IMIBIPOCTOPY 3 HACKPI3HUM
BEPTHKAJIBHO PO3TALMIOBAHUM ILIMITIHIPUIHIM >KOPCTKAM BKITIOUCHHSM, K€ 34CIUICHE 3 IBIIPOCTOPOM.
Ha mocky rpanps miBOpocTopy [i€ TapMOHIYHE CTUCKAJIbHE HAaBaHTA)KEHHS, 30CepeKEHe 10 KOy,
pazniyc SIKOro NepeBUILy€ pajaiyc BKIIOUCHHS.

MeromoM  iHTerpaibHOTO TEepeTBOpeHHS Bebepa, 3acTocoBaHOrO 0€3MOCEPENHBO 0
OCECHMETPUYHHUX DIBHSHb PyXy Ta KpaliOBHX YMOB, 3aJady 3BEICHO 10 HEOIHOPITHOI BEKTOPHOI
OJTHOBUMIpPHOT 3ajadi BIJIHOCHO HEBIIOMHX TpaHC(HOPMAHT MEpeMilleHb. Ti pO3B’si3aHO 13
3aCTOCYBaHHSIM MaTpPUYHOro AudepeHIiabHOro 4ucieHHd. [l00yJ0BaHO CrHajarouuii Po3B’si30K
BiJIMTOBITHOTO OAHOPITHOTO MaTPUYHOTO PiBHIHHS Ta PyHIAMEHTAIHHY MATPHUIO-PYHKIIITO.

CuHrynsipHe iHTerpajibHe PIBHSHHS BIIHOCHO HEBiOMOiI (YHKII, [0 Ma€ MEXaHIYHHH 3MICT
JOTUYHOTO HANpPY)KEHHS HA MWIHIPUYHIA MOBEPXHI YKOPCTKOTO BKJIIOUEHHS, PO3B’SI3aHO METOJOM
KoJokanid. OTpuMaHy cucTeMy JiHIHHUX anreOpaidHuX PiBHSHB MEPIIOTO POAY PO3B’SI3aHO METOIOM
laycca. InTerpamm oO4uCIieHI YHCENBPHO 3 ypaxXyBaHHSIM TOBEIIHKH MiTiHTETpadbHUX (QYHKITIH
Mo0IM3y OCOOJIMBUX TOUOK.

3actocyBaHHST OOEpHEHOTO IHTETpabHOTO TEepeTBOpeHHs Bebepa 3aBepmrye moOyaoBY
MIPOCTOPOBOTO TOJS TMepeMilieHb. Bu3HaueHO HOpManbHEe HANpPY)KCHHS Ha MWTIHIPHYHIN MOBEpXHi
JKOPCTKOTO BKJIFOUCHHS i JII€I0 TapMOHIYHOTO HABAHTAXXCHHS Ta AMILIITYIM KOJIHMBAaHb IUIOCKOI
rpani miBnpoctopy. [IpoBeneHO aHaii3 OTPUMAaHMX PE3yJIbTATIB 3aJIEKHO Bia (i3MKO-MEXaHIYHUX
XapaKTepUCTUK MaTepially MiBIIPOCTOPY, BiJICTaHi [ii 30BHIIIHBOI CHJIM BiTHOCHO BKJIFOYEHHS Ta
0e3po3MipHOT YacToTH KoiuBaHb. OTpUMaHi pe3ynbTaTd MOXYTb OyTH BHKOPUCTaHI IiJ| dHac
MOJICTIIOBAHHS Ta aHalli3y HalpyXeHO-Ie(OPMOBAHOIO CTaHy KOHCTPYKIIN 3 HHWIIHAPUUHUMHU
nedgexkramMu ab0 JKOPCTKMMHU BCTaBKaMM. 3allpONOHOBAHMM MigXig Moxe OyTH NOLIMPEHUH Ha
PO3B’sI3aHHS MiIllIAaHWX TUHAMIYHUX 3a/1a4d Teopii MPYXKHOCTI AJIS IHIIMX THITIB KPaOBUX YMOB Ha
MMOBEPXHI BKJIFOUCHHS.

KarouoBi cinoBa: iHTerpansHe neperBopeHHs1 BeGepa, BekTopHa 0JHOBUMIpHa KpaiioBa 3ajaua,
MaTpuuHe nudepeHuianbHe YUCICHHS, CHHTYJISIPHE IHTerpajibHE PIBHAHHS, yCTaJIEH] KOJMBAaHHS.

STEADY-STATE OSCILLATIONS OF AN ELASTIC HALF-SPACE
WITH A RIGID CYLINDRICAL INCLUSION

A. Fesenko!
!0desa I.1. Mechnikov National University

Abstract: Steady-state oscillations of an elastic half-space containing a through-going vertically
oriented rigid cylindrical inclusion bonded to the half-space are investigated. A harmonic compressive
load concentrated along a circle whose radius exceeds that of the inclusion acts on the flat face of the
half-space.

By applying the Weber integral transform directly to the axisymmetric equations of motion and
boundary conditions, the problem is reduced to a non-homogeneous vector one-dimensional boundary
value problem for the unknown displacement transforms, which is solved using matrix differential
calculus. A decaying solution of the corresponding homogeneous matrix equation and a fundamental
matrix function are constructed.

A singular integral equation for the unknown function, which has the mechanical meaning of the
shear stress on the cylindrical surface of the rigid inclusion, is solved by the collocation method. The
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resulting system of linear algebraic equations of the first kind is solved by Gaussian elimination.
Numerical integration techniques are employed to evaluate the integrals, enabling proper treatment of
the singular behavior of the integrands near the singular points.

Application of the inverse Weber integral transform completes the construction of the three-
dimensional displacement field. The normal stress on the cylindrical surface of the rigid inclusion
under harmonic loading and the vibration amplitude of the flat face of the half-space are determined.
The results are analyzed as functions of the physical and mechanical properties of the half-space
material, the distance of the external force from the inclusion, and the dimensionless frequency of
oscillation. The results obtained may be used in the modeling and analysis of the stress-strain state of
structures containing cylindrical defects or rigid inserts. The proposed approach can be extended to the
solution of mixed dynamic problems of elasticity theory for other types of boundary conditions.

Keywords: Weber integral transform, vector one-dimensional boundary value problem, matrix
differential calculus, singular integral equation, steady-state oscillations.
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1 BCTYII

JlocnmipKeHHsT TUHAMIYHHUX 3a7ad Teopil MPYKHOCTI JUIS MBIPOCTOPY 3 IIIIHAPUIHUM
BKJIIOUEHHSIM € Ba)KJIMBUM HANPSIMOM MeXaHIKH JedopMmiBHOTO TBepaoro Tia. Taki 3amadi
MalOTh IIUPOKE 3aCTOCYBAHHS B IHXEGHEPHINM MmpakTuii. LIUmiHApHYHI BKIIOYEHHS MOXYTb
3yCTpiYaTuCs y BUTIIAI IMA3€MHUX TPYOOIPOBOIB, CBEPIJIOBUH, apMOBAHUX EJIEMEHTIB Y
KOMIIO3UTHUX Marepiajax, a TaKoX I'€OJIOTIYHUX HEOJHOPIAHOCTEH, TaKUX SIK IMOPOKHUHH,
3allOBHEH1 IHIIMM MarepiajoM. BuBYEHHS JIUHAMIYHOTO BIUIMBY HAa TakKi BKIIOYEHHS
JI03BOJISIE€ TIPOTHO3YBATH PO3BUTOK HAIPYKEHO-ACPOPMOBAHOTO CTaHY, OI[IHIOBATU CTIHKICTh
KOHCTPYKIIH 1 BJOCKOHATIOBATH METOAM 1X PO3PaXyHKY.

HasBHICTD KOPCTKOTO IMIIHAPUYHOTO BKIIOUEHHS Yy MPYKHOMY MIBIIPOCTOPI CYTTEBO
3MIHIOE XapakTep pO3MOJAUly HampyKeHb Ta TEpeMillleHb IMOPIBHAHO 3 OJHOPITHUM
cepenoBuineM. OcoOIMBO BaXIIMBUM € BpaxyBaHHS JUHAMIYHOTO XapaKTepy HABAaHTAKCHHS,
OCKIIBKU 32 YMOB TapMOHIYHOTO 30y/KEHHS BUHUKAIOTh PE30HAHCHI SBHINA, SKI MOXYTb
MPU3BOANUTH JIO 3HAYHOI KOHIICHTpAIIl HANPYXCHh HA MEXKI MOy BKIIFOUCHHS Ta MATPHIL.
Taka KOHIEHTpaliss € MNOTeHUIWHUM JOKEpeJIOM 3apoPKeHHSA TPIUIMH Ta pYyHHYBaHHS
KOHCTPYKIIIH.

3 MareMaTU4yHOi TOYKHU 30pY 3a/adyi mpo KOJUBAHHS MPYXKHUX TUT 3 IMUIIHIAPUYHUMHU
HEOJHOPITHOCTAMH HaNeXaTh J0 KJIacy MilllaHUX KpaloBUX 3aj1a4 MaTeMaTuyHoi disuknm. Ix
pO3B’si3aHHS TOB’SI3aHE 3 HEOOXITHICTIO OJHOYACHOTO 3aJJOBOJICHHS KpallOBUX YMOB Ha
MOBEPXHI BKJIIOYEHHS Ta HAa MEXI HIBOPOCTOPY, IO, SK MPaBUJIO, TNPU3BOAUTH [0
CUHTYIIIPHUX IHTErpajbHUX DPIBHSAHB. Po3poOka ePeKTUBHUX aHATITUKO-YHCIOBUX METOMIIB
pO3B’SI3aHHS TaKWX PIBHAHb 3aMIIAETHCS AaKTyadbHUM 3aBJaHHSM OOYHCITFOBAIBHOI
MEXaHIKH.

HoBu3Ha Ta Meta manoi poOOTH 3 TEOPETHYHOTO TOTJISAY MOJISATAI0Th y 3aCTOCYBaHHI Ta
Bepudikanii Meromy marpudHoro audepenmianbHoro uucineHHs I[lomoBa T4, [1] mns
KJIACUYHOTO 00’€KTa Teopii MPYKHOCTI — MPYKHOTO MIBIPOCTOPY 3 HACKPI3HUM KOPCTKUM
HWTHAPUYHUM BKIIOYEHHSIM B JMHAMIUHIA TMOCTaHOBII. 3 MPAaKTHYHOTO MOTISAAY poboTa
CIpsIMOBaHA Ha aHAI3 KOJMBAIHHOI TOBEAIHKH TUIOCKOI TpaHi MiBIPOCTOPY Ta HAIMPYKEHOTO
CTaHy Ha IMOBEPXHI BKJIIOUEHHS IiJ] II€I0 PI3HUX PEKUMIB HABAHTAKEHHS.

2 AHAJII3 JITEPATYPHUX JKEPEJI TA IOCTAHOBKA IMPOBJEMUA

KoHTakTHY 3amady Npo B3a€EMOJII0 JIBOX HANpYXEHHUX MIBIPOCTOPIB 1 MPYKHOTO
[MWTIHAPAYHOTO ITAMITY 3 TOYaTKOBUMH HANPY>KEHHSIMH 0e3 ypaxyBaHHS CHJI TEPTsS Ta Y
BUMAJKy HEOJHAKOBUX KOPEHIB XapaKTEepUCTHUYHOIO pIBHAHHS JAOCHikeHo y [2] 3
BUKOPUCTAHHSIM Teopii MOTEHLiady. 3aCTOCOBAHO IHTErpajibHE NepeTBOpeHHs ['aHkens,
OTpHUMaHi IHTETpajibHi PIBHAHHS PO3B'SI3aHO METOJIOM OPTOTOHAIBHUX MOJIHOMIB. Y poOOTI
[3] nmoOymoBaHO TOYHMH pO3B’SI30K 3aJadi MPO BTUCKYBAHHS >KOPCTKOTO IWIIHAPY Y
NPYXHUI MIBOPOCTIp 13 TEPTSIM 13 30€pekKeHHSM BIUIUBY 3CYBHOTO HAalpy>KE€HHS Ha
HOpMaJIbHE TEpEeMIllleHHs B 30HI KOHTAKTy. 3arajbHUN PO3B’S30K MOOYAOBAHO METOJOM
[TankoBrya-HeliGepa y miuockux OIMONSIpHUX KOOPAKWHATAM, 3 MOJAJBIINM 3BEJIEHHSIM 3a/1a4l
JI0 CHHTYJISIPHOTO 1HTETPaIbHOTO PIBHAHHS BITHOCHO HEBIOMOTO HOPMAJIBHOTO HAINPYKEHHS
B 30HaX KOB3aHHSA. Y po0oTi [4] 3apONOHOBAHO aHANITUKO-YUCIOBUM aqTOPUTM PO3B’SI3aHHS
3aja4i Teopii MPY>KHOCTI I MiBIPOCTOPY 3 LMIIHAPUYHUMHU MOpoXKHUHAMHU. Ha rpanuiix
MOPO’KHUH 33/1al0Th pajiaJibHI MepeMilIeHHs 1 JOTUYHI HaNpy>KEeHHs, a Ha MeXI1 MIBIIPOCTOPY
— a0o0 mepemilieHHs a00 HampykeHHs. BukopucroByeTbes y3aranbHeHuil meron Dyp’e i3
3BEJCHHSAM 3a7adi 10 HECKIHYEHHUX CHUCTEM JIHIMHMUX anreOpaidHuX piBHSAHB. Y po0OoTi [5]
HEOJHOPIMHUI MIBIPOCTIp 3 UWIIHAPUYHOIO TIOPOXKHHMHOIO  3HAXOJUTHCA B yMOBax
AHTUIIOCKOT nmedopmMartii mij BIUIMBOM JWHAMIYHOTO HABaHTAKEHHS, IPOAHAII30BAHO
KOC(QIIIEHT IHTEHCHUBHOCTI HANpPY>KEHHS HAaBKOJIO JedekTy. Y [6] po3riissHyTo AMHAMIYHUNA
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BIATYK MiBIPOCTOPY 3 JMOBUIBHUM ILMJIIHAPUYHUM BKIIIOYCHHSAM IapajebHUMHU TpaHUYHIH
MMOBEPXHI MIBIPOCTOPY.

Teopii rapMOHIYHMX KOJHMBAaHb TPHUCBSYEHO MOHOrpadito [7], ne B TOMy uHMCIi
pPO3MIISIHYTO 3a7avi Mpo 30y/OKEHHS XBWUJb Yy IIBIPOCTOPi, HECKIHYCHHOMY Imapi Ta
LWITIHAPaX, HAJAETHCS IMHUPOKUHM OIS JIiTepaTypu 3 TeMu. JleTanbHO PO3IIIAHYTa METOAMKA
OOYHCIICHHS 1HTETpaiB, SSIKUMH BUPAXKAIOTHCS TEPEMIICHHs, MpuioMaMu Teopii QyHKIIIH
KOMIUIEKCHOTO 3MIHHOTO. AHali3y yCTaJIeHUX KOJMBAaHb IUIOCKOTO YKOPCTKOTO BKIIFOUCHHS Y
TPUBUMIPHUX TMPYKHUX TUIax MPHUCBIYEHO pOOOTY [8], 1€ BHUKOPUCTOBYETHCS METO[
IHTEeTpaJbHUX pPIBHSAHb 3 0ocoOnMBicTIO moreHuiany [empmrosnbua. MeTogoM TpaHHYHUX
€JIEeMEHTIB OYyIyeThCS NUCKPETHUI aHAJIOT PIBHSHbB, SIKI BPaXOBYIOTh 3POCTaHHS (PYHKITIH -
PO3B’A3KiB HA KOHTYp1 IHTErpyBaHHs, 06nacTi nedexty. Y [9] po3riasHyTo JUHAMIYHY 33134y
JUIS TIBOPOCTOPY 3 UWIIHAPUYHOIO IMOPOXKHUHOIO, PO3TALIOBAHOIO MapajieibHO TpaHUIl
miBIpocTopy. PiBHSHHS pyXy 3BOAATBCS O JBOX XBWIBOBHX PIBHSHb Y TOJISPHUX
KOOpJMHATaX 3 BUKOPUCTAaHHSAM moTeHIiamiB ['enpmronsua. /s moOymaoBu momiB 3MillleHb
Yyepe3 MOTEHIIATH BUKOPHUCTOBYETHCSI METO/ PO3KIIaay XBHIIbOBOI (yHKIIi. ['paHndHi ymMOBH
Ha TIOBEPXHI MOPOKHUHU BUKOHYIOTbCS TOYHO, a HAa BUIbHIM IMOBEpPXHI MiBIPOCTOPY —
HaOmmKkeHo. TakuM YHMHOM, HEBiAOMI KOe(]IIiEHTH B PO3KIaNax OTPHUMaHi 3 0OpOOKH
TPaHUYHUX YMOB 32 JOMOMOTOI0 CXEMH HailMeHIIMX KBaapariB. [IpoaHani3oBaHO BIUIUB
YacTOTH KOJMBAHb 1 INIMOMHA MOPOKHUHU Ha MEPEMIIIEHHS 1 HAallPYXEeHHsI y MIBIPOCTOpi. Y
[10] po3rasHYTO NUpPYKHHH HAMBOPOCTIP 13 MNHIIHAPHUYHOIO TOPOKHUHOK CKIHYEHHOI
JOBKMHU, 110 3HAXOAUTHCSA MiJ JI€I0 TApMOHIYHOI 32 YacOM CHUJIM KpydeHHs. Bukopucrano
METOJ IHTerpayibHOTro neperBopeHHst Dyp’e Ta KpaloBa 3a/1a4a 3BOJUTHCS 10 y3aralbHEHOTO
CUHTYIIIpHOTO iHTerpanbHoro piBHsHHS Komri. OTpruMani iHTerpaibHi MOJaHHS HAMPYKECHHS
Ta MEPEMIIIEeHHS, SKi Y BUPOIKEHOMY BHITAKy CITIBIAJAIOTh 3 AaHATOTTYHUMH IS CTaTHIHOL
MOCTAHOBKM 3ajaui. ¥ po6oti [11] oTpumaHo yMcIOBHH PO3B’SI30K 3a/1adi MpO pi3HI THIH
HAaBaHTa)XEHb  LWIIHAPUYHOTO  BKJIIOYEHHS, JKOPCTKO  3aKpIJIEHOTO 13  MPYXHUM
niBnpoctopoM. KirodoBUM MOMEHTOM B #Horo moOynoBi € BUKOPUCTAHHS 1HTErPaJIbHOTO
nepeTBopeHHs Tuy Bebepa. HaiiOimbIm 3aransHuil BUJI TAKUX MEPETBOPEHL OTPUMaHO B [12].
Po3B’sa30k 3amaui y CTaTM4HIA TOCTAHOBII IS MIApy 3 IWIHIPUYHUM BKIIOUYEHHSIM
HaBeneHo y [13], me 3ampomoHOBaHO METO, IO 0a3yeThCs Ha 3aCTOCYBaHHI BEKTOPHOTO
IHTETpaJbHOIO MepeTBOpeHHs1 TNy Bebepa 06e3 BukopuctaHHsa 300paxeHp [lankoBuua -
HeiiGepa, o cyrTeBo crnpocTuino po3B’sizanHs. Y [14] mpoaHandizoBaHO HANpPYXKEHUN CTaH
CKIHYEHOr0 LWIIHIAPY 3 ypaxyBaHHSM HOro BJIAacHOI Baru MiA €0 OCECUMETPUYHOIO
HaBaHTXEHHS. Y pobOoTi [15] 3ampornoHOBaHUM METOJOM OTPHUMAHO TOYHHM PO3B’ 30K
3a/la4yl yCTaJIEHWX KOJWBaHb NPYKHOTO INapy 3 LWIIHAPUYHUM BKJIIOUEHHSM, KOJIM Ha
MOBEPXHI BKIIOUEHHS 33J1aHO YMOBH TJIAJIKOTO KOHTAKTy, a B [16] moOyqoBaHO HAOIMKEHUI
PO3B’A30K Y BUIMAAKY )KOPCTKOTO 3UEIUICHHS BKIIOUEHHS 13 MIPYKHUM IIapOM.

VYV naniii poOOTI PO3IJISHYTO YCTaJeHI KOJMBaHHS IMIBIPOCTOPY 3 UWIIHAPUYHUM
BKJIIOYEHHSM 13 3aCTOCYBAaHHSM METOAY MAaTPUYHOrO JAU(EpeHIiaIbHOTO YHUCIICHHS,
po3pobaenoro [Tomosum I'.41. [1].

[pyxHwuii miBopocTip a <r <o, —-t<e<mn, 0<Z <o 3 koedinientom ITyaccona [l Ta
MozayieM 3cyBy G Hackpi3b ociabiieHuii KpyroBum opcTkuM BrmroueHHsm 0<r<a,
—n<@<m, 0<Z<o0, skuii 3ueruicHuit 3 cepemopuieM. Ilo rpaui miBmpoctopy Z=0 mie
OCECHMETPHYHE TapMOHIUHE CTHCKajdbHe HaBaHTakeHHS P(r,t)= P(r)e ™, ® — wacrora
KONMBaHb. MHOXKHHK e ', o BH3HAuYae 3aleXHICTh BiJ uacy, Hajgali OIyCKaeMO Ta
po3riIsgaEMo TITBKH aMILTITY/IH1 3HAYEHHS KOJIMBaHb HiBIPOCTOPY

u,(r,z)=u(r,z), u,(r,z) =w(r,z), mwo 3a10BONLHAIOTH OCECUMETPUUHUM PIBHAHHAM PyXy

[2]
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r_la[au} - u(rz)+xlm+2m —kfu(r,z),

orL 0 022 b oroz
2
10 oW wadW2) 5 a9 ou(rz)| o
ar[ arJ+‘<_tlaz—2+alr or| T |7 kewln2), 1)
ne k=wl/c, K,=w/c, — XBWIbOBI uyHucla, ¢, Cc, — HIBHIKOCTi PO3MNOBCIOIKECHHS

M03/I0BXXHBOI Ta TIONEPEYHOT XBUIII BIAMOBITHO, K = 3— 4, Ta KpaHOBUM yMOBaM
c,(r,0)=-P(r), 1, (r,0)=0, (2)
u.(a,z)=0, u,(a,z)=0. 3)

3 IUIb TA 3AJAYI JOCJIIKEHHSA

Mertoro poboTn € moOymoBa aHANITUKO-YMCIOBOTO PO3B’SA3KY 3aJadi Mpo ycTalleHi
KOJIUBaHHS MPY)KHOTO MIBIPOCTOPY 3 HACKPI3HUM BEPTUKAIBHUM IMITHAPUIHUM >KOPCTKUM
BKJIFOUCHHSIM, 34CIUICHUM 3 IMiBIPOCTOPOM, ITiJ[ TI€F0 TapMOHIYHOTO HABAHTAKEHHS, 3aJ1aHOTO
Ha IIJIOCKIN TpaHi.

4  PE3YJIBTATHU JOCIIAKEHb

BBenemMo HacTymHi 6e3po3MipHI KOOpIUHATH
p=a’'r,g=a"'z, pe[l»), Ec[0,0].

[Toznaunmo mepemimenus U(r,z) =U(p,§), w(r,z) =W (p,&) Ta 3anumemMo piBHSIHHSI
pyxy (1) B HOBUX KOOpJMHATax

p—lglipa_Ui| p—2U+K—18 U +La W _kfu(p’a)’

ap ap K+1 aé K+1a aé
40 [ OW | nd®W , 2 1 0[ U]_ 2 4
e S oo, “

TyT i gani K;,K, o3HauaoTh 6e3po3MipHi XBUIbOBI uncna ak j » T0OTO k,=Q, k; =Q K+1

YMOBHU kOpcTKOro 3akpirieHHs (3) ans FF=a, BpaXxoBylOYH 3aMiHy, HaOyBarOTh
BUTIISTY

U@LE)=0,W(e)=0. ()

VYmoBr Ha rpani Z=0 miBOpOCTOPY 3amMIIeMO BPAxXOBYOYH 3B’SI30K  MiK
MepeMILIEHHSIMU Ta HAMPYKEHHSIMHU

oW (p.0) , AU(p.0)
P o
8U(p,0)+ U (p,0)+

=0,

1+x oW (p,0) __a k-1
o¢ G3-x

P(p)- (6)

[TocmimoBHO 3acTtocyeMo 10 cuctemu (4) Ta TpaHHMYHUX YMOB (6) IHTerpaibHe
niepeTBopeHHs [ 12] Bebepa 3a 3MiHHOIO p

2AU (E,,)Xl(p A)da
2 (6) = Ip (P, Ex1 (P, 2)dp, U (P, ! IZ(0)+N2()
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(7)

0, (&), (0. 1)
W, (2) = [ W (0. Eg (9 2)dp, W (p,E) =
Jp PrEMoTp TP ! IZ(1)+ N2()

ne % (P A) =i (PA)N; () = Ni (pA) I, (A), J;(A), N;(A) — Binnosinuo dynkuii Beccens Ta
Hetimana, i =0,1.

Ile npuBOIUTH 10 CHCTEMH 3BHYAHHUX JU(EpeHLiaJbHUX PIBHAHB Yy MPOCTOPI
TpaHcpopMaHT

U, (&) —-ZAW, (8) - 232U, (&) +k3U, (£) =0,
W, (&) + -2 AU (8) - 202W, (&) + KIW, (&) = 525, (LA)x(E), 0<E <o, (8)

ne (€)= a%)W (1,€) — mesimoma ¢ynkiris. [IITpuxoM Mo3HAYEHO MOXIAHY 32 ApTYMEHTOM.

Kpaiiosi ymoBu (6) y TpancdopmanTax (7) 3anucaso y ¢popmi

AU (0)+1+‘<w (0)=--gx1 x=1p U/ (0)-aw, (0)=0, (9)

= fp P, (@p)xo (P, 2)dp -
1

OTtpumaHy OJHOBUMIpHY KpaiioBy 3amady (8), (9) chopmyaroeMo y BEKTOpHIN (Gopmi.
BBenmemo 10 po3risgy HEBiIOMHI BEKTOp TpaHC(OPMAHT IepeMilleHb, MATPHI Ta
mrQepeHIiaaTbHANA OTIepaTop

2 K+1
:Ux@j B A IR s S O A
y() (wk(a) Q= 2 i x=1 R
K+ K+

Ly(©) =1-y"(&)+2Q-y'(€) - (AP -K)-y(8). (10)

KpaiioBi ymoBH (9) nepenucano 3a JOMNOMOT0O0 IPaHUYHOTO (PyHKI[IOHANA

Uoly(©)1=21,-y(0)+1,-y'(0),
1 0 0 Kk+1
I, = ( j v b, = 3—-x
EACER A [1 0 J
Bpaxosytoui (10), 3anauy (8), (9) 3anumemMo y BEKTOpHiH dpopmi

Ly(8) =1(8), 0 <& <o, (11)
Uoly(®1=7,

a 1
e 10 =000, ) y—L‘a?P ] .

Sk nokazano y [ 1] po3s’si30k 3aaaui (11) MOXkHA CKOHCTPYIOBAaTH y 300pakeHi

y(©) = [®Ef()dn+Y_(©)C, (12)
0
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ne ®(&,m) — dyrmamenranbHa MaTpui-QyHKiis piBHsHES (11), Y_(§) — cmamarouwmii

po3B’s30k BignosigHoro (11) omHOpimHOrO MarpuuHoro piBHsHHA, C — BEKTOpP KOHCTAHT,
SIKUH 3HAXOAUTHCSA 13 KpaiioBUX yMOB (9).
Posrnsanemo Binnosinue (11) ommopimue piBusuua L,y(§)=0,0<& <. 3 merowo

MoOyyBaTH MOT0 PO3B’SI30K HEOOXITHO TMOMEPETHbO 3HAWTH PO3B 30K BiAMOBIAHOTO
. _ : _ AS¢

matpuyHoro pisusuHa L,Y(E) =0. Skmo marpuuio mojartu y dopmi Y(E)=e™:l, | —

OJMHHUYHA MaTpulls, TO MOYKHA MepeBipuTU BHUKOHAHHSA CIIIBBIIHOIIIEHHS

LY()=L,e 51 =¢5°M (S), ne xapakTepuctiyHa Matpuiis M(S) Mae BUITISN

§2 — )2 kil g2 —2 s
M(S) — k-1 2 k-1
2 )s §2 —p2xd k2
k+1 K+l 1

P03B’s30k MaTpH4HOTO PiBHSHHS BIANOBIAHO Mae Gopmy [1]
r oo 1 sk
Y(®) =2 M (5)eds.
c

ne C — 3aMKHEHHI! KOHTYp, IO MIiCTMTBH BCi NOJIOCH MiAiHTErpanbHoi (yHkmii. [umu

MoJIrocamMu OyAyTh HyJli BU3HaYHUKA MaTpulli M _1(8) , 1110 Ma€ BUIJIA

M™(s) :d'e\:/lto—l\/(lii)' det M(s) :{32 —( A% —k2 )2}[52 —(\/kz —k? )2}

s? —p2xdy K2 2.5
MO(S)= K+l ) Kgl )
—-2s Ry == S
K+1 k-1 2

SIkmio 3adikcyBaTH MOJIOCH S = —,/ A2 —k?, s= —1/ 22— k22 ta 3amkHyTH Koutyp C_,

oTpumaeMo cnanarounii po3s’sa3ok Y_(). BukopucTaHHS TeopeMH IIPO JHIIKM 3aBEpIIye

po3B’s3anHs piBHsAHHEA L,Y(§) =0:

7\,2 K+l A _K_+17\4
1| ae| = b | oae| 2
Y_ (&) = W e Al +e }\’ _K_+l7\4_ f (13)
2 -A KA LA

A =22 —K2, A, =22 K2 (14)

Jnis 3HaXOKEeHHST pyHIaMeHTanbHOI MaTpuii-¢QyHKmii ®(&,1) TOBU3HAYUMO (PYHKIIIO
f(&) y npasiit yactuni piBHAHHSA (11) HyseM Ha BCIO JiiCHY BiCh Ta 3aCTOCYEMO JI0 PIBHSHHS
iHTerpajbHe nepeTBopeHHs Dyp’e, 3B1IKM OTPUMAHO, 1110

®(E M) = 5 [ M (is)e s

OGeprena M™1(is) no xapaxrepucTHunOi MaTpuui, MoGyI0BaHA HA OCHOBI oIepaTopa
(10) Ta Mae BT
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2 2 k-1 2 2 i
Mfl(is): 1 ) —>\, m'i‘kl EXIS ,
detM —-Z)is —s? -2kl k2

det M :[s2 ({12 -k )1[52 ({12 -k )2}

Ilicnsa 3amukanHsa KoHTypiB C, TakuM YMHOM, OO0 BHKOHYBaluCh yMOBH Jlemu

YKopiana Ta 3acTOCYBaHHs OCHOBHOT TEOPEMH PO JIMIIKH, MAEMO
—res (e‘is(‘t"") M‘l(is)) —res (e‘is(‘i‘“) Mt (is)), E-n>0
®(En) =i K is(E=n) n A= (3 R is(E=n)na—1/; '
res(e*EWM ™ (is)) + res(e VM (is)), £-n <0
52 S4
JIe TIOJTFOCH TIEPIIIOTO MOPSIKY MAKOTh BHUIJIS

s, =iy 22 —k2 , s, =—iy22—kZ s, =i{2—K2, s, =i{27 —KZ .

B pesynbraTi dyHnameHTanbpHa MaTpula-QyHKIlIS HaOyBae BUTTISAY

)\'2 k+1
-——= ==Asgn(E —
Q(é’n)zi e~ Ml A, w1 ~sgn(§—m) +
2 —Asgn(§—mn) wEA
N A, —Ehsgn(§-m)
+e f2sT 2
Asgne-m)  —EEA
2

dKMM YHMHOM 3 3allMIICMO 3araJibH OopM O3B 3K BEKTOPHIN popmi
T 12), ’

_ Uk(&))zl{_—l OO[(Pll (Plz) 0 ¥11(8)  ¥1,(8) (Coj
y(2) (Wk @& ) w1l k)g Py Py (x(n))dm(ym(g) yzz(g)] c,)
TpancpopMaHTH nepeMillieHb BiIMOBIIHO MalOTh (popmy

Xo @nr)

U. (£) =
5 (&) 22

A xm)sgn(e—m)[ e 5 —e 2= dn + v (£)C, + v (B,
0

1LA) % AL 2 A e _ _
W, (&)= on(kz ) [ x(n){Ale Aol -g—ze Aol “}dmyﬂ(&)cowzz(a)cl. (15)
2 0

BBenemo no3HaueHHs

T=202 -k}, Q=T-2AA,, R() =T? ~47A4,, K = X220 . (16)
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BukonanHs kpaiioBux yMoB (9) NpUBOAUTH IO CUCTEMHU anreOpaiuHUX piBHSIHB BiJHOCHO
HEBIIOMUX KOHCTAaHT

AQ k+1 k+1 AQ
C,+——=C,=9,, —
k3 Ay Poe-1 T ~1k7a,

1= 0z

Aac

91=—2%Pk XO(lM_[ (n )[ 2%2 ) oM _ 29 2 Azn:|dn,

_ Xo (" 7\‘)
, =
k3

2 12
207 =k, o Aan
A,

kj. x(Mm) 2Ale_Aln — dn.
0

Busznaunuk cuctemMu Mae BUI'JIAA

2
12207 —KPALA, :K+1[x - A, [R(1)
_ 4 _ 2
k-1 kZAlAZ k-1 kZAlAZ

det =

Ta JIOPIBHIOE HYIO, KOJIN

2 L2)2 2 . .
R(M) = (2% -k, ) —4)L°AjA, =0, A =Kg— xopiub xBuii Peres. a7
MHOKHHK A2 — A;A, Ha IilCHIA MIBOCI HE IEPETBOPIOETHCS HA HYIIb,

_kzzAl(kQ'gl_kzzAz'gz) _K_lkzzAz(KQ'gz_kzzAl'gl)
L R N PR WO R

[Ticast miaCTaHOBKM OTPUMAaHUX KOHCTAHT y po3B’sa30k (15), Ta BpaxyBaHHS BUIJISAAY
€JIEMEHTIB Yij I,] =12 cnamatogoro po3s’si3ky (13), oTpuMaHO pPO3B’S30K OJHOBHUMIPHOT

BEKTOPHOI KpaioBoi 3agaui (11), (9)

U, (&)=

&z (K) [AT-e™5 - 2nA,0, €742 |-

Ix(n) sgn(&—- n)[ Al‘“‘—e—Az\anq
2 0

+ R(lx) [Re (M _432Te Mg 421 _4p A Te 256 1 4 Re™2 (5 |,

W, (&) = (‘; E( [T oM )26 Azi] (18)

n
Mlen| _ A2 g-aglen]
Ix(n){ Age A, }

nkk2
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1 —Aq (E+m) 2 CAE AN amBpEaAm ), AZ b amAp (1)
AR 1 -4V TA 1 2 2 1 ~ R 2 dn.
R(k){ e l(e e 2" 1 e 2% )+A2 e } n

Tyt O6yrn0 BpaxoBaHo, 110 3rigHO ¢ hopmyoro (17)

1o(02) = Ty IIN, () - Ny ()3, () = 2
a TAKOX ITO3HAYCHHA

2 2
R =TZ2+4)\2A,.

Jns  oTrpuMaHHS po3B’s3Ky BuXigHOT 3amadi (4)-(6) HEoOXigHO [0 OTPUMAHMX
tpanchopmanr (18) 3acTtocyBatu obepHeHe iHTerpaiibHe nepeTBopeHHs Bebepa (7).

[Tix yac po3B’si3aHHs 3aJUIINAJIACS HEPEaTi30BAHOK KpaiioBa yMOBAa Ha IWIIIHIAPUYHIN
noBepxHi BkimoueHHs 13 (5), a came W (L,E) =0. Ilicna Bumoru ii BUKOHAHHS HAa OCHOBI

po3B’s3Ky (18) mist W (p, &) oTpumaHO iHTErpaibHE piBHAHHS BiIHOCHO HEBIIOMOT (PyHKIIIT
0
=—=—W(,
1) =7 5 n)

y BUTIISIL

[xK(En)dn=F (&), 0<g<wx, (19)
0

_ggm ME 2 a4
F(g)_nG0 [Te 12, Z]dx,

I R S =
K(&mn)= ZKZI {Xf(h)[ €t ”_A_Ze 2 ‘1:|+

2
|:A1 R efAl (&+m) _ 47\‘2A1T (e*Alae*Azﬂ + e*AziefAln ) n Z_ R efAz (§+n):| d?\,,

1
RO 2

f() =320+ NZ(L). (20)

®ynxuii A, A, BuszHaueni B (14), T', R(L) —y (16).

Busnaunmo no rpasi miBnpoctopy KpaiioBi ymoBH (2) abo B HOBiil cucTemMi KOOpIUHAT
ymoBH (6). ['apmoniune HaBaHTaxkenus P(r,t) =P(r)e” ot CrHCKaIbHA CHIA IHTEHCHBHOCTI
g3ocepe/pkeHa IO KOy paiiycy b,b>a, (a - pagiyc BKIIOYCHHS) -
p(r,t) =gd(r—b)e ™", §(r) — dynxuis Jlipaka. B 1poMy Bunaaky TpaHchOpMaHTa
HaBaHTaXeHH (9) Mae BUTIISA

p=qlly, (Q,x) - qa%[.lo (gx) N, (W) = N, (gx)Jl(x)}. (21)
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JI7ist MOPIBHSAHHS PO3IVIAHYTO TAKOXK PIBHOMIPHUM TUCK IHTEHCUBHOCTI py, , IPUKIIAJEHUH

Ha KiAbLEBIM HinsHLI TpaHi, mo npuwitrae no Bkmodenas P(r,t) = poe_i‘”t, a<r<b i
_ e P .
p(r,t)=0,r>b. BpaxoByloun CIiBBiIHOIICHHS 8_p[pxl (P M)]=2pxg(psr) i

X1 (1, 7\4) =0, 3(9) orpumyemo

b/a
¥, (b/a,n
P, = po | Po(pA)dp= py D2 OIER). 22)
1

[I{o6 nopiBusHus (21) Ta (22) Oy10 KOPEKTHMM, iHTEHCUBHICTH P, BMOPaHO TaK, mI00
cyMapHa cuJjia 30iransacs 3 CyMapHOO CHJIOO KiJIBLIEBOTO 30CEPEIKEHOTO0 HaBaHTAXKCHHS

2bq
2.2
TI:(b —-a )po = 2nhq , T06TO P =m.
Cully TOTO, WO T, = 8_p+6_§ , MaeMo, W0 Ha IWIHIAPUYHIA IOBEPXHI

p=1 0<&<oo IKOPCTKOrO BKIIOYCHHS HeBimoMa ¢yHkiis x(n) = %W (L,m) wmae

MEXaHIYHUN 3MICT JOTUYHOTO HANpPYXKEHHs. BU3HAYMMO MOPSIOK OCOOIMBOCTI HEBiZOMOL
¢byskuii st = 0. g mporo po3riistHeMo KIWHOMOAIOHY 006acts [18], B JaHOMYy BUTIAAKY

KyT jopiBHioe 7/ 2. Takum duHOM, Ui 1 =0 MAEMO BHUIAIO0K, KOJIH OJHY TPAHHUINO KIHHY

3aKpilUIeHo, a Mo iHNIi i€ cuia. B oMy Bumaaky po3s’s3ok y (M) ~ 1’ mMae ocobnuBicTh
Y, sIKa 3aJIeKUTh BiJ 3HaUeHHA KoediuieHTy [lyaccona

n=1/4 = y=-0.25525; un=1/3 = y=-0.31001.

B peBy.]'ILTaTi MaeEMO Ha HOBerHi BKJIFOUCHHSA

T, (L8) = Sx(8), 0<E<oo, (23)

a CuJia, o NepeaacTbCs Ha BKIIIOYCHHA MAa€ BUTJIA]
Fox =272 1., (3,2)dz = 272G [ 1 (£)dE. (24)
0 0

Po3’s130k piBHsHHS (19) Gymemo posmrykyBatn MeTomoM Kosokamiit. Inrepsan [0,00)
3aMIHUMO BIIpi3KOM [O, Ln]’ Ha sKoMy HeBioma ¢yHKIs y (M) NpakTHUHO 3racae, i
po3i6b’emo #oro 0=mn, <mn, <..<my = L, CiTKy 3rynieHo 3 ypaxyBaHHSIM OCOOJMBOCTI
x(n) ~M". Heimomy QyHKIIif0O 101aMO KYCKOBO-CTAJIOK0

N 1 n,4<n<n,
0 =200, (. 00 ={g o0 (25)

X, — HEB1IOM1 KOHCTAHTH.
Bumararoun BukoHanHs piBHAHHS (19) y cepeawHax eleMeHTIB & zl(n +Mp)
m 2 m-1 mJj?

m=1...,N, ogep>xumo cucteMy JIiHIHHUX aNreOpaidHuX PIBHSIHB
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¥

i_/\m —F(&), m=1N, (26)

© ) .
Aﬂn:nzzkzz,([ { xf]ik){Allmn(Al)_k_zlmn(A )} R(k)[ A Re" 15m A (A)

2
—PTA (67 A (A,)+e 2 A (A))+ 2—2 Re™“25mA (A, )} }dx,

A€ IHTCTpan 110 T B1J €KCIIOHCHT o0uucieHi Y 3aMKHCHOMY BUIJIA A1 (hn =Ny — T]n_l)

1—eAAhn eB0hatn) g q
mn (A) = T e n g = —l_eA_Ahn etlommm) g s
Mn-1 2(1 e—Ah /2)
a0 m=n
In ~AMpy _ a=AT,
Ay (a)= [ e™dn=¢ A‘e ,ReA>0, A=A, j=12. 27)

Mn-1

3aBAsKM aHAIITHYHOMY IHTETPYBAHHIO 110 1) JorapudmiyHa ocobnusicts siapa K (&, 1) B
(19) ne motpebye okpemoi oOpobku. Cucrtemy (26) po3B’sa3aHo meronom ["aycca. 3HaiineHi
KOHCTaHTH X, IIACTaBISAIOTECA y BHUpa3 (25), sSKUH B CBOIO uepry MiACTaBISIETbCS Y
nepemimienns U (p, &), W(p,&) (18), (7).

Takum unHOM, 3HalZIeHO HaOJIMKEHHH pO3B’SI30K 3ajadi MPO YCTaJeHI KOJUBAHHS IS

MPY>KHOTO MIBIPOCTOPY 3 NUTIHIPUUHUM KOPCTKUM BKITFOUCHHSIM.
Jns BU3HAUEHHS TPOTMHY IUIOCKOI TpaHi miBmpoctopy & =0 ckopucraeMocs

dbopmynamu (7), (18) Ta 3HalAEMO aMILTITYLy

kXo (P, A)
f(2)

A AP A

W(p.0)= I ) RGO

W, (0)dA =—

[P A) A ~a 8y
_%gxofa) R(k).[ x(m)] 227" (27‘2 k7 )e™*4" Jdnds.,

YT %o (P A) = Jo (PN, (A) = Ny (pA) I, (A), A, = \/ A —kZ, A, = 1/ A2 —kZ , Tpancdopmanta
P, Bm3HaueHay (21) a6o (22), R(A) y (17), f(R) y (20). 3Bincu

TAo (PP, A
Of D R(;)dk (28)

W (p,0) = — akzj

2) A
-2 nz_;xn £ Xof(&) ) =0 (2028, (8,)— (202 —K2)A, (Ay) ]d.

[Mepmuii nogaHok (28) — po3B’si30k 3amadi Jlemba uist 30cepeKEHOTr0 HaBAHTAXKEHHS
MIBOPOCTOPY 0€3 BKIIIOUCHHS, IPYTUid — BHECOK BKJITFOUCHHSI.
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Ilpu QO —0(k, > 0) maemo 3 (14): A; -2, j=12,3(17): R(2)~ —&kzzkz, oTHKE

TpaHchopMaHTa MEepIIOTo JoaHKa (28)

P, kZA
WO =5 ke

P

a A
s 4 (1—1)-2~
G( M)K’

a caM mepmuid JoJaHoK (28) mepexoAuTh Yy PO3B’SA30K CTAaTUYHOI 3amadi byccinecka mis
KUIBIICBOTO HaBaHTa)KCeHHS [19]:

w® (p,0) =%(1—u)IXO(fp$))pX
0

[le ciyrye KOHTpOJIEM MpPaBWIBHOCTI OTPUMAHUX TpaHCPOpPMAHT. YucenbHO TpU
Q=0.005 nepmii nonanok (28) 36iraeTbest 31 CTATUYHUM PO3B’A3KOM (29) 3 TOUHICTIO 10

dr. (29)

107, Tyr (k+1)/4=1-p. I'pannunuii nepexia nepesipero uncensHo: s p = 1.5; 3; 5 npu
Q — 0 piiicHa yactuna (28) npsiMye A0 CTAaTHYHOTO 3HAUYEHHS (29), ysiBHA — 10 HYJIS:

p=1.5 p=3 p=>5
Q=0.005, ReW P (p,0) 0.84868 0.52280 0.28212
Crarmana gopmysa | o84876 || 052278 | 028218

VsBHa yactuna npu QQ = 0.005 cranosuts 0.004.

Jns mepuioro nonaHky (28) ysBHY Ta NIHCHY YaCTMHM MO>KHA BUIIMCATH Y SIBHOMY
BUTIIAA1. BBeieMo no3HadeHHs

2 .2 : : Mo (P AP,
2 2 _ _ 0 A
81-: k] -\ ,}\,<kj,J:1,2 :Aj__lsj’g(pj\‘)_T.

Ha tprox ninsHKax MaeMo

A, -5 A,
O<h<k: L , A>k, IINCHE;
R(%) T2 4258, R(%)
A, (T? —4i02A8
k, <A<k, : l( 12)'

4 4, 2s2
T4 +1614A252

3BifcH ysBHA 1 TilfiCHAa YaCTUHU MEPIIOTO JoaHKa (28) MatoTh BUTJISI

ky k
59N 2 402A%8,, g(p, Ag(p,\
0T +4x 8, 5 o T'+16L°A(6; R() g
k2 2 o0
T°A; 9(p,2) A 9(p.2)
Rew ™ (p,0 k2 1 da+wp. [ =2 g |
(.0)="gke k{ T4 4161252 pka R(L)

Cram X, B (28) KOMIUICKCHI, TOMy ysBHa Ta JIACHI YaCTHHM IOBHOIO PO3B’A3KY
OOYHCITIOETHCS B IIJIOMY.
HopmanbHe Hanpyxkenns o, (p,§) snaxonutses 3a popmyrnoro [13]
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k+1G|U(p.8)  3-«x oW (p,€)
% (P8 = 1a[ op +K+1 U8+ =5
Ha uuningpuuniii nosepxui Bkmouenns P =1, & E[0,00], Maemo 3 (5) piBHICTh HYIIO
. oW (L,€) :
nepeMilienb, a  3HAYdTh 1 T =0. Tomi 3 ¢opMym 3anMIIAETHCS
_k+1GoU(LE)
c,(1,8)= «—la op
Bukopucrosyrouu (7) ta ¥; (p,A) = J; (PA)N; (L) = N; (pA)J; (1), 1 = 0,1, Gynemo maru
__ 2 _o, ulpMl 2
XO (11 7\') - TC?\, ’ X]_(ll }\') - 01 ap p:1 T .

Ha 6a3i po3B’si3ky (18), (7) oTpuMaHO HACTYIHUN BUPa3 HOPMAIBHOTO HAMPY>KEHHS

© 2
a __2x+la AP, 2 oME _ —AyE
g0, (L) = M_lij(MR x)[(2x k7)-e 2AA, -€ ]dm (30)

2 k+17 A [
T Ky 0 0

Ky (&m,2) =sgn(g-m)[e &M —emtel sl

1 A (&) pq 27 ME A —AyE \—AM —Ay (&)
+—R(X)[Re 4)0.°Te "toe 4AA,Te "2 "1 +Re }

ITicas mincranoBku (M) 3 (25) y (30) momaHKH 3 SKCIIOHEHTAMH ey Ky (&m,1)

naTh A, (A j) 3 (27). HomaHok i3 Sgn(&—1) Takox IHTErPYeThCSI MO 1) B 3aMKHEHOMY

surmani (h, =m, —n, )

~Ahy,
1—eA e 2E=m) E>m,,
Mn —A\E_,— ‘ 1_e—Ahn —A( _a)
Sn (A’EJ): J- Sgn(é_n)e ndn: _Te fn-1 ' §<nnfl’
Mn-1 efA(nnfé’;) _efA(‘:innfl)
A 1 nn_]_ < & < nn :

Toxi HopmanbHe HanpyxeHHs (30) Ha MOBepXHi BKIIOYEHHsI HA0yBa€e BUIIISLY

%Gp(l,%)}g“laoff - (207 —Kf)-e™° —2A,7, €72 [di+

nk-1GJ f(A)R(A)
N e ]
e T S (S iR A )@
—4A A Te %25A (A)+Re™“25A (A, )}}
®ecenxo I'.0.
108

https://doi.org/10.31650/2618-0650-2026-8-2-95-116




MexaHika Ta MaTeMaTH4HI MeTomH /| YA

, ‘ VI11/2/2026
Mechanics and mathematical methods 4+ Crop. 95-116 / Page 95-116

AMIUTITY1a HOPMAJIBHOTO HAIPY>KEHHS Ma€ BUTJISI

o, (L&) = J (Res, (1,8))" +(Ims, L.8))’ .

Jis aHanizy mOBEIIHKM MiAIHTErpajibHOI (GYHKILII IPU  CKOPUCTAEMOCS aCHMIITOTHKOIO
unniaapuynux dyukuii J; (M) ~A/2, N;(A) ~ -2/ 7k Ta (20), (14), (17). Omxe

%o (P, 1) :
()~ %) =~ Sy =T 0 A ik

4
el T0Y 5 R(A)—k;.

j )
Tomy miminTerpanena Qynxuis nepmoro gofanka (28) moBoauthes Kk O(A), a AApO
piBHsAHHA (19) micTuTs MHOKHUK 1/ (Af (X)) ~ n?L /4. Touka A =0 He € 0COBIHUBOIO.

IIpu A — oo Maemo

2

-2 — _ b 4 202
F) ~ = %o(P.2) nxﬁcos((p DA)s Aj =h=—my R(A) = =7 k1%

3BiAcH migiHTerpaibHa QYHKIIIS IEPIIOro JToAaHKa (28) Mae mopsaaoK

c+1 cos((p—DA)cos((b/a-1)r)
2ny{pb/a A '

Iaterpan 36iraetbcs ymosHo npu p#b/a. Ipu p=b/a Bim mae norapudmiuny
0COOJIMBICTb, 1110 BIJIOBI/Ia€ MEPEMIIIEHHIO MiJ1 JIHIEIO /i1 30CepeIKEeHO0T CHUIIH.

Jlonarxku 3 %(N) cnagaroTs mBuaKo, skmo ¥ (n) ~ Cn' mpu 10, 10

e o0 A
2)7E, ~TE, ~CT(y+D)| (y+1)(kf -k )+ K |A " ne E; = [0 e Mdn.
Toni miginTerpanpHa QyHKIIS Ipyroro noaanka (28) mMae mopsmok A2 npu } > -1
iHTerpai 30iraeTbcsi abCOITIOTHO.

S npo inTerpansHoro piBHsAHHA (19) npu A —> co micTuts 1/ (Af (X)) > /2 1

2 2
Ae-dlenl _A% ~agen| KKy ey
! A, 2

Tomy sapo Mae norapupMidHy 0COOIUBICTh

K(&n)=—X—Inlg—m+0(1), n>E&.
(&) =T ne-nl+0M). n>&

Ie cnabxka (iHTerpoBaHa) OCOOIMBICTh, XapaKTepHa AJISl PiBHSIHB MEPIIOTO POIY.

Sk i 6yno nokaszano Heizoma dynkiis ¥(N) mpu n—> 0 Mae cTeneHeBy 0COOIUBICTH
KyTa KiIMHYy 7/2, OJHa TpaHb 3aKkpillJieHa, iHIIa — BiTbHA. YWCENbHUI PO3B’S30K A€

-0.315
() ~m
3HaleHnM aHaniTuyno: ¥ (1) Mae iHTerpoBany 0cOONUBICTh Y KYTOBiil Touri. ToMmy ciTKy Mo

M 3ryleHo A0 Manoro 3HaueHHs 1.Ilpu m— oo ¢ynkuis ¥(M) cnagae, mo 3abesnedye
301KHICTb IHTErpaiB 1o 1.

(W18 OmWHMYHOI WacTOTH), IO Yy3romkyerbca 3 M,y =-0.31001,
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Y dopmymax (20), (28), (31) iuterpanu OepyTbcs 3a 3MIHHOW A Big HyJIsS [0
HecKiHueHHOoCTi. OCOOIMBMMY TOYKAMH IMiIIHTErpalbHUX QYHKINI Ha aificHii miBoci € A =0,
toukn posramyxenusid =K, A=K, i mpocruit momoc A=Ky — kopius piBmsuus (17):
R(A) =0 (mpu n=1/3,ky =1.07236k,). T'inku xopeniB (14) BHOMpalOTBCS i3 yMOB
i ot

BHUIIPOMIHIOBAHHSI NIPH MHOXXHHKY e : TOJOBHa rinka ReA i >0, a npu 0<A<K i

A = —i1/ ka - BigmosigHo IIOJIFOC kR 00X0oaUTHCS 3HU3Y, TOOTO

I::v.p.jgo+in Res(L =kg). Te came nae iHTerpyBaHHs 10 KOHTYpPY, 3MIlIEHOMY B HIKHIO
HiBILIOIIKHY: A=t—idsin(nt/L),0<t<L, L=1.3k; +1> kR,S:min(O.S;O.Bkz)
Oco6musocrti K, K, MaroTs Burmsizn ,/ - ka i € interpoBanumu. [Ipu A > L iHTerpyBanHs

BEACThCS MO JMIWCHIN oci: mist siapa piBHAHHA (20) — 10 A~10° Ha JorapupmMiaHO
posmnoiieHux npomikkax, wist (28), (31) — no A =600. Ha koxHOMY ITPOMIXKKY 3aCTOCOBAHO
dbopmyny [aycca-Jlexannpa (8-10 By3niB). TouHICTh MEpPEBIPEHO MOPIBHIHHAM 3 SIBHUMHU

¢dbopmynamu B 3anaui Jlemba — 36ir 1o 10~ i moxBOEHHsM uncIa By3uiB. HeBinomy QyHKIit0
x(n) Ha [0, Ln]’ Ln =8+20 anpokcnmoBaHo Ha citui: nepumii kpox 2-1073, xoedimient

spocranns 1.15, maiiGinbumii kpoxk MIn[0.25;27/(10Q2)], Q - wacrora. Iurerpanbue

piBHsHHS (19) 3a0BONBHSETBCA B CEpPEeOUHAX EJIEMEHTIB, TOOTO METOJOM KOJIOKAIliid.
[HTerpanm mo T BiX EKCIIOHEHT y sApi oOuucieHi aHamiTu4HO (27), TOX JorapupmidHa

oco0nMBICTE Aapa OKpemMoi 00poOkm He mnorpeOyBanma. OnepxaHy CHUCTEMY JiHIHHHX
anreOpaiuyHHUX piBHSIHB PO3B’s13aHO MeTo0M [ aycca.
. . . “AE
B ¢opmyri (31) mpu & >0 miminterpaibHa (yHKIiS MICTUTh MHOXHHUKH € '~ TOX
iHTerpaau mo A 306irarotrbes adbcomotHo. [Tpu & — 0 HanpyxeHHs o, (1,&) mae cremeneBy

ocobnuBicTh KyToBoi TOoukHM, mo i mesimoma ¥(N)~n'. Tomy s3HaueHHs c,(18)

obuucmoBanuch s & > 0.

5 OBI'OBOPEHHA PE3YJBTATIB JOCJIIKEHHSA

Po3paxynku ammutityq nepemimeHHs (28) miockoi rpaHi Ta HOPMaJILHOTO HAIPY)KEHHS
Ha UWJTIHAPUYHOMY BKJtOueHH1 (31) mpoBOIMIHUCS B 3aJIEKHOCTI Bil Q — 0€3p0o3MipHOI
JacTOTH KOJIMBaHb. Po3ristHyro miBmpoctip 3 koedimientom I[lyaccoma p=1/3 Ta

BimmoBigHO Yy =-—0.31001. [Ins cepemoBumia 3 p=1/3 wmae wicue 3B’A30K MiK

MBUAKOCTAMUN XBUJIb Cl = 2C2.

Takum unHom ¢ymkuii (14) maoTe  Qopmy A, :\sz — 5102 :\/xz -107,

A, ={22-02

3acTocoBaHi MMO3HAUYEHHS Ha OCSIX: (| — IHTEHCHUBHICTh HABAHTAXXEHHS, 30CEPEHKEHOI0
no xony pamiyca b. OOujaBa cTHCKaJdbHI HaBaHTaKEHHs: 30cepemkeHe mo komy (21) i
PIBHOMIPHO pO3MO/IijieHe MO Kinbiio (22) MaroTh OJHAKOBY cymapHy cuny F =27bg; a —

pajiiyc KoJia )K0pCTKOro BKItouenus; b/a=2.
Ha puc. 1, 2 HaBeneHo aMIuiiTy 1y nporuny (28) rpadi B HU3bKOYaCTOTHOMY Jiana3oHi. B
ycix Bumagkax BHKOHyeThess ymoBa W (L E) =0 >OpCTKOro 3demuieHHs 3 BKIFOUCHHSM.

Brurouennst icrotao 3menmnye mnporud rpai. [Ipu Q=0.1 nHa Bigcrani p=06 uporun 3

®decenko I'.0.
https://doi.org/10.31650/2618-0650-2026-8-2-95-116 110




MexaHika Ta MaTeMaTH4HI MeTomH /| YA VI11/2/2026
Mechanics and mathematical methods ] Crop. 95-116 / Page 95-116

BKJIIOYEHHSM MPUOIH3HO B 3.5 pa3u MEHIIHH, HIX y MIBIPOCTOPi O6e3 BKIIOUEHHS (IIyHKTHP),
a OiJIsl BKJIFOYCHHS BiMiHHICTH mpuHIunoBa. Kpusi 0e3 BkimoueHus mpu ) — 0 36iraroTbes
3 po3B’s3KoM 3anaui byccinecka (29). Ilig 30cepekeHor0 CHIIO0 MPOTHH Mae JIoTapupMiuyHy
oco0mBicTh. Po3mojiieHnii Mo KiUMBLIO TUCK Ja€ TIAJAKHA MPOTHH 3 MaKCUMyMOM IIpH
p ~1.7, Bcepeauni 00acTi HaBaHTAKEHHS. 31 3pOCTAHHIM YacTOTH B Mexkax (2 <1 xapTuHa
3MIHIOETBCSI MaJIo, TOOTO TOJIE 3ATUIIAETHCS KBa3iCTATUIHUM.

Y BHCOKOYACTOTHOMY Jiama3zoHi (puc. 3, 4) moiie Mae XBWIbOBUH Xxapaktep. s
30CepPE/DKEHOI CHJIM MDK BKJIIOYCHHSM 1 JIIHIEIO HaBaHTaXEHHS 1< p <2 yTBOPHOETHCS
crcTeMa CTOSYMX XBHJIb, 0OYMOBIIEHA BIIOMTTSAM MOBEPXHEBOI XBWII Penes Bia BKIIOYCHHS.
3a JiHi€0 HABaHTAXXCHHS aMILIITyda 3MiHIOEThC moBLIbHO. [Ipu Q=10 na Bigcrani p=06
BOHA MEPEBHILY€E aMILUTITYy IS MiBIPOCTOPY 0€3 BKIIOUEHHS: BKIIOYCHHS CTA€ BTOPUHHUM
JDKEpEIoM XBHIIb. PO3MOAiIEHHI THCK 32 MeXaMH 00JIacTi HaBaHTaKEHHs 30Y/Kye 3HAYHO
cmabmr XBWJI, HDK 30CepeKCHa CHila 3 OJHAKOBOK CyMapHOK Cuiiow: mpu Q=5
npuOIM3HO B 5 pasiB, M0 MOSICHIOETHCS 1HTEP(EPEHIII€I0 XBUIIb, IO 30YKYIOTHCS PI3SHUMHU
JUITHKaMU HABaHTa)KEHOT 30HH.

Ha puc. 5, 6 HaBeneHo aMIUTITYau JOTUYHOTO (23) Ta HOpMAILHOTO HarnpyxeHb (31) Ha
NOBepxHi BKItoueHHs. OOKMIBa HaNPYXEHHS MalTh OCOOJIMBICTH y KyToBiil Toumi &=0 i
3racaroTh 3 TITMOMHOI0. Ha HU3BKUX YacTOTax PIBHOMIPHUH THUCK, IPUKJIAJCHUN BIPUTYI IO
BKJIFOUCHHS, JIA€ 3HAYHO OUTBIY KOHIIEHTPAIIIIO0 JOTHYHOI'O HAMPYKCHHS HABKOJO KYTOBOI
TOYKH, HIXK 30cepemkeHa mo koiy cwia (mpu Q=0.5 npubmusno Brpumui). Ha BucOKHX
94acTOTaxX Y370BXK BKIFOUCHHS (POPMYIOTHCS XBWIII HANPYXEHb 3 MaKCUMyMOM Ha TJIUOWHI
E~0.2+1.

Pucynok 7 mokasye, SiKy 4acTKy MNPHUKIAJCHOI CHWIM clpuiimMae BKIOYeHHsS (24). YV
kBazicratnanomy pekumi (Q— 0) BriaroueHust crnpuiimae Gmuspko 80% cuimu IS
30CepeHKEHOr0 HaBaHTXKEHH 1 0m3bko 87% Ju1st po3noaiieHoro. st 30cepemkeHol Cuin
sl YacTka ciabKo 3aJeXuTh Bifg vactotu i 3pocrae jgo ~1.1 mpu Q—20 3a paxyHok
iHepUiiHUX edekTiB. s po3MmoaiIeHOro THUCKY I 4acTKa Pi3KO CHaJla€ 3 4acTOTO 1 Mae
minimym pu Q ~5.8;11.7;17.5. 11i 3Hadenns Bixnosinarots ymoBi Kp (b—a)=2nn, to6to
Ha IIUPYHI HABAaHTA)XEHOI MUISHKH BKIIQJAETHCS IiJe YMCIO JOBXKHH XBWIb Pemes. Otxe,
po3noiieHe HaBaHTaKEHHsI €(pEeKTUBHO (PUIBTPYE 4acTOTH, HAa SKMX BOHO Iepeiae 3yCHUIUIs
Ha BKJIFOUEHHS.

Ha puc. 8 mokasano daxruune monoxenns rpani W(p,0,t) =W|cos(ot—¢) ma

3ocepepkeHoi cun npu Q=5 y Tpu MOMEHTH dYacy. I[IpOTHH CHOpPSMOBAHO BIJIHO
HiBIIPOCTOPY, a cuna ( mie npu p=0b/a=2. 30BHi Bij JniHil HaBaHTAXEHHs (OPMHU TpaHi 3
4acoM 3CYBAIOTBCS TPABOPYY: BiJl HABAHTAXKCHHS TOIINPIOETHCS XBHIS Penest 3 JTOBXKUHOIO
21ta [ (1.072QY), a obBigna i[\N| Maibke craia. Mik BKIIFOUEHHSM 1 JIIHIE0 HABAHTAXKEHHS

XBWISI BIOMBA€ETHCA BiJ BKIIOYEHHS. YTBOPIOETHCS CTOslYa XBWJIS: OOBiJIHA Mae BY3IH, a
Touka P =1 3aTHIIAETHCA HEPYXOMOIO.

XopcTke BKIIIOUEHHS, 3YETIEHE 3 MIBIIPOCTOPOM, MPAIIOE K aHKep: y KBa31CTaTUIl BOHO
cnpuiimae 80+87 % mnpuKIageHol CUJIM 1 B KUJIbKA pa3iB 3MEHIIYE OCiIaHHS TpaHi MoOIU3y
cebe. BogHouac Ou1s KyTOBOi TOUKM (BUXOJYy BKJIIOUYEHHS HA IpaHb) BUHUKAE HANpYy>KEHHS,
gke Moxke OyTu JpKepenoM pylHyBaHHA 3ueruieHHs. OcoOnuBO HEOE3NeUHUM €
HaBaHTAXXCHHS, TPHUKJIAJCHEe BIPHUTYJ IO BKIIOYEHHsS. Ha BHCOKMX dYacTOTaxX BKIIOYCHHS
BiIOMBa€e MOBepXHEBi XBWII Perest 1 cTae BTOpUHHUM JKEPESIOM XBHJIb, a YaCTKa 3yCHUILIS, 1110
MepeaacThCsl Ha BKJIIOYEHHS BIJI PO3MOJIJICHOTO HABAaHTAXEHHS, PI3KO 3aJeKHUTh BiJ
CHIBBITHOIIICHHS IIMPUHU HABAHTAXKEHOI TUISTHKY Ta TOBXUHU XBWI Penest.

®decenko I'.0.
https://doi.org/10.31650/2618-0650-2026-8-2-95-116 111




MexaHika Ta MaremMaTH4Hi Meromu [

VI11/2/2026

Mechanics and mathematical methods E— Crop. 95-116 / Page 95-116
T T T T T
1.50 | _— Q=01 1 Q=01
-——- Q=05 1L2r ———- Q=05 .
1.25 —— Q=1 i Lol —— Q=1 |
.. Ge3 prarouenss, Q=0.1 . s Be3 srmouennsd, 2=0.1
= 1.00 | 1 ~
S . 5 081 1
S b 4 S .
S 075 S o6} i
o © 223
050 4 1 al AN e i
7 . e : T
4 N e, S el
025 4 “‘:"‘7-'::--—-—.__"""'-----.— 0.2 i B
0.00 ! L L - 0.0 L . -_-h—' ______
1 2 3 4 5 6 1 2 3 4 5 6
P p
Puc. 1. Ammtityna nporuny rpani W (p,0)|, Puc. 2. W (p,0)| ans pisHOMipHOTO THCKY
30cepepkeHa 1o KOJy CHJIa; IYHKTHP — MiBIIPOCTIP Ha KiJbLEeBil qisHl a<r<b
6e3 Bxmoyennsa, O =0.1
T T T T T
150 - —()=5 T 0'20 | — (=5 .
———— Q=10 ———- Q=10
125 I 6e3 pkmowennsa, Q=571 | f % 0 eeeees 6e3 BKIIOUEHHS, Q=35
- | < 0.15
= 1.00 - b =
S 2
S 0.75 F 1 2
% = 0.10
] 6]
0.50 - 7
. i \ 0.05
0.25 .\1 I ‘_“1 "'-"Z:'_-_-_—_:-' _________________ ]
1‘5' ‘q ............
0.00 . . L 0.00
1 2 3 4 6
P P
Puc. 3. Ammutityzna nporuny rpani W (p,0)|, Puc. 4. Amnuiityna nporuny rpaui W (p,0)|,

30cepePKeHa 110 KOy CHJiia; MyHKTHpP — 0e3

BKIIOueHHs, Q=5

3.0 T T T T
—— 30cepeikeHa cuia, Q=0.5
25 —==- THCK Ha KinbLi, Q=0.5 B
——— 30cCepefKeHa CHIa, Q=5
> 2.0 —==-= TUCK Ha Kinbuji, Q=5 7]
=
5
= 15
_&ﬁ
S 1.0
0.5

o
o

Puc. 5. AMmtiTya TOTHYHOTO HalpyKeHHS
75 0.8)

Ha TIOBEPXHi BKIFOUCHHS

®decenko I'.0.

https://doi.org/10.31650/2618-0650-2026-8-2-95-116

PpiBHOMIpHHMYM TUCK Ha KiJbIEBiH HistHii a<r <b

ale,(1,8)1/g

T T T T
30cepelKeHa cwia, Q=0.5

TUCK Ha KibLi, 2 =0.5
30cepe/KeHa cuia, Q=5

TUCK Ha Ki/bui, =15

Puc. 6. AMiutiTy1a HOpMaJIBHOTO HAIIPY>KEHHS
|(5 o 1, §)| Ha MOBEPXHi BKIFOYECHHS

112



MexaHika Ta MaTeMaTH4HI MeTomH /| YA VI11/2/2026
Mechanics and mathematical methods ] Crop. 95-116 / Page 95-116

1.2 T T T T ! T
q +H W @ =——— =3
1.0 o5k wr=0 —-— wt=2a3 |
./‘.
0.8 - i3 ..
9 = AN SN NS
S el X — oo | 3 g0l XK 2K 7R 2
L:é ' N ——— THCK Ha KibLi E \:\ ” \\»2(‘ 4 \.>>_‘/<.-/ \‘A
= \ = Al
04 ‘\ . & N
N 05F E
0.2F \ I,_—s\\\ . 4
\\II \-_’/ \~"’_—
00 1 1 1
0 5 10 15 20 1.0 E L 1 I ]
Q 1 2 3 4 5 6
P
Puc. 7. Hactka cyMapHOi cuiy, 110 Puc. 8. dopma rpani

TepeaeThCs Ha BKIFOUCHHS |Fm<n|/ F 3anexHo Bix w(p,0,t) = Re[W (p, O)e_i“’t] y Pi3HI MOMEHTH 4acy;

0e3po3mipHoi yactotu (2 3ocepemkena cuina; () =5; cipa obmacts — 00BiHA
W (p,0)|; Bick mporuny cnpsMoBana BHU3 (BITHG
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6 BHCHOBKH

1. [MoObynoBaHO HaONMIKEHUI aHANITUKO-YHCENBHUN PO3B’SI30K 3a/ayl MpO YCTaleHi
KOJIMBAHHS MPY>KHOTO MIBIPOCTOPY 3 HACKPI3HUM BEPTUKAIBLHUM IWIIIHIPHYHUM YKOPCTKUM
BKJTFOUCHHSIM, TTOBEPXHSI SIKOTO YKOPCTKO 34YeIlICHA 3 MIBIPOCTOPOM.

2. 3acTOCOBaHO IHTErpaNbHE MepeTBopeHHs Bebepa Oe3nocepeqHb0 10 PiBHSIHD PyXy Ta
KpaloBUX YMOB 1 3BEJICHO 33/1a4y 10 HEOJHOP1IHOT BEKTOPHOI OAHOBUMIPHOT KpaioBoi 3a1a4i
BiIHOCHO TpaHC(OPMAHT TlepeMillleHb. li PO3B’ 30K MOOYNOBAHO METOJIOM MATPUYHOIO
I epeHIiaTbHOTO YUCICHHS.

3. 3amauy 3Be/IEHO IO CHHTYISIPHOTO iHTETPAIBHOTO PIBHSHHS HA MPOMIKKY & € [0,00]

BIIHOCHO HEBIIOMOi (YHKIIII, 110 Ma€e MEXaHIYHHUN 3MICT JOTHYHOTIO HAINpYXKEHHS Ha
MOBEpPXHI BKIIIOYEHHsA. Bu3HaueHO XapakTep 0OcoOJMBOCTI wLi€i (yHKLIl B KyTOBiM TouUIll
& =0.PiBHAHHS pO3B’sI3aHO HAOIMKEHO METO/0M KOJOKAlil 3 YHCEIbHUM IHTETPyBaHHIM

Y3/10BXK KOHTYpY, LII0 OOXOJUTH TOYKH PO3TallykKeHHs 1 moitoc Penes BiAMOBIIHO 10 yMOB
BUIIPOMIHIOBAHHS.

4. JlocnmiykeHO aMILTITYAM KOJIMBaHb IUIOCKOI I'paHi MiBIPOCTOPY, @ TaKOX JOTHYHE 1
HOpMaJIbHE HAIPY)KCHHS Ha NWJIIHAPHYHIN TOBEpXHI BKIIOYEHHS. PO3risHyTO 1nBa BUAM
HOpPMAaJIbHOTO HaBaHTAXXEHHs Ha I'paHi, 30CepeyKeHe MO KoMy 1 piIBHOMIPHO pO3MOJIiIEHE Ha
MPUJIETIIINA 10 BKIIOYEHHS KUIbLIEBIM TUISHIN, B IIMPOKOMY Jllaria3oH1 6€3p0o3MipHOi 4acTOTH
KOJINBaHb.

5. lna miBnpocTopy 6€3 BKIIIOUEHHS PO3B’sI30K 301raeThes 3 po3B’si3koM 3a1adl JlembOa, a
pu 2 — 0 nepexoauTh y po3B’ 30K CTaTUYHOI 3a7a4i byccinecka.

6. XKopcTke BKIIOUEHHS ICTOTHO 3MEHIIY€E MPOTHH TPaHi: Y KBa3iCTaTUYHOMY PEXHMI Ha
BIJICTAaHI IIECTH pajiyCiB BKJIIOUYEHHS MPOrHMH MNpuOIM3HO B 3.5 pasa MeHIIUH, HIK Y
niBIpocTopi 6e3 BKiIOUeHHs. BiiroueHHs cnpuitmae 6imm3bko 80% mNpuKIIaneHoi cUiu mpu
HaBaHTaX€HH1, 30CEPEKEHOMY I10 K0Ty, 1 6J113bKO0 87% Mpu pO3NOAIIEHOMY HaBaHTaKEHHI.

7. Y BHCOKOYACTOTHOMY /iana3oHi MDK BKJIIOYEHHSIM 1 JIIHI€I0 HAaBaHTAKCHHS
YTBOPIOIOTBCST CTOSIYI XBWII Penesi, a came BKJIIOYEHHS CTa€ BTOPUHHHM JDKEPEIIOM
MOBEPXHEBUX XBWIb. Po3nojijieHe HaBaHTaXEHHs 30YyKye 3a MeKaMH HaBaHTaKEHOi
TUISTHKA 3HAYHO CIA0II XBWJIl, HIK 30CEPEKEHE 3 TIEI0 CaMOK CYMapHOIO CHIIOK: TP
Q=5 npubauzHo B 5 pasis.

8. HampyxeHHsI Ha MOBEpXHI BKIIIOYEHHS MAlOTh IHTETPOBAHY OCOOJMBICTH Yy KYTOBIi
TOYIIl 1 3racaioTh 3 TMUOKMHOI. Ha HU3BKMX YacTOTax HABaHTAXXECHHS, MPUKIAJCHE BIPHUTYII
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710 BKJIFOUEHHS, Aa€ MPHOIM3HO BTPUUI OLIBITY KOHLIEHTPAIIIO TOTUYHOTO HAMPY>KEHHS OIS
KyTOBOi TOYKH, HDK 30Cepe/DKeHe MO Koiy. Llf0 KOHIEHTpamito ciiJi BpaxoBYyBaTh SK
MO>KJIMBE JPKEPEJIO PyHHYBaHHS 3UCIUICHHS.

9. Yactka cuid, IO MEpeaeTbcs Ha BKIIIOYEHHS BiI 30CEPEPKEHOTO HABAaHTAKEHHS,
cllabKo 3aJIeXHUTh BiJ] 4acTOTU. Bin po3mojineHoro HaBaHTAaXEHHS BOHA PI3KO crajae 3i

3pOCTaHHAM dacTOTH 1 Mae MiHimymu mpu Kg(b—a)=2nn, to6ro xomm Ha mmpuHi

HAaBaHTAKEHOI AUSIHKM BKJIAJA€THCS i€ YMCIO AOBXUH XBWiIb Penes. OTxe, po3mnoaineHe
HABaHTAXCHHS 3YMOBJIIOE BUPAKEHY YaCTOTHY 3aJISKHICTh Mepeiadi 3yCHIUIS Ha BKITFOUCHHS.

3anpornoHOBaHMN MiAXiZA MOXKHA 3acTOCYBaTH IMiJ 4Yac pPO3B’S3aHHA MiIIaHUX
IUHAMIYHUX 33734 Teopii NPYXKHOCTI s IHIIUX TUIIB KpallOBUX YMOB Ha MOBEPXHI
BKJTFOUCHHSL.

7 ETWYHI JEKJAPALII

ABTOp HE Mae BIINMOBIIHUX (iHAHCOBUX UM HE(PIHAHCOBHX IHTEPECIB, SKI CIiJ
PO3KpHUBATH.
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ON THE NUMBER OF INDEPENDENT COMPONENTS OF A
SKEW-SYMMETRIC TENSOR

A. Soloviov!
!0desa I.1. Mechnikov National University

Abstract: This paper investigates a relevant problem in modern differential geometry concerning
the exact estimation of the number of independent and dependent components of a twice-covariant
tensor. The study is conducted within the framework of a multidimensional pseudo-Riemannian space
of dimension four or higher, endowed with a given non-degenerate metric tensor. Primary attention is
given to the detailed analysis of the properties of a skew-symmetric tensor satisfying a specific tensor
equation that involves an affinor. This affinor is functionally independent of the tensor under
consideration, yet it satisfies a strict skew-symmetry condition with respect to the underlying metric of
the space.

To rigorously prove the key mathematical propositions, a method of linear non-degenerate
coordinate transformation at a fixed point of the manifold is applied, allowing the affinor in question
to be algebraically reduced to its Jordan canonical form. The paper provides a rigorous proof of a
lemma establishing the explicit analytical expression of certain components of the skew-symmetric
tensor in terms of its other components and the entries of the affinor, provided that the sum of the
corresponding eigenvalues of the affinor matrix is non-zero.

Furthermore, the calculations reveal a significant structural constraint: if the number of
dependent tensor components does not exceed a specific threshold value, which is linearly dependent
on the total dimension of the space, then at most two eigenvalues in the spectrum of the affinor matrix
can be non-zero.

As the main theoretical result, a theorem is proven stating that if the rank of the affinor matrix
exceeds two, the total number of dependent components of the tensor is guaranteed to be no less than
the aforementioned threshold value. Additionally, the article considers a specific geometric case where
the given affinor is constructed directly from the components of a non-zero Riemann curvature tensor
using two linearly independent vector fields.

The obtained mathematical results and established regularities may be beneficial for future
research in differential geometry, general relativity, and theoretical mechanics, particularly in the
complex modeling of multidimensional physical processes.

Keywords: pseudo-Riemannian spaces; affinor structure; Jordan canonical form; skew-
symmetric tensor; affinor-semisymmetric spaces.

PO KUIBKICTb HE3AJIE2KHUX KOMIIOHEHT
KOCOCUMETPUYHOI'O TEH30PA

CoJosiios A.!
Y00ecvruii nayionanvnuii ynieepcumem imeni 1.1 Meunuxosa

AHoTamin: Y npenctaBieHid HAYKOBIM CTATTI JOCHIKYIOThCSl aKTyalbHa MpobjemMa cydacHol
nudepeHLialbHOl TeOMeTpii, sSKa MOB'sI3aHa 3 TOYHOIO OLIHKOIO KUTBKOCTI HE3aJIeKHUX Ta 3aJIeKHHUX
KOMIIOHEHT JIBi4i KOBapiaHTHOrO TeH3opa. JloCHi/PKEHHS TPOBOAUTHCS JJISi OaraTOBUMIPHOTO
[ICEBJOPIMAHOBOTO MPOCTOPY, JI€ PO3MIPHICTP MHOTOBHJY CTAHOBHTh 4YOTHpU a0o Ouiblie, i3
3a3/aJIeri/ib 3aJaHUM HEBHUPOKEHUM METPUYHUM TEH30poM. ['0JI0BHA yBara nmpuiaijieHa JeTalbHOMY
BHUBYEHHIO BJIACTUBOCTEH KOCOCHMETPUYHOIO TEH30pa, IO 3aJ0BOJILHSE CIELiaJbHOMY TEH30PHOMY
PIBHAHHIO 3a yd4acTi adinopa. lleii adiHop € (YHKIIOHAIBHO HE3AJICKHUM BiJ CaMoro
JOCHIDKYBAaHOTO TEH30pa, MPOTE BIAMOBINAE CTPOTid yMOBI KOCOi cHUMeTpii BimHOCHO 0a3oBoi
METPHUKH JJTaHOTO MPOCTOPY.
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Jst moCmiTIOBHOTO JTOBENEHHS KIIOYOBHX MAaTEeMAaTHYHHUX TBEPIKEHBb YCIIIITHO 3aCTOCOBYETHCS
METOA JiHIHHOTO HEBUPOIKEHOTO MEPETBOPEHHS JOKANbHUX KOOPAMHAT y CHelialbHO oOpaHiit
(hikcoBaHill TOYII MHOTOBHAY, 3aBISKHA YOMY JTOCIIDKyBaHUH adiHOp anreOpaivHO MPUBOIUTHCS IO
cBoei kaHoHI4HOI popmu Kopmara. Y poOOTi CTpOro moBeneHO JeMy PO MPUHIMIIOBY MOKJIHBICTB
SIBHOTO aHAJITHYHOTO BUPAXKEHHS OJHMX KOMIOHEHT KOCOCMMETPHYHOTO TEH30pa uYepe3 iHImIi Horo
KOMIIOHEHTH Ta eJeMeHTH agiHopa 3a YMOBH, IO CyMa BiAMOBiTHUX BIACHUX YHCENT MATPHI LBOTO
adiHopa HE JOPIBHIOE HYIIIO.

Kpim Toro, B pe3ynmpTari OOYMCIIEHP BCTAaHOBIEHO BaXIIMBE CTPYKTYpHE OOMEKEHHS: SKIIO
KUTBKICTh 3aJIe)KHUX KOMIIOHEHT TEH30pa HE TEpEBHIIYE CIEHiallbHO BHU3HAUYEHOTO MOPOTOBOTO
3HAYEHHSI, K€ 3HAXOAUTHCS B MPAMIH JHIAHIN 3aJIKHOCT] B 3araibHOI PO3MIPHOCTI IPOCTOPY, TO
cepe] yChOro CIEKTPY BIIACHUX YHICEN MaTpHIli adiHopa He OiIbIe ABOX MOXYTh OyTH BiAMIHHUMH
BiJ HyJISI.

Sk ocHOBHHMH (pyHIAMEHTAILHUI TEOPETHYHHH pe3yibTaT AOBEACHO TEOpeMy Mpo Te, W0 Y
BHIIAJKy, KOJIHM paHT MaTpulli adiHopa MEepeBHIIyE 1Ba, 3arajibHa KUTBKICTh 3AJIEKHUX KOMIIOHEHT
TEH30pa TapaHTOBAaHO € HE MCHIIOI 3a BKa3aHe IOPOrOBe 3HA4YeHHS. TakoX y CTaTTi OKpeMo
PO3TIANAETEC CIEUU(IUHIA TeOMETPUYHNIA BHIIAJ0K, KOJHM 3a3HauyeHHH apiHOp KOHCTPYIOETHCS
Oe3nocepeTHFO0 3 KOMIIOHEHT HEHYIIHOBOTO TEH30pa KpUBHHU PiMaHa 3a TOTIOMOTOI0 BUKOPHCTAHHS
JIBOX JTIHIHHO HE3aJIS)KHUX BEKTOPHHUX TIOJIB.

OTpumaHi MaTeMaTHYHI Pe3yJIbTaT Ta BUBEACHI 3aKOHOMIPHOCTI MOXKYTh OYTH KOPHUCHUMHU JJIs
MOAJBIINX TEPCHEKTUBHUX JOCTDKEHb y Tamy3i MudepeHIianbHoi TeoMeTpii, 3araibHOi Teopii
BITHOCHOCTI Ta TEOPETUYHOI MEXAHIKU MPH KOMILIEKCHOMY MOJISITIOBaHHI 0araToBUMipHHX (Di3MIHUX
MPOIIECiB.

Kurouogi ciioBa: niceBiopiMaHoBi pocTopy; adiHOpHA CTPYKTYpa; kaHoHIuHA (hopma JKopaaHa;
KOCOCHMETPHYHHUH T€H30p; a)iHOp-HAMMIBCUMETPHYIHI IPOCTOPH.
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1 INTRODUCTION

Consider Cn a complex-analytic manifold [1] of dimension n. Let z* = x“ +ix“ be local
complex coordinates, where o =1,2,...,n,and @ =n+1,n+2,...,2n. The numbers x* and x*

will be considered as local coordinates of a real even-dimensional analytic manifold Moy .
If R; — the tangent space to the manifold Cy at the point z [2], Tx — the tangent space to
Mon at the point x. The linear transformation F is defined on M2, by a tensor (affinor) field

with local components FJ.‘. In general, spaces in which an affinor field satisfying certain

conditions is defined are called spaces with an affinor structure, and the affinor itself, which is
subjected to the conditions, is called a structural affinor [3]. In the given space Man, this field
(or affinor) satisfies the condition

F,Ff =-5],
(i,j,a=12,...2n),

where & - Kronecker deltas, which are defined by the following conditions

s 1 i=h
"o, izh’

The tensor field Fji — is called an almost complex structure on M2, generated by a

complex analytic structure on Ch.
More general cases are also considered in the literature. Thus, for example, a structure

F" such that F F = es!" is called an e-structure of elliptic type for e = -1, of parabolic type

for e = 0, a structure of hyperbolic type — fore = 1).
If a tensor F is given in the tangent space Tx to the manifold, then the complex extension

of this space T'decomposes into a direct sum of subspaces S° and S° - linear spans of

eigenvectors belonging to the eigenvalues i and -i, respectively. Such a decomposition of T¢
into a direct sum is sometimes used to define spaces with an almost complex structure [4].

An almost complex structure determines on the manifold fields of two-dimensional
directions called two-dimensional analytic directions or characteristic planes. A two-
dimensional analytic direction in Tx passing through a vector v is called the linear span of the
vectors v and Fv. On a characteristic plane, an almost complex structure determines an
orientation, an angular metric, and a relation of equality of vector lengths. A system of
oriented characteristic planes determines an almost complex structure.

An almost complex structure does not exist on every even-dimensional orientable

manifold of class C*. An example of such a manifold that does not admit an almost complex
structure is the four-dimensional and eight-dimensional spheres. For an almost complex
structure to exist on a manifold, it is necessary and sufficient that there exists on it an exterior
differential form of the second order ® such that A" # 0or, in other words, the rank of the
matrix of local components of the form o is equal to 2n. On the other hand, the presence of an
almost complex structure on a manifold is not yet sufficient to allow the introduction of the
structure of a complex-analytic manifold on it.

An almost Hermitian structure is defined on a manifold with an almost complex structure
by specifying a metric tensor that satisfies the condition

gaﬁFiaFjﬁ =0 - (1)
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This condition expresses the fact that the inner product of vectors remains invariant under
the transformation F. An almost Hermitian structure can be introduced on any space with an

almost complex structure. The tensor F; =g, F defines an exterior differential 2-form F of

rank 2n on the manifold as a whole. An almost Hermitian structure can be defined on a
Riemannian manifold by specifying an exterior differential 2-form of rank 2n that satisfies the
condition (1).

By imposing algebraic or differential conditions on a Hermitian structure, special types
of spaces are obtained. One of the well-known types of spaces is Kahler spaces, in which the
almost Hermitian structure is covariantly constant (or absolutely parallel) with respect to the
connection of the space Mzn, that is, F;, =0.

A direct generalization of K&hler spaces is affinor-semisymmetric spaces.
Definition. A space Vn is called affinor-semisymmetric if a semisymmetric affinor

structure F" () is defined in it, that is, the affinor F"(x) satisfies the conditions F; ,,;=0.

Here the index is lowered using the metric tensor F; =g,,F{ . The structure of such a

space will be called F-semisymmetric.
Intrinsic objects of the space Vi in which an affinor structure is defined include objects

determined from the metric tensor gij and the structural affinor F.".

2 ANALYSIS OF LITERATURE AND PROBLEM STATEMENT

The specialization of pseudo-Riemannian spaces, as a means of introducing additional
constraints, has two main sources. The first is the imposition of geometric conditions on the
object under study and the utilization of geometric features in the investigation. The second
consists of technological capabilities that arise when using developed research methods.
Taking both features into account, methods for studying tensor fields that satisfy special
relations with affinor structures have been proposed.

Among pseudo-Riemannian spaces that admit the existence of additional structures,
affinor-semisymmetric spaces are highlighted, where the affinor is constructed directly from
the Riemann tensor. Their algebraic features are studied, and based on this, the number of
independent components of intrinsic tensor objects is evaluated.

Spaces of dimension n>4 have their own peculiarities both in research methods and in
the obtained results. Technical difficulties that arise in the process of studying systems of
differential and tensor equations have a specific character, while the methods for overcoming
them by reducing the affinor to the Jordan canonical form the basis of local analysis.
Therefore, the study of dependencies between the components of twice-covariant tensors is a
relevant topic of research. The work is carried out locally, using tensor methods.

3 AIM AND OBJECTIVES OF THE STUDY

The study of algebraic and tensor relations is one of the effective methods for studying
intrinsic geometry in differential geometry. In our case, this provides an opportunity to
evaluate the number of independent and dependent components of a twice-covariant skew-
symmetric tensor in a pseudo-Riemannian space by reducing an independent affinor to a
special form — the Jordan canonical form in some coordinate system.

The aim of the work is to establish an exact criterion for the dependence of the
components of a skew-symmetric tensor on its other components and elements of the affinor,
as well as to determine the relationship between the rank of the affinor matrix and the
minimum number of dependent components for space dimension n>4. A separate task is to
apply the obtained results to affinor-semisymmetric spaces, where the affinor structure is
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directly generated by the Riemann tensor, which is important for broad classes of pseudo-
Riemannian spaces from general relativity, theoretical mechanics, as well as other branches of
differential geometry and topology.

4 RESEARCH RESULTS

Consider a pseudo-Riemannian space Vi [5] with a metric tensor gij(x) in which a twice-
covariant skew-symmetric tensor Fij (Fij = - Fji) is defined.

Let us estimate the number of independent components [6] of the tensor Fj;  satisfying
the equation: F, K{ +F K7 =0.

Here K;‘ is an affinor independent of Fjj. Additionally, we assume that it satisfies the
skew-symmetry condition [4] with respect to the metric: g,K{ +g,,K7 =0.

Consider a linear non-degenerate coordinate transformation at some fixed point
M(x") eV, : y" = Alx“, where det|A"[+0.

The tensors Fijand K, transform according to the law [6, 7]:

F'=F

/= FBBf. K" =K;B/A, here [B7]=|AT]".

Obviously, the rank of the tensor K, as well as the number of dependent components of
the tensor Fj in our equation, are invariant with respect to coordinate transformations. The
latter remains true even when ||A"| is a complex-valued non-degenerate matrix.

For further investigation, we reduce the affinor K"using a non-degenerate

transformation (the case of a complex transformation is not excluded) to the Jordan canonical
form. In our study, we restrict ourselves to a simplified notation of this matrix:

o KZ 0 ... 0
o7 K
0O 0 0 .. o

The latter can be written as follows: K/ =w,_, Kj*l =0,1, K7 =0 for b=a,a+1. In
this formula, as throughout the paper, summation is not implied over repeated indices.
Naturally, in the general case, the eigenvalues @, of the matrix Kih can be complex. The

coordinate systemy in which Kih has the Jordan form will be called canonical.
The equation of the original system with fixed indices i and j will be denoted by 6 .
Since the equation 6;; coincides up to a sign with the equation &; (due to the property Fij = -

Fii), our system is equivalent to the system of equations for indices i < j. Diagonal equations
6, hold identically.

The equations in the canonical coordinate system y have the following form:
0, (i<j<n): F; (o +wj)+ Fi+1,jKiI+l + Fi,j+lKjJ+1 =0;

Hin (I < n) : I:in (a)l + a)n) + I:i-+—1,n Kii+l = 0

Recall that the Einstein summation convention does not apply to these equations. We
prove the following lemma:
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Lemma 1.
The components of the skew-symmetric tensor Fij (where i < j) for which (@, +®;) =0
depend on the other components of the tensor Fij and the affinor K} .

Proof. Let 7 denote the set of ordered pairs of indices (i, j), wherei<j, =12, ..., n.
Let 11 and 1" denote subsets such that:

(i,j)el, o (@+w)=#0 and I =1,.

Let g denote the number of elements in I1. Below we will prove that g components Fij,
where (i, J) € I,, are explicitly expressed in terms of other components of the tensor Fi; and
the affinor K .

Step 1. From the set of pairs I1, select a pair (i1, j1) such that the indices i1 and j1 are
"maximal”, that is:

jj=max j and i = max i.
h va,j)ellj L el

By analyzing the equation &, .

(Y

one can explicitly express the component F,; in terms of
the components F; e 1™ and K. This follows from the fact that the indices in the terms

F..,and F ;. arestrictly larger; therefore, these components are either identically zero or

already belong to the set 1"

A
Step 2. Next, let us denote 1, =1, \{(i,, j,)}. Similarly, from the set of pairs I, we select a
"maximal” pair (i2, j2):
Then, by analogy with the previous step, it is easy to see that by analyzing the equation

g.;,» one can explicitly express the componentF, ; in terms of the componentF,; and the

g !
components Fij for (i, j)e1” and K. But then, based on Step 1, it follows that F,;, Is also
expressed explicitly only in terms of the components from I” and K.

We continue this process similarly. After q steps, we make sure that all components Fj;
for which (i, j) € 1, are explicitly expressed only through the components Fij for (i, j) € I "and

the affinor K.

The lemma is proved.

Based on Lemma 1, we can formulate and prove the following lemma. Let r" be a
number equal to 2n - 5 for pseudo-Riemannian spaces Vi, with n>4.

Lemma 2.
If the number of dependent components of the tensor Fij does not exceed the number r* =
2n-5, then among the numbers wi there are no more than two non-zero ones.

Proof. We carry out the proof by contradiction. Assume that there are at least three non-
zero eigenvalues wa, wb, wc . Since the indices can be renumbered, we will assume that a=1,
b=2, c=3.

Let us show that under this assumption at least 2n - 5 components of the tensor Fj
depend on other components of this tensor and the affinor Kih . Taking into account Lemmal,

for this it is sufficient to show that among the elements wi + wj (where i <) there are at least
r" non-zero ones.
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1. First, consider the case where the non-zero eigenvalues satisfy the condition:

|| # oy | # s

Then it is obvious that among the first three indices, three sums are non-zero:

a)l+a)2, a)1+a)3, a, +6()3 .

For any other index a > 3:

o if wa=0,then w1+ wa, w2+ wa, w3+ wa, are non-zero (3 pairs);

e if @ =tam,then at least w2 + wa and ws + wa, are non-zero (2 pairs);

e if ® =twm, or tm,, wesimilarly have at least 2 non-zero pairs.

Hence, based on Lemma 1, it follows that among the components of Fjj there are at least

3+2(n—3) = 2n -3 dependent ones, which contradicts the condition r” <2n-5.
2. Consider the case where the eigenvalues satisfy the condition:

o =—w, 0,**tao,

and for Va>3: @, =t@, =za,, 0. (Other values reduce to the previous case).

Among the first three indices, two sums are non-zero: o1 + w3 and w2 + 3.

For a>3:

e if a =0, we have 3 non-zero sums;

e ifwa=wm1, m1+ ®a=2m1and @3+ wa are non-zero (2 pairs);

o ifwa=-m1, @2+ ®a=-2m1and @3+ wa are non-zero (2 pairs).

Thus, the number of dependent components is not less than 2 + 2(n-3) = 2n-4 > 2n-5.
Again, a contradiction.

3 for=wmzand o, #ta,.

Here, among the first three we have @ +w, =20, #0, o +0,#0, o, +0,#0(3

pairs). Together with at least 2 pairs for each a > 3, we obtain 3 + 2(n - 3) = 2n - 3
dependent components.
4. Obviously, it remains to consider the case where:

Q== =0, =...==0, *0, @,,=...=0,=0.

The number of non-zero sums wi + ;j (i < j) in this case is equal to:

g Kk=1 1d=1 +(k+D(n=k=1).
2 2

Since by assumption k+1>3, the minimum value of S is reached, for example, at k =2,
=1 ThenS=1+0+3(n-3)=23n-8. Itis easy to verify that for n>4, 3n—8>2n-5
holds.

As a result, we have considered all possible combinations of eigenvalues and obtained a
contradiction.

Lemma 2 is proved.

Based on the previous lemmas, we prove

Theorem.
If the rank of the matrix |Kj| is greater than two, then among the components of the

tensor Fij at least r” depend on other components of the tensor Fij and the affinor K} :
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Proof. It is sufficient for us to show that if the number of dependent components of the
tensor Fijis less than or equal to 2n — 5, then the matrix of the tensor K} has no more than two
linearly independent rows.

We carry out the proof by contradiction. In the following, we assume that in the matrix
K} reduced to the Jordan form, there are at least three non-zero rows.

Taking into account Lemma 2 (no more than two non-zero diagonal elements) and the
possibility of permuting Jordan blocks, it is sufficient to consider the following cases for the
structure of the super diagonal elements K}*l =¢g;!

Case 1. w,w, #0, w,=0,fora=3,n,and K;=1.

It is obvious that the numbers ®1 + wa and w2 + wa (Va >3) are non-zero. By Lemma 1,
the components F,(a>3) and F,,(a>3) depend on other components.

The number of these dependent components is 2(n -2) = 2n - 4. Since 2n -4 > 2n - 5, we
have a contradiction.

Case2. @, #0, @, =0fora=2,n and K=K =1.

Since o+, #0 (azﬂ), by Lemma 1 the components Fia (n - 1 of them) are

expressed in terms of the others.
From the equation @, for i = 2, 3 it follows that F3, = Fan = 0.

The formula 6, fori=2,j=s(s=3n-1)yields: F,, =-F, K.

Thus, additionally Fza (a =4, 5, ..., n) depend on other components (n - 3 components in
total).
The total number of dependent components is: (n—1)+(n—-3)=2n-4>2n-5. Again, a

contradiction.
Case3. @ #0, o, =0fora=2n, K}=1K}=0,K:=1.
Similarly to the second case, Fia (n-1 of them) are expressed in terms of the others.
The equation 6,, gives a dependence for Fsa, and the equation 6, — for Fsa. After
careful counting, we see that the number of dependent components strictly exceeds 2n - 5.
Other cases. (All wa = 0, but there are chains of ones, for example K/ =K; =K, =1.

In these cases, the system 6, reduces to Fi+1,jei + Fi j+16) = 0.

Analysis of these recurrence relations leads to the fact that the number of zero and
linearly dependent diagonals of the matrix Fi; generates at least 2n — 5 dependent components.

Thus, in all possible cases we have obtained a contradiction. Consequently, the
assumption about the existence of three linearly independent rows was false. The theorem is
proved.

Let an affinor-semisymmetric structure be defined in the space, that is, a structure for
which F;; =0, holds, or, taking into account the integrability conditions of Fij,

Fa i R.;Td + Fia R.?m =0.

h

In a non-trivial case, the Riemann tensor Rj, [8] of this space is not identically zero;

therefore, there exist two vector fields 4, v' [9] such that R}, ,u“v” #0.
We introduce the notation: let

def

K= R, v, @
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Thus, we obtain K;‘ — an affinor independent of Fij, constructed from the Riemann
tensor. Obviously, it satisfies the skew-symmetry condition with respect to the metric [10]:

9.K{ +9,;K*=0,
and therefore, for these spaces the following holds:

Corollary 1.
In affinor-semisymmetric spaces, if the rank of the matrix |K;| is greater than two, then

among the components of the tensor Fij at least r* depend on other components of the tensor
Fij and the affinor K.

5 DISCUSSION OF RESEARCH RESULTS

To verify and illustrate the results obtained in Lemma 1, Lemma 2, Theorem, and
Corollary 1, let us consider a specific example of a four-dimensional (n = 4) non-flat affinor-
semisymmetric non-Kéhler pseudo-Riemannian space Va.

The metric tensor gj; of this space is given in matrix form as:

10 0 0
o1 o o
%0 0 )2 o

00 0 (X

By direct calculation, we find the Christoffel symbols [6, 10] of the second kind, which
we represent as matrices with respect to the upper index l“ikj :

00 0 O 0000

, 00 0 o| ,|o000

Iy = 1 Ty = ’

iTloo % 0 0000

00 0 - 0000

00 = 0 000 =

X X

. |0 00 . |0 00 0

Nzl %o 00 o
5000 X

0 00 0 £ 000

Using the obtained matrices, we compute the components of the Riemann curvature
tensor R‘jkI . The only non-zero components (up to skew-symmetry in the last two indices) are:

R}, =-1 Ri, =1 (3)

434

Since the Riemann tensor is not identically zero, the space is non-flat.
We specify the structural affinor F; by the matrix:
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0 1 0 O
/-1 0 0 O
Fi= . 4
110 0 0 1 )
0 0 -10
It is directly visible that F? = -I, confirming the presence of an almost complex

structure. Lowering the upper index using the metric tensor (F; =g,,F{), we obtain the
covariant affinor in matrix form:

01 0 0
10 0 0

F, =
00 0 ()
0 0 —(x? 0

Since Fij = -Fji, the structure is skew-symmetric.

To study the differential properties, we compute the covariant derivative VkF} . Due to
the constancy of the matrix (4), we have: V,F; =T, F* -T%F/ .

In particular, for the component V,F>, we obtain:

1 1
V3|:.23 :rfslz.;_rgg':.ri =;~1—0=F¢0.

Thus, the structure is non-Kahler.
Let us verify the semisymmetry condition, which via the Ricci identity is written as:

F = Fa i R.(iT(I + Fia R.(}{kl . (5)

ij.[KI]

Since the non-zero components of the curvature tensor are determined only by the indices
3 and 4 according to (3), it is sufficient to verify equality (5) for k = 3, | = 4. Consider the
possible non-zero combinations for the indices i and j:

1) Fori:3,j:3;
F43R.§34 + F34R.§,34 = —(X1)2 1+ (Xl)2 1=0,

2)Fori=4,j=4:
F34R.334 + F43R.?134 = (Xl)z : (_1) + (_(Xl)z) ) (_1) =0,

3)Fori=3,j=4:
I:44Rg34 + F33R.is4 =0-1+0- (_1) =0.

For all other sets of indices, the components of the curvature tensor or the covariant
affinor make the corresponding terms zero. Thus, the identity Fijpa; = O holds for the entire
space, proving its semisymmetry.

In the space V4 with the metric tensor gij, where the only non-zero components of the
curvature tensor are R}, =-1 and R, =1, the condition of affinor semisymmetry Fijpa = 0

is satisfied. According to formula Ommoka! McToYHMK CCHLIKH He HaiiaeH., We construct
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an affinor K!', independent of Fij, using the Riemann tensor and two orthogonal vector fields
def

lua1 Vﬁ: KT = R.:]aﬂ/uavﬂ'
We choose vector fields with non-zero components x* = 1 and v* = 1. Then the non-zero
elements of the affinor matrix HK'ij H (where the upper index indicates the row and the lower

one the column) will be: K3 =R3,,u’v =1, K =R, u’v!=-1.

The affinor matrix K/, takes the form:

0 00O
kil o o
000 -1
001 O

It is obvious that the rank of this matrix is equal to two (rank(K) = 2), and it satisfies the
skew-symmetry condition with respect to the metric g,K{ +g,,K” =0.

We find the eigenvalues i of the matrix K| from the characteristic equation

det(K - wl) =0: &*(@*+1)=0=w, =0, ®,=0, w,=i, w,=-i.

In our case, the threshold value for the number of dependent components forn =4 isr” =
2n —5 = 3. Since exactly two of the eigenvalues wi are non-zero (w3 =i and w4 = -i), this is in
complete agreement with the statement of Lemma 2 (if the number of dependent components
does not exceed r", then no more than two eigenvalues are non-zero).

According to Lemma 1, the components of the skew-symmetric tensor Fij (where i < j)

for which the sum of the corresponding eigenvalues is non-zero (@, +@; # 0) depend on the
other components.

Checking all pairs of indices (a, b) with a < b shows that for the pairs (1, 3) and (2, 3) the
sum is @, +w, =10, for the pairs (1, 4) and (2, 4) the sum is @, +®, =—i#0, whereas
for the pairs (1, 2) and (3, 4) the sums are equal to zero.

Substituting the resulting affinor K.‘j into the system of equations 6; for the skew-
symmetric tensor: F, ;K +F K7 =0.

Expanding this system for all independent pairs i < j, we obtain the relations

6::F,=0, 6,:-F;=0, 6,:F,=0, 6,:-F;=0,
while the equations &, and &,, hold identically. The status of all components of the tensor F;
is given in Table 1.

Table 1.

Dependence of the components of the skew-symmetric
tensor Fij in the space V4

Component Sum of Component status
Fij eigenvalues according
(wi + wj) t0 Ojj
Fi2 0 Independent
Fis 10 Dependent (F13 = 0)
Fi14 —1#0 Dependent (F14 = 0)
F2s 10 Dependent (F23 = 0)
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F2a —i#0 Dependent (F24 = 0)
Fs4 0 Independent

The total number of independent components of an arbitrary skew-symmetric tensor in a
four-dimensional space is equal to n(n - 1)/2 = 6. As can be seen from the analysis, exactly 4
components (Fi3, F14, F23, F24) are dependent (identically zero), and 2 components (F12, Fzs)
remain independent. Since the resulting number of dependent components (4) satisfies the
inequality 4 >r" =3, this confirms the lower bound established in Theorem and Corollary 1.

Based on the analysis of the intrinsic geometry and differential properties of the space
under consideration, the following statement is proved:

Corollary 2.
In the given four-dimensional non-flat affinor-semisymmetric non-Ké&hler pseudo-
Riemannian space V4, the structural affinor K.‘j constructed using the Riemann tensor has

rank two and exactly two non-zero imaginary eigenvalues +i. In this case, the system of
equations 6, has exactly 4 dependent components of the skew-symmetric tensor Fij, which

exceeds the threshold value r'=2n-5=3 and completely agrees with the criteria of Lemmas 1-
2 and Theorem.

6 CONCLUSIONS

In this work, we succeeded in investigating the algebraic and differential-geometric
properties of twice-covariant tensors in pseudo-Riemannian spaces of dimension n>4. For
a skew-symmetric tensor satisfying a special linear equation with an independent affinor, the
method of reducing the affinor matrix to the Jordan canonical form was applied. It is proved
that the components of the skew-symmetric tensor for which the sum of the corresponding
eigenvalues of the affinor is non-zero are explicitly expressed in terms of its other
components and the elements of this affinor.

A constraint on the affinor itself was also proved: if the number of dependent
components does not exceed the threshold value r'= 2n — 5, then among the eigenvalues of
the affinor matrix no more than two are non-zero. As a central result, a theorem is established
stating that in the case where the rank of the affinor matrix exceeds two, at least 2n - 5
components of the skew-symmetric tensor are linearly dependent. The obtained criteria were
successfully extended to the class of affinor-semisymmetric spaces, where the structural
affinor is constructed directly from the Riemann tensor using two vector fields. A specific
example of a four-dimensional non-Kahler space with the specified structure was constructed,
to which the results of the research were applied.

The obtained results may find application in further research in the field of differential
geometry [11], general relativity, theoretical mechanics, and mathematical modeling of
physical phenomena.
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